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Abstract

Current large reasoning models (LRMs) pre-
fer to generate verbose chain-of-thought (CoT)
traces (a.k.a. the “overthinking” issue), es-
pecially in multilingual scenarios due to the
imbalanced proficiency across different lan-
guages. However, existing studies on CoT
compression focus exclusively on English and
overlook language characteristics, resulting in
performance degradation in multilingual sce-
narios. To address this issue, we develop a
multilingual CoT compression method based
on reinforcement learning, named Language-
aware Entropy-based (LAE), which optimizes
LLMs with multilingual group sampling and
entropy gap-based rewards. Specifically, we
extend GRPO with multilingual group sam-
pling, where each query is jointly optimized
across multiple languages. We further design a
language-aware entropy-gap reward that penal-
izes redundant uncertainty in the thinking phase
and aligns reasoning complexity across lan-
guages, enabling concise yet accurate multilin-
gual CoT reasoning. Extensive experiments on
the multilingual reasoning benchmarks MGSM,
MMATH and MMMLU demonstrate that our
method achieves competitive performance and
generalization, compared with several strong
baselines.

1 Introduction

Large language models (LLMs) have demon-
strated strong capabilities in complex reasoning
tasks (Jaech et al., 2024; Guo et al., 2025; Yang
et al., 2025a; Team et al., 2025) when equipped
with chain-of-thought (CoT) prompting, which en-
courages models to generate intermediate reason-
ing steps before producing a final answer. Despite
its effectiveness, CoT reasoning often produces ex-
cessively long reasoning traces, resulting in high
computational costs and latency during inference
(Wu et al., 2025; Kumar et al., 2025). Consequently,

*Kaiyu Huang is the corresponding author.

enhancing reasoning efficiency has emerged as
a critical research direction for the scalable de-
ployment of reasoning-capable LLM, particularly
through the compression of redundant reasoning
steps.

Recent studies have explored CoT compression
techniques that aim to reduce the number of rea-
soning tokens while preserving or even improving
reasoning accuracy. Existing approaches typically
rely on signals such as token importance scores
(Xia et al., 2025) and confidence estimates (Yang
et al., 2025b) derived from the reasoning process
to prune redundant reasoning tokens, aiming to al-
leviate redundancy of the reasoning path. These
methods have shown promising results on English
reasoning benchmarks such as GSM8K and MATH,
suggesting that LLMs can learn to produce shorter
yet accurate reasoning processes. These CoT com-
pression methods primarily focus on monolingual
settings, especially English, largely because ex-
isting methods treat reasoning compression as a
language-agnostic optimization problem, ignoring
cross-lingual variations in reasoning dynamics (Xia
et al., 2025; Kang et al., 2025; Yuan et al., 2025; Li
et al., 2025a). As a result, these methods fail to gen-
eralize effectively to multilingual or cross-lingual
settings.

As shown in Table 1, directly applying exist-
ing CoT compression methods to multilingual set-
tings exposes two key failure modes. First, per-
formance drops significantly in non-English lan-
guages. For instance, applying Step Entropy (Li
et al., 2025b) to Bengali reduces accuracy by 15.6
points. This degradation stems from the fact that
compression signals, such as entropy or confidence
scores calibrated on English, cannot reliably dis-
tinguish redundant tokens from essential reasoning
steps in lower-resource languages. Due to inher-
ently higher token-level uncertainty, these methods
tend to over-prune necessary reasoning, thereby
degrading performance. Second, some languages
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Language Metric Original Compressed CoT

EN
Acc. 84.8 87.12↑ (+2.32)
Tok. 518 422↑ (+0.19)

SW
Acc. 7.44 6.24↓ (−1.20)
Tok. 1032 1507↓ (−0.46)

BN
Acc. 56.48 40.88↓ (−15.6)
Tok. 1109 572↑ (+0.48)

Table 1: Performance of the compression method (Li
et al., 2025b) based on R1-Distill-Qwen-7B across lan-
guages, evaluated on the MGSM (Shi et al., 2022)
dataset. “Acc.” denotes the accuracy and “Tok.” de-
notes the average generated response token numbers.

exhibit token expansion rather than compression.
In Swahili, token counts increase from 1,032 to
1,507 after compression, a 46% inflation. This oc-
curs because English-centric compression signals
are misaligned with the structural properties of ty-
pologically distant languages. Erroneous pruning
of critical reasoning steps forces the model into
repeated re-exploration and self-verification, ulti-
mately producing longer outputs. Overall, without
modeling language-specific uncertainty, existing
methods fail to generalize and may even exacer-
bate verbosity in multilingual settings.

To address these limitations, we propose a
Language-aware Entropy-based (LAE) reinforce-
ment learning method for multilingual CoT com-
pression. The core idea is to exploit cross-lingual
differences in uncertainty to identify redundant rea-
soning and encourage concise reasoning chains.
A central design is multilingual group sampling,
which extends the group mechanism in GRPO by
constructing groups that contain one reasoning tra-
jectory per language for the same underlying query.
This design is motivated by the observation that,
for identical problems, reasoning length and uncer-
tainty vary substantially across languages due to
differences in language ability, tokenization den-
sity, and syntactic structure. As a result, standard
single-language group sampling, which relies on
multiple stochastic rollouts within one language,
cannot disentangle necessary reasoning complexity
from language-induced verbosity.

By contrast, multilingual groups enable direct
comparison of reasoning trajectories across lan-
guages within the same optimization step, provid-
ing language-aware signals for compression. Build-
ing on this, we introduce a multilingual relative
entropy-based reward that explicitly models cross-
lingual uncertainty. Within each group, we identify

the trajectory with the most stable entropy pro-
file as a reference, which serves as an anchor for
cross-lingual knowledge transfer. We then impose
relative redundancy penalties on more verbose tra-
jectories, encouraging the model to suppress un-
necessary reasoning steps and align reasoning be-
haviors across languages toward more concise and
certain solutions. In this way, LAE grounds com-
pression decisions in relative, language-aware ev-
idence rather than language-agnostic thresholds,
leading to more robust and effective multilingual
reasoning compression. Experimental results show
that LAE achieves 15% to 43% CoT compression
across two datasets and three backbone models,
while consistently improving reasoning accuracy.

Our contributions are summarized as follows:

• We propose a language-aware entropy-based
method for multilingual CoT compression,
which achieves efficient reasoning while im-
proving performance.

• For multilingual settings, we propose multi-
lingual group sampling and a language-aware
reward function that explicitly accounts for
language diversity within groups.

• We demonstrate that the proposed method
generalizes competitively under limited data
and language coverage across various LLMs,
and that entropy serves as a natural uncer-
tainty measure whose reduction suppresses
overthinking while preserving essential rea-
soning information.

2 Related Work

CoT reasoning (Wei et al., 2022; Kojima et al.,
2022; Wang et al., 2022) and large reasoning mod-
els (LRMs) (Jaech et al., 2024; Guo et al., 2025;
Yang et al., 2025a; Team et al., 2025) have been
shown to substantially improve performance via
thinking in inference. However, explicit CoT rea-
soning incurs substantial computational and mem-
ory overhead, especially in long-context scenarios,
and may expose sensitive reasoning traces (Team
et al., 2025). Thus, due to the inefficiency caused
by verbose intermediate steps, CoT compression
aims to reduce reasoning length while preserving
correctness and interpretability (Chen et al., 2024).

A branch of works compresses CoT by reducing
the number or granularity of intermediate reasoning
steps, for example early stopping based on hidden
states during model inference (Yang et al., 2025b;

57745



Qiao et al., 2025; Zhu et al., 2025) or removing
redundant sub-derivations (Xia et al., 2025; Huang
et al., 2025c; Zhao et al., 2025). Another branch of
works explicitly constrains the length of generated
CoT, either through constructing short CoT training
data (Kang et al., 2025; Yuan et al., 2025; Yan et al.,
2025) or training objectives that penalize overly
long rationales (Li et al., 2025c).

To ensure an appropriate balance between effi-
ciency and effectiveness, the compressed portions
of the reasoning process should be genuinely re-
dundant. In particular, Zeng et al. (2025) observe
a systematic correlation between the token-level
entropy changes exhibited by the model during the
generation process and the evolution of its inter-
nal inference steps. Building on prior analyses of
token-level entropy, Li et al. (2025b) further intro-
duce step entropy to measure the information con-
tribution of individual reasoning steps in CoT tra-
jectories, enabling selective pruning of low-entropy
steps. Moreover, Huang et al. (2025b) design a re-
ward function based on the observation that model
entropy varies across different stages of reason-
ing, guiding the model to reduce token generation
during training, dynamically modulating reasoning
depth or length according to the difficulty of the
input (Jiang et al., 2025; Luo et al., 2025a).

While significant progress has been made in
compressing CoT reasoning for monolingual set-
tings, current research remains largely confined
to English-centric reasoning spaces (Huang et al.,
2025a, 2026; Zhang et al., 2026). In multilingual
LLMs, however, disparities in syntax, morphol-
ogy, and tokenization result in significant varia-
tions in structural patterns and information density
across languages (Guan et al., 2025; Yang et al.,
2026; Zhang et al., 2025b). These cross-lingual
differences often undermine the effectiveness of
traditional compression strategies, which are under-
explored in the literature (Zhang et al., 2025a).
Our method explicitly accounts for these varia-
tions through an adaptive, model-driven framework,
bridging a critical gap in multilingual reasoning op-
timization.

3 Method

We present a novel approach to refining lan-
guage model reasoning behavior in multilingual
settings by extending the GRPO framework with
a language-aware entropy-based mechanism. Our
method leverages an adaptive selection of “Anchor

Language” in each multilingual group to promote
concise and stable inference across languages. We
first review the functionality of GRPO in multilin-
gual CoT settings, then design a new group sam-
pling strategy on top of the observation. Finally,
we define the entropy gap-based reward function
that explicitly penalizes redundant reasoning while
preserving necessary uncertainty.

3.1 Preliminary
Unlike Proximal Policy Optimization (PPO)
(Schulman et al., 2017), GRPO (Shao et al., 2024)
estimates the baseline directly from the outputs of
the reward model, thereby eliminating the need
to train an explicit and potentially complex value
function. Specifically, for each input query q,
GRPO first sample a group of G candidate out-
puts {o1, o2, ..., oG} from the old policy πθold and
compute corresponding reward {r1, r2, ..., rG} by
using reward function. Then, GRPO calculate the
average reward and standard deviation for all re-
sponses within the group. For each response within
the group, its advantage is defined as its normalized
reward:

Âi,t =
ri −mean

(
{rj}Gj=1

)

std
(
{rj}Gj=1

) . (1)

This normalization scheme emphasizes intra-
group differences among model responses to the
same query. In section 3.2, we introduce our mod-
ifications, which further exploit these intra-group
differences to a greater extent. Finally, GRPO uses
advantage to update model parameters.

3.2 Multilingual Group Sampling
The binary reward function adopted by GRPO is
simple yet effective in practice. However, its super-
vision signal depends solely on the correctness of
the final answer and fails to exploit the structural
information available during sampling. As men-
tioned in preceding Section 1, we observe that for
the same query, the lengths of the generated CoT
vary substantially across different input languages.
These differences are often not driven by the intrin-
sic reasoning requirements of the problem, but in-
stead arise from uncertainty induced by disparities
in language resource availability and expression
patterns. Consequently, a correctness-only reward
is insufficient to constrain excessive exploratory
reasoning in multilingual settings, particularly for
low-resource languages.

57746



Figure 1: Overview of our method. Each query is translated into multiple languages to form multilingual groups.
The policy model generates one response per language using on-policy sampling (Language-aware Group). The
entropy gap is computed between thinking and answer phases (E(l)

G ), and the group-level statistics are derived
to construct language-aware redundancy penalties (Emin and σ2

E). These penalties are combined with answer
correctness to form the final reward (PLang + PRelative + PVar), guiding the model to learn concise and aligned
reasoning across languages.

To explicitly model cross-lingual differences in
reasoning behavior, we modify the group sam-
pling strategy used in GRPO. As shown in Fig-
ure 1, instead of performing multiple stochastic
samples for the same problem instance, we con-
struct each sampling group from different lan-
guage versions of the same problem. Specifi-
cally, for each underlying problem x, we construct
a group by translating the prompt into L differ-
ent languages {x(1), x(2), ..., x(L)}. The policy
then generates one response y(l) ∼ πθ(·|x(l)) per
language, forming a multilingual group G(y) =
{y(1), y(2), ..., y(L)} of size L. In this way, each
group naturally corresponds to a multilingual rea-
soning alignment problem, enabling the model to
directly compare reasoning behaviors across lan-
guages within the group. We provide a comparison
of the computational overhead between multilin-
gual group sampling and GRPO in Appendix H.

3.3 Entropy Gap Modeling

To quantify the determinacy of reasoning processes
across different languages, a natural signal of re-
dundancy is the model’s uncertainty, as excessive
exploration in reasoning is typically reflected by
elevated entropy.

A well-calibrated reasoning process should grad-
ually reduce uncertainty from exploration (think-
ing phase) to exploitation (answer phase). Exces-
sive entropy in the thinking phase relative to the
answer phase therefore indicates unnecessary ex-
ploratory reasoning. An illustrative example of this
phenomenon is provided in Appendix D. There-
fore, we define redundancy as the entropy gap be-
tween the thinking phase and the answer phase.
Concretely, for each language l, we compute the
average entropy during the thinking phase H

(l)
think

and the average entropy during the answer phase
H

(l)
answer. Given a sampled sentence consisting of N

tokens y(l) = (y1, y2, ..., yN ), token level entropy
are computed using old policy πθold :

Hi = −
∑

v∈V
πθold(v | y<i) log πθold(v | y<i), (2)

where i = 1, ..., N .
Let t be the index of the special token </think>

in the sequence. Thinking entropy and answer en-
tropy are defined as the average token-level entropy,
computed by separating the model output at the
special token </think> :
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H̄think =
1

t− 1

t−1∑

i=1

Hi, (3)

H̄answer =
1

N − t

N∑

i=t+1

Hi, (4)

and then the entropy gap as:

E
(l)
G = H

(l)
think −H

(l)
answer. (5)

This design ensures that the penalty is applied
only when uncertainty in the thinking phase is dis-
proportionately large relative to the natural uncer-
tainty required by the final answer. Importantly,
answer entropy serves as a stable reference rather
than an optimization target, preventing the model
from indiscriminately suppressing entropy across
all generation stages. Using a entropy gap further
normalizes language-specific entropy scales, miti-
gating unfair comparisons across languages within
the same multilingual group.

3.4 Language-Aware Entropy-Based Reward

Based on the above analysis, we propose a multi-
lingual redundancy reward to constrain redundant
behavior in multilingual reasoning. Within a mul-
tilingual group, we first compute group minimum
entropy gap Emin and group entropy gap variance
σ2
E :

Emin = min
l

E
(l)
G , (6)

Ē =
1

L

∑

l

E
(l)
G , (7)

σ2
E =

1

L

∑

l

(
E

(l)
G − Ē

)2
, (8)

where L is the number of languages within the sam-
pling group and l ∈ {de, fr, ja, ru, zh}. Regarding
the selection of languages, we adopt a prior knowl-
edge and Huang et al. (2025d) that is provided in
Appendix B.1.

After calculating group-level statistics, We then
compute the reward which consists of three com-
ponents:
In-language Redundancy. In-language redun-
dancy captures excessive length or unnecessary
complexity within the reasoning process of a single
language. When a language exhibits an overly long
reasoning path, its entropy gap tends to be high,
indicating excessive uncertainty. We penalize this

surplus uncertainty to encourage concise and effi-
cient reasoning within each language. This penalty
is expressed by the formula as:

PLang = max(0, E
(l)
G ). (9)

Relative Redundancy. Within a multilingual
group, different languages may exhibit varying lev-
els of reasoning complexity. We select the language
with the minimum entropy gap as the reference lan-
guage, corresponding to the most concise reasoning
path for the given problem. Additional penalties
are applied only when a language’s entropy gap
significantly exceeds this minimum. This design
avoids forcing uniformly short reasoning across all
languages and instead aligns each language toward
the most concise reasoning path observed within
the group. This penalty is expressed by the for-
mula:

PRelative = E
(l)
G − Emin. (10)

Group Variance Penalty. The group variance mea-
sures inconsistency in reasoning complexity across
languages. Large variance indicates that the model
adopts substantially different reasoning strategies
in multilingual settings. By penalizing this vari-
ance, we encourage the model to learn more consis-
tent cross-lingual reasoning behaviors, maintaining
similar reasoning structures across languages and
thereby improving overall stability and generaliza-
tion. This penalty is expressed by the formula:

Pvar = σ2
E . (11)

Finally, we add these three parts together:

P
(l)
multi = PLang + PRelative + Pvar. (12)

For samples with correct answers, we subtract
the three redundancy penalties, weighted by a coef-
ficient λ, from a base correctness reward s ∈ (0, 1].
For samples with incorrect answers or formatting
errors, we assign only a fixed formatting reward
rfmt ∈ [0, 1), without applying any reasoning re-
dundancy constraints. Consequently, the optimiza-
tion objective not only emphasizes answer correct-
ness but also explicitly encourages the model to
discover more concise and more certain reasoning
paths in multilingual settings. The final reward for
language l is defined as:

r(l) =

{
max(0, s− λP

(l)
multi), answer is correct,

rfmt, otherwise.
(13)
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The in-language redundancy term suppresses ex-
cessive exploration in single-language reasoning,
assigning lower rewards to high-entropy reason-
ing processes. The excess redundancy and group
variance terms further drive alignment toward the
most concise language within the group, reducing
cross-lingual reasoning discrepancies. This design
enables the model to progressively transform high-
uncertainty reasoning into more stable and efficient
reasoning behavior in multilingual environments.

4 Experiments

4.1 Experimental Setup

Training Data. We use the GSM8K (Cobbe et al.,
2021) dataset, which contains 7,473 grade-school
math problems, as our training data source. We first
use Qwen3-32B (Yang et al., 2025a) to translate
the dataset into German, French, Japanese, Russian,
and Chinese. The translation quality evaluation is
provided in Appendix F. We then combine the data
from these five languages to construct the final
training set. For a fair comparison, all methods
use this mixed dataset. We use the five language
dataset as default anchors for training; however,
LAE remains effective with alternative anchor sets;
see Appendix B.2.
Baselines. GRPO (Shao et al., 2024) is a critic-
free reinforcement learning approach that estimates
advantages by normalizing group rewards across
multiple responses to the same prompt. SEER
(Huang et al., 2025c) is a self-enhancing super-
vised fine-tuning (SFT) compression framework
that integrates Best-of-N sampling with adaptive,
dataset-specific length filtering to distill concise
yet accurate reasoning traces from self-generated
outputs. Step Entropy (Li et al., 2025b) proposes a
two-stage training approach that empowers LLMs
to produce compressed Chain-of-Thought (CoT)
reasoning during inference by selectively incorpo-
rating [SKIP] tokens. PEAR (Huang et al., 2025b)
is a phase-aware reward design that incorporates
entropy signals into reinforcement learning to pe-
nalize excessive exploration during the thinking
phase while preserving flexibility in the final an-
swer phase, enabling concise reasoning generation
with minimal accuracy loss. Original refers to the
results obtained by the base model with zero-shot
CoT prompting. To ensure baselines reproducibil-
ity, we strictly follow the implementation and hy-
perparameter settings provided in the paper, modi-
fying only the choice of training dataset.

Backbone Models. We conduct experiments
using widely adopted Large Reasoning Models
(LRMs), including DeepSeek-R1-Distill-Qwen-7B
(Guo et al., 2025), Qwen3-4B and Qwen3-8B
(Yang et al., 2025a). These models have been ex-
tensively used in prior studies and span different
parameter scales, enabling a fair and comprehen-
sive comparison. We also include experiments on
DeepSeek-R1-Distill-Llama-8B (Guo et al., 2025)
in Appendix K.3 to further validate the generality
of our findings across different model families.
Implementation Details. In all LAE experiments,
we set s = 1, rfmt = 0, and λ = 1. Additional
experiments analyzing the effect of varying λ are
provided in the Appendix J. For RL training, we use
open-source framework verl1. The training con-
figuration uses a batch size of 128 and a learning
rate of 1× 10−6. For more training details, please
refer to Appendix E. To fully compare the effective-
ness and generalization of our method, we use two
evaluation benchmarks: MGSM (Shi et al., 2022)
which has 250 English problems translated through
human annotators in 10 languages and MMATH
(Luo et al., 2025b) which comprises 374 carefully
selected math problems from high-quality sources
across 10 languages. We also include experiments
on MMMLU (Hendrycks et al., 2020) dataset in
Appendix K.3 to further validate the generality of
our findings across different tasks.

We evaluate performance in two dimensions: ac-
curacy (Acc) and the number of generated tokens
(Tok). For MGSM dataset, we set a maximum
generation length of 16,384 tokens while for the
harder MMATH dataset, we provide the model with
32,768 tokens for generation. Following the evalua-
tion protocol of (Guo et al., 2025), we use sampling
with a temperature of 0.6 and a top-p value of 0.95.
All results are averaged over 5 independent runs.

4.2 Main Results

As shown in Table 2 and Table 3, LAE achieves
notable improvements in both accuracy and to-
ken compression. Specifically, Empirical results
across 11 languages demonstrate that our proposed
method significantly reduces token usage by 30%
to 43% during inference on MGSM. The effi-
ciency–accuracy trade-off on the more challenging
MMATH benchmark is substantially tighter than
that observed on MGSM. We attribute this differ-
ence to two complementary factors. First, MMATH

1https://github.com/volcengine/verl
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Method bn de en es fr ja ru sw te th zh
∆Acc↑ Comp.↑

Acc↑ Tok↓ Acc↑ Tok↓ Acc↑ Tok↓ Acc↑ Tok↓ Acc↑ Tok↓ Acc↑ Tok↓ Acc↑ Tok↓ Acc↑ Tok↓ Acc↑ Tok↓ Acc↑ Tok↓ Acc↑ Tok↓
R1-Distill-Qwen-7B

Original 56.48 1109 73.20 489 84.80 518 73.92 472 71.52 493 52.88 718 72.32 565 7.44 1032 24.24 2513 57.04 1161 81.28 1046 – –
GRPO 66.40 1233 84.32 743 94.88 1104 88.72 833 86.00 781 76.32 957 88.64 848 8.80 2550 39.76 2170 75.28 1095 84.80 1107 12.62 -0.48
SEER 54.00 776 67.76 530 89.04 397 76.80 430 73.76 458 57.20 400 76.48 454 6.04 728 26.64 1561 59.92 787 80.48 649 1.18 0.24
Step Entropy 40.88 572 70.00 388 87.12 422 73.04 365 69.52 372 41.92 464 71.20 453 6.24 1507 24.00 1891 52.96 896 70.72 1084 -4.32 0.17
PEAR 63.20 1003 79.84 341 93.68 440 82.72 431 79.28 480 68.72 403 84.56 487 10.80 868 34.80 2114 68.56 776 85.04 383 8.73 0.23
LAE (ours) 60.16 688 78.40 300 91.36 270 82.80 348 79.60 363 71.20 366 82.32 434 9.84 627 36.40 1320 70.32 418 82.96 285 8.20† 0.43†

Qwen3-4B

Original 82.72 2645 90.40 1321 95.76 2125 91.68 1292 85.20 1421 83.68 1816 91.12 1548 32.48 4370 72.96 3405 87.20 2068 88.08 2175 – –
GRPO 82.40 1952 90.72 1085 96.48 1529 93.36 1013 87.52 1123 84.40 1332 91.20 1119 32.80 3641 72.80 2722 87.04 1563 89.04 1578 0.59 0.23
SEER 81.52 1780 89.76 1054 94.96 1337 92.72 991 87.84 1029 84.48 1282 89.68 1331 30.64 3443 71.68 2753 86.56 1395 87.04 2236 -0.40 0.23
Step Entropy 71.28 4090 76.00 2197 96.08 2110 85.20 1944 75.04 2195 63.92 3514 72.80 3208 32.96 4345 74.16 3319 76.80 3880 53.92 6855 -11.19 -0.66
PEAR 82.80 1930 90.72 1004 96.08 1273 92.40 999 88.00 1052 83.76 1294 91.20 1112 32.72 3777 71.60 2513 87.28 1389 89.44 1591 0.43 0.27
LAE (ours) 82.08 1590 90.56 935 96.48 1313 93.76 907 87.60 926 85.84 1125 91.76 949 32.64 3208 75.12 2254 88.56 1256 89.84 1262 1.18† 0.35†

Qwen3-8B

Original 87.52 2381 90.56 1511 96.56 2096 91.76 1523 88.32 1531 85.12 1842 91.84 1616 60.88 3306 80.40 3081 89.60 2179 89.04 2583 – –
GRPO 88.56 2028 90.56 1245 96.88 1816 93.20 1330 88.64 1358 86.00 1520 92.48 1424 60.64 2873 81.04 2662 89.76 1818 89.44 2119 0.51 0.15
SEER 87.84 1839 91.44 1165 96.40 1474 93.44 1221 89.52 1215 85.36 1491 92.72 1443 60.48 2634 80.24 2461 89.36 1536 86.48 2613 0.15 0.19
Step Entropy 70.32 2756 82.16 1322 95.92 1694 92.08 1152 80.24 1153 73.76 2064 83.28 1661 61.68 2811 79.52 2422 80.80 2286 72.00 3643 -7.26 0.04
PEAR 88.24 1806 90.96 1136 96.64 1688 93.28 1173 88.88 1208 85.84 1377 92.48 1208 60.08 2627 80.56 2415 90.48 1599 89.36 1939 0.47 0.23
LAE (ours) 88.40 1688 91.92 1065 97.28 1511 94.00 1155 89.04 1076 86.72 1362 92.96 1090 62.80 2294 82.08 2381 90.88 1482 90.96 1490 1.40† 0.30†

Table 2: Results on MGSM benchmarks across three LRMs. “Comp.” denotes the compression ratio (l − l′)/l
where l and l′ are the token counts of the baseline and the proposed method, respectively. “Tok” denotes the model’s
generated token counts. The best results in each language are in bold, and the second-best results are underlined. †
indicate that LAE significantly outperforms strongest baseline PEAR at p < 0.01 levels (two-sample t-test, n=5
independent runs).

Method ar en es fr ja ko pt th vi zh
∆Acc ↑ Comp. ↑

Acc ↑ Tok ↓ Acc ↑ Tok ↓ Acc ↑ Tok ↓ Acc ↑ Tok ↓ Acc ↑ Tok ↓ Acc ↑ Tok ↓ Acc ↑ Tok ↓ Acc ↑ Tok ↓ Acc ↑ Tok ↓ Acc ↑ Tok ↓
R1-Distill-Qwen-7B
Original 76.80 4737 88.70 5134 86.03 4447 86.10 4481 75.00 4953 79.01 5252 84.56 4351 77.67 5523 78.14 4569 82.29 5691 – –
GRPO 78.34 4394 89.04 4253 88.24 4301 86.10 4253 81.82 4094 83.42 4153 87.17 4168 82.09 4821 85.56 4140 84.76 4951 3.22 0.11
SEER 74.40 3416 87.90 4151 83.56 3630 79.08 3340 64.84 3575 78.28 3966 81.48 3385 75.13 4978 70.79 2987 82.55 5411 -3.63 0.21
Step Entropy 71.26 5227 87.50 5268 85.43 4652 84.02 4421 70.59 6823 73.80 5866 84.49 4476 69.79 7934 75.67 4404 81.28 7893 -3.05 -0.15
PEAR 76.20 4140 90.31 4886 86.03 4140 85.09 4279 77.21 4013 80.21 4531 85.56 4253 78.41 4769 78.81 4115 84.96 4582 0.85 0.11
LAE (ours) 76.34 3568 90.37 5208 86.36 4465 85.83 4196 79.41 3529 78.48 4394 86.10 3997 79.41 4194 79.14 3827 84.49 4120 1.16† 0.15†

Qwen3-4B
Original 87.17 5471 92.65 6502 91.71 5449 92.05 5395 90.17 5748 89.30 5718 92.31 5382 88.70 5944 90.78 5386 86.83 7362 – –
GRPO 86.43 4799 93.45 5667 90.98 5012 91.58 5011 90.44 5121 88.90 5100 92.25 4902 88.70 5133 90.51 4796 89.17 5587 0.05 0.12
SEER 86.03 4275 91.64 4995 90.44 4496 90.71 4281 88.97 4568 87.70 4587 90.37 4270 87.10 4591 89.10 4235 85.76 6816 -1.38 0.20
Step Entropy 86.63 5618 93.05 6592 90.84 5697 62.30 14219 88.30 6229 89.10 6036 91.98 5508 88.57 6119 89.71 5385 80.68 10379 -4.05 -0.23
PEAR 85.90 4450 92.58 5320 90.78 4591 90.91 4386 90.04 4801 88.97 4716 92.05 4454 88.03 4852 89.10 4496 88.03 5849 -0.53 0.18
LAE (ours) 86.63 4183 92.78 5034 91.31 4503 91.71 4351 90.64 4481 89.04 4497 91.58 4385 89.04 4639 90.64 4199 89.44 4800 0.11† 0.23†

Qwen3-8B
Original 89.17 5855 93.72 6708 92.78 5907 92.78 5766 90.11 6256 91.44 5798 93.11 5825 91.11 6215 91.78 5848 88.77 7448 – –
GRPO 89.24 5426 93.58 6298 93.45 5441 93.45 5285 90.17 5696 91.38 5449 92.38 5481 91.24 5886 91.84 5482 89.71 6947 0.17 0.07
SEER 88.37 4696 92.51 5447 92.18 4812 92.45 4644 88.90 5064 89.84 4834 92.71 4651 90.04 4963 90.91 4826 86.03 7406 -1.08 0.17
Step Entropy 87.70 5493 93.32 6451 93.05 5513 87.97 5822 87.70 6360 90.64 5789 92.51 5517 89.84 5819 90.64 5791 84.49 8246 -1.69 0.02
PEAR 89.04 5186 93.72 6014 93.25 5274 93.05 5106 89.77 5575 91.64 5250 92.85 5137 91.11 5511 91.38 5164 89.44 6674 0.05 0.11
LAE (ours) 89.48 5075 93.58 5779 92.78 5129 93.58 4918 90.20 5367 91.44 4897 93.58 5029 90.55 5269 92.07 4958 91.35 5906 0.39† 0.15†

Table 3: Results on MMATH benchmarks across three LRMs. The best results in each language are in bold, and
the second-best results are underlined. † indicate that LAE significantly outperforms strongest baseline PEAR at
p < 0.01 levels (two-sample t-test, n=5 independent runs).

problems are sourced from more advanced math-
ematical domains, where longer reasoning chains
reflect genuine logical necessity rather than ex-
ploratory redundancy. In such cases, the entropy
gap between the thinking and answer phases is
intrinsically compressed, reducing the signal avail-
able for our penalty mechanism to identify and
suppress redundant steps. Second, the extended
generation budget on MMATH (32,768 tokens ver-
sus 16,384 on MGSM) increases variance in per-
language token counts, making cross-lingual en-
tropy gap alignment a harder optimization target.
Despite these constraints, LAE remains the most
stable method across all three LRMs on MMATH,
consistently achieving positive accuracy gains with-
out the degradation exhibited by SEER and Step-

Entropy. This suggests that relative entropy-gap
reward provides a more robust compression signal
than absolute length penalties under difficult rea-
soning conditions. More analysis of experiments is
provided in Appendix A. We provide additional ex-
periments in Appendix K and language consistency
in Appendix I for further analysis.

Across both benchmarks, LAE shows consistent
behavior across varying task difficulty, language
resource levels, and training coverage, suggesting
that the entropy-gap reward effectively suppresses
uncertainty-driven verbosity across different lin-
guistic and mathematical contexts. Ablation studies
in Appendix G further support this finding. LAE
consistently achieves a better trade-off across lan-
guages and model scales.
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Figure 2: Step changes across three models before and after training on MGSM dataset. For most models and
languages, LAE reduces the number of reasoning steps primarily in the think phase, indicating that compression is
mainly achieved by eliminating redundant reasoning steps.

4.3 Token Reduction Analysis

To better understand how LAE achieves token com-
pression, we decompose the generated tokens into
two complementary factors: the number of rea-
soning steps and the number of tokens per step.
Figure 2 reports both metrics before and after LAE
training on MGSM dataset.

Step reduction is the primary source of com-
pression. Across all models, LAE substantially re-
duces the number of reasoning steps, while changes
in tokens per step remain relatively small. For ex-
ample, on Qwen3-4B, the average step count in
Chinese decreases from 34.08 to 17.88, a 47.6%
reduction, whereas tokens per step change only
slightly from 53.77 to 59.92. Similar trends are
observed for Qwen3-8B and R1-Distill-Qwen-7B.
This suggests that LAE mainly improves efficiency
by removing redundant reasoning steps rather than
shortening the wording within each step. Such be-
havior is consistent with the entropy-gap reward,
which discourages unnecessary verification or re-
peated derivation once a valid solution path has
been identified. The effect is particularly pro-
nounced in low-resource and high-verbosity lan-
guages. Languages such as Swahili, Telugu, and
Bengali exhibit higher baseline step counts, reflect-
ing increased uncertainty during reasoning. For
instance, Swahili reaches an average of 44.23 steps

on Qwen3-4B. After applying LAE, this number
is reduced to 31.81, while Telugu decreases from
32.47 to 19.95. These results suggest that the
entropy-gap reward is especially effective in sce-
narios with larger cross-lingual uncertainty dispari-
ties, where it suppresses excessive exploration. Al-
though step reduction dominates, tokens per step
also show modest but consistent decreases. This
suggests that the entropy-based objective further
encourages more decisive token-level generation
within each retained step. The effect is more evi-
dent in R1-Distill-Qwen-7B, where, for example,
Telugu decreases from 148.14 to 106.30 tokens per
step, compared to smaller changes in the Qwen3
models.

The compression effect generalizes to unseen
languages during training. Language such as
Bengali show reductions in reasoning steps after
training. Bengali decreases from 28.16 to 23.03
steps on Qwen3-8B. This indicates that LAE cap-
tures a language-agnostic notion of reasoning ef-
ficiency, rather than relying on language-specific
patterns, which is consistent with the cross-lingual
transfer results in the main experiments.

These findings demonstrate that LAE primarily
achieves token compression by eliminating redun-
dant reasoning steps, especially those associated
with unnecessary verification and re-exploration. It
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Language Base (s) LAE (s) Reduction

bn 369 321 13.0%
de 207 244 -17.9%
en 251 67 73.3%
es 254 121 52.4%
fr 245 196 20.0%
ja 326 215 34.0%
ru 277 273 1.4%
sw 485 312 35.7%
te 1142 550 51.8%
th 475 173 63.6%
zh 338 128 62.1%

Overall 4369 2600 40.5%

Table 4: Per-language wall-clock inference latency
of LAE and the R1-Distill-Qwen-7B base model on
MGSM. Each language contains 250 samples, with five
generation runs per sample. The latency reduction is
computed as (Tbase − TLAE)/Tbase.

maintains the token density of essential reasoning
while reducing verbosity driven by uncertainty.

4.4 Inference Latency Analysis

While token reduction provides an indication of
the compactness of generated reasoning, it does
not necessarily imply proportional savings in ac-
tual inference time. To directly assess the practical
efficiency gains of LAE, we therefore measure the
wall-clock inference latency using vLLM. We eval-
uate R1-Distill-Qwen-7B on all 11 languages of
MGSM, with 250 samples per language and five
generation runs for each sample. As shown in Ta-
ble 4, LAE reduces the total inference latency from
4,369 s to 2,600 s, corresponding to a 40.5% re-
duction. Moreover, LAE achieves lower latency in
10 out of 11 languages, with particularly substan-
tial reductions observed for English (73.3%), Thai
(63.6%), Chinese (62.1%), Spanish (52.4%), and
Telugu (51.8%). These results demonstrate that the
shorter reasoning traces produced by LAE translate
into substantial end-to-end inference-time savings,
providing direct evidence of practical efficiency
improvements beyond token-count reduction.

4.5 Comparison to Adaptive Token-Budget
Methods

To examine whether our findings extend beyond
entropy-based compression, we further consider
adaptive token-budget methods, including SelfBud-
geter (Li et al., 2025c), AdaR1 (Luo et al., 2025a),

Figure 3: Comparison between the original model and
BudgetThinker on multilingual MGSM. BudgetThinker
improves English accuracy but generally degrades accu-
racy and increases generation length in other languages.

and BudgetThinker (Wen et al., 2025). Both Self-
Budgeter and AdaR1 derive their budget or length
preferences from predominantly English training
distributions, making them language-agnostic in
architecture but language-dependent in calibration.

We directly evaluate the released BudgetThinker
model on multilingual MGSM without additional
fine-tuning. As shown in Figure 3, BudgetThinker
improves English accuracy but yields an average
accuracy drop of 4.73 points across the 11 lan-
guages, while increasing token usage by an average
of 116% across languages. These results suggest
that the limitation is not specific to entropy-based
signals, but more generally arises when compres-
sion signals are calibrated on a single-language
distribution.

5 Conclusion

We present LAE, a multilingual CoT compression
framework that extends GRPO with multilingual
group sampling and a language-aware entropy-gap
reward. By leveraging cross-lingual uncertainty,
LAE reduces redundant reasoning while preserving
necessary reasoning complexity. Experiments on
MGSM and MMATH show 30%–43% token reduc-
tion with consistent accuracy improvements across
models and languages, including low-resource and
unseen languages. These results demonstrate that
cross-lingual uncertainty is an effective signal for
reducing language-induced redundancy and im-
proving multilingual reasoning efficiency.
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Limitations

Although our study focuses on Qwen-architecture
models and mathematical reasoning tasks, these
design choices are intentional and aligned with the
goals of this work. Qwen-based models are known
for their strong multilingual capabilities, which
makes them a suitable and challenging testbed for
investigating multilingual chain-of-thought com-
pression, providing a meaningful validation of our
approach. Our entropy-gap analysis suggests that
LAE primarily removes redundant reasoning steps,
our evaluation remains centered on outcome-level
metrics such as accuracy, token reduction, and
step reduction, and do not perform fine-grained
human evaluation on intermediate reasoning tra-
jectories. Investigating the relationship between
entropy-based compression and human judgments
of reasoning quality is an important direction for
future work.
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address ethical considerations in this work.
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A More Analysis of Results

Results on MGSM. As summarized in Table 2,
LAE demonstrates consistent and substantial im-
provements in both accuracy and token efficiency.
Empirical results on 11 languages show that the
proposed method reduces token usage during infer-
ence by 30%–43%, while simultaneously achieving
performance gains. This indicates that our design
effectively eliminates redundant computations, op-
timizing inference efficiency. These findings sug-
gest that our sampling and reward mechanisms ef-
fectively incentivize the model to internalize the
most parsimonious reasoning paths across the five
primary languages. Furthermore, this learned ca-
pability generalizes robustly to languages not en-
countered during the training phase, highlighting
the cross-lingual transferability of our approach.

In comparison to GRPO, LAE offers advan-
tages in handling language-specific reasoning re-
dundancy. While GRPO leverages entropy-based
rewards to improve accuracy, its performance often
becomes inconsistent when scaling across multiple
languages, particularly with respect to compression
efficiency. In contrast, LAE utilizes a multilingual
relative entropy gap that more effectively adjusts
the reasoning process across languages. For in-
stance, on the MGSM benchmark, our proposed
method achieves competitive performance com-
pared to PEAR, yielding an accuracy of 8.20%
versus PEAR’s 8.73%. Crucially, our approach
demonstrates significantly higher compression effi-
ciency, attaining a compression ratio of 43%, which
is nearly double that of PEAR (23%), while still
maintaining a robust accuracy of 8.20%. This re-
sult indicates a high level of token efficiency, as
substantial accuracy improvements are achieved
without generating an excessive number of tokens.
Importantly, these accuracy gains are obtained with-
out sacrificing token reduction, highlighting LAE’s
ability to effectively balance accuracy and compres-
sion objectives.

Furthermore, LAE adapts well to languages with
varying resource levels, addressing the challenges
of low-resource languages. For example, languages
such as Bengali (bn), Swahili (sw), and Telugu (te),
which typically require more tokens due to their
linguistic structures, benefit from the relative en-
tropy gap mechanisms employed by LAE, resulting
in improved efficiency while preserving reasoning
accuracy. This is particularly important in man-
aging the accuracy of reasoning while reducing

unnecessary token expansion.
In terms of multilingual input-output behavior,

we observe that high-resource languages such as
English, Spanish, French tend to have shorter rea-
soning paths, whereas low-resource languages like
Bengali, Swahili, Telugu produce longer chains
of thought due to differences in syntax, morphol-
ogy, and resource availability. LAE effectively
addresses these differences by suppressing redun-
dant reasoning steps, thereby improving both the
compression ratio and overall performance without
sacrificing reasoning accuracy.

Results on MMATH. As shown in Table 3,
the efficiency–accuracy trade-off on the more
challenging MMATH benchmark is substantially
tighter than that observed on MGSM. Nevertheless,
language-aware, group-level redundancy control
yields more token-efficient performance gains than
correctness-only reinforcement learning or mono-
lingual compression approaches.

Across all three LRMs, LAE consistently im-
proves average accuracy while reducing generation
length. For R1-Distill-Qwen-7B, LAE achieves a
1.16 accuracy improvement with 15% compression,
outperforming PEAR (0.85 accuracy gain, 11%
compression) and avoiding the performance degra-
dation observed with SEER and Step-Entropy, both
of which result in negative accuracy changes. For
Qwen3-4B, several baseline methods exhibit unsta-
ble behavior, trading compression for degraded gen-
eration quality. In particular, Step-Entropy induces
repetitive generation in fr, leading to substantial
token inflation. In contrast, LAE remains stable
and attains the highest compression rate among
non-degrading methods (23%), while still yielding
a modest but positive accuracy gain of 0.11. For
Qwen3-8B, LAE again demonstrates a more favor-
able accuracy–compression trade-off, delivering a
0.39 accuracy improvement with 15% compression.
This result exceeds those of GRPO (0.17 accuracy
gain, 7% compression) and PEAR (0.05 accuracy
gain, 11% compression).

A language-level analysis further reveals that
the gains from LAE do not arise from uniform
shortening across all outputs. Instead, LAE se-
lectively suppresses over-explorative reasoning in
languages where the model exhibits higher base-
line verbosity, while maintaining or improving cor-
rectness. This effect is particularly pronounced in
high-verbosity languages, where substantial token
reductions are accompanied by accuracy recovery
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rather than degradation.

Overall. Experiments on MGSM and MMATH
consistently show that LAE’s combination of multi-
lingual group sampling and relative entropy-gap re-
ward provides an effective mechanism for language-
aware redundancy suppression. On MGSM, LAE
yields substantial token savings, achieving approx-
imately 30% to 43% compression depending on
the model and language, while simultaneously im-
proving average accuracy and generalizing to un-
seen languages in training. These results suggest
that LAE learns transferable and more parsimo-
nious reasoning patterns, rather than merely short-
ening model outputs. On the more challenging
MMATH benchmark, where the trade-off between
efficiency and accuracy is tighter, LAE remains
stable across three LRMs and achieves the best
or near-best compression among methods that do
not degrade accuracy, while still delivering positive
accuracy gains. In contrast, correctness-only rein-
forcement learning and monolingual compression
baselines frequently exhibit instability or accuracy
drops. Importantly, the observed improvements do
not arise from uniform truncation. Instead, LAE se-
lectively suppresses over-explorative, high-entropy
reasoning that is more prevalent in verbose and
often lower-resource languages, while preserving
necessary uncertainty in the answer phase. This
selective behavior aligns cross-lingual reasoning
complexity and improves token efficiency without
sacrificing correctness.

B Anchor-Language Selection and
Sensitivity Analysis

B.1 Selection Rationale

The selection of languages for multilingual group
sampling is designed to balance signal reliability
and linguistic diversity. We adopt a strategy of
using “Anchor Languages” for training. The core
rationale is that the group-level statistics (specifi-
cally Emin in Equation 6) require a high probabil-
ity of containing at least one correct and concise
reasoning trajectory within each group to serve
as a valid reference (anchor) for alignment. In-
cluding languages with extremely low baseline
accuracy (<10%) would result in a high propor-
tion of “all-zero-reward” groups, which provide
no learning signal for the relative entropy gap cal-
culation. Therefore, we curate a set of linguisti-
cally diverse yet high-resource languages (German,

Anchor Set ∆Acc ↑ Comp. ↑
de, fr, ja, ru, zh (default) 8.20 43%
en, fr, ja, ru, zh 5.20 51%
de, th, ja, ru, zh 6.35 47%

Table 5: Sensitivity of LAE to the choice of anchor
languages on MGSM using R1-Distill-Qwen-7B. Each
perturbed setting replaces one language in the default
anchor set.

French, Japanese, Russian, and Chinese) as an-
chors. These languages cover distinct syntactic and
morphological families, providing a robust refer-
ence frame for reasoning compression. Moreover,
Huang et al. (2025d) show that the generalization
performance of the GRPO algorithm varies across
languages, with several non-English languages out-
performing English. Therefore, English is excluded
from the default anchor set. Crucially, the goal of
LAE is not merely multilingual co-training, but
cross-lingual reasoning transfer. As demonstrated
in Table 2, this approach allows the model to learn
parsimonious reasoning patterns that generalize
effectively to unseen and low-resource languages
(e.g., Swahili, Bengali), even though they are not
present in the training mix. This suggests that the
model learns a language-agnostic reasoning effi-
ciency from the anchor languages.

B.2 Sensitivity to Anchor-Language Selection

To examine whether LAE critically depends on
the particular anchor-language set, we performed
a sensitivity analysis on R1-Distill-Qwen-7B us-
ing MGSM. Starting from our default anchor set
{de, fr, ja, ru, zh}, we consider two perturbations:
replacing German with English, and replacing
French with Thai. These settings respectively test
the effect of including English and using a lower-
resource language as an anchor.

The results show that LAE remains effective un-
der both anchor perturbations. Replacing German
with English increases the compression ratio from
43% to 51%, while still achieving a substantial ac-
curacy gain of 5.20 points. Replacing French with
Thai likewise preserves a strong accuracy gain of
6.35 points and achieves 47% compression. These
results demonstrate that the effectiveness of LAE
does not depend on a single fixed anchor language
configuration.

Nevertheless, the default anchor set provides the
best accuracy and compression trade off among the
three configurations. Using English as an anchor
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Figure 4: Entropy change of R1-Distill-Qwen-7B model
before and after training. The first three languages (bn,
sw, th) are considered low-resource languages, while
the last three languages (en, zh, de) are medium to high-
resource languages.

leads to stronger compression but a smaller accu-
racy improvement. This observation is consistent
with our motivation for excluding English from
the default anchor set. Its relatively low baseline
entropy can make it disproportionately influential
in determining Emin, thereby encouraging more
aggressive cross lingual compression. Replacing
French with Thai results in a smaller but still no-
ticeable reduction in the accuracy gain, which is
consistent with the weaker reference signal pro-
vided by a lower resource language.

Overall, these results suggest that LAE is ro-
bust to reasonable changes in the anchor language
set, while the proposed selection of linguistically
diverse and relatively high resource languages with-
out English provides the most favorable accuracy
and compression trade off in our experiments. This
supports our original design rationale and further
demonstrates that LAE does not rely on a narrowly
tuned anchor language configuration.

C Entropy Change of LAE on Reasoning

As illustrated in Figure 4, we investigate entropy
reduction during the thinking phase. After training,
thinking entropy decreased across all languages,
particularly those with higher initial uncertainty
(e.g., Bengali (bn), Thai (th), and Swahili (sw)), in-
dicating a shift in the model’s reasoning. Notably,
this reduction extends to both seen and unseen lan-
guages, demonstrating LAE’s generalizability and
suggesting that its entropy-based reward optimizes
reasoning across both trained and zero-shot lan-
guages.

D Redundant Reasoning Associated with
a Large Entropy Gap

Question: 伊莉莎每周工作的前 40个小时
的时薪是 10 美元。她加班还能获得标准
时薪 1.2倍的工资。如果 Eliza这周工作了
45小时，她这周的收入是多少？

Ground Truth
460

Think
好的，我现在来仔细思考一下这个问题，
希望我能一步一步地解决它。问题描述是
这样的：伊莉莎每周工作的前40个小时的
时薪是10美元。她加班的话，还能获得标
准时薪1.2倍的工资。这周她工作了45小
时，那她的收入是多少呢？... 现在，把
正常工作时间和加班时间的工资加起来，
就是她这周的总收入。400美元加上60美
元，总共是460美元。所以，伊莉莎这周
的收入应该是460美元。
不过，我觉得有必要再检查一下计算是
否正确，避免出现低级错误。... 加起来
的话，400+60=460美元。没错，计算是对
的。
另外，我再想一下，是否有可能题目中
的“标准时薪”指的是包括加班在内的时
薪，但通常情况下，加班工资是单独计
算的，所以这里的理解应该是正确的。...
嗯，看来我的思路是对的，没有问题。那
她的总收入就是460美元。
答案
伊莉莎这周的收入是 460 美元。

Answer
伊莉莎这周工作了45小时，其中前40小
时是正常工作时间，每小时10美元，
加班5小时，每小时的工资是标准时薪
的1.2倍，即12美元每小时。
1. 正常工作时间工资计算：40小时 ×
10美元/小时 = 400美元
2. 加班工资计算：5小时× 12美元/小时 =
60美元
3. 总收入计算：400美元 + 60美元 =
460美元
最终，伊莉莎这周的收入是： 460
Thinking token: 605
Answer token: 207
Thinking entropy: 0.692
Answer entropy: 0.100
Entropy gap: 0.592
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In this example from the MGSM dataset, the
R1-Distill-Qwen-7B model exhibits redundant rea-
soning behavior during the solution process. Af-
ter initially deriving the correct answer (460), the
model continues to perform two additional verifica-
tion steps. We observe that these verification steps
are associated with relatively high thinking entropy,
indicating increased uncertainty in the model’s in-
termediate reasoning states. This leads to unneces-
sary exploration despite the correct answer already
being obtained. For changes in entropy during the
thinking phase before and after training, please
refer to Appendix C.

E Implementation Details

All experiments are conducted on multiple
NVIDIA A100-SXM4-80GB GPUs. Table 6 sum-
marizes the detailed experimental settings.

Settings Value

Training Setup
Total epochs 3
Train batch size 128
Max prompt length 1,536
Max response length 4,096
Learning rate 1× 10−6

Rollout
Rollout engine vLLM
Temperature 0.6
Top-p 0.95

Table 6: Training Settings

F Translation Quality Evaluation

To verify that the performance gains reported in
our experiments are not artifacts of poor translation
quality, we conducted a systematic human evalua-
tion of the translated training data. Specifically, we
collaborated with a professional data annotation
service to recruit linguistic experts proficient in
each of the five target languages (German, French,
Japanese, Russian, and Chinese). Each annotator
was asked to evaluate 50 randomly sampled prob-
lem translations per language on a five-point scale
defined as follows:

• 5 – Excellent: The translation is fully accu-
rate, mathematically precise, and natural. All
meanings, constraints, and nuances are cor-
rectly preserved with no errors.

Lang Score 3 Score 4 Score 5

German 1/50 (2.0%) 7/50 (14.0%) 42/50 (84.0%)
French 2/50 (4.0%) 2/50 (4.0%) 46/50 (92.0%)
Japanese 0/50 (0.0%) 2/50 (4.0%) 48/50 (96.0%)
Russian 4/50 (8.0%) 4/50 (8.0%) 42/50 (84.0%)
Chinese 1/50 (2.0%) 2/50 (4.0%) 47/50 (94.0%)

Table 7: Human evaluation results of translation quality
across five training languages. Each language is evalu-
ated on 50 randomly sampled problems. Scores range
from 1 (Incorrect) to 5 (Excellent).

• 4 – Good: The translation is mostly accurate,
with only minor issues (e.g., slight awkward
phrasing or minor terminology inconsistency)
that do not affect understanding.

• 3 – Fair: The translation conveys the main
idea but contains noticeable issues such as
ambiguous wording, partial loss of meaning,
or imprecise mathematical expressions.

• 2 – Poor: The translation has significant er-
rors, including incorrect mathematical terms,
missing or altered conditions, or misleading
phrasing that affects understanding.

• 1 – Incorrect: The translation is fundamen-
tally wrong, with major mistranslations, incor-
rect logic, or critical loss of meaning.

The evaluation results are summarized in Table 7.
Across all five languages, 84% to 96% of transla-
tions received the highest rating of Excellent (Score
5), and over 92% of all samples received a rating of
Good or above (Score 4 or 5). No translations were
assigned a rating of Poor or Incorrect. These results
confirm that the Qwen3-32B-generated translations
are generally accurate, mathematically faithful, and
linguistically natural.

Beyond translation accuracy, our training
methodology further mitigates the risk that any
residual translation noise could influence the ob-
served compression gains. In our multilingual
group sampling strategy, each problem is jointly
optimized across all five languages simultaneously,
and the entropy-gap reward is computed relative to
other languages within the same group. This design
encourages the model to align reasoning behaviors
across semantically equivalent inputs rather than
exploit language-specific inconsistencies. Conse-
quently, even if isolated translations contain minor
imperfections, the cross-lingual alignment objec-
tive prevents the model from benefiting by learning
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Method ∆Acc ↑ Comp. ↑
LAE 8.20 0.43

w/o. Entropy Gap (PLang) 7.05 0.29
w/o. Relative (PRelative) 7.35 0.20
w/o. Var (Pvar) 6.12 0.23

Table 8: Results of Ablation Studies by removing each
component of LAE.

to simplify flawed inputs. The human evaluation
results and the structure of our training objective
jointly support the conclusion that the reported to-
ken compression and accuracy improvements re-
flect genuine gains in multilingual reasoning effi-
ciency.

G Ablation Studies

G.1 Reward Ablation

As shown in Table 8, we analyze the contribution
of each component in the proposed multilingual en-
tropy gap reward. The results demonstrate that
all three terms are essential and mutually com-
plementary, with each serving a distinct and non-
substitutable function.

Removing PLang leads to a clear degradation in
both compression efficiency, dropping from 43%
to 29%, and accuracy gain, decreasing from 8.20
to 7.05. This indicates that multilingual group sam-
pling alone is insufficient without an explicit con-
straint on redundant uncertainty. In the absence of
this penalty, the model tends to revert to longer and
more exploratory reasoning patterns within individ-
ual languages.

Removing PRelative causes the most significant
reduction in compression ratio, from 43% to 20%,
along with a noticeable accuracy drop of 0.85
points. Without alignment to the minimum-entropy
language within the group, each language inde-
pendently retains verbose reasoning trajectories.
This confirms that PRelative is the primary driver of
compression efficiency by leveraging intra-group
contrast.

Removing PVar results in the largest accuracy de-
cline, from 8.20 to 6.12, while only moderately
affecting the compression ratio. This suggests
that the variance penalty contributes beyond output
shortening. By discouraging cross-lingual incon-
sistency in reasoning complexity, it prevents im-
balanced behaviors where high-resource languages
are over-compressed and low-resource languages
remain redundant. Such imbalance introduces con-

Method ∆Acc↑ Comp.↑
GRPO 12.62 −0.48
Multi + 0/1 5.97 −0.14
LAE 8.20 0.43

Table 9: Ablation results on MGSM using R1-Distill-
Qwen-7B. “GRPO” denotes monolingual group sam-
pling with binary reward, “Multi + 0/1” denotes multi-
lingual group sampling with binary reward, and “LAE”
denotes multilingual group sampling with the proposed
entropy-gap reward.

flicting optimization signals and undermines train-
ing stability.

Overall, the three components form a hierarchi-
cal mechanism. PLang suppresses excessive explo-
ration within each language, PRelative aligns reason-
ing toward the most concise trajectory in the group,
and PVar enforces global consistency across lan-
guages. Their interaction is inherently synergistic,
as removing any single component disproportion-
ately weakens the effectiveness of the others. This
demonstrates that the proposed reward operates as
an integrated framework rather than a set of inde-
pendent heuristics.

G.2 Component Ablation

To further clarify the motivation for multilingual
group sampling and its relationship to the entropy-
gap reward, we present an additional ablation study
that isolates the effect of each component. Specifi-
cally, we introduce a variant that combines multi-
lingual group sampling with a standard binary cor-
rectness reward (0/1 signal), replacing the full LAE
reward while keeping all other settings identical.
The results on MGSM with R1-Distill-Qwen-7B
are summarized in Table 9.

This experiment yields two key findings.
First, multilingual group sampling paired with a
correctness-only reward fails to achieve compres-
sion, instead resulting in token expansion. The
underlying reason is that a binary correctness sig-
nal treats all valid trajectories equally regardless
of their length or entropy profile. Within a mul-
tilingual group, a verbose English trajectory and
a concise German trajectory receive identical re-
wards if both produce correct answers, provid-
ing no compression incentive. In the absence of
an entropy-based signal, the model can instead
increase exploratory reasoning in languages of
higher-uncertainty to satisfy the correctness objec-
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tive, leading to token inflation of approximately
14%.

Second, the full LAE framework outperforms the
sampling-only variant in both accuracy (+8.20 vs.
+5.97) and compression ratio (+0.43 vs. −0.14).
This gap demonstrates that multilingual group sam-
pling and the entropy-gap reward are mutually re-
inforcing rather than independently effective. Mul-
tilingual group sampling is designed to expose
cross-lingual reasoning disparities within each op-
timization step, constructing an intra-group ref-
erence structure that makes relative redundancy
meaningful. The language-aware entropy-gap re-
ward, in turn, exploits this structure by penaliz-
ing each language’s trajectory with respect to the
minimum-entropy trajectory within the same group,
a signal that only exists because the group con-
tains responses across multiple languages. This
relative redundancy penalty (PRelative) is precisely
what converts cross-lingual reasoning differences
into a compression gradient, explaining why LAE
achieves 43% compression while the multilingual
group with a 0/1 reward baseline achieves none.

These results confirm that multilingual group
sampling and the entropy-gap reward constitute
a co-adapted mechanism whose effectiveness is
validated both by the main results and by the degra-
dation observed when either component is replaced.
The motivation for multilingual grouping there-
fore lies not in its independent effect, but in the
intra-group cross-lingual structure it creates for the
entropy-gap reward to exploit.

H Computational Overhead Analysis of
Multilingual Group Sampling

A natural concern regarding our multilingual group
sampling strategy is whether the training overhead
it introduces is proportional to the number of lan-
guages used. We address this concern by providing
a direct comparison with standard GRPO in terms
of total rollout count, which is the primary driver
of training computation.

Standard GRPO samples R rollouts per prompt
for a dataset of size D, resulting in D × R total
rollouts during training. Our multilingual group
sampling, by contrast, generates one rollout per
language for each problem, yielding D × N × 1
total rollouts, where N is the number of languages.
When N = R, the two methods produce an iden-
tical number of rollouts. In our experiments, we
use N = 5 languages, whereas a typical GRPO

configuration uses R = 8 or more rollouts per
prompt. Consequently, our method incurs fewer
total rollouts than standard GRPO when trained on
the same dataset, making the computational cost
during training comparable to or even lower than
the baselines.

Regarding prompt translation, this step consti-
tutes a one-time, offline preprocessing procedure
performed prior to training. It does not affect per-
step training computation and therefore does not
contribute to the runtime training cost. Given these
considerations, the inference-time savings of 30%
to 43% in token reduction are achieved without a
proportional increase in training expenditure, rep-
resenting a favorable overall cost-benefit tradeoff.

I Language Consistency

To further examine whether LAE introduces cross-
lingual interference or output language inconsis-
tency, we conduct an additional language adher-
ence evaluation on the MGSM dataset, measuring
whether the generated response language matches
the input language across all 11 languages and 3
backbone models. The results demonstrate that
LAE does not cause language drift. On the con-
trary, it consistently maintains or improves lan-
guage adherence, with particularly notable gains
observed in low-resource languages. Specifically,
for R1-Distill-Qwen-7B, Bengali adherence im-
proves from 78.80% to 98.80% and Swahili from
74.80% to 91.20%. For Qwen3-4B, Swahili im-
proves from 55.60% to 79.20% and Telugu from
87.60% to 97.60%. For Qwen3-8B, Swahili im-
proves from 74.40% to 82.80%. Meanwhile, high-
resource languages such as English, Chinese, Ger-
man, and French maintain near-perfect adherence
both before and after training, with no observable
degradation.

This finding is well aligned with the design prin-
ciples of LAE. Language drift typically arises when
a model is uncertain, causing it to fall back on
high-resource languages as a form of uncertainty-
driven exploration. By penalizing high entropy
in the thinking phase through our entropy-gap re-
ward, LAE discourages such exploratory behavior
and encourages more decisive, language-consistent
token generation. In addition, our multilingual
group sampling mechanism provides explicit cross-
lingual contrastive signals within each training step,
which further reinforces the model’s awareness of
the target language identity.
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Model bn de en es fr ja ru sw te th zh

LAE Accuracy

R1-Distill-Qwen-7B 98.8 98.8 100.0 98.4 98.0 99.2 93.6 91.2 99.2 93.2 100.0
Qwen3-4B 99.6 100.0 100.0 98.4 99.2 99.6 100.0 79.2 97.6 100.0 100.0
Qwen3-8B 100.0 99.2 100.0 98.0 98.4 99.6 100.0 82.8 97.6 100.0 100.0

Base Model Accuracy

R1-Distill-Qwen-7B 78.8 100.0 99.6 100.0 99.6 94.8 100.0 74.8 96.0 94.0 100.0
Qwen3-4B 98.4 98.8 100.0 97.6 100.0 99.6 100.0 55.6 87.6 100.0 100.0
Qwen3-8B 100.0 98.0 100.0 98.0 99.6 100.0 100.0 74.4 97.2 100.0 100.0

Table 10: Language consistency accuracy (%) across different models and languages.

J Reward Penalty Sensitivity Analysis

To assess the robustness of our method with re-
spect to the entropy penalty scaling factor λ, which
uniformly scales the full multilingual redundancy
penalty term Pmulti, we conduct a sensitivity anal-
ysis using R1-Distill-Qwen-7B on the MGSM
benchmark. The results are summarized in Ta-
ble 11.

Several observations emerge from these results.
When λ = 0, the training objective reduces to
a pure correctness reward without any entropy
penalty. Under this setting, the model achieves
a modest accuracy gain of +5.98 but fails to re-
duce token usage, yielding a negative compression
ratio of −0.14. This confirms that correctness-only
supervision is insufficient to suppress redundant
reasoning behavior.

As λ increases from 0 to 1.0, both accuracy
and compression improve consistently. This trend
indicates that the entropy-gap reward provides a
complementary training signal beyond correctness
supervision, explicitly guiding the model toward
more concise reasoning trajectories. At λ = 1.0,
the method achieves the most favorable balance
between accuracy and compression, with ∆Acc =
8.20 and Comp. = 0.43.

When λ is further increased to 1.5, the compres-
sion ratio improves only marginally while accuracy
begins to decline noticeably. This suggests that an
excessively strong entropy penalty may suppress
uncertainty that is genuinely necessary for solving
more challenging problems, thereby undermining
reasoning quality. These results demonstrate that
λ = 1.0 represents a stable and well-motivated
default choice, and that the overall method is not
overly sensitive to moderate variations in this hy-
perparameter.

λ ∆Acc ↑ Comp. ↑
0 5.98 −0.14

0.5 6.84 0.21
1.0 8.20 0.43
1.5 5.38 0.45

Table 11: Sensitivity analysis of the entropy penalty
scaling factor λ on R1-Distill-Qwen-7B (MGSM).

Languages LAE (Ours) PEAR

∆Acc↑ Comp.↑ ∆Acc↑ Comp.↑
de 5.46 0.28 5.00 0.13
de, ru, zh 6.05 0.35 5.54 0.18
de, ru, zh, fr, ja 8.20 0.43 8.73 0.23

Table 12: Performance of different training languages.

K Additional Experiments

K.1 Impact of Language Diversity

As shown in Table 12, we investigate the impact
of language diversity in the training corpus that is
expanded the set of languages used during training,
ranging from one to five languages. The results
demonstrate that our method consistently benefits
from the additional languages, with both accuracy
and reasoning compression ratio, achieving nearly
twice the compression ratio than PEAR. Moreover,
the introduction of additional languages does not
introduce noise, instead it provides complemen-
tary supervisory signals that the model can effec-
tively exploit. It highlights that our group-level,
relative entropy gap regularization is particularly
well suited to multilingual settings, which is more
effectively exploits cross-lingual reasoning path
difference while PEAR primarily benefits from ad-
ditional data exposure.

57762



Figure 5: R1-Distill-Llama-8B result on MGSM benchmark. “Comp.” denotes the compression ratio (l − l′)/l
where l and l′ are the token counts of the baseline and the proposed method, respectively.

Dataset Size LAE (Ours) PEAR

∆Acc↑ Comp.↑ ∆Acc↑ Comp.↑
1000 2.20 0.15 1.23 0.10
3000 5.40 0.35 2.18 0.16
5000 6.17 0.40 3.02 0.28
7473 8.20 0.43 8.73 0.23

Table 13: Performance comparison on different training
data size.

K.2 Effect of Training Data Scale
As shown in Table 13, we further investigate the
impact of training data scale on performance. The
results show that our method scales more efficiently
with data, delivering competitive accuracy while
significantly reducing token overhead, especially in
resource constraints. Our method exhibits a clear
improvement in accuracy as the data budget in-
creases, consistently outperforming PEAR in low-
and medium-resource. With only 1k samples, our
approach already achieves a 2.20% accuracy gain,
and the advantage widens at 3k and 5k samples,
where our method reaches 5.40% and 6.17%, com-
pared to PEAR’s 2.18% and 3.02%. More impor-
tantly, as data size grows, our method consistently
achieves better compression while PEAR shows
weaker and less stable compression ratio that drops
to 23% with full data, indicating superior scalabil-
ity and efficiency.

K.3 Additional Dataset and Model
To further assess the generalizability of our method,
we conduct additional experiments along two com-
plementary dimensions: architectural diversity and
task diversity.
Non-Qwen backbone. We evaluate LAE on R1-
Distill-Llama-8B, a model built on the LLaMA

architecture and thus structurally distinct from all
Qwen-family models considered in the main exper-
iments. As shown in figure 5, LAE achieves an av-
erage accuracy gain of 16.03 points alongside 35%
token compression across 11 languages. This re-
sult is consistent with our findings on Qwen-family
models, demonstrating that the entropy-gap reward
mechanism is not tied to any particular model ar-
chitecture.
Non-mathematical benchmark. We further eval-
uate all four models on MMMLU, a benchmark
spanning 57 diverse subject categories including
law, history, science, and computer science. These
domains are fundamentally different from the math-
ematical reasoning tasks on which our models were
trained, making MMMLU a suitable testbed for
out-of-domain generalization. As shown in Ta-
ble 14 and Table 15, LAE consistently improves
accuracy across all models: 13.05 for R1-Distill-
Qwen-7B, 1.69 for Qwen3-8B, 0.35 for Qwen3-4B,
and 15.51 for R1-Distill-Llama-8B, while achiev-
ing meaningful token compression in all settings.
These results confirm that the benefits of LAE ex-
tend beyond mathematical reasoning to broader
knowledge-intensive tasks.

These supplementary experiments demonstrate
that LAE’s effectiveness is neither model-family-
specific nor domain-specific. The cross-lingual
entropy-gap reward provides a general mechanism
for suppressing redundant reasoning chains, one
that transfers robustly across different model archi-
tectures and task types.
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Table 14: Accuracy results on MMMLU benchmark across four LRMs.

Model ar bn de es fr hi id it ja ko pt sw yo zh ∆Acc↑
R1-Distill-Qwen-7B

Original 32.07 36.56 26.88 39.09 38.18 25.68 34.39 40.91 36.21 29.82 40.84 7.09 3.72 35.72 —
LAE 41.96 43.79 51.23 54.67 54.04 42.32 46.53 49.12 52.35 34.95 52.00 17.47 11.93 57.47 13.05

Qwen3-4B

Original 71.44 68.77 74.18 78.11 77.05 68.84 75.09 76.28 76.21 73.96 75.72 25.75 27.58 75.37 —
LAE 70.32 69.33 77.75 78.04 76.07 69.82 76.56 77.40 76.00 73.61 76.28 25.68 26.11 76.28 0.35

Qwen3-8B

Original 76.63 73.47 77.54 78.39 73.68 71.72 76.63 78.81 78.88 76.70 79.58 39.51 21.75 79.37 —
LAE 77.47 74.74 80.07 80.00 77.12 74.25 78.81 80.84 79.23 76.14 80.35 45.89 21.82 79.65 1.69

R1-Distill-Llama-8B

Original 22.67 7.09 32.84 39.30 34.67 20.98 27.37 41.89 33.75 37.33 38.88 2.46 3.51 41.75 —
LAE 45.89 25.19 48.49 57.12 49.40 47.79 48.42 58.11 48.07 47.93 54.74 5.33 7.79 57.33 15.51

Table 15: Token count results on MMMLU benchmark across four LRMs.

Model ar bn de es fr hi id it ja ko pt sw yo zh Comp.↑
R1-Distill-Qwen-7B

Original 1280 1116 1071 868 736 1148 903 760 2274 1881 778 1395 1797 1831 —
LAE 881 1344 739 791 624 1007 744 701 948 1967 626 1251 1630 1580 0.15

Qwen3-4B

Original 1951 2981 1958 1632 1685 2709 1976 1803 2091 2201 1673 7140 3677 3134 —
LAE 1381 2155 1417 1143 1229 1840 1375 1288 1468 1513 1213 6433 3098 1853 0.28

Qwen3-8B

Original 1939 2975 1970 1752 1810 2923 2047 1810 2150 2113 1806 5524 5117 2881 —
LAE 1584 2355 1580 1476 1533 2226 1646 1517 1632 1704 1508 3576 5327 2148 0.19

R1-Distill-Llama-8B

Original 1631 2000 816 1076 1011 1841 1148 1070 1471 1326 1092 9244 2793 2670 —
LAE 1290 1828 873 1069 905 1538 1172 1007 1844 1261 930 7398 2565 1906 0.08
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