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Abstract

Evaluating the symbolic reasoning of large
language models (LLMs) calls for geome-
try benchmarks that require multi-step proofs
grounded in both text and diagrams. However,
existing benchmarks are often limited in scale
and rarely provide visually grounded multiple-
choice questions, limiting reliable evaluation
of complex reasoning. We introduce GeoChal-
lenge, a dataset of 90K automatically generated
multiple-choice geometry proof problems, each
requiring multi-step reasoning over aligned tex-
tual descriptions and diagrams. GeoChallenge
provides fine-grained complexity ratings and
formal language annotations to enable con-
trolled evaluation. Experiments on multiple
advanced LLMs show a clear performance
gap between models and humans (the best-
performing model, GPT-5-nano, achieves 75.89
exact match vs. 94.74 for humans). Further
analysis also reveals three common failure pat-
terns of LLMs: (1) exact match failures under
the multiple-choice setting; (2) weak visual re-
liance; and (3) overextended reasoning without
convergence.

1 Introduction

Geometry problem solving is a fundamental task
involving spatial reasoning and symbolic deduc-
tion (Trinh et al., 2024; Chervonyi et al., 2025; Pan
et al., 2025; Dai et al., 2025), and is widely used
to evaluate complex reasoning in large language
models (LLMs) (Luo et al., 2025; Feng et al., 2025;
Zhang et al., 2025¢). Yet evaluating such capabili-
ties of LLMs in a systematic and scalable manner
remains an open challenge (Lei et al., 2024; Har-
iharan et al., 2025; Xu et al., 2025; White et al.,
2024; Kazemi et al., 2023).

Geometry datasets and benchmarks have pro-
gressed along two complementary lines. Early ef-
forts such as Geometry3K (Lu et al., 2021) and
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Figure 1: Examples in GeoChallenge-90K dataset.

GeoQA (Chen et al., 2021) translate diagram—
text problems into machine-interpretable struc-
tures (e.g., symbolic relations or executable pro-
grams), enabling systematic evaluation of geomet-
ric reasoning. More recent benchmarks, including
MathVerse (Zhang et al., 2024b) and Olympiad-
Bench (He et al., 2024), target multimodal (Zhang
et al., 2025b) and emphasize faithful diagram un-
derstanding in harder visual-math settings. How-
ever, reliable evaluation remains challenging: many
datasets are manually curated from textbooks or
contests, which limits coverage and scalability, and
high-difficulty benchmarks stay small due to ex-
pert verification costs. Moreover, prevailing single-
answer multiple-choice (Feng et al., 2025; Wang
et al., 2025; Xing et al., 2024) or open-ended for-
mats (Zhang et al., 2025a; Fu et al., 2025b) are ei-
ther prone to guessing or difficult to grade at scale.
Finally, text—diagram misalignment persists, weak-
ening visually grounded evaluation, as highlighted
by GeoGPT4V (Cai et al., 2024).

To address these issues, we propose a scal-
able automatic generation pipeline and introduce
GeoChallenge-90K, a dataset of 90,279 challeng-
ing geometry proof questions. Each instance pro-
vides an aligned textual description, a rendered dia-
gram, and four candidate options with possibly mul-
tiple correct answers, enabling option-level evalu-
ation and discouraging elimination-style guessing.
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GeoChallenge-90K covers a wide range of proof
length (avg. 16.72 steps), diagram complexity, and
difficulty, with fine-grained complexity ratings to
support controlled stress tests.

Experiments on GeoChallenge-90K reveal a
large gap between current models and human
solvers. General-purpose models average 21.48%
accuracy, reasoning-oriented models reach 56.07%,
and humans achieve 94.74%. Hierarchical evalu-
ation shows that general-purpose models degrade
steeply with increasing complexity, whereas hu-
mans and reasoning-specialized models remain
comparatively stable. Diagram ablations expose a
grounding gap: removing diagrams substantially re-
duces human accuracy but only marginally affects
models, suggesting that current LLMs do not reli-
ably extract or calibrate diagram evidence. Error
analysis further indicates recurring failures-logical
fallacies, invalid outputs, and overextended rea-
soning with no verifiable conclusion-while human
mistakes are mostly genuine reasoning slips rather
than format-related failures.

In summary, our main contributions are:

* We introduce GeoChallenge-90K, a multi-
answer multiple-choice benchmark for
diagram-grounded geometric reasoning with
text-diagram pairs, formal annotations, and
fine-grained complexity control.

* Extensive experiments provide system-
atic empirical evidence that a substantial
model-human gap persists in challenging,
long-step geometric reasoning.

* Our diagnostic analysis reveals large gaps
between exact-match and option-level met-
rics, weak grounding in diagram evidence, as
well as unstable long-step reasoning that often
leads to non-convergent answers.

2 Related Work

2.1 Geometry Problem Generation

Early geometry datasets were built via templates
or manual collection and annotation (Prasetyanto
et al., 2020; Kazemi et al., 2023; Zhang et al.,
2024c; Chen et al., 2021; Lu et al., 2021; Chen
et al., 2022), which produced valuable resources
but faced scalability and coverage limits. Sym-
bolic generation alleviates these issues by mak-
ing problems machine-verifiable: Inter-GPS (Lu
et al., 2021) provides parsing/representation, Ge-
oGen (Bak, 2020) generates symmetric instances,

FormalGeo (Zhang et al., 2023b) formalizes verifi-
cation, and R-CoT (Deng et al., 2024a) increases
QA diversity. More recently, theorem-guided and
verified pipelines further scale generation and align-
ment, including TR-CoT (Deng et al., 2024b), Gen-
esisGeo (Zhu et al., 2025), and TrustGeoGen (Fu
et al., 2025a).

LLMs/MMs introduce another paradigm. G-
LLaVA (Gao et al., 2023) synthesizes Geol70K
with text LLMs, while GeoGPT4V (Cai et al.,
2024) leverages GPT-4V/Wolfram to improve dif-
ficulty and image—text alignment, demonstrating
scalable, targeted generation (Chen et al., 2024; Li
et al., 2024).

2.2 Existing geometry datasets

Geometry benchmarks range from early text—
diagram datasets (e.g., GeoS (Seo et al., 2015)) to
large-scale, richly annotated corpora such as Geom-
etry3K (Lu et al., 2021), GeoQA/GeoQA+ (Chen
et al., 2021; Cao and Xiao, 2022), UniGeo (Chen
et al., 2022), and PGPS9K (Zhang et al., 2023a),
which provide formal languages, programmatic so-
lutions, and detailed diagram annotations. Geo-
Laux (Fu et al., 2025b) further targets long-step
reasoning with auxiliary-line constructions.

With LLMs/MMs, benchmarks increasingly
stress multimodal understanding, robustness, and
perception, including MATH (Hendrycks et al.,
2021), GeoEval (Zhang et al., 2024a), MM-
MATH (Sun et al., 2024), GePBench (Xing et al.,
2024), and FrontierMath (Glazer et al., 2024).

3 The GeoChallenge-90K dataset
3.1 Definitions

We first introduce the core concepts used in our
automatic data generation procedure. Concrete ex-
amples are provided in Appendix A.

Clause. A clause is a statement that specifies a
geometric relation among existing objects (e.g.,
points, lines): f(Xy,...,X,), where f is a prede-
fined relation in table 11 over defined points X;.

Construction. A construction is a geometric de-
scription that uses one or two clauses to uniquely
define a new point z (where two indicate their in-
tersection): = f(), g(). Clause g() is omitted if
f() alone suffices.

Premise. A premise is an ordered sequence of
constructions C}; defining all points and relations
in a problem: P = (C1,Co,...,Cp).
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Figure 2: Pipeline of dataset generation

Problem. A problem is a structured task com-
prising a premise P and four options O; allowing
multiple correct answers: (P, Oq,...,04). See
Figure 1 for an example.

3.2 Problem Generation

3.2.1 Annealed premises sampling

As shown in Figure 2, we generate a large pool
of premises by composing predefined clause tem-
plates into multi-layer geometric constructions.
Starting from a minimal seed at depth 0, we itera-
tively add layers until a target depth is reached. At
each layer, we sample one or two templates and in-
stantiate them with valid arguments from currently
defined entities, ensuring consistency, then append
the resulting clauses to the premise.

To balance structural diversity and compu-
tational tractability, we move beyond standard
breadth-first expansion by introducing an annealed
sampling strategy. By dynamically shrinking the
branching factor, early layers aggressively explore
diverse template and parameter combinations to
broaden the search space, while deeper layers sys-
tematically prune candidates to suppress combina-
torial explosion. We set the maximum depth to
N = 8, producing 871,828 sampled premises.

3.2.2 Challenging options generation

Given a premise, we enumerate provable conclu-
sions using a symbolic engine, score their difficulty,
and select the top-scoring ones as the four options.
We use AlphaGeometry (Trinh et al., 2024) for
deduction with a rule set R. As summarized in Ap-
pendix B, the engine performs conclusion search
via forward chaining, repeatedly applying rules in

R to newly derived facts until saturation or a preset
depth limit.

Following GeoEval (Zhang et al., 2024a), we de-
fine difficulty as a weighted sum of five indicators:
prior_difficulty = Z?:l w;x;, where x1 is descrip-
tion length, x5 premise length, x3 the number of
points, x4 proof-search depth, and x5 proof length.
To construct the four candidate options from the
top-scoring conclusions, we employ three transfor-
mation strategies: Keep as True, Synonym Rewrit-
ing, and Conflict Rewriting, with detailed examples
provided in Appendix C. Specifically, we apply
Keep as True to at least one conclusion to guarantee
a baseline correct answer. For the remaining con-
clusions, we independently apply either Synonym
Rewriting (e.g., equivalence-preserving rewrites) or
Conflict Rewriting (e.g., relation negation or ratio
perturbation). This methodology naturally supports
our Multi-Answer (MA) setting, as the application
of Synonym Rewriting dynamically determines the
number of valid options. We strictly avoid naive en-
tity substitution (e.g., AB L CD — AB 1 CE),
which often yields degenerate or accidentally true
options. The distribution of the correct options
across the dataset is shown in Table 2.

3.2.3 Symbol refinement

We then refine the symbolic instances and render
aligned diagrams. Text refinement includes (i) sim-
plification by retaining only points/clauses used
in both the premise and the proofs of candidate
options, and (ii) bilingual rendering that maps the
formal representation to English and Chinese with
rule-based templates while preserving option se-
mantics.

For diagrams, we render figures consistent with
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Dataset Size AG IF CR AvgPL AvgDL FA LT QT
GeoS (Seo et al., 2015) 186 X 11 X NA 2334 X EN SA
MATH (Hendrycks et al., 2021) 12500 X Tonly ¢ 548 20266 X EN OE
Geometry3K (Lu et al., 2021) 302 X 1,1 X NA 1219 ¢ EN SA
GeoQA (Chen et al., 2021) soro X T1 X 277 5246 X ZH SA
UniGeo (Chen et al., 2022) 9543 X 1,0 X 257 1623 ¢V EN  SA,OE
GPSMSK (Cobbe et al., 2021) 8790 X Tonly X = 459 4527 X EN OE
PGDP5K (Hao et al., 2022) 5,000 X I only X — — v — —
PGPS9K (Zhang et al., 2023a) 9002 X 1.1 X 243 9.46 v EN OE
MathVista (Lu et al., 2024) 6141 X 1,1 X - 8383 X EN,ZH SA,OE
GeomVerse (Kazemi et al., 2023) 933 ¢ 1,0 6.35 53.09 EN OE
Geol170K (Gao et al., 2023) 177457 v 1,1 X 621 4901 X EN SA
GeoEval (Zhang et al., 2024a) 5050 X 1,1 ¥V 255 2834 vV EN  SA OE
MM-MATH (Sun et al., 2024) 500 X 1,0 X 8.50 4850 X EN OE
AutoGeo-100K (Huang et al., 2025) 100,000 ¢  Tonly ¢ - 241 v EN -
MathVerse (Zhang et al., 2024b) 1562 X 1,1 - 4067 X EN SA
GeoMM (Deng et al., 2024a) 33505 ¢ 1,1 1.51 3247 X  EN OE
Average - - - - 3.92 4498 - - -
GeoChallenge-90K 9029 v 1,0 ¥V 1672 3915 ¥ EN,ZH MA

Table 1: Comparison between GeoChallenge-90K benchmark and existing geometry problem solving benchmarks.
AG: Automatic Generation. IF: Input Format, T for text and I for image. CR: Complexity Rating. Avg PL: Average
Proof Length. Avg DL: Average Description Length. FA: Formal Annotation. LT: Language Type, EN for English
and ZH for Chinese. QT: Question Type, SA for single-answer, MA for multiple-answer and OE for open-ended

question

Correct Options  Frequency Percentage
1 Option 49,452 54.78%
2 Options 32,862 36.40%
3 Options 5,081 5.63%
4 Options 2,884 3.19%
Total 90,279 100.00 %

Table 2: Distribution of the number of correct options
in GeoChallenge-90K

the refined premise and explicitly annotate candi-
date options for visual grounding. To support stable
batch rendering beyond the default AlphaGeome-
try module, we add rule-based option labeling and
robustness fixes to prevent incomplete annotations
and occasional non-termination.

3.24

To ensure benchmark quality, we implement a man-
ual verification process as a visual quality-control
filter. Figures are rigorously audited based on legi-
bility, geometric validity, and semantic alignment;
comprehensive details regarding the verification
protocols and checklist are provided in Appendix
D.1.

Manual Verification

3.3 Features of GeoChallenge-90K

GeoChallenge-90K is designed to evaluate
diagram-grounded geometry theorem proving
under rigorous, scalable, and controllable settings.

Geom- Geo- Geo- Math Geo-
Model MATH ;3K 170K Eval Verse Cha.
?‘?5“113‘“1 82.19 7388 563 - 373 2445
. TO
Claude
35 5805 7165 512 - 389 2181
Sonnet
GPT-d4o 5772 6492 505 3722 465 17.51

Table 3: Performance comparison across benchmarks.

Built on the fully automatic symbolic pipeline in
Section 3.2, all instances are machine-verifiable,
enabling scalable construction without manual
proof annotation. Table 1 compares GeoChallenge-
90K with representative geometry and multimodal
math benchmarks. The key characteristics of our
dataset are summarized as follows.

Multi-answer MCQ evaluation. A distinctive
feature of GeoChallenge-90K is its multi-answer
MCQ format, where an instance may contain more
than one correct option. Compared to single-
answer MCQs, this setting substantially weakens
elimination-style guessing and forces per-option
verification: models must assess each candidate
conclusion under the premise, often requiring dif-
ferent proof paths or relation checks. This format
supports option-level metrics and diagnoses over-
/under-selection behaviors.
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Model EMAt EMEt EMM{ EMH? Pt Rt F1t  HAT  Avg #Sel
Baselines

Random 6.67 6.67 6.67 6.67 39.31 5333 4525 49.29 2.13
General-Purpose Models

GPT-40 17.51 29.09 13.81 9.24 52.87 68.83 59.81 58.62 2.18
Claude 3.5 Sonnet 21.81 27.27 22.94 10.87 5488 71.73 62.19 63.22 2.20
Gemini 1.5 Pro 24.45 38.18 22.27 9.24 62.31 7679 68.79 69.74 2.01
llava-1.5-7B 16.96 37.82 10.69 1.09 4831 3136 38.03 57.87 1.03
Qwen2-VL-7B 26.65 59.64 17.37 0.0 61.36 47.44 5351 65.69 1.19
Reasoning-Oriented Models

GPT-03 67.84 67.27 69.04 65.76  80.84 81.20 81.02 82.52 1.64
GPT-5-nano 75.88 70.59 79.31 75.00 84.82 83.78 8430 8549 1.61
Claude 4.5 Sonnet 41.96 50.00 41.38 30.00 72.02 7790 7485 76.56 1.75
Gemini 3 Pro 38.55 50.00 37.29 2381 44774 4145 43.03 43.20 1.04
Human Performance

Human 94.71 94.12 94.92 9524 9795 99.71 98.82 98.68 1.66

Table 4: Overall performance on GeoChallenge with both text and images provided. EMA/EME/EMM/EMH report
Exact Match (EM) on the All/Easy/Medium/Hard splits, respectively.

Long-step Proofs under Concise Statements.
GeoChallenge-90K targets long-step deduction.
Proofs average 16.72 steps-over 4 x typical geom-
etry benchmarks (3.92)-while statements remain
similarly concise (39.15 vs. 44.98 words). This
is by design that descriptions include only essen-
tial relations, increasing information density per
token and thus reasoning difficulty. As shown in
Table 3, models suffer a clear accuracy drop on
GeoChallenge-90K relative to prior benchmarks,
making it a more challenging and more diagnostic
testbed.

Comprehensive geometric coverage and struc-
tural diversity. Beyond scale, GeoChallenge-
90K is constructed to cover a broad range of ge-
ometric primitives and composite structures. Fig-
ure 3 summarizes the distribution of geometric ele-
ments. Importantly, less frequent shapes in many
benchmarks, such as trapezoids and parallelograms,
are still represented at scale over 10K instances
each, which improves coverage of cross-element
interactions and mitigates sparsity for rare configu-
rations.

Dual-modality and bilingual alignment. Each
instance includes both text and a rendered diagram,
and the two modalities are semantically aligned:
the textual statement fully specifies the geometric
conditions reflected in the diagram. This alignment
enables controlled comparisons among text+image,
text-only, and a diagnostic image-only condition.
We report text+image and text-only results in the
main tables and the complementary image-only ab-
lation in Appendix G. We further provide English
and Chinese versions with strict semantic equiv-
alence, reducing confounds from translation arti-

facts and enabling systematic analysis of language
effects.

Rich annotations and controlled difficulty.
GeoChallenge-90K includes structured formal rep-
resentations for premises and options, along with
two complementary difficulty signals: a prior dif-
ficulty estimated from complexity indicators, and
posterior difficulty derived from tested models’ per-
formance. Problems are stratified into three diffi-
culty levels with a 3:5:2 split, enabling controlled
stress testing and fine-grained performance analy-
sis.

4 Experiments

4.1 Experimental Setup

Prompting / Inference Settings. We adopt a uni-
fied prompting protocol across all evaluated mod-
els. A single prompt template (included in the
supplementary material due to length) is used for
every example to elicit a final multiple-choice an-
swer along with brief, option-wise reasoning. We
disable external tools and retrieval for all models.
Inference is run with greedy decoding (tempera-
ture=0.0) and a maximum output length of 16,384
tokens; consequently, each instance is evaluated
with one generation only, without additional sam-
pling or self-consistency aggregation.

Models Evaluation. To establish a human base-
line, we conducted a controlled evaluation with
graduate-level mathematical experts. Comprehen-
sive discussions are provided in Appendix D.2.
We evaluate prominent open-source and closed-
source large models selected for strong mathe-
matical reasoning, covering (i) general-purpose
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LMM/LLMs and (ii) reasoning-oriented models
that allocate extra computation for deliberate rea-
soning. In the multimodal setting, we test GPT-
40 (Hurst et al., 2024), Claude 3.5 Sonnet (An-
thropic, 2024), Gemini 1.5 Pro (Team et al., 2024),
LLaVA-1.5-7B (Liu et al., 2024), and Qwen2-
VL-7B-Instruct (Yang et al., 2024), as well as
reasoning-oriented models including GPT-03-2025-
04-16 (OpenAl, 2025a), GPT-03-mini-2025-01-
31 (OpenAl, 2025b), Claude 4.5 sonnet-20250929-
thinking (Anthropic, 2025), and Gemini-3-pro-
preview-11-2025 (Google, 2025). For text-only
evaluations (LLM setting), we assess the same
model families without visual inputs, and addition-
ally include Deepseek-r1-0528 (DeepSeek-Al et al.,
2025), Qwen3-235b-a22b-thinking-2507 (Yang
et al., 2025), and WizardMath-7B (Luo et al.,
2023).

For replicability and efficiency, we run most eval-
uations on GeoChallenge-small, a standardized sub-
set of 908 problems sampled to match the difficulty
profile of the full benchmark, enabling practical
assessment of closed-source models.

Evaluation Protocol. We evaluate LLMs on a
multi-select benchmark. For each problem i with
K; options, the model predicts a subset S; C
{1,..., K;}, compared against the ground-truth
subset S;.

We report Exact Match (EM), which is cor-
rect iff §; = S;, both overall and by difficulty
(Easy/Medium/Hard) determined by our difficulty
scores. To measure partial correctness, we com-
pute option-level precision/recall/F1 from the over-
lap between S;and S; and report macro-averages
across problems. We also report Hamming Loss

(HL), the average per-option error rate:
1N K
HL =+ ; e 2 L(Gij # Yij) s

where y; j,9;; € {0,1} are the ground-truth and
predicted labels; we report Hamming Accuracy
(HA) as 1 — HL. Finally, we report the average
number of selected options K[| S;|] to characterize
selection behavior.

4.2 Main Results

We report overall results on GeoChallenge with
both text and diagrams provided in Table 4. Since
GeoChallenge is formulated as multiple-choice
with long-step reasoning, we emphasize Exact
Match as the primary metric; in contrast, option-
level metrics (P/R/F1 and HA) may still reward
partially correct selections even when the predicted
answer is not fully correct.

No-guess multiple-choice reveals hidden diffi-
culty. Under the no-guess protocol, the bottle-
neck shifts from partially identifying correct op-
tions to producing a single, answer-consistent pre-
diction. A key observation is the large gap between
strict EM and option-level metrics, especially for
general-purpose models: e.g., Gemini 1.5 Pro at-
tains high F1/HA but much lower EMA, with simi-
lar discrepancies for GPT-40 and Claude 4.5 Son-
net. This indicates that models often recover parts
of the correct option answer yet fail to output the
exact answer demanded by the no-guess protocol,
making heuristics such as eliminating a few options
or selecting multiple plausible answers ineffective.
Consistently, Avg #Sel shows that general models
select close to two options on average (near the ran-
dom baseline), trading precision for recall, whereas
reasoning-oriented systems are better calibrated
and closer to human selection cardinality.

Human-model gap on long-step geometry.
GeoChallenge exhibits a substantial human-model
gap even with reasoning-oriented systems, and the
gap remains on the Hard split. The best model
in Table 4 (GPT-5-nano) remains obviously be-
low human EMA, and the gap persists on the
Hard split; meanwhile, general multimodal base-
lines lag far behind. This suggests the bench-
mark separates systems that sustain long-step,
answer-consistent reasoning from those that suc-
ceed mainly via partial correctness or shallow
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Model EMAT EMEt EMM{T EMH?{ Pt RT F1T  HAT  Avg #Sel
Baselines

Random 6.67 6.67 6.67 6.67 3931 5333 4525 49.29 2.13
General-Purpose Models

GPT-40 13.99 32.00 8.69 0.0 4375 5589 49.08 48.62 2.14
Claude 3.5 Sonnet 17.62 32.73 15.37 0.54 5143 6348 56.83 60.21 2.02
Gemini 1.5 Pro 20.59 44.00 14.70 0.0 60.32 7414 6652 66.77 1.97
Qwen2-VL-7B 25.66 57.82 16.26 0.54 60.26 46.66 52.59 64.98 1.19
WizardMath-7B 8.15 9.45 7.80 7.07 38.48 5932 46.68 49.78 2.40
Reasoning-Oriented Models

GPT-03-mini 50.88 50.00 53.45 45.00 59.52 59.60 59.56 59.82 1.64
GPT-03 62.67 66.18 60.80 61.96 7295 7141 7217 72.60 1.59
GPT-5-nano 58.15 64.00 58.35 4891 67.02 6496 6597 66.93 1.55
Claude 4.5 Sonnet 36.23 51.64 34.30 1793  66.58 6736 6697 71.34 1.62
Gemini 3 Pro 51.21 62.55 49.00 39.67 57.54 5455 56.01 5597 1.37
Deepseek rl 16.41 17.82 16.70 13.59  23.16 27.00 2494 2354 2.08
Qwen3-235b-thinking ~ 75.55 81.09 75.95 66.30 82.18 8230 8224 8274 1.58
Human Performance

Human 42.86 38.24 46.55 40.00 6696 68.75 67.85 72.77 1.69

Table 5: Overall performance on GeoChallenge with text-only provided. EMA/EME/EMM/EMH report Exact
Match (EM) on the All/Easy/Medium/Hard splits, respectively.

heuristics. Reasoning-oriented models achieve rel-
atively strong P/R/F1, implying they often locate
relevant options, but their remaining deficit under
strict EM points to unresolved challenges in multi-
step consistency, diagram-grounded verification,
and satisfying global geometric constraints.

Different degradation with increasing difficulty.
As difficulty increases, general-purpose models of-
ten degrade sharply, whereas reasoning-oriented
systems decline more moderately and humans re-
main the most stable. General models typically
drop steeply from Easy to Hard, indicating that
success on simpler items does not reliably transfer
to long-horizon, high-constraint geometric reason-
ing. In contrast, reasoning-oriented systems better
preserve performance as complexity grows. These
trends suggest that higher difficulty mainly ampli-
fies failure modes tied to partial-cue reliance, while
globally consistent reasoners are more robust under
increasing constraints.

Intermediate trace analysis. To obtain a finer-
grained view of how reasoning-oriented models
combine visual evidence with formal deduction, we
qualitatively inspect two representative reasoning
traces. The cases illustrate two behavioral motifs.
In Spatial-to-Logical Mapping, a spatial hypothe-
sis is used to narrow the subsequent proof search.
In Algebraic Anchoring, a coordinate system or
algebraic representation is introduced to check an
initial visual hypothesis. At the level of the gener-
ated rationale, the cases also motivate a descriptive
distinction between mapping errors, in which an

unsupported or misread visual relation enters the
symbolic state, and computation errors, in which
a later algebraic or deductive step fails despite a
plausible initialization. Appendix K presents the
two cases in detail. Because this analysis is small-
scale, qualitative, and based on model-generated
rationales, it should be interpreted as exploratory
behavioral evidence rather than a causal account or
an exhaustive taxonomy of model errors.

S5 Detailed Findings and Analysis

We next elaborate on the three findings highlighted
in the Abstract and Introduction as below.

Finding 1: Exact-match fragility under no-guess
multi-answer MCQ. Under the no-guess pro-
tocol, most general-purpose models fail by com-
mitting to an incorrect final option answer, sug-
gesting that the primary bottleneck is the answer
consistency rather than partial option identifica-
tion. We categorize each prediction into four
mutually exclusive outcomes: RIGHT_ANSWER
(exact match), WRONG_ANSWER (committed but
incorrect), NO_ANSWER (uncommitted answer),
and OUT_OF_LENGTH (truncation). Figure 4
shows that general-purpose models are largely
driven by WRONG_ANSWER, while NO_ANSWER
varies widely across systems, reflecting differ-
ent uncertainty-handling behaviors. In con-
trast, reasoning-oriented models exhibit higher
RIGHT_ANSWER with mild abstention, motivating
reporting error-type composition alongside EM.
Additionally, we observe that cross-lingual
prompt reformulations heavily impact exact-match
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Figure 4: Error Type Distribution Across Model

consistency (see Appendix F for detailed analysis).

Finding 2: Weak and inconsistent diagram
grounding. Humans rely heavily on diagrams,
whereas current LLMs under-use or inconsistently
integrate visual evidence. Removing the diagram
causes a 51.88-point EMA drop for humans, while
option-level quality remains comparatively strong,
suggesting that people can partially reconstruct
the figure from text and preserve partial correct-
ness even when exact selection becomes harder.
However, the text+image versus text-only changes
for most models are substantially smaller and are
sometimes reversed. The diagnostic image-only
ablation in Appendix G provides a complemen-
tary view: GPT-5-nano falls from 75.89 EMA
with text+image input to 13.04 with an image-only
premise, together with a 49.52-point decrease in F1.
Overall, diagram usage emerges as a key capability
dimension: humans treat diagrams as the primary
substrate for geometry, whereas current LLMs do
not reliably ground deductions in visual evidence.

Finding 3: Overextended reasoning without con-
vergence. A non-trivial fraction of failures con-
sists of generations that exhaust the decoding bud-
get and are recorded as OUT_OF_LENGTH. Qualita-
tive inspection suggests that the model often con-
tinues to expand, revisit, or revise its intermediate
judgments without committing to a stable option
set. To separate this behavior from delayed an-
swer emission, we conduct a strict answer-first
ablation on DeepSeek-R1(Appendix G). Requir-
ing a parseable answer on the first output line re-
duces OUT_OF_LENGTH from 62.00% to 55.81%,
but exact-match accuracy does not improve, chang-
ing from 16.41% to 16.27%; instead, the wrong-

answer and no-answer rates increase. The out-
come is therefore sensitive to prompt design, yet
the reduction in truncation does not yield more
correct final answers. We consequently treat
OUT_OF_LENGTH as a deployment-sensitive indica-
tor of practical non-convergence under the eval-
uated prompting and decoding setup, rather than
as an architecture-intrinsic measure of reasoning
ability.

Implications for model design. Taken together,
the preceding findings suggest three concrete di-
rections for model development. First, the exact-
match fragility and the mapping and computa-
tion errors observed in the trace analysis motivate
symbol-guided decoding: a model could main-
tain an explicit geometric proof state, admit only
deductions supported by the established premises
and rule inventory, and verify the global consis-
tency of the final option set before termination.
Second, the weak and inconsistent use of diagram
evidence motivates visual-text/formal contrastive
pre-training that aligns diagram regions and geo-
metric marks with their natural-language descrip-
tions and formal predicates, using relation-level
hard negatives to distinguish visually similar but
logically different configurations. Third, the degra-
dation on longer and more complex proofs, to-
gether with persistent non-convergence, motivates
a curriculum for complex reasoning processes
that progressively increases proof length, relation-
graph density, and the number of interacting con-
straints, while supervising intermediate verification
and explicit termination.
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6 Conclusion

In this work, we presented GeoChallenge-90K,
a large-scale benchmark for evaluating diagram-
grounded geometry theorem proving in a rigorous
and scalable setting. Our benchmark is constructed
through a symbolic generation-and-verification
pipeline, provides aligned text-diagram inputs with
bilingual consistency, and exposes controllable
complexity for fine-grained analysis. To better
reflect real reasoning ability, we further adopt a
no-guess, multi-answer multiple-choice protocol
that enables strict exact-match evaluation while still
allowing complementary option-level diagnostics.

Across comprehensive experiments and analy-
ses, GeoChallenge-90K consistently separates shal-
low pattern matching from long-step, globally con-
sistent reasoning: current general-purpose models
struggle under strict evaluation, reasoning-oriented
models improve substantially yet remain behind
human solvers, and the gap widens as complexity
increases. Our diagnostic studies suggest that the
remaining challenges are not merely harder prob-
lems, but failures in answer consistency, conver-
gence, and reliable integration of diagram evidence.
We hope GeoChallenge-90K will serve as a prac-
tical testbed for developing and measuring future
systems that reason over long proofs, verify global
constraints, and ground deductions in diagrams
more reliably.

7 Limitations

Our work has three main limitations. First, al-
though Section 4.2 and Appendix K provide an
exploratory intermediate-trace analysis, the analy-
sis is limited to two representative cases and does
not quantify how often the proposed Spatial-to-
Logical Mapping, Algebraic Anchoring, mapping-
error, and computation-error patterns occur across
GeoChallenge-small. Second, the text-only and
diagnostic image-only ablations characterize be-
havioral dependence on the available modalities
but do not causally identify which visual cues or
reasoning operations are decisive. In particular, the
image-only condition is a diagnostic rather than a
complete alternative formulation of the benchmark,
because a rendered diagram need not uniquely
encode all metric or relational information con-
tained in the textual premise. Third, NO_ANSWER
and OUT_OF_LENGTH are sensitive to prompting,
answer-format constraints, decoding, and the maxi-
mum token budget. The DeepSeek-R1 answer-first

ablation reduces OUT_OF_LENGTH without improv-
ing exact-match accuracy. These categories should
be interpreted as deployment-sensitive outcomes
under the evaluated setup rather than architecture-
intrinsic measures of reasoning ability.
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A Examples of Clauses, Constructions,
and Premises

Clauses triangle: This clause created three
points to construct a triangle.
madpoint a b: This clause uniquely determines
a point based on the positions of points A and B.
angle_bisector a b c: This clause describes the
set of points that lie in the angle bisector of ZABC.

Constructions abc = triangle: This construc-
tion created three points to construct a triangle.

x = angle_bisector a b c, on_line a c: This
construction uniquely determines the intersection
point between the angle bisector of ZABC' and the
line AC.

x = midpoint a b, midpoint a c(invalid):
This is an invalid construction, as the midpoints of
AB and AC generally do not intersect at a single,
well-defined point.

Premise

abc = ieq_triangle(a, b, ¢);
d = reflect(d, ¢, a, b);
e = on_line(e, d, a), eqdistance(e, d, a,b);
f =on_dia(f,b,e), on_circle(f,a,c).

This premise captures six point elements and their
geometric relationships, which enables the con-
struction of a diagram that matches the description
(Figure 5)

Figure 5: the diagram corresponding to the premise
above

Algorithm 1 Conclusion search via forward chain-
ing

Input: Premise

Parameter: max_level N

Output: All derived conclusions

1: C' + Read(Premise)

2: level + 0

3: while level < N do

4: T < match_theorems(R)

5: T < TU derive_algebra(R)
6:  if Not_empty(7') then

7: C+—CcCuT

8: else

9: break

10:  end if

11: end while

12: return C

B Forward Chaining Algorithm

This section details our forward-chaining conclu-
sion search strategy: starting from the premise,
we iteratively match theorems and derive algebraic
facts under a maximum depth N, accumulating all
newly derived conclusions until no further updates
occur.

C Distractor Design

This appendix details the three methods (Keep as
True, Synonym Rewriting, and Conflict Rewriting)
used to transform correct conclusions derived by
the symbolic reasoning engine into candidate op-
tions. Table 6 provides illustrative examples of
these transformations applied to standard geomet-
ric relations.
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name Keep as True Synonym Rewriting  Conflict Rewriting
midpabc midpabc nperpabbc perpabbc
nperpabac ncollabc
nperpacbc circlexabc
cyclicabcx
aconstabc 75
midpbac
midpcab
paraabcd paraabcd nperpabcd perpabcd
nparaabcd
circleoabc circleoabc congoaob ncongoaob
congoaoc ncongoaoc
congoboc ncongoboc
ncollabec collabc
nparaabac eqangleoaobcach
nparaabbc cyclicoabc
nparaaccb paraabac
paraabbc
paraaccb

Table 6: Examples of applying the three transformation methods to correct conclusions

D Details on Human Verification and
Evaluation

D.1 Human Verification Checklist for Dataset
Quality

Prior to the baseline evaluation, manual verification
was conducted to guarantee data quality. Human
annotators (graduate-level students with special-
ized mathematical backgrounds) audited the dataset
using a strict three-point checklist. A figure was
retained only if it passed all three criteria:

Readability. Is every character and label in the
text clearly visible and legible within the image,
without being obscured?

Geometric Validity. Do the points, lines, and sur-
faces drawn in the image strictly satisfy the preset
geometric relationships?

Description alignment. Does the visual repre-
sentation in the image accurately correspond to the
semantic information provided in the description?

D.2 Evaluation Protocol and Objective

The human study was explicitly designed to estab-
lish a knowledgeable user baseline rather than an
absolute, theoretical upper bound of human capa-
bility. To ensure a rigorous evaluation, we imple-
mented two key protocols:

No-Guess Evaluation Protocol. We utilized a
strict Exact Match (EM) metric. A participant’s
response was scored as correct only if the predicted
subset of options exactly matched the ground-truth
answer. This strict setting effectively eliminates
inflation of human scores through elimination-style
guessing or over-selecting likely options.

The 3-Minute Time Limit. Participants were
subjected to a strict 3-minute time limit per ques-
tion. Post-evaluation feedback from our experts
indicated that this constraint was rarely binding;
most problems were successfully resolved within
90-120 seconds. In geometry problem-solving, if
a solver fails to identify the critical auxiliary line
or core theorem within the first minute, additional
time typically yields diminishing returns.

D.3 Representativeness and Inter-Rater
Consistency

To ensure the reliability of the human baseline,
we addressed both sample representativeness and
scorer consistency within a unified validation
pipeline. First, the human evaluation was per-
formed on a 908-question subset selected via strati-
fied sampling from the complete 90K dataset. The
final difficulty distribution of this subset consists
of 275 easy, 449 medium, and 184 hard questions,
yielding a ratio of 30.29% : 49.45% : 20.27% that
perfectly aligns with the 3 : 5 : 2 difficulty distri-
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Model EMAT EMET EMM?T EMH?t Pt RT F1t  HAT  Avg#Sel
Both text and images provided

GPT-40 11.89 19.64 9.13 7.07 40.27 54.66 46.38 45.84 2.25
Claude 3.5 Sonnet  17.62  30.18 13.59 8.70 5237 64.86 5795 60.85 2.05
Gemini 1.5 Pro 24.23 38.55 21.16 1033 62.85 8298 7152 7131 2.12
llava-1.5-7B 12.11 25.09 8.24 2.17 37.00 23.76 2894 50.61 1.05
Qwen2-VL-7B 24.01 58.91 12.47 0.0 57.16 4897 5275 63.13 1.41
Text-only provided

GPT-40 9.58 19.27 7.57 0.0 4345 68.81 5326 46.72 2.71
Claude 3.5 Sonnet  12.78  23.64 11.36 0.0 48.39 6937 57.02 57.74 2.34
Gemini 1.5 Pro 2335 54091 13.59 0.0 6342 74.08 6834 68.72 1.86
WizardMath-7B 7.71 10.18 7.13 543 38.34 48,55 4285 4758 2.07

Table 7: General-purpose models’ performance on GeoChallenge, where the same problems are presented with

Chinese prompts rather than English.

bution of the entire dataset. Second, we observed
a high inter-rater agreement rate of approximately
91% (which includes instances where both testers
committed simultaneous errors). Qualitative anal-
ysis of the remaining 9% disagreement revealed
that discrepancies primarily stemmed from intu-
itive diagram interpretation misjudgments under
time pressure, rather than a misunderstanding of
the question text or option semantics.

E GeoChallenge Details

The GeoChallenge-90K dataset comprises 90,279
automatically generated geometric proof problems.
As detailed in Table 8 of the Appendix E, all
problems presented in our dataset are offered
with images and solutions of the problem, with
both English and Chinese version of the problem
provided. the dataset exhibits a stratified diffi-
culty distribution with 27,083 easy-level (30.0%),
45,140 medium-level (50.0%), and 18,056 hard-
level (20.0%) problems. This partitioning follows
a 3:5:2 ratio based on a priori complexity scores
derived from the weighted function shown in main
text.

F Cross-lingual robustness under Chinese
prompts

We evaluate general-purpose models under Chi-
nese prompts and compare them with their English-
prompt counterparts to assess cross-lingual robust-
ness, reporting strict exact-match accuracy (EMA)
alongside option-level metrics (F1, HA) and the
average number of selected options (Avg #Sel).
Across models, EMA is consistently more sensitive
to language shifts than option-level metrics, indi-
cating that changes in linguistic formulation can
disrupt exact answer consistency even when partial
option identification remains similar.

Statistics
Total Problems 90,279
Coverage 100% / 100% /
(Img/Sol/EN/ZH)  100% / 100%
Difficulty 90,279
* Easy 27,083 (30.0%)
* Medium 45,140 (50.0%)
* Hard 18,056 (20.0%)
Geometry Relations 385,284
* Equality 104,178
* Parallel 15,102
* Vertical 47,902
* Collinear 12,689
* Circle-related 74,579
* Triangle 56,212
* Square 26,180
* Trapezoid 15,725
* Parallelogram 14,731
* Rectangle 12,573
* Other 5,413

Table 8: Detailed statistics of the GeoChallenge dataset.
EN and ZH denote English and Chinese statements,
respectively.

As shown in table 7, in the multimodal setting
(text + images), GPT-40 degrades substantially
from English to Chinese (EMA -5.62, F1 -13.43,
HA -12.78), and Claude 3.5 Sonnet also drops con-
sistently (EMA -4.19, F1 -4.24, HA -2.37), whereas
Gemini 1.5 Pro remains largely stable (EMA -
0.22) with slightly improved F1/HA, suggesting
stronger cross-lingual robustness. We also observe
a recurring over-selection pattern under Chinese
prompts: Qwen2-VL-7B shows a smaller EMA
decrease (26.65 to 24.01) but selects more options
(+0.22 Avg #Sel), and under text-only evaluation
GPT-40 exhibits the same mechanism more clearly
(EMA -4.41 vs. F1 +4.18 with Avg #Sel +0.57).
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Taken together, language-induced over-selection
can preserve or even improve F1/HA by increas-
ing coverage of correct options, while reducing
EMA because any extra or missing option breaks
the exact match.

G Additional Diagnostic Ablations

G.1 Image-only diagnostic

To directly assess how much task-relevant informa-
tion can be recovered from the rendered diagram
without the natural language geometric premise, we
evaluate GPT-5-nano under the image-only condi-
tion defined in Section 4.1. GPT-5-nano is selected
because it is the strongest model in the text+image
setting. Its matched text+image result is reported
as the primary control, and Qwen2-VL-7B under
text+image input is included as a general-purpose
multimodal reference.

The results in Table 9 show a marked degrada-
tion under image-only input: GPT-5-nano achieves
an EM of 13.04% and an F1 score of 34.78%, only
marginally above the random baseline (6.67%) and
far below its text+image performance (75.89% EM,
84.30% F1). Its average number of selected options
is also slightly lower (1.43 vs. 1.61), indicating that
the model becomes less reliable rather than more
selective when deprived of textual cues. Notably,
even this image-only performance remains below
the text+image performance of General-Purpose
Models like Qwen2-VL-7B (26.65% EM, 53.51%
F1).

These results provide further evidence that cur-
rent models extract little usable geometric infor-
mation from diagrams alone, and that their visual
reasoning remains weak and unstable without tex-
tual guidance. This additional ablation therefore
reinforces our main conclusion that model perfor-
mance on GeoChallenge-90K is driven primarily
by textual reasoning, while visual evidence is not
yet exploited in a robust manner.

G.2 Strict answer-first ablation for
DeepSeek-R1

We compare the standard prompt with a stricter
answer-first variant. Under the strict variant, the
first generated line must contain a parseable final
option set and no text may precede it. The remain-
ing reasoning is generated after the answer line.
The experiment in Table 10 shows that forcing
the model to answer first reduces the timeout rate
only from 62.00% to 55.81%, while accuracy does

not improve (16.41% — 16.27%); instead, the error
rate and refusal rate increase slightly. This supports
our interpretation that OUT_OF_LENGTH is not
just a length-budget issue, but a sign that the model
still fails to converge to a stable answer even when
output order is controlled.

H Predefined Clause Templates

This appendix summarizes the predefined clause
templates used in our automatic geometry-problem
generation pipeline; the complete list is provided
in Table 11.

I Predefined Rules

This appendix lists the predefined inference rules
employed by the symbolic reasoning engine for
forward deduction; the full rule set is presented in
Table 12.

J LLM Prompt Templates

All model evaluations were conducted using care-
fully designed and standardized system prompts to
ensure full reproducibility across different exper-
imental settings. The prompt templates remained
consistent throughout all evaluation scenarios, with
minor adaptations made only for modality-specific
requirements.

For text-only model evaluations, we maintained
strict prompt consistency by using identical textual
templates across all comparable experiments. No-
tably, despite the visual nature of some tasks, we
intentionally omitted any special instructions re-
garding missing images in text-only settings. This
design choice was based on two key considera-
tions: (1) our problem descriptions maintain high
text-image consistency, allowing models to theo-
retically reconstruct the visual information from
textual descriptions alone (though this capability
may be challenging for current models), and (2) we
observed that models typically wouldn’t refuse to
answer due to absent images when provided with
sufficiently detailed textual descriptions.

For text+image evaluations, we employed the
structured prompt templates illustrated in Figure
6 and 7 for English and Chinese versions respec-
tively. These multimodal prompts systematically
incorporated both the textual instructions and vi-
sual content, with clear markers distinguishing be-
tween image inputs and textual components. The
visual examples accompanying each prompt were
carefully selected to be representative of the task
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Model and input EMAT Pt RT F11 HAT  Avg. #Sel
GPT-5-nano (text+image) 75.89  84.82 8378 8430 85.49 1.61
GPT-5-nano (image-only) 13.04 36.36 3333 3478 51.09 1.43
Qwen2-VL-7B (text+image) 26.65 61.36 47.44 5351 65.69 1.19

Table 9: Diagnostic image-only results

Prompt RIGHT_ANSWER WRONG_ANSWER NO_ANSWER OUT_OF_LENGTH
Standard prompt 16.41 15.20 6.39 62.00
Strict first-line answer 16.27 18.60 9.30 55.81
Change -0.14 +3.40 +2.91 -6.19

Table 10: DeepSeek-R1 error composition under the standard and strict answer-first prompts

requirements while avoiding potential biases in im-
age content or composition.

K Detailed Case Studies on Intermediate
Reasoning Traces

To illustrate the behaviors discussed in Section 4.2,
we present two representative intermediate traces
from reasoning-oriented models. The cases are
selected for explanatory value: they show how a
spatial hypothesis may guide proof search and how
an algebraic construction may be used to check that
hypothesis.

Case Study 1: Spatial-to-Logical Mapping via
Symmetry. This case evaluates the model’s abil-
ity to perform spatial transformations as an active
logical pruning tool.

Problem Context: Given an equilateral triangle
ABC with a point D such that ZACD = ZDBA,
the goal is to prove specific geometric relationships
involving point D.

Model Reasoning Trace: Instead of resorting
to immediate algebraic manipulation, the model’s
intermediate trace shows an immediate invoca-
tion of a spatial reflection. The model reasons:
Since ZACD = ZDBA and AABC is equilat-
eral (AB = AC), reflecting point D across the
median AM (A-altitude) swaps vertices B and C.
Hence, we have ZACD = ZABD’, where D' is
the reflection of D in AM.

Diagnostic Insight: This trace proves that the
model uses high-level visual intuition to dynami-
cally prune the logical search space. It identifies
the symmetry that swaps B and C visually before
executing formal calculations. However, our fine-
grained analysis also reveals a critical limitation: if
this initial visual intuition is slightly skewed, the
model commits to a flawed symmetry-based path
early on, which we identify as a primary driver of
spatial hallucination errors.

Case Study 2: Algebraic Anchoring and Error
Mitigation. This case examines how the model
uses coordinate tracking to cross-check and anchor
its visual intuition.

Problem Context: A right isosceles triangle
where tangents are drawn to a circle centered at the
right-angle vertex A.

Model Reasoning Trace: Rather than treating
the image descriptions as static text, the model
proactively establishes a Cartesian frame to verify
its visual perception. The trace shows a conscious
initialization step: Let us place the triangle in a rect-
angular coordinate system with A(0,0), B(1,0),
and C'(0,1). The locus y = x strictly gives the
angle bisector AD...

Diagnostic Insight: While traditional MLLMs
suffer because they decouple the visual diagram
from the symbolic proof, reasoning-oriented archi-
tectures use this coordinate system as an internal
feedback loop to “double-check” geometric loca-
tions. Through this, we can separate failures into
Mapping Errors (disconnect between image and
coordinate initialization) versus Computation Er-
rors (algebraic slips within the correct coordinate
frame). Error propagation typically occurs when
the model fails to resolve the explicit contradic-
tions between its rigid coordinate calculations and
its initial visual guess.

L. More Problems in GeoChallenge
Dataset

Figures 8, 9, and 10 illustrate representative ex-
amples of easy, medium, and hard problems, re-
spectively. A clear progression in complexity is
observable across these difficulty levels: the tex-
tual descriptions grow significantly longer, incor-
porating more intricate logical constraints and nu-
anced phrasing, while the accompanying images
exhibit a marked increase in structural sophistica-
tion, evidenced by the rising number of geometric
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Multimodal model input prompts

i You are an expert in the field of mathematics, specializing in logical reasoning and problem-solving. Your
| task is to carefully analyze the following question and rigorously verify the correctness of each option

. through deductive reasoning. First, provide the final answer composed of the letter(s) of the correct
option(s), followed by a step-by-step reasoning process for each option, including the justification for its
inclusion or exclusion.

Question: {{question_en}}
i Options:
. A {{a_en}}
. B.{{b_en}}
: C. {{c_en}}
i D. {{d_en}}

Please respond in the following format:
[Answer][Final option letter(s)]

[Option A] (analysis)

[Option B] (analysis)

[Option C] (analysis)

*._[Option D] (analysis)

Multimodal model input prompts

| RE—NERIEER, SETEEEENEERR. MEEEFESTATDN, B EESWiES M
| HUIEEE. BESSHBRIRANESERFREMINREEE, BEE NEtEHEIATHERSE, SRR

. BRRE.

| [E&: {{question_zh}}
i

- A {{a_zh}}

. B. {{b_zh}}

+ C.{{c zh}

. D.{{d_zh}y

L IBERBRLA TSR
L [BRI[REENFH]
. [EIA]
| [1%5T0B]
| [EIC]
\, [1BEI0D]

Figure 7: Chinese version of prompt to LLMs

points, connecting lines, and layered annotations.
Notably, the easy-level problems typically involve
straightforward deductions with minimal interme-
diate reasoning steps, whereas medium and hard
problems demand deeper theorem applications, of-
ten requiring multi-hop inference chains and care-
ful consideration of implicit spatial relationships.
This escalation in cognitive demand aligns closely
with human intuition—the harder problems not
only present more visual clutter but also necessi-
tate greater mental effort in parsing, planning, and
executing solutions. The deliberate stratification
of difficulty ensures that the benchmark captures a
wide spectrum of reasoning capabilities, from basic

pattern recognition to advanced geometric theorem
synthesis, mirroring the gradual skill development
observed in human problem-solving. Furthermore,
the consistency between objective complexity met-
rics (e.g., token count, graph density) and subjec-
tive human assessment underscores the validity of
our difficulty calibration methodology.
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\
\

"Question_en": "Given a right trapezoid ABCD with ABIICD, and <A as the right angle. G is a free point. Through
point B, two tangents Bl and BJ are drawn to the circle ©A with radius AG, with the point of tangency atland),

respectlvely. ,

"A_en": "AD is not perpendicular to CD",

"B_en": "Al:Bl = AJ:BJ",

"C_en": "AD is parallel to I)",
"D_en": "Ais the circumcenter of aGIJ", \

"Answer": "BCD",
"Prior_Difficulty": 59.0,

"Posterior_DifﬁcuIty": 0.

"SimplifiedFormalText":
"UsedPoints™: ["a","b","c

o

75,

trapezoid abcd;g="freeg;ij=tangentijbag",
'l

D
"premises”; ['AB Il CD [00]",'AB L AD [01]","Al = AG [02]","BI L Al [03]","AJ = AG [04]","B) L AJ [05]"],
"ProofSteps_A": "001. AB L AD [00] & AB Il CD [01] = CD L AD\n",
"ProofSteps_B": "001. Al = AG [00] & AJ = AG [02] = A is the circumcenter of \\Delta JGI [04]1\n002. A is the
circumcenter of \\Delta JGI [04] & Bl L Al [01] = «JIB = £JGI [05]\n003. A is the circumcenter of \\Delta JGI [04]

&BJ L AJ[03] = «BJI
[07] = IB = JB [08]\n0O6.

= 2£JGI [06]\n004. 2JIB = 2£JGI [05] & «£BJI = 2JGI [06] = «BJI = £JIB [07]\n005. £BJI = £JIB

Al = AG [00] & AJ = AG [02] & IB = JB [08] = IA:IB = JAJB\n",

"ProofSteps_C": "001. AJ = AG [04] & Al = AG [02] = A is the circumcenter of \\Delta JGI [06]\n002. A is the
circumcenter of \\Delta JGI [06] & Bl L Al [03] = «JIB = £JGI [07]\n003. A is the circumcenter of \\Delta JGI [06]

& BJ L AJ[05] = «BJI

= £JGI [08]\n004. Bl L AI[03] & BJ L AJ[05] = «BJA = «BIA [09]\n005. ~BJA = «BIA [09]

= A,JB, are concyclic [10]\n006. A,J,B,I are concyclic [10] = «BJI = «BAI [11]\n007. AB L AD [01] & BI L Al [03]
= «BAl = £(AD-BI) [12]\n008. £JIB = 2JGI [07] & «£BJI = £JGI [08] & «BJI = «BAI [11] & AB 11 CD [00] & «BAI =
2(AD-BI) [12] = «(AD-BI) = 2JIB [13]\n009. £(AD-BI) = 2JIB [13] = AD Il J\n",

"ProofSteps_D": "001. AJ = AG [01] & Al = AG [00] = A is the circumcenter of \\Delta JGI\n"

Figure 8: Example of easy level problem in GeoChallenge

"Question_en": "Given square ABCD. Construct the nine-point circle ©H of 2CBA, |ntersect|ng BA, CA, CB at EF

G, respectively. GFl=45°,

IC=GA. Line Fl intersects the perpendicular bisector of EF at K.",

"A_en": "2(AH-BK) # «GDE",
"B_en": "AE:AK = DG:DK",
"C_en": "BK is perpendicular to CH",

"D_en": "EH is not perpendicular to EK", D, c

"Answer": "BC",

"Prior_Difficulty": 176.0,
"Posterior_DifficuIty": 0,

"SimplifiedFormalText":

G

"abcd=isquareab cd;efgh = ninepoints \)

efghcba;i=s anglegfi45 eqdistanceicga; k = on_line k fi, on_bline k e f", /\\\
"t e g Rk, ~ |

"UsedPoints": ['a","b","c

Ly

\

prem|ses" ["AB = BC [00]" "AB 1L BC[01]", "E A,B are collinear [02]","EB = EA [03]" "C, FA are c0|I|near [04]","FA
= FC [05]","C,G,B are collinear [06]","GC = GB [07]","HE = HF [08]","HF = HG [09]","zIFG = 1_PI/4 [10]","KE = KF
[11]","F 1K are collinear [12]","«KEF = <EFK [13]"],

"ProofSteps_A": "001. AB L BC [00] & BC 1l AD [02] & AB Il CD [03] = «ADC = £ABC [19]\n002. AB L BC [00]
& BC I AD [02] & AB 1| CD [03] = AD L DC [20]\n003. ZADC = £ABC [19] = C,D,A,B are concyclic [21]1\n004. AB

Il CD [03] & BC 1l AD [02]

= «CDA = «DCB [22]\n005. AB 1| CD [03] & BC il AD [02] = «ADC = «CBA [23]\n006.

C,D,A,B are concyclic [21] & «CDA = «DCB [22] = CA = DB [24]\n

112. £.BKG = £EDG [129] & £EHA = £HGK [127] & H,G,E are collinear [103] = «(BK-AH) = 2EDG\n",

"ProofSteps _B": "......",
"ProofSteps_C": "......"
"ProofSteps _D": "

Figure 9: Example of medium level problem in GeoChallenge
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name

meaning

X = angle_bisector(A,B,C)
X = angle_mirror(A,B,C)
X,Y,Z,1 = centroid(A,B,C)

X = circle(A,B,C)

A,B,C,D = eq_quadrangle()
A,B,C,D = eq_trapezoid()

X =eq_triangle(B,C)

X =eqangle2(A,B,C)

X =eqangle3(A,B,D.E.F)
A,B,C,D = eqdia_quadrangle()
X = eqdistance(A,B,C)

X = excenter(A,B,C)

X =foot(A,B,C)

A,B,C =ieq_triangle()

X =incenter(A,B,C)

X = intersect(f,g)

X = intersection_Ic(A,0,B)
X = intersection_l1(A,B,C,D)
X = intersection_Ip(A,B,C,M,N)
X = intersection_It(A,B,C,D,E)
X = intersection_pp(A,B,C,D,EF)
X = intersection_tt(A,B,C,D,E,F)
A,B,C =iso_triangle()
A,B,C.D = isquare()

X = lc_tangent(A,O)

X = midpoint(A,B)

X = mirror(A,B)

X.,Y,Z,1 = ninepoints(A,B,C)
X =nsquare(A,B)

X = on_aline(A,B,C,D.E)

X = on_bline(X,A,B)

X =on_ circle(O,A)

X = on_circum(A,B,C)

X = on_dia(A,B)

X = on_line(A,B)

X = on_pline(A,B,C)

X = on_tline(A,B,C)

X = orthocenter(A,B,C)

X = parallelogram(A,B,C)
A,B,C,D =r_trapezoid()
A,B,C =r_triangle()
A,B,C,D = rectangle()

X =reflect(A,B,C)

A,B,C =risos()

X =s_angle(A,B,a)

A,B = segment()

X = shift(B,C,D)

XY =square(A,B)

X,Y = tangent(A,O,B)
A,B,C,D = trapezoid()
A,B,C = triangle()

Construct point X on the angle bisector of £ ABC

Construct point X such that BC is the bisector of Z ABX
Construct point I as the centroid of AABC with midpoints X, Y, Z
Construct point X as the circumcenter of AABC

Construct quadrilateral ABCD with AD = BC

Construct trapezoid ABCD with AD = BC

Construct point X such that AXBC is an equilateral triangle
Construct point X such that £ BAX = Z XCB

Construct point X such that / AXB = / EDF

Construct quadrilateral ABCD with AC = BD

Construct point X such that XA = BC

Construct point X as the excenter of AABC

Construct point X as the foot of A on BC

Construct equilateral triangle AABC

Construct point X as the incenter of AABC

Construct point X as function f() N g()

Construct point X as circle O N line AB

Construct point X as line AB N line CD

Construct point X as line AB N line through C parallel to line MN
Construct point X as line AB N line through C perpendicular to line DE
Construct point X such that line XA || line BC and line XD || line EF
Construct point X such that line XA _L line BC and line XD _L line EF
Construct A, B, C such that AB = AC

Construct square ABCD

Construct point X such that OA is perpendicular to AX

Construct point X as the midpoint of AB

Construct point X such that B is the midpoint of AX

Construct midpoints X, Y, Z and point I as the circumcenter of AXYZ
Construct point X such that XB is the right isosceles triangle
Construct point X such that £ XAB = Z CDE

Construct point X on the perpendicular bisector of AB

Construct point X such that OA = OX

Construct point X on the circumcircle of A, B, C

Construct point X such that AX is perpendicular to BX

Construct point X on line AB

Construct point X such that XA is parallel to BC

Construct point X such that XA is perpendicular to BC

Construct point X as the orthocenter of ABC

Construct point X such that ABCX is a parallelogram

Construct right trapezoid ABCD

Construct right triangle ABC

Construct rectangle ABCD

Construct point X as the reflection of A about BC

Construct point X as the isosceles triangle ABC

Construct point X such that Z ABX = «

Construct segment AB

Construct point X such that XB=CD and XC=BD

Construct point X, Y such that XYAB is a square

Construct point X,Y as the tangent touch points from A to circle (O,B)
Construct trapezoid ABCD

Construct triangle ABC

Table 11: Predefined Clause Templates for Generating Geometric Problems
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premise(s)

conclusion

perp ABCD, perpCDEE ncoll ABE
congOAOB,congOBOC,congOCOD
eqangle ABPQCDPQ

cyclic ABPQ

eqanglec6 PAPBQAQB,ncollPQAB

cyclic ABCPQR,eqangle CACBRPRQ
midp EA B, midp FA C

midp EA B, midp FA C, midp GB C

midp EA B, midp FA C, midp GB C

para AB C D, coll O AC,collOBD

perp ABCD, perp EF GH, npara ABEF
eqangle ABCDMNPQ,eqangle CDEFPQRU
eqratio ABCDMNPQ,eqratio CDEFPQRU
eqratio6 DBDCAB A C, Coll DB C, ncoll AB C
eqanglecc ABADADAC,CollDBC,ncoll ABC
cong O AOB,ncollO AB

eqanglec6c AOABBABO,ncollOAB

circle OABC,perpOAAX

circle OAB C,eqangle AXABCACB

circle OAB C, midp MB C

circle OABC, coll MB C,

eqangle ABACOBOM

perpABBC, midpM A C

circle OABC,coll OAC

cyclic ABCD,paraABCD

midp M A B, perp OMAB

cong APBP,congAQBQ

cong APBP,congAQBQ,cyclic ABPQ

midp M A B, midp M C D

midp M A B, para ACB D, para ADB C

eqratico OAACOBBD,coll OAC,

coll O B D, ncoll A B C, sameside AOCBOD
paraABAC

midp M A B, midp NCD

eqangle ABPQCDUV,perpPQUV

eqratio ABPQCDU V,congPQUV

paraABEF

cyclic ABCD
paraABCD

eqangle PAPBQAQB
cyclic ABPQ
congABPQ
paraEFBC
congEFGB
congEFGC
eqratio3 ABCD OO
eqangle ABEFCD GH
eqangle ABEFMNRU
eqratio ABEFMNRU
eqanglec ABADADAC
eqratio6 DBDCABAC
eqangle OAABABOB
congOAOB

eqangle AXABCACB
perpOAAX

eqangle ABACOBOM

midp M B C

cong AMBM

perp ABBC

eqangle ADCDCDCB
congOAOB
perpABPQ
perpPAAQ
paraACBD
midp M CD
paraABCD

collABC

eqratio MAABNCCD

perpAB CD
cong ABCD
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"Question_en":
G, respectlvely Through point F, draw a line parallel to BH, and this line intersects C|rcle determined by points F, D,
and C at J. M is the midpoint of DJ. N is the midpoint of AJ.", T

"A_en":

"CN # JN", s \\
" "2AMF # AGND", DL S -
": "AM:HN # HM:GM", i / N
:"AM is parallel to GN", b

"Answer": "D",

Prlor_leflcuIty 1413.5, \ £ )/

"Posterior_Difficulty": 0, N

"SimplifiedFormalText": "ab cd = isquareabcd;efgh = .
ninepoints e fgh cd b; j = on_circumj fd ¢, on_plinejfb h; ~ X
m = midpoint m d j; n = midpointn aj",

"UsedPoints": ["a","b","c","d","e","f","g","h","j","m","n"], A %

"premises": ["AB = BC [00]","AB L BC [01]","AB 1 CD [02]","AD 1l BC [03]","E,D,B are collinear [04]","ED = EB
[05]","F,B,C are collinear [06]","FB = FC [07]","G,D,C are collinear [08]","GC = GD [09]","HE = HF [10]","HF = HG
[11]","J,F,D,C are concyclic [12]","JF 1t BH [13]","J,M,D are collinear [14]","MD = MJ [15]","A,J,N are collinear
[16]","NJ = NA [17]"],

"ProofSteps_A": "001. FC = FB [07] & OD = OA [21] = FC:FB = OD:OA [22]\n002. AB Il CD [02] & F,B,C are
collinear [06] & A,O,D are collinear [20] & FC:FB = OD:0OA [22] = FO Il CD [23]\n003. F,B,C are collinear [06] &
A,0,D are collinear [20] & AB 1 BC [00] & AB Il CD [02] & FO Il CD [23] & BC 1l AD [03] = «FCD = .FOD
[241\n......247. £(JO-ED) = «(JC-OG) [54] & E,D,B are collinear [04] & GO L HG [67] & BD L AC [50] & GO II AC
[52] & OG 11 JO [143] & BE L GO [80] & H,F,G are collinear [92] & BD 1l FG [63] & £(CO-El) = z(AC-GI) [118] & CO
I EI'[116] & «(CO-El) = «GOI [156] & «BDG = «NEO [263] & G,D,C are collinear [08] & E,F,O are collinear [36] &
EF II CD [34] & ~OGM = ~AEN [266] & A,E,C are collinear [61] & GM 1l CJ [267] = JC L CA [268]\n248.JC L CA
[268] & N is midpoint of AJ[37] = JN = CN\n",

"ProofSteps B": "......

Figure 10: Example of hard level problem in GeoChallenge
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"Given square ABCD. Construct the nine-point circle ©H of ~CDB, intersecting DB, CB, CD at E, F ‘\

\



