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Abstract

Process reward models (PRMs) enhance the
reasoning capabilities of large language mod-
els (LLMs) by providing fine-grained feedback,
yet training PRMs typically requires expen-
sive stepwise annotations. Outcome-supervised
PRMs offer a scalable alternative by learning
from final-answer correctness alone, but this in-
troduces a fundamental credit assignment chal-
lenge, i.e., attributing outcomes to responsible
reasoning steps. Existing approaches rely on
either uniform or causal assignment, both of
which fail to anchor credit in step correctness
and thus hinder process error identification.

In this work, we propose Outcome-Supervised
Process Reward Modeling via Learnable Credit
Assignment (LCA), an outcome-supervised
PRM framework that jointly learns credit
assignment and reward modeling under the
principle of Weakest Link Assignment: a
reasoning chain is as strong as its weakest
link. To address mutual dependence between
credit assignment and reward modeling, we
formalize outcome-supervised PRM as a
Multiple Instance Learning (MIL) problem
and introduce Softmax-Weighted-Sum (SWS)
pooling, an MIL pooling technique tailored
for strong dependence and redundancy
among reasoning states. We establish
instance-level Bayes consistency of the
resulting learning objective under mild
assumptions. Extensive experiments demon-
strate that LCA outperforms state-of-the-art
outcome-supervised PRMs across multiple
tasks and backbones. Code is available at
https://github.com/JiaTianyu20031016/MIL.git.

“Equal contribution.

Corresponding authors.

1 Introduction

Process reward modeling (PRM) plays a crucial
role in reasoning-intensive tasks for large language
models (LLMs), such as mathematical problem-
solving (Shao et al., 2024; Yu et al., 2024) and code
generation (Li et al., 2025; Zhang et al., 2025a).
Unlike outcome reward models (ORMs) (Cobbe
et al., 2021), which evaluate only the final answer,
PRMs (Wang et al., 2024b; Lightman et al., 2024;
Luo et al., 2024) assess the correctness of each
intermediate reasoning step, providing dense, step-
level signals that enhance test-time scaling (Wang
et al., 2024b; Snell et al., 2025) and reinforcement
learning (Setlur et al., 2025; Cheng et al., 2026).

However, training PRMs requires step-level cor-
rectness labels, which are prohibitively expensive
to collect from humans (Lightman et al., 2024).
A natural alternative is to use final-answer cor-
rectness, cheap to verify and widely available, as
ground-truth supervision. To recover step-level re-
wards from this trajectory-level signal, one must
solve a credit assignment problem: attributing
trajectory-level correctness to the steps that cause
it. This setting is termed outcome-supervised PRM.

Existing methods mainly fall into two perspec-
tives.

» Uniform Assignment via Additive Aggregation:
As illustrated in Fig. 1(a), this line (Chen et al.,
2025; Yuan et al., 2025) aggregates step-level
scores by summation or averaging into a single
trajectory score for optimization. Every step thus
receives equal credit, regardless of which is actu-
ally responsible for the outcome.

e Causal Assignment via Rollout Estimation: As
illustrated in Fig. 1(b), this line (Wang et al.,
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(a) Uniform Assignment assumes that all intermediate steps contribute equally to
the final outcome.
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(c) Weakest Link Assignment determines the final outcome based on the step
with the lowest quality.
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Figure 1: Illustration of different credit assignment
strategies.

2024b; Luo et al., 2024; Guan et al., 2025)
pseudo-labels each step via Monte Carlo estima-
tion of the probability of reaching a correct final
answer. Each step’s score thus reflects the ex-
pected success of its downstream rollouts rather
than its own correctness, making the actual error
hard to localize. The estimation further depends
on rollout policy and sampling design, which
risks introducing bias and noise.

Both approaches share a common deficiency:
neither attributes credit based on whether each
step is actually correct. Uniform Assignment
treats every step the same; Causal Assignment lets
a step’s score depend on what comes after it. We
propose to anchor credit assignment directly in step
correctness, drawing on a long-standing intuition:
a reasoning chain is only as strong as its weakest
link (Prasad et al., 2023; Jacovi et al., 2024; Li et al.,
2023; Gilda and Gilda, 2026). A chain is correct
if and only if every step is correct, and incorrect if
and only if any step is wrong. We term this Weak-
est Link Assignment (Figure 1(c)). Training under
this principle directly targets the same first-error
criterion widely adopted in PRM evaluation and
applications (Cheng et al., 2026; Lightman et al.,
2024; Zheng et al., 2025), thereby closing the train-
ing—test gap and producing a PRM that accurately
attributes credit to the outcome-determining steps.

Yet applying this principle to training poses a
chicken-and-egg dilemma: assigning credit to spe-
cific steps requires knowing which step is wrong,

while identifying wrong steps is precisely what the
PRM is being trained to do. Credit assignment and
reward modeling are thus mutually dependent.

To resolve this challenge, we propose
Outcome-Supervised Process Reward Modeling
via Learnable Credit Assignment (LCA), an
outcome-supervised PRM framework that jointly
learns credit assignment and reward modeling.
Through a structural reduction, we formalize
outcome-supervised PRM as a Multiple Instance
Learning (MIL) problem (Waqas et al., 2024):
each trajectory prefix is an “instance”, the whole
trajectory is a “bag” (i.e., a set of instances),
and the Weakest Link principle is the Standard
Multi-Instance Assumption verbatim. This formal-
ization places outcome-supervised PRM within the
principled MIL framework, which jointly learns
instance classification and the bag-to-instance
attribution under bag-level supervision, thereby
dissolving the chicken-and-egg dilemma between
credit assignment and reward modeling. Through
Softmax-Weighted-Sum (SWS) pooling, we
resolve the degeneration of mainstream MIL
methods under inter-instance dependence and
redundancy, and embed a smoothed Weakest
Link Assignment as a structural prior, yielding a
learning objective that is Bayes consistent at the
instance level.

To summarize, our contributions are threefold:

¢ Insightfully, through a systematic analysis of
existing outcome-supervised PRM methods, we
identify a shared deficiency: neither Uniform As-
signment nor Causal Assignment anchors credit
in step correctness. We propose Weakest Link
Assignment as a principled alternative, yielding
PRMs that accurately attribute credit to the steps
that cause the outcome.

* Technically, we propose LCA, an outcome-
supervised PRM framework that (1) formalizes
outcome-supervised credit assignment as a Mul-
tiple Instance Learning (MIL) problem under the
Weakest Link principle; (2) introduces Softmax-
Weighted-Sum (SWS) pooling, an MIL pooling
technique that adaptively reweights reasoning
steps and embeds a smoothed Weakest Link As-
signment as a structural prior, addressing the
degeneration of mainstream MIL methods un-
der inter-instance dependence and redundancy;
and (3) proves Bayes consistency of the resulting
learning objective at the instance level.

» Experimentally, on error identification and best-
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of-N test-time scaling, LCA outperforms current
state-of-the-art outcome-supervised PRM base-
lines across multiple LLM backbones and gen-
erator models. Ablation studies further validate
SWS pooling against widely used MIL pooling
techniques and characterize the role of the tem-
perature parameter.

2 Preliminaries

2.1 Multiple Instance Learning

Multiple Instance Learning (MIL) is a weakly-
supervised learning method designed for settings
where only coarse-grained labels are available but
fine-grained classification is required. MIL as-
sumes a hierarchical structure of instances and bags.
Let X be the instance space. A bag B is a finite set
of instances z; € X'. The bag space is B, with a
data distribution IP over 5.

In the standard binary MIL setting, each instance
and each bag has a label y € {0, 1} (0 = negative,
1 = positive). Instance labels are unobserved; only
bag labels are given. Given a training set D =
{(B*,y(B*))}£_, drawn from P, the goal is to
learn an instance-level classifier f : X — [0, 1].

Most MIL algorithms rely on the Standard Multi-
Instance Assumption (Foulds and Frank, 2010):

Assumption 2.1 (Standard Multi-Instance Assump-
tion). A bag is positive if and only if it contains at
least one positive instance:

y(B) = max{y(z1),...,y(xn)},
VB:{:cl,...,xn} e B.

This assumption holds in many real-world appli-
cations, such as anomaly detection in long time se-
ries or whole-slide images (WSIs) (Xu et al., 2014;
Early et al., 2024). Anomalies typically appear in
local regions, yet the label is assigned to the entire
input. The goal of MIL in such cases is to pinpoint
the anomaly location.

Modern MIL methods are predominantly
pooling-based. These methods develop instance-
level classifiers and use a pooling function to ag-
gregate instance predictions into a bag-level pre-
diction. Standard supervised learning optimizes
the bag-level prediction, typically using a cross-
entropy loss:

Lew (y(B),Pool({p1, .. pa})).

where p1, .. ., p, are instance predictions and Pool
is the pooling function. In this way, instance classi-

fication and bag-to-instance attribution are jointly
optimized in an end-to-end manner.

A more detailed discussion of MIL pooling tech-
niques is deferred to Appendix B.

2.2 Process Reward Model

Reasoning trajectory. A reasoning trajectory 7
consists of a question g followed by a sequence of
steps Si, ..., ST

T = <Q7817 s 7ST>7
where each step advances the reasoning based on
the question and all previous steps.! An incomplete
trajectory is termed a prefix:

,St>, tST

T = (q, 81, - - .
Correctness of reasoning prefixes. A reason-
ing step is logically erroneous if its conclusion is
false or does not follow from the preceding context.
Once such an error occurs, subsequent steps in-
herit the error, making their individual correctness
ill-defined (Lightman et al., 2024). We therefore
assign correctness labels to prefixes rather than to
isolated steps.

Formally, define correctness of a prefix 7.; as

y(7e) € {0,1},

where 1 denotes that 7.; contains logical error(s)
(positive) and 0 denotes no error (negative), match-
ing the standard MIL convention. By this definition,
error monotonicity follows immediately:

Y(Tiet1) > y(1e), (D

because any extension of an erroneous prefix re-
mains erroneous. The correctness of the full trajec-
tory is thus

y(7) = y(rr) = max{y(ra), ..., y(rr)}, ()
which is precisely the Weakest Link Assignment.

Process reward modeling. Process reward mod-
eling learns a classifier f that maps each prefix to
an error probability: f(7.) € [0, 1], with the goal
that f(7.) =~ y(7.). This is equivalent to first-
error detection (Lightman et al., 2024; Zheng et al.,
2025): the first prefix for which f signals an error
identifies the earliest step that caused the failure.
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Figure 2: Overview of LCA. The PRM outputs per-prefix error probabilities p, which are then aggregated via
Softmax-Weighted-Sum (SWS) pooling. The PRM is trained end-to-end with a trajectory-level cross-entropy loss.

3 Analysis

3.1 Process Reward Modeling as Multiple
Instance Learning

Under the Weakest Link principle, we formalize
outcome-supervised process reward modeling as a
Multiple Instance Learning (MIL) problem:

* Data structure. A full trajectory 7 corresponds
to a bag, and each prefix 7; to an instance. We
thus use “bag” and “trajectory” (resp. “instance”
and “prefix”) interchangeably when the context
is clear.

* Assumption. By the definition of prefix correct-
ness, the bag-level label is the maximum over
instance labels (Eq. 2); this exactly matches the
Standard Multi-Instance Assumption.

* Learning objective. Given a dataset with
trajectory-level labels: D = {(7%, y(7F))} 5,
our goal is to learn a prefix-level classifier f
such that f(7.;) ~ y(7), consistent with the
paradigm of MIL.

Despite this formal alignment, outcome-
supervised PRM raises a unique challenge absent in
classic MIL: prefixes within a trajectory are both
highly dependent and redundant, violating the
common assumption of instance independence
or weak dependence (Wagqas et al., 2024). This
violation stems from three structural properties of
reasoning trajectories:

* Autoregressive: each reasoning step is condi-
tioned on all previous steps.

* Nested: each prefix includes previous ones.

* Monotonic: prefix labels are monotonic (Eq. 1).

'For clarity, we consider only sequential reasoning without
self-correction in the main text. Our method naturally applies

to reasoning with reflection and backtracking through a simple
conceptual transformation; see Appendix F.

Together, these three properties render each in-
stance highly informative about the others. Most
critically, the last prefix alone suffices to determine
the bag label, making all earlier prefixes ignorable
for bag-level classification.

Consequently, conventional MIL pooling tech-
niques struggle in our setting. In preliminary ex-
periments, we applied max-pooling-based MIL,
the most direct realization of the Standard Multi-
Instance Assumption. Yet the PRM rapidly degen-
erated into an ORM, producing meaningful pre-
dictions only at the final prefix while outputting
a trivial value for all preceding prefixes. Detailed
setup and results are provided in Appendix E.1.
Attention-based MIL methods, though most preva-
lent in the deep learning era, are prone to a similar
failure mode. The model could focus its attention
exclusively on the last prefix, thus offering no guar-
antee of instance-level classification performance.

3.2 Multiple Instance Learning with
Softmax-Weighted-Sum Pooling

To handle the strong dependence and redundancy
among instances, we propose Softmax-Weighted-
Sum (SWS) pooling. Given instance-level predic-
tions p = (p1,...,pr) € [0,1]7, the bag-level
prediction is

ept/a

SWS,, , 3)

Z wept, Wt = W
where the temperature a > 0 controls the entropy
of the weight distribution. As o — 0, SWS ap-
proaches max pooling; as o — o0, it approaches
average pooling.

SWS pooling offers two key properties for our
setting. First, because every weight w; admits a
strictly positive lower bound under bounded bag
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sizes, each instance is guaranteed to receive a non-
negligible credit. This prevents the model from
basing its predictions on an overly narrow subset
of instances and thus promotes more generalizable
instance classification. Second, the softmax weight-
ing naturally encodes the Standard Multi-Instance
Assumption as a structural prior: the weight of
each instance grows with its predicted positivity,
aligning with the Weakest Link Assignment where
positive instances dominate the bag prediction.

SWS-pooling-based MIL provides an adaptive
yet principled credit assignment mechanism. The
model learns instance predictions p;, which in turn
determine the softmax weights w; and thus each
instance’s contribution to the bag-level loss. In this
way, the model learns which instances drive the
optimization objective under pure bag-level super-
vision, while the softmax-based architecture em-
beds the Standard MIL assumption to constrain the
solution space.

3.3 Theoretical Analysis

We provide theoretical results about the Bayes con-
sistency of SWS pooling. The analysis applies not
only to our settings of outcome-supervised PRM
but to any MIL setting that satisfies Assumption 3.1.
We therefore adopt the general MIL notation intro-
duced in Section 2.1.

Definition 3.1 (Bag cover set). Let S C X be a set
of instances. The bag cover set of S is the set of all
bags that contain at least one instance from S':

C(S):={BeB|BNS+0}.

Similarly, the positive bag cover set C*(.5) is the
set of all positive bags containing at least one in-
stance from S; the negative bag cover set C~ (S) is
defined analogously.

Assumption 3.1 (M-Assumption). There exists a
constant M > 0 such that for any set S of negative
instances, if

B(C(S)) = PCT(S)) + PC(S)) > 0,

then
P(C*(9))

BC(®) =

Assumption 3.1 is a mild assumption that pre-
vents the probability ratio of a negative instance
appearing in positive bags versus negative bags
from being arbitrarily large.

Theorem 3.1 (Unique global minimizer). Let As-
sumption 3.1 hold. Let N be the maximum allowed
bag size. Let f(x) € [0,1] be an instance clas-
sifier. For a bag B = (x1,...,xy) with label
y(B) € {0,1}, define the softmax weighted sum

ﬁ(B) = SWSa(f(xl)v T af($ﬂ))a

and the expected loss

L(f) =Ep~pLce(p(B),y(B)).

Then there exists a sufficiently small temperature
a > 0 such that, up to a set of instances S whose
bag cover set has probability zero, L is uniquely
minimized by the true label function:

fH (@) = y(x) €{0,1},

Theorem 3.2 (Convergence in probability). Let
Assumption 3.1 hold. Let N be the maximum al-
lowed bag size. Let f*(x) = y(z) be the Bayes
optimal classifier, and let { fi} be a sequence of in-
stance classifiers. Define the expected loss L as in
Theorem 3.1. Then there exists a sufficiently small

temperature o > 0 such that, if {L(f;)} converges
to L(f*):

Jim L{fi)) = £(f7) = mf L(]),

Vo ¢ S.

then { f;} converges to f* in probability.

Together, Theorem 3.1 and Theorem 3.2 guar-
antee a desirable property of SWS-pooling-based
MIL algorithms: by minimizing the expected loss
L, the instance classifier f approximates the Bayes
optimal classifier f*. Consequently, even without
instance-level supervision, the learned classifier is
expected to perform well on instance classification.

Our theoretical analysis reveals the central role
of temperature o in SWS pooling. Intuitively, a
larger o makes the credit assignment more uniform,
risking misclassification of negative instances that
frequently appear in positive bags. So Bayes consis-
tency requires « to be sufficiently small, as stated
in Theorem 3.1 and Theorem 3.2. On the other
hand, however, an excessively small o concen-
trates the credit assignment on a single instance,
thereby starving co-occurring positive instances of
adequate optimization signals. Consequently, the
choice of « involves a trade-off between theoretical
soundness and empirical effectiveness.

A more formal statement of the definitions, as-
sumptions, theorems, and their detailed proofs can
be found in Appendix G.
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4 Method

Building on the above analysis, we propose LCA, an
outcome-supervised PRM framework that jointly
learns credit assignment and reward modeling us-
ing an SWS-pooling-based MIL algorithm. Fig-
ure 2 illustrates the overall pipeline.

We adopt the standard discriminative PRM archi-
tecture (Zheng et al., 2026), which appends a binary
classification head to a pretrained LLLM backbone.
Given a reasoning trajectory 7 = (q, $1,...,ST),
we serialize the prompt and reasoning steps as

2(r)=q@d®s10d® - Dsr®d, (4

where & denotes textual concatenation in the in-
dicated order and d denotes the delimiter between
the prompt and successive reasoning steps. Unless
otherwise specified, following recent PRM data-
processing conventions (Zhang et al., 2025b; Zheng
et al., 2025), we instantiate d as the double-newline
sequence \n\n. The LLM backbone M processes
the serialized trajectory in a single causal forward
pass. Let e; denote the token position of the last to-
ken of the delimiter immediately following step s;.
We use the final-layer hidden state at this position
as the representation of prefix 7.:

hy = (M(z(T))le,,  pe=(he),  (5)

where ¢ is the binary classification head and p; €
[0, 1] is the predicted probability that prefix 7., is
incorrect. Thus,

f(r) = (pr, ..

We train the PRM end-to-end by minimizing the
empirical cross-entropy loss at trajectory level:

,pr) €[0,1]". (6)

o - Sk K
K—EZLCE(])(T ):y(1"))
k=1

1 K

= —— >~ (") log(r*)
k=1

+ (1= y(rh)) log(1 - (7)) ).
(7N
where y(7%) € {0,1} indicates whether the final
answer is correct (0) or incorrect (1). No step-level
supervision is required. In practice, we apply a
stop-gradient operation to the softmax weights wy
during backward propagation to stabilize training;
for a justification of this operation and a controlled
ablation, see Appendix D.

S Experiments

We conduct a series of experiments to answer four
research questions:

* RQ1: Can PRMs trained with LCA reliably locate
errors in reasoning trajectories?

¢ RQ2: Can PRMs trained with LCA enhance LLM
reasoning capability via test-time scaling?

* RQ3: How does the temperature o affect SWS
pooling’s performance?

* RQ4: Does SWS pooling outperform other pool-
ing techniques on process reward modeling?

Our experiments focus on math reasoning, where
the correctness of intermediate steps and final an-
swers is relatively well-defined and easy to verify.
Unless otherwise stated, we use the correctness of
the final answer as the trajectory-level label, with-
out any process-level annotation.

Implementation details for all experiments are
given in Appendix C.

5.1 Experiments on Error Identification
RQD

Datasets and Models. We use the publicly avail-
able Math-Shepherd dataset (Wang et al., 2024b)
as the training set. Though this dataset provides
step-level pseudo labels generated by Monte Carlo
estimation, we discard these process labels and
retain only the reasoning trajectories and their final-
answer correctness as trajectory-level supervision
for LCA. We use Qwen2.5-Math-7B-Instruct (Yang
et al., 2024b) and Llama-3.2-3B-Instruct (Meta Al,
2024) as the LLM backbones for training PRMs.
Evaluation Metrics. We use ProcessBench (Zheng
et al., 2025) to measure the PRM’s ability to iden-
tify the first error location in a response. The
benchmark evaluates recognition of fully correct
responses and precise error identification in incor-
rect responses. We calculate accuracies on correct
and erroneous samples and report their harmonic
mean as the final F1 score.

Selection of o.. Our training data provide only
trajectory-level outcome labels and do not con-
tain ground truth step-level annotations. Conse-
quently, a held-out split of the training data would
not support selecting « according to step-level
error-identification performance. Following Pro-
cessBench’s protocol of selecting a shared hyperpa-
rameter on a designated subset (Zheng et al., 2025),
we similarly select a single shared value of « us-
ing one ProcessBench subset. Specifically, using
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Model

GSMS8K MATH  OlympiadBench

Omni-MATH  Avg.

Large Language Models as Critic

Llama-3-8B-Instruct 13.1
Llama-3.1-8B-Instruct 10.9
Qwen?2.5-7B-Instruct 36.5
Qwen2.5-Math-7B-Instruct 26.8
Qwen2.5-Coder-7B-Instruct 14.3

13.8 4.8 12.6 11.1
5.1 2.8 1.6 5.1
36.6 29.7 274 32.6
25.7 14.2 12.7 19.9
6.5 4.1 1.8 6.7

Open Source Process Reward Models

Math-Shepherd-PRM-7B 479 29.5 24.8 23.8 31.5
RLHFlow-PRM-Mistral-8B 50.4 334 13.8 15.8 28.4
RLHFlow-PRM-Deepseek-8B 38.8 33.8 16.9 16.9 26.6
EurusPRM-Stagel 443 35.6 21.7 23.1 31.2
EurusPRM-Stage2 473 35.7 21.2 20.9 31.3
Qwen2.5-Math-7B-Math-Shepherd-PRM 62.5 31.6 13.7 7.7 28.9
Process Reward Models Trained on Llama-3.2-3B-Instruct
ImplicitPRM 54.8 34.1 222 12.4 309
MathShepherd 38.8 22.7 14.5 114 21.8
SCAN 47.6 27.6 16.2 12.2 25.9
OmegaPRM 38.7 30.1 18.2 14.1 253
PQM 344 38.3 20.2 279 30.2
LCA (Ours, o = 1) 48.4 4.1 30.3 294 37.6
Process Reward Models Trained on Qwen2.5-Math-7B-Instruct
ImplicitPRM 45.2 36.3 23.5 25.1 32.5
MathShepherd 59.2 31.1 12.7 8.1 27.8
SCAN 60.6 339 15.0 6.8 29.1
OmegaPRM 44.8 37.1 229 18.4 30.8
PQM 55.7 439 28.5 24.5 38.1
LCA (Ours, o = 1) 65.7 48.7 26.2 19.9 40.2

Table 1: F1 scores of LLM-as-Critic models and PRMs on ProcessBench.

Qwen2.5-Math-7B-Instruct as the backbone, we
search over a € {0.1,0.2,...,2.0} and select the
value achieving the highest F1 score on the MATH
split. This procedure yields o = 1.0, which we sub-
sequently fix without further tuning in all main ex-
periments (Sections 5.1 and 5.2). Only the MATH
split is used for this selection; the other three Pro-
cessBench splits are not used for hyperparameter
tuning.

Baselines. We compare our method with the cur-
rent state-of-the-art baselines:

* ImplicitPRM (Yuan et al., 2025) parameterizes
the reward model as a log-likelihood ratio of pol-
icy and reference models, training with trajectory-
level correctness labels.

* MathShepherd (Wang et al., 2024b) uses brute-
force Monte Carlo estimation to generate hard
pseudo labels for every step.

* SCAN (Ding et al., 2026) denoises Monte Carlo
pseudo labels using the confidence of the data
generator.

* OmegaPRM (Luo et al., 2024) uses Monte Carlo

tree search to selectively generate high-quality
reasoning trajectories with soft pseudo labels.

* PQM (Li and Li, 2025) formulates process re-
ward modeling as a Q-value ranking problem and
trains PRMs with a ranking loss, which requires
estimation of the first error location.

We also incorporate several 7B-scale open-source
PRMs and LLM-as-critic models as baselines;
their results are taken directly from previous re-
search (Zhang et al., 2025b).

Main Results. Table 1 reports evaluation re-
sults on ProcessBench. LCA achieves the high-
est average F1 among the compared outcome-
supervised methods, with relative improvements
of 21.7% and 5.5% over the second-best results
for the 3B and 7B backbones, respectively. No-
tably, LCA avoids the Monte Carlo sampling re-
quired by MathShepherd, SCAN, OmegaPRM, and
PQM while achieving higher average F1 than these
baselines.

More detailed results can be found in Table 5 in
Appendix E.2.

11166



Mistral-7B-Inst-v(.2

Llama-3.1-8B-Inst

Qwen-2.5-7B-Inst

Reward Model Pass@1: 9.6 Pass@1: 44.6 Pass@1: 65.8 Avg.
| @8 @32 @64 @38 @32 @64 @8 @32 @64 |
Majority Vote | 182 21.0 228 566 622 632 678 702 70.6 | 50.2
ImplicitPRM 19.0 184 176 594 610 628 704 682 69.2 | 49.6
MathShepherd 246 300 332 590 656 654 672 696 69.6 | 53.8
SCAN 264 310 336 598 652 664 674 692 692 | 542
OmegaPRM 134 152 172 534 554 574 662 68.0 684 | 46.1
PQM 21.8 270 288 582 606 604 698 706 704 | 52.0
LCA(Ours,x =1) | 250 312 354 594 660 678 690 714 714 | 552

Table 2: Different PRMs’ best-of-N sampling performance on MATH-500 with three different generation models.

5.2 Experiments on Test-Time Scaling (RQ2)

Datasets and Models. We train PRMs on the
Math-Shepherd dataset, using Qwen2.5-Math-7B-
Instruct as the backbone. We evaluate test-time
scaling on MATH-500 (Lightman et al., 2024), a
subset of MATH dataset. To test generalizability,
we select three generator models of different sizes,
families, and reasoning capabilities: Mistral-7B-
Instruct-v0.2 (Jiang et al., 2023), Llama-3.1-8B-
Instruct (Grattafiori et al., 2024), and Qwen2.5-7B-
Instruct (Yang et al., 2024a).

Evaluation Metrics. Following prior work (Wang
et al., 2024b; Lightman et al., 2024; Luo et al.,
2024), we evaluate PRMs by their verification abil-
ity using best-of-N sampling. The metric best-of-N
accuracy @n measures the correctness of the most
preferred trajectory selected by the PRM from n
candidates per question.

Baselines. We compare our method with the
same baselines as in Section 5.1: ImplicitPRM,
MathShepherd, SCAN, OmegaPRM, and PQM.

Main Results. Table 2 reports the best-of-N per-
formance for N = 8, 32, and 64. Our method
achieves the highest average score across gener-
ators. Moreover, LCA attains the best results on all
three generation models at N = 32 and N = 64,
demonstrating strong scalability and generaliza-
tion. Although our method is primarily designed
for intra-trajectory credit assignment rather than
final-answer validation, it still delivers consistent
gains on best-of-N accuracy. We hypothesize that
Weakest Link Assignment contributes to this behav-
ior by anchoring credit assignment in step correct-
ness. This mechanism may encourage the PRM to
focus on local reasoning errors rather than relying
on spurious correlations or shortcuts, thereby miti-
gating overfitting and improving generalization.
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Figure 3: Performance on ProcessBench splits with
varying temperature .

5.3 Ablation Study (RQ3 & RQ4)

We conduct ablation studies to examine the effect
of temperature o and the advantage of SWS pool-
ing over other common MIL pooling techniques.

Effect of Temperature (RQ3). Following the
settings of our main experiments, we train PRMs
with different o using Qwen2.5-Math-7B-Instruct
as the backbone and Math-Shepherd dataset as the
training set, and report their F1 scores on Process-
Bench splits.

Figure 3 shows the results. As « increases,
performance on GSMS8K decreases, while perfor-
mance on OlympiadBench and Omni-Math in-
creases. This finding aligns with our theoretical
insights. A larger o makes credit assignment more
uniform across instances, which encourages the
model to identify as many positive instances as
possible within a positive bag, and thus benefits
process error detection. However, this also risks
misclassifying negative instances that appear in
positive bags, e.g., correct prefixes of eventually
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Figure 4: Average F1 scores of different pooling tech-
niques on ProcessBench.

wrong trajectories. Consequently, as « increases,
performance drops on simple datasets with fewer
process errors (e.g., GSM8K) but improves on com-
plex datasets with substantial process errors (e.g.,
OlympiadBench and Omni-Math) (Zhang et al.,
2025b). This again highlights that choosing «a re-
quires a trade-off between theoretical consistency
and practical effectiveness.

Comparing SWS Pooling with Other Pooling
Techniques (RQ4). We compare SWS pooling
against commonly used MIL pooling functions:
instance pooling (Wang et al., 2018), embedding
pooling (Tibo et al., 2018), attention pooling (Ilse
et al., 2018), and conjunctive pooling (Jang and
Kwon, 2025). Appendix B describes these tech-
niques in detail. We also include a fully super-
vised PRM that uses all step-level ground-truth
labels as an upper bound baseline. To avoid poten-
tial label noise and ensure consistency with stan-
dard MIL settings, we curate a training set from
the human-annotated PRM80OK dataset (Lightman
et al., 2024) and aggregate step labels to obtain tra-
jectory labels (see Appendix C.5 for details). We
use Qwen3-4B (Yang et al., 2025) as the backbone
to train PRMs.

Figure 4 reports the average F1 scores on Pro-
cessBench. SWS pooling with temperature o =
0.2 achieves the best score, surpassing other pool-
ing techniques and closely matching the stepwise-
supervised baseline. Temperatures higher or lower
than 0.2 yield suboptimal performance, while the
optimal temperature depends on data and model.

6 Conclusion

In this paper, we present a systematic analysis
of outcome-supervised process reward modeling
from the perspective of credit assignment, identi-
fying the fundamental limitation of existing uni-

form and causal assignment strategies. To ad-
dress this, we propose Weakest Link Assignment
as a principled alternative and introduce LCA, an
outcome-supervised PRM framework that jointly
learns credit assignment and reward modeling. By
formulating outcome-supervised PRM as a Multi-
ple Instance Learning (MIL) problem and introduc-
ing Softmax-Weighted-Sum pooling, we resolve
the chicken-and-egg dilemma between credit as-
signment and reward modeling under strong inter-
instance dependence and redundancy. Both theo-
retical analysis and extensive experiments demon-
strate the superiority of LCA, offering a principled
alternative for fine-grained process supervision in
complex reasoning tasks.

Limitations

Despite achieving state-of-the-art performance
among outcome-supervised process reward model-
ing methods, our approach still lags behind PRMs
trained on human-annotated step-level labels. This
gap highlights room for further improvement in
weakly supervised reward modeling.

Furthermore, using final answer correctness as
a proxy for trajectory-level labels may introduce
inherent noise. LLMs sometimes arrive at the cor-
rect answer via flawed reasoning, in which case
the Standard Multi-Instance Assumption does not
strictly hold. While our method proves effective
empirically, integrating techniques for learning
with noisy labels into the MIL framework is a
promising direction for future work.

Beyond the above, integrating PRMs into rein-
forcement learning (RL) remains another impor-
tant open problem. PRM-guided RL is susceptible
to reward hacking, making this a non-trivial chal-
lenge. Existing explorations include reward design,
optimization algorithms, and co-evolution of the
reward model with the policy model. Notably, our
method requires only outcome supervision to train
PRMs and incurs no additional Monte Carlo sam-
pling overhead, rendering it particularly suitable
for reward-policy co-evolution. We see this as a
valuable avenue for future investigation.

Ethical Considerations

All experiments in this work were carried out on
publicly available datasets, models, and bench-
marks, following their respective licenses and us-
age terms. The study does not involve human or
animal subjects, and we did not collect, use, or
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disclose any personally identifiable information.

In this work, Large Language Models (LLMs)
were used for language polishing and coding assis-
tance. Specifically, LLMs supported refining the
clarity and grammar of the manuscript, improving
stylistic quality, and suggesting code snippets or
troubleshooting strategies. All content generated
by LLMs was carefully reviewed and verified by
the authors before inclusion. The research design,
critical analyzes, and all final decisions were inde-
pendently conducted by the authors. LLMs were
not involved in generating new research ideas or
conclusions.
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A Related Work

A.1 Multiple Instance Learning

Multiple Instance Learning (MIL) is a weakly su-
pervised learning paradigm in which labels are
assigned to bags of instances rather than to indi-
vidual instances. The task is to predict instance
labels from bag labels alone. MIL has been ap-
plied to medical image analysis, text processing,
time-series analysis, and video anomaly detec-
tion (Xu et al., 2014; Angelidis and Lapata, 2018;
Early et al., 2024; Tian et al., 2021; Jang and
Kwon, 2025). In this work, we formulate outcome-
supervised process reward modeling explicitly as
an MIL problem.

In the deep learning era, most MIL methods
are pooling-based. Proposed pooling techniques
include instance pooling (Wang et al., 2018), em-
bedding pooling (Tibo et al., 2018), attention pool-
ing (Javed et al., 2022; Shao et al., 2021), additive
pooling (Javed et al., 2022), max pooling (Liu et al.,
2025), and conjunctive pooling (Early et al., 2024;
Angelidis and Lapata, 2018; Jang and Kwon, 2025).
Softmax-based pooling has received comparatively
limited attention in the MIL literature; one early ex-
ample is a study on sound event detection (Salamon
et al., 2017), which employs a non-parametric soft-
max and has seen little subsequent adoption in the
MIL literature. In this work, we propose Softmax-
Weighted-Sum (SWS) pooling, parameterized by
a temperature « and tailored for bags with inter-
dependent instances. Our theoretical analysis and
experiments both demonstrate the crucial role of
this hyperparameter for instance-level learnability.

A.2 Process Reward Models

Reward models are essential for improving
large language models (LLMs) in complex rea-
soning tasks such as mathematical problem-
solving (Grattafiori et al., 2024; Yang et al., 2024b)
and competitive programming (Hui et al., 2024).
Unlike outcome reward models (ORMs), which
evaluate only the final answer, process reward
models (PRMs) (Uesato et al., 2022; Lightman

et al., 2024) assess each reasoning step, providing
finer-grained feedback. Recent advancements have
demonstrated the significant potential of PRMs
in scaling test-time compute (Setlur et al., 2025;
Zhang et al., 2025b) and post-training (Guan et al.,
2025; Cheng et al., 2026).

The main difficulty in training a PRM is obtain-
ing reliable step-level annotations. Human annota-
tion (Lightman et al., 2024) is the primary source
but is expensive and does not scale. Monte Carlo
methods (Wang et al., 2024b; Luo et al., 2024;
Guan et al., 2025; Ding et al., 2026) offer a promis-
ing alternative, estimating a step’s quality by the
empirical probability of reaching a correct final an-
swer from that step. We refer to this as causal credit
assignment: a step’s score reflects the expected suc-
cess of its downstream completions rather than its
own logical validity. This coupling causes errors
from later steps to be incorrectly attributed to ear-
lier ones, making it difficult to localize the true
error source. Moreover, the estimates depend cru-
cially on the choice of rollout policy and sampling
strategy, which introduces noise and hampers gen-
eralization. Another line of research (Yuan et al.,
2025; Cui et al., 2025) adopts DPO-style implicit
reward functions (Rafailov et al., 2023), which are
trained as ORMs but used as PRMs. Because the
trajectory-level score decomposes into a sum over
steps, this approach implicitly enforces uniform
credit assignment: every step within the same tra-
jectory receives the same optimization pressure,
regardless of its actual contribution to the outcome.
As a consequence, the model cannot differentiate
genuinely erroneous steps from correct precursor
steps, limiting its capacity for precise error iden-
tification. Moreover, these implicit reward func-
tions are known to suffer from limited generaliza-
tion (Razin et al., 2026).

In this work, we advocate Weakest Link Assign-
ment as a principled alternative, drawing on the
long-standing intuition: a reasoning chain is cor-
rect if and only if every step is correct, and in-
correct if and only if any step is wrong. This
principle already underlies standard PRM evalua-
tion and downstream usage: ProcessBench (Zheng
et al., 2025) evaluates PRMs via first-error detec-
tion; best-of-N sampling (Lightman et al., 2024)
typically aggregates step scores by taking the mini-
mum (for scalar rewards) or the product (for prob-
abilities); and recent work has shown that a min-
form reward aggregation in reinforcement learn-
ing substantially reduces reward hacking (Cheng
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et al., 2026). Building on this, we propose
an outcome-supervised process reward modeling
framework that jointly learns credit assignment and
reward modeling under the Weakest Link principle,
thereby closing the training—test gap and produc-
ing a PRM that accurately attributes credit to the
outcome-determining steps.

B Pooling Techniques in Multiple
Instance Learning

This appendix provides a concise overview of the
pooling techniques mentioned in this paper. We
assume a standard deep MIL architecture: given a
bag B = {x1,...,,}, a feature extractor ¢ (e.g.,
a neural network backbone) maps each instance to
a d-dimensional embedding z; = ¢(z;) € R%. A
classification head ) then produces instance-level
predictions p; € [0, 1]. The pooling function ag-
gregates the instance-level information to yield a
bag-level prediction §(B).

We describe six pooling methods commonly
used in the MIL literature.

B.1 Embedding Pooling

Embedding pooling aggregates instance embed-
dings before classification. The bag embedding
is obtained by averaging the instance embeddings:

n
1
Zbag = n § Zi
=1

and the bag-level prediction is then y(B) =
1) (2pag ). This approach is simple and widely used
for bag-level classification, but it does not produce
instance-level predictions and can lose discrimina-
tive instance information.

B.2 Instance Pooling

Instance pooling performs classification on each in-
stance independently, then aggregates the resulting
instance predictions. The bag-level prediction is
the average of the instance probabilities:

pi=v(zi),  9(B)= %sz
i=1

Instance pooling naturally yields instance-level pre-
dictions, but the uniform averaging does not dis-
criminate between more and less relevant instances.

B.3 Max Pooling

Max pooling selects the maximum instance predic-
tion as the bag-level prediction:

9(B) = max{pi,...,pn}

This directly implements the standard multi-
instance assumption: a bag is positive if at least one
instance is positive. However, it assigns all credit
to a single instance, which can lead to unstable
training and poor generalization.

B.4 Attention Pooling

Attention pooling learns instance-specific weights
via an attention mechanism, then aggregates the
instance embeddings accordingly. An attention
head w computes normalized attention weights:

exp(w(zi))
> i exp(w(z))’

and the bag-level prediction is g(B) =
¥ (31" 4 a;z;). This method allows learnable,
instance-specific weighting, but the attention
weights are not directly constrained by the stan-
dard multi-instance assumption, which can lead to
degenerate solutions.

a; =

B.5 Additive Pooling

Additive pooling combines attention pooling and
instance pooling. Instance embeddings are first
scaled by their attention weights before classifica-
tion:

exp(w(z;))

YT em(w(z)

The bag-level prediction is then:

1 n
y(B) = - Z;pz

This hybrid approach encourages the model to at-
tend to relevant instances while still performing
instance-level classification.

pi = P(aiz;).

B.6 Conjunctive Pooling

Conjunctive pooling computes attention weights
and instance predictions independently, then com-
bines them multiplicatively:

v — exp(w(z;))
C O exp(w(z)))’

pi = P(2).
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The bag-level prediction is:
1 n
9(B) =~ ;aipi-
i

By training the attention and classification heads in
parallel, this method avoids the potential degener-
acy where the classifier relies on the attention head
to pre-process the input, making the model more
robust.

B.7 Discussion

Despite the empirical success of MIL across di-
verse applications, most common pooling tech-
niques lack theoretical guarantees for instance-
level classification accuracy. Attention-based pool-
ing, currently the most widely used approach, has
been shown not to be PAC-learnable (Jang and
Kwon, 2024). Average-pooling methods do not
align with the multi-instance assumption. Max-
pooling, while most consistent with the assumption,
suffers from low sample efficiency and training in-
stability, which limits its practical adoption.

In contrast, our proposed temperature-
parameterized SWS pooling exhibits a favorable
property—instance-level Bayes consistency of
the learning objective—under mild assumptions,
and performs well in outcome-supervised PRM
tasks. However, we note that the bag sizes in our
setting are modest (typically under a few dozen),
whereas some MIL applications involve bags with
hundreds to thousands of instances (Zheng et al.,
2024). Whether SWS pooling remains effective
in such large-bag regimes is uncertain and lies
outside the scope of this work.

C Dataset and Implementation Details

C.1 Dataset Details

We provide details of the datasets and benchmarks
used in this work.

¢ Math-Shepherd (Wang et al., 2024b)2 serves
as the training set in our main experiments (Sec-
tions 5.1 and 5.2). It contains 445k English math
reasoning trajectories with their associated prob-
lems. Each reasoning step is labeled via Monte
Carlo (MC) estimation without human annota-
tion; the MC rollouts are not included. We use
the entire dataset for training and do not perform
evaluation on it.

Zhttps://huggingface.co/datasets/peiyi9979/Math-
Shepherd

* PRMS80OOK (Lightman et al., 2024)3 is used as
the training set for the ablation study on pool-
ing techniques (Section 5.3). The dataset com-
prises roughly 40k English math reasoning tra-
jectories and their problems. Human annotators
label the location of the first error in each trajec-
tory. We adopt the original train/test split, yield-
ing 37.5k training and 3.7k test trajectories. The
training split is further processed as described
in Appendix C.5; the test split is not used for
evaluation.

+ MATH-500 (Lightman et al., 2024)* provides
the problem set for best-of-N evaluation (Sec-
tion 5.2). It is a subset of the MATH
dataset (Hendrycks et al., 2021) comprising 500
English math problems. We use all 500 problems
as the test set.

* ProcessBench (Zheng et al., 2025)’ is the evalu-
ation benchmark for our main experiments (Sec-
tion 5.1). It consists of four splits—GSM8K
(0.4k), MATH (1k), OlympiadBench (1k), and
Omni-MATH (1k)—which differ in difficulty.
Each problem comes with a reasoning chain, and
all text is in English. Every trajectory is manu-
ally annotated with the first error location. We
evaluate on all four splits. Evaluation details are
given in Appendix C.4.

C.2 PRM Training Details

Step delimiters and input formatting. For LCA
and all trained baselines except ImplicitPRM (Yuan
et al., 2025), we use the double-newline sequence
\n\n as the delimiter between the prompt and suc-
cessive reasoning steps. Accordingly, step-level
representations or predictions are extracted at the
delimiter-ending positions described in Section 4.
ImplicitPRM is treated differently because it
adopts a DPO-style formulation whose implicit re-
wards are defined through sequence log-probability
ratios between the policy and reference models. Ex-
plicitly inserting an additional step delimiter would
change the token sequence and therefore the gen-
eration probabilities on which its implicit rewards
depend. We thus do not insert the double-newline
delimiter for ImplicitPRM. Instead, each prompt—
response pair is serialized using the native chat
template of the corresponding backbone, with iden-
tical formatting applied to the policy and reference

*https://github.com/openai/prm800k

*https://huggingface.co/datasets/HuggingFaceH4/MATH-
500

Shttps://huggingface.co/datasets/Qwen/ProcessBench
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models.

Model architecture. For LCA, MathShep-
herd (Wang et al., 2024b), OmegaPRM (Luo
et al., 2024), and SCAN (Ding et al., 2026), we
remove the language modeling head from the LLM
backbone and initialize a randomly initialized
classification head, implemented as a two-layer
MLP with the same hidden dimension as the
LLM backbone. ImplicitPRM (Yuan et al., 2025)
uses the log-probability ratio between the policy
model and the reference model (the same LLM
backbone without fine-tuning) as an implicit
reward model. For PQM (Li and Li, 2025), we
replace the language modeling head with a linear
value head following the original paper.

Hyperparameters. For  Qwen2.5-Math-7B-
Instruct and Llama-3.2-3B-Instruct backbones, we
set the learning rate to 1 x 107%; for the Qwen3-4B
backbone, we use 1 x 107°. All experiments
employ a linear learning rate scheduler. For all
methods except PQM, we use a global batch
size (GPU count x gradient accumulation steps
x per-GPU batch size) of 384 on Qwen2.5-
Math-7B-Instruct and llama backbones, and 512
on Qwen3-4B. For PQM, we adopt the more
fine-grained batching strategy described in its
original paper (Li and Li, 2025). All models are
trained for a single epoch.

Infrastructure. All experiments are conducted
on four 80GB A800 GPUs using DeepSpeed ZeRO-
3 parallel training (Rasley et al., 2020).

C.3 Baseline Implementation Details

MathShepherd, PQM, and ImplicitPRM are trained
directly on the Math-Shepherd dataset. For Implic-
itPRM, we use cross-entropy loss with 5 = 0.05.
For PQM, we set ( = 2. Other implementation
details follow the original papers.

OmegaPRM and SCAN improve the data collec-
tion and labeling strategy on top of MathShepherd
and thus cannot be trained directly on the Math-
Shepherd dataset. We therefore generate training
data following their respective proposals. To ensure
a fair comparison, we use the same set of problems
as in Math-Shepherd dataset and adopt MetaMath-
Llemma-7B (Yu et al., 2024) as the rollout model.
For both methods, the amount of generated data is
comparable to that of Math-Shepherd dataset.

For OmegaPRM, as no official code is avail-
able, we use the open-source implementation

Qwen2.5-Math  Llama-3.2
Method 7B-Instruct 3B-Instruct
ImplicitPRM 0.5 0.4
OmegaPRM 0.4 0.2
PQM 0.2 0.2

Table 3: Thresholds for evaluating real-valued PRMs
on ProcessBench across different backbones.

openr® (Wang et al., 2024a) for MCTS-based data
generation. We set the search limit to 200 per
question, « = 0.5, § = 0.9, L = 500, and
cpuct = 0.125. For each Monte Carlo estimation,
we sample k£ = 16 rollouts. See the original paper
for details (Luo et al., 2024).

For SCAN, we follow the proposed denoising
procedure on top of the Math-Shepherd dataset,
with a tolerant distance d = 2. For each problem,
we first generate £ = 16 rollouts to estimate the
confidence of the rollout model. For each trajec-
tory in the dataset, we locate the first error (with
label = 0), then consider the first and second steps
before that error, generate k£ = 8 completions for
each, compute the Monte Carlo value, and com-
bine it with the problem-level confidence to pro-
duce denoised labels. See the original paper for
details (Ding et al., 2026).

C.4 Evaluation Details

ProcessBench evaluation. We follow the evalua-
tion protocol of ProcessBench (Zheng et al., 2025).
For LCA, MathShepherd, and SCAN, PRMs are
trained as standard binary classifiers; we therefore
extract the earliest erroneous step directly from
their per-step correctness predictions for reasoning
steps. OmegaPRM, ImplicitPRM, and PQM pro-
duce scalar scores for each step; we first transform
these scores into binary correctness predictions us-
ing a threshold. The threshold is chosen as the
one that yields the highest F1 score on the MATH
subset (see Table 3).

Best-of-N evaluation. We use Mistral-7B-
Instruct-v0.2, Llama-3.1-8B-Instruct, and
Qwen2.5-7B-Instruct as the generator models to
produce evaluation data for best-of-N sampling on
the MATH-500 problem set. The data for Mistral-
7B-Instruct-v0.2 and Llama-3.1-8B-Instruct are
taken directly from prior work (Yuan et al., 2025).
For Qwen2.5-7B-Instruct, we collect 64 rollouts
per problem in MATH-500 using temperature 0.7,

®https://github.com/openreasoner/opent
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top-p 0.95, and a maximum generation length
of 1024. For binary classification models (LCA,
MathShepherd, SCAN), we take the product of the
step-wise scores as the trajectory score, consistent
with earlier studies (Lightman et al., 2024; Zhang
et al., 2025b). For models that output real-valued
scores (OmegaPRM, ImplicitPRM, PQM), we take
the minimum of the step-wise scores, following
their original papers.

C.5 Detailed Settings of Ablation on Pooling
Techniques

We implement embedding pooling, instance pool-
ing, attention pooling, and conjunctive pooling fol-
lowing the descriptions in Appendix B. For atten-
tion and conjunctive pooling, the attention head
is realized as a simple linear value head, as the
attention-based LLM backbone already provides
sufficient nonlinearity.

As noted in Limitations, using final answer
correctness as bag-level labels may introduce
label noise when correct answers are reached
through flawed reasoning, violating the Standard
Multi-Instance Assumption. To eliminate this con-
founding factor and adhere strictly to the stan-
dard MIL setting, we construct a training set from
the human-annotated PRM80OK dataset (Lightman
et al., 2024). This dataset marks the first error loca-
tion for each trajectory (—1 for error-free trajecto-
ries). We derive trajectory-level labels by checking
whether the trajectory contains any error, and then
discard the original step-level annotations. The re-
sulting dataset is further balanced to ensure equal
proportions of erroneous and correct trajectories,
yielding a final set of 30k trajectories (50% con-
taining errors), which we refer to as PRM800K-
BALANCED. We then train PRMs on this dataset
with different pooling techniques, using Qwen3-4B
as the backbone. Training details are provided in
Appendix C.2.

For the stepwise-supervised baseline, we retain
the step-level labels from PRM800OK-BALANCED.
Steps before the annotated first error are labeled
correct; all others are labeled incorrect. The PRM
is trained with step-level cross-entropy loss, with
all other settings unchanged.

D Justification for Stop-Gradient
Optimization

D.1 Relationship to the Theoretical Analysis

Theorems 3.1 and 3.2 characterize the population-
level SWS risk and its Bayes-consistent global
minimizer. In practical optimization, we detach
the SWS weights from the computational graph.
Specifically, the forward prediction is implemented
as

T
Pss = Y _ se(wi)p, ®)

t=1

where sg(-) is the stop-gradient operator: it is the
identity in the forward pass and has zero derivative
in the backward pass. Therefore,

T
ﬁsg = Z wipt = ]5 (9)
t=1

for every prediction vector p. Stop-gradient thus
leaves the forward SWS prediction, the value of
the population risk, and its set of global minimizers
unchanged. Consequently, the Bayes-consistency
results (Theorems 3.1 and 3.2) continue to charac-
terize the same forward risk.

However, stop-gradient changes the update used
to optimize the finite-sample empirical objective.
The theoretical results characterize the global min-
imizer of the population risk; they do not estab-
lish that the practical optimization procedure nec-
essarily converges to that global minimizer. We
therefore distinguish the statistical properties of the
forward risk from the optimization behavior of the
practical training algorithm.

D.2 Effect on Optimization

Without stop-gradient, differentiating through both
the instance predictions and their softmax weights
gives

op ow w
t i R
;s w+t§1pt9i (a+pi —p). (10)

When the weights are detached, the derivative be-
comes
9p
Op;

= w;. (11)

g

The difference between the two derivatives is
dp  Op
Op;  Op;

w; R
= EZ (Pz‘ - D).
sg

(12)
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Variant

LCA w/o SG 75.59 69.06 54.09 51.09 62.46
LCA 78.08 69.22 57.19 52.76 64.31

GSMS8K MATH OlympiadBench Omni-MATH  Avg.

Table 4: Stop-gradient ablation on ProcessBench. We
compare LCA with LCA without stop-gradient (w/o SG).
Both variants use o = 0.2, with all other training set-
tings being identical.

For an instance whose current prediction is larger
than the bag prediction, i.e., p; > p, this additional
term is positive; for an instance with p; < p, it
is negative. Consider an erroneous trajectory, for
which training encourages increasing p. The full
gradient gives an even stronger update to prefixes
that already have large error probabilities, while
weakening, or potentially reversing, the update to
prefixes with currently small predictions. Thus,
an early and possibly incorrect credit assignment
can reinforce itself during training. This effect be-
comes more pronounced at small o because the
additional term is scaled by 1/«. Detaching the
weights removes this self-reinforcing term while
preserving adaptive credit assignment in the for-
ward pass, thereby helping mitigate the risk of
optimization getting trapped in a poor local op-
timum.

D.3 Stop-Gradient Ablation

To verify the above analysis, we conduct a con-
trolled ablation following the experimental setting
of RQ4 (Section 5.3). Both variants use Qwen3-
4B as the backbone, PRM800OK-BALANCED as
the training dataset, and an SWS temperature of
a = 0.2. We compare LCA with LCA without stop-
gradient; the two variants differ only in whether
gradients are propagated through the SWS weights.
We report their ProcessBench performance in Ta-
ble 4.

Applying stop-gradient improves F1 on all four
ProcessBench subsets and increases the average
F1 from 62.46 to 64.31, an absolute improvement
of 1.85 points. These results support the practical
benefit of removing the self-reinforcing gradient
term in this experimental setting.

E Additional Results

E.1 Preliminary Experiments

In early experiments, we applied max pooling as
the MIL aggregation mechanism, since it directly
instantiates the Standard Multi-Instance Assump-
tion. Using Qwen2.5-Math-7B-Instruct as the back-

191 —e— Predicted error prob

Ground truth error rate

Average predicted error prob

0.0 ———o—

0.0 0.2 0.4 0.6 0.8 1.0
Relative step position (0 = first, 1 = last)

Figure 5: Average predicted error probability and
ground-truth error rate across relative step positions,
computed over 1024 incorrect trajectories sampled from
MATH split of Math-Shepherd dataset. The PRM
is trained on Math-Shepherd with max pooling for 1
epoch.

F1 Score

0 200 400 600 800 1000 1200
training steps

Figure 6: F1 score on MATH split of ProcessBench
while training the PRM on Math-Shepherd with max
pooling.

bone, we trained a PRM on the Math-Shepherd
dataset. However, the PRM rapidly degenerated
and performed poorly on downstream evaluations.
Figure 5 shows the average prediction values of the
resulting PRM across different relative positions in
erroneous reasoning trajectories (0 denotes the first
step, 1 the last step). The predictions remain near
zero for all early positions but rise sharply at the
final step. Figure 6 shows that performance first
improves and then collapses during training. This
confirms our hypothesis that the strong dependence
and redundancy among prefixes cause the classifier
to quickly settle into degenerate solutions, failing
to learn robust instance-level classification. In con-
trast, our proposed SWS pooling is provably Bayes
consistent under the stated assumptions and thus
rules out such degenerate global minimizers at the
population level.

E.2 Full Results of ProcessBench Evaluation

We provide full results of ProcessBench evaluation
in Table 5.
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Model GSMSK MATH OlympiadBench Omni-MATH Avg.
ode
Err. Corr. F1 Emr. Corr. F1 Emr. Corr. F1 Emr. Corr. F1 F1
Large Language Models as Critic

Llama-3-8B-Instruct 425 7.8 131 286 9.1 138 271 27 48 261 83 126 11.1
Llama-3.1-8B-Instruct 444 62 109 419 27 51 324 15 28 320 08 1.6 5.1

Qwen2.5-7B-Instruct 40.6 332 365 30.8 451 36.6 265 339 297 262 286 274 326
Qwen2.5-Math-7B-Instruct 15,5 100.0 268 148 968 257 7.7 917 142 69 880 12.7 199
Qwen2.5-Coder-7B-Instruct 7.7 1000 143 34 983 65 21 991 41 09 983 18 6.7

Open Source Process Reward Models
Math-Shepherd-PRM-7B 324 917 479 180 82.0 295 150 71.1 248 142 73.0 238 315
RLHFlow-PRM-Mistral-8B 338 99.0 504 217 722 334 82 431 138 96 452 158 284
RLHFlow-PRM-Deepseek-8B 242 984 388 214 80.0 338 101 510 169 109 519 169 26.6
EurusPRM-Stage1 469 420 443 333 382 356 239 198 21.7 219 245 231 312
EurusPRM-Stage2 512 440 473 364 350 357 257 180 212 231 191 209 313
Qwen2.5-Math-7B-Math-Shepherd-PRM  46.4 959 625 189 966 31.6 74 938 137 40 950 7.7 289
Process Reward Models Trained on Llama-3.2-3B-Instruct
ImplicitPRM 41.1 824 548 229 665 341 139 552 222 70 577 124 309
MathShepherd 242 984 388 13.0 909 227 79 900 145 6.1 900 114 21.8
SCAN 314 979 476 163 889 276 89 870 162 6.6 863 122 259
OmegaPRM 372 404 387 219 480 30.1 109 549 182 79 635 141 253
PQM 21.3  90.7 344 263 707 383 142 348 202 200 46.1 279 302
LCA (Ours, o = 1) 357 75.1 484 306 675 421 234 428 303 207 506 294 37.6
Process Reward Models Trained on Qwen2.5-Math-7B-Instruct

ImplicitPRM 512 404 452 41.1 325 363 268 209 235 241 261 251 325
MathShepherd 425 974 592 185 963 31.1 6.8 938 127 42 913 8.1 278
SCAN 953 444 606 205 966 339 82 926 150 3.6 900 68 29.1
OmegaPRM 41.1 492 448 29.1 510 37.1 150 49.0 229 115 46.1 184 30.8
PQM 39.1 964 557 293 879 439 17.7 732 285 148 714 245 38.1
LCA (Ours, = 1) 512 91.7 657 334 90.6 487 154 86.1 262 113 846 199 40.2

Table 5: Full results of ProcessBench evaluation.

Noise Rate  GSMSK MATH OlympiadBench Omni-MATH Avg.
0% 78.08 69.22 57.19 52.76 64.31
5% 72.77 69.82 54.35 52.76 62.43
10% 76.42 68.13 54.80 50.33 62.42
15% 74.61 69.22 55.38 52.02 62.81
20% 73.81 68.09 53.55 52.35 61.95

Table 6: F1 scores on ProcessBench under controlled
one-sided label noise.

E.3 Robustness to Label Noise

In our main experiments, we treat each reasoning
trajectory as a bag of prefixes and use final-answer
correctness as its trajectory-level label. This for-
mulation assumes that the trajectory-level outcome
label is consistent with the latent process-level la-
bels under the Standard Multi-Instance Assump-
tion: a trajectory is correct only if all its reasoning
steps are correct, whereas the presence of any erro-
neous step makes the trajectory incorrect. How-
ever, as observed in recent work (Zhang et al.,
2025b), LLM-generated trajectories may occasion-
ally contain erroneous intermediate reasoning de-
spite reaching the correct final answer. A similar
mismatch can also occur in human-written reason-

ing. In such cases, an error-containing trajectory
is nevertheless labeled as correct according to its
outcome, so the Standard Multi-Instance Assump-
tion no longer strictly holds and the supervision
contains one-sided label noise.

To demonstrate the robustness of LCA to such
one-sided noise, we conduct a controlled experi-
ment that specifically simulates this failure mode.
Starting from PRM800K-BALANCED, we replace
5%, 10%, 15%, or 20% of the originally correct
trajectories with trajectories that contain reasoning
errors while retaining their trajectory-level labels
as correct. The reported noise rate denotes the
fraction of originally correct trajectories that are
replaced; trajectories originally labeled as incor-
rect are left unchanged. All variants, including the
0% clean control, use LCA with Qwen3-4B as the
backbone and @ = 0.2, following the training pro-
tocol described in Appendix C.2. We evaluate each
resulting PRM on ProcessBench.

As shown in Table 6, performance tends to de-
crease as the injected noise rate increases. Even
with 20% injected noise, LCA achieves an average
F1 of 61.95, retaining approximately 96.3% of its
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Error Correct
Method Ace. Ace. F1
Step-supervised PRM  77.09 36.40 49.45
LCA (a = 0.03) 75.60 33.07 46.01

Table 7: First-error detection results on the held-out test
split of MMLU-Pro-CoT. Error and Correct Acc. denote
accuracies on trajectories with and without reasoning
errors, respectively.

clean-data performance of 64.31. These results
demonstrate that LCA remains empirically robust
under the controlled one-sided label noise consid-
ered here.

E.4 Generalization Beyond Mathematical
Reasoning

To examine whether LCA generalizes beyond math-
ematical reasoning, we conduct an additional ex-
periment on MMLU-Pro-CoT (Zeng et al., 2025),
a multi-domain chain-of-thought dataset derived
from MMLU-Pro (Wang et al., 2024c). MMLU-
Pro covers 14 domains, including physics, chem-
istry, engineering, law, psychology, and health, and
contains challenging questions that require explicit
reasoning. MMLU-Pro-CoT collects reasoning tra-
jectories for these questions and provides step-level
correctness annotations. We split the dataset ran-
domly into 67,337 training, 8,401 development,
and 8,360 test examples.

For LCA, we aggregate the step labels into
trajectory-level labels in the same manner as in
our construction of PRM800K-BALANCED, and
then discard all original step-level annotations dur-
ing training. A trajectory is labeled as incorrect
if it contains at least one erroneous step. We
search for the optimal temperature on the devel-
opment set and select the best-performing value,
a = 0.03. As an empirical upper bound, we train a
step-supervised PRM using all ground-truth step-
level annotations. Both models use Qwen3-4B as
the backbone and follow the training protocol de-
scribed in Appendix C.2. They are trained on the
training split and evaluated for first-error detection
on the held-out test set.

As shown in Table 7, LCA achieves an F1 score
of 46.01 without using any process-level supervi-
sion, reaching 93.0% of the fully step-supervised
PRM’s F1 score of 49.45, with an absolute gap of
3.44 points. This result provides evidence that LCA
remains effective beyond mathematical reasoning

across a diverse collection of reasoning domains.

E.5 Case Studies

We present qualitative examples from Process-
Bench in Tables 8 and 9. The blue values represent
the predicted probability that the corresponding
prefix is incorrect, as estimated by the PRM trained
with LCA. The predicted probability becomes high
once the first erroneous step is encountered.

F Extension to Reasoning with Reflection
and Backtracking

In the main text, we restrict our discussion to se-
quential reasoning without reflection or backtrack-
ing. Under this setting, any logical error, once
introduced, is inherited by all subsequent steps and
ultimately leads to an incorrect final answer. The
Weakest Link principle therefore holds: a chain is
correct iff every step is correct, and incorrect iff any
step contains an error. For reasoning that allows
reflection and backtracking, however, a later step
may correct an earlier mistake. Consequently, a
trajectory that arrives at a correct final answer may
temporarily contain intermediate errors, violating
the Weakest Link principle in its strict sequential
form.

Below, we discuss how LCA could be conceptu-
ally extended to reasoning with explicit reflection
or backtracking. The central idea is to evaluate
only the currently active derivation after retracted
content has been removed. Specifically, by lift-
ing the formulation from linear prefixes to graph-
structured reasoning states, sequential reasoning
and reasoning with reflection can be represented
within a unified framework.

Reasoning state. A reasoning state is a directed
acyclic graph (DAG)

G=V¢),

where each node v € V represents a premise, an
intermediate conclusion, or the final answer, and
each directed edge (v — v) € £ indicates that v is
logically derived from w.

Correctness of reasoning states. A reasoning
state (7 is said to contain an error if there exists a
node whose stated result is factually false or cannot
be validly inferred from its parent nodes. We define
the correctness label of G as

y(G) € {0, 1},
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Table 8: Case study (1). The first error occurs in step 3, which uses repeated numbers (2, 2) despite the requirement
for distinct integers. Blue values indicate the predicted probability that the corresponding prefix is incorrect.

Question

The product of a set of distinct positive integers is 84. What is the least possible sum of these integers?

(first wrong step: 3)

Step 1

To find the least possible sum of distinct positive integers whose product is 84, let’s start by prime factorizing 84:

84=22x3x7

Our goal is to minimize the sum of these factors while ensuring they multiply to 84. To do this, we want to use as few
numbers as possible because larger numbers generally lead to larger sums.

(0.18)

Step 2

Start with the largest prime factor: The largest prime factor here is 7. If we include 7 in our set, we have 84/7 = 12.

Now, we need to factorize 12: 12 = 22 x 3.
(0.03)

Step 3

Include the necessary factors: We already have a 2% from our prime factorization. Since we’re trying to minimize
the sum, we should include the smallest possible numbers that multiply to the remaining factors. First, for 2%, we
already have one 2 (from 2?) included. Second, for the remaining 2! and 3, adding these directly gives us the necessary
components. So, the set of integers that multiply to 84 and have the least possible sum would be 7,2, 2, 3.

(0.84)
Step 4

Calculating the sum:

T+24+2+3=14

Therefore, the least possible sum of these integers is **14*%*,

(0.94)

where 1 denotes the presence of at least one logical
error and 0 denotes an error-free state. Under this
definition, correctness is monotone with respect to
graph extension:

G1 C Gy = y(G2) > y(Gy), (13)

since any error present in a subgraph (77 is inherited
by every supergraph (G5 that extends it.

Reasoning as graph construction. A reasoning
process can be viewed as the step-by-step construc-
tion of a reasoning state, starting from the initial
premises and adding, modifying, or deleting nodes
and edges until a node representing the final answer
is produced.

For sequential reasoning without reflection, each
step adds new nodes and edges to the current graph
without removing any existing ones. Hence, every

prefix of the trajectory corresponds to a subgraph
of the subsequent prefix, and the monotonicity of
prefix correctness (Eq. 1) follows immediately as a
special case of Eq. 13.

For reasoning with reflection or backtracking, a
step may revise or retract earlier conclusions, i.e.,
it may delete nodes or edges. In this case, earlier
reasoning states are not necessarily subgraphs of
later ones. Nevertheless, the monotonicity relation
G1 C G2 = y(G2) > y(Gy) still holds for any
pair where G is a subgraph of G>.

Applying our PRM to reasoning with reflection.
Our method, LCA, trains the PRM on sequential
reasoning trajectories and thus learns a classifier f
that maps a reasoning state to its error probability:

f(@) €[0,1],
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Table 9: Case study (2). The first error occurs in step 3 when multiplying the numbers: 6x518400=3110400, not
3104400. Blue values indicate the predicted probability that the corresponding prefix is incorrect.

Question

The Coventry School’s European debate club has 6 German delegates, 5 French delegates, and 3 Italian delegates. In
how many ways can these 14 delegates sit in a row of 14 chairs, if each country’s delegates insist on all sitting next to
each other?

(first wrong step: 3)

Step 1

To find the total number of ways the delegates can sit in a row of 14 chairs with each country’s delegates sitting together,
we can break down the problem into smaller steps. First, consider the three groups of delegates as single units. Since
there are three countries, we have 3 units (groups) that need to be arranged in a row. The number of ways to arrange
these 3 units is 3!. This is because for the first position, we have 3 choices, for the second position, we have 2 choices
left, and for the last position, we have only 1 choice left. 3! =3 *2 * 1 =6.

(0.14)

Step 2

Next, let’s consider the internal arrangement of each group. For the 6 German delegates, they can be arranged in 6!
ways. For the 5 French delegates, they can be arranged in 5! ways. And for the 3 Italian delegates, they can be arranged
in3! ways. 6! =6*5%4*3%2%1=720,5!=5%4*3%2%1=120,and3!=3*2%*1=6.

(0.07)

Step 3

To find the total number of arrangements, we multiply the number of ways to arrange the units (Step 2) by the number
of ways to arrange each group internally (Step 3). Total number of arrangements = (number of ways to arrange units) *
(number of ways to arrange Germans) * (number of ways to arrange French) * (number of ways to arrange Italians) = 6

*720 * 120 * 6 = 6 * 518400 = 3104400.

(0.99)

Step 4
Therefore, the final answer is: | 3104400 |.
(0.99)

with the objective f(G) =~ y(G). Given a trajec-
tory with reflection 7 = (q, s1, ..., s7), we first
convert each prefix 7; into its corresponding rea-
soning state GG; (the DAG constructed up to step t)
and linearize G5y into a sequential form, i.e., a prefix
without backtracking. We then evaluate f(G¢) for
each step.

The step-wise quality of reasoning can be as-

sessed by the change in the correctness of reason-
ing states:

* If f(G¢) < f(Gi—1), step t improves the reason-
ing state (e.g., by correcting an earlier mistake).

o If f(Gy) > f(Gy—1), step t introduces or ampli-
fies an error.

o If f(Gt) = f(Gy—1), step t is neutral.

Thus, although our PRM is trained solely on
sequential trajectories without reflection, it could in

principle be applied to successive active derivations
and thereby provide fine-grained feedback on how
each reflection or backtracking operation changes
the predicted error probability.
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G Proof of Theorems

G.1 Formulations and Assumptions

Definition G.1 (Instance space). Let X denote the instance space. Each instance © € X is associated
with a label

y(z) € {0, 1},

which induces a partition of X into the positive instance set and the negative instance set:
Xt i={xc X |ylx) =1}, X7 ={r e X|y(z) =0}
Definition G.2 (Bag space). A bag (or multi-instance) B is defined as a finite set of instances from X :
B = (x1,29,...,2,), x;€X, 1<n<N,

where N is the maximum allowed bag size. The bag space B is the set of all possible bags:

N
B=[]Ja"
n=1
Each bag B is associated with a label y(B) € {0, 1}, defined via the instance labels:

gAB)z](HiE{l,.qn}&LyCm)zl),

i.e., a bag is labeled positive if it contains at least one positive instance, and negative otherwise.

Definition G.3 (Bag distribution). Let B be the bag space as defined above. A bag distribution is a
probability measure P on B that describes how bags are generated. In general, the generation process
can be described in two steps:

1. The bag size n is drawn from a discrete distribution over {1,2,... N }:
n ~ Pyn(n),

where N is the maximum allowed bag size.

2. Conditional on the bag size n, the instances (x1,...,x,) are jointly drawn according to some
distribution P, on X™:
(l’l, PN ,J?n) ~ ]P)n
Therefore, the overall distribution of a bag B = (x1,...,xy,) is

P(B) = Pn(n) - Pp(x1,...,20),

where no independence assumption on the instances is made; they may follow an arbitrary joint distribu-
tion.

Definition G.4 (Bag cover set (Restated)). Let S C X be a set of instances. The bag cover set of S is the
set of all bags in B that contain at least one instance from S':

C(S)={BeB|BNS#0}

That is, a bag B belongs to C(S) if and only if it contains at least one instance from S.
Similarly, we define the positive bag cover set and negative bag cover set of S as follows:

CH(S):={BeB|BNS#DAyB)=1};
C(S):={BeB|BNS#0ANy(B) =0}

A bag cover set C(S) (or CT(S),C~(S)) is called non-trivial if its probability under the bag distribution

P is strictly positive:
P(C(S)) >0 (orP(CT(9)) >0, P(C(S)) > 0).
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Assumption G.1 (M-Assumption (Restated)). There exists a constant M > 0 such that for any set of
negative instances S C X, if

P(C(S)) =P(C*(S)) +P(C™(5)) >0,

then
P(C*(S)
PC ) =

where P(C™(S)) and P(C~(S)) denote the probabilities of the positive and negative bag cover sets under
the bag distribution, respectively.
G.2 Mathematical Properties of Softmax-Weighted-Sum

We first give a few lemmas about the mathematical properties of the Softmax-Weighted-Sum (SWS)
function.

Lemma G.1 (Partial derivative of SWS). Let the temperature parameter be o« > 0 and let p =

(p1,--.,pn) € [0,1]™ Define the softmax weights w; and the softmax weighted sum p as
n .
A ePi/
p(p) = ;wim, S ST
Then for any i € {1,...,n} the partial derivative admits the representation
8]5 (o A~
= —(a+p;,—p).
o~ a (a+pi — D)

In particular, the sign of the derivative is completely determined by the sign of (o + p; — P):

o5
sgn (612;) = sgn(a + p; —ﬁ).
Lemma G.2 (Minimum of SWS under p; = ¢€). Leta > 0, ¢ € (0,1], and let n € N, n > 1. For any
p=(p1,...,pn) € [0,1]" with p1 = ¢, define the softmax weighted sum p(p) as in Lemma G.1. Then
the minimum of p over all such p is

ges/a .
ey Yesetrl)
Pmin =

£—au, ife >a(u+1),

where u = Wo( ”71) and Wy is the principal branch of the Lambert W function. For n = 1 the expression

€
reduces t0 Pmin = €.

Proof. Fix p; = ¢ and write
et N piel e

p(p) - €€/a + 2?22 epi/a
By Lemma G.1, for every i > 2,
8]3 (0 ~
ap E(a + pi — D).

Since w; > 0, a minimizer has each p; either satisfying p; = p — « or lying on the boundary {0, 1}. If
some p; = 1, then a + 1 — p > 0, so the derivative is positive; decreasing that coordinate would lower p,
contradicting minimality. Hence every p; (¢ > 2) is either O or satisfies p; = p — «.

Suppose a minimizer contains both 0 and an interior point. For p; = 0 the inward derivative must
be non-negative, giving p < «. For an interior point p; we have p; = p — a > 0, yielding p > «, a
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contradiction. Therefore a minimizer consists either entirely of zeros or entirely of a common value
c € (0,1) obeying c = p — av.

Casel:po=---=p, =0.

. Ees/a

pr= e/ +n—1
Case 2: py = - - - = p, = ¢ with ¢ = p — «. Substituting into the definition of p and rearranging gives

E=C—0 (gja_, 1

o

Let u = Wy(221), ie. ue® = =1, Then
c=¢e—alut+1l), Pn =€ — au.

Feasibility of the interior solution requires ¢ > 0, which is equivalent to ¢ > «(u + 1).
Now define the function
P, €<a(u+l),
ple) =1,
pn, € > a(u+1).

Both expressions equal « at ¢ = a(u + 1), and ¢ is strictly increasing on each interval (the derivative of
pr is positive, while py has derivative 1). Thus ¢ is continuous and increasing on (0, 1]. Fore < a(u + 1)
the interior candidate is infeasible, while for € > «(u + 1) the all-zero candidate violates the necessary
boundary condition p < «, hence cannot be a local minimum. Consequently the global minimum is
precisely ¢(¢), which yields the claimed formula. The case n = 1 gives u = 0 and both branches reduce
tO Prin = €. O]

Lemma G.3 (Minimum of SWS under max; p; > €). Leta > 0, ¢ € (0,1], andn € N, n > 1. For any
p = (p1,...,0n) € [0,1]" with max; p; > ¢, define the softmax weighted sum p(p) as in Lemma G.1.
Then the minimum of p over all such p is

Eee/a )
A et n_1 ife <a(u+1),
Pmin =
£ —au, ife >a(u+1),

where u = Wo( ”;1) and Wy is the principal branch of the Lambert W function. For n = 1 this reduces
10 Pryin = E.

Proof. Let’s first consider the minimum of p under the constraint p; > ¢, i.e.,

min _p(p).
p:p1>€

For any admissible p, set m = p; > . Consider the family of vectors with a fixed value m in the first
coordinate and arbitrary remaining coordinates in [0, 1]. The minimum of p over this family is a function
©(m), which by Lemma G.2 equals

mem/a
Py PN m < a(u+ 1),
p(m) = min p(p) = ¢ +n—1
pipi=m
m— au, m > a(u+ 1),

where u = Wo(”Tfl).
Now ¢ (m) is strictly increasing for m € (0, 1]. Indeed, for m < a(u + 1),

em/a

_ "(m) = m(| _
T ¢'(m)=w[l+2(1-w)] >0.
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while for m > «(u+ 1) we have ¢/(m) = 1 > 0; the two branches meet continuously at m = «(u+1)
where both give ¢ = «. Hence ¢ is non-decreasing, and its minimum on the interval [¢, 1] is attained at
the left endpoint m = €. Consequently,

min_p(p) = minp(m) = ¢(e).
p:p1>€ m>e

Since {p : max; p; > e} = U _1{p : pj > €} and p is invariant under coordinate permutations, all n
constrained subproblems have the same minimum. Therefore,

min _ p(p) = min p(p) = p(e).

P:maxp;>¢e p:p1>¢€
This completes the proof. ]
Lemma G.4 (Increment lower bound for SWS). Let o > 0, ¢ € (0,1, and N € N(N > 1). For any
p=(p1,-..,pn) €[0,1]" withn < Nandp; <1 —¢, fixps,...,p, and define p’ = (1,pa,...,pn).
Define the softmax weighted sum p(-) as in Lemma G.1. Then the increment A = p(p’) — p(p) admits the

uniform positive lower bound
A > §(e,a,N) > 0,

where

1 g
5(e.a, N) = mi '
(€00 1Y) mm{u(N—l)el/a’ 1+(N—1>€E/a}

Proof. Write a = p; € [0,1 — ¢] and set

A— Zn:piepi/a7 B = i ePila
=2 1=2

(with A = B = 0 when n = 1). For any z € [0, 1] define the auxiliary function

ze®/* + A
h(z) = etla L B
so that p(p) = h(a) and p(p’) = h(1).

From Lemma G.1, i/ (x) = wl(x) (a4 — h(x)) where wi (z) = €*/*/(e*/* + B) > 0. Every interior
critical point satisfies o + x = h( ), and evaluating the second derivative there gives h” = wy /a > 0;
hence all interior critical points are strict local minima. Hence the maximum of & on any subinterval must
occur at an endpoint.

Consequently, for a € [0,1 — €] we have h(a) < max{h(0), h(1 — ¢)}, and therefore

A = h(1) — h(a) > min{h(1) — h(0), h(1) — h(1 —&)}.

We now bound the two differences from below.
Bounding i (1) — h(0). A direct computation gives

e/*(1+B—-A)+ A

h(1) — h(0) = (el/* + B)(1 + B)

Since p; € [0,1] implies A < B and e'/® > 1, the numerator decreases with A. Its minimum on the
admissible region is attained at A = B, yielding

1
1+ B’

h(1) — h(0) >

From p; < 1 we have B < (n — 1)e!/® < (N — 1)e!/®, hence

1
A1) = h0) 2 17 (N —1)el/a’
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Bounding /(1) — h(1 — ¢). Set z = 1 — . Algebraic simplification yields h(1) — h(z) =

ee®/%(e!/* 4 B) 4+ (B — A)(el/> — /)
(e!/* + B)(e*/* + B) '

Since A < B and ello > e/ <, the second term in the numerator is non-negative. Hence the numerator is
at least ee”/*(e!/® + B), and we obtain the lower bound

z/o
ge
h(1) — h(z) > —C |
1) -hw) 2 S
Using B < (N — 1)e!/® and e*/® = e¢(1=2)/,
€

M) = hi@) 2 T e

Taking the minimum of these two bounds establishes the claimed inequality. The strict positivity
follows from ¢ > 0 and the boundedness of all terms. O

Corollary G.5 (Maximum of SWS). Let > 0, n > 1, and fix arbitrary pa, . . ., py, € [0, 1]. Consider
the function

So(x):ﬁ(xvaM'-vpn); U [0,1],

where p is the softmax weighted sum defined in Lemma G.1. Then ¢ attains its maximum on [0, 1] uniquely
atr = 1.

Proof. Forany z € [0,1),sete =1 — x > 0. Applying Lemma G.4 with N = n (the actual size of the
bag) to the vector p = (z, pa, ..., pn) gives

90(1) - So(x) = ﬁ(17p2> s 7pn) - ﬁ($7p2> s 7pn) > 6(67 Od,?’L) > 0.
Hence ¢(1) > ¢(z) for every x < 1, which means = = 1 is the strict global maximum. O

G.3 Proof of Theorem 3.1

Lemma G.6 (Loss decrease for correcting false negatives). Let X' be the instance space, B the bag
space, and P a distribution over B. Let f : X — [0,1] be an instance-level classifier. For a bag
B = (x1,...,xy) with label y(B) € {0, 1}, define the softmax weighted sum and the expected loss as

ﬁ(B) = SWSa(f(:El)v SRR) f(xn))’ ‘C(f) = Ep~p [LCE(ﬁ(B)vy(B))]

Let ST C X be a set of positive instances satisfying P(C*T(ST)) > 0, and assume f(z) < 1 for all
x € ST. Define a new classifier f' by

) = {1, x e ST,

f(z), otherwise.

Then the expected loss strictly decreases, i.e. L(f") < L(f).

Proof. By Corollary G.5, replacing any p; < 1 by 1 strictly increases p. Applying this repeatedly to all
x € ST contained in a bag B € C*(ST) gives p'(B) > p(B). Hence —logp'(B) < —logp(B) on
CT(S™). All other bags are unaffected because f’ differs from f only on S*, which appears only in bags
of CT(ST). Therefore

L(f) = L(f") =E[1c+(g+) (logp’ —logp)] > 0,

since the integrand is positive on a set of positive probability. Hence L(f") < L(f). O
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Lemma G.7 (Loss decrease for correcting false positives). Let X, B, P, p, L be as defined in Lemma G.6.
Suppose that Assumption G.1 (the M -assumption) holds. Let N be the maximum bag size, u = WO( N 6_1 )
and M the constant from that assumption. Let S~ C X~ be a set of negative instances with P(C(S™)) > 0,
and assume that classifier [ satisfies

flz)=1Vr e Xt, f(z) € (0,1] Yz e S7, f(z) = 0 forall other x € X~ .

) = {0, reST,

Define [’ by

f(x), otherwise.
Then there exists a temperature « > 0 such that L(f") < L(f).
Proof. Choose o > 0 small enough so that

1
a < m, —log(a(Qu + 1)) + Mlog(l — au) > 0. (14)

Such « exists because as o — 07 the second term tends to 0 while the first diverges to +oo. Set
€1 =1 — au — o and partition S~ according to the current predictions:

Si={reS :f(x)>e}, Sy =57\ 51 (so f(z) < e1onSy).

Only bags containing instances from S~ change when f is replaced by f’. We split those bags into
four families:

A =CT(S1), Ay=C(S1), A3=C"(S)\C"(S1), As=C(S)\C (S).

Denote by p(B), / (B) the softmax weighted sum under f, f’. The difference of expected losses decom-
poses as

L(f) = L(f") = A1+ Ax + Az + Ay,

where
Ay E[lAl(logp — logp)}
Az = E[14, (log( —log(1—p))],
Az = E[lAs(Ing —logp)}

Ay =E[14,(log(1 — p) —log(1 — p))].

Bounding A; + As. If P(A; U Ay) = 0, then Ay = Ay = 0. Otherwise the M-assumption gives
P(A3) > 0. For B € Ag, by LemmaG.3andn < N,

p(B) > e —au>1-2au— a,
so 1 —p(B) < a(2u + 1). Since f’ assigns 0 to all instances of B, p'(B) = 0, yielding
log(1 — §/(B)) — loa(1 — p(B)) = — log(1 — p(B)) > — log(a(2u + 1)).

Taking expectations gives
Ay > P(Az)(—log(a(2u + 1))).

For B € A, Lemma G.3 with ¢ = 1 implies p(B),p'(B) > 1 — au, hence
log '(B) — log p(B) > log(1 — au)
(note that log(1 — au) < 0). Thus

Al 2 P(z‘h) 10g<1 — au).
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Combining the two bounds and using the M -assumption P(A;)/P(A2) < M together with log(1 —
au) < 0, we obtain

A+ Ay > P(A,) [— log(a(2u + 1)) + pY log(1 — au)}
> P(Ay) [— log((2u + 1)) + M log(1 — au)}
>0,

where the final positivity is exactly the second condition in (14).

Positivity of As. For B € As, the bag contains a positive instance (predicted as 1) and at least one
instance from Sy with p, < 1. Lemma G.3 again gives p(B) > 1 — au. Using Lemma G.1, for any such

Pz

o :
Dy, = o (0P P) <

SRS

(a+e1—(1—-au)) =0.

Hence lowering p,. to 0 does not decrease p. Repeating for all Sy instances in B yields p'(B) > p(B), so
Az > 0.

Positivity of A,. For B € Ay, f’ sets all predictions to 0, so p'(B) = 0. Under f, at least one S5 instance
has a positive prediction, therefore p(B) > 0. Consequently,

log(1 — p'(B)) —log(1 — p(B)) = —log(1L — p(B)) > 0,

which gives Ay > 0, and A4 > 0 whenever P(A44) > 0.

Combining the four terms. If P(A; U Ag) > 0, we already have A; + Ay > 0 while A3, Ay > 0, so the
sum is strictly positive. If P(A; U A3) = 0, then all bags affected by the change belong to Az U A4. The
non-triviality of S~ implies P(A3 U A4) = P(C(S™)) > 0. Applying the M-assumption to So C X'~
yields P(A3)/P(A4) < M. If P(A4) = 0, this ratio would be infinite, a contradiction. Hence P(A4) > 0
and consequently A4 > 0, making the total difference positive.

In either case L(f) — L(f') > 0,i.e. L(f") < L(f). O

Theorem G.8 (Unique global minimizer (Restated)). Let X, B,P,p, L be as defined in Lemma G.6.
Suppose that Assumption G.1 (the M -assumption) holds. Let N be the maximum bag size, u = WO( N 6_1 )
and M the constant from that assumption. Then there exists a sufficiently small temperature o > 0 such
that, up to a set of instances S whose bag cover set has probability zero, L is uniquely minimized by the

true label function:

ff(x) =y(z) € {0,1}, Vo ¢ S.

Equivalently, any global minimizer f* must satisfy f*(x) = y(z) for all x € X, except possibly on a set
S C X withP(C(S)) =0.

Proof. Choose the temperature o > 0 such that

a < 2(u1+1)’ —log(a(2u + 1)) 4+ M log(1 — au) > 0. (15)

Such « exists because the left-hand side of the second inequality tends to +oo as o — 0T, while the first
is an explicit positive upper bound. We fix this « for the remainder of the proof; note that it depends only
on N and M.

Let f be any global minimizer of £. We show that f must coincide with the true labels everywhere
except on a set with zero bag-cover probability.
Step 1. Correction of false negatives. Set ST := {z € Xt | f(z) < 1}. If P(C(ST)) > 0,
then Lemma G.6 (which holds for any o > 0, in particular for our chosen «) applied to S produces
fi(z) = 1forz € ST, fi(z) = f(x) otherwise, with L(f1) < L(f), contradicting optimality. Hence
P(C(ST)) =0.
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Because the bag cover of S™ has probability zero, modifying f on ST does not change the expected

loss. Define
5oL 1, reXT,
' flz), z€X™.

Then £(f) = L(f), so f is also a global minimizer.

Step 2. Correction of false positives. Consider the negative instances where fis strictly positive:
ST :={zxe X | f(z) >0}. f P(C(S™)) = 0, the claim already holds with S = ST U S~. Assume

therefore P(C(S~)) > 0. By construction, f satisfies exactly the hypotheses of Lemma G.7: f(x) = 1 on
X, f(x) € (0,1)on S~,and f(z) = 0 on X~ \ S~. Moreover, our chosen « fulfills the two inequalities
that are shown (in the proof of Lemma G.7) to be sufficient for the strict decrease of the loss when the false
positives in S~ are set to 0. Consequently, the same construction applied to f and S~ with temperature «

yields a classifier
~ 0, re ST,
Fla)=1" |
f(z), otherwise,

satisfying £(f') < £(f). This contradicts the global optimality of f (and hence of f). Thus P(C(S™)) =
0 as well.

Conclusion. Let S = St U S~. We have P(C(S)) = 0. Forz ¢ S, if x € X then f(x) = 1 (otherwise
x would belong to ST), and if z € X'~ then f(x) = 0 (otherwise z € S7). Thus f(z) = y(z) for all
x ¢ S, which is exactly the statement of the theorem. O

G.4 Proof of Theorem 3.2

Lemma G.9 (Quantitative loss decrease for correcting false negatives). Leta > 0and N e N(N > 1)
be the temperature and maximum bag size. Let X, B, P, p(-) and L be as in Lemma G.6. Let f be a
classifier. For a given ¢ € (0,1], let ST C X be a set of positive instances such that f(z) < 1 — ¢ for
allz € ST, and P(CT(ST)) > 8 > 0. Define a new classifier ' by

1, re ST,

! ) =
fle) f(x), otherwise.
Then the expected loss decreases by at least a constant times §:

L(f)—L(f) > §-Apn(e,a,N) > 0,

1 S
A N) =1 1 i )
FN (e a, N) =log ( +mm{ 1+ (N —1)et/o’ 1+ (N — 1)e€/a}>

where

Proof. Denote by g = do(e, o, N) the increment lower bound from Lemma G.4, i.e.

1 €
0.
1+ (N —1)et/*" 1+ (N - 1)e€/a} ~

dg = min{

Let B = (x1,...,1,) € CT(ST). By definition B is a positive bag (y(B) = 1) and contains at least one
instance z; € ST with f(z;) <1 —¢e. Write p = (f(21),..., f(z,)) and let p’ be the vector obtained
after replacing every such f(x;) by 1. Repeated application of Lemma G.4 shows that

p(B) —p(B) > do,

because each single replacement increases the softmax weighted sum by at least dp, and the sum is
non-decreasing under further replacements.
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Since the bag is positive, its contribution to the loss is — log p(B) under f and — log p’'(B) under f’.
The decrease in loss for this bag is

A~ A~/ A~
P'(B) < P'(B) —p(B)>
log = =log|l 1+ ——~F—=| >log(l+ dy),
#(B) #(B) o)
where we used p(B) < 1 and the monotonicity of the logarithm.

Bags outside C*(S™) are left unchanged by f’, hence their loss contribution is identical. Taking
expectations,

/ ' (B
L(f) = L(f) = E[lc+<s+>(B) (log ];((B)) )} > P(CT(ST)) - log(1 + d).

By hypothesis P(C*(ST)) > 4, so
E(f) - ‘C(f,) >0 IOg(l + 50) =0 AFN(€7Q7N)'

The strict positivity follows from g > 0 and 6 > 0. O

Lemma G.10 (Quantitative loss decrease for correcting false positives). Let X, B, P, p, L be as in
Lemma G.6. Suppose Assumption G.1 (the M-assumption) holds. Let N be the maximum bag size,
u = WO(N 6_1 ) and M the constant from that assumption. Let S~ C X~ be a set of negative instances

with P(C(S™)) > 0, and assume that the classifier f satisfies

flz)=1Vr e Xt, f(x) € (0,1]Vz € S, f(z) = 0 forall other x € X~ .

For a given ¢ € (0, 1], define the subset S:={x e S~ | f(z) > <}, and suppose that its bag cover set
has probability § :=P(C(S)) > 0. Define the corrected classifier

0, resS,
fl@) = .
f(x), otherwise.
Then there exists a temperature o > 0 depending only on N and M such that
L(f) = L(f') = 6-App(e, o, N, M) > 0,

where

App(e,a, N, M) = min{— log(a(2u + 1)) + M log(1 — au), —log(1 — pmin(e, @, N))},

1
1+ M
and Puin (€, , N) is the minimum softmax weighted sum under the constraint max; p; > €, given by
Lemma G.3.

Proof. Choose o > 0 small enough so that

1

< s,
“Sow+ )

Ao := —log(a(2u + 1)) + M log(1 — o) > 0.

Such an « exists because as « — 07 the second term tends to 0 while the first diverges to +o0o. Set
€1 =1 — ou — o and partition S~ into S} = {x € S7 : f(x) > &1} and So = S\ Si.
Following the decomposition in Lemma G.7, the change in expected risk is written as

L(f) = L(f') = A1+ Do+ Az + Ay,
where the four terms correspond to the bag families

AL =CT(S)), Ay =C(S1), A3=CT(S)\CT(S1), As=C(S2)\C (S1),
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defined with respect to S, .S5.
Bounds for A, Ay, As. Exactly as in the proof of Lemma G.7, the conditions on f guarantee

Ay + Ay > P(Az) Ay, (16)
Az > 0. (17)

Since P(Ay) > P(A; N C~(S)) and Ag > 0, we further have
A1+ Ay > P(A2NC(S)) Ao. (18)
Bound for A4. As analyzed in Lemma G.7, for any B € Ay,
log(1 — p'(B)) —log(1 — p(B)) = —log(1 — p(B)) > 0.

Hence Ay = E[14,(B) (—log(1 — p(B)))] > 0. )
Now consider any B € A4 N C~(.5). Such a bag additionally contains at least one instance from .S, so
max,cp f(z) > €. Applying Lemma G.3 to the predictions on B gives

ﬁ(B) > ﬁmin(sv «, n) > ﬁmin(gv «, N)7
where n < N is the size of B and py,i, is non-increasing in n. Consequently,

—log(1 —p(B)) > —log(1 — pmin(e,a, N)) > 0.

Restricting the expectation defining A4 to the subset A4 N C~(S) yields

Ay > P(AsNC(S) A1, A= —log(l — pmin(e, o, N)). (19)
Combining the estimates. From (18), (17) and (19) we obtain
L(f) = £(f") = min{Ao, Ar} (P(A2 N C(S)) + P(A1NC7(S)))
= min{Ag, A1} P(C(9)).
Finally, the M-assumption applied to Scx- gives
P(C(S)) < (1+M)P(C(9)),
i.e. P(C~(S)) > 6/(1 + M). Substituting back,

0
1+M

L(f)—L(f) > min{Ao, A1} =9 App(e,a, N, M) > 0,

which completes the proof. O

Theorem G.11 (Convergence in probability (Restated)). Let Assumption 3.1 hold. Let N be the maximum
allowed bag size, u = WO(%), and M the constant from the M-assumption. Let f*(x) = y(z) be
the Bayes optimal classifier, and let {fi} be a sequence of instance classifiers. Define the expected
loss L(f) as in Lemma G.6. Then there exists a sufficiently small temperature o > 0 such that, if
limy o0 £(f7) = L(f*), then { fi} converges to f* in probability. Equivalently, for any € > 0,

lim P(C({z: [fi(e) = [*(@)| 2 £}) ) = 0.

Proof. Choose a temperature o > 0 small enough to satisfy both

1
o< m7 Ay = — log(a(2u + 1)) + Mlog(1 — au) > 0. (20)
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Such « exists because Ag — +00 as o — 0T while the first bound is an explicit positive constant. In the
sequel we work with this fixed . Define the two positive constants

Al(e’;‘) = AFN(é‘,Oé,N), A2(€) = AFP(&‘,Q,N,M),

where Apy and App are given by Lemma G.9 and Lemma G.10 respectively. Both A;(g) and Ay(e) are
strictly positive for every € € (0, 1].
Fix arbitrary €,6 > 0 and set

€ :=0-min{A;(e), Aa(e)} > 0.

We show that for any classifier f,
PC({a:1f@)— f@) 2 e})) 26 = L(f)—L(f) =€ @1

Once this implication is proved, the convergence follows immediately: if £(f;) — L(f*), then for
sufficiently large [ we have £(f;) — L£(f*) < &, which forces the left-hand side of (21) to be smaller than
0. Hence the bag-cover probability of the e-deviating instances tends to 0.

Proof of (21). Let f be a classifier with P(C(S)) > 6, where S := {z : | f(z) — f*(z)| > €}. Decompose
S into false negatives and false positives:

SN i={z e X" f(x) <1—¢}, Srp ={r € X" : f(x) > ¢e}.

Clearly S = Spn U Spp and the union is disjoint. Denote 6; = P(C(Syn)) and 62 = P(C(Srp)). By
subadditivity of P(C(+)),

We now modify f to the Bayes classifier f* in three steps and track the loss decrease.
Step 1: Correct significant false negatives. Define f; by setting fi(x) = 1 for x € Spx and
fi(x) = f(x) otherwise. If §; > 0, Lemma G.9 (applicable because f(x) < 1 — ¢ on Sgy) yields

L(f) = L(f1) = 61 M(e).

If 6; = 0 the inequality trivially holds as 0 > 0.

Step 2: Correct remaining false negatives. Define f by fo(z) = 1forallz € X and fo(x) = fi(x)
for x € X~. Since f5 only raises predictions of positive instances from possibly values > 1 — e to 1,
Lemma G.6 implies £(f2) < L(f1). Hence

L(f) = L(f2) = 61 M(e).

Step 3: Correct false positives. Now f; satisfies precisely the prerequisites of Lemma G.10: fo(x) = 1
on X, fo(z) € (0,1]on S~ :={z € X~ : fo(z) > 0}, and fo(x) = 0 on the rest of X' ~. The set Spp

is exactly S in that lemma, and its bag-cover probability is d2. Applying Lemma G.10 with the already
chosen « (which satisfies (20)) gives

L(f2) = L(f) = 02 Aa(e),

where f is the classifier obtained by setting all instances in S~ to 0. Note that f assigns 1 to all positive
instances and 0 to all negative ones, i.e. f' = f*. Hence L(f") = L(f*).
Combining the three steps. Summing the inequalities,

L(f) = L(f*) = 61 A1(e) + 62 Az(e) = (01 + J2) min{Ay(e), A2(e)} = 6 min{Ai(e), Ao(e)} =&

This establishes (21) and completes the proof. O

11192



