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Abstract

Large language models (LLMs) have become
increasingly used for various tasks, often cou-
pled with Chain-of-Thought (CoT) prompting
to boost accuracy. Recent work has shown
that high label-prediction accuracy does not
guarantee correct intermediate reasoning, and
the causes of reasoning flaws vary from sam-
ple to sample, yet existing remedies either fo-
cus on a single domain or assume that one
flaw type applies uniformly across samples.
A simple mitigation method is to provide the
model with the correct answer, but we show
that this yields no consistent improvement
in reasoning quality. This indicates that the
problem cannot be fixed by LLMs’ aware-
ness of answers, and must instead be addressed
through the structure of reasoning. Moti-
vated by this, we propose CRAFT (Consen-
sus Reasoning-knowledge-graph Aggregation
for Flaw-aware Trace synthesis), which aggre-
gates the consensus components shared across
multiple candidate reasoning traces to synthe-
size improved ones. CRAFT consistently im-
proves label-prediction accuracy on both log-
ical and mathematical reasoning benchmarks,
outperforming most baselines, while its post-
processed traces achieve higher quality under
fine-grained benchmark evaluation.

1 Introduction

LLMs show impressive reasoning ability in log-
ical (Zhou et al., 2025) and mathematical do-
mains (Shao et al., 2024), increasingly trained via
Reinforcement Learning that distinguishes good
traces from bad (Lightman et al., 2023). These
capabilities have been adopted across high-stakes
domains like financial analysis (Zhao et al., 2024),
medical treatment (Savage et al., 2023), and legal
consultation (Yu et al., 2022). In such applications,
what matters is not only the final answer an LLM
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Figure 1: Problem background. LLMs’ correct label-
prediction is related to, but not fully determined by,
whether reasoning steps are correct. Case studies of
logical and mathematical reasoning are in Appendix I.

outputs, i.e., its label-prediction accuracy, but also
the quality of its reasoning trace, i.e., whether the
intermediate steps leading to that answer are them-
selves correct. Conventionally, the latter is taken
for granted: a correct answer is read as evidence
of correct reasoning.

However, this assumption does not always hold:
correct label-prediction is necessary but not suf-
ficient evidence of correct reasoning. For in-
stance, self-reflection based on previously gen-
erated traces can result in accuracy drops (Ling
et al., 2025a,b), and by optimizing only for the
final answer, RL can favor reasoning steps that
reach the correct prediction through invalid inter-
mediate logic (Yue et al., 2025). Figure 1 visu-
alizes this: whereas an ideal trace has every step
correct, in practice a trace can reach the correct an-
swer despite flawed intermediate steps. Such flaws
fall into two types: Step Internal Flaws, where an
individual step is itself wrong (e.g., a logical er-
ror or hallucination), and Step-wise Flaws, where
steps may each look valid but are mis-organized—
omitting necessary steps (Underthinking) or pil-
ing on redundant ones (Overthinking). This poses
risks for (1) LLM Distillation: models may be
fine-tuned on traces generated by other LLMs; and
(2) Dataset Annotation: such errors may propa-
gate into benchmarks that rely on LLM-generated
traces to annotate problem-solving methods.

Existing mitigation efforts fall short on two
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aspects. (i) Reasoning Domain coverage: Xu
et al. (2026) only targets the problem in Logi-
cal Reasoning domain. As their method is tai-
lored to the domain specifically, it does not trans-
fer to other domains such as mathematical reason-
ing, even though the same reasoning flaws arise
there. (ii) Flaw-type coverage: each method as-
sumes a single flaw type holds for all traces:
some attribute flaws to redundant steps (Over-
thinking) (Yu et al., 2025), others to missing steps
(Underthinking) (Xu et al., 2025), yet in practice
different samples trigger different flaws, yielding
a complex mixture that no single-type assumption
can fully capture.

Before proposing a problem-mitigation method,
we first ask why these reasoning flaws arise. A
natural hypothesis is that they arise from the
model’s uncertainty about the correct answer; if
so, the simplest fix would be to provide the an-
swer and ask the model merely to justify it. We
test this hypothesis on two benchmarks, (1) PRM-
Bench (Song et al., 2025): evaluating an LLM as a
step-by-step verifier for detecting error steps, and
(2) ROSCOE (Golovneva et al., 2023): evaluating
reasoning-trace quality. Across four LLMs, pro-
viding the correct answer does not improve rea-
soning in most settings (Section 4.1), indicating
that the flaws are structural rather than a matter of
answer-awareness.

Since LLMs’ awareness of answers does not
help, the flaws lie in the reasoning trace itself,
not the final answer. Our key observation is that
flawed steps tend to be sample-specific, whereas
correct ones recur across independently sampled
traces (Wang et al., 2023). This motivates miti-
gating both flaw types via cross-trace consensus:
aggregating correct reasoning steps of multiple
candidate traces, while flawed ones are dropped
out. To apply consensus to step content (catching
Step Internal Flaws) and step structure (catching
Step-wise Flaws), we propose CRAFT (Consen-
sus Reasoning knowledge graph Aggregation for
Flaw-aware Trace synthesis), a unified framework
built on a Reasoning Knowledge Graph (RKG)
that operates in three modules: (I) Multi-Trace
Generation & Steps Filtering: roll out K candi-
date traces per sample, identify consensus terms
via TF-IRF weighting, and remove structurally
different steps through z-score filtering; (II) Con-
sensus RKG Construction: convert traces into
per-trace RKGs (steps as nodes, logical rela-
tions as edges), aggregate them into a consen-

sus RKG G*, and filter minor edges and nodes;
(III) Topology-guided Trace Synthesis: generate
one high-quality trace by traversing G* in topo-
logical order.

To summarize, our contributions are three-fold:
> A benchmark study showing that providing cor-
rect answers yields no consistent improvement in
reasoning, which indiates that the flaws are struc-
tural rather than a matter of answer-awareness.
> We propose CRAFT, a unified framework that
jointly mitigates Step Internal Flaws and Step-
wise Flaws, yielding consistent label-prediction
accuracy gains across both logical and mathemat-
ical reasoning datasets.
> We further show that CRAFT’s post-processed
traces achieve higher quality under fine-grained
benchmark evaluation.

2 Related Work

LLM Reasoning Flaws. Chain-of-Thought
prompting (Wei et al., 2023) makes intermediate
steps explicit, but generated traces suffer from
two flaw categories: Step Internal Flaws (logical
errors (Xu et al., 2024), hallucinations (Xia et al.,
2025), etc.) and Step-wise Flaws (underthink-
ing (Xu et al., 2025) and overthinking (Yu et al.,
2025)). The single-flaw assumption cannot de-
scribe practical scenarios, where different samples
exhibit different flaw types.

Reasoning Traces Improvement. Recursive
Self-Aggregation (Venkatraman et al., 2026) it-
eratively combine subsets of intermediate steps
across candidate chains, exploiting intra-chain
structure, but without an explicit anomaly filtering.
Multi-chain graph methods such as MGRS (Yang
et al., 2025) construct a graph over multiple
chains, but ultimately select the highest-scoring
trace rather than making use of others. CRAFT ap-
plies cross-trace consensus and anomaly detection
to mitigate different flaw types. Detailed discus-
sion is available in Appendix C.

3 Methodology

3.1 Correct Answer Guidance Study

A natural first question is whether flaws in LLM
reasoning arise from uncertainty about the correct
answer. If so, the simplest fix would be to provide
the answer directly, and merely require the model
to justify the given answer. We test this hypothe-
sis on two complementary benchmarks: (1) PRM-
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Figure 2: Overview of our work. First, we show that providing the correct answer does not consistently improve
LLM reasoning ability, which motivates CRAFT, a structural approach for problem mitigation. Second, we show
how CRAFT operates within the framework. Third, we test label-prediction accuracy on both logical and mathe-
matical reasoning datasets, and post-processed reasoning traces on fine-grained benchmark evaluation.

Bench (Song et al., 2025): benchmarking an LLM
as a step-by-step verifier for identifying erroneous
steps, and (2) ROSCOE (Golovneva et al., 2023):
benchmarking reasoning trace quality generated
by an LLM. Experiments are carried out across
two settings: (1) w/ Answer: the correct answer
is provided in the prompt, and (2) w/o Answer: no
correct answer is provided.

The results (Section 4.1) are counterintuitive:
In general, providing the correct answer yields no
consistent improvement in reasoning. This rules
out answer uncertainty as the cause of reasoning
flaws, pointing to the issue of reasoning traces
structure. Also, when LLMs reason over a dataset,
the result can be a mixture of flaw types: some
reasoning suffer from overthinking, others from
underthinking, and still others from step-internal
flaws, all generated within the same dataset. A
framework must mitigate both Step Internal Flaws
and Step-wise Flaws.

3.2 Proposed Framework: CRAFT

To mitigate this, we propose CRAFT (Consen-
sus Reasoning knowledge graph Aggregation for
Flaw-aware Trace synthesis), a unified framework
that mitigates both Step Internal Flaws (logical
errors, hallucinations, etc.) and Step-wise Flaws
(overthinking, underthinking). CRAFT rolls out
K diverse candidate traces per sample and lever-
ages cross-trace consensus to detect both flaw
types: steps with erroneous content fail to appear
across other traces (Step Internal Flaws), while
missing or redundant steps are revealed by com-

paring each trace’s structure against others (Step-
wise Flaws). Inspired by GRPO’s group relative
comparison (Guo et al., 2025), we identify flawed
steps as deviations from intra-group consensus.

Inspired by Knowledge Graphs (Besta et al.,
2024), we construct a Reasoning Knowledge
Graph (RKG) in which nodes are reasoning steps
and edges are logical relations, and RKGs Gg
are aggregated into a consensus RKG G* whose
topology guides trace synthesis. CRAFT proceeds
in three modules (Algorithm 1): Module I (Multi-
Trace Generation & Steps Filtering) rolls out K
candidate traces and extracts consensus terms 7 con
via TF-IRF, and removes flawed steps via z-
score filtering. Module II (Consensus RKG Con-
struction) constructs a reasoning knowledge graph
(RKG) for each reasoning trace, applies edge &
node filtering, and aggregates them into a con-
sensus RKG G*; Module III (Topology-guided
Trace Synthesis) generates one high-quality trace
by traversing G* in topological order.

Module I: Multi-Trace Generation & Steps Fil-
tering For each sample, we roll out K candi-
date traces at temperature 7. We then score each
term by TF-IRF (Term Frequency-Inverse Rea-
soning Frequency), a variant of TF-IDF (Das et al.,
2023) adapted to the multi-trace setting: terms fre-
quent within one sample’s K traces but rare across
samples are considered informative. Crucially, TF
is computed within K traces of one sample, and
IRF is computed over all dataset samples (Ap-
pendix E, Egs. 1-3). After filtering common logi-
cal connectives via a COMMONLOGICALWORDS
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Algorithm 1: CRAFT for Reasoning Trace Improvement (One Sample)

// Module I: Multi-Trace Generation & Steps Filtering

1 fori =1t K do
2 | C <+ CU{LLM(Sample)};

s Teon < {w | TF-IRF(w) > a A by X TR(w) = 8

4 foreach step s of trace S € C do
5 Z(s) + (Jaccard(s, Tcon) — 1s)/0s;
6 | if Z(s) <~ thenremove s from S

// Module II: Consensus RKG Construction
// (1) Consensus RKG Construction

7 foreach frace S € C do

8 L GS = (V&Es) — LLM(S);
// (2) Edges & Nodes Filtering

9 foreach e=(u,v) € Jg.c Es do

12 G* — USGC GS )

// Module III: Topology-guided Trace Synthesis
137 (V1,0 ye)) St (Vi 05) € B =0 <
14 Tinal < H 5
15 foreach node v in m do

~ po(- | Sample, {s(u) : (u,v) € E*}, v);

16 s(v)
17 | Append s(v) to TEinal;

18 return 7z

10 L W(e) < (1—X) - conf(e) + A - Jaccard(u, v);
Gs < Gg\{e: W(e)<0} \ {v:d"(v)=0Ad (v)=0};

// step-level consensus terms

// Jaccard similarity, z-score steps filtering

// Build RKG, steps—nodes, logical relations—edges

// edge weight: LLM conf + node Jaccard
// edge and node filtering

// aggregation into one graph

// topological sort over G*

// step-by-step generation

blocklist (Bird et al., 2009), the Consensus Terms
Set Tcon is defined directly by combining a per-
term importance threshold and a cross-trace fre-
quency threshold: Tcon = {w | TF-IRF(w) >
a A ﬁ > i TF(w) > B}, where « is the TF-
IRF importance threshold and  is the frequency
threshold (fraction of traces in which a term must
appear), and 7o, guides steps filtering.

For Steps Filtering, following GRPO’s group-
relative comparison (Guo et al., 2025), each step
s is scored by its terms’ Jaccard similarity with
Tton, z-normalized within the traces. Steps whose
z-score falls below a cutoff ~ (default —1.0, i.e.,
more than one standard deviation below the group
mean) are removed as outliers, catching Step Inter-
nal Flaws (erroneous steps introduce terms absent
from other K — 1 traces) and Step-wise Flaws (re-
dundant overthinking steps carry unusual terms).

Module II: Consensus RKG Construction
This module constructs the consensus Reasoning
Knowledge Graph (RKG) based on two parts:

(1) Graph Construction. After steps filtering,
each trace is converted into an RKG Gg, via an
LLM prompt that converts steps as nodes and log-

ical relationships as edges.

(2) Edges & Nodes Filtering. Edge weight W(e)
is computed as an equal-weighted sum of the
LLM-reported confidence score and the Jaccard
similarity between each two consecutive steps.
Edges whose weight is below 6 (the edge filtering
threshold) are filtered, ensuring the graph retains
relations supported by multiple candidate traces.
Following this, we apply node filtering to G g, re-
moving isolated nodes whose in-degree and out-
degree both equal zero, i.e., d" (v)=0 A d~ (v)=0.
Per-trace graphs Gg are aggregated into one con-
sensus RKG G* by taking the set union. During
Graph Construction in (1), nodes and edges pro-
duced by the LLM are identical when they corre-
spond to identical steps and logical relationships;
therefore, set aggregation of graphs introduces no
redundant or repetitive elements. Detailed filtering
statistics are in Tables 8 and 9.

Domain-specific Optimization. For logical rea-
soning, steps expressing the same inference with
different words receive high LLM confidence,
down-weighting Jaccard influence. For mathemat-
ical reasoning, the LLM-confidence component of
W (e) further handles cases where equivalent ex-
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pressions appear in different forms, and provably
incorrect calculations are removed.

Module III: Topology-guided Trace Synthesis
Since G* is built via filtering and aggregation,
edge directions are eliminated. We therefore per-
form a topological sort of G* and generate the final
reasoning trace step by step. Each step’s prompt
includes the corresponding node from the consen-
sus RKG. Prompt templates are in Appendix M.

3.3 Mitigation of Different Flaw Types

The principle of flaw mitigation is a simple mech-
anism: steps shared by many candidate traces are
preserved, while those shared by fewer are filtered.
Step Internal Flaws (logical errors, hallucina-
tions, etc.). Error terms are absent from most can-
didate traces, so their steps score below -~ under
Module IT’s z-score filtering and are filtered.
Step-wise Flaws. Underthinking: steps missing
from one trace are preserved by others in G*.
Overthinking: redundant steps carry unusual terms
(low Z) and participate in low-weight edges (low
W(e)), so they can be removed by both z-score fil-
tering and edge filtering in Module 1I.

4 Experiments

4.1 Experimental Setup of Correct Answer
Guidance Study

We first validate the hypothesis: does providing
correct answers to questions improve LLMs’ rea-
soning ability? We evaluate this using two bench-
marks: (1) PRMBench (Song et al., 2025) bench-
marks an LLM as a step-by-step verifier to detect
erroneous steps across three datasets, each target-
ing one error type: Simplicity (redundant steps),
Soundness (logically invalid steps), and Sensitivity
(factually incorrect steps). Metrics include step ac-
curacy (StepAcc), F1, and first-error identification
accuracy (1stErr). (2) ROSCOE (Golovneva et al.,
2023) evaluates the quality of reasoning traces
generated by the tested LLM. We test this on four
datasets: CosmosQA, DROP, eSNLI, GSMS8K,
measuring Faithfulness, step-level and chain-level
Informativeness, and Grammar.

We evaluate four backbone LLMs: o4-mini,
Gemini-3-Flash (Thinking) (Comanici et al.,
2025), GPT-5.4-nano, and DeepSeek-R1 (Guo
et al., 2025). All experiments are conducted with
the same prompt templates (Appendix N.6), under
two experimental settings: (1) w/ Answer: the cor-

rect answer is provided in the prompt, and (2) w/o
Answer: no correct answer is provided.

4.2 Experimental Results

PRMBench. As shown in Table 1 and Figure 3,
providing the correct answer yields no consistent
improvement across three PRMBench datasets.
Paired Wilcoxon signed-rank tests (metrics pooled
per dimension; see Appendix L for details) con-
firm this finding: Simplicity and Soundness show
no significant difference across the four mod-
els (mostly p > 0.05). Only Sensitivity reaches
marginal significance for two models: o4-mini
(p=0.028, negatively correlated) and DeepSeek-
R1 (p=0.012, positively correlated). However, the
opposing signs indicate no consistent benefit from
providing the correct answer. In several cases, pro-
viding correct answers even hurts performance
(e.g., GPT-5.4-nano Soundness F1 drops from
0.79 to 0.72). Detailed results are in Appendix A.

ROSCOE. DROP shows no significant influ-
ence on any model (all p > 0.05). The most con-
sistent finding is eSNLI, where the w/ answer
setting significantly improves quality for all four
models (p < 0.01; d = 0.23-0.31), reflecting that
NLI labels directly provide genuine help, which is
absent in other tasks. Regarding this phenomenon,
we discover that in the w/o answer setting, LLMs
are strongly biased towards outputting the label
"Neutral". The w/ answer setting offers the correct
answer, which helps reshape the reasoning. Spo-
radic significance appears in CosmosQA (GPT-
5.4-nano, DeepSeek-R1; p < 0.05) and GSM8SK
(DeepSeek-R1; p < 0.001, negatively correlated),
but these effects are inconsistent across models.
Detailed results are in Appendix A.

Takeaways. We draw three key findings:

(1) In general, providing the correct answer
does not improve reasoning ability. Trace qual-
ity improves consistently only on eSNLI, and not
across most other reasoning settings.

(2) LLM reasoning flaws cannot be resolved
by simply providing the correct answer. Prob-
lems arise from the model’s internal reasoning, not
from uncertainty about the correct answer.

(3) A unified mitigation framework is neces-
sary, as different samples exhibit different flaw
types. This motivates CRAFT below.

11527



PRMBench ROSCOE
Model Settings Dataset StepAcc 1stErr F1 ‘Dataset Faithfulness  Info (Step)  Info (Chain) Grammar
Simplicity 0.79 0.64 0.87 | CosmosQA 0.81 0.79 0.92 0.96
Soundness 0.79 0.76 0.86 | DROP 0.83 0.80 0.93 0.94
w/ Answer .
Sensitivity 0.75 0.62 0.83 | eSNLI 0.73 0.78 0.87 0.84
.. Total 0.78 0.67 0.86 | GSM8K 0.83 0.84 0.95 0.93
04-mini
Simplicity 0.76 0.65 0.85 | CosmosQA 0.81 0.80 0.92 0.93
wio Answer Soundness 0.79 0.74 0.87 | DROP 0.83 0.81 0.93 0.95
Sensitivity 0.74 0.60 0.83 | eSNLI 0.71 0.78 0.87 0.83
Total 0.76 0.66 0.85 | GSM8K 0.84 0.85 0.96 0.93
Simplicity 0.76 0.70 0.85 | CosmosQA 0.79 0.77 0.91 0.93
W/ Answer Soundness 0.82 0.72 0.89 | DROP 0.82 0.79 0.93 0.94
) Sensitivity 0.74 0.58 0.83 | eSNLI 0.71 0.75 0.87 0.90
Gemini-3-Flash Total 0.77 0.67 0.86 | GSM8K 0.82 0.82 0.94 0.90
(Thinking)
Simplicity 0.73 0.75 0.83 | CosmosQA 0.79 0.78 0.91 0.95
Soundness 0.83 0.70 0.89 | DROP 0.83 0.81 0.92 0.97
w/o Answer e
Sensitivity 0.70 0.58 0.80 | eSNLI 0.68 0.75 0.87 0.88
Total 0.75 0.68 0.84 | GSM8K 0.82 0.84 0.96 0.94
Simplicity 0.62 0.63 0.74 | CosmosQA 0.82 0.79 0.91 0.87
Soundness 0.62 0.79 0.72 | DROP 0.84 0.80 0.92 0.92
w/ Answer .
Sensitivity 0.62 0.51 0.73 | eSNLI 0.74 0.80 0.86 0.83
GPT5.4-nano Total 0.62 0.64 0.73 | GSM8K 0.83 0.84 0.95 0.95
Simplicity 0.60 0.63 0.73 | CosmosQA 0.84 0.81 0.92 0.88
wio Answer Soundness 0.69 0.71 0.79 | DROP 0.83 0.80 0.92 0.94
Sensitivity 0.62 0.51 0.74 | eSNLI 0.68 0.77 0.86 0.84
Total 0.64 0.62 0.75 | GSM8K 0.81 0.83 0.96 0.92
Simplicity 0.75 0.71 0.84 | CosmosQA 0.79 0.78 091 0.94
W/ Answer Soundness 0.79 0.71 0.86 | DROP 0.83 0.81 0.93 0.96
Sensitivity 0.71 0.50 0.80 | eSNLI 0.72 0.78 0.88 0.88
Total . .64 .84 MSK .83 . . .
DeepSeck-R1 ota 0.75 0.6 0.84 | GSM8 0.8 0.85 0.95 0.93
Simplicity 0.74 0.63 0.84 | CosmosQA 0.81 0.79 0.91 0.94
Soundness 0.76 0.78 0.84 | DROP 0.83 0.80 0.93 0.95
w/o Answer .
Sensitivity 0.69 0.53 0.79 | eSNLI 0.68 0.77 0.86 0.84
Total 0.73 0.65 0.82 | GSM8K 0.85 0.85 0.96 0.95

Table 1: Correct Answer Guidance Study: PRMBench step-level verifier (Benchmark = PRMBench error category;
StepAcc, IstErr, F1) and ROSCOE trace quality (four metrics applicable to all datasets).
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4.3 Experimental Setup of CRAFT

As we have shown that providing the correct an-
swer cannot improve LLMs’ reasoning, we eval-
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:p < 0.01, :p < 0.001.

uvate whether CRAFT’s structural consensus ap-
proach succeeds. We measure label-prediction ac-
curacy on four datasets. Logical reasoning: (1)
FLD (Morishita et al., 2024) requires step-by-step



FLD FOLIO GSMSK OlympiadBench

Setting Acc(%)t FIt Avg.Steps(n)l Acc(%)t FIt Avg.Steps(n)]. Acc(%)t Avg.Steps(n)| Acc(%)t Avg.Steps(n)
GPT-5.4-nano
Best-of-N (Stiennon et al., 2022) 56.0 0.48 13.9 86.0 0.86 9.3 94.8 19.4 70.0 29.0
Self-Consistency (Wang et al., 2023) 61.8 0.55 14.5 | 80.0 0.80 9.5 | 93.0 17.9 | 65.3 29.0
Univ. Self-Consistency (Chen et al., 2023) 61.4 0.59 14.6 | 70.0 0.70 9.7 | 92.0 17.6 | 58.4 29.2
Self-Refine (Madaan et al., 2023) 63.4 0.59 20.5 ! 86.0 0.86 13.0 ! 91.4 19.1 ! 63.4 29.6
Self-Eval Beam Search (Xie et al., 2023) 51.8 0.49 14 | 78.0 0.77 14 | 79.0 4.4 | 254 10.9
Faithful CoT (Lyu et al., 2023) 56.8 0.52 273 ! 68.6 0.68 20.0 ! 90.2 7.0 ! 51.0 259
Tree-of-Thought (Yao et al., 2023) 24.0 0.28 10.5 ! 74.0 0.81 9.0 ! 90.6 6.2 ! 46.6 7.6
RAP (Hao et al., 2023) 614 0.62 123 : 78.6 0.85 75 : 95.8 8.9 : 55.6 102
ConCISE (Qiao et al., 2025) 69.4 0.69 10.2 | 83.2 0.83 8.3 | 94.4 72 | 63.2 19.6
LCoT2Tree (Jiang et al., 2025) 69.4 0.68 11.5 | 85.4 0.84 59 | 94.8 8.9 | 65.6 10.2
DICE (Li et al., 2025) 70.0 0.68 12.2 | 86.6 0.85 10.8 | 95.0 8.8 | 68.8 14.4
PNS-Optimization (Yu et al., 2025) 69.8 0.68 54 | 83.6 0.83 7.8 | 95.0 59 | 67.4 11.3
Self-Aggregation (Venkatraman et al., 2026) 68.4 0.67 17.1 | 83.2 0.84 11.2 | 93.0 11.3 | 56.0 26.0
CRAFT (Ours) 71.6 0.71 9.9 | 89.6 0.90 5.8 | 96.0 5.4 | 73.8 7.6
1 04-mini 1 1
Best-of-N (Stiennon et al., 2022) 44.0 0.43 4.7 ' 82.8 0.84 8.5 ' 98.0 58 ' 64.0 6.5
Self-Consistency (Wang et al., 2023) 60.6 0.58 6.0 ! 82.0 0.85 7.0 ! 95.6 53 ! 68.0 294
Univ. Self-Consistency (Chen et al., 2023) 56.2 0.65 5.8 ! 82.0 0.85 8.0 ! 98.5 57 ! 57.6 29.1
Self-Refine (Madaan et al., 2023) 44.8 0.51 93 " 760 0.80 10.6 'o932 58 ' 68.0 29.7
Self-Eval Beam Search (Xie et al., 2023) 620 070 41 760 086 32 |38 22 | 400 278
Faithful CoT (Lyu et al., 2023) 48.0 0.52 8.9 | 86.2 0.86 16.52 | 93.2 4.4 | 60.8 422
Tree-of-Thought (Yao et al., 2023) 524 0.48 4.3 | 78.6 0.85 75 | 91.8 6.5 | 46.0 3.0
RAP (Hao et al., 2023) 70.4 0.72 6.5 | 80.2 0.83 7.8 | 95.0 59 | 66.5 18.5
ConCISE (Qiao et al., 2025) 66.4 0.65 10.2 | 822 0.81 53 | 934 6.2 | 63.6 16.6
LCoT2Tree (Jiang et al., 2025) 714 0.70 12.3 | 85.4 0.85 75 | 974 8.9 | 65.6 10.2
DICE (Li et al., 2025) 72.6 0.72 6.5 | 85.2 0.83 7.8 | 96.0 59 | 68.8 143
PNS-Optimization (Yu et al., 2025) 71.6 0.72 13.8 | 85.4 0.84 9.3 | 94.6 5.6 122 10.2
Self-Aggregation (Venkatraman et al., 2026) 46.8 0.45 7.0 I 800 0.87 9.5 I 96.6 8.2 I 624 28.3
" CRAFT (Ours) 7 7 756 073 72 1 888 089 78 17 980 T 55 ~ T T3z T T T ¢ 66

Table 2: Benchmark results for two backbone models. Metrics: Acc (%), Macro-F1, and Average Steps. Bold =
best; underline = second-best within each setting. Higher is better for Acc and F1; lower is better for Steps. F1 is
omitted for mathematical reasoning datasets because each problem has a unique answer, making F1 = Accuracy.

deductive inference over natural language facts,
(2) FOLIO (Han et al., 2024) tests first-order
logic reasoning over everyday topics. Mathemat-
ical reasoning: (1) GSM8K (Cobbe et al., 2021)
consists of grade-school math problems requir-
ing multi-step reasoning; (2) OlympiadBench (He
et al.,, 2024) contains competition-level mathe-
matics problems demanding advanced reasoning.
We select 500 samples for each logical reason-
ing dataset (250 labeled "Proved" and 250 "Dis-
proved"), and 500 samples for each mathemat-
ical reasoning dataset, with random seed = 42.
For evaluation, we use Exact-Match (EM) to get
predicted labels; if it fails, we apply LLM-As-A-
Judge for identification from reasoning traces. We
manually verified 200 cases to ensure the reliabil-
ity of evaluation.

We evaluate under two backbone models: GPT-
5.4-nano (a lightweight reasoning model) and 04-
mini (a reasoning model).

4.4 Experimental Results

Table 2 compares CRAFT against thirteen base-
lines, details are in Appendix K.

CRAFT achieves the best or second-best accu-
racy in label-prediction, exceeding most baselines
across logical reasoning and mathematical reason-
ing datasets. Gains are notable on harder datasets:
on OlympiadBench (He et al., 2024), CRAFT out-

Model Dataset Grammar{ Rep-Step] Rep-Word|
CosmosQA  +1.6% —1.7% —1.7%
. DROP +1.4% —1.8% —2.1%
GPTS4mano- oL 124%  —15%  —12%
GSM8k +3.8% —2.7% —2.2%
CosmosQA +2.1% —2.0% —2.8%
od-mini DROP +2.8% —2.7% —2.2%
eSNLI +5.9% —2.0% —1.4%
GSM8k +1.2% —2.4% —-1.9%

Table 3: ROSCOE evaluation comparing the quality of
CRAFT’s post-processed traces against raw reasoning.

performs the next-best baseline by up to 8.5% in
accuracy while using over 70% fewer steps, si-
multaneously achieving the highest accuracy and
the lowest step count. Notably, the reduction in
step count comes without any accuracy trade-off:
CRAFT uses roughly half the steps of most base-
lines, because Module II removes both Step Inter-
nal Flaws and Step-wise Flaws, while Module 111
synthesizes one high-quality reasoning trace.

We summarize the key findings as takeaways:
> Consensus-driven synthesis consistently out-
performs baselines. All baselines rely on
training-free methods; CRAFT synthesizes one
trace based on the consensus part of candidate
traces, yielding higher accuracy gains.
> Step efficiency is a byproduct of accuracy
gain. CRAFT achieves the best accuracy while us-
ing far fewer steps.
> Accuracy gains of CRAFT are generalizable.
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Figure 4: Finelogic (above two) and ReCEval (be-
low two) evaluation comparing the quality of CRAFT’s
post-processed traces against raw reasoning.

Improvements are consistent across both logical
and mathematical reasoning datasets.

> LLMs get the majority of steps correct, even
on hard problems. While accuracy varies across
datasets, accuracy gains of CRAFT generalize
across both hard and easy datasets, implying that
the majority of steps are correct. Otherwise, con-
sensus aggregation across K traces would amplify
errors, leading to accuracy drops.

4.5 Quality Evaluation of Post-Processed
Reasoning Traces

We evaluate whether CRAFT improves reason-
ing trace quality by running ROSCOE (Golovneva
et al., 2023) and ReCEval (Prasad et al., 2023) on
GPT-5.4-nano and o4-mini, and FineLogic (Zhou
et al., 2025) on GPT-5.4-nano.

Results of ROSCOE are in Table 3, which re-
ports metrics measuring trace quality: (1) Gram-
mar (grammar correctness per step), (2) Rep-Step
(step-level redundancy), and (3) Rep-Word (word-
level redundancy). Figure 4 reports the results of
FineLogic evaluation: (i) All Valid: all steps are
logically valid; (ii) All Relevant: all steps con-
tribute to the conclusion; (iii) All Atomic: all steps
convey an atomic relationship. It also reports the
results of ReCEval: (1) Entail: whether this step
can be inferred from previous steps; (2) Contra-
dict: whether this step is NOT contradictory to
previous steps. We use Gemini-3.1-Flash-Lite as
a LLM Judge. Higher is better for all metrics.

5 Ablation Study

Table 4 validates the effectiveness of each compo-
nent by removing them on OlympiadBench and re-
porting accuracy drops compared to full CRAFT.

Ablation Setting GPT-5.4-nano o04-mini
Acc(%) A(%) Acc(%) A(%)
w/o CRAFT 478 260 480 252
w/o RKG 67.6 —-62 560 —17.2
w/o Synthesis 520 -21.8 578 —154
w/o Filter & Synthesis 490 248 540 -—192
wio Weighted Edges Fusion __ 602 _ 136 _ 512 _ ~166
Embedding Cosine Similarity 718 20 714 _18

(Replacing Jaccard Similarity)

Table 4: Ablation study of CRAFT on OlympiadBench
(73.8% 1 73.2%). A(%) = Accuracy drop.

FLD FOLIO

95 == Acc (%)
RKG Edges
RKG Nodes

8

Nodes / Edges (n)

s

o

5 6
k (number of traces) k (number of traces)

Figure 5: Accuracy initially increases, then fluctuate
around the highest value, with the number of rollout
traces K increases on GPT-5.4-nano.

Ablating the whole CRAFT pipeline leads
to accuracy drops of 20% or more. Remov-
ing RKG (—6.2%/—17.2%) or removing syn-
thesis (—21.8%/—15.4%) account for large
drops, and removing Filtering (w/o Filtering
& Synthesis) yields further drops. Directly
applying LLM-constructed RKG edges (w/o
Weighted Edges Fusion) results in —13.6%/
—16.6% accuracy drop. Replacing Jaccard with
text-embedding-3-1large cosine similarity costs
about —2.0%/—1.8% accuracy drop, confirming
Jaccard is a better choice: maintaining higher ac-
curacy without additional API call.

6 Hyperparameter Settings

Sensitivity of K (number of traces). As shown
in Figure 5, label-prediction accuracy varies with
K from 2 to 10. For FLD, accuracy increases
gradually from K=3 onward. For FOLIO, peak
accuracy is reached earlier, at about K = 3.
As the number of traces K increases, the growth
rate of RKG edges consistently outpaces that of
nodes, reaching a higher value before slowing
down. Moreover, the size of RKGs is positively
correlated with accuracy. Detailed setup is in Ap-
pendix G; computational costs are in Appendix K.

Other hyperparameters like TF-IRF threshold
£=0.3, z-score steps filtering threshold y=—1.0,
edge weight parameter A=0.5, and edge weight
filtering threshold #=0.3, were set once and not
changed, reducing overfitting risks.
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Figure 6: Graph Construction Gg edge extraction F1,
points cluster around the diagonal (left), and Pearson r
of pair-wise models’ results (right).

7 Noise Analysis on Graph Construction

Graph construction Gg relies on an LLM prompt
to identify step dependencies. To verify the ro-
bustness, we evaluate edge extraction F1 against
ground-truth annotations on FLD reasoning traces,
across three backbone models (GPT-5.4-nano, 04-
mini, GPT-5.4) under identical prompts. F1 varies
by less than 2% (0.57-0.59) across model tiers,
with pair-wise Pearson » > 0.98 per sample
(Figure 6), confirming that the quality of graph
construction does not introduce explicit model-
specific noise.

8 Conclusion

In this work, we show that providing correct an-
swers does not consistently improve LLMs’ rea-
soning ability, which clarifies the problem: reason-
ing flaws lie in the structure of generated traces,
rather than in the exposure to the correct answer.
We categorize reasoning flaws into Step Internal
Flaws and Step-wise Flaws, and propose CRAFT,
a unified framework that mitigates both flaw types
through cross-trace consensus. CRAFT builds a
consensus Reasoning Knowledge Graph (RKG),
then synthesizes a high-quality trace via topolog-
ical generation. CRAFT consistently outperforms
baselines in label-prediction accuracy across log-
ical and mathematical reasoning datasets. Post-
processed reasoning traces achieve higher quality
on fine-grained benchmark evaluation. Our work
suggests that applying trace-wise consensus can
be a promising direction for future LLM reason-
ing development.

Limitations

Our work has the following limitations:

(1) Sequential CoT assumption. CRAFT is de-
signed for sequential Chain-of-Thought traces and
may fall short on parallel or tree-structured reason-
ing paradigms.

(2) Consensus # correctness. The framework
assumes that steps and edges appearing frequently
across K traces are more likely correct. On hard
problems where many candidates share the same
wrong reasoning pattern (e.g., a common post-hoc
rationalisation), consensus can amplify rather than
suppress errors. Increasing K mitigates this (Sec-
tion 6), but does not eliminate it.

(3) TF-IRF on small K. IRF is computed over
only K traces per sample rather than a large cor-
pus; with small K the frequency signal may lack
discriminative power, making term importance es-
timates noisier.

Ethical Considerations

Our work focuses on both logical and mathemat-
ical reasoning domains. We do not address sensi-
tive topics like race or gender. All evaluations are
carried out on established benchmarks.
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A Full Benchmark Evaluation Results

Tables 5 and 6 report the complete PRMBench and
ROSCOE results with all metrics.

B LLM Usage Statement

GPT-5.2 was used to help with grammar polishing.
Claude-4.6-Sonnet was used to assist with code
writing and organization. For the unsupervised
comparison part in our methodology, we consulted
Claude-4.6-Sonnet to select the best idea (manu-
ally created but polished up by Al, we then itera-
tively optimize this) to meet our requirements.

[Camera Ready Update]: The API we used was
from a collaborated company. In order to pro-
tect data security, the company requires model
providers (OpenAl, Google, etc.) to deploy LLMs
on its own GPU clusters, which makes the per-
formances VERY different from publicly available
ones. We are looking into this.

C Related Work Details

Multi-trace voting and selection. Self-
Consistency (Wang et al., 2023) and Universal
Self-Consistency (Chen et al., 2023) aggregate
K candidate traces by majority vote over final
answers, treating each trace as a black box
and discarding all structural information within
reasoning steps. Best-of-N (Stiennon et al., 2022)
scores candidates with a reward model and returns
the highest-ranked one. MBR-like (Minimum
Bayes Risk) selection (Eikema and Aziz, 2020)
chooses the candidate that minimises expected
loss against other candidates. All three paradigms
operate at the level of final answers or holistic
scores; none inspects or improves the internal
step structure. CRAFT’s consensus RKG can be
viewed as a structural generalisation of MBR:
rather than selecting one existing candidate,
it synthesises a new trace that captures the
consensus structure across all K candidates.

Iterative self-refinement. Self-Refine (Madaan
et al.,, 2023) iteratively revises a single trace
by prompting the model to critique and rewrite
its own output. Self-Evaluation Guided Beam
Search (Xie et al., 2023) uses the model’s self-
assigned scores to guide beam search over par-
tial traces. Both methods rely on the model’s own
judgment as the quality signal, which amplifies
errors when the model is confidently wrong—
a particularly acute problem for hard logical or

mathematical reasoning. CRAFT instead derives
its quality signal from cross-trace structural con-
sensus, an external statistical measure that does
not depend on the model’s self-assessment.

Cross-chain synthesis. Recursive Self-
Aggregation (RSA) (Venkatraman et al., 2026)
iteratively draws subsets from a population of
candidate chains, recombines their intermediate
steps, and produces a refined population over mul-
tiple rounds. Unlike simple voting methods, RSA
explicitly exploits the content of reasoning steps
across chains. However, RSA lacks a structural
consensus graph and an explicit anomaly-filtering
phase: it recombines steps without first identifying
which steps are structurally anomalous relative
to the population. CRAFT’s RKG provides both:
edge weights and consensus node counts supply
the statistical signal for filtering before synthesis.

Graph-of-Thought and single-trace graph
methods. Graph-of-Thought (Besta et al., 2024)
and GraphCoT (Jin et al., 2024) model the rea-
soning process as a directed graph within a single
generation episode, enabling backtracking and
refinement. Because the graph is built from one
trace at a time, there is no cross-trace consensus
signal: the method cannot detect steps that are
anomalous relative to a population of candidate
solutions. CRAFT’s RKG aggregation across
K traces provides edge-weight and consensus-
node statistics that single-trace graph methods
fundamentally lack.

Multi-chain graph refinement and selection.
MGRS (Yang et al., 2025) constructs a directed
acyclic graph over multiple candidate chains, es-
timates single-step and cumulative success rates
at intermediate nodes via cross-chain verification,
and selects the trajectory with the highest cumula-
tive score. This cross-chain verification step goes
beyond simple voting, but MGRS ultimately re-
turns the highest-scoring original trace rather than
synthesising a new one. CRAFT synthesises a
novel trace by traversing the consensus RKG in
topological order, guided by consensus node texts
as reference anchors; the same structural signal
is used for both anomaly detection and synthesis,
which MGRS does not perform.

Step-level intervention methods. Con-
CISE (Qiao et al., 2025) fine-tunes large
reasoning models on confidence-guided data (via
SimPO) to suppress two identified patterns of
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Table 5: PRMBench step-verifier results across three error categories (full metrics). w/ Answer/w/o Answer:
with/without correct answer. StepAcc: overall step accuracy; CorrAcc: accuracy on correct steps; WrongAcc: accu-
racy on erroneous steps; /stErr: first-error localization accuracy; Prec/Rec/FI: positive class; neg-F1: erroneous-

step F1. Higher is better for all.

Model Setting Dim StepAcc CorrAcc WrongAcc 1stErr Prec Recall F1 neg-F1
Simplicity 0.79 0.83 0.53 0.64 093 083 0.87 038
Soundness 0.79 0.80 0.71 0.76 093 0.80 0.86 0.54
w/ Answer .
Sensitivity 0.75 0.81 0.53 0.62 086 081 0.83 047
GPT-od-mini Total 0.78 0.81 0.59 0.67 091 081 0.86 047
Simplicity 0.76 0.79 0.55 0.65 093 079 0.85 0.36
Soundness 0.79 0.81 0.70 0.74 093 081 0.87 054
w/o Answer .
Sensitivity 0.74 0.79 0.52 0.60 087 079 0.83 045
Total 0.76 0.80 0.59 0.66 091 080 0.85 045
Simplicity 0.76 0.78 0.62 070 094 078 0.85 0.37
Soundness 0.82 0.83 0.71 072 094 083 0.89 0.54
w/ Answer .
Sensitivity 0.74 0.77 0.63 0.58 091 0.77 0.83 046
Gemini-3-Flash (Thinking) Total 0.77 0.79 0.65 0.67 093 079 0.86 045
Simplicity 0.73 0.74 0.62 075 094 074 0.83 034
w/o Answer Soundness 0.83 0.85 0.68 070 094 085 0.89 0.55
Sensitivity 0.70 0.74 0.56 0.58 088 074 0.80 041
Total 0.75 0.78 0.62 0.68 092 078 0.84 043
Simplicity 0.62 0.62 0.61 0.63 092 062 074 0.27
Soundness 0.62 0.58 0.79 079 094 058 072 040
w/ Answer L.
Sensitivity 0.62 0.64 0.55 0.51 0.85 0.64 0.73 037
GPT-S 4-nano Total 0.62 0.61 0.65 0.64 091 061 073 035
Simplicity 0.60 0.61 0.53 0.63 091 061 073 024
Soundness 0.69 0.68 0.70 0.71 093 0.68 0.79 041
w/o Answer o
Sensitivity 0.62 0.67 0.44 0.51 0.83 0.67 0.74 032
Total 0.64 0.65 0.55 0.62 089 065 075 032
Simplicity 0.75 0.77 0.56 0.71 093 077 0.84 035
Soundness 0.79 0.81 0.73 0.71 093 081 0.86 057
w/ Answer .
Sensitivity 0.71 0.74 0.55 050 087 074 0.80 043
Total Ni 77 .62 .64 91 77 .84 4
DeepSeek-R1 otal 0.75 0 0.6 0.6 0.9 0 0.8 0.45
Simplicity 0.74 0.77 0.56 0.63 093 077 0.84 035
Soundness 0.76 0.76 0.74 078 093 076 0.84 0.53
w/o Answer .
Sensitivity 0.69 0.72 0.56 053 087 072 079 042
Total 0.73 0.75 0.62 0.65 091 075 0.82 043

redundant reflection—Confidence Deficit and
Termination Delay—yielding shorter traces. This
is a supervised compression method targeting
Step-wise Flaws (overthinking) only; it requires
training data and does not address Step Internal
Flaws. DICE (Li et al., 2025) uses a trained small
language model to post-process and correct the
output format of a large model’s chain-of-thought,
enforcing structural compliance rather than im-
proving reasoning content. PNS-Optimization (Yu
et al.,, 2025) curates training data by scoring
each reasoning step with a causal Probability of
Necessity and Sufficiency estimator, filtering out
causally redundant steps before fine-tuning. All
three require a supervised training stage and target
a single flaw dimension; CRAFT is training-free

and addresses both flaw categories via cross-trace
structural consensus.

Process-reward verifier-based methods.
Process-reward models (PRMs) (Lightman et al.,
2023) train dedicated step-level verifiers on
human annotations, operating on individual
traces in isolation. AgentAuditor (Yang et al.,
2026) audits multi-agent reasoning trees with an
LLM judge. Both require a trained or prompted
verifier model as an external component. CRAFT
instead derives quality signals structurally from
cross-trace consensus: flawed steps are identified
because they deviate from the majority pattern
across K independent rollouts, without any
separate judge model or annotated training data.
The two approaches are orthogonal and could be
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Table 6: ROSCOE reasoning trace quality metrics across four datasets and two settings (full met-
rics). w/ Answer/w/o Answer: with/without correct answer. Faith.=Faithfulness, Info-S=Informativeness
(step), Info-C=Informativeness (chain), R-Align=Reasoning Alignment, Ext-Hall=External Hallucination, Re-
dund.=Redundancy, Missing=Missing Step, Cov-S/C=Semantic Coverage (step/chain), Gram.=Grammar. Metrics

marked * only available for eSNLI and GSM8K.

Model Set. Dataset Faith.  Info-S  Info-C  R-Align™ Ext-Hall* Redund.” Missing ™ Cov-S* Cov-C* Gram.
CosmosQA 0.81 0.79 0.92 — — — — — — 0.96
DROP 0.83 0.80 0.93 — — — — — — 0.94
w/ Answer
eSNLI 0.73 0.78 0.87 0.77 0.86 0.66 0.79 0.95 0.90 0.84
. GSMS8K 0.83 0.84 0.95 0.86 0.94 0.78 0.65 0.94 0.96 0.93
GPT-04-mini
CosmosQA 0.81 0.80 0.92 — — — — — — 0.93
DROP 0.83 0.81 0.93 — — — — — — 0.95
w/o Answer
eSNLI 0.71 0.78 0.87 0.74 0.80 0.59 0.77 0.95 0.90 0.83
GSMSK 0.84 0.85 0.96 0.86 0.94 0.78 0.69 0.94 0.97 0.93
CosmosQA 0.79 0.77 0.91 — — — — — — 0.93
DROP 0.82 0.79 0.93 — — — — — — 0.94
w/ Answer
eSNLI 0.71 0.75 0.87 0.77 0.86 0.67 0.78 0.94 0.90 0.90
Gemini-3-Flash (Thinking) GSMS8K 0.82 0.82 0.94 0.83 0.94 0.77 0.60 0.94 0.94 0.90
CosmosQA 0.79 0.78 091 — — — — — — 0.95
DROP 0.83 0.81 0.92 — — — — — — 0.97
w/o Answer
eSNLI 0.68 0.75 0.87 0.73 0.80 0.59 0.79 0.93 0.89 0.88
GSMSK 0.82 0.84 0.96 0.86 0.93 0.77 0.76 0.96 0.97 0.94
CosmosQA 0.82 0.79 0.91 — — — — — — 0.87
DROP 0.84 0.80 0.92 — — — — — — 0.92
w/ Answer
eSNLI 0.74 0.80 0.86 0.77 0.86 0.64 0.77 0.94 0.90 0.83
GPT-5.4-nano GSMS8K 0.83 0.84 0.9: 0.86 0.94 0.79 0.65 0.94 0.96 0.95
CosmosQA 0.84 0.81 0.92 — — — — — — 0.88
DROP 0.83 0.80 0.92 — — — — — — 0.94
w/o Answer
eSNLI 0.68 0.77 0.86 0.74 0.80 0.57 0.74 0.93 0.89 0.84
GSMSK 0.81 0.83 0.96 0.81 0.92 0.76 0.70 0.92 0.95 0.92
CosmosQA 0.79 0.78 0.91 — — — — — — 0.94
DROP 0.83 0.81 0.93 — — — — — — 0.96
w/ Answer
eSNLI 0.72 0.78 0.88 0.79 0.86 0.64 0.79 0.94 0.90 0.88
DeepSeck-R1 GSMS8K 0.83 0.85 0.95 0.86 0.94 0.71 0.64 0.94 0.96 0.93
CosmosQA 0.81 0.79 091 — — — — — — 0.94
DROP 0.83 0.80 0.93 — — — — — — 0.95
w/o Answer
eSNLI 0.68 0.77 0.86 0.73 0.80 0.58 0.79 0.93 0.89 0.84
GSMSK 0.85 0.85 0.96 0.86 0.94 0.78 0.66 0.94 0.97 0.95

composed—for instance, a PRM could re-rank
CRAFT’s synthesis candidates.

Debate-style methods. Multi-agent debate (Du
et al., 2024) lets multiple LLM instances propose
and critique conclusions through iterative argu-
mentation. CRAFT differs by constructing a struc-
tural consensus across K independently generated
traces and synthesising a new trace in topological
order, rather than debating among existing candi-
dates. Debate operates at the level of claim ex-
change; CRAFT operates at the level of step-graph
topology. The two paradigms could be combined:
debate could serve as a post-synthesis verification
step.

D Dataset Details

We use seven reasoning benchmarks for two parts
of experiments. (1) PRMBench and ROSCOE are
carried out as an empirical validation: we show
that in most settings, offering the correct an-
swer does not improve the reasoning ability of

LLMs. (2) The latter five, including ROSCOE,
are implemented to validate whether the proposed
framework exceeds baselines, whether in label-
prediction accuracy or reasoning trace quality.

Reasoning Quality Evaluation (Section 3.1)

PRMBench. PRMBench (Song et al., 2025) eval-
uates the ability of LLMs to act as process reward
models (step verifiers) on mathematical reasoning
traces. It covers nine error categories and reports
step-level accuracy, first-error detection rate, and
F1 score.

ROSCOE. ROSCOE (Golovneva et al., 2023) is a
reference-free evaluation suite for reasoning chain
quality, measuring faithfulness, informativeness,
coherence, and logical consistency. We use it in
Section 3.1 to test whether the correct final answer
improves the intrinsic quality of generated reason-
ing traces across multiple dimensions.
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Logical Reasoning

FLD. The Formal Logic Dataset (FLD) (Mor-
ishita et al., 2024) is a synthetic benchmark
constructed from propositional and first-order
logic templates. Each instance has an explic-
itly specified logical structure with binary la-
bels (PROVED/DISPROVED), minimizing linguis-
tic shortcuts so that model errors directly reflect
failures in logical reasoning. We evaluate on 500
balanced samples (250 per label).

FOLIO. FOLIO (Han et al., 2024) is a human-
authored first-order logic benchmark where nat-
ural language statements are annotated with for-
mal FOL representations. It supports ternary la-
bels (PROVED/DISPROVED/UNKNOWN) and pre-
serves realistic linguistic diversity, making it
harder than purely synthetic datasets. We evaluate
on 500 balanced samples (250 PROVED/250 Dis-
PROVED). UNKNOWN examples are excluded be-
cause the consensus-based framework is designed
for binary entailment decisions; including an “un-
decidable” class would conflate framework fail-
ures with genuine undecidability, following the
evaluation protocol of Han et al. (2024).

Mathematical Reasoning

GSMS8K. GSMSK (Cobbe et al., 2021) is a grade-
school math word problem benchmark requiring
multi-step arithmetic reasoning. Each problem has
a unique numerical answer; as a result, Precision
= Recall = Accuracy, so we report accuracy only.
We evaluate on 500 problems from the test split.
OlympiadBench. OlympiadBench (He et al.,
2024) contains competition-level mathematics
problems sourced from national and international
olympiads, spanning algebra, combinatorics, ge-
ometry, and number theory. It requires deep multi-
step reasoning significantly beyond grade-school
level. As with GSMS8K, each problem has a unique
answer, so F1 equals accuracy and only accuracy
is reported. We evaluate on 500 problems from the
English subset.

FineLogic. FineLogic (Zhou et al., 2025) offers
a fine-grained benchmark for evaluating the step-
level logical quality of reasoning traces. Rather
than assigning a single chain-level score, it decom-
poses trace quality into three binary criteria eval-
uated per step: All Valid (every step is logically
valid with respect to the premises), All Relevant
(every step contributes to deriving the conclusion),
and All Atomic (every step expresses exactly one

atomic logical relationship). A trace passes a cri-
terion only if all steps satisfy it, making FineLogic
strictly sensitive to local reasoning flaws.

E TF-IRF Formulas

For each term w (excluding COMMONLOGICAL-
WORDS (Bird et al., 2009)), we compute three
quantities across the K traces of a sample:

(w tk
KZ DAt )’ M

N (n)
1 HEk:wet, "}
B LI S0 [ e

TF-IRF (w) = TF(w)-log(1 + ﬁ) 3)
where ¢, denotes trace k, #(w, t)) the count of
w in tg, and N is the total number of samples.
The consensus term set is defined in a single step
by combining the importance threshold « and the
cross-trace frequency threshold 3: Toon = {w |
TF-IRF(w) > a A ﬁZKTiF(w) > G}

F Related Concepts

F.1 Z-Score Filtering

To improve the robustness of reasoning trace eval-
uation, we adopt a Z-score based filtering strat-
egy to detect abnormal responses within a group
of generated traces. The intuition is that reason-
ing traces with significantly different metric val-
ues (e.g., logical consistency score, step complete-
ness, or similarity score) may correspond to unsta-
ble or low-quality reasoning. Given a metric value
x; from a set of responses {z1,x2,...,z,} gen-
erated under the same prompt, we compute the Z-
score as:
Ti—

Zi: ’
g

where p is the mean and o is the standard devi-
ation of the group. Responses whose absolute Z-
score exceeds a predefined threshold (e.g., | Z;| >
2) are treated as outliers and removed from sub-
sequent aggregation or comparison. This filter-
ing step reduces the influence of extreme rea-
soning traces and stabilizes downstream statistics
such as group agreement and correctness estima-
tion. In our implementation, Z-score filtering is ap-
plied at the response-group level before computing
similarity-based agreement metrics.
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F.2 Jaccard Similarity for Reasoning Trace
Agreement

To quantify agreement among reasoning traces,
we measure similarity at the token-set or step-set
level using Jaccard similarity. This metric captures
the overlap between reasoning components while
remaining robust to variations in phrasing.

Given two reasoning traces represented as sets
of elements (e.g., reasoning steps, keywords, or
normalized tokens), A and B, the Jaccard similar-
ity is defined as:

_ |ANB|

Jaccard(A, B) = AUB|

This score ranges from 0O to 1, where higher val-
ues indicate stronger agreement between traces.

In CRAFT, reasoning traces within the same
prompt group are first normalized into structured
step representations. Pairwise Jaccard similarity
is then computed across traces, and group-level
agreement is obtained by averaging pairwise sim-
ilarities.

This similarity-based agreement measure pro-
vides a lightweight proxy for reasoning consis-
tency without requiring semantic embedding mod-
els, making it suitable for large-scale evaluation
pipelines.

F.3 Group Construction in GRPO-style
Comparison

We adopt a group-based comparison strategy
inspired by Group Relative Policy Optimiza-
tion (GRPO), where multiple responses generated
from the same prompt are evaluated jointly rather
than independently.

For each input query, we sample a group of k
reasoning traces:

g: {Tl,TQ,...

,T'k}.

Instead of assigning absolute quality scores, re-
sponses are compared relative to other members
in the same group. This relative comparison im-
proves evaluation stability and reduces sensitivity
to noise in individual traces.

This group comparison mechanism follows the
core intuition of GRPO-style learning and evalua-
tion: reasoning quality is more reliably estimated
through intra-group comparison than through iso-
lated scoring. It also enables scalable evaluation
without requiring expensive reward models.

Symbol Parameter Value Module
K Number of traces 5 I

«a TF-IRF importance floor  0.01 I

153 TF-IRF threshold 0.3 I

¥ Z-score anomaly cutoff —-1.0 I

A Edge weight balance 0.5 II

0 Edge weight threshold 0.3 I

Table 7: Hyperparameter values. All symbols corre-
spond to Algorithm 1. Thresholds 8 and 6 are ex-
pressed as fractions of K.

G Hyperparameter Settings

Table 7 lists all hyperparameters used in Algo-
rithm 1 and their values for the experiments re-
ported in Tables 2 and 4. The K-sensitivity anal-
ysis is in Section 6; all other values were fixed
throughout.

Selection strategy. K=5 and T7=0.7 were cho-
sen to balance trace diversity against cost (Sec-
tion 6). The two consensus thresholds (3, 6) are
both set to 0.3 (i.e. an element must appear in
>30% of traces), following the intuition that a step
or edge supported by fewer than roughly one-third
of independent rollouts is unlikely to reflect re-
liable reasoning. The z-score cutoff y=—1.0 re-
moves steps more than one standard deviation be-
low the group mean in term-overlap; this is a mod-
erate setting between the aggressive —0.5 and the
conservative —1.5. A=0.5 assigns equal weight to
LLM-reported confidence and Jaccard similarity
in the edge weight formula, reflecting that both
signals are comparably reliable for determining
edge quality.

H Filtering Statistics

Table 8 reports step removal rates for each filtering
pass. Module II’s z-score filter (Pass 1) removes 7—
15% of steps on logical benchmarks and 38-53%
on mathematical benchmarks, where vocabulary
divergence is a stronger signal. The RKG struc-
tural filter (Passes 2+3) provides substantial ad-
ditional filtering on logical benchmarks (22-32%
extra removal, accounting for 56-80% of all dele-
tions), but contributes less on mathematical bench-
marks (9-22% extra).

Table 9 breaks down Pass 2 removals by
anomaly type. Edge filtering (low-weight edges)
dominates on most benchmarks (53-79%), while
node filtering (isolated nodes with zero in/out-
degree) accounts for 21-47% of removals.
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Pass 1 (z-score) Pass 2 (RKG)

Dataset Original  Del %  Del %
FLD (nano) 4,465 327 73 1,338 323
FLD (04-mini) 11,725 1,225 104 2,341 22.3
FOLIO (nano) 17,049 2,543 149 3212 221
FOLIO (04-mini) 16,835 2,478 14.7 3,843 26.8
GSMSK (nano) 2,781 1,375 494 253 8.8
GSMSK (04-mini) 4,781 2,528 529 394 14.7
Olympiad (nano) 3,726 1,401 37.6 422 9.9

Olympiad (04-mini) 5,892 2,793 474 661 18.0

Table 8: Step removal by filtering pass. Original: to-
tal reasoning steps across all traces (K=5). Pass 1 %:
fraction of original steps removed by z-score. Pass 2 %:
fraction of nodes and edges removed by RKG filtering.

Dataset Filtering Nodes Filtering Edges Filtering
FLD (nano) 1,338 680 (47%) 758 (53%)
FLD (04-mini) 2,341 683 (24%) 1,658 (76%)
FOLIO (nano) 3,212 1,209 (38%) 2,003 (62%)
FOLIO (04-mini) 3,843 1,438 (38%) 2,405 (62%)
GSMSK (nano) 253 80 (32%) 173 (68%)
GSMBSK (04-mini) 394 111 (28%) 283 (72%)
Olympiad (nano) 422 87 (21%) 335 (79%)
Olympiad (04-mini) 661 277 (42%) 384 (58%)

Table 9: RKG structural filter breakdown. Nodes Filter-
ing: (zero in/out-degree) and Edges Filtering: weighted
score lower than 6.

I Case Study: Correct Label-Prediction,
Flawed Reasoning Traces

We provide two examples drawn from actual LLM
outputs in our pipeline: one from logical reasoning
(FOLIO) and one from mathematical reasoning
(OlympiadBench), demonstrating that the problem
depicted in Figure 1 arises across both domains.

Example 1 — Step Internal Flaw (FOLIO,
Logical Reasoning). Problem: Fact 1: TS Leda
was a good passenger and cargo vessel. Fact 2:
TS Leda was a Norwegian vessel that was built
with stabilizers. Fact 3: Stabilizers are found only
on ships with powerful steam turbine engines.
Fact 4: To be a good passenger/cargo vessel, ships
must be quiet and good at sea. Fact 5: Some ships
that are quiet and good at sea have powerful steam
turbine engines. Fact 6: Vessels are ships. Hy-
pothesis: TS Leda was notr a Norwegian vessel.
Ground truth: DISPROVED.

LLM-generated trace (Trace A, 6 steps)

Step 1: From Fact 1, TS Leda was a good passen-

ger and cargo vessel. v
Step 2: From Fact 4, TS Leda must be quiet and
good at sea. v

Step 3: From Fact 5, some quiet/seaworthy
ships have powerful steam turbine engines. Using
Step 2, this implies TS Leda has powerful steam
turbine engines. X quantifier fallacy (3—V)
Step 4: From Fact 3, stabilizers are found only on
ships with powerful steam turbine engines. Since
TS Leda has such engines (Step 3), it can have sta-

bilizers. X propagates Step 3
error

Step 5: From Fact 2, TS Leda was a Norwegian
vessel with stabilizers. v
Step 6: Hypothesis says not Norwegian, but Step 5
(Fact 2) directly contradicts this. v
Label: DISPROVED v

The final label is correct, but Step 3 com-
mits a Step Internal Flaw: Fact 5 states only
that some quiet/seaworthy ships have powerful
steam turbine engines (3), yet the trace infers
that TS Leda specifically belongs to that set
(V). This existential-to-universal fallacy propa-
gates into Step 4. The correct label is reached only
because Step 5 independently invokes Fact 2 —
the flawed Steps 3—4 are logically superfluous. If
used for distillation, the spurious 3 — V inference
would be reinforced as a learned reasoning pattern.

Example 2 — Step-wise Flaw (OlympiadBench,
Mathematical Reasoning). Problem: Define a
reverse prime as a positive integer N whose digit-
reversal is prime (e.g., 16 is a reverse prime since
61 is prime). Compute the largest two-digit integer
N such that N, 4N, and 5NV are all reverse primes.
Ground truth: N = 79.
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Trace B (25 steps)

Step 1: Write N = 10a + b; define R(M) as the
digit-reversal of M. Need R(N), R(4N), R(5N)
all prime. v
Step 2: Since N < 99, note 5N < 495 (three
digits). Primes cannot end in 4, so R(5N) must
not end in 4. v
Step 3: Digit parity: for R(N) to be prime and >
9, its units digit must be odd, so the tens digit a of

Nisodd:a € {1,3,5,7,9}. v
Step 4: Similarly restrict 4N and 5N by parity of
their reversal’s units digit. v
Step 5: Try N = 99: R(99) = 99 = 9 x 11, not
prime. redundant

Step 6: Try N = 97: 5x 97 = 485, R(485) = 584,
even — not prime. redundant
Steps 7-23: Try N = 96,95,94,...,80 one by
one (each fails > 1 condition). redundant x 17
Step 24: Try N = 79: R(79) = 97 (prime), 4 X
79 = 316, R(316) = 613 (prime), 5 x 79 = 395,

R(395) = 593 (prime). v
Step 25: Conclude N = 79 is the largest. v
Answer: N =79 4

Trace B reaches the correct answer but commits
a Step-wise Flaw (overthinking). Steps 1-4 de-
rive digit-parity constraints that already narrow the
candidate space; yet Steps 5-23 discard those re-
sults and enumerate every integer from 99 down to
80 one by one — 19 redundant steps that add no
new reasoning. The efficient path needs only the
bound 5N < 400 = N < 79 (one deduction)
plus three primality checks. In CRAFT, Steps 5-
23 would be suppressed: their idiosyncratic per-
value tokens (fry N = 96, N = 95, ...) carry
high within-trace TF but near-zero cross-trace IRF,
yielding low TF-IRF scores and near-zero RKG
edge frequency.

J Confidence Intervals

Table 10 reports 95% Wilson score confidence in-
tervals for all accuracy values in Table 2. CRAFT
achieves the widest margin on FLD under o4-
mini (75.6 £ 3.8) and FOLIO under GPT-5.4-
nano (89.6 + 2.7), where ClIs do not overlap with
most baselines. On easier benchmarks (GSMSK,
FOLIO under o4-mini) where baselines already
achieve high accuracy, CRAFT’s CIs partially
overlap with the strongest baselines (e.g., Best-of-
N on GSM&8K), indicating that ceiling effects limit
differentiation.

K Baseline & Computational Costs

We compare CRAFT against thirteen baselines
that cover five broad strategy families: vor-
ing/selection, iterative refinement, search-based,
symbolic decomposition, and structural/causal
trace analysis. All multi-sample baselines use
K =10 candidate traces. As shown in Table 11,
CRAFT generates only K =5 traces but incurs ad-
ditional calls for RKG construction and stepwise
synthesis, totalling ~15 per sample; setting base-
lines to K'=10 therefore yields a comparable total
API call budget.

Self-Consistency (Wang et al., 2023) samples
K reasoning traces and selects the final answer by
majority vote, exploiting the intuition that correct
reasoning paths are more likely to converge on the
same answer.

Universal Self-Consistency (USC) (Chen
et al., 2023) extends Self-Consistency by re-
placing hard majority vote with an LLM-based
selector: the model reads all K candidate answers
and picks the most consistent one. This avoids
format-sensitive answer extraction but adds one
LLM call. We use K=10.

Self-Aggregation  (Venkatraman et al., 2026)
recursively aggregates K candidate traces into a
single refined answer through iterative LLM sum-
marisation rounds, rather than selecting one trace.
We use K=10 candidate traces.

Best-of-N  (Stiennon et al., 2022) generates
K =10 candidate traces and selects the one with
the highest self-evaluated score (the LLM rates its
own traces). Unlike voting methods, it picks a sin-
gle trace rather than aggregating answers.

Self-Refine  (Madaan et al., 2023) iteratively
improves a single trace through feedback—
refinement loops: the model critiques its own out-
put and revises it. We run 10 refinement iterations,
providing ample budget for convergence.

Self-Eval Beam Search  (Xie et al., 2023) gen-
erates reasoning traces step-by-step, using the
model’s self-evaluation scores to prune and ex-
pand a beam of partial traces. We set beam width
=2, following the original paper.

Faithful CoT (Lyu et al., 2023) decomposes
reasoning into two stages: the LLM first translates
the problem into a symbolic representation (e.g.,
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Setting FLD FOLIO GSMS8K OlympiadBench
GPT-5.4-nano
Best-of-N 56.0+4.4 86.0+£3.0 94.8+2.0 70.0+4.0
Self-Consistency 61.8+42 80.0£3.5 93.0£23 65.3+42
Univ. Self-Consistency 61.4+4.2 70.0+£4.0 920+24 58.4+3.2
Self-Refine 63.4+42 86.0+£3.0 91.4+£25 63.4+42
Self-Eval Beam Search 51.8+4.4 78.0£3.6 79.0+3.6 254438
Faithful CoT 56.8+4.3 68.6+4.1 90.2+2.6 51.0+44
Tree-of-Thought 24.0+3.1 74.0£3.6 90.6+£2.0 46.6+3.6
RAP 61.4+38 78.6+£3.6 958+22 55.6+£3.2
ConCISE 69.44+38 832+34 944+22 63.24+3.2
LCoT2Tree 69.4+3.8 854+£3.6 948+1.8 65.6+4.0
DICE 70.0 £4.2 86.6+4.3 950+1.6 68.8+4.0
PNS-Optimization 69.8 +4.0 83.6£3.6 950+24 67.4+4.2
Self-Aggregation 68.4+4.1 832+32 93.0+£23 56.0+4.4
"CRAFT (Ours) 71.6+39 89.64+2.8 96.0+1.8  73.8+£38
04-mini
Best-of-N 440+42 828433 98.0+1.3 64.0+4.2
Self-Consistency 60.6+42 82.0+34 956+£1.8 68.0+4.1
Univ. Self-Consistency 56.2+4.4 82.0+3.4 985+1.1 57.6+3.4
Self-Refine 448+44 76.0+3.8 932422 68.0£4.1
Self-Eval Beam Search 62.0+4.2 76.0+3.8 37.8+4.2 40.0+44
Faithful CoT 48.0+44 862452 932422 60.8+4.2
Tree-of-Thought 524 £3.8 78.6+£3.8 91.8+£2.0 46.0+4.3
RAP 70.4 £4.0 80.2+3.6 95.0+3.0 66.5+4.3
ConCISE 664 £4.0 822+3.6 93.4+24 63.6+3.8
LCoT2Tree 714 £38 8544+32 974424 65.6+4.0
DICE 72.6 £4.2 852442 960+ 1.8 68.8+4.3
PNS-Optimization 71.6 £4.0 854+42 946420 72.2+4.2
Self-Aggregation 46.8+4.4 80.0+3.6 96.6+1.6 62.4+42
"CRAFT (Ours) ~  75.6+38 88.8+28 98.0+14  732+40

Table 10: 95% Wilson confidence intervals for Table 2 accuracies. Format: Acc (%) + half-width.

Python or logic program), then executes it to de-
rive the answer. This grounds reasoning in formal
computation but assumes the problem is faithfully
translatable.

RAP (Reasoning via Planning) (Hao et al.,
2023) frames reasoning as planning with a world
model: the LLM simulates future states and uses
Monte Carlo Tree Search (MCTS) to explore the
reasoning space, balancing exploration and ex-
ploitation via UCB scores.

Tree-of-Thought (ToT) (Yao et al., 2023)
structures reasoning as a tree search where each
node is a partial reasoning state. The model gen-
erates multiple next-step candidates (branching
width =5), self-evaluates each, and selects the
most promising branch up to depth =2. Parame-
ters follow the original paper without per-task tun-
ing.

ConCISE (Qiao et al., 2025) targets overthink-
ing in reasoning traces by injecting confidence-
guided cues that encourage the model to com-

mit to high-confidence intermediate conclusions
and suppress redundant reflection or backtrack-
ing, yielding shorter traces without sacrificing
accuracy. We follow the authors’ recommended
prompting configuration and apply it per-sample
at T'=0.7.

LCoT2Tree (Jiangetal.,2025) converts a set of
linear chain-of-thought traces into a merged tree in
which semantically equivalent steps collapse into
shared nodes, and uses graph-level structural fea-
tures (depth, branching, consensus) to score and
select the most promising reasoning path. It cap-
tures structural cues that linear majority voting
cannot. We use K =10 candidate traces at 7'=0.7.

DICE (Lietal.,2025)imposes an explicit struc-
tural scaffold on reasoning: the LLM decomposes
each problem into sub-components, solves them
independently, and recomposes the sub-solutions
with intermediate verification, so that local errors
can be caught and corrected before they propagate.
Unlike voting-based methods, DICE operates on
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Module  Operation Calls Model

I Generate K traces K backbone
TF-IRF term extraction 0 —
Z-score anomaly filter 0 —

II Build per-trace RKGs K backbone
Consensus RKG + structural filter 0 —

I Topology-guided synthesis + verification n* +[0-2] backbone
Total per sample 2K +n* 4 [0-2]

Table 11: LLM API calls per sample. K=5; n* is the number of non-fact nodes in the consensus RKG (typically
6-11). Total: <15 calls per sample. All modules use the same backbone model (GPT-5.4-nano or o4-mini).

a single trace but enforces structured intermediate
checks; we use the default decomposition depth
from the original paper.

PNS-Optimization (Yu et al., 2025) scores
each reasoning step by its causal contribution to
the final answer using the Probability of Neces-
sity and Sufficiency (PNS) estimator, and retains
or re-weights steps according to their PNS values.
This casts step-wise filtering as a causal-inference
problem, improving the signal-to-noise ratio of
candidate chains. We follow the paper’s default
PNS threshold and use K=10 candidate traces at
T=0.7.

Cost comparison. TF-IRF extraction, z-score fil-
tering, and graph pruning are pure computation
and require zero LLM calls; the two LLM-heavy
steps are trace generation (K calls) and per-trace
RKG construction (K calls). With K=5 and a
typical consensus RKG of ~8 nodes, CRAFT to-
tals =16 calls per sample—comparable to multi-
sample baselines at K=10: Self-Consistency and
Best-of-N make ~10-20 calls, Self-Refine runs
~16 feedback loops, and Self-Eval Beam Search
uses ~K x B calls for beam width B. CRAFT’s
overhead over simple voting methods comes from
RKG extraction and stepwise synthesis (n* calls),
which directly account for the quality gains.

L Significance Testing Methodology

Figure 3 reports paired Wilcoxon signed-rank tests
with 95% bootstrap confidence intervals. Because
each panel aggregates multiple evaluation metrics
into a single test, we describe the pooling proce-
dure below.

Metric pooling. For a given model and sub-
category (e.g., PRMBench Soundness), let N de-
note the number of evaluation items. Each item ¢
yields a w/ Answer score gz(m) and a w/o Answer

score bgm) for each metric m € M. Rather than

testing each metric independently, we concatenate
the paired observations across all | M| metrics into
a single pooled vector of size N x | M|:

d=(g¢"=o", ..., Wb,
M M M M
gD _pIMD - (MD_y(MDy

The Wilcoxon test and bootstrap CI are then com-
puted on d.

Metrics used. PRMBench (top row):
M = {StepAcc, IstErr, F1}, pooled
per error dimension (Simplicity, Sound-
ness, Sensitivity). ROSCOE (bottom row):

M = {Faith., Info-Step, Info-Chain, Coher.},
pooled per dataset (CosmosQA, DROP, eSNLI,
GSMSK).

Scale considerations. All pooled metrics are
bounded in [0,1] and operate on comparable
scales (accuracy or similarity-based), so raw pool-
ing does not introduce scale dominance. The
Wilcoxon signed-rank test is rank-based and there-
fore invariant to monotone transformations, fur-
ther mitigating scale sensitivity.

Statistics. For each pooled vector d: (1) mean
difference and 95% CI via 5,000 bootstrap resam-
ples; (2) two-sided Wilcoxon signed-rank test (p-
value); (3) paired Cohen’s d = d/s,. Significance
markers: «p < 0.05, «+ p < 0.01, p < 0.001.
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M Experimental Prompt Templates

System Prompt (Prefix)

You are a meticulous logician. Produce exhaustive, atomic reasoning. Each step must cite the facts or earlier steps it
depends on. Avoid circular references and avoid skipping steps.

M.1 RKG Edge Extraction (Module II)
BuildRKG Dependency Extraction Prompt

You are analyzing a step-by-step reasoning trace. Your task is to identify the DIRECT dependencies between steps.
For each reasoning step, identify which facts or EARLIER steps it DIRECTLY depends on to reach its conclusion.

* Only list DIRECT dependencies (not transitive ones).

* A step depends on another step if it uses that step’s conclusion as a premise.

Do NOT list a step as depending on itself.
* If a step uses no earlier steps or facts, set “uses” to [].

Output ONLY valid JSON with this exact structure:

{"dependencies"”: [{"step_id": "Stepl1”, "uses”: [1}, {"step_id": "Step2"”, "uses": ["Fact1"”, "Step1”]}, ...1}
Available facts (given premises): {facts_block}

Reasoning steps: {steps_block}

\. J

M.2 Reasoning Traces Generation (w/o Answer)

Input Prompt - FLD & FOLIO Dataset

Generate extremely detailed reasoning for the following problem.
Problem Statement: {problem}
Instructions:
* Provide reasoning steps in the format “Step 1:”, “Step 2:”, etc.
» Each step must cite the exact facts or previous steps it uses.
¢ Use natural language sentences without JSON or markdown code fences.
 After the steps, include a short summary paragraph.
* Do not stop early; if the answer is cut off, immediately continue until the summary and final conclusion are delivered.

* Determine whether the hypothesis is __PROVED__, __DISPROVED__, or __UNKNOWN__ based on your reasoning.

—} —_

* End with a single line exactly formatted as: Final Conclusion: __PROVED__ (or __DISPROVED__/__UNKNOWN__).

Input Prompt - LogiQA Dataset

| r

Generate extremely detailed reasoning for the following problem.
Problem Statement: {problem}
Instructions:

* Provide reasoning steps in the format “Step 1:”, “Step 2:”, etc.

» Each step must cite the exact facts or previous steps it uses.

» Use natural language sentences without JSON or markdown code fences.

* After the steps, include a short summary paragraph.

* Do not stop early; if the answer is cut off, immediately continue until the summary and final conclusion are delivered.
* Select correct answers from options (A, B, C, or D) based on your reasoning.

* End with a single line exactly formatted as: Answer: A (or B/ C/D).
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Input Prompt - Multi-LogiEval Dataset

Generate extremely detailed reasoning for the following problem.
Problem Statement: {problem}
Instructions:
* Provide reasoning steps in the format “Step 1:”, “Step 2:”, etc.
» Each step must cite the exact facts or previous steps it uses.
» Use natural language sentences without JSON or markdown code fences.
 After the steps, include a short summary paragraph.
* Do not stop early; if the answer is cut off, immediately continue until the summary and final conclusion are delivered.

* Determine whether the answer is yes or no based on your reasoning.

* End with a single line exactly formatted as: Answer: yes (or no).

\

M.3 Reasoning Traces Generation (w/ Answer)

Input Prompt - FLD & FOLIO Dataset

Generate extremely detailed reasoning for the following problem.
Problem Statement: {problem}
Instructions:
* Provide 6-10 numbered steps in the format “Step 1:”, “Step 2:”, etc.
» Each step must cite the exact facts or previous steps it uses.
» Use natural language sentences without JSON or markdown code fences.
* After the steps, include a short summary paragraph.
* Do not stop early; if the answer is cut off, immediately continue until the summary and final conclusion are delivered.
¢ The ground truth conclusion is {target_answer}.
* Generate step-by-step reasoning that justifies this conclusion.

e End with: Final Conclusion: {target_answer}

Note: The correct conclusion for this problem is { target_answer}. Generate reasoning that validates this conclusion.
Your final conclusion should match {target_answer}.

Input Prompt - LogiQA Dataset

Generate extremely detailed reasoning for the following problem.
Problem Statement: {problem}
Instructions:

* Provide reasoning steps in the format “Step 1:”, “Step 2:”, etc.

» Each step must cite the exact facts or previous steps it uses.

» Use natural language sentences without JSON or markdown code fences.

 After the steps, include a short summary paragraph.

* Do not stop early; if the answer is cut off, immediately continue until the summary and final conclusion are delivered.
* The ground truth answer is { target_answer}.

* Generate step-by-step reasoning that justifies this answer.

¢ End with: Answer: {target_answer}

Note: The correct answer for this problem is { target_answer}. Generate reasoning that validates this answer. Your final
answer should be {target_answer}.

. J
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Input Prompt - Multi-LogiEval Dataset

Generate extremely detailed reasoning for the following problem.
Problem Statement: {problem}
Instructions:
* Provide reasoning steps in the format “Step 1:”, “Step 2:”, etc.
» Each step must cite the exact facts or previous steps it uses.
» Use natural language sentences without JSON or markdown code fences.
 After the steps, include a short summary paragraph.
* Do not stop early; if the answer is cut off, immediately continue until the summary and final conclusion are delivered.
* The ground truth answer is { target_answer}.
* Generate step-by-step reasoning that justifies this answer.

¢ End with: Answer: {target_answer}

Note: The correct answer for this problem is { target_answer}. Generate reasoning that validates this answer. Your final
answer should be {target_answer}.

\.

M.4 Reasoning Traces Evaluation Prompt Template

Holistic Classification Prompt

Please evaluate the quality distribution of the following reasoning process with BALANCED and NUANCED judgment.
Problem Context: {problem_input}
Reasoning Process: {reasoning_process }
Expected Answer/Ground Truth: {ground_truth}
Evaluation Requirements:
IMPORTANT EVALUATION PRINCIPLES:
1. Be STRICT with “logical_error” — only assign high percentages (>50%) for SERIOUS, CLEAR logical flaws
2. Be GENEROUS with other categories — minor issues should be distributed across multiple categories
3. AVOID extreme values — aim for 2-3 non-zero categories in most cases
4. Most real reasoning has MIXED quality — reflect this in your distribution
Category Definitions (with strict/generous guidelines):
 perfect: All steps correct, optimal path
* logical_error: ONLY for CLEAR, SERIOUS invalid reasoning. Minor imperfections are NOT logical errors!
 step_missing_rate: Missing intermediate steps, gaps in reasoning.
« early_termination_rate: Stopped before reaching conclusion.
* redundant: Unnecessary steps, non-optimal path.
* hallucination: References facts that don’t exist in the problem context
Important:
* Content distribution (first 6) must sum to exactly 100%
* Structure rates (last 1) are independent percentages, each can be 0—100%

* Consider the proportion of reasoning affected by each issue

Output Format (JSON):
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{"distribution”: {

"perfect”: <0-100>,
"logical_error”: <0-100>,
"step_missing_rate”: <0-100>,
"early_termination_rate": <0-100>,
"redundant”: <0-100>,
"hallucination”: <0-100>},

"structure_problems"”: {
"wrong_order”: <0-100>},

"details": {
"has_logical_error”: true/false,
"has_wrong_order”: true/false,
"has_hallucination”: true/false,
"has_redundancy”: true/false,
"has_missing_steps”: true/false,
"reached_conclusion”: true/false}}

You are an expert in reasoning process quality evaluation. Your task is to analyze given reasoning processes and identify
their quality types.
Category 1: Content-level Quality Types:

1. Perfect: All reasoning steps are logically correct, path is optimal

2. Logical Error: Contains logical reasoning errors

3. Step Missing Rate: Percentage of step transitions with missing steps (gaps, skipping)

4. Early Termination Rate: Percentage indicating premature termination

5. Redundant: Reasoning is correct but contains unnecessary intermediate steps, not the shortest path

6. Hallucination: References non-existent facts or fabricates information

Category 2: Structure-level Problems (independent rates, 0—-100% each):

* Wrong Order: Steps are correct individually but in wrong order, wrong premise selection, or wrong conditional
branch usage

Category 3: Informal Word Detection (keyword list matching 0—100%):
* Informal Word Rate: Percentage of steps containing emotional words (maybe, perhaps, etc.)

Please strictly follow the evaluation criteria and provide clear classification results.

\.

M.5 Step-wise Evaluation Prompts

Logical Error Evaluation

Problem Context: {problem_input}

Reasoning Process: {reasoning_process }

Expected Answer: {ground_truth}

Evaluation Dimension: Logical Reasoning Error

Please check each reasoning step carefully with STRICT criteria:

¢ True only if there are CLEAR and SERIOUS logical errors where premises COMPLETELY FAIL to support the
conclusion

* Minor imperfections, slightly informal reasoning, or small gaps are NOT logical errors

* A reasoning step with 80%+ correctness should be considered logically sound

* Focus on MAJOR errors: clear contradictions, completely wrong causal relationships, or blatantly false inferences
Examples of TRUE (serious logical errors):

* Premises say “A>B and B>C” but conclusion is “C>A” (completely wrong)

» Using “all X are Y” to conclude “all Y are X” (invalid reversal)

* Clear mathematical calculation errors that change the result significantly

Examples of FALSE (not serious enough for logical error):
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* Slightly incomplete explanation but generally sound reasoning
* Missing some minor details but core logic is correct
* Informal language but logically valid inference
Be strict: Only answer true if there are CLEAR, UNDENIABLE logical errors. If the reasoning is mostly sound (>80%

correct), answer false.
Answer only: true or false

| r

Hallucination Evaluation

Problem Context: {problem_input}

Reasoning Process: {reasoning_process}

Expected Answer: {ground_truth}

Evaluation Dimension: Hallucination Content

Please check if the reasoning process references information that does not exist in the problem context, or fabricates new
“facts” out of thin air. Note: Reasonable inference conclusions are NOT hallucinations, but referencing non-existent
original facts IS hallucination.

Examples:

* Hallucination: Problem says “x>5", but reasoning says “Given x=10...” (fabricates specific value)
* Not hallucination: Infers “x is positive” from “x>5" (reasonable inference)

If hallucination exists, answer true; otherwise answer false.
Answer only: true or false

Informal Words Evaluation

We measure the seriousness of generated reasoning traces via keyword matching.

EMOTIONAL_WORDS = {
"maybe”, "perhaps"”, "possibly”,
"probably”, "might”, "may",
"could”, "would”, "should”,

"seems"”, "appears”, "looks like",
"sort of”, "kind of”, "a bit",
"quite”, "rather", "very",

"really”, "actually”, "basically”,
"essentially”, "obviously”, "clearly"”,
"surely”, "certainly”, "definitely”,

"absolutely”, "literally”, "honestly"”,
"frankly”, "admittedly”, "supposedly”,
"allegedly”, "hopefully”,
"unfortunately”, "luckily”, "sadly”,

"surprisingly”, "interestingly”,
"amazingly"”, "incredibly",
"extremely”, "pretty"”, "somewhat”,
"slightly"}

Step Missing Evaluation

| '

Problem Context: {problem_input}

Reasoning Process: {reasoning_process }

Expected Answer: {ground_truth}

Evaluation Dimension: Missing / Skipped Steps

Please check if ANY transition between statements would benefit from an extra intermediate step.

* If the reasoning jumps from A to C and you think “hmm, I wish there was a short B in between”, count it as missing
» Even if the writer hints at why it works, but you still feel an explicit bridge would help, count it as missing
» Small logical leaps, implicit assumptions, or “hand-wavy” transitions all count as missing steps
* Only answer false when every transition feels naturally justified with no gaps
If you feel additional steps would make it clearer, answer true; Only answer false when the chain already feels fully

explicit.
Answer only: true or false

. J
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Redundancy Evaluation

Problem Context: {problem_input}

Reasoning Process: {reasoning_process }

Expected Answer: {ground_truth}

Evaluation Dimension: Redundant / Wordy / Overly Verbose Steps

Please check if ANY part of the reasoning feels redundant, wordy, or unnecessary — even if it still reaches a correct
conclusion. Use a LENIENT standard:

* Repeating the same sentence/idea with slightly different wording counts as redundant

* Taking a detour when a shorter path is available counts as redundant

* Adding filler sentences like “Clearly, obviously, we restate...” counts as redundant

* If you personally feel “this sentence is extra / could be removed without loss”, then it is redundant

If you sense redundancy anywhere, answer true; Only answer false when every sentence feels essential and concise.
Answer only: true or false

Wrong Order Evaluation

Problem Context: {problem_input}

Reasoning Process: {reasoning_process }

Expected Answer: {ground_truth}

Evaluation Dimension: Wrong Order / Premise Selection / Conditional Errors

Please check if the reasoning process has ordering or selection issues (including subtle ones):

* Strict errors: Steps use facts/conclusions before they are defined

* Premise selection issues: Wrong premise selection (choosing incorrect or suboptimal premises from available
options)

— Using only one fact when multiple relevant facts are available
— Ignoring relevant intermediate conclusions that should be used
— Choosing less relevant premises over more relevant ones

* Ordering issues: Steps are logically correct individually but in suboptimal sequence

— Steps that could be executed earlier are placed later
— Steps that should follow a logical sequence are out of order

» Conditional branch errors: Wrong conditional branch usage (using incorrect if-then branches)
Examples:
* Strict: Using int2 before intl is defined (wrong order)
* Premise selection: From factl, fact2, fact3, choosing only factl when fact2 and fact3 are also relevant
* Ordering: Step 5 could have been done at step 2, but was delayed unnecessarily
* Conditional: Using “if P then Q” when “if not P then R” is the correct branch
Relaxed criteria: If there are ANY signs of ordering, selection, or conditional issues (even subtle ones), answer true. If

steps are in optimal order and use the most appropriate premises, answer false.
Answer only: true or false

Early Termination Evaluation

Problem Context: {problem_input}

Reasoning Process: {reasoning_process }

Expected Answer: {ground_truth}

Evaluation Dimension: Early Termination

Please check whether the reasoning genuinely ends where it should or if it stops earlier than necessary.

* Answer true only when you feel additional reasoning is required to finish the task (e.g., explicitly quits, keeps
gathering information, or clearly states it cannot proceed yet).
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* Answer false when the reasoning naturally concludes or the task itself is satisfied, even if the answer is short or lacks
an explicit “Conclusion” sentence.

* Do NOT use the absence of a conclusion keyword as evidence; focus on whether the reasoning itself signals
incompleteness.

Answer only: true or false

\

M.6 Step-level Evaluation Prompt

Premise-Conclusion Entailment Evaluation

Premises: {premisel} {premise2} ...
Conclusion: {conclusion}
Do the premises entail the conclusion? Answer true or false only.

| r

Atomic Inference Evaluation

Premises: {premisel} {premise2} ...
Conclusion: {conclusion}
Is this inference atomic? Answer true or false only.

| r

Completion Evaluation

Problem Context: {problem_input}

Reasoning Process: {reasoning_process }

Task: Determine whether the reasoning naturally reaches its intended stopping point or if it appears truncated / incomplete.
Guidelines:

» Answer true ONLY if the reasoning clearly indicates it could/should continue but stops early (e.g., explicitly says it
cannot continue, still collecting evidence, or obviously leaves the core question unresolved).

» Answer false if the reasoning feels naturally complete for the task, even if no explicit “Conclusion” sentence is
present.

* Do NOT use the absence of conclusion keywords as evidence; base the decision on whether the reasoning itself
signals incompleteness.

» Consider whether the final step actually performs the last required action. If it already evaluates the hypothesis or
exhausts the given facts, treat it as complete.

Answer only: true or false

\

M.7 Common Reasoning Trace Terms, High TF, Low IRF

Lexicon Definitions

LOGICAL_KEYWORDS:
» Step-related: step, steps, stepl, step2, step3, step4, step5, first, second, third, next, then, finally.
* Conditional: if, else, elif, when, whenever, unless, provided.
» Causality: because, since, as, due, therefore, thus, hence, so, consequently, accordingly.
* Connectors: and, or, but, however, moreover, furthermore, additionally, also, besides.
* Inference: implies, imply, conclude, conclusion, infer, inference, deduce, deduction.
¢ Proof-related: prove, proof, proven, disprove, disproven, contradiction, contradictory, assume, assumption.
* Fact-referencing: fact, facts, given, premise, premises, hypothesis, statement, claim.
* Logical Operations: all, any, some, none, every, each, not, no, never, always.

* Comparison: equal, equals, equivalent, same, different, greater, less, than, from.
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COMMON_LOGICAL_WORDS (High-frequency):

because, also, so, and, or, but, if, then, therefore, thus, since, as, when, not, no, all, any, some, each, every, fact, facts, step,
steps, prove, proof, conclude, conclusion, approve, disprove, given, statement, claim, implies, however.

STOPWORDS:

the, a, an, is, are, was, were, be, been, being, have, has, had, do, does, did, will, would, could, should, may, might, must,
can, this, that, these, those, it, its, they, them, their, there, here, where, what, which, who, whom, whose, how, why, when,
to, of, in, on, at, by, for, with, from, as, into, onto, up, down, out, off, over, under, above, below, between, among, through,
during, before, after, while, about, against, within, without, throughout, across, around, near, far, inside, outside, beside,
besides, except, including, excluding, concerning, regarding, according, i, you, he, she, we, us, our, your, my, me, him, her,
his, hers, mine, yours, ours, theirs.

\.

N Baseline Prompt Templates

N.1 Direct Setting
System Prompt (Prefix)

You are a logical reasoning expert. Analyze the given problem and provide your conclusion directly without showing
intermediate reasoning steps.

Input Prompt - FLD & FOLIO Dataset

| '

{problem}
Based on the facts and hypothesis above, determine whether the hypothesis is:

* __PROVED__: The hypothesis can be logically proven from the facts.
e __DISPROVED__: The hypothesis can be logically disproven from the facts.
e __UNKNOWN__: The hypothesis cannot be determined from the given facts.

Provide your answer directly in the format: Final Conclusion: __PROVED__ (or __DISPROVED__/ __UNKNOWN__).

Input Prompt - LogiQA Dataset

| r
\

{problem}
Based on the context and question above, select the correct answer from the options (A, B, C, or D).
Provide your answer directly in the format: Answer: A (or B/ C/D).

\

N.2 Chain of Thought (CoT) Setting
System Prompt (Prefix)

You are a meticulous logician. Analyze the problem step by step using chain of thought reasoning. Each step should build
on the previous ones to reach a logical conclusion.

Input Prompt - FLD&FOLIO

{problem}
Think step by step to solve this problem.
Instructions:

1. Think through this problem step by step.
2. Use numbered steps in the format “Step 1:”, “Step 2:”, etc.
3. Each step should cite the facts or previous steps it uses.
4. Build your reasoning logically from one step to the next.
5. After your reasoning steps, provide your final conclusion.
Based on your step-by-step reasoning, determine whether the hypothesis is:

e __PROVED__: The hypothesis can be logically proven from the facts.
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e __DISPROVED__: The hypothesis can be logically disproven from the facts.
e __UNKNOWN__: The hypothesis cannot be determined from the given facts.

End with: Final Conclusion: __PROVED__ (or __DISPROVED__ / __UNKNOWN__).

Input Prompt - LogiQA Dataset

{problem}
Think step by step to solve this logical reasoning problem.
Instructions:

1. Think through this problem step by step.

2. Use numbered steps in the format “Step 1:”, “Step 2:”, etc.

3. Each step should cite the context, question, or previous steps it uses.
4. Build your reasoning logically from one step to the next.

5. Evaluate each option carefully.

6. After your reasoning steps, provide your final answer.

Based on your step-by-step reasoning, select the correct answer from the options (A, B, C, or D).
End with: Answer: A (orB/C /D).

\

N.3 Tree-of-Thought (ToT) Setting

System Prompt (Prefix)

7

You are a logical reasoning expert using tree-of-thought methodology. Explore multiple reasoning paths, evaluate them,
and select the best one.

Input Prompt - FLD & FOLIO Dataset

| r

{problem}

Use tree-of-thought reasoning to solve this problem step by step:

Step 1: Brainstorm 2-3 different approaches to solve this problem. Briefly describe each approach (1-2 sentences each).
Step 2: Evaluate each approach. Consider: feasibility, logical soundness, and completeness. Identify the most promising
approach.

Step 3: Expand the best approach into detailed reasoning. Continue with Step 4:, Step 5:, etc., building a logical chain.
Each step should cite facts or previous steps. Continue reasoning until you reach a conclusion.

Based on your analysis, determine whether the hypothesis is:

* __PROVED__: The hypothesis can be logically proven from the facts.
* __DISPROVED__: The hypothesis can be logically disproven from the facts.
e __UNKNOWN__: The hypothesis cannot be determined from the given facts.

End with: Final Conclusion: __PROVED__ (or __DISPROVED__/ __UNKNOWN__).

Input Prompt - LogiQA Dataset

{problem}

Use tree-of-thought reasoning to solve this problem step by step:

Step 1: Brainstorm 2-3 different approaches to analyze this problem. Briefly describe each approach (1-2 sentences each).
Step 2: Evaluate each approach. Consider: feasibility, logical soundness, and completeness. Identify the most promising
approach.

Step 3: Expand the best approach into detailed reasoning. Continue with Step 4:, Step 5:, etc., building a logical chain.
Each step should cite the context, question, options, or previous steps. Continue reasoning until you reach a conclusion.
Based on your analysis, select the correct answer from the options (A, B, C, or D).

End with: Answer: A (or B/C /D).

. J
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N.4 Chain of Draft (CoD) Setting
System Prompt (Prefix)

You are a logical reasoning expert using Chain of Draft methodology. First quickly generate a draft answer, then verify and
refine it.

Input Prompt - FLD&FOLIO Dataset

{problem}

Use Chain of Draft reasoning to solve this problem:

Step 1: Draft Conclusion Quickly generate a draft conclusion (__PROVED
minimal reasoning.

Format: Draft Conclusion: [__PROVED__/__DISPROVED__/ __UNKNOWN__]

Step 2: Verify and Refine Verify the draft conclusion by checking against the facts and hypothesis. If the draft is correct,
confirm it. If not, revise it. Provide brief reasoning for your verification. Continue with Step 3:, Step 4:, etc. if needed for
detailed verification.

Based on your verification, provide the final conclusion.

End with: Final Conclusion: __PROVED__ (or __DISPROVED__/ __UNKNOWN__).

__DISPROVED__, or __UNKNOWN__) with

— —_—

| r

Input Prompt - LogiQA Dataset

{problem}

Use Chain of Draft reasoning to solve this problem:

Step 1: Draft Answer Quickly generate a draft answer (A, B, C, or D) with minimal reasoning. Format: Draft Answer:
[A/B/C/D]

Step 2: Verify and Refine Verify the draft answer by checking against the context and question. If the draft is correct,
confirm it. If not, revise it. Provide brief reasoning for your verification. Continue with Step 3:, Step 4:, etc. if needed for
detailed verification.

Based on your verification, provide the final answer.

End with: Answer: A (or B/ C /D).

\.

N.5 In-Context Learning (ICL) Setting
System Prompt (Prefix)

7

You are a logical reasoning expert. Learn from the examples and apply similar reasoning patterns to the new problem.

Input Prompt - FLD&FOLIO Dataset

| V

Here are examples of different types of logical reasoning problems:
Example 1 ({labell}): Problem: {examplel_problem}
Solution: {examplel_proof}
Example 2 ({label2}): Problem: {example2_problem}
Solution: {example2_proof}
Example 3 ({label3}): Problem: {example3_problem}
Solution: {example3_proof}
Now solve this new problem using similar reasoning:
{problem}
Instructions:
1. Learn from the reasoning patterns shown in the examples.
2. Use numbered steps in the format “Step 1:”, “Step 2:”, etc.
3. Each step should cite the facts or previous steps it uses.
4. Apply the appropriate logical structure based on what the problem requires.
5. Note that not all problems can be proved or disproved — some remain unknown.

Based on your reasoning, determine whether the hypothesis is:

e __PROVED__: The hypothesis can be logically proven from the facts.
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e __DISPROVED__: The hypothesis can be logically disproven from the facts.
e __UNKNOWN__: The hypothesis cannot be determined from the given facts.

After your reasoning steps, provide your answer in the format: Final Conclusion: __PROVED__ (or __DISPROVED__/
__UNKNOWN__).

Input Prompt - LogiQA Dataset

Here are examples of logical reasoning problems:
Example 1 (Answer: {labell}): Problem: {examplel_problem}
Solution: {examplel_proof}

Example 2 (Answer: {label2}): Problem: {example2_problem }
Solution: {example2_proof}

Example 3 (Answer: {label3}): Problem: {example3_problem}
Solution: {example3_proof}

Now solve this new problem using similar reasoning:
{problem}
Instructions:
1. Learn from the reasoning patterns shown in the examples.
2. Use numbered steps in the format “Step 1:”, “Step 2:”, etc.
3. Each step should cite the context, question, options, or previous steps it uses.
4. Apply the appropriate logical structure based on what the problem requires.

5. Evaluate each option carefully.

Based on your reasoning, select the correct answer from options (A, B, C, or D).
After your steps, provide your answer in the format: Answer: A (or B/ C/D).

\

N.6 PRMBench Step Verifier

System Prompt — w/ Answer

You are a mathematical reasoning verifier. You will be given a math problem, its correct final answer, and numbered
solution steps. For each step, output two scores:

« validity: +1.0 if the step is logically correct, —1.0 if it contains an error, or a value in between for partial errors.
* redundancy: +1.0 if the step is redundant (adds no new information), —1.0 if it is necessary and informative.

Respond with ONLY a JSON object: {"validity”: [s1, s2, .. .1, "redundancy”: [s1, s2, ... 1}

Example:

Question: What is 15% of 80?

Solutions:

Step 1: To find 15% of 80, we convert the percentage to a decimal: 15% = 0.15.

Step 2: Now multiply: 0.15 x 80 = 120.

Step 3: Therefore the answer is 120.

Output: {"validity”: [1.0, -1.0, -1.0], "redundancy”: [-1.0, -1.0, -1.0]}

Explanation: Step 1 is valid. Step 2 has an arithmetic error (0.15 X 80 = 12, not 120), so validity = —1. Step 3 propagates
the wrong answer, so validity = —1.

User Prompt — w/ Answer

Question: {question}

Correct final answer: {correct_answer}
Solutions:

Step 1: {step_1}

Step 2: {step_2}
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Output a JSON object with validity and redundancy arrays, each of length {n_steps}.

System Prompt — w/o Answer

You are a mathematical reasoning verifier. You will be given a math problem and numbered solution steps. For each step,
output two scores:

« validity: +1.0 if the step is logically correct, —1.0 if it contains an error, or a value in between for partial errors.
* redundancy: +1.0 if the step is redundant (adds no new information), —1.0 if it is necessary and informative.

Respond with ONLY a JSON object: {"validity”: [s1, s2, .. .1, "redundancy”: [s1, s2, ... 1}

Example:

Question: What is 15% of 80?

Solutions:

Step 1: To find 15% of 80, we convert the percentage to a decimal: 15% = 0.15.

Step 2: Now multiply: 0.15 x 80 = 120.

Step 3: Therefore the answer is 120.

Output: {"validity”: [1.0, -1.0, -1.0], "redundancy”: [-1.0, -1.0, -1.0]}

Explanation: Step 1 is valid. Step 2 has an arithmetic error (0.15 x 80 = 12, not 120), so validity = —1. Step 3 propagates
the wrong answer, so validity = —1.

User Prompt — w/0 Answer

Question: {question}
Solutions:

Step 1: {step_1}
Step 2: {step_2}

Output a JSON object with validity and redundancy arrays, each of length {n_steps}.

\. J
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