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Abstract can substantially improve mathematical and logical

Reinforcement learning with verifiable rewards
(RLVR) improves language-model reasoning
using outcome-level supervision, but this super-
vision is temporally coarse: it indicates whether
a trajectory ends with a correct answer, without
revealing when the reasoning becomes reliable
or silently fails. Existing verbalized-confidence
methods typically calibrate a single confidence
score after the final answer, leaving interme-
diate uncertainty unobserved. We propose
SCOPE (Stepwise Calibration with Outcome-
grounded Prefix Evidence), which trains rea-
soning models to emit confidence after each
reasoning step. SCOPE interprets step confi-
dence as the model’s prefix-conditioned belief
in the gold answer: how likely the gold an-
swer is under the reasoning prefix generated so
far. During training, SCOPE constructs a soft
target by scoring the gold answer conditioned
on each reasoning prefix under the current pol-
icy. It then distills this signal with a two-stage
masked RL objective: the first stage stabilizes
the output format and final-answer accuracy,
while the second stage performs calibration-
only masked updates by applying stepwise and
final-confidence rewards only to the numeri-
cal tokens inside the emitted confidence spans.
Experiments on mathematical reasoning bench-
marks show that SCOPE improves stepwise
and final-confidence calibration while preserv-
ing final-answer reasoning performance. We
further show that the resulting confidence sig-
nals support downstream inference-time con-
trol, enabling more reliable Learn-Then-Test
risk control and stronger confidence-weighted
aggregation.

1 Introduction

Reinforcement learning with verifiable rewards
(RLVR) has become a central paradigm for improv-
ing the reasoning ability of large language models
(LLMs). By optimizing outcome-level signals such
as final-answer correctness, GRPO-style training

reasoning performance (Guo et al., 2025; OpenAl,
2024; Shao et al., 2024). However, outcome-level
supervision is temporally coarse: it provides only
a terminal correctness signal, without indicating
when a reasoning prefix becomes reliable, when it
begins to support the correct answer, or when an
intermediate error causes the trajectory to deviate
from a valid solution path. A model can therefore
produce a fluent multi-step derivation, make a dam-
aging intermediate mistake, and still report high
confidence at the end.

Recent work on verbalized confidence calibra-
tion trains models to output a scalar confidence
after the final answer (Damani et al., 2025; Bani-
Harouni et al., 2025; Li et al., 2026; Ma et al.,
2026). These methods establish a response-level
calibration paradigm: the model solves the prob-
lem, emits one final confidence score, and that
score is trained to match final correctness. But
reasoning is not a single-shot prediction. A long
chain of thought may contain useful derivations,
irrelevant detours, brittle assumptions, and self-
corrections before the final answer is produced. A
single post-answer confidence score cannot reveal
where uncertainty arises inside the reasoning pro-
cess.

This motivates stepwise reasoning confidence:
the model should expose how its confidence
evolves as the chain of thought unfolds. This raises
a central modeling question: what should step-
wise confidence represent? A natural answer is
local step correctness, but local correctness is not
always the right target for test-time control. A
step can be mathematically valid but irrelevant to
the final solution, or locally incomplete while still
moving the model toward the correct answer. We
instead interpret step confidence as the model’s
prefix-conditioned belief in the gold answer: the
likelihood assigned to the gold answer given the
reasoning prefix generated so far.
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(A) Low-confidence prefixes under high final confidence

Final confidence fails to reveal intermediate prefix-level uncertainty

(B) Difference in low-confidence rate across benchmarks
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Figure 1: Motivation analysis on high-final-confidence trajectories from an RLCR-style calibrated model. We
condition on final confidence > 0.7 and track prefix confidence u;, the model’s likelihood of the gold answer given
the current reasoning prefix. Incorrect trajectories are more likely than correct trajectories to enter low-prefix-
confidence states (u; < 0.3), and this gap increases toward later reasoning steps. This indicates that final confidence

can mask intermediate reliability failures.

We propose SCOPE, a framework for train-
ing reasoning models to emit inline confidence
after each reasoning step. For each reasoning pre-
fix h; = (x,2<;), SCOPE constructs a soft su-
pervision target by scoring the gold answer con-
ditioned on that prefix under the current policy.
This outcome-grounded prefix evidence captures
whether the reasoning accumulated so far supports
the correct final answer, rather than whether the
latest step is locally correct.

To distill this signal without disrupting reason-
ing, SCOPE uses a two-stage masked RL recipe.
Stage 1 stabilizes the required stepwise format and
final-answer accuracy. Stage 2 starts from this pol-
icy and performs calibration-only masked updates
on the numerical tokens inside the stepwise and
final-confidence spans. The resulting model pro-
duces a confidence trace during ordinary decoding,
making the signal directly usable for confidence-
based test-time control.

Our contributions are threefold:

* To the best of our knowledge, we introduce the
first framework to train the language model
itself to emit calibrated stepwise verbalized
confidence using outcome-grounded prefix ev-
idence, with region-masked RL to avoid dis-
turbing reasoning tokens.

* We define stepwise verbalized confidence as
the model’s prefix-conditioned belief in the
gold answer and instantiate this target with
outcome-grounded prefix evidence, computed
from gold-answer likelihood under the current
policy. We train this signal using a two-stage

masked GRPO objective that separates format-
and-accuracy learning from calibration-only
updates on confidence-number tokens.

Experiments on mathematical reasoning
benchmarks show that SCOPE improves step-
wise and final-confidence calibration while
preserving final-answer accuracy. We fur-
ther show that the learned confidence traces
support test-time scaling through Learn-Then-
Test risk control and confidence-weighted ag-
gregation.

2 Method

SCOPE trains a reasoning policy to emit a nu-
merical confidence after each reasoning step. The
confidence is supervised by outcome-grounded pre-
fix evidence, a soft target for the model’s prefix-
conditioned belief in the gold answer. Training
follows a two-stage masked RL procedure: Stage 1
stabilizes the stepwise format and final-answer ac-
curacy, and Stage 2 applies calibration-only up-
dates to the emitted confidence numbers.

2.1 Problem Setup

Given a question z, we write a generated trajectory
as

T = (21,111,--~32K,UK7?J,UF),

where z; is the i-th reasoning step, v; is the con-
fidence statement emitted after that step, y is the
final answer, and v is the final-answer confidence
statement. Let y* denote the gold answer.
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SCOPE: Stepwise Calibration with Outcome-grounded Prefix Evidence
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Figure 2: Overview of SCOPE. Stage 1 stabilizes the stepwise reasoning format and final-answer accuracy.
Stage 2 computes outcome-grounded prefix evidence by scoring the gold answer under a stop-gradient copy of the
current policy, and then routes reasoning rewards to reasoning tokens and calibration rewards to the corresponding
confidence-number spans. At inference time, the emitted confidence trace can be used for confidence-based test-time

selection and aggregation.

We define the autoregressive prefix before the
t-th confidence statement as

hl’ = (l’, Z15UV1y++-32i—15Ui—1, Zi).

This prefix matches the context available to the
policy when it emits v;: it includes the current
reasoning step and all previous reasoning and con-
fidence statements, but not the current confidence
value itself.

After each reasoning step, the policy emits a
<conf> span containing v;. At the end of the trajec-
tory, the policy emits a <final_answer> span con-
taining y and a <final_confidence> span con-
taining vr. Let §; € [0,1] and ¢r € [0, 1] denote
the numerical confidence values parsed from v;
and vp, respectively. We train §; to estimate the
model’s prefix-conditioned belief in the gold an-
swer, rather than local step correctness.

2.2 Outcome-Grounded Prefix Evidence

For each autoregressive prefix h;, SCOPE con-
structs a soft confidence target by scoring the gold

answer under the current policy in a detached scor-
ing pass. Let my be the policy being trained, and
let 5 denote the same policy used for scoring with
gradients stopped. This scoring pass uses the latest
policy weights but does not introduce a separate
external model.

We compute the Ilength-normalized log-
likelihood of the gold answer conditioned on
hii

ly”|
1
t; = 7 > log (g | hisyin), (D)
m=1

where |y*| denotes the number of tokens in the gold
answer. The prefix-evidence target is

2

Thus, u; € [0, 1] serves as an operational measure
of the model’s prefix-conditioned belief in the gold
answer, implemented as the length-normalized like-
lihood of y* under the same autoregressive context
used to emit the step confidence.

ui = exp((y).
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2.3 Confidence Rewards

For the confidence value emitted after step i, we
train the parsed confidence §; to match the prefix-
evidence target u;. For a trajectory with K parsed
step-confidence values, we define the stepwise cali-
bration reward as

1 XK

Rap =1= 3 (G—w)’. O

Averaging over steps makes trajectories with differ-
ent numbers of reasoning steps comparable.

For the final confidence value, we use an answer-
level Brier reward against final-answer correctness:

Ry =1—-(Gr —1y=y*)*. &

Stepwise confidence is therefore supervised by the
continuous prefix-evidence target u;, whereas final
confidence is supervised by binary final correctness.
We also evaluate a log-scoring-rule variant as an
ablation; all main SCOPE results use the L2/Brier
rewards in Eq. 3 and Eq. 4.

2.4 Two-Stage Masked GRPO Training

A single completion-level reward creates ambigu-
ous credit assignment because reasoning accuracy,
format compliance, and confidence calibration af-
fect different parts of the generated sequence. If
calibration rewards are propagated through the en-
tire trajectory, they may perturb reasoning tokens.
Conversely, if confidence spans are optimized to-
gether with long reasoning spans, the short numeri-
cal confidence tokens may receive diluted gradients.
SCOPE therefore separates reasoning stabilization
from confidence calibration.

Stage 1: format-and-accuracy stabilization.
Stage 1 trains the model to produce the required
stepwise format while preserving final-answer rea-
soning ability. For each prompt x, we sample a
group of G trajectories

(@)

W 7@ om(- | ).

Let Fmt(7) denote whether trajectory 7 satisfies
the required stepwise format. For trajectory 7(9),
we define

9 = 1[Fmt(r9) = 1],
9 = 1[y9) =y,

where f(¢) indicates format compliance and c¢(9)
indicates final-answer correctness. The Stage-1

reward is
RN T9Y = At £19) + Naeec9). (5)

In our main experiments, we set Agt = 0.5 and
Aace = 1.0. Stage 1 provides a stable format-and-
accuracy initialization for the calibration stage, en-
suring parseable stepwise outputs while preserving
final-answer reasoning ability.

Stage 2: calibration-only masked updates.
Stage 2 starts from the Stage-1 policy and cali-
brates the emitted confidence numbers. The model
still generates complete reasoning trajectories, but
reasoning tokens are masked out from the Stage-
2 policy-gradient loss. Only numerical tokens
inside the per-step <conf> spans and the final
<final_confidence> span receive direct calibra-
tion gradients.

For each calibration reward component R, €
{Rstep, Rbrier }» We compute a group-normalized
GRPO advantage over the G trajectories:

(9) ( (j)>

c . meanj c

A = :
std; (jo)) +e

(6)

Let Mgcp denote the binary token mask selecting
only the numerical tokens inside per-step <conf>
spans, and let Mg, select only the numerical to-
ken inside the final <final_confidence> span.
For compactness, write

G(R,M) = Lymcrro(R, M),

where L,,grpo (R, M) denotes the masked GRPO
loss using the group-normalized advantage from
reward I? and normalizing over the active tokens
selected by mask M.

The Stage-2 objective is

£52 = )\1 g(Rstepy Mstep)
+ )\2 g(Rbrier; Mﬁnal) (7)
+ Brr, KL(mg||7s1)

where g7 is the frozen Stage-1 policy. The coef-
ficients A\; and Ao control the weights of stepwise
and final-confidence calibration, respectively. The
KL term keeps the calibrated policy close to the
format-and-accuracy policy learned in Stage 1.
This region-specific masking is central to
SCOPE: it prevents calibration rewards from di-
rectly updating reasoning tokens while avoiding
gradient dilution on the short confidence spans.
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2.5 Inference

At inference time, SCOPE generates the full tra-
jectory in a single autoregressive decode,

7= ((z21,01)s-- -, (2K, VK), Y, UF ).

The emitted confidence values can be used directly
at test time without access to the gold answer. We
parse the confidence trace (qi, . .., (k) and use it
for stepwise calibration evaluation and confidence-
based test-time control.

3 Experiments

3.1 Experimental Setup

Models and training. We evaluate
SCOPE on Qwen2.5-Math-1.5B-Base and
Qwen2.5-7B-Base. Both model scales are trained
with the two-stage procedure described in Sec-
tion 2.4. Stage 1 optimizes the stepwise output
format and final-answer correctness; Stage 2 starts
from the Stage-1 checkpoint and applies masked
calibration rewards to the confidence-number
spans. The prefix-evidence target is computed by
scoring the gold answer under the current policy
in a detached scoring pass, without using human
step-level labels or an external process reward
model.

Datasets. For math RL training, we use 15,000
problems from the Big-Math-Digits training data.
For evaluation, we report results on GSMS8K,
MATH-500, AMC23, AIME24, and Olympiad-
Bench. We additionally include Big-Math-Digits
in the test-time aggregation experiments to match
the downstream scaling setting. For QA generaliza-
tion at 7B scale, models are trained on HotPotQA-
Modified and evaluated on HotPotQA, TriviaQA,
SimpleQA, CommonsenseQA, and GPQA. Full
training details and prompt templates are provided
in Appendix B.

Metrics. For final-answer performance, we re-
port accuracy. For final confidence, we report Brier
score, expected calibration error (ECE), and AU-
ROC against final-answer correctness. For step-
wise confidence, we evaluate each emitted step con-
fidence against Monte-Carlo prefix success: given
a reasoning prefix, we sample M = 8 continu-
ations and compute the fraction that reaches the
gold answer. Unless otherwise stated, all methods
are evaluated under the same setting.

Baselines. We compare against representative
baselines spanning prompting-only inference,
outcome-only RL, and confidence-aware RL. Base
denotes the original backbone prompted to emit
an answer and confidence. GRPO is an outcome-
only RL baseline trained with final-answer correct-
ness rewards. RLCR is an answer-level verbalized-
confidence calibration baseline that applies a Brier-
style reward to final confidence. C2GSPG is
a confidence-calibrated policy-gradient baseline
based on sequence-level confidence regularization.
We also report SCOPE(Stage-I) to isolate format-
and-accuracy training from Stage-II confidence cal-
ibration.

3.2 Math Final-Answer Accuracy and
Calibration

Table 1 reports macro-average final-answer accu-
racy and final-confidence calibration on mathemat-
ical reasoning benchmarks. The main trend is that
Stage-II calibration substantially improves confi-
dence quality without sacrificing final-answer ac-
curacy. At 1.5B scale, SCOPE(Stage-II) achieves
the best macro accuracy and improves AUROC
from 0.465 for Stage-I to 0.768. This indicates
that learning the stepwise format alone is insuffi-
cient: Stage-I can emit confidence values, but these
values remain poorly calibrated.

At 7B scale, SCOPE(Stage-1I) achieves the
strongest macro accuracy (0.489) and AUROC
(0.792), while matching the best Brier score among
calibration-aware baselines. RLCR and C>*GSPG
remain competitive on some calibration metrics,
but they do not provide the same overall accuracy—
discrimination trade-off. These results support
the claim that outcome-grounded prefix evidence
can be distilled into useful confidence expres-
sions while preserving the reasoning ability learned
through RL. Full per-dataset math results are pro-
vided in Appendix C.1.

3.3 QA Generalization

Table 2 reports macro-average QA generalization
results at 7B scale. Although SCOPE is de-
signed around stepwise confidence rather than task-
specific QA calibration, Stage-1I achieves the best
macro Brier, ECE, and AUROC while maintain-
ing competitive answer accuracy. This suggests
that masked confidence calibration transfers be-
yond mathematical reasoning to broader question
answering settings. Full per-dataset QA results are
provided in Appendix C.2.
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Model Method Acc.t Brier] ECE] AUROCtT
Base 0.221 0.674 0.697 0.565
GRPO 0414 0.602 0.635 0.518

1.5B C2GSPG 0416 0.243 0.249 0.655
RLCR 0425 0.214 0.243 0.691
SCOPE(Stage-I) 0.429 0.461 0.458 0.465
SCOPE(Stage-1I) 0.437 0.170 0.176 0.768
Base 0.249 0.633 0.632 0.492
GRPO 0.460 0.566 0.562 0.493

7B C2GSPG 0472 0216 0.207 0.769
RLCR 0472 0.170 0.163 0.764
SCOPE(Stage-I) 0474 0.313 0.317 0.421
SCOPE(Stage-1I) 0.489 0.169 0.176 0.792

Table 1: Macro-average final-answer accuracy and final-
confidence calibration on math reasoning benchmarks.
Macro averages are computed over GSM8K, MATH-
500, AMC23, AIME24, and OlympiadBench. For the
7B Base row, AUROC excludes AIME24 because all
predictions are incorrect and AUROC is undefined. Full
per-dataset results are reported in Appendix C.1.

Method Acc.t Brier] ECE| AUROC?T
Base 0.479 0456 0.446 0.533
GRPO 0.536 0.464 0.464 0.501
C?GSPG 0.535 0.195 0.175 0.642
RLCR 0.536 0217 0.176 0.659
SCOPE(Stage-I) 0.535 0.465 0.464 0.524
SCOPE(Stage-1I) 0.538 0.177 0.130 0.683

Table 2: Macro-average QA generalization results
for 7B models. Macro averages are computed over
HotPotQA, TriviaQA, SimpleQA, CommonsenseQA,
and GPQA. Following RLCR, QA-trained models are
trained on HotPotQA-Modified and evaluated on both
in-domain and out-of-domain QA benchmarks. Full
per-dataset results are reported in Appendix C.2.

3.4 Stepwise Confidence Calibration

Final confidence alone cannot reveal where rea-
soning becomes unreliable. We therefore evaluate
whether emitted step confidences align with prefix-
level solvability. For each generated prefix, we
estimate Monte-Carlo prefix success by sampling
M = 8 continuations and computing the fraction
that reaches the gold answer.

Table 3 studies which target source is most suit-
able for supervising verbalized step confidence.
We compare policy-derived prefix evidence with
four simple uncertainty proxies: MSP, which uses
the maximum token probability; CCP, which uses
claim-conditioned probability; PPL, which uses
sequence perplexity; and Entropy, which uses the
predictive entropy of the model distribution. All
proxy scores are normalized so that larger values in-
dicate higher confidence. The policy-derived prefix
evidence used by SCOPE achieves the best Brier

Source Brier| ECE| AUROCYT ps T
Policy u; 0.206 0.168 0.717 0.388
MSP 0.218 0.107 0.620 0.204
CCP 0.262 0.210 0.675 0.324
PPL 0.274 0.242 0.642 0.286
Entropy 0.327 0.379 0.488 0.314

Table 3: Target-source ablation for stepwise verbal-
ized confidence. All metrics compare emitted step
confidence with Monte-Carlo prefix success. ps de-
notes Spearman correlation. Policy w; corresponds to
SCOPE’s outcome-grounded prefix-evidence target.

Variant Acc.? Brier] ECE| AUROCT
SCOPE 0.437 0.170 0.176 0.768
Stage-I only 0.429 0.461 0.458 0.465
w/oregion mask  0.425 0.252 0.271 0.725
w/o KL-to-Stage-I 0.420 0.203 0.224 0.735

Table 4: Key design ablations of SCOPE. We report
macro averages over the math ablation suite.

score, AUROC, and Spearman correlation, indi-
cating the strongest overall alignment with Monte-
Carlo prefix success. Although MSP obtains the
lowest ECE, its lower AUROC and Spearman cor-
relation suggest that it is weaker at ranking reliable
and unreliable prefixes. These results support using
outcome-grounded prefix evidence as the supervi-
sion target for stepwise confidence.

3.5 Ablation Study

Table 4 isolates the main components of SCOPE.
Stage-I only reaches reasonable accuracy but yields
poor confidence calibration, confirming that format-
and-accuracy training alone does not make step-
wise or final confidence reliable. Removing region
masking hurts both accuracy and calibration, sup-
porting the need to route calibration rewards to the
confidence-number spans rather than propagating
them through the entire reasoning trace. Remov-
ing the KL anchor to Stage-I also degrades perfor-
mance, indicating that the calibration stage benefits
from staying close to the format-and-accuracy pol-
icy. Overall, the full model gives the best accuracy—
calibration trade-off.

Summary. Across math, QA, stepwise calibra-
tion, and ablation evaluations, SCOPE consis-
tently improves confidence reliability while pre-
serving final-answer performance. Stage-II im-
proves final-confidence discrimination over Stage-I,
policy-derived prefix evidence best aligns emitted
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step confidence with Monte-Carlo prefix success,
and the ablations show that both confidence-region
masking and the Stage-I anchor are important for
stable calibration.

4 Downstream Applications

We evaluate whether SCOPE’s confidence traces
support two downstream inference-time uses with-
out access to gold answers: Learn-Then-Test risk
control and confidence-weighted aggregation.

4.1 Learn-Then-Test Risk Control

We evaluate whether the confidence signals pro-
duced by SCOPE can support selective prediction
under a Learn-Then-Test (LTT) protocol. Given a
target accuracy level 1 —e¢, LTT selects a confidence
threshold on a calibration split and applies the se-
lected threshold to a held-out test split. A useful
confidence signal should yield realized test accu-
racy close to the target accuracy: falling below the
diagonal indicates insufficient risk control, while
staying far above the diagonal indicates overly con-
servative thresholding.

Figure 3 reports realized test accuracy as the tar-
get accuracy varies. All methods generally satisfy
the target accuracy, but their behavior differs in how
tightly they track the ideal calibration line. SCOPE
follows the diagonal more closely across most tar-
get levels, indicating that its stepwise confidence
trace provides a more precise signal for threshold
selection. In contrast, GRPO and RLCR tend to
lie noticeably above the diagonal, suggesting more
conservative thresholds that achieve higher-than-
requested accuracy but provide less fine-grained
control over the target risk level. These results
show that calibrated stepwise confidence can serve
as a useful reliability signal for LT T-based test-time
risk control.

4.2 Confidence-Weighted Aggregation

We further evaluate whether the emitted confidence
trace improves test-time scaling over multiple sam-
pled trajectories. Given NV rollouts with predicted
answers yi,..., YN, majority voting selects the
most frequent answer:

N
ima = argmax >  1[y; = y].
=1

Confidence-weighted aggregation instead assigns
each rollout a reliability score s; and selects the

0.7
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Figure 3: Learn-Then-Test risk control over five math
benchmarks. SCOPE matches realized accuracy to the
target accuracy more closely than GRPO and RLCR,
indicating more precise confidence-based threshold se-
lection.

answer with the largest total confidence mass:

Yeonf = arg myax Z Si-
iy =y
For GRPO and RLCR, s; is the reported final con-
fidence. For SCOPE, we use the mean of the emit-
ted stepwise confidence values as the rollout-level
reliability score:

1 &
S = E kgl in,]€7

where K is the number of reasoning steps in roll-
out 4.

Table 5 reports macro-average accuracy across
six math benchmarks under the same sampling
budget. SCOPE achieves the best confidence-
weighted aggregation result, improving over both
GRPO and RLCR. Moreover, confidence-weighted
aggregation improves over majority voting for
SCOPE, suggesting that the emitted stepwise confi-
dence trace provides reliability information beyond
answer frequency.

5 Related Work

Verbalized confidence calibration. A growing
body of work studies how to train language models
to express calibrated uncertainty. RLCR (Damani
et al., 2025) augments outcome rewards with a
Brier-style reward on verbalized confidence against
final-answer correctness. C2GSPG (Liu et al.,
2025a) incorporates a confidence-calibration reg-
ularizer into group-based policy optimization to
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Method Pass@1 1 Majority 1 Conf.-weighted 1
GRPO 0.517 0.567 0.564
RLCR 0.500 0.566 0.568
SCOPE 0.516 0.569 0.573

Table 5: Average accuracy across six math benchmarks
under different aggregation strategies. SCOPE im-
proves confidence-weighted aggregation over GRPO
and RLCR.

better align normalized sequence-level confidence
with answer correctness. Rewarding Doubt (Bani-
Harouni et al., 2025) uses a log scoring rule to
encourage calibrated confidence expression, Conf-
Tuner (Li et al., 2026) studies confidence prediction
at the token level, and DCPO (Ma et al., 2026) de-
couples reasoning and confidence gradients to miti-
gate the accuracy—calibration conflict. These meth-
ods establish a response-level calibration paradigm:
the model produces an answer, emits a scalar confi-
dence score, and receives confidence supervision
from the final outcome label.

Likelihood-based rewards and outcome-
grounded reasoning signals. Recent verifier-
free RL methods use the probability or log-
likelihood of a reference answer as a supervision
signal. VeriFree (Zhou et al., 2025) and RLPR
(Yu et al., 2025) replace external verifiers with
reference-answer probability rewards, while
NOVER (Liu et al., 2025b) uses the perplexity of
the ground-truth answer conditioned on generated
reasoning as a reward proxy. A systematic
study of likelihood-based reward designs further
compares probability- and log-probability-based
rewards across verifiable and non-verifiable
settings (Kwiatkowski et al., 2026). Closest to
our setting, PACR (Yoon et al., 2025) tracks the
prefix-conditioned probability of the ground-truth
answer and uses its stepwise change as a dense
process reward. Together, these works show
that reference-answer likelihood provides useful
outcome-grounded information about reasoning
trajectories.

Process supervision and intermediate uncer-
tainty. A separate line of work provides feed-
back at intermediate reasoning states using pro-
cess reward models, rollout-based value estimates,
or hidden-state probes. Process reward models
train auxiliary verifiers to score step quality (Light-
man et al., 2024; Wang et al., 2024; Zhang et al.,
2025; Yuan et al., 2024), while rollout-based meth-

ods estimate prefix or step value through contin-
uation sampling (Setlur et al., 2025). Other ap-
proaches derive uncertainty signals from the policy
or its internal states, including entropy, trace length,
self-evaluation, and hidden-state probes (Fu et al.,
2025; Devic et al., 2025; Kadavath et al., 2022;
Ballon et al., 2026). RLCM (Wang et al., 2026)
is particularly relevant: it supervises process-level
confidence with a probe-based margin objective
and shows benefits for risk control and confidence-
weighted aggregation.

Positioning of our method. SCOPE connects
verbalized confidence calibration, likelihood-based
reasoning signals, and process-level uncertainty
estimation. Unlike response-level calibration meth-
ods such as RLCR, SCOPE trains the model to
expose confidence throughout the reasoning pro-
cess rather than only after the final answer. Un-
like likelihood-based RL. methods such as PACR,
SCOPE does not use prefix-conditioned gold-
answer likelihood merely as a reward or scoring
function; it turns this outcome-grounded signal
into a soft target for the model’s own stepwise ver-
balized confidence. Unlike probe-based process-
confidence methods such as RLCM, SCOPE does
not attach an auxiliary confidence head or rely
on hidden-state confidence at test time. Instead,
the language model itself emits a calibrated confi-
dence value after each reasoning step, producing a
process-level confidence trace that can be used di-
rectly for downstream risk control and confidence-
weighted aggregation.

6 Conclusion

We introduced SCOPE, a framework for train-
ing reasoning models to verbalize calibrated confi-
dence after each reasoning step. Rather than treat-
ing step confidence as local step correctness or cali-
brating only a single post-answer score, SCOPE in-
terprets stepwise confidence as the model’s prefix-
conditioned belief in the gold answer. We instan-
tiate this target with outcome-grounded prefix ev-
idence, computed from the likelihood of the gold
answer conditioned on each reasoning prefix under
the current policy. To learn this signal, SCOPE
uses a two-stage masked RL objective: Stage 1 sta-
bilizes the stepwise output format and final-answer
accuracy, while Stage 2 applies calibration-focused
updates to the numerical confidence tokens. Ex-
periments show that SCOPE improves stepwise
and final-confidence calibration while preserving
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final-answer reasoning performance. The resulting
confidence traces further support confidence-based
inference-time control, including Learn-Then-Test
risk control and confidence-weighted aggregation.

Limitations

Due to limited computational resources, our exper-
iments are conducted on 1.5B and 7B models, and
we have not yet evaluated SCOPE on larger back-
bones. In addition, SCOPE relies on verifiable fi-
nal answers to construct outcome-grounded prefix-
evidence targets during training, making the current
formulation most directly applicable to mathemat-
ical reasoning and question answering tasks with
reliable gold answers. Extending the method to
open-ended generation, subjective evaluation set-
tings, and broader test-time control scenarios re-
mains an important direction for future work.
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A Confidence Distribution Analysis

Figure 4 compares the distribution of confidence
values produced by SCOPE and RLCR. For
SCOPE, we aggregate the emitted step-level
confidence values across reasoning traces. For
RLCR, we use the reported final-answer confi-
dence. The two distributions exhibit different be-
haviors: RLCR final confidence is concentrated in
the high-confidence region, with mean 0.71 and
median 0.80, whereas SCOPE produces a broader
step-confidence distribution with mean 0.49 and
median 0.41. This suggests that final-answer con-
fidence tends to be coarse and high-valued, while
stepwise confidence exposes more fine-grained un-
certainty throughout the reasoning process.

B Training and Evaluation Details

B.1 RL Training Configuration

Table 6 summarizes the training configuration used
for the main two-stage RL. SCOPE runs.

B.2 Prompt Templates

Table 7 summarizes the math and QA prompt for-
mats. We provide compact examples below the
table; the qualitative examples in Appendix E show
full model outputs.

Math prompt example.

Solve the math problem step by step. After each step, assign a
confidence value

in [0.00, 1.00] estimating how likely the current trajectory is to
lead to the

correct final answer.

FORMAT :
<reasoning>...</reasoning>, <conf>@.XX</conf>

<final_answer>...</final_answer>, <final_confidence>0.XX</
final_confidence>

EXAMPLE:
Question: A train travels at 60 mph for 2.5 hours. How far does it
go?

<reasoning>Use distance = speed x time.</reasoning>, <conf>0.70</
conf>

<reasoning>Compute 60 x 2.5 = 150.</reasoning>, <conf>0.90</conf>

<final_answer>150</final_answer>, <final_confidence>0.96</
final_confidence>

QA prompt example.

Answer the question step by step. After each step, assign a
confidence value

in [0.00, 1.00] estimating how likely the current trajectory is to
lead to the

correct final answer.

FORMAT :
<reasoning>...</reasoning>, <conf>@.XX</conf>

<final_answer>...</final_answer>, <final_confidence>0.XX</
final_confidence>

EXAMPLE :
Question: Which film was released first, Inception or The Dark
Knight?

<reasoning>The Dark Knight was released in 2008.</reasoning>, <conf
>0.88</conf>

<reasoning>Inception was released in 2010, so The Dark Knight was
first.</reasoning>, <conf>0.96</conf>

<final_answer>The Dark Knight</final_answer>, <final_confidence
>0.95</final_confidence>

C Full Results

This section reports the per-dataset results corre-
sponding to the macro-average tables in the main
text.

C.1 Full Math Results

C.2 Full QA Generalization Results

C.3 Detailed Test-Time Aggregation

Table 10 reports confidence-weighted aggregation
by dataset. The main paper reports the macro-
average summary in Table 5.

D Additional Analysis and Ablations

D.1 Prefix-Evidence Diagnostic and Target
Validation

Before training SCOPE, we diagnose whether
final-confidence calibrated models already exhibit
hidden prefix-level reliability failures and whether
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Figure 4: Confidence distribution comparison between SCOPE and RLCR. SCOPE reports step-level confidence
throughout the reasoning process, while RLCR reports final-answer confidence. Compared with RLCR, SCOPE
yields a broader and less over-concentrated confidence distribution, suggesting that stepwise confidence provides a

more fine-grained uncertainty signal.

Parameter Math Stage 1 Math Stage 2 QA Stage 1 QA Stage 2
Model scale Qwen2.5-Math-1.5B / 7B Qwen2.5-Math-1.5B / 7B Qwen2.5-7B Qwen2.5-7B
Initialization Base model Stage-1 checkpoint Base instruct model Stage-1 checkpoint
Learning rate 5x107° 5x107° 1x1076 1x107°

LR schedule linear, warmup 0.10 linear, warmup 0.10 linear, warmup 0.10 linear, warmup 0.10
KL coefficient 3 0.0 0.01 0.0 0.01

Max steps 200 200 200 200

Epochs 1.0 1.0 1.0 1.0
Per-device batch size 8 8 4 4

Gradient accumulation steps 32 32 32 32
Number of generations 8 8 8 8

Rollout temperature 1.0 1.0 1.0 1.0

Reward functions format, accuracy format, accuracy, step L2, final Brier ~ format, accuracy ~ format, accuracy, step L2, final Brier
Reward weights [0.5,1.0] [0.5,0.5] [0.5,1.0] [0.5,0.5]
Reward token masking false true false true

Scale rewards true true true true
Hardware 1.5B: 2xH100 NVL; 7B: 2xB200  1.5B: 2xH100 NVL; 7B: 2xB200 2xB200 2xB200

Table 6: RL training configurations for math and QA experiments. Stage 1 uses format-and-accuracy rewards,
while Stage 2 starts from the corresponding Stage 1 checkpoint and adds stepwise and final-confidence calibration

rewards.

prefix evidence u; is a useful target. We use the
public RLCR checkpoint and generate one trajec-
tory per problem on 240 problems sampled from
MATH-500 and AIME. We segment reasoning into
steps via blank-line splitting, cap trajectories at
20 steps, and compute token entropy, policy log-
probability, vanilla verbalized confidence, and pre-
fix evidence u; at each prefix. On a 100-problem
subset, we additionally estimate pM® with M = 8
continuation rollouts, yielding 496 prefix-rollout
pairs.

Final-confidence blind spot. Correct trajecto-
ries show a clear increase in prefix evidence from
0.29 to 0.86, whereas wrong trajectories remain
near 0.13. At the trajectory level, u; is highly non-
monotonic: 55% of correct trajectories exhibit a
dip-and-recover pattern, and 93% of wrong trajecto-
ries contain at least one prefix with u; < 0.3. Final
confidence also overshoots prefix evidence on er-
rors: the median gap final_conf — ug is +0.40 for
wrong trajectories and —0.20 for correct trajecto-

ries, with 68% of wrong trajectories overshooting
by more than 0.3 compared with 8% for correct
trajectories.

Target validity. Table 11 compares candidate
prefix-level signals against MC prefix success.
Policy-derived prefix evidence aligns best with MC
prefix success in terms of Spearman correlation,
Pearson correlation, Brier score, and AUROC. En-
tropy and prefix log-probability are anti-correlated
with prefix success, suggesting that distributional
sharpness alone is not a reliable proxy for outcome-
grounded prefix reliability.

D.2 Target-Source Ablation Details

Table 3 in the main text reports the target-source
ablation. Policy-derived prefix evidence obtains the
best Brier score, AUROC, and Spearman correla-
tion, while MSP achieves the lowest binning-based
calibration error. This suggests that simple confi-
dence proxies can be coarsely calibrated but are
weaker at ranking reliable prefixes.
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Task Prompt name

Instruction and output format

Math tabc_step_fewshot

Solve the math problem step by step. After each reasoning step, the model

emits a numerical confidence in [0.00, 1.00] estimating how likely the correct
final answer is under the reasoning prefix so far. The output consists of
repeated <reasoning> and <conf> fields, followed by <final_answer> and
<final_confidence>.

QA tabc_step_fewshot_qga

Answer the question step by step. After each reasoning step, the model emits

a numerical confidence in [0.00, 1.00] estimating how likely the correct final
answer is under the current reasoning prefix. The final answer must be a
concise factual string, such as an entity, name, number, or yes/no answer.

Table 7: Prompt templates for math and QA stepwise-confidence generation. Compact prompt examples are shown

below the table.

GSMSK MATH-500

Model Method

AMC23 AIME24 OlympiadBench

Acct Brier] ECE| AUROCT Acct Brier] ECE| AUROCT Acct Brier] ECE| AUROCT Acct Brier] ECE, AUROCT Acct Brier] ECE] AUROCT
Base 0457 0424 0441 0751 0250 0.667 0.679 0499 0325 0.688 0713 0566 0011 0790 0.823 0520 0062 0.802 0.831 0.489
GRPO 0796 0.340 0403 0523 0581 0.549 0.602 0514 0384 0.551 0560 0487 0067 0.744 0817 0529 0244 0825 0.791 0536

s C2GSPG 0.821 0.159 0.115 0628 0560 0213 0287 0622 0375 0230 0217 0616 0067 0341 0338 0723 0259 0271 0288 0.684
RLCR 0.820 0.156 0.136 0598 0583 0243 0256 0670 0387 0236 0219 0742 0067 0.180 0326 0728 0267 0255 0276 0715
SCOPE(Stage-I) 0.826 0.147 0.050 0499 0592 0312 0269 0485 0393 0545 0.560 0375 0.056 0749 0.827 0510 0279 0554 0.583 0.458
SCOPE(Stage-II) 0.836 0.142 0.123 0795 0585 0241 0234 0777 0410 0.149 0.153 0808 0.078 0.103 0.171 0730 0274 0214 0200 0.732
Base 0735 0240 0215 0524 0468 0485 0492 0591 0024 0.667 0667 0313 0000 1.000 1.000 - 0016 0775 0.788 0538
GRPO 0906 0210 0.194 0465 0592 0438 0427 0451 0434 0573 0573 0500 0078 0.898 0901 0530 0288 0710 0.713 0517

o8 C2GSPG 0906 0.089 0.102 0679 0621 0233 0.167 0687 0461 0204 0230 0801 0.108 0323 0291 0877 0265 0233 0245 0.800
RLCR 0.896 0.100 0.119 0632 0598 0227 0120 0.665 0470 0.197 0.094 0780 O0.111 0.140 0266 0910 0283 0.188 0.214 0.833
SCOPE(Stage-I) 0.905 0.173 0295 0346 0.620 0243 0.083 0376 0446 0325 0255 0426 0.00 0456 0592 0.544 0300 0366 0362 0.414
SCOPE(Stage-II) 0.909 0.064 0.058 0730 0.640 0213 0203 0715 0.480 0216 0220 0780 0121 0.095 0.149 0893 0294 0257 0252 0.841

Table 8: Full per-dataset final-answer accuracy and final-confidence calibration across math reasoning benchmarks.
The macro-average summary is reported in Table 1. Acc measures final-answer correctness. Brier, ECE, and
AUROC evaluate the quality of the reported final-answer confidence.

D.3 Full Ablations and Hyperparameter
Scans

E Qualitative Examples

This section provides representative successful and
failed model outputs. Prompt templates are re-
ported in Appendix B.2.

E.1 Successful Examples

Example 1: Series identity. This example is
from MATH-500. The model correctly derives the
identity and gradually increases confidence after
the key reindexing and simplification steps.

Question:
Define
p = sum_{k=1}*inf 1/k*2 and q = sum_{k=1}*inf 1/k*3.
Find a way to write
sum_{j=1}*inf sum_{k=1}*inf 1/(j+k)*3
in terms of p and q.

Gold: p - q
Prediction: p - q
Result: Correct

Model output:

<reasoning>Recognize that the double sum can be rewritten by
changing the index of summation. Let n = j + k. Then
for each fixed n, j ranges from 1 to n-1 and k = n - j.
Therefore, the double sum becomes sum_{n=2}*infty sum_
{j=13*{n-1} 1/n*3.</reasoning>, <conf>0.40</conf>

<reasoning>Notice that sum_{j=13}"{n-1} 1 n-1, so the sum
becomes sum_{n=2}*infty (n-1)/n*3 = sum_{n=2}"infty (1/
n*2 - 1/n*3).</reasoning>, <conf>0.40</conf>

<reasoning>This can be split into two sums: sum_{n=2}"infty
1/n*2 - sum_{n=2}*infty 1/n*3.</reasoning>, <conf
>0.40</conf>

<reasoning>We know that sum_{n=1}*infty 1/n*2 = p and sum_{n
=1}*infty 1/n*3 = q, so sum_{n=2}"infty 1/n*2 = p - 1
and sum_{n=23}*infty 1/n*3 = q - 1.</reasoning>, <conf
>0.60</conf>

<reasoning>Therefore, the original double sum is (p - 1) - (q
- 1) = p - g.</reasoning>, <conf>@.88</conf>

<final_answer>p - g</final_answer>, <final_confidence>0.99</
final_confidence>

Example 2: Function evaluation. This example
is from MATH-500. The model correctly evaluates
each function value and assigns high confidence
after completing the arithmetic aggregation.

Question:

If f(x) = (3x-2)/(x-2), what is the value of f(-2) + f(-1) +
f(0)?

Express your answer as a common fraction.

Gold: 14/3

Prediction: 14/3

Result: Correct

Model output:

<reasoning>First, we need to evaluate the function f(x) = (3x
-2)/(x-2) at x -2, X -1, and x = @.</reasoning>, <
conf>0.30</conf>

<reasoning>For f(-2), substitute x = -2 into the function: f
(=2) = (3(-2) - 2)/(-2 - 2) = (-6 - 2)/(-4) = (-8)/(-4)
= 2.</reasoning>, <conf>0.60</conf>

<reasoning>For f(-1), substitute x = -1 into the function: f
1) = GBED -2/ -2) = (=3 - 2)/(=3) = (-5)/(-3)
= 5/3.</reasoning>, <conf>0.60</conf>

<reasoning>For (@), substitute x = @ into the function: f(0)
= (3(0) - 2)/(0 - 2) = (-2)/(-2) = 1.</reasoning>, <
conf>0.70</conf>

<reasoning>Now, add the values together: f(-2) + f(-1) + f(0)
=2+5/3+1=3+5/3=9/3+5/3=14/3.</reasoning

59295




Model Method

HotPotQA

TriviaQA

SimpleQA

CSQA

GPQA

Acc? Brier] ECE| AUROCT Acc? Brier/ ECE|l AUROC? Acc? Brier| ECE| AUROC?T Acct Brier] ECE] AUROC?T Acct Brier] ECE] AUROC?T

Base
GRPO
C2GSPG
RLCR

7B

0.397
0.630
0.617
0.621

SCOPE(Stage-I) 0.610

0.525
0.370
0.254
0.210
0.390
0.204

0.535
0.370
0.090
0.030
0.390
0.050

0.540
0.500
0.659
0.687
0.500
0.708

0.578
0.622
0.627
0.608
0.610
0.623

0.381
0.377
0.195
0.202
0.418
0.165

0.371
0.377
0.210
0.058
0.417
0.067

0.510
0.502
0.745
0.731
0.503
0.770

SCOPE(Stage-II) 0.603

0.135
0.124
0.103
0.121
0.119
0.109

0.773 0.809 0.502 0.889 0.099 0.004 0.623 0395 0.504 0.509 0.492
0.875 0.875 0.501 0.908 0.092 0.092 0.500 0.395 0.605 0.605 0.500
0.201 0310 0549 0.909 0.090 0.097 0.693 0417 0.233 0.169  0.563
0241 0337 0598 0913 0.167 0302 0.728 0415 0.267 0.155 0.550
0.883 0.887  0.497 0.907 0.090 0.079 0.606 0.431 0.543 0.548 0.515
0.197 0.295 0.655 0.919 0.090 0.083 0.697 0.437 0.230 0.153 0.583

Table 9: Full per-dataset QA generalization results for Qwen/Qwen2.5-7B models. The macro-average summary is
reported in Table 2. Following RLCR, QA-trained models are trained on HotPotQA-Modified and evaluated on
HotPotQA and out-of-domain QA benchmarks. Acc measures final-answer correctness. Brier, ECE, and AUROC
evaluate the quality of the reported final-answer confidence. For 7B baselines, Base, GRPO, and RLCR numbers
are taken from RLCR; the GRPO row corresponds to the RLVR correctness-only GRPO baseline. CSQA denotes

CommonsenseQA.
GRPO RLCR SCOPE
Dataset
Pass@1 Majority Conf.-weighted Pass@1 Majority Conf.-weighted Pass@1 Majority Conf.-weighted

GSMSK 0.916 0.942 0.943 0914 0.944 0.945 0.909 0.938 0.944
MATH-500 0.615 0.658 0.652 0.562 0.612 0.614 0.640 0.698 0.710
AMC23 0.475 0.554 0.542 0.465 0.578 0.590 0.480 0.542 0.494
AIME24 0.102 0.133 0.133 0.092 0.156 0.144 0.121 0.122 0.144
OlympiadBench ~ 0.304 0.355 0.353 0.276 0.337 0.341 0.294 0.371 0.396
Big-Math-Digits  0.691 0.759 0.760 0.689 0.768 0.772 0.656 0.743 0.747
Overall 0.517 0.567 0.564 0.500 0.566 0.568 0.516 0.569 0.573

Table 10: Detailed confidence-weighted aggregation results. GRPO and RLCR use final confidence; SCOPE uses a
trace-derived score. All methods are evaluated with the same rollouts used for majority voting. Overall denotes
the macro average over the six datasets. Bold entries indicate SCOPE results that are best or tied-best within the

corresponding metric.

Signal ps T pp T Brier] ECE| AUROC?
Token entropy —0.17 —0.15 - - 0.60
Prefix log-prob. —0.18 —0.15 - - 0.40
Verbalized conf. 0.32 0.30 0.21 0.06 0.67
Progress Au; 0.20 0.22 - - 0.61
Policy u; 0.56 0.56 0.18 0.16 0.82
MC prefix success  1.00 1.00 0.00  0.00 1.00

Table 11: Validation of prefix-level signals against MC
prefix success on 496 prefix-rollout pairs. The policy-
derived prefix evidence u; best aligns with MC prefix
success, while entropy and prefix log-probability are
anti-correlated with prefix success.

>, <conf>0.97</conf>
<final_answer>14/3</final_answer>, <final_confidence>1.00</
final_confidence>

E.2 Failure Example

Example 3: Parenthesization failure. This ex-
ample shows a failed trajectory. The model assigns
low stepwise confidence throughout the reasoning
process, and the final confidence remains low, indi-
cating that the confidence trace can expose uncer-
tainty even when the final answer is incorrect.

Question:

The expression 1 + 2 + 3 - 4 + 5 + 6 is equivalent to 13. If
we add

parentheses in various locations, we can change this value.
For example,

Variant Acc.t Brier] ECEJ] AUROC?T
SCOPE 0.437 0.170 0.176  0.768
w/o region mask 0425 0.252 0.271 0.725
w/o KL-to-Stage-1 0.420 0.203 0.224 0.735
Stage-I only 0.429 0461 0459 0465
Group-level Brier 0.4189 0.2534 0.2452 0.6712
Lower Brier weight 0.4366 0.4684 0.4775 0.5582
Log score instead of Brier 0.413 0.232 0.211 0.724
SFT warmup — RL 0.417 0.3490 0.3252 0.5551

Table 12: Full ablation study of SCOPE. We report
macro averages over six math benchmarks. Step-level
calibration metrics are reported separately in Table 3.

1+2+43-(4+5)+6 = 1+2+3-9+6 = 6-9+6 = 3. If we only add
parentheses and

do not rearrange the order of the terms, what is the minimum
possible value

this expression can obtain? We cannot change addition or
subtraction into

multiplication.

Enter your answer as a single value.

Gold: -9
Prediction: 1
Result: Incorrect

Step confidence trace: [0.19, 0.13, 0.32, 0.31]
Final confidence: .22

Model output:

<reasoning>We need to minimize the value of the expression 1
+2+3-4+5+ 6 by strategically placing
parentheses. The key is to group the positive terms in
such a way that their sum is as small as possible when
compared to the negative term -4.</reasoning>, <conf
>0.19</conf>
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Weights / 3 0 0.005 0.01 0.02

w0 [.1,.1,.5,.5] 0.420/0.735 0.406/0.796 0.421/0.774 0.405/0.771
wl [0, 0, .5, .5] 0.415/0.732 0.419/0.759 0.437/0.768 0.414/0.784
w2 [.1,.1,.75,.5] 0.423/0.740 0.423/0.768 0.432/0.787 0.429/0.799
w3[.1,.1,1.0,.5] 0.434/0.756 0.391/0.725 0.427/0.769 0.410/0.785

Table 13: [ scan on 6 math datasets: GSMS8K,
MATH-500, AMC23, AIME24, OlympiadBench, and
Big-Math-Digits. Each cell reports Acc / AUROC,
where both metrics are computed as the unweighted
macro average across the six datasets. Rows vary the
reward-weight vector w = [Wemt, Wace, Wsteps Whnal|»
where the four entries correspond to the format re-
ward, accuracy reward, step-level Brier reward, and
final-confidence Brier reward, respectively.

<reasoning>Consider different groupings:

-1+ 2+3-4)+((B+6)=1+1+11=13.
-1 +2+3-4+5)+6=1+2+4+6=13.
-1+2+3-(4-5+6)=1+2+3-5=1.
-(1+2+3-4)+5+6=2+5+6-=13
-1+ (Q2+3-4+5)+6=1+6+6=13.

</reasoning>, <conf>@.13</conf>

<reasoning>From the above groupings, the minimum value we can
obtain is 1.</reasoning>, <conf>@.32</conf>

<reasoning>To verify, check whether we can get a value less
than 1. If we group the terms differently, we will
always end up with a sum that is at least 1 because the
smallest negative term is -4 and the sum of the
positive terms is at least 13, so the minimum value we
can get is 1 by using the grouping 1 + 2 + 3 - (4 - 5 +
6) = 1.</reasoning>, <conf>@.31</conf>

<final_answer>1</final_answer>, <final_confidence>0.22</
final_confidence>
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