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Abstract

Large language models (LLMs) trained with
reinforcement objectives often achieve super-
ficially correct answers via shortcut strategies,
pairing correct outputs with spurious or un-
faithful reasoning and degrading under small
input perturbations. We introduce Coherence-
Enhanced Policy Optimization (CE-PO), a
model agnostic reward fusion framework that
augments policy optimization with a differen-
tiable Jacobian coherence signal along the gen-
eration pathway from prompt (Z) to rationale
(X) to answer (Y ). CE-PO estimates inter-
nal gradient influence through Jacobian-based
sensitivities, uses a reshuffling-based residu-
alization procedure to reduce shortcut-driven
reward hacking, and fuses the resulting coher-
ence score with task-accuracy via an Lp com-
biner that controls the strength of coherence
regularization. The unified reward integrates
with PPO/GRPO without architectural changes.
Across multiple reasoning benchmarks, CE-PO
improves accuracy over baselines by 5.49% on
average (up to 9.58%), while increasing the
model’s faithful reasoning capability (12.14 %
on average across five backbones).

1 Introduction

Outcome centric reinforcement training of large
language models (LLMs), whether via stan-
dard policy optimization or preference-based tun-
ing, (Ouyang et al., 2022; Schulman et al., 2017;
Shao et al., 2024) optimizes what answer is pro-
duced but places little pressure on how that answer
is obtained (Sim et al., 2025). As a result, models
routinely learn to “game” reward signals (e.g., by
exploiting length, format, or lexical overlap) and
to pair correct answers with unfaithful or spuri-
ous reasoning traces (Wen et al., 2025; Arjovsky
et al., 2019). This failure mode is not merely the-
oretical: without intervention, we observe mod-

*xwang76@nd.edu
†xzhang33@nd.edu

els can game both accuracy proxies and gradient-
based sensitivity surrogates (e.g., by guessing final
answer or maximizing output length as reported
in section 4). This creates a tension between opti-
mizing for outcome-based rewards and enforcing
reasoning-level robustness, leading to severe hallu-
cination risks.

We argue that robust reasoning cannot be cer-
tified by output accuracy alone. Instead, robust
reasoning requires coherence along the generation
pathway, echoing the broader principle of being
right for the right reasons (Ross et al., 2017), but
extending it from feature-attribution constraints to
generative reasoning traces. A coherence reason-
ing trace should satisfy three conditions: (i) the
prompt genuinely informs the rationale, (ii) the
prompt along with rationale in turn genuinely in-
forms the final answer, and (iii) small, semantically
relevant edits to the prompt or rationale induce
correspondingly appropriate changes downstream,
whereas irrelevant edits do not. Concretely, let
(Z → X → Y ) denote the intended chain from
prompt (Z), to rationale (X), to answer (Y )1, if
the model’s internal influence respects this order,
chain-of-thought (CoT) traces are more likely to be
right for the right reasons and to generalize under
distribution shift.

However, current RL objectives offer no signal
that rewards such coherence. Related efforts to pro-
mote faithful reasoning typically rely on external
supervision via invariance/IRM approaches (Ka-
math et al., 2021; Koh and Liang, 2017) or post-hoc
decoding-time control (Chi et al., 2024). However,
they often require external rationale supervision or
only control surface-level generations. In contrast,
we seek a differentiable, annotation-free, training-
time internal signal that explicitly rewards influence
coherence across Z →X → Y and integrates the

1Note that X and Y can be unambiguously segmented
in LLM outputs via special tokens, enabled by the model’s
instruction-following ability.
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coherence-enhanced reward shaping into standard
policy optimization. Differentiability lets us com-
pute pathway coherence automatically for each roll-
out from model gradients; annotation-free scoring
avoids human rationale labels or external verifiers;
and training-time integration turns this signal into
a reward that directly shapes PPO/GRPO updates
rather than merely evaluating generations post hoc.

However, reaching the above goal raises three
challenges. (i) Measurability: existing faithful-
ness metrics (saliency, raw input-gradient attribu-
tions) are fragile, may fail sanity checks, and are
poorly suited as training signals (Adebayo et al.,
2018); Prior “right-for-the-right-reasons” regular-
izers typically require human rationales and con-
strain input-to-output links in discriminative mod-
els (Ross et al., 2017), rather than the generative
Z → X → Y pathway. We therefore need a dif-
ferentiable internal proxy for directed influence
along Z → X , X → Y , and Z → Y . (ii) Ro-
bustness: raw gradient signals are easily inflated
by non-semantic factors (token frequency, posi-
tion, format), encouraging shortcuts (Geirhos et al.,
2020) and reward hacking (Amodei et al., 2016);
meanwhile, CoT traces may look plausible while
remaining unfaithful under perturbations (Chi et al.,
2024). Hence the signal must denoise nuisance di-
rections rather than trust raw sensitivities. (iii) Ob-
jective balance: coherence-oriented regularization
can trade off with task accuracy when mis-specified
(Arjovsky et al., 2019; Rosenfeld et al., 2020; Ka-
math et al., 2021), whereas optimizing only task
reward leaves shortcuts unchecked (Amodei et al.,
2016). We therefore need a tunable mechanism that
controls the strength of coherence regularization
during task optimization. Due to the length limi-
tation, the thorough investigation of related works
are place at section 2
Our approach. We introduce Coherence-
Enhanced Policy Optimization (CE-PO)2, a drop-in
reward-shaping scheme for PPO/GRPO. CE-PO
measures pathway coherence by using differen-
tiable, model-internal Jacobians to estimate how
upstream spans affect downstream generation over
the Z→X and X→Y links; improves robustness
through reshuffling-based residualization that fil-
ters superficial cues such as length and format; and
aggregates the resulting coherence score with task
accuracy by a tunable Lp combiner. This yields a

2Code is available at https://github.com/
XiangqiWang77/causalrl

single training reward that controls the strength of
coherence regularization during PPO/GRPO train-
ing, without any model architecture changes.

Our proposed CE-PO offers three advantages:

• A differentiable, model-internal Jacobian coher-
ence reward over the Z→X→Y pathway, cou-
pled with Residualization to suppresses shortcut
sensitivities that enable reward hacking.

• A tunable Lp combiner that controls the strength
of coherence regularization relative to task accu-
racy, yielding a drop-in objective for PPO/GRPO
with efficient reward computation.

• Consistent empirical gains across tasks,
supported by ablation analyses and out-of-
distribution evaluations (see section 4).

2 Related Works

2.1 Reward Hacking in LLMs

Reward hacking arises when models opti-
mize proxy rewards instead of intended objec-
tives (Amodei et al., 2016; Everitt et al., 2017;
Zhou et al., 2025). In aligned LLMs, imperfect
reward models can favor persuasive but incorrect
answers (Wen et al., 2025), sycophancy (Sharma
et al., 2023), evaluator biases, or in-context score
gaming during iterative refinement (Pan et al.,
2024b,a). Existing defenses use rationale-level su-
pervision (Ross et al., 2017), evaluator debiasing,
counterfactual augmentation (Kaushik et al., 2020),
and invariance penalties (Arjovsky et al., 2019),
but often require external annotations or overlook
accuracy–robustness trade-offs. We instead use
differentiable, counterfactual-enhanced Jacobian
coherence signals as internal rewards, jointly opti-
mizing accuracy and coherence to suppress short-
cut exploitation.

2.2 Faithful Reasoning and Shortcut Learning
in LLMs

Faithful reasoning asks whether a stated rationale
causally supports the model’s answer. CoT can
be non-causal (Bao et al., 2024) and remain un-
faithful after fine-tuning or activation editing (Tan-
neru et al., 2024). Structured prompting (Chi
et al., 2024) and representation-level interven-
tions such as activation patching aim to improve
or probe reasoning pathways. Related shortcut-
learning methods reduce reliance on spurious cor-
relations through invariance and counterfactual ob-
jectives (Geirhos et al., 2020; Arjovsky et al., 2019).
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However, they often require supervision or op-
erate post hoc. Our method integrates pathway-
aware signals into post-training and combines them
with task rewards to directly control the accuracy–
coherence trade-off.

3 The Proposed CE-PO Framework

Overview. In this section, we introduce our CE-
PO framework, with each rollout consisting of
prompt Z, rationale X , and answer Y . As shown
in Figure 1, our framework processes each rollout
through three stages: 1 Pathway-coherence es-
timation: computing Jacobian-based sensitivities
that measure how perturbations to an earlier span’s
embeddings affect the likelihood of a later span.
These sensitivities provide differentiable, model-
internal proxies for Z→X , X→Y , and Z→Y .
2 Robustness via residualization: using Jacobian

sensitivities directly as rewards can invite reward
hacking, where superficial cues such as length or
format dominate the signal Figure 2. To improve ro-
bustness, we use reshuffling-based residualization
to remove spurious effects associated with these
cues. 3 Normalization and fusion: We normalize
the residualized Jacobian coherence into a stable
scalar coherence score and then fuse it with task
accuracy using an Lp combiner, yielding a unified
reward with a tunable weight on coherence regular-
ization, optimized directly with PPO/GRPO.

3.1 Jacobian Coherence Estimation

For a differentiable language model Θ, we aim to
reward not only task accuracy on the final answer
Y but also coherence along the generated pathway.
Specifically, the prompt Z should shape the ratio-
nale X , and the rationale X together with Z should
support the answer Y . We operationalize this no-
tion with Jacobians, using them to measure how
changes in an earlier span affect the model’s like-
lihood of a later span. For two spans A and B in
a rollout, the intuition is: if A genuinely informs
B, then perturbing the representations of A should
change the model’s likelihood of generating B.

Let E(A)∈RTA×d denote the token-embedding
matrix of span A, where TA is its length and d is
the hidden size. We first define the log-likelihood
scores of the rationale X and answer Y as

sX =
∑

t∈X

log pΘ
(
xt | Z, x<t

)
,

sY =
∑

t∈Y

log pΘ
(
yt | Z,X, y<t

)
.

(1)

Here, x<t and y<t denote the generated prefixes be-
fore token t within the rationale and answer spans,
respectively.

The Jacobian influence from span A to span B
is defined as the sensitivity of B’s log-likelihood
score to the embeddings of A:

JAB ≜ ∂sB
∂E(A)

. (2)

For the intended chain Z→X→Y , we compute
three raw Jacobian-based influence scores:

{JZX , JXY , Jtotal
ZY } = { ∂sX

∂E(Z)
,

∂sY
∂E(X)

,
∂sY

∂E(Z)
}. (3)

In addition, to isolate the direct Z→Y contribu-
tion from J total

ZY , we need to remove the component
routed through X . We do so via projection: form-
ing a via-X template from JZX (Z→X) and the
principal direction of JXY (X→Y ), then subtract-
ing its projection from the total effect to obtain the
residual direct influence:

JZY = Jtotal
ZY −Π JZX⊙ū

(
Jtotal
ZY

)
, (4)

where ū = 1
TX

∑
t∈X

JXY [t,:]
∥JXY [t,:]∥2 , and ΠA(B) =

⟨B,A⟩F
⟨A,A⟩F A, with ⟨B,A⟩F indicating the Frobenius
inner product and ⊙ be Hadamard product with
column-wise scaling. This is feasible based on
the sublinear feature of trasnformer revealed in
previous literature (Feng et al., 2022).

These Jacobian scores provide a first-order Tay-
lor approximate, local proxy for how span A influ-
ences the likelihood of span B (i.e., Direct Causal
Effect), while avoiding the cost and instability of
higher-order estimators in LLM training (Pearlmut-
ter, 1994; Martens, 2010; Koh and Liang, 2017).
For Z → X → Y , JZX , JXY , and JZY are the
raw components of the eventual coherence score,
capturing prompt-to-rationale, rationale-to-answer,
and direct prompt-to-answer support, respectively.
We next residualize these raw scores to filter super-
ficial effects before normalizing and aggregating
them into a scalar reward component.

3.2 Residualization for Robust Coherence
The raw Jacobian scores defined above are com-
puted on observed rollouts and may therefore con-
flate semantic dependence with superficial fac-
tors such as style, formatting, length, and token-
frequency statistics. Theoretically, we show in Ap-
pendix B.2 that raw Jacobian scores can be length-
sensitive. Empirically, Figure 2 shows that Non-
CF-GRPO, a variant without coherence filtering,
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Figure 1: CE-PO pipeline (left → right). Generation: Z→X→Y (X/Y split by a special token; see Fig. 15).
Coherence measurement: Jacobians estimate pathway coherence over Z→X , X→Y , Z→Y . Residualization:
reshuffling removes spurious length/format directions. Normalization: spectral energy maps Jacobians to [0,1]
scalars. Fusion: an Lp combiner merges S(A,B) with accuracy racc for PPO/GRPO optimization.
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Figure 2: Training trajectories comparison: Non-CF-GRPO (raw JAB score) vs CE-GRPO (ĴAB from Equation 6)
on Qwen-3-4B-Thinking with max_tokens=2048, in terms of minimum (left) and mean (right) generation length.
Non-CF-GRPO curves plateau as generations approach the token limit, indicating length-driven reward hacking,
while CE-GRPO doesn’t.

exhibits clear length hacking, with longer gener-
ations receiving inflated Jacobian rewards. We
therefore introduce residualization to filter such
superficial effects before reward construction.

For each link (A,B) ∈ L :=
{(Z,X), (X,Y ), (Z, Y )}, let M(A,B) de-
note the intermediate span on the A→B path,
with M(Z, Y ) = {X} and M(A,B) = ∅ other-
wise. To isolate superficial effects, we construct
source-side reshuffled rollouts by permuting the
tokens of A and, when present, M . This breaks
the semantic alignment with B while preserving
low-level statistics such as length and unigram
frequency. Compared with deletion or random
replacement, reshuffling cleanly preserves these
surface statistics; Appendix D further shows that
the filtered component has near-zero correlation
with correctness, suggesting that it primarily
captures nuisance rather than semantic signal.

For each reshuffled rollout (Ā, M̄), we compute
the counterfactual Jacobian

Jcf
AB =

∂sB
∂E(A)

∣∣∣∣
A,M = Ā,M̄

. (5)

We sample multiple reshufflings and average their
Jacobians to obtain J̄cf

AB . In our experiments, we
use four reshufflings per link; larger values can
improve stability at additional computational cost.

We then estimate the dominant spurious sub-
space from the counterfactual Jacobians. Specif-
ically, for each link (A,B), we take the top-k
left singular vectors UAB of the averaged coun-
terfactual Jacobian J̄cf

AB and define the projection
operator ΠAB(J) = UABU

⊤
ABJ . Following the

projection-based removal idea of Ravfogel et al.
(2020), we obtain the residualized Jacobian by sub-
tracting the component of the raw Jacobian that lies
in this subspace:

ĴAB = JAB −ΠAB

(
JAB

)
. (6)

For the direct Z→Y link, we further subtract the
component mediated through X before projection.

Figure 2 illustrates why this residualization step
is necessary. Non-CF-GRPO uses the raw Jaco-
bian scores JAB directly as the coherence reward,
while CE-GRPO replaces them with the residu-
alized scores ĴAB . Without residualization, the
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reward becomes strongly coupled with generation
length: Non-CF-GRPO drives outputs toward the
token cap. In contrast, CE-GRPO filters this length
effect and keeps generation length controlled while
optimizing the reward.

3.3 Normalization and Fusion

Finally, we normalize each residualized Jacobian
into a scalar coherence score. Specifically, we
use the scale-free spectral energy ratio ϕ(J) =
σ1(J)2

∥J∥2F
∈ [0, 1], where σ1(J) is the largest singular

value. This maps each residualized Jacobian to a
bounded score:

S(Z,X) = ϕ
(
ĴZX

)
, S(X,Y ) = ϕ

(
ĴXY

)
, S(Z, Y ) = ϕ

(
ĴZY

)
.
(7)

Let racc ∈ [0, 1] be a task accuracy score on Y .
We combine this task accuracy with the three co-
herence scores using a weighted Lp combiner:

Rp =
(
w0 r

p
acc+w1 S(Z,X)

p
+w2 S(X,Y )

p
+w3 S(Z, Y )

p
)1/p

,

(8)

with p ∈ R, weights wi ≥ 0, and
∑3

i=0wi = 1.
The exponent p controls the aggregation geometry:
larger p emphasizes high-scoring channels, smaller
p emphasizes low-scoring bottlenecks, and p→0
recovers a weighted geometric mean. Thus, p deter-
mines whether optimization rewards already strong
components or pushes weaker task/coherence com-
ponents upward.

We use Rp as the unified reward for PPO/GRPO
and maximize E[Rp]. Its channels capture comple-
mentary aspects of reasoning: task reward eval-
uates the final answer, while residualized Jaco-
bian scores assess internal support along Z→X ,
X → Y , and Z → Y . As shown in Figure 6, op-
timizing a single channel can improve one aspect
while degrading others. The Lp combiner jointly
aggregates these channels, with weights setting
component importance and p controlling whether
optimization emphasizes high-scoring channels or
low-scoring bottlenecks. Figure 13 illustrates that
CE-PO improves reasoning without simply induc-
ing template-following.

As a practical guardrail, the Lp exponent lets
end-users adjust which channel the optimization
emphasizes: p → +∞ emphasizes the strongest
channel (typically correctness), while p → −∞
emphasizes the weakest channel (typically coher-
ence). A single scalar thus controls the optimiza-
tion target without retraining or re-weighting.

Coherence Correctness1

−∞ +∞p-norm
Figure 3: Tunable emphasis enabled by p-norm interpo-
lation in Rp.

Choices of racc. We study different choices of
base-reward racc, including exact match, DeBERTa-
based scoring, and other task metrics. The results
in Table 2 validate that CE-PO’s gains are robust
across base-reward choices rather than tied to a
specific accuracy metric.

Theoretical Guarantee, Storage, and Runtime.
Theoretically, Appendix A derives a TRPO-style
lower bound for CE-PO: residualization shrinks the
surrogate-objective penalty by projecting out nui-
sance directions, and policy updates confined to the
nuisance subspace incur zero penalty. CE-PO thus
inherits PPO/GRPO’s monotonic-improvement
guarantee while suppressing shortcut-driven up-
dates. Computationally, end-to-end CE-GRPO
training on Llama-3-8B-Instruct adds only ∼13%
wall-clock time and ∼7% peak GPU memory over
vanilla GRPO, functioning as an efficient plug-in
reward shaping method (Appendix B). CE-PO is
thus practically deployable at scale without archi-
tectural changes.

4 Experiments

Experiment Setting. To avoid random guesses,
all models are prompted to generate CoT reasoning
(Wei et al., 2022), producing both a reasoning trace
X and a final answer Y . Response correctness is
determined via an LLM-as-Judge protocol (Zheng
et al., 2023) using GPT-4o-mini (see prompt in Fig-
ure 16, and validity analysis in Appendix C). Be-
yond accuracy, we evaluate reasoning faithfulness
via Answer Flip Rate—the fraction of correctly an-
swered instances whose answer changes when the
CoT is removed. A higher AFR indicates greater
reliance on the reasoning trace, a simple proxy to
reasoning faithfulness (Matton et al., 2025).

We evaluate both standard instruction-tuned
LLMs and “thinking” variants3 that emit explicit
intermediate reasoning and instruction following.
Although compute constraints preclude experi-
ments on 70B-scale models, our evaluation cov-
ers compact to mid-sized systems that are widely

3We use Instruct/Thinking models to reliably separate X
and Y ; their resistance to RL improvement makes CE-PO’s
gains more meaningful.
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used in research: Llama-3-8B-Instruct, Llama-
3.2-3B-Instruct, Phi-3.5-mini-Instruct, Qwen3-4B-
Thinking, and Qwen3-1.7B-Thinking (Dubey et al.,
2024; Yang et al., 2025; Abdin et al., 2024).
Unless otherwise specified, we use p=0.2 and
w=(0.7, 0.1, 0.1, 0.1) in Rp defined in Eq. 8,
prioritizing task reward while retaining pathway-
coherence signals. Other hyperparameters, dataset
details, and overhead are reported in Appendices B,
H, and G.
Training and Validation Dataset. We train and
tune on four reasoning-heavy sets: BBEHCausal,
a reasoning split from the BIG-Bench Extra Hard
dataset, including counterfactual deduction ques-
tions; (shoaa kazemi et al., 2025)); CaseHOLD,
tasks centering on multiple-choice legal holdings
given case citation context (Zheng et al., 2021);
MATHHARD, the level-5 subset targeting multi-
step mathematical reasoning with multiple-choice
questions (Hendrycks et al., 2021); and IfQA, an
open-domain QA under counterfactual if -clause
presuppositions requiring hypothetical reasoning
(Yu et al., 2023). Note that all datasets are format-
ted as question answer pairs, examples of them are
presented respectively in Table 10.
Testing Dataset. For same-field evaluation, we
use BBEHMATH (challenging multistep arith-
metic), where we filter shorter and more trivial
questions and normalize alphabetic numerals to dig-
its with unfolded calculation for comparability on
this dataset. We further assess generalization with
CLadder, covering association/intervention/coun-
terfactual queries (Jin et al., 2023), LegalBench
(case-understanding split) (Guha et al., 2023) an-
alyzing the reasoning of legal cases, and LogiQA,
a multiple-choice dataset emphasizing deductive
logical reasoning sourcing from officer entrance
exams (Liu et al., 2023).

Main Experiment Results. We compare CE-
PPO and CE-GRPO against vanilla (zero-shot
CoT), Naive PPO and Naive GRPO, Self-
Consistency (Wang et al., 2022), and Math-
Shepherd (Wang et al., 2024). Both are im-
plemented atop our GRPO infrastructure: Self-
Consistency selects the majority-voted answer
across the rollout group, while Math-Shepherd
trains a PRM that estimates the probability of reach-
ing a correct final answer from each intermediate
step, and averages these step-level scores as the
GRPO reward. As shown in Table 1, CE-PO vari-
ants consistently outperform all baselines across

five models and four benchmarks, achieving av-
erage accuracy gains of 5.49% over vanilla with
substantially higher AFR.

Robustness of Base Reward racc. CE-PO’s Lp

combiner accepts a wide range of racc ∈ [0, 1] as
feasible base reward. We evaluate three candidate
base rewards: BERTScore (Zhang et al., 2019)
(token-level semantic similarity to the reference),
DeBERTa-v3-large RM (He et al., 2021) (a pre-
trained reward model producing a calibrated con-
tinuous score), and Exact Match (EM) (Rajpurkar
et al., 2016) (string/numeric equality, yielding a
graded signal in [0, 1] when averaged over the roll-
out group without any external model). As Table 2
shows, CE-GRPO consistently improves over stan-
dalone GRPO across all three variants, confirming
that the Coherence-Enhanced reward shaping is
agnostic to the specific choice of racc.

Out of Distribution (OOD) Evaluation.
Trained exclusively on reasoning corpora (includ-
ing both general and math-oriented reasoning),
our CE-PO models are stress-tested for OOD
generalization on TruthfulQA (Lin et al., 2021)
(misconception resistant factuality), CodeMMLU
(Manh et al., 2024), and SuperGPQA (Du et al.,
2025) (expert level STEM QA), evaluating 200
uniformly random samples from each benchmark.
As shown in Fig.5, they deliver consistent, but task-
dependent improvements over baselines: effects
are strongest on structure-heavy code reasoning,
moderate on STEM-oriented SuperGPQA, and
smaller yet steady on TruthfulQA, suggesting that
coherence regularization chiefly benefits multi-step
reasoning while preserving overall robustness.

Generation Pattern Analysis. CE-GRPO does
not induce uniform gains across all tokens but selec-
tively amplifies reasoning-related words, suggest-
ing that coherence regularization guides the model
toward tokens central to stepwise inference rather
than surface templates (per-word frequency gaps in
Appendix E, Fig. 9). The pairwise structure of the
three signals (Fig. 10) further shows that S(Z,X)
is nearly independent of S(X,Y ) and S(Z, Y ),
while the latter two are moderately correlated: “ev-
idence infusion” and “answer stability” provide
orthogonal yet complementary signals, jointly sup-
porting coherence across the full Z → X → Y
pathway.

Training reward trajectories in Fig. 6 highlight
three regimes: optimizing correctness alone inflates
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Figure 4: Reward curves of CE-PPO training on validation datasets across five models.
Table 1: Main results across models, RL methods, and datasets. We report Accuracy (%) and Answer Flip Rate
(AFR, %). AFR measures the fraction of correctly answered instances whose answer changes when the CoT is
removed; higher AFR indicates greater reliance on reasoning. We repeatedly generate 4 times for each trained
model, reporting mean ± std.

Model Method Accuracy (%) Avg. AFR (%)
BBEHMATH CLadder LegalBench LogiQA

Vanilla 1.36 ± 1.96 34.77 ± 0.68 57.80 ± 2.59 50.00 ± 0.45 35.98 43.02
Self-Consistency 3.64 ± 1.59 37.50 ± 0.91 59.63 ± 1.95 53.41 ± 0.68 38.55 44.85
Math-Shepherd 8.09 ± 1.14 44.86 ± 0.64 65.47 ± 1.30 54.77 ± 0.45 43.30 45.61

Qwen-3-1.7B Naive PPO 5.91 ± 1.29 37.27 ± 0.91 58.26 ± 1.95 52.50 ± 0.45 38.48 42.27
Naive GRPO 3.64 ± 1.29 35.00 ± 0.52 60.67 ± 0.94 57.04 ± 0.68 39.09 47.50
CE-PPO 10.45 ± 0.52 49.32 ± 0.68 60.67 ± 1.05 58.05 ± 1.14 44.62 59.18
CE-GRPO 10.00 ± 1.29 44.77 ± 0.91 70.64 ± 1.30 56.82 ± 0.45 45.56 63.21

Vanilla 6.82 ± 0.45 42.95 ± 0.91 74.77 ± 1.95 80.45 ± 0.68 51.25 38.4
Self-Consistency 7.95 ± 0.68 45.23 ± 0.64 76.42 ± 1.30 82.27 ± 0.91 52.97 39.8
Math-Shepherd 8.41 ± 0.52 46.82 ± 0.45 77.98 ± 0.94 81.36 ± 0.45 53.64 40.3

Qwen-3-4B Naive PPO 5.00 ± 1.05 45.00 ± 0.64 73.64 ± 0.47 80.00 ± 0.45 50.91 37.9
Naive GRPO 6.82 ± 0.45 40.68 ± 0.68 76.61 ± 0.65 83.86 ± 0.91 51.99 39.2
CE-PPO 9.55 ± 0.52 45.45 ± 0.68 79.34 ± 1.05 79.77 ± 0.91 53.53 50.6
CE-GRPO 7.27 ± 0.52 49.09 ± 0.64 76.90 ± 0.47 84.09 ± 0.45 54.34 44.6

Vanilla 6.13 ± 0.52 40.23 ± 0.68 68.35 ± 1.95 54.09 ± 0.45 42.20 47.8
Self-Consistency 7.05 ± 0.45 46.50 ± 0.64 68.81 ± 1.30 55.68 ± 0.68 44.51 48.7
Math-Shepherd 7.50 ± 0.68 43.18 ± 0.91 70.64 ± 1.05 54.55 ± 0.45 43.97 49.4

Phi-3.5-mini Naive PPO 6.59 ± 0.91 43.40 ± 0.87 66.97 ± 1.95 54.77 ± 0.68 42.93 49.2
Naive GRPO 5.45 ± 0.87 41.59 ± 0.64 68.81 ± 1.30 52.73 ± 0.45 42.15 48.5
CE-PPO 8.41 ± 0.64 42.95 ± 0.91 70.18 ± 1.95 55.90 ± 0.68 44.36 57.3
CE-GRPO 6.81 ± 0.64 45.45 ± 0.45 70.18 ± 0.65 57.95 ± 0.45 45.10 58.6

Vanilla 3.63 ± 0.91 30.00 ± 0.68 45.41 ± 0.47 41.59 ± 0.45 30.16 3.99
Self-Consistency 5.45 ± 0.68 32.27 ± 0.45 47.25 ± 0.94 43.41 ± 0.91 32.10 4.15
Math-Shepherd 7.50 ± 0.52 34.09 ± 0.64 50.00 ± 1.30 44.55 ± 0.68 34.04 4.52

Llama-3.2-3B Naive PPO 6.59 ± 0.68 33.63 ± 0.64 45.87 ± 1.95 38.41 ± 0.45 31.12 4.39
Naive GRPO 6.50 ± 0.45 31.36 ± 0.91 42.73 ± 2.57 44.09 ± 0.68 31.17 5.17
CE-PPO 10.67 ± 1.14 43.64 ± 0.68 55.05 ± 1.30 48.18 ± 0.91 39.38 19.44
CE-GRPO 7.95 ± 0.91 35.23 ± 0.64 54.13 ± 2.59 47.27 ± 0.45 36.15 23.23

Vanilla 7.05 ± 0.45 39.54 ± 0.91 61.93 ± 1.95 65.68 ± 0.64 43.55 14.10
Self-Consistency 8.86 ± 0.68 41.36 ± 0.64 64.22 ± 1.30 67.05 ± 0.91 45.37 14.72
Math-Shepherd 11.18 ± 0.52 42.73 ± 0.45 66.14 ± 0.94 68.64 ± 0.45 47.17 15.38

Llama-3-8B Naive PPO 5.27 ± 0.64 37.95 ± 0.45 61.93 ± 0.65 60.91 ± 0.45 41.52 18.37
Naive GRPO 10.91 ± 1.14 39.09 ± 0.91 57.80 ± 1.05 67.50 ± 0.68 43.83 13.41
CE-PPO 14.86 ± 1.59 44.77 ± 0.45 67.35 ± 0.79 68.40 ± 0.91 48.84 23.11
CE-GRPO 13.64 ± 0.91 46.00 ± 0.64 66.97 ± 0.65 71.82 ± 0.45 49.61 18.37

accuracy while collapsing coherence channels; op-
timizing coherence alone boosts sensitivities but
destabilizes training and harms task accuracy (Sti-
ennon et al., 2020; Yuan et al., 2025). CE-GRPO
achieves smooth improvements across all three co-

herence channels while keeping correctness com-
petitive, sustaining the full Z→X→Y pathway.

Ablation Studies. We ablate the Lp exponent p,
the component weights w (dropping each individ-
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Table 2: Robustness to base-reward choices on Llama-3-8B-Instruct. CE-GRPO improves over standalone GRPO
across all three racc variants.

Base-reward Method BBEHMATH CLadder LegalBench LogiQA Avg.

BERTScore GRPO 10.91 39.09 57.80 67.50 43.83
CE-GRPO 13.64 45.00 66.97 71.82 49.36

Exact Match GRPO 12.27 40.45 60.18 69.09 45.50
CE-GRPO 15.45 46.36 68.35 73.41 50.89

RM (DeBERTa) GRPO 8.39 39.54 63.00 69.58 45.13
CE-GRPO 14.79 45.00 67.35 72.62 49.94

Figure 5: Qwen-3-4B-Thinking accuracy in OOD evaluation scenarios.

Figure 6: Training trajectories on Llama-3-8B-Instruct: CE-GRPO vs. optimization with only the Jacobian coherence
signal or only the accuracy signal (BERTScore). Optimizing correctness alone inflates accuracy while collapsing
coherence channels; optimizing coherence alone destabilizes training; CE-GRPO sustains all three coherence
channels while keeping correctness competitive.

ual signal in turn), and inject Gaussian noise into
rbase. Results in Table 3 yield:

Insight 1: Reward hacking emerges whenever
any one of the three coherence signals S(Z,X),
S(X,Y ), S(Z, Y ) is dropped. Removing the
prompt→rationale link, the rationale→answer link,
or the prompt→answer link each causes the ab-
lated variant to underperform even the original
(vanilla) model: the coherence loop Z→X→Y
is no longer closed, so the optimization ceases to
be strictly benign. The supporting plot in Fig. 12
shows that initial removal first breaks the prior bal-
ance (reward dips) and subsequent updates then
discover a length shortcut.

Insight 2: Sweeping p recovers two limits:
“Correctness-only” (p large) drops the coherence
signals and matches a correctness-only objective;
“Coherence-only” (p small) collapses to the smaller
(residualized Jacobian) channel and emphasizes Ja-

cobian coherence. The arithmetic mean (p=1) sits
in between. Under a perturbed reward (Gaussian
noise σ = 0.05) the model still maintains satis-
factory performance, indicating robustness of the
training design.

Ablation BBEH CLad. Legal Logi

Correctness-only (p→+∞) 6.36 39.09 56.90 67.27
Coherence-only (p→−∞) 12.73 43.63 65.52 70.00
Arithmetic mean (p = 1) 10.00 50.00 60.34 64.55
w/o Correctness 10.91 44.54 61.93 68.18
w/o S(X,Y ) (rat.→ans.) 5.45 23.63 40.37 41.82
w/o S(Z, Y ) (pr.→ans.) 3.63 30.00 45.87 49.09
w/o S(Z,X) (pr.→rat.) 5.45 31.82 43.12 40.90
Equal weights 8.18 41.82 67.24 66.36
Perturbed reward (σ = 0.05) 7.27 40.00 65.52 69.09

CE-GRPO (full) 13.64 47.27 66.97 72.73

Table 3: Ablation studies on Llama-3-8B-Instruct.
“w/o S(·, ·)” drops the corresponding coherence link;
“Coherence-only” / “Correctness-only” are the p→−∞
/ p→+∞ limits of the Lp combiner.
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Faithfulness beyond AFR. Following Lanham
et al. (2023), we evaluate faithfulness using
two established metric Adding Mistakes (targeted-
error answer flips) and Early Answering AOC
(truncation-curve area).

Llama-3-8B Qwen-3-4B

Metric Bench. Vanilla CE-GRPO Vanilla CE-GRPO

Mistake (%)
BBEH 18.2 49.3 31.6 58.4
CLad. 22.5 54.8 36.2 63.1
Legal 20.1 51.0 33.9 60.2
Logi 24.4 55.3 37.5 63.1

AOC
BBEH .052 .139 .147 .235
CLad. .068 .156 .162 .251
Legal .059 .144 .151 .240
Logi .065 .153 .160 .246

Table 4: Intervention-based faithfulness (↑).

Jacobian Signals and Accuracy Figure 7 shows
the distributions of Jacobian-based scores for sam-
ples annotated by correctness with LLM-as-Judge
with strict judging criteria provided in Figure 16
conducted by GPT-4o. Annotations were collected
on 1000 samples generated by Llama-3-8B-Ins. In
total, 371 cases were labeled as consistent and 629
as inconsistent.

Figure 7: Boxplots of S(Z,X), S(Z, Y ), and S(X,Y )
for LLM-as-Judge accuracy regarding their causal tra-
jectory.

To assess differences between the two groups,
we conducted t-test with results reported in Ta-
ble 9. We evaluate whether higher S(A,B) scores
align with factual correctness, as validity of these
causal signals requires separation under strict accu-
racy criteria. As in Table 9, all three metrics show
significantly higher means for the correct group
(p < 0.01), confirming that S(A,B) faithfully
tracks reasoning–answer validity beyond surface
outputs, and by statistically aligns with cognitive
accuracy.

5 Conclusion

We propose Coherence-Enhanced Policy Optimiza-
tion (CE-PO), which couples task accuracy with

continuous, model-internal Jacobian coherence sig-
nals via an Lp combiner. CE-PO is a drop-in mod-
ification for PPO/GRPO, reduces reward-hacking
behaviors, and yields consistent gains across mod-
els and datasets—especially on Thinking back-
bones. Future work includes richer coherence sig-
nals beyond local Jacobians (e.g., Hessian-based)
and adaptive scheduling of the accuracy–coherence
trade-off.

6 Use of AI Assistants.

AI assistants were used for proofreading and check-
ing grammar and paper polishing. Code, experi-
ments and conclusions are detailly and rigorously
checked by human.

Ethics and Reproducibility

CE-PO operates entirely on model-internal sig-
nals, requires no human-annotated rationales, and
uses only publicly available benchmarks; LLM-as-
Judge reliability is validated against human experts
(Appendix C), and broader impacts are discussed in
Appendix F. All code, training/evaluation pipelines,
and prompt templates are released anonymously
(link in §1).

Limitations

Our study has several limitations that suggest di-
rections for future work. First, the Jacobian co-
herence signal in CE-PO is built from local Jaco-
bian sensitivities together with simple source-side
Residualization perturbations; this is a tractable but
heuristic approximation of long-range influence in
the generation pathway, and may miss higher-order
dependencies that more expressive sensitivity esti-
mators could capture. Second, the Residualization
perturbation procedure relies on reshuffling/mis-
match as the perturbation operator, which is effec-
tive for suppressing length and positional shortcuts
but does not exhaust the space of nuisance direc-
tions that could in principle inflate the Jacobian
signal. Third, the Lp combiner exposes a tunable
accuracy–coherence trade-off via the exponent p
and the component weights; we report a default
configuration that works well on the benchmarks
we study, but adaptively tuning this trade-off dur-
ing training remains open. Finally, our evaluation
focuses on small- to mid-scale instruction-tuned
LLMs and on reasoning benchmarks; scaling CE-
PO to larger models and to a broader range of down-
stream tasks is an important next step.
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A Theoretical Guarantees

Setup. Let π, πold be stationary policies, γ ∈
(0, 1) the discount factor, and dπ the normalized
discounted state distribution. Fix the baseline pol-
icy πold and let A(s, a) = Aπold

(s, a) be its advan-
tage under the CE-PO reward rCE (the Lp com-
biner of all channels). For each state s, denote by
Ns ⊂ R|A| the subspace spanned by nuisance di-
rections (e.g., verbosity/length) estimated via coun-
terfactual perturbations, and let Ps be the Euclidean
orthogonal projector onto Ns. Write the action sim-
plex ∆|A| = {p ∈ R|A| : p ≥ 0, 1⊤p = 1} with
tangent space Ts = {v ∈ R|A| : 1⊤v = 0}. Define
the orthogonalized advantage

A⊥(s, ·) := (I − Ps)A(s, ·),
ε⊥ := max

s
∥A⊥(s, ·)∥∞.

and let

α := max
s

DTV

(
π(·|s), πold(·|s)

)

= 1
2 max

s
∥π(·|s)− πold(·|s)∥1.

The TRPO-style surrogate is

LCE
πold

(π) = ηCE(πold) +
1

1− γ

Es∼dπold

[
⟨A(s, ·), π(·|s)− πold(·|s)⟩

]
,

noting that ⟨A(s, ·), πold(·|s)⟩ = 0 for all s.

Assumptions and propositions

P0 (Fixed reward at πold) All CE components
used to construct rCE (Jacobians, counterfac-
tual subspaces Ns, projectors Ps, and channel
scores) are computed at πold and held fixed
while evaluating ηCE(π) over one update step.

A0 (Residualization on the action-simplex tan-
gent) By construction of rCE via counterfac-
tual projection, the CE advantage is locally
invariant along nuisance directions at πold:

⟨A(s, ·), v⟩ = 0 for all v ∈ Ns ∩ Ts.

Equivalently, PsA(s, ·) = 0 and hence
A(s, ·) = A⊥(s, ·) ∈ N⊥

s .

A1 (Well-posedness & bounded rewards) Base
rewards and channel scores are in [0, 1] and
CE weights sum to one, so rCE ∈ [0, 1]. The
MDP is standard (finite or σ-finite), ensuring
existence of V π, Qπ, Aπ.
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Theorem A.1 (Orthogonalized TRPO Lower
Bound for CE-PO). For any π, with α =
maxsDTV

(
π(·|s), πold(·|s)

)
, the CE-PO perfor-

mance satisfies

ηCE(π) ≥ LCE
πold

(π) − 4γ

(1− γ)2
ε⊥ α2.

Proof. Step 1: Performance-difference decom-
position. The performance-difference lemma gives

ηCE(π)− ηCE(πold) =
Es∼dπ [⟨A(s, ·), π(·|s)⟩]

1− γ
.

Add and subtract the surrogate:

ηCE(π) = LCE
πold

(π)− T,

T :=
Es[(d

πold − dπ)(s)⟨A(s, ·), π(·|s)⟩]
1− γ

.

so it suffices to bound |T |.
Step 2: Bounding the occupancy shift. By

a standard coupling argument, ∥dπ − dπold∥1 ≤
2γ
1−γ α. Thus

|T | ≤
(
max

s
|⟨A(s, ·), π(·|s)⟩|

)
∥dπ − dπold∥1

≤ 2γ

1− γ
α max

s
|⟨A(s, ·), π(·|s)⟩|.

Step 3: Using CE-PO orthogonalization (A1).
For each s, by A1 we have A(s, ·) = A⊥(s, ·) ∈
N⊥

s , and ⟨A(s, ·), πold(·|s)⟩ = 0 (definition of ad-
vantage). Hence

⟨A(s, ·), π(·|s)⟩ = ⟨A⊥(s, ·), π(·|s)− πold(·|s)⟩
≤ ∥A⊥(s, ·)∥∞ ∥π(·|s)− πold(·|s)∥1
≤ 2 ε⊥ α.

Taking the supremum over s yields
maxs |⟨A(s, ·), π(·|s)⟩| ≤ 2 ε⊥ α, and there-
fore

|T | ≤ 2γ

1− γ
α (2 ε⊥ α) =

4γ

1− γ
ε⊥ α2.

Step 4: Final bound. Plugging into Step 1,

ηCE(π) ≥ LCE
πold

(π)− 4γ

(1− γ)2
ε⊥ α2,

which is inequality (A.1).

Properties. (Tightening via nuisance removal,
ℓ2 statement). Let ε(2)base := maxs ∥Abase(s, ·)∥2
be the corresponding constant under a non-
residualized baseline reward, and define ε

(2)
⊥ :=

maxs ∥A⊥(s, ·)∥2. If there exists ρ ∈ (0, 1] such
that ∥PsAbase(s, ·)∥2 ≥ ρ ∥Abase(s, ·)∥2 for all s

(nontrivial nuisance energy), then by Pythagoras
for orthogonal projectors,

ε
(2)
⊥ ≤

√
1− ρ2 ε

(2)
base.

Since ∥ · ∥∞ ≤ ∥ · ∥2, we also have ε⊥ ≤ ε
(2)
⊥ ,

yielding a strictly smaller penalty constant in the
ℓ2 analogue of equation A.1 (and a looser but still
improved constant in ℓ∞ up to norm equivalence).

(Null penalty for hacking-only updates). If for
some s the per-state policy change lies entirely
in Ns, i.e., π(·|s) − πold(·|s) ∈ Ns, then (I −
Ps)(π − πold) = 0 and hence ⟨A⊥(s, ·), π(·|s)−
πold(·|s)⟩ = 0, so that state contributes nothing to
the penalty term in equation A.1.

KL-based corollaries. By Pinsker’s inequal-

ity DTV(p, q) ≤
√

1
2KL(p∥q), if δ :=

maxsKL
(
πold(·|s)∥π(·|s)

)
, then

ηCE(π) ≥ LCE
πold

(π) − 2γ

(1− γ)2
ε⊥ δ.

If only an expected per-state KL is enforced,
Es∼dπold

[
KL(πold∥π)

]
≤ δ̄, then equation A holds

with δ = C δ̄ for a method-dependent constant
C ≥ 1 (e.g., via ratio clipping or per-state caps
used in TRPO/PPO).

From counterfactual Jacobians to action-space
nuisance. Let Us be a finite set of representation-
space directions obtained from counterfactual Ja-
cobians (e.g., top singular vectors of counterfac-
tual JAB blocks), and let gs be a smooth channel-
score functional (e.g., spectral energy share). Write
Gs := ∇π(·|s) gs for its Jacobian with respect to
action probabilities. Define

Ns := span
{
G⊤

s u : u ∈ Us

}
∩ Ts.

If each channel score is residualized by project-
ing JAB onto U⊥

s , then, at πold, the resulting
CE reward satisfies ⟨∇πrCE(s, ·), v⟩ = 0 for all
v ∈ Ns ∩ Ts, implying PsA(s, ·) = 0 (Assump-
tion A0).

B Additional Analysis

B.1 Wall-clocks, storage and complexity of
CE-PO.

We design the Jacobian-based coherence reward
to be practical at scale: it reuses forward acti-
vations, avoids any explicit Jacobian/Hessian ma-
terialization, and replaces costly subspace opera-
tions with a constant-time projection. Concretely,
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we rely on three tricks. (i) Local Jacobian via
vJP (vector–Jacobian Projection). Sensitivities
are computed with one forward and two backward
passes using vector–Jacobian products (reverse-
mode autodiff), i.e., for a test direction U we use
vJP(sB, E(A);U) = ⟨JAB, U⟩F = J⊤

ABvec(U)
and the scalar sensitivity ∥J⊤

ABvec(U)∥2; so no
dense J ∈ RTd×Td (or Hessian) is ever formed;
working memory stays at O(Td) for token embed-
dings (Baydin et al., 2018; Pearlmutter, 1994). (ii)
Residual projection. The counterfactual direction
is removed with a single inner product: if g is the
local Jacobian direction and ĉ the (reshuffled) coun-
terfactual direction, we use r = g − (g⊤ĉ)ĉ, avoid-
ing SVD/subspace construction and extra buffers
(Golub and Van Loan, 2013). (iii) Mixed preci-
sion. Forward/backward in FP16/bfloat16 with dy-
namic loss scaling provides wall-clock gains while
roughly halving activation memory, without chang-
ing the algorithmic interface (Micikevicius et al.,
2018).
Throughput and footprint. On a single modern
GPU (e.g., A100 80 GB) and Llama-3-8B-Instruct,
our implementation returns a reward in ≈ 2 s, with
negligible persistent memory beyond base activa-
tions. Simple Jacobian takes O(Td) space com-
plexity and would take O(Cfwd) time complexity,
where Cfwd means the time for one single forward
in LLM reasoning. Yet for Hessian score, there
needs to be continuous iteration of simple Jacobian
to converge for a stable score and space complex-
ity would also be O((Td)2), which is not practi-
cal. To provide a more quantitative analysis, we
benchmarked our Jacobian computation against a
BERTScore baseline on Qwen-3-14B (on a single
node of 4 A100 GPU) using 100 randomly gener-
ated samples. We found the baseline took 1.20s
and peaked at 28.00 GB, while our Jacobian step
took 6.98s and peaked at 30.18 GB. This represents
a 5.82x wall-clock time overhead and, more impor-
tantly, only a 1.078x GPU memory usage multi-
plier. Our CE-GRPO implementation introduces
minimal overhead compared to original GRPO. As
shown in Table 5, the end-to-end wall-clock time
and peak GPU memory over the whole training
pipeline remain comparable between the two meth-
ods. Although the Jacobian-based reward compu-
tation incurs a 5.82× overhead in isolation, this
cost is largely amortized in practice: the dominant
bottleneck in multi-GPU GRPO training is inter-
GPU communication (e.g., rollout synchroniza-
tion and all-reduce operations), not reward compu-

tation. Consequently, the overall training through-
put degradation of CE-GRPO is modest.

Table 5: End-to-end wall-clock time and peak GPU
memory for the whole training pipeline on Llama-3-8B-
Instruct (single node, 4× A100 80 GB).

Method Time (h) Mem (GB)

Original GRPO 7.8 144.6
CE-GRPO (Ours) 8.8 155.2

Overhead 1.13× 1.07×

B.2 Proof of length-induced bias in base
Jacobian

We provide a simple theoretical argument showing
that base Jacobian-based rewards are inherently
sensitive to sequence length when used without
normalization or counterfactual projection.

Case 1: Length inflation on the source side
(dimensional hacking). By definition,

JAB =
∂sB

∂E(A)
,

where E(A) ∈ RTA×d is the embedding matrix of
segment A. Therefore JAB ∈ RTA×d. Consider
the raw reward defined as the Frobenius norm:

Rraw = ∥JAB∥F =

√√√√
TA∑

i=1

d∑

j=1

J2
ij .

As TA increases, the number of additive terms in
the outer summation grows sublinearly O(

√
TA),

which mechanically inflates Rraw even if per-token
sensitivities remain unchanged.

Case 2: Length inflation on the target side
(additive hacking). The downstream score is a
sum over tokens of B:

sB =

TB∑

t=1

log pθ(bt).

Applying the sum rule,

JAB =
∂sB

∂E(A)
=

TB∑

t=1

∂ log pθ(bt)

∂E(A)
.

Thus increasing TB causes the final Jacobian to
accumulate more matrices additively, enlarging its
overall norm irrespective of semantic contribution.

Together, these two effects show that base Jaco-
bian rewards scale with both upstream and down-
stream length, making them vulnerable to trivial re-
ward hacking via token expansion. This motivates
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the counterfactual denoising and spectral normal-
ization steps in CE-PO, which explicitly remove
length-correlated nuisance directions and rescale
Jacobian energy into a bounded coherence signal.

B.3 Training objective
Let Rp(Z,X, Y )∈ [0, 1] denote the unified reward
from Eq. (7). We treat Rp as a scalar terminal
reward for each rollout (Z,X, Y ): rT =Rp, rt=0
for t<T , and do not backpropagate through Rp

(standard policy-gradient; the Jacobian signals are
used only to compute Rp).

CE-PPO. With behavior policy πold, importance
ratio wt(θ) = πθ(at|st)/πold(at|st), and GAE ad-
vantages Ât computed from the sparse reward, the
clipped objective is

JCE-PPO(θ) = E
[
min

(
wt(θ)Ât, clip(wt(θ), 1−ϵ, 1+ϵ)Ât

)

− βKL
(
πθ ∥πref

)]
.

(8)

We optionally standardize Rp per batch to stabi-
lize advantages.

CE-GRPO. For each prompt we sample K can-
didates, compute Rp,k, and form group-relative
advantages Ãk =

(
Rp,k − µgrp

)
/(σgrp + ε), with

µgrp, σgrp the group mean/std. The GRPO-style
objective is

JCE-GRPO(θ) = E
[

1
K

K∑

k=1

min
(
wk(θ)Ãk,

clip(wk(θ), 1−ϵ, 1+ϵ)Ãk

)

− βKL
(
πθ ∥πref

)]
.

(9)

B.4 Detailed Statistics
Training is performed on a single node with four
A100 or H100 GPUs. Unless stated otherwise,
we use a rollout group size of 6 per prompt, KL
penalty of λKL = 0.001 to stabilize optimization,
and cap decoder outputs at 2048 tokens and in-
put within 512 tokens. In determining Rp, exten-
sive experiments indicate that a good configuration
could be p = 0.2 and correctness and coherence
scores weights, respectively, as (w0, w1, w2, w3) =
(0.7, 0.1, 0.1, 0.1), which is set as default for com-
parison unless otherwise specified in ablation stud-
ies. We set learning rate of 2× 10−6, batch size 32,
and training for 10 epochs with temperature 0.6.
Validation interval is set as 10 and checkpoints
are saved per 100 steps. Experiments are based on
Verl (Sheng et al., 2024) framework with mild mod-
ification for separate thread for reward calculation,
and we also set warm-up step = 10 for critic.

Table 6: Guess-rate analysis. Guess rate is the fraction
of guess-style completions whose rationales contain
fewer than 20 tokens. ∆ denotes the over-count of EM
relative to LLM-as-Judge.

Benchmark Guess rate (%) ∆

BBEHMATH 8.3 +0.7
CLadder 44.7 +10.7
LegalBench 62.7 +1.9
LogiQA 64.5 +12.0

Avg. 53.7 +6.3

Table 7: Inter-rater reliability. Cohen’s κ > 0.80 indi-
cates “almost perfect” agreement.

Rater pair Agree. (%) κ

GPT-4o-mini vs. Human 94.0 0.88
GPT-4o vs. Human 96.5 0.93
GPT-4o-mini vs. GPT-4o 98.5 0.97

C Justification of LLM-as-Judge over
Exact Match

EM accepts guessed answers whenever the surface
token matches by chance, and cannot detect in-
ternally inconsistent reasoning. To quantify this
gap, we measure the guess rate—the fraction of
responses where rationale is less than 20 tokens—
and report what fraction each protocol accepts. We
sample 500 held-out examples per benchmark from
the Llama-3-8B-Instruct checkpoint trained with
CE-GRPO.

We additionally assess the reliability of GPT-4o-
mini through an inter-rater reliability (IRR) anal-
ysis on 200 randomly sampled examples. The ex-
amples are annotated by four graduate students (50
examples each), GPT-4o-mini, and GPT-4o.

GPT-4o-mini achieves κ=0.88 against human
labels and deviates from GPT-4o in under 2% of
cases, confirming it as a reliable, cost-efficient
judge.

D Ablation of Counterfactual
Perturbation

To isolate semantic signal in our reward compu-
tation, we construct a counterfactual input that
removes meaning while preserving surface-level
properties such as sentence length and word choice.
We compare two strategies: random replacement
(RR) and token shuffle (TS).

RR replaces each token with a randomly drawn
word from the vocabulary, which removes not only
meaning but also the original word distribution. As
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a result, the difference between the original and
counterfactual inputs mixes semantic signal with
noise from swapping in unrelated words. TS in-
stead permutes tokens in place, keeping the same
words in a different order. This destroys sentence
meaning while leaving word-level statistics un-
changed, so the difference reflects semantics alone.
We therefore adopt TS as our counterfactual con-
struction strategy.

Why token shuffle is a sufficient counterfac-
tual. We acknowledge that token shuffling also
alters positional patterns and local syntax. How-
ever, our goal is not to construct a perfect inter-
vention, but to produce a contrast where semantic
content is disrupted while surface statistics (token
identity, length, unigram frequency) are maximally
preserved. TS achieves this better than RR, which
additionally distorts the word distribution and con-
flates semantic with distributional differences. Ta-
ble 8 confirms this: TS yields +1.66% average
accuracy and +0.75% AFR over RR.

Projection removes nuisance directions, not
useful signal. If projecting out counterfactual sin-
gular vectors were merely a generic regularizer,
removing individual coherence channels should
degrade performance gracefully. Instead, Table 3
(rows 5–7) shows that dropping any single term
among S(Z,X), S(Z, Y ), S(X,Y ) re-opens re-
ward hacking: generation length inflates toward
the token cap (Figure 12) and accuracy falls below
the vanilla baseline. This collapse is confirming
that the projected directions carry fundamental nui-
sance energy rather than semantic content.

E Additional Plots

This section provides supplementary visual evi-
dence supporting the core claims of the paper.

We further include additional ablation plots
demonstrating reward degradation and length in-
flation when individual Jacobian coherence terms
are removed, generation case comparisons illus-
trating how different reward formulations lead to
distinct reasoning behaviors, and diagnostic analy-
ses revealing the correlation between base Jacobian
magnitude and output length.

Figure 11 reports the response lengths of CE-
GRPO, GRPO-BERTScore, and the vanilla model
on the training sets. The means are closely
matched, indicating our optimization is largely
length-indifferent. CE-GRPO achieves better task
performance without increasing the token budget

beyond the baseline, suggesting the efficiency of
CE-GRPO.

Example and Method Comparison

Question. Context: For husbands that don’t set the
alarm, the probability of ringing alarm is 90%. For
husbands that set the alarm, the probability of ringing
alarm is 25%. Question: For husbands that set the
alarm, would it be less likely to see ringing alarm if
the husband had not set the alarm?

Ground Truth: No

Method Prediction (Reasoning)

BERTScore Predicts “Yes”; relies on surface
overlap (...compares 25% vs 90%
directly but ignores that the sub-
ject of “less likely” is “not set”).

Jacobian Only Predicts “Yes”; observes 25% <
90% but misplaces the subject,
treating “set” as the focus of “less
likely” instead of “not set”.

CE-GRPO Predicts “No”; correctly checks
whether 90% < 25% (false)
and concludes “not set” actually
makes ringing more likely, match-
ing ground truth.

Takeaways.

• Jacobian Only tends to template-follow:
latches onto “less likely ⇒ smaller %” and ig-
nores subject/polarity flips, leading to a misread
of the conditional structure.

• BERTScore measures overlap, not conditional
structure; it cannot reason about which condi-
tion the “less likely” modifies.

Figure 13: Comparison of methods on the alarm-setting
counterfactual example on Qwen-3-4B-Thinking.

Figure 14: This figure illustrates the binned base Ja-
cobian scores distribution among different generation
token length, echoing the reward hacking by length
statement in Figure 2.
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Figure 8: Semantic content of projected subspaces. For each Jacobian link, we decompose the raw signal into the
retained component (after counterfactual projection) and the removed component (the projected-out subspace), then
compute the point-biserial correlation of each with answer correctness (rbase). Across all three links, the retained
component preserves virtually all correlation with correctness (r≈0.18–0.21), while the removed component drops
to near zero (|r|< 0.04), confirming that the counterfactual perturbation discards semantically inert directions
without sacrificing task-relevant signal.

Table 8: Counterfactual perturbation ablation on Llama-3-8B-Instruct (CE-GRPO). Length: mean generation tokens
at convergence. Best in bold.

Strategy BBEHMATH CLadder LegalBench LogiQA Avg. AFR (%)

RR (random replace) 12.38 43.52 65.14 69.75 47.70 17.62
TS (token shuffle) 13.64 45.00 66.97 71.82 49.36 18.37

F Broader Impact

The proposed CE-PO framework has the potential
to substantially improve the reliability and trust-
worthiness of large language models. By explicitly
rewarding Jacobian coherence in addition to task
accuracy, the method reduces the tendency of mod-
els to exploit superficial cues or engage in reward
hacking, which can lead to misleading or unfaithful
reasoning. In practice, this enables LLMs to gen-
erate explanations and rationales that are not only
correct in outcome but also grounded in meaning-
ful reasoning processes—an essential property for
high-stakes domains such as law, science, medicine,
and education.
Beyond improving alignment, CE-PO can serve
as a general methodology for building AI systems
that are “right for the right reasons,” supporting
transparency, auditability, and robustness under dis-
tribution shifts. This contributes to safer deploy-
ment of generative models in real-world decision-
making pipelines. At the same time, emphasizing
coherence regularization may help mitigate harm-
ful biases that arise when models rely on spurious
correlations, thereby supporting more equitable AI
systems.

G Prompt Templates

We presented the prompt template for clear Z, X ,
Y separation in Figure 15 and detailed instruction
for LLM-as-Judge in Figure 16.

Table 9: Welch’s t-tests comparing S(A,B) distribu-
tions between Incorrect and Correct groups.

Metric t p-value

S(Z,X) 3.55 0.0005
S(X,Y ) 3.23 0.0014
S(Z, Y ) 3.15 0.0018

H Dataset Features

I The Use of Large Language Models
(LLMs)

LLMs are the primary subject of our reinforcement
learning (RL) experiments: we fine-tune pretrained
models under CE-PO and baseline objectives to
study stability, reward hacking, and reasoning qual-
ity. Separately, we use LLMs as utilities for con-
trolled text transformations—rephrasing, grammar
correction, and during writing phase.
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Figure 9: Frequency gap of generation per word where CE-GRPO exceeds the baseline models (Top-12 per model).

Table 10: Training Dataset

Dataset Question Answer

BBEHCausal Question: Alice (AF) and Bob (BF) each fire a bullet
at a window, simultaneously striking the window. The
window only shatters (WS) if it is hit by two bullets. Is
Alice firing the bullet a sufficient cause for the window
shattering? Reply based on the answer a logician would
give.

No

CasHOLD Context: limitations was equitably tolled fails because
he did not raise this argument before the district court.
See Hinton v. Pac. Enters., 5 F.3d 391, 395 (9th
Cir.1993) (HOLDING). Grace’s remaining contentions
lack merit. Select the correct holding (1 to 4): "holding
that the burden to allege facts sufficient to establish
jurisdiction resides with plaintiff", "holding that the
plaintiff bears the burden when relying on the discov-
ery rule", "recognizing the validity of the doctrine but
holding no equitable tolling on the facts presented",
"holding that plaintiff bears the burden to timely allege
facts supporting equitable tolling", "holding that the
burden is on the plaintiff to allege facts sufficient to
establish jurisdiction"

3: "holding that plaintiff
bears the burden to timely
allege facts supporting equi-
table tolling"

MATHHARD There are thirty-five red, yellow, orange, and white
marbles in a bag. If half the number of red marbles
equals two less than the number of yellow marbles,
equals a third the number of orange marbles, and equals
a third of three more than the number of white marbles,
how many red marbles are there?

8

IfQA If Caroline Flack’s mother had felt the name suited her,
what would have been Caroline’s name?

Caroline

Figure 10: Pairwise scatter matrix of Jacobian coher-
ence metrics on Qwen-3-4B.

Figure 11: Response length comparison on Llama-3-
8B-Ins.
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(a) Reward score (b) Mean length

Figure 12: Supplement to the ablation analysis: omitting a single Jacobian term induces reward degradation
accompanied by length inflation.

Prompt Instructions (Final Answer Tagging)

"Solve the question and generate in assigned format."
"Wrap your final answer between <finalanswer> </finalanswer> tags. "
"It’s mandatory and required to not include anything after </finalanswer> tag. Don’t let your
generation process to redundant and lengthy."
"Be very clear in your explanation, and ensure the final answer is presented separately."
"Example of output: We analyze A, solve B and answer is C. So final answer is <finalanswer> C is
correct </finalanswer>"

Figure 15: Verbatim instructions for final-answer tagging.

Prompt Template (Strict Judge)

Task
Decide if the final answer matches the ground truth.

Rules (both must hold)
1) Final-answer equivalence: extract the last explicit final answer and compare it to the ground truth after trimming
whitespace and ignoring case.
2) Reasoning validity : Validity (Z → X → Y ): Z must substantiate X, and Z,X must substantiate Y. Accept only
reasoning that is logically sound, evidence-backed, and contradiction-free; apply near-adversarial scrutiny—any gaps,
guesses, or inconsistencies → 0.

Question Z
{question}

Ground Truth Answer
{correct_answer}

Provided Reasoning X+Y
{reasoning_process}

Output (plain-text JSON, no code fences)
{
"judge_explanation": "<brief explanation>",
"result": "<Yes or No>"

}

Figure 16: Prompt template for strict binary judgment requiring answer equivalence and valid reasoning.
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