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Abstract

Logical reasoning is a core ability of mod-
ern language models, and various approaches
have been proposed to enhance it. One ef-
fective method is neuro-symbolic approach,
which makes a model output logic formulas and
predict the answer based on them. However,
fair comparison is challenging because exist-
ing methods use different experimental settings,
such as post-processing and prompt styles. In
addition, existing error analyses are too coarse
to capture the impact of sub-formula level struc-
tures. In this paper, we present a systematic
analysis of neuro-symbolic approaches under
a unified setting with sub-formula level anno-
tation. We reveal that some sub-formula level
structures bias the model’s inference toward as-
suming the answer is true, and neuro-symbolic
approaches with an external inference tool help
mitigate this bias. On the other hand, these
methods sometimes lack flexibility in repre-
senting sentence meaning as logic formulas'.

1 Introduction

Modern large language models (LLMs) have ac-
quired high linguistic abilities (OpenAl et al., 2024;
OpenAl, 2025; Comanici et al., 2025; Yang et al.,
2025), and logical reasoning is one of the essential
abilities of LLMs for a wide range of downstream
tasks (Cobbe et al., 2021; Wu et al., 2022; Lin
et al., 2022; Zhao et al., 2023). As a result, various
efforts have been made to evaluate and improve log-
ical reasoning abilities (Morishita et al., 2024a,b;
Liu et al., 2023; Jiang et al., 2025). For example,
Chain-of-Thought (Wei et al., 2022; Kojima et al.,
2022; Wang et al., 2023) encourages models to
produce intermediate reasoning steps. In addition,
reasoning models are trained to generate reasoning
tokens and have demonstrated stronger reasoning
ability (Yang et al., 2025; Guo et al., 2025; OpenAl,
2025).

'Our sub-formula level annotation is available at https:
//github.com/RyHasegawa/SFAAC.

However, several challenges remain. Models
still struggle with complex reasoning (Parmar et al.,
2024), compositional reasoning (Dziri et al., 2023),
and out-of-domain generalization (Saparov et al.,
2023). Moreover, LLMs are black-box systems,
limiting their interpretability. Several approaches
have been proposed to address these challenges,
and one of them is neuro-symbolic approach (Pan
et al., 2023; Olausson et al., 2023; Di et al., 2025;
Ye et al., 2023). In these methods, LLLMs generate
logic formulas and inference with an external the-
orem prover or within the model. Since reasoning
is expressed through explicit logic formulas explic-
itly, these methods can improve interpretability and
performance.

Nevertheless, two limitations remain. First, exist-
ing analyses remain coarse-grained. Most previous
studies evaluate the difficulty of problem solving
with formula-level metrics, such as the number of
reasoning steps. As a result, it remains unclear
how sub-formula level structures, such as the nega-
tion status of the decisive atomic formulas, affect
LLMs. Second, the mechanisms underlying the
effectiveness of neuro-symbolic methods have not
been clarified. Although various techniques have
been proposed to improve performance, prior stud-
ies have adopted different types of post-processing
and prompts, making it challenging to conduct sys-
tematic comparisons within a unified experimental
setting. As a result, the respective effects of gen-
eration and inference processes are still not well
understood.

Motivated by these limitations, we ask the
following two research questions: How do sub-
formula factors affect the outputs of LLMs? (RQ1).
On which factor does the performance depend:
the formula generation process or the inference
process? (RQ2). To answer these questions, we
conduct a systematic evaluation of multiple neuro-
symbolic approaches with annotation which enable
sub-formula level analysis. We newly annotate sub-
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Figure 1: Categorization of neuro-symbolic methods.
The inference process is conducted either within the
LLM (internal inference method) or by an external the-
orem prover (external inference method).

formula factors to a synthetic dataset AAC (Betz
et al., 2021), which consists of detailed variants of
formulas but no annotation for sub-formula factors.
We also use a human-written dataset FOLIO (Han
et al., 2024) to compare with AAC. Our experi-
ments reveal that, when not relying on external
inference tools, sub-formula factors such as the
negation status of the last atomic formulas or the
number of atomic formulas in the consequent of
the conclusion cause errors in the inference process.
We also find neuro-symbolic methods with an exter-
nal inference tool mitigate these errors. However,
on human-written dataset, the generation process
of neuro-symbolic methods leads to incorrect out-
puts because models struggle to map semantically
equivalent words to the same predicates or terms.

2 Background and Related Work

Neuro-symbolic Methods. In neuro-symbolic
approaches, LLMs are required to generate logic
formulas and use them for inference. Figure 1
shows the two types: internal inference methods,
and external inference methods. For Internal infer-
ence methods, generated formulas are not explic-
itly returned but used for internal inference within
the LLM. One example is SymbCoT (Xu et al.,
2024). It is a prompting strategy that makes mod-
els to translate natural language to symbolic for-
mat, e.g., think step-by-step like CoT, and check
both the translation and reasoning chain. For Ex-
ternal inference methods, they use automated
theorem provers, and LLM outputs logic formula
code acceptable for the prover. LINC (Olausson
et al., 2023) uses Prover9 (McCune, 2005), and
LoRP (Di et al., 2025) uses Prolog similarly. Logic-
of-Thought (Liu et al., 2025) improves LINC
by supplementing logic information. In Logic-
LM (Pan et al., 2023), various schemas such as
Prover9 and Z3 (De Moura and Bjgrner, 2008) are

selectively used depending on the task. These exist-
ing methods employ different prompting strategies,
pre-processing, and post-processing techniques to
enhance performance. LINC and LoRP execute
multiple inference passes and utilize majority vot-
ing. Logic-of-thought involves the rephrase of
prompts, while SymbCoT and LOGIC-LM incor-
porate a feedback loop. Therefore, a fair com-
parison under standardized conditions by existing
methods remains impossible. This motivates us to
conduct experiments under a unified prompt, pre-
processing, and post-processing for fair analysis of
formula generation process and inference process.

Datasets. Various datasets have been devel-
oped to evaluate LLMs’ logical reasoning abil-
ity. ParaRule (Clark et al., 2020) explic-
itly specifies the number of reasoning steps,
and Proofwriter (Tafjord et al., 2021) expanded
ParaRule by adding the reasoning steps generation
task. AAC (Betz et al., 2021) organizes logic for-
mulas multi-dimensionally, while LogicBench (Par-
mar et al., 2024) covers non-monotonic reason-
ing. PrOntoQA (Saparov and He, 2023) uses fic-
tional knowledge to assess pure reasoning ability,
whereas FOLIO (Han et al., 2024) uses human-
written natural text. However, these datasets mainly
analyze the effects of reasoning steps, formula
counts, or model knowledge, and thus do not cover
sub-formula factors. Therefore, we augment AAC
with explicit annotations of sub-formula factors to
enable a rigorous analysis of this factor.

Theorem Provers. The theorem provers in
neuro-symbolic methods are commonly employed
Prover9 (McCune, 2005) and Z3 (De Moura and
Bjgrner, 2008). Prover9 is paired with Mace4, and
Prover9 attempts to find a proof, while Mace4 at-
tempts to find a disproving counter-example. This
refutation proves that Prover9 can provide a com-
plete proof. In contrast, Z3 is a Satisfiability Mod-
ulo Theories (SMT), and the reasoning process is
heuristic. While Prover9 is more rigorous for first-
order logic, Z3 supports a wide range of logical
tasks. It is not well understood whether differences
between these theorem provers affect the results.

3 Analysis Methods

3.1 Fair Analysis for Sub-Formula Factors

Sub-formula factors can be defined in terms of
atomic formulas, or atoms, such as F'(x), and com-
pound formulas formed by logical operators, such
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formula level factors sub-formula level factors

formulas labe
L VX (F(x) Al(X)) > G(x), G(x) > =H(x) => Vx (F(x) Al(x)) > H(x) false 3 8 2 positive 1
2. Vx (F(x) AI(x)) > G(x), G(x) » H(x) => Vx (F(x) A1(X)) > =H(x) false 3 3 5 et 1
3.Yx (F(X) » G(x)), G(x) > H(X) Al(x) => VX F(x) > (tH(X) AI(X)) false 3 3 5 o EatiTe 2

Figure 2: Conditions for a fair analysis of sub-formula factors. In this figure, H (x) is the decisive atom for the false
label. The dataset should include variations in sub-formula factors associated with H (z), while the formula-level
factors are required to remain comparable.

generalized generalized hypothetical hypothetical hypothetical generalized disjunctive generalized
modus ponens contraposition syllogism 1 syllogism 2 syllogism 3 modus tollens syllogism dilemma
E | VxFx>Gx, VX Fx>-Gx VX Fx>Gx, VX Fx>Gx, VX Fx>Gx, 3x VX Fx>Gx, VX Fx>(GXVHX), :ﬁ E);__))(JiXVHX)’
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¥ | = VX Gx>Fx = == = = = w HxIx
@ =
Ga VX aFx->Hx Vx Fx->aHx 3x (HXAFx) -Fa Vx Fx->Hx VX Fx>Jx
o | VX (FXAHX)>Gx, VX (FXAHX)>~GX Vx FX>Gx, Vx (FXVIx)>-Gx, VX Fx>Gx, Vx Fx>(GXAHXx), VX (FXAIX)>(GXVHX),
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2| Ga 3x (HXA-Fx) VX (FXAIX)>Hx VX (FXAIX)>Jx
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o0 -Fa = VX ~HXx>Gx Vx Fx>Ix, 3x Ga VX GX->(=FxV-lx) VX Gx>Jx,
g -Ha VX GX->(~FxV-Hx) = HXA(=GxV-Ix) == = Vx HxsJx
3 = =(FxVIX)>Hx = -Fa Vx (FXAIX)>Hx =
Gd Ix HXA-Fx VX =Jx>(FxVIx)
multiple formulas within one group Gold label | negation of finalatom  # atoms in conclusion’s consequent
1. VX (FXAHX)>=Gx => VX Gx->=(FXAHX) True positive 2
Vx (FXAHX)>-Gx => Vx GX>-(FxA-HX) False negative 2 The sub-formula
. level annotation
2. ¥x Fx> = (GXAHX) => VX (GXAHX) - =Fx True negative 1 o
oy added in this work
VX FX=> = (GXAHX) => VX (GXAHX) > Fx False positive 1

Figure 3: Overview of dataset AAC and our sub-formula level annotation. We annotate the negation status of the
final atom and the number of atoms in conclusion’s consequent for 1420 samples in AAC. This annotation makes it
possible to conduct sub-formula level analysis.

Overall accuracy Success rate Conditional accuracy

G | F£correct #successfully executed F£correct
ormula

#all samples #all samples ##successfully executed
Ability (Naive, CoT, CoTwithformula) Overall - Natural language reasoning
Ability (Prover9, Z3) Overall Instruction-following Symbolic logic understanding

Table 1: Definitions of evaluation metrics and the abilities each metric can evaluate.

are not explicitly annotated. Accordingly, we add
sub-formula level annotations to AAC.

as VxF(x) — G(x). Since it is impossible to an-
alyze all possible sub-formula factors, this work
focuses on the negation status of the decisive atom

for inference, and the number of sibling atoms con-  3-2  AAC and our Sub-Formula Annotation

nected to that atom, which can affect LLM outputs.

As shown in Figure 2, to analyze sub-formula
factors fairly, the dataset must have comparable
formula-level complexity, such as the number of
formulas, atoms and reasoning steps. Among
existing datasets that satisfy this requirement,
AAC (Betz et al., 2021) is the only one we iden-
tified in our survey; however, sub-formula factors

Figure 3 shows an overview of the AAC and our
sub-formula level annotation. AAC is a synthetic
corpus with templates, and formulas with the same
formula level complexity are classified into the
same group. The label is either true or false (i.e.,
not true), and each false formula is generated from
a true formula by flipping the negation of the final
atom. Therefore, the difficulty of the formulas in
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the same group is largely determined by the sub-
formula factors around the final atom, such as the
negation status of the final atom, and the number
of atoms in the conclusion’s consequent. We
annotate these sub-formula factors for all formulas
in AAC.

3.3 FOLIO

For comparison with this synthetic dataset, we use
FOLIO (Han et al., 2024), an expert-written dataset
that focuses on naturalness, vocabulary abundance,
and factuality. One sample comprises multiple
premises, including unrelated premises to the logic,
one conclusion, FOL formula annotations.The la-
bels are true, false or uncertain. With FOLIO, we
analyze the effect of natural text style on LLMs’
outputs.

4 Experimental Settings

Models. We evaluate five language models: GPT-
40-mini, GPT-40 (OpenAl et al., 2024), GPT-
5 (OpenAl, 2025), Gemini-2.5-Flash (Comanici
et al.,, 2025), and Qwen3 (Qwen3-30B-A3B-
Thinking-2507) (Yang et al., 2025). We use the
OpenAl batch API for GPT-40-mini, GPT-40, and
GPT-5, and the Gemini API for Gemini-2.5-flash.
Qwen3 is an open model, and the implementation is
based on Hugging Face Transformers (Wolf et al.,
2020). Among them, GPT-5, Gemini-2.5-Flash,
and Qwen3 are reasoning models. For GPT-5 and
Gemini-2.5-Flash, the reasoning option is set to
“medium”. Appendix B provides detailed settings.

Comparison Methods. We use five methods:
naive, CoT (Wei et al., 2022; Kojima et al., 2022),
CoTwithformula®, Prover9 (McCune, 2005) and
Z3 (De Moura and Bjgrner, 2008). Naive and
CoT are baselines. In naive, models are required
to output only the truth label. In CoT, models
are required to output both the truth label and
the reasoning text. CoTwithformula, Prover9, and
73 are neuro-symbolic methods. For CoTwithfor-
mula, models are provided with the logical rules
in a standard format, such as Vz(human(z) —
mortal(x)). Models are then instructed to generate
formulas from the given statement and additionally
conduct an inference process to derive the answer.
The model is required to output both the truth label
and the reasoning text. In contrast, for Prover9 and

2CoTwithformula is a simple version of SymbCoT (Xu
et al., 2024) without planner and verifier for fair comparison.
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Figure 4: Overall accuracy in AAC. The trends depend
on whether inference is conducted with an external tool
(Prover9 and Z3) or within the LLM (others).

733, models are provided with the logical rules in
the code format required by each theorem prover.
Given the statement, models are instructed to gen-
erate only the corresponding code. The inference
process is then conducted by the theorem prover.
We present details of prompts in Appendix C.

Metrics. We use three metrics: overall accuracy,
success rate, and conditional accuracy, as shown
in Table 1. The success rate for Prover9 and Z3
indicates whether the model generates acceptable
output, and evaluates instruction following ability.
Conditional accuracy indicates whether the answer
is correct when the output is acceptable. It can
measure the natural language reasoning ability of
naive prompt, CoT and CoTwithformula, as well as
the symbolic logic understanding ability of Prover9
and Z3.

Datasets. As for AAC, we use 10 true and 10
false samples per formula, for a total of 1420 sam-
ples. For Qwen3, we use 2 true and 2 false samples
per formula, in total 284 samples, because of the
expensive computational cost. FOLIO has 204 vali-
dation samples, but Olausson et al. (2023) reported
that 22 samples have errors. In our experiments,
we use the remaining 182 samples for evaluation.

5 Results and Discussions

5.1 Results on AAC

Figure 4 shows the overall accuracy. Prover9 and
73 show lower accuracy with GPT-40-mini and
Qwen3, and higher accuracy with GPT-40 than
other methods. In contrast, CoTwithformula shows
a similar tendency to naive and CoT, indicating
that the trends depend on whether inference is per-
formed with an external tool or within the LLM.

3In this work, the terms “Prover9” and “Z3” are treated as
the name of methods.
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Figure 5: Overall Accuracy by schemas on GPT-40. For schemas including complex sub-formula structures (other
than generalized modus ponens and generalized modus tollens), Prover9 and Z3 achieve higher accuracy than the
other methods. Figure 3 and Appendix F show detailed explanation of each schemas.

Success rate  Conditional accuracy

Model Prover9 Z3 Prover9 73
GPT-40-mini  0.552 0.603 0.935 0.933
Qwen3 0.739 0.697 0.991 0.974

Table 2: Success rate and conditional accuracy in
Prover9 and Z3 with GPT-40-mini and Qwen3 in AAC.
The success rate is lower than the conditional accuracy.

Figure 5 shows the overall accuracy by eight
schemas on GPT-40. All methods show high accu-
racy in generalized modus ponens (base schema:
Vo F(x) — G(z); F(a) = G(a).) and general-
ized modus tollens (Vz F'(z) — G(z); -G(a) =
F(a)). These two schemas have simple conclu-
sions, consisting of only one or two terms and
containing no implications such as “if A, then B.”
In contrast, the other schemas have conclusions
with complex sub-formula level structures, and
Prover9 and Z3 achieve clearly higher accuracy
than other methods. This suggests that external the-
orem provers can be effective for handling complex
sub-formula level structures.

5.1.1 Analysis 1: Success Rate and
Conditional Accuracy

In this analysis, we investigate the reason why
Prover9 and Z3 show low accuracy with GPT-
4o0-mini and Qwen3. Table 2 shows the success
rate and conditional accuracy of each method and
model. In all settings, conditional accuracy is
clearly higher than the success rate. This reveals
that the primary cause of error in GPT-40-mini is
instruction-following ability, not symbolic logic un-
derstanding ability. By inspecting the error outputs,
we find that in many cases the number of closing
parentheses ““)” at the end of the logic formulas is

Success rate  Conditional accuracy

Model Prover9 Z3 Prover9 73
GPT-40-mini  0.961 0.794 0.875 0.936
Qwen3 0.961 0.926 0.982 0.974

Table 3: Success rate and conditional accuracy with the
post-processing. The success rate improves across all
experimental settings by the simple post-processing.

insufficient. In addition, in Qwen3, we frequently
observed that the negation symbol of Prover9 “-”
is written as “~”. In response to this error analysis,
we apply the following simple post-processing to
the formulas: First, if the number of “(” exceeds
the number of *)”, additional ““)” are appended to
the end of the formula until the counts match. Then,

73]

all occurrences of “~” are replaced wit .

The results with the post-processing are shown
in Table 3. Compared with Table 2, the success
rate clearly improves across all experimental set-
tings. This indicates that the majority of failures
are caused by relatively simple formatting errors,
such as missing closing parentheses or incorrect
use of the negation symbol. From these observa-
tions, we conclude that the low accuracy of Prover9
and Z3 with GPT-40-mini and Qwen3 primarily
stems from weak instruction-following ability. In
particular, simple mistakes in the generated outputs
often lead to formatting errors. In practical applica-
tions, however, such issues can be relatively easily
addressed through error analysis and simple post-
processing. In analyses 2 and 3, we use conditional
accuracy as accuracy for evaluating symbolic logic
understanding ability.
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Final term positive
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Figure 6: Accuracy of formulas with positive or neg-
ative final atom. na: naive, CoTf: CoTwithformula,
P9: Prover9. Baselines (na, CoT) and CoTf show low
accuracy in GPT-4o{-mini} with a negative final atom.

5.1.2 Analysis 2: Negation Status of the Final
Atom

Figure 6 shows the accuracy of formulas with pos-
itive or negative final atom. When the final atom
is negative, baselines and CoTwithformula clearly
show low accuracy in GPT-40-mini and GPT-4o.
The accuracies of Prover9 and Z3 are higher than
baselines and CoTwithformula. In contrast, when
the final atom is negative, accuracy is higher in al-
most all experimental settings. Figure 7 shows the
confusion matrix of formulas whose final atom is
negative in GPT-40. With baselines and CoTwith-
fromula, GPT-40 tends to incorrectly infer that false
formulas are true. In AAC, false formulas are cre-
ated by flipping the negation of the final atom. This
indicates that only when the correct answer is false
GPT-40 overlooks the negation in the final atom
and infers that the answer is true. In contrast, with
Prover9 and Z3, this tendency to overlook negation
has been mitigated.

This tendency is most clearly observed in con-
traposition formulas. The simplest contraposition
formulas with the negative final atom, their annota-
tions, and their accuracies in GPT-40 as follows:

base schema (true):

Va F(z) — -G(z) = Vx G(x) — —~F(x)
naive: 1.00, CoT: 0.90, CoTwithformula: 1.00,
Prover9: 1.00, Z3: 1.00

negation variant 1 (false):

Ve -F(z) = G(x) = Vo -~G(x) = —F(x)
naive: 0.00, CoT: 0.10, CoTwithformula: 0.00,
Prover9: 0.80, Z3: 0.90

negation variant 2 (false):

Ve —F(r) — -G(z) = Ve G(x) — —F(x)
naive: 0.70, CoT: 0.90, CoTwithformula: 0.60,
Prover9: 1.00, Z3: 1.00

negation variant 3 (true):

Va F(z) — G(z) = Yz -G (x) — —~F(x)
naive: 1.00, CoT: 1.00, CoTwithformula: 1.00,
Prover9: 1.00, Z3: 1.00

It is noticeable that, with baselines and CoT formu-
las, even though all of them have a negative final
atom, false formulas show lower accuracy than true
formulas. With Prover9 and Z3, all of the formu-
las show high accuracy. Figure 8 shows a typical
example of negation variant 1 (false) with CoT-
formula and GPT-40. In the formula generation
step, all formulas are correct. However, in the in-
ference step, GPT-4o initially assumes that the con-
traposition holds, ignores the negation in the final
atom —descendant(x, Velociraptor)), and mod-
ifies this atom to descendant(x, Velociraptor))
to align with the bias that the answer is true.

This suggests the reason why the accuracy is
high with Prover9 and Z3. LLMs are influenced by
this bias during the inference process, and both of
them use an external prover for inference, which
allows them to avoid the bias. We clarify that the
neuro-symbolic approach is effective for avoiding
the adverse effect of negation status of the last atom
by outsourcing the inference process.

5.1.3 Analysis 3: The Number of Atoms in the
Conclusion’s Consequent

Figure 9 shows the accuracy by the number of
atoms in the consequent of the conclusion. Naive,
CoT and CoTwithformula indicate low accuracy
in GPT-40-mini and GPT-40, only with two-atom
formulas. This result indicates that in GPT-40-mini
and GPT-4o0, baselines and internal inference meth-
ods fail to perform accurate inference when the
logical structure is locally complex, whereas exter-
nal inference methods successfully avoid this risk.
Figure 10 shows the confusion matrix of formulas
with two atoms in the conclusion’s consequent in
GPT-40. The model tends to incorrectly infer for-
mulas that are actually false as true with baselines
and CoTwithformula. This trend is the same as
the trend in analysis 2. If the consequence of the
conclusion is locally complex; models are easily
biased toward inferring that the answer is true.
The hypothetical syllogism is a representative
case that is highly susceptible to this bias. A typi-
cal example with CoTwithformula and GPT-40 is
shown in Figure 11. The formula is VzF'(z) —
G(z),V2G(x) — (H(z) V I(x)) = VzF(x) —
(H(z) V —I(z)). The formula generation step
and the initial part of the inference process are
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Figure 7: The confusion matrices of formulas with negative final atom. With baselines and CoTwithformula, GPT-40
tends to incorrectly infer formulas that are actually false as true.

[input]

... If someone is not a descendant of
Velociraptor, then they are a
contemporary of Stegosaurus. Thus, if
someone is not a contemporary of
Stegosaurus, then they are not a
descendant of Velociraptor.

[GPT-40 CoTwithformula output]

Premise: ... Vx(~descendant(x, Velociraptor)
-> contemporary(x, Stegosaurus)).
Conclusion: ... Vx(~contemporary(x,
Stegosaurus) -> ~descendant(x,
Velociraptor)). The premise can be
rewritten using contraposition: V
x(~descendant(x, Velociraptor) ->
contemporary(x, Stegosaurus)) is
logically equivalent to V
x(~contemporary(x, Stegosaurus) ->
descendant(x, Velociraptor)). . so the
answer is true.

Figure 8: A typical output error of negation variant 1
(false) with CoTformula in GPT-40.

One term

Two terms

GPT-40
mini

GPT-5

Accuracy

Gemini-
2.5-flash

Qwen3

0.5
CoTf P9 Z3

Figure 9: Accuracy of two-atoms formulas and one-
atom formulas in AAC. na: naive, CoTf: CoTwithfor-
mula, P9: Prover9. With two-atoms, baselines (na, CoT)
and CoTf show low accuracy in GPT-40-mini and GPT-
4o0.

correct. When deriving the conclusion, it out-
puts the invalid formula (reader(z, Aeschines) A
teacher(x, Aspasius)) — (reader(xz, Aeschin
es) A\ —teacher(x, Aspasius)), based on a bias
toward the answer being True.

This bias operates during the inference process,
which is also the case for both the number of atoms

in the conclusion’s consequent and the negation
status of the last atom. Therefore, Prover9 and
73, which conduct the inference process using an
external prover, can likewise avoid this bias.

5.1.4 Discussions for Sub-Formula in AAC

In baselines and external inference methods, both
sub-formula factors, such as negation status of the
final atom and the number of atoms in the conclu-
sion’s consequent, reveal the bias in LLMs that
the answer is true. This bias affects LLMs even
if the formula is very simple, such as the contra-
positive discussed in §5.1.2. Importantly, this bias
arises during inference. We find that even if the for-
mula generation process is correct, the bias arises
when the inference is performed within the LLM.
External inference methods, such as Prover9 and
7.3, are effective at avoiding this bias because they
outsource inference to an external logic theorem
prover. There is a possibility that this bias origi-
nates from the datasets used to train LLMs. Even
in logical reasoning tasks, it is possible that prob-
lems with the correct answer True appear more
frequently in the datasets than those with the cor-
rect answer False.

5.2 Results on FOLIO

Figure 12 shows the overall accuracy. In FOLIO,
all models show lower accuracy than in AAC. This
means FOLIO is more difficult than AAC. Addi-
tionally, Prover9 and Z3 show lower accuracy than
baselines and CoTwithformula, contradicting AAC.

5.2.1 Analysis 4: Success Rate and
Conditional Accuracy

Table 4 shows the success rate and conditional ac-
curacy with Prover9 and Z3. The success rate of
Prover9 is clearly lower than the conditional rate.
It is noticeable that in even reasoning models (GPT-
5, Gemini-2.5-flash, and Qwen3), Prover9 show
lower conditional accuracy less than the overall ac-
curacy in baselines and CoTwithformula. As for
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Figure 10: The confusion matrices of formulas with two atoms in the conclusion’s consequent in GPT-4o0. With
baselines and CoTwithformula, GPT-40 incorrectly infer formulas that are actually false as true.

[input]

... If someone is a student of Aristocles of
Messene, then they are a reader of
Aeschines of Sphettus or a teacher of
Aspasius. Moreover, if someone is a
pupil of Ammonius Saccas, then they are
a student of Aristocles of Messene.
Thus, if someone is a pupil of Ammonius
Saccas, then they are a reader of
Aeschines of Sphettus or not a teacher
of Aspasius.

[GPT-40 CoTwithformula output]

Conclusion: ... Vx(pupil(x, Ammonius) ->
(reader(x, Aeschines) | ~teacher(x,
Aspasius))).

...we can combine these to get: pupil(x,
Ammonius) -> (reader(x, Aeschines) |
teacher(x, Aspasius)). . it is still
valid because (reader(x, Aeschines) |
teacher(x, Aspasius)) implies (reader(x,
Aeschines) | ~teacher(x, Aspasius)) ...
so the answer is true.

Figure 11: A typical output error of hypothetical syllo-
gism with CoTwithformula in GPT-4o.

1.0
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>
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= M naive
© 0.4 1 CoT
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3 0.2 I Prover9
Z3

GPT-40
-mini

GPT-40 GPT-5 Gemini-

2.5-flash

Qwen3

Figure 12: Overall accuracy in FOLIO. Prover9 and Z3
show lower accuracy than other methods.

73, the trends differ depending on the model. This
contrasts with AAC, where the success rate is lower
than the conditional accuracy in some model. In
FOLIO, factors other than format errors are also
the main cause of the model’s incorrect outputs.

5.2.2 Analysis 5: Error Analysis in FOLIO

Success rate  Conditional accuracy

Model Prover9 Z7Z3  Prover9 73

GPT-40-mini 0.835 0.511 0.579 0.656
GPT-40 0.885 0.769 0.770 0.693
GPT-5 0.989 0.885 0.783 0.845
Gemini-2.5-flash  0.967 0.813 0.818 0.851
Qwen3 0.874 0.769 0.755 0.779

Table 4: Success rate and conditional accuracy with
Prover9 and Z3 in FOLIO. The success rate of Prover9
is clearly higher than the conditional rate.

Figure 13 shows the confusion matrices for GPT-
4o0. Baselines and CoTwithformula show a similar
tendency: models often predict True or False for
samples whose correct label is Uncertain, suggest-
ing a bias against uncertainty. In contrast, Prover9
and Z3 often predict Uncertain for samples whose
correct labels are True or False. In the incorrect
samples with CoTwithformula, an typical pattern
shown in Figure 14 is observed. Words such as
rabbit, squirrel, and turtle bias GPT-40 toward inter-
preting the text is animal-related, leading it to add
an unstated premise such as “Rock is an animal.”
This indicates the incorrect outputs of CoTwithfor-
mula derive from the limitation of internal infer-
ence in strictly handling logic formulas.

Figure 15 shows common invalid pattern among
incorrect Prover9 samples. The model strictly trans-
lates natural language into code, but this strictness
causes it to treat “love” and “favorite” as different
predicates, despite their equivalent meaning in this
context. This mismatch breaks the inference chain
and makes the output uncertain, although the cor-
rect label should be true or false. Thus, external
inference methods struggle to map semantically
equivalent words to the same predicates or terms
because their output code is highly strict.

5.3 Summary of AAC and FOLIO

In AAC, sub-formula factors such as negation sta-
tus of the final atom and the number of atoms in the
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Confusion matrices for prompting strategies (rows: gold labels, columns: predictions) in GPT-40 in FOLIO
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Figure 13: Confusion matrix in FOLIO in GPT-40. Baselines and CoTwithformula incorrectly predict true or false
for uncertain, while Prover9 and Z3 incorrectly predict uncertain for true or false.

[input]

Premises: All rabbits are cute. Some turtles
exist. An animal is either a rabbit or
a squirrel. If something is skittish,
then it is not still. All squirrels are
skittish. Rock is still. Conclusion:
Rock is not a turtle.

[GPT-40 CoTwithformula output]

. Premise 3: An animal is either a rabbit
or a squirrel: Vx(animal(x) ->
(rabbit(x) | squirrel(x))) ...

From Premise 3, since Rock is an animal,
Rock must be either a rabbit or a
squirrel. . so the answer is false.

Figure 14: A typical output error in FOLIO with
CoTwithformula in GPT-4o.

[input]
. All students who want to have a long
vacation love summer the most. Emma's
favorite season is summer.

[GPT-40 Prover9 output]
. all x (wants_long_vacation(x) ->
loves_season(x, summer)).\n
favorite_season(emma, summer).

Figure 15: An error in FOLIO with Prover9 in GPT-4o0.

conclusion’s consequent reveal the bias for GPT-
40 and smaller models with baseline and internal
inferenec method. The answer to RQ1 is that sub-
formula factors strengthen the LLMs’ bias that the
answer is True in the inference process. Notably,
this bias does not appear in external inference meth-
ods, indicating that external theorem provers effec-
tively mitigate inference bias. The first answer to
RQ?2 is therefore that the main source of improve-
ment in neuro-symbolic methods is the externaliza-
tion of the inference process. In contrast, FOLIO
is a more natural, human-written dataset, requiring

models to map different expressions to the same
semantic content. The external inference model
often struggles to handle semantics flexibly during
formula generation. The second answer to RQ2 is
that the bottleneck of neuro-symbolic methods lies
in the inflexibility of formula generation process.

5.4 Future Direction and Recommendation

As discussed above, neuro-symbolic methods
are essentially strong in the inference process,
while their generation process remains challeng-
ing. Based on this finding, future work aimed
at improving the performance of neuro-symbolic
methods should focus on enhancing the generation
process. In particular, such work should investigate
how to appropriately treat words and phrases with
equivalent meanings but different surfaces as the
same contents. This would allow neuro-symbolic
methods to better exploit their strength of avoiding
biases such as the sub-formula structure bias.

6 Conclusion

We investigated the influence of sub-formula fac-
tors on logical reasoning and clarified the relative
importance of the formula generation process and
the inference process through experiments under
unified conditions with sub-formula level annota-
tion. We revealed that in the inference process,
complex sub-formula factors such as negation sta-
tus of the last atom or the number of atoms of con-
clusion’s consequent induce model’s bias toward
predicting the answer is true, and neuro-symbolic
approaches with an external prover can avoid this
bias because they outsources the inference process.
We also clarified human-written datasets require
flexible use of meaning, and neuro-symbolic ap-
proaches with an external prover tend to lack the
flexibility in the formula generation process.
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Limitations

Long-Context Inference. The maximum num-
ber of atoms and formulas in one sample in AAC
is 12 and 5, respectively. In this study, we conduct
experiments with relatively short sentences as a
simple and controlled setting in order to accurately
analyze the biases. It is worthwhile to conduct
experiments on datasets with more atoms and for-
mulas and to analyze the patterns of sub-formula
factors that induce error in long-context inference.

Theorem Provers. In this study, we used the
automated theorem provers as Prover9 and Z3, be-
cause they are the most frequently used provers
in neuro-symbolic methods. Although our exper-
imental setup covers a sufficient range, analyses
with other automated theorem provers strengthen
the generality of the findings obtained in this study.

Computational Cost. In this study, we basically
set the number of samples per formula to 20. With
regard to LLMs, this study focuses on 5 well-
known LLMs, a number comparable to those used
in other benchmarks and neuro-symbolic methods
studies (Olausson et al., 2023; Xu et al., 2024,
Clark et al., 2020; Han et al., 2024). By increasing
the number of samples per formula and the number
of language models, we could obtain more gener-
alizable findings. Nevertheless, the results of this
study show consistent trends, and the contributions
of this work are sufficiently supported even under
the current experimental setting. In addition, since
this study covers as many as 71 types of formu-
las and 5 types of prompts, increasing the number
of samples per formula and LLMs would substan-
tially increase the overall computational cost and
make evaluation difficult. Addressing these compu-
tational constraints and increasing the number of
samples and models remains an important direction
for future work.

Pre-process and Post-process. Some neuro-
symbolic methods use pre-processes, such as
rephrasing (Liu et al., 2025), or post-processes,
such as verifiers of outputs (Pan et al., 2023; Xu
et al., 2024). Although the ability of such processes
to mitigate biases would ideally be examined, this
study focuses on the formula generation process
and the inference process, which are essential for
all neuro-symbolic methods, and we do not include
analyses of pre-process and post-process. Never-
theless, we hope that our study will contribute to
the improvement of future evaluation.

Datasets. In this study, we newly annotate sub-
formula factors in the synthetic dataset AAC, as
AAC is the only available dataset in which sub-
formula factors can be identified, and the diversity
of sub-formula factors in AAC is adequate for an-
alyzing sub-formula level biases. To improve the
generality of our contribution, the construction of
various types of datasets, including human-written
datasets, is an important future work.

Ethical Considerations

We use Al assistant tools, ChatGPT and DeepL, for
writing support. We confirm that AAC and FOLIO
contain no harmful content and fully comply with
all aspects of the ACL Ethics Policy.
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A License

We use all datasets for analysis strictly in accor-
dance with their licenses (AACorpus: Apache-2.0
license, FOLIO: CC-BY-SA-4.0 license). Our an-
notation data to AAC is released under the same
license as AAC (Apache-2.0 license).

B Detailed Experimental Settings

The accurate model IDs are gpt-40-mini-2024-07-
18(GPT-40-mini), gpt-40-2024-08-06(GPT-40),
gpt-5-2025-08-07(GPT-5), and  gemini-2.5-
flash(Gemini-2.5-flash). The Hugging Face ID
of Qwen3 is Qwen/Qwen3-30B-A3B-Thinking-
2507. We use a decoding temperature T = O for
GPT-40-mini, GPT-40 and Qwen3 (GPT-5 and
Gemini-2.5-flash do not support temperature).
We limit the maximum number of tokens to
2500 (GPT-40-mini, GPT-40), 7000 (GPT-5 and
Gemini-2.5-flash), 32768 (Qwen3). All local
experiments are executed on a cluster equipped
with NVIDIA RTX A6000 GPUs.

C Details of Prompts

Models are given same information of each schema,
operators, quantifiers and 1-shot examples with
prompts in CoTwithformula, Prover9, and Z3. De-
tails of each prompts are as follows:

[naive]
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You are a helpful assistant designed to
output JSON, and also an expert in
logic. Your task is to answer a
first-order-logic problem and output the
answer with true or false in JSON
format. Please save the results in
{"Answer": str}.

It is not always easy to see who is related
to whom -- and in which ways. The
following argument pertains to this
question: Elsa is a sister of Mary.
Next, everyone who is a sister of Mary
is a classmate of Anne. Therefore, Elsa
is a classmate of Anne.

{"Answer": "true"}

[CoT]

You are a helpful assistant designed to
output JSON, and also an expert in
logic. Your task is to answer a
first-order-logic problem and output the
answer with true or false in JSON
format. Please save the results in
{"Reasoning"”: str, "Answer"”: str}.

It is not always easy to see who is related
to whom -- and in which ways. The
following argument pertains to this
question: Elsa is a sister of Mary.
Next, everyone who is a sister of Mary
is a classmate of Anne. Therefore, Elsa
is a classmate of Anne.

{"Reasoning"”: Let's think step by step. We
want to evaluate if Elsa is a classmate
of Anne. First, it is true that Elsa is
a sister of Mary. Then we know that
everyone who is a sister of Mary is a
classmate of Anne. Thus, the statement
that Elsa is a classmate of Anne is
true. "Answer”: "true"}

[CoTwithformulal

You are a helpful assistant designed to
output JSON, and also an expert in
logic. Your task is to answer a
first-order-logic problem and output the
answer with true or false in JSON
format. You must formalize the natural
language argument into logic formulas,
solve them, and output the answer.
Please save the results in {"Reasoning”:
str, "Answer"”: str}.

The rule of logic formula is as follows:

#1 Function and terms

You should use a single lowercase only when
the term is a variable.

correct: human(x), human(Socrates)

#2 Logic operators

You can use following logic operators:
Not: ~A(x)

And: A(x) & B(x)

Or: A(x) | B(x)

Implies: A(x) -> B(x)

Biconditional: A(x) <-> B(x)

Xor: (A(x) | B(x)) & ~(A(x) & B(x))
Nor: ~(A(x) | B(x))
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Nand: ~(A(x) & B(x))

#3 Quantifier

You should use these two quantifiers:
Universal: Vx(A(x))

Existential: Ix(A(x))

Every variable that appears must be bound by
a quantifier.

Any formula containing a variable must be
wrapped in a quantifier.

correct: Vx(human(x) -> mortal(x))
correct: dx(human(x) -> swim(x))

If a formula contains only constants, do not
use any quantifier.

correct: sister(Elsa, Mary)

#4 Task

Formalize the natural language argument into
logic formulas, solve them, and output
the answer. Please save the results in
{"Reasoning”: str, "Answer": str}.

It is not always easy to see who is related
to whom -- and in which ways. The
following argument pertains to this
question: Elsa is a sister of Mary.
Next, everyone who is a sister of Mary
is a classmate of Anne. Therefore, Elsa
is a classmate of Anne.

{"Reasoning"”: """

1. formalization.

Premise 1. Elsa is a sister of Mary:
Sister(Elsa, Mary).

Premise 2. Everyone who is a sister of Mary
is a classmate of Anne: Vx(sister(x,
Mary) -> classmate(x, Anne)).

Conclusion. Elsa is a classmate of Anne:
classmate(Elsa, Anne).

2. solving.

From Premise 1 and Premise 2:
classmate(Elsa, Anne). Therefore, the
conclusion follows from the premises, so
the answer is true.

nnn

"Answer": "true"}

[Prover9]

You are a helpful assistant, and an expert
in first-order logic.

Your task is to convert a natural language
argument into Prover9 format.

You must follow all rules below.

#1 Output format

nnn

formulas(assumptions).

<one formula per line, ending with '.'>
end_of_list.
formulas(goals).

<one formula per line, ending with '.'>

end_of_list.

nnn

Rules:



1 No explanation. No comments. No extra text.

2 Put every premise in
formulas(assumptions). Do not omit
'formulas(assumptions).' and
'end_of_list.'

3 Put the conclusion in formulas(goals). Do
not omit 'formulas(goals).' and
'end_of_list.'

4 Each line is ONE formula and MUST end with

o

5 Use only ASCII characters.

#2 Terms
Representation:
Variable: x
Constant: Socrates

Rules:

1 Variables: lowercase identifiers.

2 Constants: underscores instead of spaces.
3 Do not use quoted strings.

#3 predicate
predicate(term, ...)

Rules:
1 Predicate names:
lowercase_with_underscores.

2 Arity must match meaning and be consistent.

Examples:
human(x) .
sister(Elsa, Mary).

#4 Logical operators
Negation:
-(formula)

Conjunction:
(formula & formula & ...)

Disjunction:
(formula | formula | ...)

Implication:
(formula -> formula)

Biconditional:
(formula <-> formula)

Rules:
1 Operators take formulas, not terms.
2 Use parentheses to avoid ambiguity.

#5 Quantifiers
Universal:
all x (formula)

Existential:
exists x (formula)

Rules:

1 Every variable that appears must be bound
by a quantifier.

2 Any formula containing a variable must be
wrapped in a quantifier.

3 Use spaces and parentheses correctly.

4 If multiple variables are needed, nest
quantifiers:

all x all'y ( ... )
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exists x exists'y ( ... )

#6 Task

Convert the natural language argument into
Prover9 input text following these rules.

- Output must be valid Prover9 text only.

- No explanation.

- No comments.

- No extra whitespace outside the required
sections.

Premises: All dispensable things are
environment-friendly. All woodware is
dispensable. All paper is woodware. No
good things are bad. All
environment-friendly things are good. A
worksheet is either paper or is
environment-friendly. Conclusion: A
worksheet is not dispensable.

formulas(assumptions).
sister(Elsa, Mary).
all x (sister(x, Mary) -> classmate(x,
Anne)).
exists x classmate(x, Anne).
exists x sister(x, Mary).
end_of_list.

formulas(goals).
classmate(Elsa, Anne).
end_of_list.

[z3]

You are a helpful assistant designed, and an
expert in first-order logic.

Your task is to convert a natural language
argument into Z3Py.

You must follow all rules below.

#1 Output format

nnn

premises:
And (

formulal,
formula2,

conclusion:
formula

nnn

Rules:
1 No explanation. No comments. No extra keys.
2 And() includes all formula in premises.

#2 Terms
Representation:
Variable:x
Constant:Socrates

Rules:

1 Variables: lowercase identifiers.

2 Constants: Underscores instead of spaces.

3 Do not put raw strings, predicates,
formulas, or operators inside args.



#3 Predicates
Representation: predicate(term, ...)

Rules:

1 Predicate names lowercase_with_underscores.

2 Arity must match meaning.

Correct:
human (x)
human(Socrates)

#4 Logical operators
Negation:
Not(formula)

Conjunction:
And(formula, ...)

Disjunction:
Or(formula, ...)

Implication:
Implies(formulal, formula2)

Biconditional:
formulal == formula2

Exclusive or:
Xor(<formulal>, <formula2>)

Nor:
Not(Or(<formulal>, <formula2>))

Nand:
Not (And(<formulal>, <formula2>))

Rules:
Operators take formulas, not terms.

#5 Quantifiers
The only valid quantifier forms are:

Universal:
ForAll(x, formula)

Existential:
Exists(x, formula)

Every variable that appears must be bound by
a quantifier.

Any formula containing a variable must be
wrapped in a quantifier.

Correct:
ForAll(x, Implies(human(x), mortal(x)))

Exists(x, Implies(human(x), swim(x)))

#6 Task

Convert the natural language argument into
Z3Py following these rules.

- Output format is valid Z3Py only.

- No explanation.

- No comments.

- No trailing commas.

It is not always easy to see who is related

S 1.00
hi
E 0.75 | ‘
g M naive
> 0.50 CoT
© M CoTwithformula
5 0.25 M Prover9
S z3
< 0.00
base_ negation_ complex_ de_morgan
scheme variant  predicates

Figure 16: Accuracy by formula variant on GPT-4o.

to whom -- and in which ways. The
following argument pertains to this
question: Elsa is a sister of Mary.
Next, everyone who is a sister of Mary
is a classmate of Anne. Therefore, Elsa
is a classmate of Anne.

premises:

And(
sister(Elsa, Mary),
ForAll(x, Implies(sister(x, Mary),
classmate(x, Anne))),
Exists(x, classmate(x, Anne)),
Exists(x, sister(x, Mary))

)

conclusion:
classmate(Elsa, Anne)

D Accuracy by formula variant

Figure 16 shows the accuracy by formula variants
on GPT-40. Negation variants and complex pred-
icates are complex versions of the base scheme,
and De Morgan is a complex version of complex
predicate. This result shows that the simpler the
structure of the formula, the better the models per-
form in naive, CoT and CoTwithformula. As for
Prover9 and Z3, the decrease in accuracy with com-
plex variants is smaller than in naive, CoT and
CoTwithformula.

E Improvement in Reasoning Models

Reasoning models, GPT-5, Gemini-2.5-flash, and
Qwen3 shows high conditional accuracy with all
methods. However, for a small number of formulas,
methods without external theorem provers (naive,
CoT, CoTwithformula) show low conditional accu-
racy, and we observe improvements with external
theorem provers (Prover9 and Z3). Table 5 shows
formulas which shows lower conditional accuracy
than 0.75 without external provers, and conditional
accuracy of those formulas with external provers.
As for Gemini-2.5-flash and Qwen, the latter meth-
ods can compensate for the former methods. This
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indicates that external provers are effective at ad-
dressing the localized vulnerabilities of language
models regarding specific logic formulas.

F Details of AAC and annotation

AAC has eight formula schemas: generalized
modus ponens, generalized contraposition, hypo-
thetical syllogism 1, hypothetical syllogism 2, hy-
pothetical syllogism 3, generalized modus tollens,
disjunctive syllogism and generalized dilemma.
AAC has four formula variants: base schemes,
negation variants, complex predicates, and De Mor-
gan. Base schemes are 8 simple and deductively
valid syllogistic arguments. Negation variants are
variants of base schemes by substituting a sub-
formula with its negation and/or by applying du-
plex negation affirmant. Complex predicates are
variants build on base schemes and are obtained
by substituting one predicates with two compound
disjunctive or conjunctive predicates. De Morgan
variants are built on complex predicates by apply-
ing De Morgan’s law. Table 6-13 show all the logic
formulas. BS, NV, CP and DM denote base schema,
negation variant, complex predicates and de mor-
gan, respectively. Final atom neg and # atoms of
CC denote negation status of final atom and number
of atoms in conclusion’s consequent respectively.

G Formulas used in analysis 2 and 3

In §5.1.2, Figure 6 shows the accuracy by the nega-
tion status of the final atom. To evaluate fairly
while avoiding label imbalance, we use formulas
whose groups contains of different combinations of
labels and negation status. The label of two-atoms
formulas are generalized modus ponens — NV1-2,
generalized contraposition — BS, NV1-3, CP1-2,
hypothetical syllogism 1 — NV1-3, hypothetical
syllogism 2 — BS, NV1-3, hypothetical syllogism 3
—BS, NV1-3, CP1-3, DM1-3, generalized modus
tolens — BS, NV1-2, CP1-3, disjunctive syllogism —
BS, NV1-3, generalized dilemma — NV1-3.

In §5.1.3, Figure 9 shows the accuracy by the
number of atoms in the conclusion’s consequent.
All the two-atoms formulas are as follows: general-
ized contraposition — CP1 and DM1, hypothetical
syllogism 1 — CP2 and DM2, hypothetical syllo-
gism 3 — CP3 and DM2-3, disjunctive syllogism —
CP3, generalized dilemma — CP3 and DM2. One-
atom formulas are ones whose schema and variant
is same as one of two-atom formulas. The label of
one-atom formulas are generalized contraposition

— CP2 and DM 2, hypothetical syllogism 1 — CP1,
CP3 and DM2, hypothetical syllogism 3 — CP1-
2 and DM1, disjunctive syllogism — CP1-2 and
DM1-2, generalized dilemma — CP1-2 and DM1.

H All Detailed Results

In this section, we describe all the detailed results.
As for AAC, overall accuracy is shown in Table
14, accuracy of formulas with positive or negative
final atoms is shown in Table 15, and accuracy of
two-atom or one-atom formulas is shown in Table
16. Overall accuracy in FOLIO is shown in Table
17. Standard deviation is calculated by bootstrap re-
sampling(sample number=dataset size, resampling
time=10000). For GPT-4o, { indicates that the ac-
curacies of Prover9 and Z3 are significantly higher
than those of naive, CoT, and CoTwithformula,
based on 95% bootstrap confidence intervals.

58277



Model GPT-5 Gemini-2.5-flash Qwen3

Formula gc-DM1  gc-NV1, gec-DM1, hs3-DM3  hs3-CP3, hs3-DM3
naive, CoT, CoTwithformula 0.52 0.72 0.58
Provre9, Z3 0.50 0.92 0.82

Table 5: Formulas which shows lower conditional accuracy than 0.75 without external provers (naive, CoT,
CoTwithformula), and conditional accuracy of those formulas with external provers (Prover9 and Z3). As for
Gemini-2.5-flash and Qwen, the latter methods can compensate for the former methods. "gc" means generalized
contraposition, and "hs" means hypothetical syllogism.

Variant Logic formula Label Final atom # atoms of
neg CC
BS Ve F(z) — G(z), F(a) = G(a) true  positive 0
Ve F(z) — G(z), F(a) = ~G(a) false  negative 0
NVl  Vz—-F(z) = G(z),~F(a) = G(a) true  positive 0
Vz—-F(x) = G(x),~F(a) = =G(a) false  negative 0
NV2  VzF(z) = —G(z), F(a) = -G(a) true  negative 0
VaF(x) = -G(z), F(a) = G(a) false  positive 0
CP1 Va(F(z) A H(z)) — G(z), F(a), H(a) = G(a) true  positive 0
Va(F(z) AN H(z)) —» G(z), F(a), H(a) = ~G(a) false  negative 0
CP2 Va(F(z) vV H(z)) = G(z), F(a) = G(a) true  positive 0
Vz(F(z) vV H(z)) = G(z), F(a) = —G(a) false  negative 0
CP3 Vz(F(x)V H(z)) = G(z), H(a) = G(a) true  positive 0
Va(F(z) vV H(z)) = G(z), H(a) = —G(a) false  negative 0
DM1  Vz—(F(z) A H(z)) = G(z),~F(a) = G(a) true  positive 0
Ve (F(z) A H(z)) = G(z),-F(a) = -G(a) false  negative 0
DM2  Vz—(F(z)V H(z)) = G(z),~F(a),~H(a) = G(a) true  positive 0
Ve (F(z)V H(z)) = G(z),~F(a),—~H(a) = -G(a) false  negative 0

Table 6: Logic formulas of generalized modus ponens

Variant Logic formula Label Final atom # atoms of
neg CC
BS Ve F(x) = —-G(z) = V2G(z) — —F(x) true  negative 1
Ve F(z) — -G(z) = V2G(z) — F(z) false  positive 1
NVl  Vz—-F(z) = G(z) = Va-G(z) — F(x) true  positive 1
Vz-F(z) = G(z) = Vz-G(z) - —F(z) false  negative 1
NV2  Va-F(z) = =-G(x) = V2G(z) — F(x) true  positive 1
Ve—F(z) = -G(z) = V2G(z) — —F(x) false  negative 1
NV3  VzF(z) = G(z) = Vz—-G(z) = ~F(z) true  negative 1
Ve F(z) = G(z) = Va-G(z) — F(x) false  positive 1
CP1 Va(F(z) AN H(z)) = -G(z) = Y2G(z) = ~(F(z) A H(z)) true  positive 2
Va(F(z) AN H(z)) = -G (z) = Y2G(z) = —~(F(x) A ~H(z)) false  negative 2
CP2 VeF(z) = —(G(z) A H(z)) = Vz(G(z) A H(z)) = —F(z) true  negative 1
VaF(x) = —(G(z) AN H(z)) = Vz(G(z) A H(z)) = F(x) false  positive 1
DM1 Vz(F(z) A H(z)) = -G(z) = V2G(z) = (=F(x) V ~H(z)) true  negative 2
Vz(F(z) A H(z)) - -G(z) = V2G(z) — (-F(z) V H(z)) false  positive 2
DM2 VzF(z) = (-G(z)V -H(z)) = Vz(G(z) AN H(z)) = —F(z) true  negative 1
Ve F(z) = (-G(z) V —H(z)) = Vz(G(z) A H(z)) = F(z) false  positive 1

Table 7: Logic formulas of generalized contraposition
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Variant Logic formula Label Final atom # atoms of
neg CC

BS VzF(x) = G(x),VeG(z) — H(z) = VaF (z) — H(z) true  positive 1
Ve F(z) = G(z),YzG(z) — H(z) = VaF(z) — —~H(x) false  negative 1

NVl  Vz—-F(z) = G(z),VzG(z) — H(z) = Va-F(xz) — H(x) true  positive 1
Vz-F(z) = G(z),VeG(z) = H(x) = Vz—F(z) - —H(z) false  negative 1

NV2  VzF(z) = -G(x),Vz-G(z) - H(z) = Vo F(z) — H(x) true  positive 1
Ve F(z) = —G(x),Ve-G(z) — H(z) = VaF(z) - —H(z) false  negative 1

NV3  VzF(z) = G(z),VzG(z) — - H(z) = VzF(z) — - H(x) true  negative 1
Ve F(z) — G(z),YzG(z) — —~H(xz) = VzF(z) — H(x) false  positive 1

CP1 j+ () () NG(z)) = I(z),YV2G(z) — H(z) = Vz(F(x) A H(z)) — true  positive 1
Vo (F(x) A G(z)) = I(x),V2G(z) — H(x) = Vz(F(x) AN H(z)) — false negative 1
~I(z)

CP2 VeF(z) = G(z),VzG(z) — (H(z) V I(z)) = VaF(z) — (H(z) V true  positive 2
I(z))
Va:{'():v)) — G(x),Y2G(z) — (H(z) V I(z)) = VaF(x) — (H(z) Vv false negative 2
-7

CP3 VeF(z) = G(x),VaF(z) — I(z),Vz(G(z) A I(z)) — H(xz) = true  positive 1
VeF(z) — G(z),YaF(z) — I(z),Vz(G(z) A I(z)) — H(z) = false negative 1
VaF(z) — —H(x

DM1  Vz(—-F(z) A =I(z)) = G(z),V2G(z) — H(z) = Vz—(F(z) V true  positive 1
I(x)) — H(x)
Ve (—-F(z) A —I(z)) — G(z),V2G(z) — H(z) = Vz—(F(xz) V false negative 1
I(z)) = —H(x)

DM2 Vz-F(z) — G(z),V2G(z) — (—H(z) V -I(z)) = G(z) — true  positive 2
—(H(x) A ()
Ve-F(z) — G(z),VxG(z) — (mH(x) V -I(2)) = G(z) — (H(z) A false  negative 2

Table 8: Logic formulas of hypothetical syllogism 1
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Variant Logic formula Label Final atom # atoms of
neg CC

BS Ve F(z) — G(z),Vz-H(z) — -G(z) = VzF(z) — H(x) true  positive 1
Ve F(z) = G(z),Vz—H(z) = -G(z) = VzF(z) - —H(z) false  negative 1

NVl  VzF(z) = G(z),YzH(z) - ~G(z) = VzF(z) — —~H(x) true  negative 1
Ve F(z) = G(x),VaH (x) - -G(x) = VaF(x) — H(x) false  positive 1

NV2  Vz-F(z) = G(z),Vz—H(z) - -G(x) = V- F(x) — H(x) true  positive 1
Vz-F(z) — G(z),Ve—-H(z) - -G(z) = V2—F(z) — —H(x) false  negative 1

NV3  VzF(z) = G(z),Vz—H(z) —» -G(z) = VzF(z) — H(x) true  positive 1
Ve F(z) = G(z),Yz—H(z) = -G(z) = VzF(z) - —H(z) false  negative 1

CP1 Ve(F(z) V I(z)) —» —-G(z),Vz—-H(z) —» —-G(z) = Vz(F(z) V true  positive 1
I(z)) — H(x)
Va(F(z) V I(z)) — —G(z),Ve—-H(z) — —-G(z) = Vz(F(z) Vv false negative 1
I(x)) — —H(z)

CP2 Ve F(z) — —(G(z)VI(z)),VaH(z) - ~(G(z)VI(z)) = VxF(z) — true  positive 1
H(x)
VeF(z) = —(G(x)VI(z)),VeH(z) = —(G(x)VI(x)) = VaF(x) — false negative 1
—H(z)

CP3 Ve-F(z) — G(z),Ve-F(z) — I(z),~H(z) — —~(G(z) A I(xz)) = true  positive 1
Vz—F(z) — VxH(x)
Ve-F(z) — G(x),Ve-F(z) — I(x),~H(z) - -(G(z) A I(z)) = false negative 1
Ve—F(x) — VYe—H(x

DM1  Vz(=F(z) A =I(z)) —» -G(z),Vz-H(z) - G(z) = Vz—(F(xz) V true  positive 1
I(z)) — H(x)
Ve (=F(z) A —I(z)) - -G(z),Vz-H(z) - G(z) = Vz—(F(x) V false negative 1
I(x)) — —H(z)

DM2 VzF(z) — -(G(z) V I(z)),YzH(z) — (-G(z) A —I(z)) = true  positive 1
VeF(z) — —(G(z) VvV I(z)),YzH(z) — (=G(z) A —I(z)) = false negative 1
Ve F(x) — —H(x)

DM3 Vz—-F(z) — G(z),Ve—-F(z) — I(z),Vz-H(z) — (-G(z) V true  positive 1
=I(z)) = Va—F(z) — H(x)
Vz-F(z) — G(z),Ve-F(z) — I(z),Yz-H(z) — (-G(z) Vv false negative 1
—I(z)) = Vz—F(z) —» -~H(z)

Table 9: Logic formulas of hypothetical syllogism 2
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Variant Logic formula Label Final atom # atoms of
neg CC
BS Ve F(z) = G(z),3z(H (z) A =G(z)) = Jx(H(z) A —F(z)) true  negative 0
Ve F(z) = G(z),3z(H (z) A =G(z)) = Jz(H(z) A F(x)) false  positive 0
NV1I  Vz-F(z) — G(z),3z(H(z) A ~G(z)) = Jz(H(z) A F(z)) true  positive 0
Ve—F(z) = G(z), 3z(H (z) A -G(z)) = Jx(H(x) A —F(x)) false  negative 0
NV2  VzF(z) - —~G(z),3z(H(z) A G(z)) = Fz(H(z) A ~F(x) true  negative 0
Ve F(z) = -G(x), 3z(H () A G(z)) = Jx(H(z) A F(x)) false  positive 0
NV3  VzG(z) = F(z),3z(H(z) A G(x)) = Jz(H(z) A F(z)) true  positive 0
VeG(z) = F(x), Jx(H(x) A G(z)) = Jz(H(x) A —F(x)) false  negative 0
CP1 VeF(x) — G(z),VzF(z) — I(z),3zH(z) A ~(G(z) A I(z)) = true  negative 0
Jz(H(z) A —F(x))
VeF(z) = G(z),VoF(z) — I(z),3zH(z) A =(G(z) A I(z)) = false positive 0
Jz(H(z) A F(x))
CP2 VJE_‘)F(QE) — G(z),Jx(H(z) AN (x)) AN -G(z) = Fz(H(z) ANI(z)) A true  positive 0
F(z
Ve—F(z) = G(z),3z(H(z) A I(z)) AN —G(z) = z(H(xz) A I(z)) A false  negative 0
—F(x)
CP3 Va(F(z) A I(z)) = -G(z),3xH (z) AN G(z) = JzH(x) A=(F(z) A true  positive 0
1)
Va(F(z) A I(z)) = ~G(z),3zH (z) AN G(z) = JzH(x) A =(F(z) A false negative 0
~I(x)
DMl VzF(z) — G(z),VzF(x) — I(z),3zH(z) A (-G(z) V -I(z)) = true  negative 0
JzH(z) A —F(x)
VeF(z) = G(z),VoF(z) — I(z),3zH(z) A (-G(z) V —I(z)) = false positive 0
JzH(x) A F(z)
DM2 Vz-F(z) — G(z),3z-G(z) A (~H(z) V =I(z)) = FzF(z) A true  positive 0
—(H(z) N (z))
Ve-F(z) — G(z),3z-G(z) A (-H(z) V —I(x)) = JxF(x) A false negative 0
~(H(z) A ~I(z))
DM3  Vz(F(z) A I(z)) = —-G(x),3zH(z) AN G(z) = JzH(z) A (-F(z) V true  negative 0
—I(z))
Vzc()};'(x) AI(z)) = =G(z),IxzH(z) A G(z) = JzH(x) A (—F(z) vV false positive 0
I(z
Table 10: Logic formulas of hypothetical syllogism 3
Variant Logic formula Label Final atom # atoms of
neg CC
BS VzF(z) = G(x), G (a) = —F(a) true  negative 0
Ve F(z) = G(z),~G(a) = F(a) false  positive 0
NVl  VzF(z) —» -G(z),G(a) = —F(a) true  negative 0
Ve F(z) - —G(x),G(a) = F(a) false  positive 0
NV2  Vz—-F(z) = G(z),-G(a) = F(a) true  positive 0
Vz—F(z) = G(x), ~G(a) = —F(a) false  negative 0
CP1 Ve F(z) = (G(z) A H(z)), ~G(a) = —F(a) true  negative 0
VzF(xz) = (G(z) A H(z)),—G(a) = F(a) false  positive 0
CP2 Ve (F(z) V G(z)) = H(x),~H(a) = —(F(a) V G(a)) true  positive 0
Va(F(z) vV G(z)) - H(z),~H(a) = =(F(a) V ~G(a)) false  negative 0
CP3 VeF(z) = (G(z) vV H(z)), ~G(a), ~H(a) = =F(a) true  negative 0
VzF(z) = (G(z) vV H(x)), ~G(a), ~H(a) = F(a) false  positive 0
DM1 VzF(z) — (G(z) A H(z)), (-G(a) V —~H(a)) = —F(a) true  negative 0
VzF(x) = (G(z) A H(z)), (—G(a) V —=H(a)) = F(a) false  positive 0
DM2 VzF(z) — —(G(z)V H(z)),G(a) = —F(a) true  negative 0
Ve F(z) = —(G(z) V H(z)),G(a) = F(a) false  positive 0

Table 11: Logic formulas of generalized modus tollens
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Table 12: Logic formulas of disjunctive syllogism
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Variant Logic formula Label Final atom # atoms of
neg CC

BS VeF(z) — (G(z)V H(z)),VzG(z) — J(z),VeH(z) — J(x) = true  positive 1
Vo F(z) — J(z)
VeF(z) — (G(z) vV H(x)),VzG(z) — J(z),YzH(z) — J(x) = false negative 1
VaF (z) — ~J(z)

NVl  VzF(z) — (-G(z)V -H(z)),YVz-G(z) — J(z),Yz—H(z) — true  positive 1
J(z) = VzF(z) = J(z)
VeF(x) — (-G(z) V —-H(x)),Vz-G(z) — J(z),Vz—H(xz) — false negative 1
J(z) = VzF(z) = ~J(z)

NV2  VzF(z) — (G(z) V H(x)),VzG(z) - —J(z),VeH(x) - —~J(xz) = true  negative 1
VaF(z) — ~J(z)
VzF(z) — (G(z) V H(x)),VzG(z) — —J(x),VzH(x) — —J(x) = false positive 1
VaF(z) — J(z)

NV3  VzF(z) — (G(z) vV H(z)),VzJ(x) — -G(z),VzJ(z) - —-H(x) = true  negative 1
Ve F(z) = =J(z)
VeF(z) — (G(z) V H(x)),VaJ(z) — ~G(x),VaJ(x) — —H(x) = false positive 1
VaF(z) — J(z)

CP1 VeF(z) — (G(z)V H(z) V I(z)),Y2G(z) — J(z),VeH(z) — true  positive 1
J(x),VzI(z) = J(z) = VaF(z) = J(z)
VeF(x) — (G(z) vV H(z) V I(z)),V2G(z) — J(z),VzH(x) — false negative 1
J(x),VzI(z) = J(z) = VzF(x) = =J(x)

CP2 Va(F(z) A I(z)) = (G(z) V H(x)),VzG(z) — J(z),VzH(z) — true  positive 1
J(x) = Ve(F(z) AN I(z)) = J(x)
Va(F(z) A I(z)) — (G(z) vV H(x)),VeG(z) — J(z),VxH(x) — false negative 1
J(z) = Ve(F(z) AN(z)) = —J(x)

CP3 VeF(x) — (G(z) Vv H(z) V I(x)),V2G(z) — J(x),VxH(x) — true  positive 2
J(z) = VzF(z) = (J(z) vV I(x))
VeF(z) — (G(z)V H(z) Vv I(z)),Y2G(z) — J(z),VaeH(z) — false negative 2
J(x) = VzF(z) — (J(z) V -I(x))

DM1  VzF(z) = =(G(z) A H(z)),Vz—-G(z) = J(z),Ya—H(z) — J(z) = true  positive 1
Ve F(z) — J(z)
Ve F(x) = —~(G(z) AN H(z)),Ve—-G(z) = J(z),Vo—-H(z) — J(z) = false negative 1
Ve F(x) = —J(x)

DM2  Va(=F(z) A—I(z)) = (G(z) V H(x)),VaG(x) — J(x),VaeH(z) — true  positive 2
J(x) = Ve-J(z) = (F(z) vV I(x))
Va(—F(x) A —\I(;c ) — gG(x) \Y H()l‘)), VeG(z) — J(x),VzH(z) — false negative 2

J(z) = Ve-J(z

Table 13: Logic formulas of generalized dilemma
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Model Naive CoT CoTwithformula Prover9 73
GPT-40-mini 0.759 £0.011 0.854+0.009  0.819 £0.010 0.516 £0.013 0.563 £0.013
GPT-40 0.800 £0.011 0.896 £0.008  0.863+0.009 0.973 +0.004"  0.937 + 0.006"
GPT-5 0.990 +£0.003  0.989 +0.003  0.990 £ 0.003 0.982 £ 0.004 0.975 £ 0.004
Gemini-25-flash ~ 0.980 +0.004 0.977 £0.004  0.966 4 0.005 0.992 + 0.002 0.985 £ 0.003
Qwen3 0.982 £0.008 0.975+0.009  0.982 £ 0.008 0.739 £ 0.026 0.680 £ 0.028
Table 14: Overall accuracy in AAC.
Positive final atom
Model Naive CoT CoTwithformula Prover9 73
GPT-40-mini 0.766 £0.012 0.921 +£0.010  0.876 £0.013 0.952 £+ 0.009 0.939 £+ 0.009
GPT-40 0.968 = 0.005 0.982+0.006  0.958 £ 0.009 0.987 £ 0.005 0.955 £ 0.008
GPT-5 0.997 £0.002 0.992 +0.004  0.995 £ 0.003 0.992 + 0.004 0.995 £ 0.003
Gemini-25-flash ~ 0.997 & 0.003  0.997 £ 0.002 1.000 £ 0.000 0.997 £ 0.002 0.995 £ 0.004
Qwen3 1.000 & 0.000  1.000 £ 0.000 1.000 £ 0.000 0.986 £+ 0.010 0.967 £ 0.000
Negative final atom
GPT-40-mini 0.729+0.016 0.816 +0.011 0.739 £ 0.013 0.914 £ 0.013 0.899 £+ 0.015
GPT-40 0.639+£0.012 0.850+0.010 0.800+0.010  0.961 +0.006" 0.963 + 0.007"
GPT-5 0.989 £ 0.005 0.995 £ 0.003 0.995 4+ 0.003 0.982 4+ 0.005 0.976 4+ 0.006
Gemini-25-flash ~ 0.963 & 0.007  0.966 £ 0.006  0.975 4 0.007 0.992 £ 0.004 0.995 £ 0.003
Qwen3 0.947 £ 0.013  0.934 £ 0.009 0.947 +0.013 0.971 + 0.000 0.941 +0.015
Table 15: Accuracy of formulas with positive or negative final atoms.
Two-atom formulas
Model Naive CoT CoTwithformula Prover9 73
GPT-40-mini 0.595+0.034 0.570+0.034  0.575+0.034 0.743 £ 0.044 0.703 £ 0.039
GPT-40 0.535+0.035 0.545+0.035 0.525+0.035 0.865+0.020" 0.860 4+ 0.021"
GPT-5 0.935+0.015 0.925+0.015  0.930 £0.015 0.910 £0.017 0.900 £ 0.018
Gemini-25-flash ~ 0.920 +0.016 0.914 £0.018  0.949 4+ 0.014 0.960 £ 0.013 0.984 £ 0.009
Qwen3 0.875+0.045 0.875 4 0.041 0.875 4+ 0.045 0.950 4+ 0.035 0.892 4+ 0.049
One-atom formulas
GPT-40-mini 0.817£0.018 0.930+0.013  0.910 £0.016 0.929 £ 0.020 0.952 £0.013
GPT-40 0.843 £0.018 0.970 £ 0.009 0.913 +0.015 0.990 4+ 0.005 1.000 £ 0.000
GPT-5 1.000 & 0.000  1.000 = 0.000 1.000 £ 0.000 1.000 £ 0.000 1.000 £ 0.000
Gemini-25-flash  0.996 4+ 0.004 1.000 £ 0.000 1.000 £ 0.000 1.000 £ 0.000 0.997 + 0.003
Qwen3 1.000 & 0.000  1.000 = 0.000 1.000 £ 0.000 1.000 £ 0.000 1.000 £ 0.000
Table 16: Accuracy of two-atom or one-atom formulas in AAC.
Model Naive CoT CoT_Logic Prover9 73
GPT-40-mini 0.610 £ 0.036 0.615+0.036 0.709 +0.034 0.484 £0.037 0.335 %+ 0.035
GPT-40 0.665 £ 0.035 0.692 +0.035 0.681 £0.035 0.681+0.035 0.533 +0.037
GPT-5 0.846 +0.026 0.835£0.027 0.868 +£0.025 0.775+0.031 0.747 £+ 0.032
Gemini-25-flash  0.852 £ 0.026  0.819 £ 0.029 0.824 +0.028 0.791 £0.030 0.692 + 0.034
Qwen3 0.824 +£0.029 0.786 £0.031 0.786 = 0.030 0.659 £0.035 0.599 + 0.036

Table 17: Overall accuracy in FOLIO.
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