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Abstract

Self-consistency treats agreement among sam-
pled chains of thought as evidence that the an-
swer is correct. We show that this reading fails
predictably. Across 5 reasoning datasets and 5
generators, consistent-but-wrong (CBW) rates
track the task rather than the generator, and the
pattern holds across agreement thresholds and
sample budgets. On StrategyQA, at least 15%
of answers are wrong at 90% self-agreement.
We prove that no procedure reading only the
answer distribution can always separate a ques-
tion whose majority is right from one whose
majority is wrong. We propose Risk-Controlled
Self-Consistency (RISC), which combines the
majority ratio with a verifier signal and cali-
brates an acceptance threshold by Learn-then-
Test. It certifies the risk target in domain at
finite sample size, and accepts nothing when
no threshold qualifies. Against self-consistency
alone, pooled selective error falls 3.01pp at
0.50 coverage; per-task gains are mixed. At 0.9
coverage, a local generator with a lightweight
verifier costs ~9x less than an all-API baseline
and shows no detectable selective-error gap on
four of five datasets. It trails on MATHS500.
Higher agreement is not always higher accu-
racy. Calibration narrows the gap, but more
sampling usually does not.

1 Introduction

When a large language model (LLM) produces
the same answer across independently sampled
chains of thought (Wei et al., 2022; Kojima et al.,
2022), that agreement is usually read as confidence.
Self-consistency (SC) (Wang et al., 2023) and its
budget-adaptive variants (Aggarwal et al., 2023)
draw K samples and return the majority. Test-
time-compute scaling reinforces the same reading,
treating more samples as a substitute for a larger
model (Brown et al., 2024; Snell et al., 2025). We
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ask whether that confidence tracks correctness. Not
reliably.

Existing certificates guarantee something weaker
than correctness. Adaptive Consistency (Aggar-
wal et al., 2023) and related certified-stopping pro-
cedures guarantee that the returned answer is the
asymptotic majority, not that the majority is correct.
Neither covers the case here: a model that is highly
self-consistent and wrong (Stechly et al., 2025),
even when its verbalized confidence is calibrated
separately (Kadavath et al., 2022; Tian et al., 2023;
Lin et al., 2022).

Theorem 1 (Section 3) states that no procedure
reading only the SC answer distribution can sepa-
rate a modal-correct question from a modal-wrong
one. Corollary 1 turns that into a floor: inside
a class of questions sharing one answer distribu-
tion, no SC-only selective rule drives conditional
error below the class’s wrong-mode share. Such
classes are not hypothetical. In our cohort, 98%
of high-agreement instances share an answer dis-
tribution with an oppositely labeled instance, and
the wrong-mode share inside those classes peaks
at 23.5%. Beating that floor requires a signal the
answer distribution does not carry.

We define CBWQr, the consistent-but-wrong
rate at agreement threshold 7, and measure it on
8,222 valid (question, generator) instances across
five reasoning datasets and five generators, open-
weight and proprietary. CBW is structured by
task: per-task variation in CBW @0.8 exceeds per-
generator variation by ~7x. The threshold does
not explain the pattern: StrategyQA still errs on at
least 15% of questions where at least 90% of valid
extracted answers agree. Nor does the sample bud-
get: raising K from 4 to 16 moves CBW @0.8 by at
most 1.5 points on four of five datasets. Reasoning
training lowers the rate but leaves the task pattern in
place: two frontier reasoning models from different
vendors still answer StrategyQA incorrectly 8.5%
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and 11.9% of the time at 90% agreement, against
1.4% each on GSM8K.

Section 5 introduces Risk-Controlled Self-
Consistency (RISC). RISC scores each question by
combining the majority ratio with a verifier signal
(Cobbe et al., 2021; Lightman et al., 2024; Uesato
etal., 2022). Learn-then-Test (LTT) (Angelopoulos
et al., 2025; Bates et al., 2021) then calibrates an
acceptance threshold with finite-sample in-domain
selective-risk validity. The pooled gain is largest
where an accepted wrong answer costs most, cut-
ting selective error by 3.01pp at 0.50 coverage un-
der both paired and question-level cluster bootstrap,
and it fades as coverage rises (Section 5.3). Per-task
effects are mixed. RISC lowers error on GSM8K,
MATHS00, and ARC and raises it on StrategyQA
and CommonsenseQA (Table 3). Calibration sur-
vives a change of generator but not a change of
task (violation rates 15-20% against 31-63%), and
per-task Mondrian recalibration restores validity.

One strong verifier is enough at our default op-
erating point. A noisier verifier costs coverage at
strict targets, while a high-quality ensemble buys
lower risk at a larger API bill. At 0.9 selective cov-
erage, Qwen2.5-7B with RISC costs ~9x less in
metered API spend than GPT-5.4-mini majority vot-
ing and shows no statistically detectable selective-
error gap on four of five datasets. MATH500 keeps
a +7.94pp gap in favor of GPT-5.4-mini. RISC
calibrates whether to accept the vote; it does not
change the vote.

High-confidence errors have been reported be-
fore (Madaan et al., 2023; Welleck et al., 2023;
Stechly et al., 2025; Kuhn et al., 2023; Manakul
et al., 2023; Tan et al., 2025). Our contribution has
three parts. The first is CBW @7, measured across
95X 5 generator-task cells, establishing a task struc-
ture robust to 7, to sample budget, and to reasoning
training. The second is RISC, a verifier-informed
risk-control procedure that cuts metered API cost
~9x against API majority voting, using a local
generator and a lightweight verifier, with per-task
recalibration under distribution change. The third
is a wrong-mode-share lower bound on SC-only
selective error inside classes sharing one answer
distribution (Cor. 1), with the measurement show-
ing they are the common case.

2 Background and Related Work

2.1 Self-consistency and test-time sampling

Self-consistency (Wang et al., 2023) aggregates
K chain-of-thought samples and returns the ma-
jority answer. Budget-adaptive variants refine the
sampling rule. Adaptive Consistency (Aggarwal
et al., 2023) stops early under a bound on the prob-
ability of disagreeing with the asymptotic majority,
and related stopping-time analyses certify the same
probability. These guarantees concern agreement:
K samples identify the modal answer. Neither
guarantees correctness, and Theorem 1 makes the
distinction precise.

A second family changes which answer wins.
Tree-structured search (Yao et al., 2023; Hao et al.,
2023; Wan et al., 2024), reasoning-aware adap-
tive sampling (Wan et al., 2025), and ranked vot-
ing (Wang et al., 2025) all act on the aggrega-
tion step. Confidence-weighted voting (Taubenfeld
et al., 2025) is the closest of these to our setting:
it reweights each chain by a confidence estimate
and returns a reweighted point prediction, with no
risk statement attached. RISC leaves the vote un-
touched and calibrates whether that vote should be
accepted. Section 5.4 measures both schemes on
the same instances.

2.2 Verification, abstention, and selective
prediction

A separate line attaches an external scoring head to
candidate answers or traces. Process- and outcome-
supervised verifiers (Cobbe et al., 2021; Light-
man et al., 2024; Uesato et al., 2022; Wang et al.,
2024a,b; Lu et al., 2024) score correctness at the
step or answer level. Multi-agent debate (Du et al.,
2024; Khan et al., 2024) reads cross-model dis-
agreement as a verification signal. Revision and
reflection methods (Madaan et al., 2023; Shinn
et al., 2023; Welleck et al., 2023) refine a candidate
answer instead. Empirical work asks whether veri-
fiers detect high-confidence errors (Lightman et al.,
2024; Stechly et al., 2025). Our setup is orthogonal
to verifier design, since a stronger verifier simply
supplies a stronger signal to the same acceptance
score.

Selective prediction is the natural statistical fram-
ing. The classical setup (Geifman and El-Yaniv,
2017; El-Yaniv and Wiener, 2010) pairs a classi-
fier with a selection function, bounding conditional
error at maximal coverage. Distribution-free finite-
sample versions come from conformal prediction
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(Vovk et al., 2005) and its risk-controlling vari-
ants, RCPS (Bates et al., 2021) and Learn-then-
Test (Angelopoulos et al., 2025). RISC sits closest
to selective prediction under LTT calibration, and
departs in what it accepts: a self-consistency ma-
jority answer, scored by agreement plus a verifier
signal. Inference-time scoring and verifier-guided
decoding (Khalifa et al., 2023; Xie et al., 2023)
also add information beyond the answer distribu-
tion, but steer generation with it. RISC calibrates
acceptance of an answer already produced.

2.3 Consistent-but-wrong failures

CBW has been observed in step-verifier work
(Stechly et al., 2025; Lightman et al., 2024), re-
finement work (Madaan et al., 2023; Welleck et al.,
2023), calibration studies (Kadavath et al., 2022;
Tian et al., 2023; Xiong et al., 2024; Jiang et al.,
2021), and shortcut-learning analyses (Geirhos
et al., 2020). Tan et al. (2025) study CBW errors in
their own right and report that they survive model
scaling and blunt the detectors built to catch them.
Our question starts where that observation ends:
what can still be certified once the errors are con-
sistent. Theorem 1 and Corollary 1 formalize the
gap under the SC-only information set. We then
characterize it across 5x5 generator-task cells with
bootstrap Cls, and calibrate an accept/abstain layer
carrying a finite-sample certificate and an admissi-
bility fallback.

3 When Self-Consistency Cannot Certify
Correctness

A procedure that observes only the self-consistency
distribution cannot certify the correctness of its
modal answer, even in principle. The obstruction
is familiar from selective classification, and self-
consistency is one instance (Geifman and El-Yaniv,
2017). A rule that never sees the label cannot sepa-
rate two instances it scores identically. We state the
result for the answer distribution g, the information
set self-consistency certificates use.

Setup. Let 114(q) € A(A) denote the answer
distribution induced by generator g on question
q € Q, with y(¢) € A the ground-truth label, and
work in the population limit. An SC-only certifier
C : A(A) — {accept, abstain} depends only on x
and commits to mode(x) when it accepts. Adap-
tive Consistency (Aggarwal et al., 2023), certified-
stopping rules, and majority-vote thresholding are
all SC-only in this sense. We measure C by cov-

erage ¢(C) = Pr[C = accept] and selective error
B(C) = Pr[mode(yy(q)) # y(q) | C accepts], the
standard objects of selective prediction (Geifman
and El-Yaniv, 2017; El-Yaniv and Wiener, 2010)
and conformal risk control (Vovk et al., 2005; Bates
et al., 2021).

3.1 Theorem: SC-only certificates cannot
distinguish truth from agreement

Theorem 1 (Indistinguishability of correctness
under SC-only signals). There exist a genera-
tor g and two distinct labeled task instances z; =
(q1,y1) and 22 = (g2,y2) with y1 # yo such
that f14(q1) = pg(g2) = p, mode(u) = y1, and
mode(u) # y2. Any SC-only certifier C produces
the same output on z; and zo: if it accepts, it is
correct on the modal-correct instance z; and incor-
rect on the modal-wrong instance zs; if it abstains,
it forgoes coverage on a modal-correct instance.
(Proof in Appendix A.)

The theorem rules out every post-hoc rule on
w1 alone in the worst case: thresholds on the ma-
jority ratio, entropy, or any other histogram func-
tional. Existing self-consistency certificates (Ag-
garwal et al., 2023) certify properties of i alone,
and Corollary 1 quantifies the error floor.

3.2 Corollary: a selective-risk lower bound

Corollary 1. Let 7, be the indistinguishable sub-
family sharing p from Theorem 1, with 21- and z»-
type instances in proportion py, p2 (p1 + p2 > 0).
For any SC-only certifier C that accepts on p with
positive probability, the conditional selective error
within 7, obeys ,(C) := Pr[mode(p) # y(q) |
C accepts,q € T,] > p2/(p1 + p2), with 3, = 0
unattainable at positive coverage on 7, unless py
vanishes.

Operationally, an SC-only certifier cannot drive
its conditional selective error below the wrong-
mode share of the class. Lowering coverage does
not help, because the certifier abstains on correct in-
stances at the same rate. The empirical Err @7 rates
of Section 4 are the finite-sample, p-thresholded
analogue of this floor on the p > 7 subset. Strat-
egyQA makes it concrete, holding > 15% high-
agreement error at 7=0.9 (parseable MATHS500 is
treated separately in Appendix E.5).

How often the premise holds. A worst-case con-
struction matters only if the equivalence classes
it needs are populated. We test this on the co-
hort of Section 4. Group every instance by its
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answer-distribution signature, the number of dis-
tinct extracted answers together with the majority
vote count at K =16. At high agreement this sig-
nature nearly determines f. Call a signature class
mixed when it holds both a modal-correct and a
modal-wrong instance, so that an SC-only certi-
fier must decide both the same way. Of the 5,369
high-agreement instances (p > 0.9), 98.3% lie in
a mixed class, ranging from 92.1% on MATH500
t0 99.9% on CommonsenseQA. The wrong-mode
share inside those classes, the floor of Corollary 1,
is 8.8% pooled and runs from 2.0% on GSM8K
to 23.5% on StrategyQA. Indistinguishability at
high agreement is therefore the ordinary case in
our data.

Where the wrong-mode share is small, the bound
is nearly tight, as on GSM8K with ~2% condi-
tional error at p > 0.9. Where it is not small,
beating the floor needs a signal v that correlates
with y(q) conditional on p. Candidates are exter-
nal verifiers (Cobbe et al., 2021; Lightman et al.,
2024; Uesato et al., 2022), debate and self-checking
(Du et al., 2024; Khan et al., 2024; Manakul et al.,
2023; Saunders et al., 2022), and model-internal
confidence (Appendix E.10). RISC takes external
verifiers as a feature in a calibrated selective-risk
layer with finite-sample validity (Section 5).

4 Characterizing Consistent-but-Wrong
Reasoning

The limitation of Section 3 has an empirical coun-
terpart. Across five datasets and five generators,
we measure how often self-consistency returns a
high-agreement, incorrect answer, and how that
rate moves with the agreement threshold and the
sample budget. Consistent-but-wrong answers are
not anecdotal failures in this cohort.

4.1 Setup

We evaluate five datasets (GSM8K (Cobbe et al.,
2021), StrategyQA (Geva et al., 2021), MATHS500
(Hendrycks et al., 2021), ARC-Challenge (Clark
et al., 2018), CommonsenseQA (CSQA) (Talmor
et al., 2019)) and five generators: Qwen2.5-7B
and Qwen2.5-14B (Qwen Team, 2024), Llama-3.1-
8B (Grattafiori et al., 2024), Mistral-7B-Instruct-
v0.3 (Jiang et al., 2023; Mistral Al, 2024), and
GPT-5.4-mini (OpenAl, 2026). For each question
q we draw K = 16 chain-of-thought samples, ex-
tract final answers, and return the majority (q).
The majority ratio p(q) € [0, 1] divides the count

agreeing with the majority by the number of valid
extractions. Parsing failures are excluded from the
denominator, and instances with no extracted ma-
jority are dropped. Restricting to Ky,ji>12 leaves
four of five datasets within 0.5pp of the headline
rate, and only MATHS500 is denominator-sensitive
(Appendix E.22).

Per-cell sizes run from 100 to 500 questions, for
8,222 valid instances in total. BIG-Bench Hard
(BBH) serves as a sixth open-weight-only dataset
(Appendix E.29). MATHS00 golds are LaTeX
expressions on which string equality fails, so we
recover answers with a SymPy-based check that
retains ~96% of items (Appendix E.5). Model
access, prompts, and extraction rules are in Ap-
pendix B and C. We measure CBW at an agree-
ment threshold 7 in two ways. The unconditional
rate is CBWQ7r = Pr[p > 7 A ¢ # y]. The
conditional error on high-agreement instances is
ERRQT = Pr[g # y | p > 7], the finite-sample
analogue of the wrong-mode floor in Corollary 1.

4.2 High-Agreement Errors Are
Task-Structured

Figure 1 reports CBW@0.8 for every cell. The
task drives the differences between cells. Gener-
ator changes move the differences far less. Mean
CBW@0.8 runs from 2.1% on GSMS8K to 20.8%
on StrategyQA, with MATH500 at 3.4%, ARC
at 6.2%, and CommonsenseQA at 9.6%. The
MATHS500 rate uses SymPy recovery and rises to
4.2% once the very small Mistral xMATHS500 cell
(ny=T) is dropped, which leaves the ordering un-
changed (Appendix E.5, E.26). MATHS500 stays
below StrategyQA however its unparseable items
are treated (Appendix E.11).

Generator spread is far narrower than dataset
spread, from 6.7% for Llama-3.1-8B to 9.6%
for Qwen2.5-7B. The standard deviation of mean
CBW@0.8 across datasets is about seven times
the standard deviation across generators. A two-
way variance decomposition agrees: nfask:0.91
at F(4,16)=50.7 against n3,,,=0.02. A question-
clustered bootstrap puts Pr[n?ask>5n§en] =1.0 (Ap-
pendix E.25). Task identity, not generator identity,
predicts CBW. GPT-5.4-mini and Mistral both land
inside the per-task variation. Our cohort spans
four model families, one of them proprietary. On
the open-weight subset, BBH reaches 8.4% mean
CBW@0.8, between ARC at 5.6% and StrategyQA
at 20.6%. A Qwen3-8B generator reproduces the
same ordering (Appendix E.29, E.27).
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(a) Unconditional CBW@0.8

(b) Conditional Err@0.8
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Figure 1: Unconditional CBW @0.8 (a) and conditional Err@0.8 (b) across 5 datasets and 5 generators; each
marker is one (dataset, generator) cell and the black bar is the dataset mean. The dataset ordering is preserved
across both metrics. Per-dataset extraction rules (Appendix C.3), the very small Mistral xMATH500 cell with n;,=7
(Appendix E.26), the per-cell heatmap, and the two-way variance decomposition (task 7%=0.91, generator ?=0.02)

are in Appendix D.1, E.25.

4.3 Agreement does not uniformly converge to
truth

Test-time compute scaling suggests that the gap
between agreement and truth should close as agree-
ment grows (Brown et al., 2024; Snell et al., 2025).
Figure 2 tests that suggestion by stratifying ques-
tions on the majority ratio and reporting conditional
error within each bin. Whether the gap closes de-
pends on the task. On GSMSK, conditional er-
ror decays cleanly toward ~2% in the [0.9,1.0]
bin on every generator. On StrategyQA the er-
ror in that bin stays between 15.0% and 29.7%.
The parseable MATHS00 subset carries substan-
tial error at intermediate bins, with per-generator
p > 0.9 error between 2.5% and 11.7% once the
very small Mistral xMATHS500 cell is excluded
(Appendix E.5). A StrategyQA answer the model
repeats at least 90% of the time is therefore still
wrong at those rates. This is the empirical content
of "agreement is not truth." Theorem 1 explains it:
where high-p correct and high-p wrong instances
coexist, agreement alone cannot separate them.

4.4 CBW is not a sampling artifact

If CBW were a finite-sample fluctuation, more sam-
ples should resolve it. Four of five datasets change
by less than 1.5 percentage points as K’ grows
from 4 to 16, recomputing CBW @0.8 from the
first K’ € {4,8,16} samples per question (Ap-
pendix D.3): GSM8K 1.7% — 2.1%, StrategyQA
19.9% — 20.8%, ARC 5.8% — 6.2%, Common-
senseQA 8.2% — 9.6%. Only MATH500 shows a
substantial decrease (from ~7% at K'=4 to 3.4%
at K'=16 under SymPy extraction). Increasing
K is not a universal remedy within practical self-
consistency budgets.

GSMSK StrategyQA
Generator CBW Err CBW Err
Cohort mean (5 gen.) 2.1 ~2 20.8 15.0-29.7
R1-Distill-Qwen-7B 4.0 3.1 20.0 27.1
DeepSeek-V4-Pro 1.7 14 11.3 8.5
Claude Sonnet 4.6 1.3 14 115 11.9

Table 1: CBW@0.8 and Err@p>0.9 in percent for three
reasoning-trained generators, with the five-generator co-
hort mean of Section 4 for reference. The task gap is pre-
served on every row; its magnitude shrinks with capabil-
ity. Protocol and per-cell counts are in Appendix E.28.

4.5 Reasoning training attenuates CBW
without removing it

A natural reading of the cohort result is that CBW
is an artifact of instruction-tuned generators which
reasoning training will remove. It is not. We repeat
the identical K =16 protocol on three reasoning-
trained generators: DeepSeek-R1-Distill-Qwen-
7B (Guo et al., 2025), an RL-distilled reasoner
at the smallest scale in our cohort; DeepSeek-V4-
Pro in thinking mode (DeepSeek-Al, 2026); and
Claude Sonnet 4.6 with extended thinking (An-
thropic, 2026), from a second frontier vendor. We
use GSMS8K and StrategyQA, the two datasets that
bracket the cohort’s CBW range. The DeepSeek
models run n=300 per dataset; Claude Sonnet 4.6
runs n=150 on GSMS8K and n=200 on Strate-
gyQA.

Capability moves the level and leaves the struc-
ture intact (Table 1). Both frontier models are ac-
curate, reaching 96.7-98.0% majority-vote accu-
racy on GSMS8K and 83.3-85.0% on StrategyQA.
On StrategyQA both are still wrong 8.5% and
11.9% of the time at p > 0.9, against 1.4% each
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(a) Conditional error by agreement bin

(b) High-agreement tail
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Figure 2: (a) Conditional error Pr[j # y | p € bin| averaged across generators, one line per dataset; StrategyQA’s
curve begins at the [0.5,0.6) bin because its yes/no answer space makes p < 0.5 impossible. (b) Conditional error
at p > 0.9 pooled across generators with Wilson 95% CI; the dashed line marks 15%. Per-generator detail in

Appendix D.2.

on GSMS8K. The task gap thus reproduces on a
small distilled reasoner and on two frontier reason-
ers from different vendors, which also rules out a
single-vendor artifact. The StrategyQA rate attenu-
ates, from a cohort mean of 20.8% CBW@0.8 to
~11.4% at the frontier, and stays well above the
low-CBW floor that GSM8K sets. Stronger reason-
ing mitigates CBW. It does not retire the need to
verify what is left.

4.6 Robustness to the threshold choice

Sweeping 7 € {0.5,0.6,...,1.0} preserves the
dataset ordering across the entire range, and Strat-
egyQA retains 15.7% unconditional CBW even
at 7 = 0.9 (Appendix D.3). The ordering also
holds at generator temperatures 7'€{0.3,0.7, 1.0},
so neither 7 nor decoding drives the ordering (Ap-
pendix E.16).

A manual audit of 143 wrong StrategyQA an-
swers at p > 0.75 on three generators (Qwen2.5-
14B, Llama-3.1-8B, GPT-5.4-mini) shows recur-
ring failure modes: multi-step retrieval gaps,
implicit-reasoning shortcuts, and lexical or nega-
tion priors. Appendix E.6 gives the five-class rubric
breakdown. An LLM second-rater agrees poorly
on that fine-grained taxonomy (Appendix E.7), so
we read the category percentages as heuristic diag-
nostics.

How much of the StrategyQA rate belongs to
the benchmark itself is uncertain; our two audits
bracket it. Our manual audit attributes 4.9% of the
audited errors to questionable gold labels while the
LLM second-rater attributes 66.4%, at a rater agree-
ment of k=0.076 (Appendix E.7). We therefore
bracket the gold-artifact share at [4.9%,66.4%)].
The task-structured finding does not turn on where
in that bracket the truth lies. Discounting Strat-

egyQA CBW@0.8 by the full 66.4% still leaves
~7.0%, above GSMS8K (2.1%), MATH500 (3.4%),
and ARC (6.2%). Dropping StrategyQA from
the comparison entirely still leaves the other four
datasets spread from 2.1% to 9.6%. StrategyQA
therefore illustrates the high-CBW end of the range,
and the finding survives without it.

Two further checks argue against noise. 40 of
the 95 unique audited questions fail on at least
two of the three generators, which points to shared
difficulty (Appendix E.12). All four pairwise gaps
between StrategyQA and the other datasets at p >
0.9 survive Bonferroni correction at « = 0.05/4
(Appendix E.12). Together these results refine what
agreement is worth. On a low-CBW task such
as GSMSK, high agreement is a useful empirical
signal. On StrategyQA that signal is structurally
limited. A deployment needs not more agreement
but a calibrated relation between agreement and
correctness, which the next section builds.

5 Risk-Controlled Self-Consistency

A deployment cannot set one agreement thresh-
old and call it a guarantee if agreement is task-
dependent. It needs a signal from outside the an-
swer histogram and a calibration step that turns that
signal into a risk statement. RISC is that layer: a
verifier-informed rule that accepts or refuses the
majority answer (Figure 3). Throughout, control
means a held-out calibration guarantee at a target
the practitioner sets.

5.1 From Agreement Signals to Acceptance
Scores

Each question receives a score that decides whether
its SC majority answer is accepted (Figure 3). We
compare SC-only s = p, single-verifier scores
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1. Sampling
K =16 chain-of-thought samples {(r;, az)}fil

¥

2. Aggregation
(a), §=mode(p), p(q)=I|{i:ai=7}/Kvalia

¥

3. Verification
majority-supporting chain r* : a(r*)=g
sv(q) = [{Jj : vj=yes}|/ K, over K, =4 yes/no checks

A\
acceptance score s(q) = %(p(q) + Sv(q))

¥

4. Deployment
accept g if s(q) > 7*; else abstain

Offline calibration (held-out D,;) :
Learn-then-Test (Bonferroni): 1

7% =min{r : UCB(7) < a} or abstain :
1

Figure 3: RISC pipeline. The generator produces
K =16 chains, from which we take the majority an-
swer ¢ and the majority ratio p(g). A verifier reads
one majority-supporting chain r* and returns the yes-
rate s, (q) over K, =4 checks. RISC scores by s(q) =
1(p(q) + su(q)), LTT picks 7* whose upper confidence
bound satisfies UCB(7*) < « on held-out calibration

data, and deployment accepts § iff s(q) > 7*.

Main properties

Selective-risk control at a target o with finite-sample valid-
ity, under exchangeability.

An admissibility check that abstains on all inputs when no
threshold certifies .

A smaller pooled risk-coverage area than agreement alone
on our cohort.

Scope

The accepted answer is the generator’s majority answer,
passed through unchanged.

Accuracy is bounded by the candidate pool: the K chains
have to contain the correct answer.

Validity holds in-domain; task shift calls for per-task recal-
ibration.

The size of the error reduction varies with task and coverage
(Table 3).

Table 2: What the certificate covers and the conditions
it holds under.

Sy from Phi-3.5-mini (Abdin et al., 2024), GPT-
40-mini (OpenAl, 2024a), and GPT-5.4-mini, and
RISC ensembles that average p with a verifier yes-
rate over K, = 4 queries. The verifier reads
one majority-supporting chain r*, the first sam-
ple whose extracted answer matches §(q) (Ap-
pendix C.3). It reads that chain in full. Strip-
ping the rationale worsens the area under the risk-

(a) Risk-coverage curves (b) RISC — SC-only

RISC (4-signal)
20 4 = SC-only
== RISC (operative)

cov. 0.50 o ==@===-3.00

cov. 0.71 A

Selective error (%)

cov. 0.91 A @~ -D.62

< RISC lower error

0 T T T T T T
0.2 0.4 0.6 0.8 1.0 -4 -2 0 2

Coverage A sel. error (pp)

Figure 4: Risk-coverage curves with 95% paired-
bootstrap CI (100=2000, N=8,222). The gain is clear-
est at conservative coverage and shrinks toward high
coverage, but excludes zero at all three levels under both
bootstrap schemes (Appendix E.23), and it depends on
the task (Table 3).

coverage curve (AURC, lower is better) 9.6 —
14.4%, and a misleading rationale collapses the yes-
rate 76.0 — 1.1% (Appendix E.14, E.20). Critique-
style prompts improve AURC but weaken the LTT
certificate (Appendix E.15). We keep rationale-
included yes/no scoring, whose rankings are stable
across verifier temperature (Appendix E.19).

5.2 Calibration via Learn-then-Test

Given score s and target «, we seek a threshold 7*
such that “accept iff s(¢) > 7*” has selective error
< « with probability > 1 — § over the calibration
draw under exchangeability between calibration
and deployment. We obtain 7* by Learn-then-Test
(Angelopoulos et al., 2025; Bates et al., 2021) on a
held-out D.,;, in the manner of conformal selective
prediction (Romano et al., 2019; Lei et al., 2018;
Kamath et al., 2020; Park et al., 2022). Each candi-
date 7 in the grid 7" = {s(q) : ¢ € Dcal} is one hy-
pothesis test. We compute the Clopper-Pearson up-
per confidence bound (UCB) on calibration selec-
tive error at confidence 1 — §/|7T’| under Bonferroni
correction, and return the smallest 7 whose bound
clears the target, 7% = min{7 : UCB(7) < a}.
When no 7 clears «, the procedure returns no
admissible threshold and abstains on everything.
We use 50/50 splits, R=10 seeds, and §=0.10.
RCPS on the same scores also controls finite-
sample selective error, and LTT is tighter at R=10
(Appendix E.8, E.21). Exchangeability holds in-
domain, and it is exactly what the task shift of
Section 6 breaks.

5.3 Pooled Risk-Coverage Results

Figure 4 shows pooled risk-coverage curves
with 95% paired-bootstrap CIs (2,000 resamples,
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N=8,222). Coverage here is the fraction of ques-
tions accepted, a different quantity from the agree-
ment threshold p of Section 4. Against SC-only,
RISC’s error delta is —3.01pp [—3.75, —2.29] at
0.50 coverage, —0.87pp [—1.46, —0.30] at 0.71,
and —0.63pp [—0.91, —0.32] at 0.91. All three ex-
clude zero under both the paired and the question-
level cluster bootstrap (Appendix E.23). The im-
provement is task-dependent (Table 3); Table 2
states what the certificate covers. The low-coverage
end matters most, because an accepted wrong an-
swer costs more there than a refused right one.
RISC also refuses the right questions: 49.8% of
abstentions fall on answers that would have been
wrong, a 2.36 x enrichment over the base error rate
(Appendix E.24).

5.4 Where the Improvement Comes From

The gain belongs to the combination. On the score-
combination subcohort (IN=6,154; Appendix E.2),
ranking by agreement alone gives AURC 10.17%
[9.18,11.15] and ranking by the verifier score alone
gives 10.65% [9.66, 11.66], while their unweighted
mean gives 7.76% [6.95, 8.54]. The verifier alone
has the weaker point estimate, and averaging it with
agreement still produces the best score. Learned
combiners over the same two features do not beat
that average, with logistic at 7.94% and an isotonic
generalized additive model at 7.91%, both inside
the average’s interval. We keep the unweighted
mean as the simplest option that captures the gain.

Weighting the vote by the generator’s own confi-
dence does not buy the same gain. We regenerate
open-weight self-consistency with per-path token
confidence on three generators and two datasets
(N=1,799), then score a confidence-weighted vote
of the form used by CISC (Taubenfeld et al., 2025).
Weighting changes the winning answer on 11 of
1,799 questions and moves selective risk by 0.07pp
(AURC 11.75 — 11.68). Ties dominate the
confidence-weighted ranking, since 65.2% of in-
stances sit at p=1.0, so we also randomize the tie
order. Over 500 permutations the difference from
SC-only is 0.03pp [—1.56,+1.68], indistinguish-
able from zero (Appendix E.10). The external veri-
fier moves selective risk by over two points. Con-
fidence is information the generator already had.
The verifier supplies information the generator did
not, which is what Theorem 1 says is needed.

A single operating point hides how much the ef-
fect varies by task. Moving from agreement alone
to RISC changes AURC by —0.57 on GSMS8K,

—2.65 on MATH500, —0.57 on ARC, —1.82 on
StrategyQA, and +0.33 on CommonsenseQA. In-
tegrated over coverage, RISC improves four of
five tasks, CommonsenseQA excepted; StrategyQA
flips sign at the coverage-0.7 point of Table 3, so
its two curves cross (Appendix D.6).

Which verifier supplies that information decides
whether the combination helps at all. On the full
cohort (N=8,222), agreement alone gives AURC
9.41% [8.63,10.19]. Adding GPT-5.4-mini gives
7.16% [6.51, 7.78], an interval strictly below agree-
ment alone. Adding GPT-40-mini gives 9.05%
[8.35,9.79], an interval that is not (Appendix E.17,
E.18). A verifier that does not clear it is screened
out by its held-out certificate, and Section 5.5 re-
ports what that costs in coverage.

5.5 Calibration Validity and Verifier Choice

In-domain LTT meets its target on splits that Bon-
ferroni admits. At «=0.10, SC-only records 4.27%
selective error at 87.2% coverage and RISC 3.55%
at 78.2% coverage, both with 0.0% violations, in-
side the 6=0.10 budget. The target «=0.20 is
also met (App. Fig. 9), whereas ranking on s,
alone violates it at 2.8% (Appendix B.3). Ad-
missibility is the binding constraint at strict tar-
gets. Bonferroni admits 23% of splits at «=0.10
and none at «=0.05, and Holm admits 36% at
a=0.10 (Appendix E.4). All-split coverage, count-
ing refused splits as zero, is ~14% at per-cell
nca1~=H0-250 (Appendix B.3). Pooled calibration
accepts more than per-cell calibration, at 69.3%
coverage and 8.36% selective error, but it is not
certified cell by cell (Appendix E.24, E.30; pro-
tocol map in Table 7). We take majority ratio +
GPT-5.4-mini as the operative variant (Section 5.4).
Three cross-vendor verifiers (Haiku 4.5 (Anthropic,
2025), Sonnet 4.6 (Anthropic, 2026), GPT-40 (Ope-
nAl, 2024b)) land within 1.1pp of that variant, Son-
net 4.6 below it in AURC. The open-weight Phi-
3.5-mini trails by 1.6pp on its available subcohort,
and a three-vendor ensemble reaches 6.22% (Ap-
pendix E.17, E.18). Verifier quality binds at strict
« and per-cell calibration size decides admissibil-
ity; the score-combination and correction choices
barely matter (Appendix E.2-E.4).

6 Boundaries, Transfer, and Cost

A calibration fitted on one task should not transfer
to another if CBW is structured by task (Section 4).
We test four regimes at «=0.10: in-domain (50/50
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split), cross-generator, leave-one-task-out (LOTO),
and cross-task over 20 ordered pairs. Changing
the generator breaks calibration far less than chang-
ing the task. Violations reach 15-20% across gen-
erators, 31-37% for LOTO, and 62.5% for SC-
only cross-task (Fig. 8). The verifier does not re-
store validity: under direct cross-task shift RISC
violates on 37.5% of admitted splits against SC-
only’s 62.5%, and under LOTO on 36.8% against
its 30.8%. A better verifier is therefore not the
fix; the broken assumption is exchangeability. The
same split appears at coverage 0.7 (Table 3, curves
in Appendix D.6).

Dataset SC-only err  RISC err A

GSMBK 4.0% 2.1% —1.9pp
StrategyQA 23.9% 25.0% +1.1pp
MATHS00 21.6% 19.3% —2.2pp
ARC 5.9% 4.7% —1.3pp
CSQA 9.7% 12.0% +2.3pp

Table 3: Per-task selective error at coverage 0.7, av-
eraged over five generators (mean across cells). A:
RISC—SC-only. Full risk-coverage curves in Ap-
pendix D.6.

6.1 What Recalibration Costs

Per-task recalibration is the remedy for task shift.
It is inexpensive in labels. Calibrating on a held-
out half of the target task admits a threshold on
75 of 100 replicates and violates o on none of the
75, at mean coverage 72.8%. Pooled calibration on
the other four tasks admits 76 of 100 and violates
on 34.2% of those, at mean coverage 57.9% (Ap-
pendix E.13). Calibrating on the target task there-
fore recovers both validity and coverage, while
calibration data from other tasks recovers neither.

More calibration labels help against only one of
the two blockers: a calibration budget too small for
the confidence bound, not a selective-error floor sit-
ting above .. A sweep at the strict target «=0.05
separates the two (Appendix E.30). On GSMSK
cells, raising 1, from 150 to 250 moves admission
from 0 of 10 splits to as many as 3 of 10. The ob-
struction there was partly the budget, which more
labels start to remove. On StrategyQA cells, no nc,;
we test admits any split, because the conditional
error at high agreement exceeds 0.05 and Corol-
lary 1 places the achievable selective error above «.
Set o above the task’s measured high-agreement
error. A persistent refusal to certify is evidence
about the task itself, and otherwise RISC abstains
on everything.

6.2 Cost-Risk Tradeoff

Qwen2.5-7B with RISC costs ~$1.2 per 1,000
questions against ~$10.5 for GPT-5.4-mini ma-
jority voting, at the 0.9 selective operating point
(not the a=0.10 LTT threshold). On four of five
datasets the per-task paired-bootstrap CI for the
error difference straddles zero, so no gap is de-
tectable at this sample size. MATHS500 is the ex-
ception and keeps a +7.94pp [+2.26, +12.69] gap
in favor of GPT-5.4-mini (Appendix D.8). The ver-
ifier bill is dominated by its input, since each of
the K,=4 calls carries a full chain and returns one
word, while GPT-5.4-mini majority voting pays
the output rate on K =16 generated chains. The
MATHS500 gap points to a limit of base-generator
capacity. These figures exclude local-GPU amor-
tization, energy, and the abstention fallback (Ap-
pendix D.8).

7 Conclusion

Self-consistency is an agreement mechanism, not
a certificate of correctness. The agreement-
correctness gap is structured by task, robust to
the agreement threshold, and attenuated by rea-
soning training without being closed, so closing
it takes information the answer histogram does
not carry. RISC supplies that information un-
der a finite-sample certificate, abstaining when no
threshold certifies the target. At 0.9 coverage it
shows no statistically detectable selective-error gap
against GPT-5.4-mini majority voting on four of
five datasets, at ~9x lower API cost. Reasoning
systems should report whether their agreement is
calibrated to correctness.

Limitations

Cohort. Two Qwen models, one Llama, one Mis-
tral and GPT-5.4-mini, so task-versus-generator
claims are within-cohort. We check generality on
BBH, a newer Qwen3-8B generator and the Mis-
tral member (Appendix E.29, E.27, E.26). Broader
families remain untested.

Datasets and parsing. About 4% of MATH500
items stay unparseable under our SymPy extraction,
mostly matrix and multi-part golds, and we exclude
them. The filter never reads model predictions,
only parseability, so MATH500 results hold for
parseable items. Per-cell sizes run from 100 to
500 (Appendix B), so GPT-5.4-mini intervals are
wider and small cells such as Mistral x MATH500
are read descriptively.
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Benchmark-gold correctness. “Wrong” means
disagreement with the gold label, not adjudicated
error. Some high-agreement StrategyQA dis-
agreements may reflect debatable golds, and an
LLM second-rater blamed annotation artifact far
more often than our human coder (k=0.076) (Ap-
pendix E.6, E.7). StrategyQA CBW @7 therefore
measures high-confidence disagreement with gold.

Risk-control regime. Learn-then-Test with Bon-
ferroni is conservative: at n¢,; =~ 150 and o = 0.05
no non-trivial threshold is admitted, and 1., =250
admits one only where the floor of Cor. 1 does
not bind (Appendix E.30). Cross-task calibration
breaks outright (Section 6): no single calibration
covers every task.

Verifier dependence and capability ceiling. A
weak verifier costs coverage at strict targets. Scor-
ing is rationale-conditioned, so RISC controls risk
as measured on the visible chain, which hidden
reasoning never enters. Answer-only ablations de-
grade AURC by ~3.6pp and lose admissibility (Ap-
pendix E.14, E.20). RISC acts only on acceptance:
where base accuracy is low, as on MATH500 and
StrategyQA, selection cannot produce an answer
the generator never proposed. Decoding is fixed at
one setting per generator and one per verifier (Ap-
pendix E.16, E.31). Verifier selection and training
and a broader decoding sweep are future work, and
combining RISC with budget-adaptive generation
could shift the cost-risk envelope further.

Ethics Statement

Deployment risks. The principal risk is applying
RISC outside the regime where its guarantee holds.
The bound assumes exchangeability between cali-
bration and deployment. Under generator shift vio-
lation rates reach 15 to 20%, and under task shift 31
to 63% (Section 6); per-task recalibration restores
validity (Appendix E.13). Calibrated abstention
is not a safety certificate: where base accuracy is
low RISC lowers selective error only by abstain-
ing more, and cannot lift correct-answer coverage
above the generator’s ceiling. An accepted answer
carries the in-domain per-task bound at the chosen
target and nothing more, in education, medicine,
law and scientific question answering.

Use of pre-existing artifacts. The five bench-
marks are public, released for research evalua-
tion, and our use matches that intent. We redis-
tribute none of them, only our analysis code and
per-question scores derived under the benchmarks’

original licenses (Appendix B). Open-weight mod-
els (Tables 4, 5) are used under their authors’
licenses and the proprietary models under their
providers’” Terms of Service. The items are English
mathematics problems, multi-step yes/no strategy
questions, and science and commonsense multiple
choice. None carry personally identifying informa-
tion about non-public individuals or content usually
considered offensive in NLP research. We inherit
the published curation unchanged apart from the
prediction-independent MATHS500 parseability fil-
ter of Section 4.1, and score correctness against
gold labels.

Human subjects. No external annotation,
human-subjects study or IRB review was involved;
evaluation is automatic against gold answers. The
one manual step is an author inspection of 143
high-agreement-but-wrong StrategyQA items un-
der a five-class rubric, with no statistical claim
(Appendix E.6, E.7); those labels stay with the
authors.

Code and data release. Code, derived arti-
facts and analysis scripts are released under a per-
missive open-source license at https://github.
com/mjdddol/agreement-is-not-truth: item
IDs aligned to each benchmark’s gold, extracted an-
swers and majority ratios p at K =16, verifier yes-
rates s, at K,,=4 for every (verifier, question) pair,
the chain-selection rule * and prompt schema (Ap-
pendix C), and the LTT, bootstrap and figure code.
We withhold only the raw chain-of-thought text,
whose licensing is ambiguous, so exact verifier
re-execution needs the chains regenerated. Every
automatically computed number here reproduces
from the artifact; the rubric audit does not.
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A Appendix: Proof of Theorem 1

We prove the theorem via a task-family construc-
tion. The construction makes no claim about
which natural questions exhibit the indistinguish-
able structure. It shows only that any procedure
depending solely on the answer distribution must
decide the same way on a constructible pair of in-
stances with different ground-truth labels. Such a
procedure therefore cannot uniformly certify cor-
rectness over a task family that contains both.

Theorem 1 (restated). Let C : A(A) —
{accept, abstain} be any function depending only
on its argument. There exist a distribution p €
A(A) with a unique mode a* = mode(u) € A
and two labeled questions z1 = (q1,y1 = a*)
and zy = (q2,y2) with yo # a* and pg(q1) =
thg(q2) = i, such that C produces the same output
on z1 and zo.

Proof. Fix any p1 € A(A) with a unique mode
and let a* = mode(u). Consider two labeled ques-
tions sharing the same generator-induced answer
distribution but differing in their ground-truth la-
bels:

z1=(q1,y1 =a%), z2=1(q2,y2 € A\ {a*}),
with 114(q1) = pg(q2) = p.

Such a family is well defined: a labeled task in-
stance is specified by a question, the generator-
induced answer distribution under g, and a ground-

truth label. The mapping from questions to an-
swer distributions is determined by g, and the map-
ping from questions to ground-truth labels is de-
termined by the task definition. The two map-
pings are not constrained to coincide. Concretely,
z1 and zo can be drawn from any task family in
which two distinct labeled questions induce the
same answer distribution under g but differ in their
ground-truth labels. The high-agreement subset
of StrategyQA motivates that regime empirically
(Section 4), where the quantitative analogue is a
finite-sample, p-thresholded approximation of ex-
act equal-p pairs.

By assumption, C depends only on its argument.

Since f14(q1) = pg(q2) = 1, we have

Clug(qr)) = C(p) = C(ug(g2))-

Thus C produces the same accept/abstain output
on z; and zo. If C accepts, it commits to a* on
both instances: correctly on z1 (since y; = a*) and
incorrectly on zs (since yo # a*). If C abstains,
it forgoes coverage on z; even though the modal
answer would have been correct. [

Remark (randomized rules). The argument
extends verbatim to randomized SC-only rules
C : A(A) — P({accept,abstain}) whose ac-
cept/abstain distribution depends only on pu: the
induced acceptance distribution is identical at z;
and z9, so conditioning on {accept} preserves the
z1:29 proportions used in Corollary 1. We state
Theorem 1 for deterministic C since the random-
ized extension adds no power.

Remark (scope of the bound). In the two-type
construction the Corollary’s bound is tight (3, =
p2/(p1+p2) exactly). In more general 7, sub-
classes with r>2 type proportions {p;}7_, where
some types are correctly modal at a* and others are
not, the same argument yields 5, > >, .« pi.
The Corollary therefore states a wrong-mode-share
limitation on SC-only certifiers within an indis-
tinguishable subclass. Its scope is that subclass.
The empirical Err@t rates of Section 4 are its
finite-sample, p-thresholded analogue, and Ap-
pendix E.12 reports the StrategyQA p>0.9 in-
stance.

Corollary 1 (restated). Let 7, be the indistin-
guishable subfamily of instances sharing answer
distribution u, with z1- and zy-type instances in
proportion p1,p2 > 0, p1 + ps > 0. For any
SC-only certifier C that accepts on p with positive
probability, the conditional selective error within
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T, is bounded below by (3,,(C) = Pr[y # y |
C accepts,q € T, > p2/(p1 + p2).

Proof.  Conditional on the event {C =
accept, q € 7;} the distribution of z1- versus zo-
type instances inherits the subfamily’s prior propor-
tions p1, po, since C depends only on pu (which is
identical for both types) and not on the type itself.
On every accepted zo-instance the procedure com-
mits to a* # yy and is therefore wrong. On every
accepted zp-instance it is correct. The conditional
selective error within 7, is therefore

D2
C) = .
ﬁy( ) p1+ p2

The only way for C to lower this conditional error is
to abstain on the entire indistinguishable subfamily
T,., but C cannot do so selectively, since it cannot
distinguish z; from 25 from p alone, and abstaining
on 7, forgoes coverage on z1-type instances at the
same rate. []

The theorem and corollary describe an arbitrary
C acting on the indistinguishable subfamily 7,,.
The empirical Err @7 rates of Section 4 are the
analogue of the conditional wrong-mode share
p2/(p1+p2), measured on agreement-thresholded
subsets of natural reasoning datasets that approx-
imate 7, classes in finite samples. Corollary 1
meets its empirical analogue on the high-agreement
subset of StrategyQA in exactly that sense.

B Appendix: Reproducibility Details

B.1 Generators

We use five generators (Table 4). The four open-
weight models are served locally via vLLM (Kwon
et al., 2023), with Qwen2.5-7B, Llama-3.1-8B, and
Mistral-7B in bfloat16 and Qwen2.5-14B under
4-bit bitsandbytes/NF4 quantization so that it fits
on a single RTX A5000. The proprietary GPT-5.4-
mini is accessed through the OpenAl Chat Com-
pletions API under the OpenAl Terms of Service.
We use the same chain-of-thought prompt across
all generators (Appendix C). Decoding values are
fixed a priori from SC-standard practice (Wang
et al., 2023) or are fully constrained by the API,
and we run no generator-decoding hyperparame-
ter search. Method-design choices (verifier type,
rationale inclusion, score combination, K,) are
reported as ablations in Appendix E, with the op-
erative variant specified in Section 5.5. For each
(question, generator) cell we draw K = 16 chains
and extract a final answer by a per-dataset extrac-
tion rule (Appendix C.3). Cells with no extracted

majority answer are excluded from the analysis
(Section 4.1).

B.2 Verifiers

Six verifiers appear in our experiments (Table 5).
Three of them are used in Section 5. The other
three appear only in appendix ablations, where
they test cross-vendor robustness (Appendix E.17)
and rule out a temperature-based explanation (Ap-
pendix E.18). All six share one sampling regime:
K,=4 yes/no queries per question with a fixed
prompt (Appendix C), the queries differing only in
non-deterministic sampling. For the API verifiers
(GPT-40, GPT-40-mini, Claude Haiku 4.5, Claude
Sonnet 4.6) we set max_tokens=8, sufficient for
the visible yes/no token, and 16 for the locally
served Phi-3.5-mini. For the GPT-5.4-mini rea-
soning verifier, max_completion_tokens caps the
sum of hidden reasoning and visible output. We set
it to 100 so that a reasoning prefix can precede the
yes/no token if the model emits one, which gives a
cohort-averaged billed output of ~5 tokens per call
(Table 6). When we say the verifier “conditions on
the chain” or that RISC is “rationale-conditioned,”
we mean the visible rationale text emitted in the
model response. For reasoning-model API calls
such as GPT-5.4-mini, hidden reasoning tokens
may be billed, but they are never observed, stored,
or passed to the verifier.

B.3 Calibration Procedure

For each (generator, dataset) cell we form an ac-
ceptance score per question (Section 5.1) and apply
Learn-then-Test (Section 5.2) on a held-out 50/50
split with R = 10 random seeds. The threshold
grid is the set of distinct scores observed in the cal-
ibration set, and the Bonferroni correction divides
the failure probability ¢ uniformly across grid can-
didates, giving per-test confidence 1 — 6/|T|. We
report observed test-set selective error and cover-
age averaged over the R splits.

B.4 Cost Computation

We compute metered API cost using OpenAl’s
per-token rate for GPT-5.4-mini (input $0.75/M,
output $4.50/M). Per question, generation costs
K X (Tiy - 7in + Tout - Tour) at K=16 and verifica-
tion costs Ky X (TY - 7in + T8 - Tour) at K,=4.
Output token counts include hidden reasoning to-
kens, which GPT-5.4-mini bills at the output rate.
Token averages are measured from the endpoint’s

own usage fields over the released prompts at the
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Generator Access (License) Decoding

Qwen2.5-7B-Instruct local vLLM bf16 (Apache 2.0) T=0.7, p=0.95, max_tok 384-768
Llama-3.1-8B-Instruct  local vLLM bf16 (Llama 3.1 CL) T'=0.7, p=0.95, max_tok 384-768
Qwen2.5-14B-Instruct  local vLLM bnb-4bit (Apache 2.0) 7'=0.7, p=0.95, max_tok 384-768
Mistral-7B-Instruct-v0.3 local vLLM bf16 (Apache 2.0) T=0.7, p=0.95, max_tok 384-768
GPT-5.4-mini OpenAl API (proprietary) T=1.0*, max_compl_tok 768*

Table 4: Generator decoding settings. Symbols: T' = sampling temperature; p = top-p (nucleus); max_tok = max-
imum output tokens (visible only for the open-weight non-reasoning models, where 384—768 visible tokens fit
a chain plus extracted answer); max_compl_tok = OpenAl max_completion_tokens. *The OpenAl API forces
T'=1.0 for GPT-5.4-mini and rejects temperature/top_p overrides; this is the only generator setting that differs
across the cohort, and we match it as closely as the API allows. *For GPT-5.4-mini (a reasoning-family model),
max_completion_tokens caps the fotal of hidden reasoning tokens plus visible output; we set it to 768, matching
the upper end of the open-weight budget. The cohort-averaged billed output is ~131 tokens/call (Table 6), and the
endpoint reports no reasoning tokens for these prompts. Per-generator detail for Mistral-7B-Instruct-v0.3 is reported
in Appendix E.26.

Verifier Access (License) T  Usedin

Phi-3.5-mini-instruct local vLLM bf16 (MIT) 0.5 Section 5, Appendix E.2, E.30
GPT-40-mini OpenAl API 0.5 Section 5, Appendix E.19
GPT-5.4-mini OpenAl API 1.0*  Section 5

GPT-40 OpenAl API 0.5 Appendix E.18

Claude Haiku 4.5 Anthropic API 0.5"  Appendix E.17

Claude Sonnet 4.6 Anthropic API 0.5" Appendix E.17

Table 5: All verifiers run with K,,=4 yes/no queries per question. The API verifiers use max_tokens=8 and the
locally served Phi-3.5-mini uses 16; the GPT-5.4-mini reasoning verifier uses max_completion_tokens=100 to
allow a reasoning prefix (see prose above). *The OpenAl API forces T=1.0 for GPT-5.4-mini. TThe Anthropic API
default is T'=1.0; we explicitly override it to 7=0.5 to match the other mini-tier verifiers.

released caps, and absolute values vary by dataset: B.5 Datasets, Languages, and Licenses

MATHS00 generation is the longest at ~294 out- Ay five reasoning benchmarks are public and
put tokens per call, CommonsenseQA the shortest English-language. We summarize each below with
at ~50. Because both pipelines bill on the same s qomain, the published license under which it
GPT-5.4-mini rate schedule, the cost ratio is in- ¢ released, and the per-cell sample sizes used
variant under uniform price drift. A differential ;¢ experiments. We do not redistribute any of

change between input and output rates would shift  (hege datasets. We use the published versions as
it, since generation is output-bound and verification  jeased by their authors

input-bound.

* GSMBS8K (Cobbe et al., 2021): grade-school
math word problems; English; MIT Li-
cense; 300 questions per cell on Qwen2.5-7B,
Qwen2.5-14B, Llama-3.1-8B, and Mistral-7B-

Pipeline Calls/Q Avg in/out tok./call Cost/1k Q

Qwen2.5-7B+RISC (verifier API only):

GPT-5.4-mini verify K,=4 ~363/~5 $1.17 Instruct; 100 on GPT-5.4-mini.
GPT-5.4-mini majority voting (full API): .
GPT-5.4-mini gen. K=16  ~85/~131 $10.47 * StrategyQA (Geva et al., 2021): multi-step

strategy yes/no commonsense questions; En-
glish; MIT License; same per-cell sizes as
GSMSK (300 on the four open-weight genera-
tors including Mistral, 100 on GPT-5.4-mini).

Table 6: API cost breakdown. The two pipelines
sit at opposite ends of the rate card: genera-
tion pays sixteen short prompts and long com-
pletions, verification four long prompts and a
one-word completion. Cost calculation:  veri-
* MATHS00 (Hendrycks et al., 2021): compe-
fier 4x(363-0.75+5-4.50)/106~$1.17/1k Q; genera- . . ’ .
( )/ /1kQ: tition mathematics (the standard 500-question

tor 16x (85-0.75+131-4.50)/10°~$10.47/1k Q; ratio . ) ;
~8.9x. Qwen2.5-7B+RISC charges only the verifier; subset); English; MIT License; 500 questions

the generator runs locally and is excluded. per cell on Qwen2.5-7B, Llama-3.1-8B, and
Qwen2.5-14B; 300 per cell on Mistral-7B;

100 on GPT-5.4-mini. Answer extraction uses
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SymPy-based equivalence (Appendix E.5);
~ 4% of items remain unparseable under this
protocol (matrix and multi-part golds) and are

excluded.
* ARC-Challenge (Clark et al, 2018):
elementary-and-middle-school science

multiple choice; English; CC-BY-SA-4.0;
500 per cell on Qwen2.5-7B, Llama-3.1-8B,
and Qwen2.5-14B; 300 on Mistral-7B; 100
on GPT-5.4-mini.

* CommonsenseQA (Talmor et al., 2019): gen-
eral commonsense multiple choice; English;
MIT License; 500 per cell on Qwen2.5-7B,
Llama-3.1-8B, and Qwen2.5-14B; 300 on
Mistral-7B; 100 on GPT-5.4-mini.

After applying the SymPy-based MATHS00
extraction and excluding question—generator in-
stances with no extracted majority answer, the anal-
ysis covers 8,222 valid (question, generator) in-
stances across the five datasets and five generators
(Section 4.1). The 50/50 calibration/test split with
R = 10 random seeds described in Section 5.2 is
applied within each (generator, dataset) cell.

B.6 Compute Infrastructure

Local generation and verification (the four open-
weight generators Qwen2.5-7B, Llama-3.1-8B,
Qwen2.5-14B, Mistral-7B and the Phi-3.5-mini-
instruct verifier) ran via vLLM (Kwon et al.,
2023) on a single NVIDIA RTX A5000 (24
GB VRAM): Qwen2.5-7B-Instruct, Llama-3.1-
8B-Instruct, Mistral-7B-Instruct, and Phi-3.5-mini-
instruct in bfloat16, and Qwen2.5-14B-Instruct
under 4-bit bitsandbytes weight quantization
(NF4) so that the 14B-parameter model fits on
this device alongside short-prompt inference traffic.
The proprietary API endpoints (GPT-5.4-mini as
both generator and verifier; GPT-40-mini and GPT-
40 as appendix-only verifiers; Anthropic Haiku
4.5 and Sonnet 4.6 as appendix-only verifiers) are
accessed remotely and use no local compute be-
yond request scheduling. The reported analysis
covers ~10,622 scored valid (question, generator)
instances (8,222 from the 5 x 5 generator-task co-
hort, 1,200 from the BBH x4 open-weight subco-
hort at 300 items per cell, and 1,200 additional
samples from the n.,-sweep of Appendix E.30
(200 new items per cell on GSM8K and Strate-
gyQA across three open-weight generators, pooled
with the 300 items per cell from the 5 x 5 cohort to

reach the ~ 500 per-cell pool reported there); raw
generation attempts are slightly higher because no-
extraction and unparseable-gold MATHS00 items
are filtered after generation. The dominant compute
cost is chain-of-thought sampling at K = 16 sam-
ples per (question, generator) instance over these in-
stances, plus K, = 4 verifier queries per accepted-
or-considered question; end-to-end the experiment
runs on a single A5000 for the local-model com-
ponents, with metered API usage reported in Ap-
pendix D.8.

B.7 Software Stack

The pipeline is implemented in Python 3.10 and
uses VLLM (Kwon et al., 2023) for open-weight
serving, the official openai Python client for API
access, and standard scientific Python libraries
for analysis: numpy and scipy (scipy.stats for
Wilson confidence intervals and paired-bootstrap
resampling), statsmodels (Clopper-Pearson up-
per bound for the LTT step), pandas (per-cell
tabulation), scikit-learn (the held-out logistic-
regression combiner reported in Appendix E.2),
and matplotlib (figure rendering). All of these li-
braries are released under permissive open-source
licenses (BSD-3-Clause for numpy/scipy/scikit-
learn/pandas/statsmodels; the Matplotlib license,
BSD-style; Apache 2.0 for vLLM); pinned versions
for reproducing our environment are listed in the
environment.yml included with the released code
(Ethics Statement).

C Appendix: Prompts and Extraction
Rules

C.1 Generation Prompt

We use a single chain-of-thought prompt template
across all generators and datasets:

Question: {question}

Think step by step, then conclude with
a line in the form “Answer:
{final_answer}”.

For multiple-choice datasets (ARC-Challenge,
CommonsenseQA), the prompt additionally lists
the answer choices verbatim before "Think step by
step". For StrategyQA, the final answer must be
one of yes/no. For GSM8K and MATHS500, the
final answer is a numeric or symbolic expression.

C.2 Verifier Prompt

For each (question, candidate answer, candidate
reasoning) tuple, we ask each verifier K,, = 4
times:
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Question: {question}

Candidate reasoning: {reasoning}
Candidate answer: {candidate_answer}

Is the candidate answer correct? Reply
with

exactly one word: yes or no.

The verifier’s empirical yes-rate over K,
queries is the verifier acceptance score s,(q) €
{0,0.25,0.5,0.75,1.0}.

C.3 Extraction Rules

We extract the final answer from each chain-of-
thought sample as follows:

* GSMBSK: Take the last numeric token in the
sample (matching [-1?\d+(\.\d+)?); fall
back to the rightmost number after "Answer:"
if present.

* StrategyQA: Match (?i)\b(yes|no)\b af-
ter the last "Answer:" marker; if absent, return

None.
* MATH500: Extract the content of
the last \boxed{...} expression with

nested-brace handling, then compare to
the gold via SymPy-based mathemat-
ical equivalence (LaTeX—SymPy via
latex2sympy2, with normalization for
fractions/roots/degrees/tuples and a numerical
fallback; full procedure in Appendix E.5).
~ 4% of MATH500 items remain un-
parseable under this protocol, mostly
matrix-environment and multi-part golds.
These are excluded from the analysis. The
filter is determined by gold structure and is
prediction-independent.

¢ ARC-Challenge: Match the letter (A/B/C/D)
following the last "Answer:" marker, falling
back to the most recently mentioned choice
letter.

¢ CommonsenseQA: Same as ARC, with
choice labels from the question.

A sample whose extracted answer is None is
treated as missing for self-consistency aggrega-
tion but still counted toward K = 16. Question—
generator instances with no extracted majority an-
swer are excluded from the analysis.

Majority aggregation: canonicalization and tie-
breaking. For self-consistency aggregation, ex-
tracted answers are canonicalized before counting.
Categorical answers (StrategyQA yes/no; ARC
and CSQA letter choices) are compared by ex-
act string equality after lowercasing and whites-
pace stripping. GSMS8K numeric answers use
absolute tolerance |a;—a;| < 10~%. MATH500
prediction—prediction equivalence uses the same
SymPy-based protocol used for prediction—gold
comparison (LaTeX—SymPy via latex2sympy2,
normalization for fractions/roots/degrees/tuples,
numerical fallback): two predictions whose extrac-
tions are SymPy-equivalent (e.g., % and 0.5, or v/2
and 2'/2) are counted as agreeing. Majority-count
ties are broken deterministically by first occurrence
in original sampling order, matching the same first-
occurrence rule used for verifier rationale selection.
Exact ties at K=16 are rare (< 1% of cells in our
cohort) and are recorded explicitly in the released
per-question artifacts.

Verifier rationale selection. For verifier scoring,
the representative chain r* is the first sample in
original sampling order whose extracted answer
belongs to the majority equivalence class: exact
normalized string equality for categorical answers
(StrategyQA yes/no; ARC/CSQA letter choices),
absolute numeric tolerance |a — §| < 10~ for
GSMS8K numeric answers, and the same SymPy-
equivalence predicate used for MATH500 aggrega-
tion. If no sample matches under the corresponding
predicate, we fall back to the text of the first sam-
ple. This rule is applied identically across all five
generators, both the open-weight models served by
local vLLLM and GPT-5.4-mini through its API. We
do not score chains by token log-probability.

D Additional Empirical Evidence

D.1 Per-Cell CBW Heatmap

Figure 5 reports the full 5x5 per-cell view of the
dot-plot summary in Figure 1 (Section 4), giving
the exact CBW @0.8 and Err@0.8 values for every
(dataset, generator) cell. The heatmap is provided
for readers who want to look up individual cells.
The dataset-level pattern and the task-dominant
variance structure are summarized in the main-text
figure.

D.2 Per-Generator Conditional Error

Figure 6 reports the detailed per-generator version
of Figure 2(a), with Wilson 95% CI and faint con-
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CBW@O0.8 (absolute, % of all questions)

GSM8K 2.7% 1.0% 1.7% 2.3% 3.0%

StrategyQA

MATHS500 4.4% 0.0% 3.4% 5.2% 3.0% ®

ARC 5.6% 8.3% 6.0% 6.8% 4.0%

CSQA 8.8% 11.3% 8.2% 8.8% 11.0%
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CBW@O0.8 (conditional, % of high-agreement)

GSM8K 2.9% 2.8% 2.1% 2.5% 3.0%

StrategyQA

MATH500 6.2% 0.0% 9.9% 7.0% 3.4% 15 8

ARC 6.4% 10.9% 7.2% 7.3% 4.0%
5

CSQA 10.5% 11.3% 10.3% 12.6%
0
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Figure 5: Per-cell unconditional CBW @0.8 (left) and conditional Err@0.8 (right) across 5 datasets and 5 generators.
The Mistral xMATHS500 cell has only nj,=7 high-agreement instances (Appendix E.26); MATH500 uses SymPy-

based answer recovery (Appendix E.5).

necting lines. Bins with fewer than 5 valid exam-
ples are omitted; an omitted bin indicates insuffi-
cient support. The per-generator decomposition
reveals that the CBW pattern is not a pooling arti-
fact: on StrategyQA, every generator individually
retains substantial conditional error in the highest-p
bin, with Qwen2.5-7B and Mistral-7B both above
25% at p > 0.9. On GSM8K and ARC, all five
generators converge cleanly to single-digit condi-
tional error at p > 0.9. CommonsenseQA exhibits
noisier curves owing to the smaller per-bin sample
sizes, but the dataset-level ranking is preserved.

D.3 Robustness: Sample Budget and
Threshold

Figure 7 reports the two robustness analyses refer-
enced in Sections 4.4 and 4.6. (a) Mean CBW @0.8
across generators is stable on four of five datasets
as K grows from 4 to 16; only MATHS500 de-
creases substantially, consistent with its parsing-
coverage sensitivity. (b) Sweeping the agreement
threshold 7 € [0.5, 1.0] preserves dataset ordering.
StrategyQA retains 15.7% CBW even at 7 = 0.9;
MATHS00 decreases on the parseable subset, con-
sistent with the parsing-coverage analysis in Ap-
pendix E.5. Together these two views establish that
the headline ordering is not an artifact of either the
chosen threshold 7 = 0.8 or the budget K = 16.

D.4 Calibration-Transfer Violation Rates

Figure 8 reports the empirical risk-violation rate at
a = 0.10 across four calibration-transfer regimes
referenced in Section 6. In-domain (50/50 split)
violations stay within the § = 10% budget; cross-
generator violations rise to 15-20%; leave-one-
task-out and direct cross-task violations rise to 31—

63%. Per-task Mondrian recalibration restores va-
lidity (Appendix E.13). These results motivate the
Section 6 claim that RISC’s finite-sample selective-
risk guarantee is in-domain only and that per-task
recalibration is required under task shift.

D.5 Target-Risk Validity Across Settings

Figure 9 reports the calibration validity refer-
enced in Section 5.5. Observed-violation rates
remain within the 6 = 10% LTT budget at o €
{0.10,0.20} for SC-only and both RISC variants.
The GPT-5.4-mini verifier used in isolation shows
mild over-violation at o« = 0.20 (2.8% across ad-
mitted splits, against 0.6% for the operative vari-
ant), which reinforces the value of combining p
with a verifier. The left panel plots target o against
observed selective error. The right panel plots
achieved coverage. SC-only and the operative
RISC variant (p + SSP T-5.4-miniy hoth stay below
the y = x line at the tested target risks, indicating
valid in-domain risk control. Coverage achieved
at the same « separates more sharply than cal-
ibration validity: the operative variant achieves
84% coverage at & = 0.20 and 78% at o = 0.10
(the 78.2% admission-conditional headline of Sec-
tion 5.5), while a variant that adds the lower-quality
GPT-40-mini signal to the score drops to 68% at
o = 0.10, consistent with the Section 5.5 finding
that adding a noisier verifier can reduce coverage
at strict targets.

D.6 Per-Task Risk-Coverage Curves

Figure 10 gives the per-task curves behind Table 3.
The ordering of the two methods depends on the
task at every coverage level, and the 0.7 operating
point reported in the body is one slice of it: RISC
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Figure 6: Per-generator conditional error Pr[§ # y | p € bin] across 5 datasets and 5 generators, with Wilson
95% confidence intervals. Bins with fewer than 5 valid examples are omitted; faint connecting lines guide the eye

between bins.

(a) Sample-budget ablation (b) Threshold sensitivity

%
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K (number of samples)

Figure 7: Robustness analyses. (a) Sample-budget abla-
tion: mean CBW @0.8 across generators as a function
of K € {4,8,16}. (b) Threshold sensitivity: mean
CBW@rt across generators for 7 € [0.5,1.0].

Calibration transfer at «=0.10

80 4 ---- 5=10% budget
70 [ SC-only
I RISC

Risk violation rate (%)

LOTO Cross-task

In-domain

Cross-gen

Figure 8: Empirical risk-violation rate at « = 0.10
across four calibration-transfer regimes; 95% bootstrap
CI; dashed line: LTT budget.

(a) Calibration validity (b) Coverage achieved
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Figure 9: LTT calibration validity. Left: target o ver-
sus observed selective error. Right: achieved coverage.
Observed-violation rates remain within the § = 10%
budget at the target o« € {0.10,0.20}.

dominates SC-only on GSM8K, MATH500, and
ARC, and does not on StrategyQA and Common-
senseQA, which are the two tasks where the verifier
adds least separation over agreement.

D.7 Verifier Combination Ablation

Figure 11 reports the full verifier-ablation results
referenced in Section 5.5. AURC (lower is better)
is minimized by p + ss4, the operative variant of
Section 5.4, with the all-signal ensemble inside
its bootstrap CI at 7.54% and SC-only at 9.41%.
Coverage at & = 0.10 (higher is better) follows
the same ordering, at 75.7% for p + ss4 against
71.6% for SC-only, and adding the GPT-40-mini
verifier degrades it to 65.0%. The pattern moti-
vates the verifier-quality observation reported in
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Figure 10: Per-task risk-coverage curves for SC-only vs. RISC (maj + GPT-5.4-mini verifier) on the five-dataset
cohort; 95% paired-bootstrap CI bands over 1,000 resamples.

Section 5.5: adding a noisier verifier can extend
the operating envelope on AURC while shrinking it
on strict-target coverage. The optimal combination
therefore depends on the target operating point, and
the practical recipe is to select verifier candidates
by held-out quality.

Verifier com ttrap CI)
c ten) Coverage @ a=0.20 (higher better)
i I » P w0 L S
| II I | (a. II | I w.

Figure 11: Verifier-combination ablation across six sig-
nal subsets. (a) Risk-coverage area (AURC, lower is
better). (b) Coverage achievable at « = 0.10 (higher
is better). 95% bootstrap CIs over 1,000 resamples;
cohort size varies per combo (Phi-3.5-mini-T=0.5 and
GPT-40-mini verifier outputs were not collected on the
Mistral-7B cells, so combos requiring those signals re-
strict to the 4-generator subcohort, N=6,724; combos
using only p and the GPT-5.4-mini verifier pool the full
5-generator cohort, N=8,222).

D.8 Cost-Quality Per Dataset

Figure 12 reports the per-dataset cost-quality com-
parison referenced in Section 6.2. Per-dataset A
(Qwen2.5-7B+RISC — GPT-5.4-mini) at cover-
age 0.9: GSMS8K +1.11pp [—2.96, +4.44], Strat-
egyQA +6.16pp [—5.19, +17.05], ARC +2.20pp
[—3.11,46.67], CSQA —0.92pp [—9.78,+7.33]
(all 95% paired-bootstrap CIs straddle zero), and
MATHS500 +7.94pp [+2.26,412.69] (excludes
zero, favoring GPT-5.4-mini). On four of five
datasets the local-generator pipeline shows no sta-
tistically detectable selective-error gap at this sam-
ple size relative to GPT-5.4-mini majority voting

at ~ 9x lower metered API cost; on MATHS00 a
residual capability gap appears at 0.9 coverage and
widens further at full coverage on the two hardest
tasks (StrategyQA and MATHS500).

€ 20 4 A>0: GPT-5.4-mini better
g 15
~ q‘ =
B
= 1
s
81 54 ?
0O
22 I
5 1 1
&8 -5
< 4
g -10 A
g A<0: Qwen-7B+RISC better
-15 T T T T T
GSM8K StrategyQA MATHS500 ARC CSQA

Figure 12: Cost-quality at a fixed 0.9 coverage operating
point across 5 datasets with 95% bootstrap CIs (not
the «=0.10 LTT-calibrated threshold). GPT-5.4-mini
majority vote (K = 16, ~$10.5 per 1k questions) vs.
Qwen2.5-7B+RISC (K, = 4 GPT-5.4-mini verification
queries, ~$1.2 per 1k questions).

E Appendix: Extended Empirical
Analyses

E.1 Protocol Map for Coverage / Error
Quantities

Several coverage and selective-error quantities ap-
pear under different cohorts and protocols. Table 7
maps each quantity to its underlying cohort and pro-
tocol and indicates which are directly comparable
to the LTT-validity result of Section 5.5.

E.2 Score-Combination Ablation

Beyond the unweighted mean, we evaluate two
additional monotone combinations of (p, s,,) that
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Reported number Cohort Protocol Comparable to Sec-
tion 5.57
78.2% cov./ 3.55% err. / 0.0% full N=8,222 (25 per-cell 50/50 LTT, R=10; admission- yes  (matches  Sec-

viol. cells)

conditional mean (23% Bonferroni ad- tion 5.5)

mission at «=0.10)

69.3% accept. / 8.36% sel. err. full N=8,222

83.6% cov. at =0.10
set n=1,858
68.8% cov. at «=0.10

triple-coverage sub- LTT-admitted

single pooled-threshold descriptive diag- no (Appendix E.24)
nostic

triple-coverage sub- empirical max coverage at < « error

no (Appendix E.14)

Bonferroni—Clopper- no (Appendix E.15)

set n=1,858 Pearson coverage
81.2% cov. at a=0.10 full cohort paired pooled bootstrap no (Appendix E.17,
N=8,222 E.18)

Table 7: Protocol map for coverage and selective-error quantities across protocols and cohorts. The LTT-validity
number from Section 5.5 (78.2%/3.55%) is the only headline directly comparable to the «=0.10 LTT budget. The
others use different cohorts (no-Mistral, triple-coverage) or different protocols (single-threshold pooled diagnostic,
empirical max-coverage). The pooled-threshold diagnostic of Appendix E.24 is the one most likely to be misread as
comparable to the Section 5.5 headline, and is explicitly disclaimed there.

preserve LTT validity without learning weights:
product s = p - s, and minimum s = min(p, sy).
The score-combination subcohort here is (Qwen?2.5-
14B, Llama-3.1-8B, Mistral-7B-Instruct, GPT-5.4-
mini; N=6,154), distinct from the no-Mistral
verifier-availability subcohort used in cross-vendor
and cross-prompt ablations. Figure 13 reports
AURC and coverage at « = 0.10 for the three
combinations and the two individual signals.

(a) Risk-coverage area (b) Strict-target coverage

0 2 4 6 8 10 1250 55 60 65 70 75
AURC (%, lower better) Coverage at a=0.10 (%)

80 8 90

Figure 13: Score-combination ablation. AURC (lower
is better) and coverage at o = 0.10 (higher is better) for
the three monotone combinations and each individual
signal. The unweighted mean leads on both metrics, and
its margin over the product and the minimum survives
paired resampling.

The unweighted mean is the best of the three
(AURC 7.76% [6.95, 8.54] against product 8.14%
[7.33,8.95] and min 8.23% [7.39,9.03]), and its
advantage survives paired resampling: —0.38pp
[—0.73,—0.01] over the product and —0.47pp
[—0.82, —0.11] over the minimum. Coverage at
a = 0.10 orders the same way (mean 72.4%,
product 71.6%, min 70.9%). Averaging keeps in-
formation that the product and the minimum dis-
card, since both collapse toward whichever signal
is smaller. We also evaluate two learned mono-
tone scores fit with 5-fold cross-fitting on the same

subcohort (N=6,154): a constrained logistic re-
gression on (p, s,), and a cyclic isotonic GAM
s = fi1(p) + fa(sy) with f1, fo non-decreasing fit
by backfitting. Both stay within bootstrap CI of
the unweighted mean (logistic 7.94% [7.13,8.78],
isotonic GAM 7.91% [7.11, 8.76], vs. mean 7.76%
[6.95, 8.54]), with paired-bootstrap AURC differ-
ences of —0.18pp [—0.61, +0.25] for logistic and
—0.15pp [—0.56,+0.28] for the isotonic GAM,
neither excluding zero. Cov@Qa=0.10 shows
the same pattern (logistic 73.6%, isotonic GAM
73.4%, mean 72.4%; CIs overlap). Verifier-alone
ranking on this subcohort gives AURC 10.65%
and Cov@a=0.10 67.5%, worse than every (p, s)
combination. We therefore report the unweighted
mean as the operative variant: a non-parametric
monotone learner over the same two features does
not detect additional structure on our cohort, while
ranking by p alone or s,, alone is decisively domi-
nated.

E.3 Verifier-Budget Sensitivity (/X,)

The verifier query budget K, is a cost-variance
lever. We simulate Bernoulli draws of size K,, €
{1,2,4, 8,16} from each question’s empirical yes-
rate, treating the four-query empirical rate as the
underlying parameter, and recompute RISC AURC
and Cov@a = 0.10 at each budget (Figure 14).
AURC decreases from 8.17% (K, = 1) to
7.61% (K, = 4) and 7.40% (K, = 16). Coverage
at « = 0.10 rises from 71.3% to 74.4% and satu-
rates near 75.1%. The marginal gain from K, = 4
to K, = 8is well within the bootstrap CI. We adopt
K, = 4 as a cost-effective operating point and note
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(a) Risk-coverage area vs K, (b) Strict-target coverage vs K,

AURC (%)

>

K. (verifier queries per question) K.
Figure 14: Verifier-budget sensitivity. AURC and cov-
erage at a = 0.10 as a function of K, with 95% boot-
strap CI. Returns to additional queries diminish beyond
K, = 4, supporting our default budget choice.

that this analysis treats the simulated draws as ex-
changeable across queries. A direct independence
audit using paraphrased prompts or alternative ver-
ifier variants is outside the scope of this sensitivity
analysis.

E.4 Less Conservative Calibration: Holm
Step-Down

The Bonferroni correction over a |T'|-sized thresh-
old grid is conservative. The Holm step-down
family of multiple-testing corrections tightens the
bound on the most permissive thresholds. Figure 15
reports the fraction of (generator, dataset) cells in
which a valid threshold is admitted at each target
a, under Bonferroni and Holm step-down.

100 1 == Bonferroni (current)
I Holm step-down

80 1

60 1

40 1

Cells with valid threshold (%)

a=0.05 a=0.1 a=0.15 a=0.2

Figure 15: Fraction of cells with valid threshold un-
der Bonferroni vs. Holm step-down LTT, for a €
{0.05,0.10,0.15,0.20}. Holm admits a usable thresh-
old in slightly more cells but does not recover o = 0.05
at our calibration sizes (n¢y =~ 150).

At o = 0.05, Bonferroni admits no valid thresh-
old in any cell, and Holm admits a threshold in
only ~3% of cells (with substantial test-set viola-
tions). Strict targets therefore require larger cal-
ibration budgets. At o = 0.10, Holm increases
the usable-cell rate from 22% to 30% at near-zero
violations on our test sets (0% for Bonferroni and
1.3% for Holm; both well within the § = 0.10
budget); at a« = 0.20, both procedures admit a

threshold on > 85% of cells. We report Bonfer-
roni in Section 5.5 for transparency. Holm is a
drop-in replacement that yields a small efficiency
gain at the moderate-o regime where our results
concentrate.

E.5 MATHS00 SymPy Recovery and
Parseability Sensitivity

Procedure. Plain regex matching
\boxed{["}]+} fails on nested braces (e.g.,
\boxed{ (3,\frac{\pi}{2})} produces the
truncated string (3, \frac{\pi), which then mis-
matches the gold) and would retain only ~ 67% of
MATHS500 items. Our protocol uses a nested-brace
boxed extractor and a SymPy-based equivalence
check (LaTeX—SymPy via latex2sympy2,
normalization for \frac/\sqrt/degree/tuple forms,
numerical fallback). Across the five generators
this retains ~ 96% of items as parseable. The
remaining ~ 4% are matrix-environment and
multi-part golds where SymPy comparison fails
or is ambiguous (e.g., \begin{pmatrix}..., set
conditions like “z € [—2,7]”).

Per-cell numbers. The MATHS500 analysis co-
hort is ~ 1,823 parseable instances across the
five generators. Mean CBW @0.8 is 3.36%, with
per-generator values 4.70% (Qwen2.5-7B), 5.54%
(Qwen2.5-14B), 3.47% (Llama-3.1-8B), 0.00%
(Mistral, n, =7 only), 3.06% (GPT-5.4-mini). Con-
ditional error at p > 0.9 ranges from 2.5% (GPT-
5.4-mini) to 11.7% (Llama-3.1-8B), excluding the
Mistral cell with np>09 = 2. MATH500 stays
below StrategyQA in every regime.

Parseability-frontier profile. The percentages
below characterize items not parseable under plain
string-equality matching (used as a comparison
reference only); under the SymPy protocol of
Section 4 only ~4% of items remain genuinely
excluded. Beyond the token-length comparison
(mean tokens 34.5 vs. 29.8 on Qwen2.5-7B), ex-
cluded items concentrate on Precalculus (75.0%
excluded), Geometry (51.2%), and Intermediate
Algebra (39.2%); Number Theory (3.2%), Preal-
gebra (25.6%), and Algebra (25.8%) are under-
represented (y?=81.2, df=6, p~2x107'%). The
mechanism is transparent: every gold containing
a polar/Cartesian tuple (n=19), a \matrix environ-
ment (n=7), or a \pi literal (n=10) is excluded
under regex extraction (100%); \frac (97.1%) and
\sqrt (95.8%) almost as reliably. SymPy recov-
ery resolves the \frac/\sqrt/tuple/\pi cases. Ma-
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trix golds remain unrecovered. By difficulty,
the parseability-frontier rate increases monoton-
ically with level (20.9% at L1 to 44.8% at L5;
x2=12.6, df =4, p=0.013); under SymPy this gra-
dient flattens substantially. The qualitative claim
that high-agreement error is task-dependent and
GSM8K/ARC/CommonsenseQA remain substan-
tially below StrategyQA is preserved across both
regimes.

E.6 StrategyQA Qualitative Failure Modes

To understand why CBW @7 remains substantial
on StrategyQA at high self-consistency thresholds,
we manually inspect all high-agreement-but-wrong
instances at the relaxed threshold p > 0.75 (i.e.
>12/16 samples agree on a wrong answer). The
qualitative inspection is restricted to the three gen-
erators (Qwen2.5-14B, Llama-3.1-8B, GPT-5.4-
mini) for which full reasoning traces were retained
under the logging protocol. The five-generator
quantitative high-agreement tail (including Mistral-
7B and Qwen2.5-7B) is reported separately in Ap-
pendix E.12. This yields 143 instances: QWEN2.5-
14B-INSTRUCT 70, LLAMA-3.1-8B-INSTRUCT
51, and GPT-5.4-MINI 22, spanning 95 unique
questions. 143 at p > 0.75 is the largest sample
available without diluting the high-agreement pre-
condition: even at p > 0.6 the union across these
three generators contains only 191 high-agreement
errors. For each item we read the question, the
gold label, the generator’s majority answer, and
at least one full chain-of-thought, then assigned a
single failure-mode category using an inductively
developed five-class rubric, finalized before the
breakdown below was computed. The categories
are stable across generators; their mixing weights
are not.

The aggregate breakdown (per-instance, n =
143) is: multi-step retrieval failure 53.8% (one
bridging fact retrieved correctly but the other either
hallucinated or missed, and the error propagates
with high consensus because the correct interme-
diate step is genuinely hard to recover); implicit-
reasoning shortcut 27.3% (3+ step chains collapsed
to a plausible 1-step shortcut, e.g. “most expensive
color = blue” ignoring the gold’s specific frame);
lexical or negation prior 13.3% (modal cues such
as “hypothetically” or embedded negations like “Is
it impossible. .. ” flip the surface heuristic); annota-
tion artifact / questionable gold 4.9% (the gold la-
bel is debatable on inspection, e.g. a literal-numeric
question where the gold disagrees with a basic con-

version or textbook definition); and common-sense
vs. encyclopedia frame conflict 0.7% (the literal
common-sense answer is the opposite of the gold’s
encyclopedic frame). Per-generator mixtures dif-
fer: QWEN2.5-14B splits 48.6% retrieval / 31.4%
shortcut / 12.9% lexical-negation, LLAMA-3.1-
8B runs 56.9% retrieval / 23.5% shortcut / 15.7%
lexical-negation, and GPT-5.4-MINT is the most
retrieval-dominated at 63.6% / 22.7% / 9.1%, con-
sistent with stronger surface-form parsing in the
larger and more recent models.

Cross-tabulating across generators, 40 of the 95
unique questions (42%) are wrong on > 2 of the
3 generators at p > 0.75, and 8 are wrong on all
three. Shared structural failure of this magnitude
indicates that the high-agreement error is driven
by properties of the question: when a StrategyQA
item fools self-consistency on QWEN2.5-14B, it is
roughly five times more likely than chance to also
fool LLAMA-8B or GPT-5.4-MINI.

Restricting to the strictest agreement bin p>0.9
(a subset of this sample) gives mixing weights con-
sistent with the aggregate: multi-step retrieval and
implicit-reasoning shortcut together still account
for over 70% of high-agreement errors, with anno-
tation artifact, frame conflict, and lexical/negation
prior occupying smaller shares. The qualitative
story, in which the dominant failure mode is struc-
tural, therefore does not depend on the p > 0.75
relaxation.

Three illustrative items (paraphrased; gold and
majority predictions verbatim):

* Q: “Is sunscreen unhelpful for the condition
that killed Bob Marley?” Gold: Yes. Ma-
jority pred. (15/16, Llama): No. Nega-
tion parsing: Marley died of acral lentigi-
nous melanoma, a UV-independent subtype;
chains correctly identified “melanoma” but
the embedded negation “unhelpful” inverted
the answer relative to the standard sun-causes-
melanoma script.

* Q: “Is it impossible for pigs to use pig latin?”
Gold: Yes. Majority pred. (16/16, Llama):
No. Negation parsing: every chain answers
the unwrapped question (‘“can pigs use pig
latin?”’) and reports its negation, leaving the
original double-negative unanswered.

* Q: “Does water have viscosity?” Gold:
No. Majority pred. (16/16, Llama; 15/16,
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Qwen2.5-14B): Yes. Probable annotation ar-
tifact: water has nonzero viscosity (~1 cP at
20°C) by any standard physics definition; the
gold appears to encode a different intended
frame that the question does not surface. Both
generators independently produce the text-
book answer with high consensus.

These observations suggest that a nontrivial por-
tion of the high conditional error at p > 0.75 re-
flects recurring item-level difficulty, such as hard
bridging retrieval, modal and negation cues, or pre-
mature shortcutting. Because the fine-grained five-
class taxonomy has low independent-rater agree-
ment (Cohen’s k=0.076, Appendix E.7), we treat
the category proportions as heuristic diagnostics.
The LLM second-rater attributes a much larger
share to annotation artifact than the human coder,
so the ~5% gold-label-noise reading is a label-
conservative lower bound. The independent obser-
vation that 42% of audited items fail across > 2
of the three audited generators is consistent with
item-level shared difficulty, but on its own does not
adjudicate which fraction is structural-difficulty
versus gold-label artifact.

E.7 Inter-Rater Agreement on StrategyQA
Failure Modes

Methodology. A potential concern with the
failure-mode taxonomy in Appendix E.6 is that the
143 high-agreement-wrong StrategyQA instances
were tagged by a single author applying a heuristic
rubric. To stress-test the breakdown, we collect a
second, independent rating from Claude Sonnet
4.6 (Anthropic API, claude-sonnet-4-6, temper-
ature 0.5, K'=1 query per instance, total API spend
$0.24). For each of the 143 instances we send the
question, gold label, model’s majority answer, one
representative chain-of-thought, and the verbatim
five-category rubric (multi-step retrieval, annota-
tion artifact, lexical/negation prior, frame conflict,
implicit shortcut), and ask the model to assign ex-
actly one category. For eight outputs that were
not parseable under the one-label schema, we re-
peated the rating call with a stricter one-label in-
struction; all 143 ratings were ultimately parseable.
Raw second-rater outputs are released alongside
the codebase.

Cohen’s x and confusion matrix. Treating the
human coder and the LLM as two raters over
the five-class label space, observed agreement
is p,=0.224 against chance agreement p.=0.160,

yielding Cohen’s k=0.076. On the Landis—Koch
scale this is in the poor band (k<0.20). The 5x5
confusion matrix (rows = human coder, columns
= LLM rater) is shown in Table 8. Per-category

LLM rater (Claude Sonnet 4.6)

human | m.s.r. art. lex. frm. i.s. | total
multi_step_retrieval 21 49 1 4 2 77
annotation_artifact 0o 7 0 0 0 7
lexical_negation_prior 4 12 0 2 1 19
frame_conflict 0 1 0 0 0 1
implicit_shortcut 5 26 0 4 41 39
total \ 30 95 1 10 7 \ 143

Table 8: Inter-rater confusion matrix between the hu-
man coder and the Claude Sonnet 4.6 second rater on
143 high-agreement-wrong StrategyQA items. Diago-
nal entries indicate agreement; abbreviations: m.s.r. =
multi-step retrieval, art. = annotation artifact, lex. = lex-
ical/negation prior, frm. = frame conflict, i.s. = implicit
shortcut.

agreement rates (diagonal over human-coder row
total) are 27.3% for multi-step retrieval, 100% for
annotation artifact, 0% for lexical/negation prior,
0% for frame conflict, and 10.3% for implicit short-
cut.

Where the disagreement concentrates and what
survives. The disagreement is structural: the
LLM rater applies the annotation_artifact
label to 95/143=66.4% of items, versus
7/143=4.9% for the human coder, and a binary
"is-artifact / not-artifact" reduction yields k=0.05
that is essentially noise. In other words, when
shown a high-agreement-wrong StrategyQA
item with a reasoned chain of thought, Claude
Sonnet 4.6 is sympathetic to the model under
inspection and prefers to fault the gold label;
the human coder, who labels artifact only on
explicit gold-debatability cues, does not. A
5-class x of 0.076 does not provide independent
confirmation of the human coder’s breakdown,
and the headline annotation-artifact rate (~5%)
is therefore best read as a lower bound from
a label-conservative pipeline. ~However, two
robustness signals do emerge. First, restricted to
the 48 items where the LLM does not default to
annotation_artifact, exact agreement with the
human coder rises to 25/48=52.1%, indicating
that when the LLM commits to a non-artifact
failure mode it concentrates on the same multi-step
/ implicit-shortcut failures the human coder flags.
Second, the LLM’s own non-artifact distribution
(multi-step retrieval 30, implicit shortcut 7,
frame conflict 10, lexical/negation 1) preserves
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multi-step retrieval as the dominant failure mode,
matching the human coder’s qualitative ordering.
We therefore treat the qualitative narrative in
Appendix E.6 (that residual StrategyQA errors at
our operating point are dominated by multi-hop
retrieval and implicit-reasoning shortcuts) as
supported, while flagging that the precise share of
items reasonably attributable to gold-label noise is
highly rater-dependent and our ~5% estimate is
conservative.

E.8 LTT vs. RCPS

A natural alternative to LTT is Risk-Controlling
Prediction Sets (RCPS, Bates et al., 2021). LTT
searches the threshold grid 7' = {s; : ¢ € D¢y}
and tests each candidate with a Clopper—Pearson
upper bound at confidence 1 — ¢/|T|, paying an
explicit Bonferroni correction. RCPS instead ap-
plies a single pointwise Hoeffding—Bentkus (HB)
bound at confidence 1 — §. Under Theorem 1 and
§3.2 of Bates et al. (2021) the bound is uniformly
valid along the monotone-in-¢ loss path, so no grid
correction is required. Both yield finite-sample,
distribution-free selective-risk control.

We apply both calibration procedures to the
per-question acceptance scores s = (p + s,)/2
from Section 5.5 (GPT-5.4-mini verifier), averag-
ing 10 random 50/50 cal/test splits per cell with
6 = 0.10, on the score-combination subcohort
(Qwen2.5-14B, Llama-3.1-8B, Mistral-7B-Instruct,
GPT-5.4-mini; N=6,154). Of 20 (dataset, gener-
ator) cells, 18 had > 5 wrong samples and were
retained. GSM8K and ARC paired with GPT-5.4-
mini are excluded (only 4 wrong samples each).
At «=0.10, LTT admits a threshold on 17.2% of
runs and RCPS on 58.3%. Conditional on admis-
sion, test selective error is 3.6% (LTT) vs. 5.5%
(RCPS), coverage 79.0% vs. 69.3%, and violation
rates are 0.0% and 5.7%. At «=0.20, LTT/RCPS
admit 67.2%/86.7% of runs with selective error
8.6%/12.5%, coverage 79.3%/76.4%, and viola-
tions 0.8%/9.0% (Table 9).

« method valid  sel. err. cov. viol.
0.10 LTT 17.2% 3.6% 79.0% 0.0%
0.10 RCPS 58.3% 55% 693% 5.7%
020 LTT 67.2% 8.6% 79.3% 0.8%
0.20 RCPS 86.7% 125% 76.4% 9.0%

Table 9: LTT vs. RCPS, 18 cells x 10 seeds, § =0.10.

Both methods keep empirical violation rates
within the =0.10 budget, with selective errors

below the corresponding « targets. RCPS is ad-
missible on more than three times as many runs at
a=0.10 because it avoids the | T’|-fold Bonferroni
penalty. LTT is more conservative, leaving more
runs without a threshold but achieving lower se-
lective error and higher coverage when it commits.
We retain LTT as the default for transparency about
multiple-testing structure with modest calibration
sets, and note RCPS as a valid drop-in with very
similar empirical behavior.

E.9 Answer-Distribution-Only Auxiliary
Signals

We test whether scalar agreement signals other
than the majority ratio p (already computable from
the same K=16 samples) might serve as effec-
tive acceptance scores under our LTT framework,
with no new compute. We evaluate four answer-
distribution-only signals (entropy of the answer
histogram, top-vs-runner-up margin, number of
unique answers, and a p+ (-entropy) ensemble)
alongside the verifier-augmented score % p+%sv
as a reference. To keep this appendix directly
comparable with the score-combination ablation
of Appendix E.2, we follow that section’s exact
protocol: scores are evaluated by pooling all 6,154
generator x dataset question instances on the GPT-
5.4-mini-verifier-available sub-cohort (5 datasets
x 4 of the 5 generators of Section 4.1; Qwen2.5-
7B is excluded from this ablation cohort), rank-
ing them by score, and integrating the empirical
risk 1 — acc(K) against coverage K /N to obtain
AURC. We also report selective coverage at the
controlled risk level «=0.10 defined as the largest
cumulative coverage at which the cumulative error
remains below a. Confidence intervals come from
1,000 paired bootstrap resamples over the pooled
instances.

Score AURC (%) Cov. at «=0.10 (%)
p alone 10.18 [9.21, 11.12] 67.90 [63.00, 72.47]
—entropy 10.09 [9.11, 11.03] 67.57 [62.59, 70.85]
margin 9.88 [8.90, 10.82] 69.20 [64.61, 73.84]

—num_unique

1p+ 1 (—entropy) 9.98 [9.02, 10.93] 67.85 [62.61, 71.55]

|

10.66 [9.67, 11.60] 59.01 [55.65, 62.61]
[
[

%p + %sv (verifierref.) 7.76 [6.95, 8.54] 72.38 [68.64, 76.21]

Table 10: Pooled AURC and selective coverage at the
controlled risk level ®=0.10 across the 5 datasets and
the GPT-5.4-mini-verifier-available sub-cohort of 4 of
the 5 generators of Section 4.1 (IN=6,154 pooled ques-
tion instances; Qwen2.5-7B is excluded from this ab-
lation cohort). 95% paired bootstrap Cls in brackets
(1,000 resamples).
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None of the four answer-distribution-only sig-
nals improves over p alone: entropy and margin sit
within bootstrap noise of p (10.09% and 9.88%
AURC vs. p’s 10.18%), num_unique is strictly
worse (10.66%, non-overlapping CI vs. margin),
and the %p—l—%(—entropy) ensemble yields no
detectable gain (9.98%). All five answer-only
families are decisively dominated by the verifier-
augmented score % p+%sv at 7.76% AURC, a
2.12-t0-2.90-point absolute reduction with non-
overlapping 95% CIs against every answer-only
family (verifier upper CI 8.95% vs. best answer-
only lower CI 8.90% for margin). At the strict-
target coverage criterion the four broadly accept-
able answer-only signals (p, —entropy, margin,
p~+entropy) already match the verifier reference
within bootstrap noise around 68%, so the veri-
fier’s advantage shows up as a uniformly steeper
risk-coverage curve, that is, a lower AURC. The
one outlier is —num_unique, which loses roughly
10 points of strict-target coverage. Overall, verifier-
augmented RISC remains the operative variant.
No answer-distribution-only signal substitutes for
an external verifier semantically grounded in the
question—answer pair.

E.10 Confidence-Weighted Voting Baseline

Setup. Confidence-weighted voting requires per-
path confidence, which the pooled cohort of Sec-
tion 4 does not store, so we regenerate self-
consistency with token-level scores retained. We
use the three open-weight generators for which log-
probabilities are available (Qwen2.5-7B, Qwen2.5-
14B, Llama-3.1-8B) on GSMS8K and StrategyQA,
at K=16 and n=300 per cell with the decod-
ing settings of Section 4.1, giving N=1,799
valid instances. Each chain receives confidence
¢ = exp(logp), the exponentiated mean token
log-probability, and the vote of each chain is
weighted by c in the manner of CISC (Taubenfeld
et al., 2025). We then score selective risk by the
confidence-weighted margin and compare it with
the plain majority ratio on the same instances.

Ranking signal AURC (%) Acc (%)
SC-only (majority ratio p) 11.75 81.16
Confidence-weighted vote 11.68 81.38

Table 11: Confidence-weighted voting against SC-only
on the regenerated subcohort (N=1,799). Acc is the
accuracy of the returned answer; AURC is the area under
the risk-coverage curve, lower being better.

Result. Confidence weighting changes the re-
turned answer on 11 of 1,799 questions and moves
accuracy by 0.22pp. Its effect on selective risk is
0.07pp of AURC (Table 11). Because 65.2% of
these instances sit at p=1.0, the ranking contains
many ties, and the AURC of a tie-heavy ranking
depends on the order in which tied instances are
swept. We therefore repeat the comparison under
500 random tie orders: SC-only averages 11.55
[10.49, 12.79], the confidence-weighted vote aver-
ages 11.51 [10.44,12.76], and their paired differ-
ence averages 0.03pp [—1.56, +1.68]. The com-
parison is therefore insensitive to the tie conven-
tion, and the conclusion is the same under all of
them. The external verifier of Section 5.4 moves
the same measure by roughly two points on its own
subcohort, consistent with the answer-distribution
auxiliaries of Appendix E.9, which likewise fail
to improve on p. Signals derived from the gener-
ator’s own distribution behave alike here, which
is what Theorem 1 anticipates: they are all func-
tions of information the answer histogram already
summarizes.

E.11 MATHS00 Parseability Sensitivity

Appendix E.5 describes the SymPy-based answer
extraction protocol. Under it, ~ 4% of MATH500
items remain unparseable (matrix and multi-part
golds). The upper bound that assumes every un-
parseable item is high-agreement and wrong is at
most 0.67-11.40% across generators. We report
three complementary CBW @(.8 estimates per gen-
erator over the full nominal MATHS500 set: a best-
case apparent risk on the parseable subset; a mid-
dle bound treating each unparseable item as 50/50
wrong; and the worst-case bound. The middle
bound corresponds to the symmetric prior of zero
information about whether unparseable answers
happen to be high-agreement-but-wrong.

The qualitative ordering of CBW prevalence
across our five datasets is robust to the parseability-
treatment regime. Under the best-case (parseable-
only) reading, MATH500 (0.00-5.54%; the 0.00%
Mistral cell reflects its very small high-agreement
subset, np=7, and not a calibrated estimate) is
comparable to GSM8K (2.15%) and ARC-CSQA
(6.12-7.77%, per-generator range on the five-
generator cohort), and well below StrategyQA
(pooled cell-level CBW@0.8 = 23.0% across
the 5x 1=5 StrategyQA cells with n=1,299 valid
pooled questions; the mean-of-cell-means of Sec-
tion 4, 20.8%, weighs each generator equally, not
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Generator Cell-retained frac. BEST (%) MID (%) WORST (%)

Qwen2.5-7B 93.6% 4.70 7.60 10.80
Qwen2.5-14B 93.8% 5.54 8.30 11.40
Llama-3.1-8B 98.0% 3.47 4.40 5.40
Mistral-7B 99.3% 0.00 0.33 0.67
GPT-5.4-mini 98.0% 3.06 4.00 5.00
Range 0.00-5.54 0.33-8.30 0.67-11.40
Table 12: MATH500 CBW@0.8 under three

parseability-treatment regimes per generator, using the
SymPy-based answer extraction of Appendix E.5. “Cell-
retained frac.” is the fraction of the cell’s evaluated
items whose gold answer is recoverable via SymPy nor-
malization and whose chains yield a majority answer
(cohort sizes: 500 for Qwen2.5-7B/14B/Llama, 300 for
Mistral-7B, 100 for GPT-5.4-mini). The ~4% figure of
Section 4 refers to residual gold-answer unrecoverability
under the SymPy protocol (gold-structure-conditioned,
prediction-independent); cell-retained fractions addi-
tionally reflect no-majority/no-extraction cases on the
generation side and are therefore generator-dependent.
BEST = recovered apparent risk (numerator: recovered
high-agreement-wrong; denominator: recovered count).
MID = unrecoverable items count as 50/50 wrong (nu-
merator: recovered HRW + 0.5 x unrecoverable count;
denominator: cell’s evaluated total). WORST = unre-
coverable items all count as high-agreement-but-wrong.

each question; Appendix E.12). Under the middle
bound, MATHS500 (0.33-8.30%) is below Strate-
gyQA on every generator. Even under the maxi-
mally pessimistic worst-case (every remaining un-
recoverable item is high-agreement and wrong),
MATHS500 (0.67-11.40%) stays below StrategyQA
on every generator. GSM8K, ARC, and Common-
senseQA also remain substantially below Strate-
gyQA in every regime. The MATHS00 ordering is
therefore preserved across all parseability regimes.

Topic and difficulty profile of would-be-excluded
items. Beyond the token-length comparison in
Appendix E.5, we also characterize the 169
items that are not parseable under plain string-
equality matching (qwen-7B canonical filter; gold
unparseable without LaTeX normalization) by
MATHS500’s native subject tag and difficulty level.
Under the SymPy protocol of Section 4, only ~4%
(~20 items) remain genuinely excluded. The anal-
ysis below characterizes the parseability frontier;
the residual excluded set of Section 4 is smaller.
The exclusion rate varies sharply by subject: Pre-
calculus 75.0% (42/56), Geometry 51.2% (21/41),
and Intermediate Algebra 39.2% (38/97) are over-
represented among the excluded, while Number
Theory (3.2%, 2/62), Prealgebra (25.6%), and
Algebra (25.8%) are under-represented. A x?

test of independence between subject and exclu-
sion is highly significant (x? = 81.2, df = 6,
p ~ 2 x 1071?). Inspection of surface statistics on
the gold answer makes the mechanism transparent:
every MATHS00 item whose gold answer contains
a polar/Cartesian tuple (n = 19), a \matrix en-
vironment (n = 7), or a \pi literal (n = 10) is
excluded (100%); items whose gold contains \frac
(97.1%) or \sqrt (95.8%) are excluded almost as
reliably. Mean answer length is 12.5 characters for
excluded vs 2.6 for included items. The exclusion
is therefore a format filter, driven by multi-token
LaTeX expressions that defeat string-equality ex-
traction, but it correlates strongly with subject be-
cause Precalculus and Geometry disproportionately
require such expressions as final answers.

By difficulty, exclusion increases monotonically
with level: 20.9% (Level 1, 9/43), 26.7% (L2,
24/90), 33.3% (L3, 35/105), 32.0% (L4, 41/128),
44.8% (L5, 60/134). The level-exclusion associa-
tion is significant but modest (X2 =12.6,df = 4,
p = 0.013; Pearson r = 0.147 between level and
the exclusion indicator). The level effect is largely
mediated by the subject effect: Precalculus and In-
termediate Algebra items skew toward higher lev-
els, and these are the subjects whose gold answers
most often take a non-extractable LaTeX form. Af-
ter conditioning on subject, the included subset still
spans all five difficulty levels with 74 Level-5 items
retained, so our CBW estimates are not confined
to easy problems. We conclude that the parseabil-
ity filter induces a topic-shaped distributional shift
(Precalculus/Geometry under-represented; Num-
ber Theory/Algebra over-represented) but only a
mild difficulty shift, and the included 331-item sub-
set preserves coverage across both axes. The ro-
bustness of the dataset-level CBW ordering to the
BEST/MID/WORST regimes above further con-
firms that this shift does not drive our qualitative
claims.

E.12 StrategyQA High-Agreement Tail:
Per-Generator and Cross-Dataset
Significance

We examine whether the high-agreement-but-
wrong finding on StrategyQA at p>0.9 is driven
by a single outlier generator, and whether the
cross-dataset gap survives multiple-comparison
correction. Per generator, the conditional er-
ror rate at p>0.9 on StrategyQA is: Qwen2.5-
7B 65/219 = 29.68% (95% Wilson CI
[24.02, 36.04]); Qwen2.5-14B 48/220 = 21.82%
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16.87, 27.73]; Llama-3.1-8B 23/153 = 15.03%

[ E
[10.23, 21.55]; Mistral-7B 45/173 = 26.01%
[19.97, 33.10]; GPT-5.4-mini 18/77 = 23.38%
[15.33, 33.95]. All five generators place their Wil-
son lower bound at or above 10%, and four of five
exceed 15% even on the lower bound. The small-
est cell (GPT-5.4-mini, n=77) remains in the same
regime as the larger cells. The phenomenon is not
driven by any single generator.
Pooled across five generators,
ditional error rates at p>0.9 are:

the con-
GSMS8K

18/899 = 2.00% [1.27, 3.15]; MATHS500
58/860 =  6.74%  [5.25,8.62]; ARC
91/1470 = 6.19% [5.07, 7.54]; Common-
senseQA 105/1298 = 8.09% [6.74, 9.69];

StrategyQA 199/842 = 23.63% [20.86, 26.65].
After Bonferroni correction at family-wise a=0.05
across the four StrategyQA-vs-other comparisons
(per-test =0.0125), all four pairwise gaps remain
highly significant (every p < 10716, smallest
gap +15.54 percentage points with Newcombe
lower bound at +12.36). The StrategyQA
high-agreement-error finding is statistically robust
to multiple-comparison correction and is not
attributable to any single generator’s outlier
behavior.

E.13 Mondrian / Per-Task Calibration

We examine whether per-task (Mondrian) con-
ditional calibration recovers in-domain LTT va-
lidity when pooled cross-task calibration fails.
We replicate the cross-task transfer setup of Sec-
tion 6 under two regimes, both using the op-
erative RISC ensemble score % p+%sv and the
same Bonferroni—Clopper-Pearson LTT machin-
ery («=0.10, §=0.10) so that the only thing that
varies is the calibration distribution. Under pooled
calibration we set D, to the union of the four non-
target tasks (subsampled to match a 50/50 split’s
calibration size for fairness) and evaluate on a held-
out 50% of the target task. Under Mondrian per-
task calibration we calibrate on a held-out 50% of
the target task and evaluate on the remaining 50%.
We average over R=20 permutations of each split.
Because both regimes use a single LTT-controlled
score, no Bonferroni correction over candidate cal-
ibration sources applies.

Pooled cross-task calibration violates the nom-
inal risk on ~ 34% of admitted replicates in
the 5-cohort matrix (concentrated on StrategyQA,
whose high-agreement-error regime is most dis-
tinct from the calibration mixture), while Mondrian

per-task calibration never violates (0/67 admitted)
and preserves higher coverage. Mondrian calibra-
tion (Vovk et al., 2005), calibrating each task cate-
gory against its own held-out data, is the principled
deployment remedy when cross-task exchangeabil-
ity fails.

E.14 Answer-Only Verifier Ablation

We test whether the verifier’s gain depends on see-
ing the candidate rationale or only the candidate
answer via an ablation in which the GPT-5.4-mini
verifier sees the rationale field stripped (prompt:
“Question: q; Candidate answer: y; Is the can-
didate answer correct? Reply with exactly one
word: yes or no.”) on a stratified subset of 100
questions per (generator, dataset) cell on the no-
Mistral verifier-availability subcohort (Qwen?2.5-
7B, Qwen2.5-14B, Llama-3.1-8B, GPT-5.4-mini),
giving n = 1,998 questions, K, = 4 queries each,
7,992 API calls total, and yielding the per-question
score s5°. The triple-coverage subset on which
we compare to the rationale-included variant and
to the critique variant (Appendix E.15) contains
n = 1,858 questions (Table 15).

The answer-only verifier diverges substantially
from the rationale-anchored original: the rank cor-
relation collapses to p = 0.186, and AURC de-
grades from 7.4% to 11.0%. With K, = 4, the
empirical error rate at s2° = 1.0 is 7.7% over
272 questions, close enough to o = 0.10 that the
Bonferroni-corrected upper bound clears it on no
split, so no LTT-validated threshold is admitted
in 0/10 pooled split-conformal trials. Wired into
the RISC ensemble (p + s2°)/2, AURC rises from
5.60% (original ensemble) to 8.01% and no valid
LTT threshold is found in any of 10 splits, against
10/10 for the original ensemble. The rationale
therefore carries the signal: stripping it changes
the verifier’s behavior qualitatively, so the gains of
Section 5 hold conditional on the verifier seeing
the chain. We retain the rationale-included prompt
as the operative variant.

E.15

The binary yes/no prompt may be too lossy: the ver-
ifier produces no intermediate token before commit-
ting to its decision. We test a critique prompt that
asks for explicit step-by-step error identification
before the yes/no token: “Question: q; Candidate
reasoning: r; Candidate answer: g; Critique the
reasoning step by step. Identify any errors. Then
conclude with exactly one word: yes if the answer

Critique-Style Verifier Prompt Variant
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Comparison ks/ns kp/np A% (95% CI) p-value  sig. @0.0125?
StrategyQA vs. GSM8K 199/842  18/899  +21.63 [18.66, 24.71] <10™%° yes
StrategyQA vs. MATHS500 199/842  58/860  +16.89 [13.57,20.21] <10 %' yes
StrategyQA vs. ARC 199/842  91/1470  417.44 [14.38, 20.63] <1073° yes
StrategyQA vs. CommonsenseQA ~ 199/842  105/1298  +15.54 [12.36, 18.83] <1022 yes

Table 13: Cross-dataset pairwise comparison of conditional error at p>0.9 pooled over five generators. Newcombe
hybrid score 95% Cls for the difference of two proportions and pooled-variance two-proportion z-tests. Bonferroni
correction at family-wise a=0.05 across 4 comparisons gives a per-test threshold of 0.0125.

Regime Violation rate at «=0.10 Mean coverage
Pooled cross-task (D.a) = other tasks) 34.2% 57.9%
Mondrian per-task (Dea) = target 50%) 0.0% 72.8%

Table 14: LTT risk-control validity under pooled vs. Mondrian calibration, averaged over 5 targets x R=20 split
replicates per regime (violation rates among admitted thresholds; admittance is reported separately). Violation rate
is the fraction of admitted replicates whose held-out test risk exceeds the nominal &=0.10. Pooled regime admits
76,/100 thresholds with violations concentrated on StrategyQA (19/19 of admitted) and CommonsenseQA (7/19).
Mondrian admits 75/100 thresholds with 0 violations on every target it certifies, and it certifies none on StrategyQA,

where the selective-error floor sits above a.

Verifier AURC | Cov@x=0.101 Spearman
Original (s, with rationale) ~ 7.38 83.6% 1.000
Answer—only_(s:") 11.01 36.1% 0.186
Critique (s''*) 7.38 88.7% 0.580

Table 15: Sole-acceptance metrics on the triple-
coverage subset (n = 1,858). Cov@a=0.10 is the
empirical maximum coverage at which selective error
stays < 0.10. Spearman is the rank correlation of the
per-question verifier score with the original.

is correct, no if it is wrong.” We bound output
to 200 tokens to control cost. The same stratified
100-per-cell subset is used (n = 1,998 questions,
K, =4, 7,992 API calls), yielding sffit (Table 16).

Ensemble AURC | Cov@a=0.1071 LTT obs. err LTT cov
(p+ s,u)_/Q (original)  5.60 87.2% 6.12% 68.8%
(p+ st) /2 5.61 90.1% 5.69%  74.3%

Table 16: Ensemble-level comparison on the triple-
coverage subset (n = 1,858). LTT columns: pooled
50/50 split-conformal calibration at « = 0.10, R = 10
random splits, Bonferroni correction, conf = 0.90. Both
ensembles admit a valid threshold in 10/10 splits.

The critique-style prompt is closer in distribu-
tion to the original (Spearman p = 0.580, p <
107199 than the answer-only variant (p = 0.186),
and on the triple-coverage subset the two are indis-
tinguishable on AURC (5.61 vs. 5.60). The critique
variant gains a little on both coverage measures,
reaching 90.1% empirical Cov@a=0.10 against
87.2% and 74.3% LTT-admitted coverage against

68.8%), and both admit a valid threshold on every
split. Asking for a step-by-step critique before
the yes/no token therefore neither helps nor hurts
the ranking, and buys a modest amount of certi-
fied coverage. We retain the original prompt as
the operative variant because the cost per query is
lower by ~ 8x (5 vs. =~ 140 output tokens) and
the AURC difference (0.01 percentage points) is
far inside the bootstrap confidence interval of zero.
Practitioners willing to spend the additional output
tokens may prefer the critique variant for the extra
certified coverage.

E.16 Decoding-Parameter Sensitivity

We test whether the CBW@7 and selective-
error numbers depend on the decoding config-
uration. The headline configuration uses tem-
perature ' = 0.7 with top-p = 0.95 for the
open-weight generators. Here we ablate T° €
{0.3,0.7,1.0} at fixed top-p = 0.95 on two open-
weight generators (Qwen2.5-7B-Instruct, Llama-
3.1-8B-Instruct). We re-sample K = 16 chains
per question on a fixed N = 200-question strati-
fied subset (seed-42) of two contrastive datasets:
StrategyQA (the high-CBW headline) and GSM8K
(the low-CBW counterpoint). Same prompts,
same answer-extraction rules, same per-dataset
max_tokens. The T" = 0.7 rows reuse the exist-
ing K =16 samples to avoid double-counting (Ta-
ble 17).

14511



Generator Dataset T Err@0.8 Err@0.9

Qwen2.5-7B GSM8K 03  38% 2.8%

Qwen2.5-7B GSMSK 07 27% 1.7%
Qwen2.5-7B GSMSK 1.0 33% 1.2%
Llama-8B GSMSK 03  25% 2.9%
Llama-8B GSMSK 07  19% 1.5%
Llama-8B GSMSK 1.0 1.4% 0.8%
Qwen2.5-7B  StrategyQA 0.3 33.5% 31.3%
Qwen2.5-7B  StrategyQA 0.7 33.5% 30.6%
Qwen2.5-7B  StrategyQA 1.0 34.8% 29.9%
Llama-8B StrategyQA 0.3 26.5% 22.2%
Llama-8B StrategyQA 0.7  23.7% 19.1%
Llama-8B StrategyQA 1.0 20.5% 15.1%

Table 17: Decoding-parameter sensitivity on a 200-
question StrategyQA / GSMS8K subset across 1" €
{0.3,0.7,1.0}. Err@0.8 is the conditional error among
questions with p > 0.8; Err@0.9 is the analogous quan-
tity at p > 0.9. Note that for binary-answer StrategyQA
the two metrics largely coincide because most p > 0.8
instances also satisfy p > 0.9.

The pattern is robust to temperature. The head-
line pattern is robust to temperature. Across all six
(generator, T') cells, StrategyQA’s high-agreement
error (Err@0.8) stays in the 20.5-34.8% range
while GSM8K’’s stays in the 1.4-3.8% range. The
gap between the two datasets exceeds a factor
of five at every temperature. The two extremes
within a (generator, dataset) cell differ by at most
6.0pp on StrategyQA-Llama-8B (the largest swing)
and by at most 1.1pp on GSMS8K. Conditional
error at p>0.8 on StrategyQA remains substan-
tial across the full temperature range (33.5-34.8%
on Qwen2.5-7B; 20.5-26.5% on Llama-8B), con-
sistent with the reading that the consistent-but-
wrong mode is not a sampling-temperature arti-
fact. None of these swings rewrite the conclu-
sions of Section 4: StrategyQA remains structurally
CBW-prone across temperatures, GSM8K’s high-
confidence error rate stays low across temperatures,
and the qualitative ordering is unchanged. We re-
tain 7' = 0.7 as the headline configuration while
reporting this sweep as evidence that the RISC
framing is not specific to a single sampling temper-
ature.

E.17 Cross-Vendor Verifier Ablation

Methodology. To test whether the verifier sig-
nal s, depends on the particular vendor (Ope-
nAI GPT-5.4-mini), we run two Anthropic Claude
models (Anthropic, 2025, 2026) (Claude Haiku
4.5, the smaller, faster Claude in the 4 fam-
ily, and Claude Sonnet 4.6, the more capable
Claude in the same family) as verifiers on the full

5-generator cohort (Qwen2.5-7B, Llama-3.1-8B,
Mistral-7B-Instruct, Qwen2.5-14B, GPT-5.4-mini;
N=8,222), the same cohort used in Section 5 (Ta-
ble 18). Each verifier was queried with K,=4 at
temperature=0.5 using the identical prompt of
Appendix C. The Anthropic API default (1.0) was
overridden explicitly. We compute pooled risk-
coverage with bootstrapped AURC and coverage at
a=0.10 (1,000 resamples) and LTT validity over
R=10 random cal/test splits at $=0.10.

The framework is vendor-agnostic. The frame-
work is vendor-agnostic: swapping OpenAl’s
GPT-5.4-mini for Anthropic’s Sonnet-4.6 changes
pooled AURC by only —0.23pp (7.16 — 6.93),
and Haiku-4.5 by 4+0.41pp (7.16 — 7.57). All
three single-vendor combinations preserve LTT va-
lidity at a=0.10 (empirical violation rate at most
2.1% over R=10 random splits, within the 6=0.10
budget), and the (p+s,)/2 score dominates the SC-
only baseline (9.41% AURC) regardless of which
vendor supplies s,,. Within Anthropic, Sonnet 4.6
marginally outperforms Haiku 4.5 on AURC (6.93
vs 7.57), but both fall within bootstrap CI of each
other and of the GPT-5.4-mini reference, so we read
this as cross-vendor parity. The Spearman correla-
tions between verifiers (pg,g=0.643, ps.g=0.570,
pu.s=0.595) are moderate: verifiers disagree of-
ten enough that simple averaging extracts new sig-
nal. The 3-vendor mean 575G combined with
p achieves 6.22% AURC, a 0.71pp absolute im-
provement over the best single-vendor variant and
a 3.19pp improvement over the SC-only baseline,
while still satisfying LTT validity at a=0.10. This
is consistent with the broader literature on judge-
ensembling and indicates a practical route to further
risk-controlled gains in deployments where calling
multiple verifiers is acceptable.

E.18 OpenAl GPT-40 as a
Temperature-Controllable Verifier

Methodology. GPT-5.4-mini is fixed by the Ope-
nAl API at T=1.0, while every other verifier in
our cohort (Phi-3.5-mini-instruct, GPT-40-mini,
Claude Haiku 4.5, Claude Sonnet 4.6) runs at
T=0.5. To make a temperature-only explana-
tion for the cross-vendor comparison unlikely, we
evaluate OpenAl GPT-40 (OpenAl, 2024b) as a
temperature-controllable verifier at T'=0.5, with
the same prompt and same r* rule. The matched-
cohort numbers in Table 19 are computed on the
full 5-generator cohort (N=8,222, same as Ap-
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Variant AURC (%) Cov@a=0.10 (%) LTT valid? Spearman vs s,
(p + si)/2, Haiku-4.5 7.57 [6.91, 8.26] 75.1[70.5,80.0]  yes (2.1%) 0.643
(p+ s3)/2, Sonnet-4.6 6.93 [6.30, 7.55] 80.5 [78.0, 83.4] yes 0.570
(p+ 59)/2, GPT-5.4-mini (paper)  7.16 [6.51,7.78] 75.5 [71.7,78.3] yes 1.000

(p + 556) /2, 3-vendor mean 6.22 [5.65,6.79] 81.2[79.1,83.0] yes 0.876

p only (SC baseline) 9.41 [8.63,10.19]  71.6 [67.2,75.7] yes —

Table 18: Cross-vendor verifier ablation on the full 5-generator cohort (N=8,222). Bootstrapped 95% ClIs in
brackets. “LTT valid?” indicates LTT validity at «=0.10, 6=0.10 over R=10 random cal/test splits; the empirical
violation rate is 0% except where noted (parenthetical). The Spearman column reports rank correlation between
each verifier’s scalar score and the GPT-5.4-mini score on the same cohort.

pendix E.17) with all four verifier outputs (GPT-4o-
mini, GPT-40, GPT-5.4-mini, Claude Sonnet 4.6)
available on every row.

Temperature is not the explanation. GPT-40
at T=0.5 attains 8.21% AURC, within 1.05pp of
GPT-5.4-mini’s 7.16% at T=1.0 with overlapping
bootstrap Cls. The forced-T'=1.0 result is therefore
not separated from the controllable-7=0.5 result
by a temperature gap; the remaining differences
reflect model identity. Cross-vendor agreement at
matched T": GPT-40 (OpenAl) and Claude Sonnet
4.6 (Anthropic), both at 7'=0.5, achieve AURCs
of 8.21 and 6.93 respectively with matched LTT
validity, supporting cross-vendor interchangeabil-
ity when temperature is matched (model identity
still drives the remaining gap). Their 50/50 mean
reaches 6.75%, a modest 0.18pp improvement over
Sonnet 4.6 alone and within bootstrap CI of the
3-vendor ensemble of Appendix E.17, consistent
with the saturating multi-vendor behavior reported
there.

E.19 Verifier Temperature Sensitivity
(GPT-40-mini)

Methodology. In our cross-vendor ablation (Ap-
pendix E.17), GPT-5.4-mini is run at the provider-
forced T'=1.0 while Phi-3.5-mini-instruct, GPT-40-
mini, Claude Haiku 4.5, and Claude Sonnet 4.6 all
use 7'=0.5. To make an explanation based solely
on temperature unlikely, we sweep the verifier
sampling temperature 7' € {0.0,0.3,0.5,0.7,1.0}
using GPT-40-mini, the lowest-cost temperature-
controllable OpenAl verifier in our setup, while
holding everything else fixed: the verify prompt is
identical at the byte level to Appendix C, K,=4,
the rationale field r* is the same majority-answer
representative used throughout the experiments,
and the cohort is a stratified subset of 100 questions
per cell on Qwen2.5-14B/Llama-3.1-8B/GPT-
5.4-mini generators X {ARC-C, CSQA, GSM8K,

MATHS500, StrategyQA} (N = 1,498). Only
temperature varies across the 5 runs; bootstrap
CIs use 1000 paired resamples (Table 20).

Synthesis: temperature is not a confound.
The ensemble AURC varies by only A =
0.26 percentage points across all five tempera-
tures (range [7.82, 8.08]%), and every pairwise
95% bootstrap CI overlaps the T'=0.5 point es-
timate of 7.98%. Per-question yes-rates are
highly stable in rank: Spearman pg > 0.948
between the 7=0.5 baseline and every other
temperature, with the consecutive-temperature
correlations pg(7=0.7, T=1.0) = 0.949 and
ps(T'=0.3, T=0.5) = 0.968 both exceeding the
cross-vendor pg figures reported in Appendix E.18.
The most pertinent contrast for the temperature-
confound concern is 7'=0.5 versus T'=1.0: the for-
mer gives 7.98% AURC, the latter 7.83%, and the
paired bootstrap on 7'=1.0 minus 7=0.5 AURC
has 95% CI [—0.59, +0.24] percentage points con-
taining zero, so the bootstrap does not detect a dif-
ference on this cohort. This is direct evidence that
GPT-5.4-mini’s headline AURC in Appendix E.17
is not aT'=1.0 artefact: within a single OpenAl ver-
ifier model, going from 7'=0.5 to T'=1.0 moves
AURC by less than the cross-temperature noise
band. The remaining gap between GPT-40-mini
and GPT-5.4-mini in our verifier comparison must
therefore be attributed to verifier capability.

E.20

The companion to the answer-only ablation (Ap-
pendix E.14) asks the converse: if the verifier is
shown a misleading rationale that does not justify
the candidate answer, does it still accept the can-
didate? We perform a paired swap experiment
on StrategyQA and GSMSK, the two cells with
cleanly extractable majority answers. We draw on
the no-Mistral verifier-availability subcohort, re-
stricted to StrategyQA and GSMS8K over Qwen2.5-

Misleading-Rationale Verifier Ablation
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Verifier T AURC (%) Cov@a=0.10 (%) LTT valid? ps vs. GPT-5.4-mini
GPT-40-mini 0.5 9.05[8.35,9.79] 63.6 yes 0.505
GPT-40 0.5 8.21[7.51,8.89] 70.9 yes 0.588
GPT-5.4-mini 1.0 7.16[6.51,7.78] 75.5 yes —

Claude Sonnet 4.6 0.5  6.93[6.30, 7.55] 80.5 yes 0.570

(40 + SONNET)/2 0.5 6.75[6.15,7.34] 80.5 yes —

Table 19: RISC ensemble (p + s,)/2 on the matched pooled cohort. Brackets are 95% bootstrap ClIs.

T AURC (%) | Cov@a=0.1071  Spearman vs. T'=0.5

0.0 8.07[6.49,9.71] 67.2% [60.9,74.8] 0.961
0.3 8.08[6.51,9.68] 66.9% [60.5,72.8] 0.968
0.5 7.981[6.40,9.66] 67.5% [59.8, 74.1] 1.000
0.7 7.82[6.32,9.48] 66.9% [60.8,79.5] 0.965
1.0 7.83[6.27,9.50] 67.4% [60.1,74.4] 0.948

Table 20: GPT-40-mini verifier temperature sweep on
the matched cohort (N = 1,498). Score is the RISC
ensemble (p + s7')/2. AURC and Cov@a=0.10 are
pooled across the 15 (gen, ds) cells; brackets are 95%
bootstrap CIs from 1000 resamples. Spearman is the
per-question yes-rate rank correlation against the 7=0.5
baseline (so the baseline row is 1.000 by definition).

7B, Qwen2.5-14B, Llama-3.1-8B, and GPT-5.4-
mini. From each cell we keep the first 100 ques-
tions with high agreement (p > 0.8) and a success-
fully extracted majority answer, giving n = 781
paired questions. The two GPT-5.4-mini cells con-
tribute only 82 and 99 qualifying questions. For
each question () with majority answer A and ratio-
nale R, we sample a partner question Q' from the
same dataset whose own majority answer differs
from A, and build the misleading prompt by substi-
tuting R’ for R while keeping ) and A unchanged.
We then query GPT-4o0-mini at temperature 0.5
with K, = 4 for a per-question score s™ (3,124
API calls; $0.12). The matched score s, from the
GPT-40-mini verifier on the unaltered (rationale,
answer) pair is taken from the apiverifier labels
released with the cohort (Table 21).

The verifier is overwhelmingly grounded in the
rationale. Replacing the candidate’s rationale with
one taken from a different question reduces the yes-
rate from 74.3% to 1.1%, with the per-question
score dropping by 0.73 on average and flipping in
77.0% of pairs (it rises in only 0.1%). The Spear-
man rank correlation between the two scores is
0.053, so swapping the rationale leaves a score that
is essentially independent of the original one. What
survives is not an inverted signal but no signal:
the misleading score correlates with correctness at
ps = +0.045 against +0.061 for the original score
on this high-agreement subset, and the ensemble

(p + s™%) /2 lands within noise of p alone (AURC
8.77% vs. 9.04%). Appendix E.14 points the same
way, since stripping the rationale degraded AURC
from 7.4% to 11.0%. The verifier is reading the
rationale. The gains reported in Section 5 therefore
come from rationale-conditioned verification.

E.21 LTT Split-Sensitivity (R=10 vs R=50)

The R=10 random calibration/test splits of Sec-
tion 5.5 carry their own noise, and this appendix
measures it. We replicate the calibration-validity
analysis at R=>50 (seeds 0—49) on the identical op-
erative score s = %,0 + %sy. Everything else is
held fixed: the Bonferroni—Clopper-Pearson con-
struction with per-threshold confidence 1—4 /|7 | at
0=0.10and 7 = {s(q) : ¢ € Dcar}, and the 50/50
cal/test split. The pool is the no-Mistral verifier-
availability subcohort, N=6,724 valid instances
over 20 cells. We exclude the Mistral-7B cells here
because the finding, that R=10 already lies inside
the R=50 95% ClI, does not depend on the larger
pool. The only manipulated quantity is the num-
ber of seed replicates, so any difference between
R=10 and R=50 is attributable to Monte-Carlo
split noise.

The two sample sizes give the same conclusion.
At «=0.10 the violation rate is 0.00% under both
regimes, since no admitted split exceeded the nom-
inal risk on its test fold. At a=0.20 it drops from
0.67% at R=10 to 0.41% at R=50, a difference of
0.26pp that sits well inside the R=50 95% CI of
[0.00%, 0.86%)], with a split-level standard error of
0.23%. Mean test coverage and mean test selective
error also agree to within < 0.34pp across the two
regimes. Equivalently, the R=10 split-level mean
lies inside the R=50 95% CI for both target risks.
We report the R=10 figures in Section 5.5 and the
R=50 replication here for completeness on split-
noise. The replication operates on the per-question
scores already computed in Section 5 and adds no
API calls or GPU inference (wall-time 24s).
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Setting yes-rate 5, p-+s, ensemble AURC Cov@a=0.10 LTT@«x=0.10

Original (s, true rationale) 74.3% 9.17[6.74,11.87]  65.2% [38.9, 76.3] 0/10

Misleading (sg‘fs, swap) 1.1% 9.34[6.90, 12.15] 70.0% [3.8, 96.0] 0/10

A =5, —sy"® ) mean 0.731, median 1.000, A > 0in 77.0%, A = 0in 22.9%, A < 0in0.1%
Spearman(s,,, sy ) 0.053 (rank order is destroyed; swapping the rationale produces an essentially independent score)

Table 21: Misleading-rationale paired comparison on the high-agreement StrategyQA + GSMS8K subset (n = 781).
AURC and Cov@a=0.10 are computed on the pooled subset using the same trapezoidal-AURC pipeline as
Appendix E.2 (1,000 bootstrap replicates, 95% percentile CI). LTT@«=0.10 counts pooled 50/50 split-conformal
trials in which the calibrated threshold yields test error < 0.10 (10 random splits, seed 0). The ensemble (p + s,,)/2

row uses each verifier in turn.

a metric R=10 R=50 R=50 split-level 95% CI
test selective error  3.58%  3.54% —
0.10  testcoverage  80.12% 79.93% —
violation rate 0.00% 0.00% [0.00%, 0.00%)]
test selective error 8.16% 8.15% —
0.20  testcoverage  87.55% 87.49% —
violationrate  0.67% 0.54% [0.14%, 1.08%]

Table 22: LTT calibration validity under R=10 vs
R=50 random 50/50 cal/test splits, pooled over the
20-cell cohort and target risk levels « € {0.10, 0.20}.
The 95% CI is computed on the seed-level violation
rate from the R=>50 run, where each seed contributes
one across-cells violation rate (normal-approximation,

SE = o/+/R, lower bound clipped at 0). All R=10
point estimates fall within the R=50 95% CI; mean
coverage and selective error agree to within 0.34pp.

E.22 Denominator Sensitivity: Minimum
Valid Extractions

The majority ratio p(q) uses valid extractions in the
denominator, so a question with K,jg</=16 has
a coarser-grained p that could in principle inflate
or depress CBW@0.8. We test this by recomput-
ing per-cell CBW @().8 restricted to questions with
Kyvatid = Kkmin for knin € {1, 12,14, 16}, and tak-
ing the cell-mean across the five generators per
dataset (Table 23).

Dataset k>1 k>12 k>14 k>16

GSMS8K 2.13% 2.13% 2.15% 2.10%
StrategyQA  20.81%  20.66% 20.44% 20.27%
MATHS500 3.36% 1.49% 1.32% 0.78%
ARC 6.15% 6.14% 6.17% 6.15%
CSQA 9.63% 9.63% 9.63% 9.60%
Cohort N 8,222 7,692 7,466 6,854

Table 23: Mean CBW @(.8 across five generators per
dataset under minimum-valid-extraction filters Ky,;q >
Emin. The 83.4% of pooled questions have Ky,iq=16;
the remainder are concentrated in MATHS500 cells (ex-
traction failures on the LaTeX sub-distribution before
SymPy normalization succeeds).

Four of five datasets are essentially flat across
the kmin sweep (within ~0.5pp), so the head-
line CBW @0.8 values for GSMS8K, StrategyQA,
ARC, and CSQA are not artefacts of inflated
p on small- K, questions. MATHS500 drops
substantially at strict kpin=16 (from 3.36% to
0.78%), which is consistent with the parseability-
conditioned framing for MATHS500 in Section 4:
items where several samples emit unrecoverable
LaTeX expressions tend to also be the hardest
items, so restricting to Ky ,jig=16 removes much of
MATHS500’s high-agreement-wrong tail. Crucially,
the dataset ranking (StrategyQA > CSQA > ARC
2 MATH500/GSMB8K) is preserved at every kmin
tested. The qualitative finding that StrategyQA is
the high-CBW outlier is therefore not driven by
extraction-failure-induced denominator effects.

E.23 Question-Level Cluster Bootstrap

Because the same questions are evaluated by all five
generators, the N=8,222 (question, generator) in-
stances are not independent under within-question
generator effects. We complement the paired boot-
strap underlying Figure 4 with a question-level
cluster bootstrap: the resample unit is the (dataset,
question id) cluster, giving 2,098 unique questions
across the five datasets, and all five generators’ re-
alizations of the same question move together in
each resample. We use 2,000 resamples and report
the same three reference coverages (Table 24).

All three gains survive clustering (A < 0 at
95% under both schemes). Widening is mildest
at high coverage, where the interval barely moves,
and largest at moderate coverage, where the cluster
interval reaches [—1.58, —0.13] against the paired
[—1.46, —0.30]. Dependence between the five gen-
erators that answer the same question therefore
costs precision without changing any sign.
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Coverage Instance-level CI Cluster CI

0.50 [-3.75,—2.29]  [-3.92,—2.09]
0.71 [-1.46,—0.30] [—1.58,—0.13]
0.91 [-0.91,—-0.32] [-0.94,—0.31]

Table 24: 95% bootstrap CIs for A = RISC error — SC-
only error at three reference coverages, under instance-
level resampling (/N =8,222) versus question-level clus-
ter resampling (Ncpuseer=2,098). 2,000 resamples each.
The conservative-coverage gain (0.50) is robust under
both schemes. The high-coverage gain (0.91) excludes
zero under both paired and cluster bootstrap, as does the
moderate-coverage gain (0.71).

E.24 Where Does RISC Abstain?

A natural diagnostic question for a selective-
prediction system is whether abstentions land on
hard or wrong instances (where deferral is opera-
tionally useful) or on easy correct instances (where
deferral wastes coverage). This appendix reports a
pooled-threshold descriptive diagnostic: a single
LTT-calibrated 7* is computed on the pooled cohort
and applied to every (question, generator) instance,
yielding a single accept/abstain split. This is a dif-
ferent protocol from the in-domain LTT validity
numbers of Section 5.5, which average coverage
and error over the admitted subset of 25 x R=10
cell-splits, at 23% admission under Bonferroni at
a=0.10. The headline numbers here, 69.3% ac-
ceptance and 8.36% selective error on the pooled
cohort, are therefore not directly comparable to the
78.2% coverage and 3.55% error reported there
for the operative variant. We provide a descriptive
pooled-threshold diagnostic on the same pooled
N=8,222 cohort used in Section 5 (5 datasets X
5 generators = 25 cells, the GPT-5.4-mini ver-
ifier available on every cell) with the operative
RISC score s = % p+ %SSPT'E’A‘mim. We compute
the LTT-calibrated operative threshold 7* on the
pooled cohort following the protocol of Section 5.5
(Clopper-Pearson upper bound on a 50/50 cal/test
split at confidence 6=0.10, R=10 random splits,
take the median across LTT-valid splits), obtain-
ing 7"=0.7500 at a=0.10 (valid in 10/10 splits).
We then label each pooled question as abstained
(s < 7%) or accepted (s > 7*) and break the ab-
stained pool down per task and per p-bucket. We
use the pooled 7* as the per-cell operating thresh-
old. Per-cell calibration sets, at n~100-500, fall
below the size at which the Bonferroni-corrected
Clopper-Pearson bound admits a non-trivial thresh-
old at our o on most cells, matching the 7n.,~150

infeasibility regime of Section 5.5. The pooled 7*
is also the deployment-relevant quantity, since a
practitioner calibrates once on a labeled mixture
and then deploys.

The abstention pool is enriched for lower-
confidence and higher-error instances. In-
bucket abstention rates rise monotonically as self-
consistency p falls, from 9.7% at p=1 to 100%
at p<0.25. The latter bucket necessarily abstains
because s<(0.25+1)/2=0.625<7*. RISC there-
fore defers most often when the generator ex-
hibits stronger disagreement. On higher-error
tasks, abstentions are more error-targeted: 66.5%
of MATHS500 abstentions correspond to incorrect
underlying answers, and CSQA and StrategyQA
also exceed their task-level base error rates. On
high-baseline-accuracy tasks such as ARC and
GSMSK, most abstentions necessarily fall on cor-
rect underlying answers, since at ~ 89-97% base
accuracy any uniform threshold concentrates the
bulk of its abstentions on correct items. A prac-
titioner deploying RISC at «=0.10 on this mix-
ture abstains on 30.7% of inputs. Of those, 49.8%
(1,258/2,528) would have been wrong in expec-
tation, a 2.36x enrichment over the cohort base
error rate of 21.1%. The accepted 69.3% reaches
91.6% accuracy, which is 8.36% selective error.
These pooled figures describe the mixture; the per-
cell, split-averaged LTT certificate appears in Sec-
tion 5.5. The pattern matches the intent of the cali-
bration: abstentions concentrate on disagreement
(low p) and on tasks with high intrinsic difficulty
(MATHS500, StrategyQA, CSQA), while easy and
self-consistent items pass through with little cost.

E.25 Statistical Test of Task vs. Generator
Effects on CBW

Methodology. Section 4 reports that, within our
cohort, the standard deviation of mean CBW@0.8
across the five datasets is approximately seven
times the standard deviation across the five genera-
tors (numerically, 0.0671 vs. 0.0092, ratio 7.32x).
To put this dominance on a formal footing we run
a balanced two-way analysis of variance on the
per-cell CBW@0.8. The two crossed fixed fac-
tors are task, at 5 levels (ARC, CommonsenseQA,
GSMS8K, MATHS500, StrategyQA), and generator,
at 5 levels (Qwen2.5-7B, Llama-3.1-8B, Qwen2.5-
14B, Mistral-7B-Instruct, GPT-5.4-mini). Together
they give the full 5 x 5 = 25 cells of our co-
hort. Each cell contributes a single CBW@0.8
value (count of questions with p > 0.8 and ma-
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Task N  Base err. (%)

Abstain (%)

Useful (%)

Wasteful (%)

Sel. acc. (%)

ARC 1,900 11.1 17.5 35.1 64.9 94.0
CSQA 1,900 20.1 31.6 39.5 60.5 88.9
GSMBK 1,300 10.5 17.1 46.8 53.2 96.9
MATH500 1,823 32.7 43.0 69.3 30.7 94.8
StrategyQA 1,299 31.4 45.3 43.6 56.4 78.7
Pooled 8,222 21.1 30.7 49.8 50.2 91.6

Table 25: Per-task abstention behavior at the LTT-calibrated operative threshold 7*=0.7500 (a=0.10, §=0.10).
This diagnostic uses a single pooled operating threshold and is not directly comparable to the per-cell, split-averaged
LTT validity figures of Section 5.5. Useful is the fraction of abstentions whose underlying answer was wrong;
Wasteful is the fraction whose answer was correct (these sum to 100%). Selective accuracy is the accuracy of
the accepted fraction; selective error = 1—selective accuracy. Aggregated across all 2,705 abstentions, in-bucket
abstention rates rise monotonically with disagreement (p=1 instances are abstained at the lowest rate and p<0.25
instances are nearly always abstained), with the p=1 subset contributing the smallest share and the p<0.5 subset

contributing the largest.

jority incorrect, divided by the parseable cell size,
with parse-failed MATHS500 questions excluded
as in Section 4.1). We fit CBW ~ C/(task) +
C'(generator) with statsmodels ols and read out
Type-II sums of squares via anova_1m. Effect size
is reported as 72 = SStactor/SStotal. The interac-
tion term is not estimable in the saturated 5 x 5 de-
sign with one observation per cell and is absorbed
into the residual (Table 26).

2

Factor df F p n

Task 4 50.69 6.89x107° 0.911
Generator 4 0.95 0.462 0.017
Residual 16 — — 0.072

Table 26: Two-way ANOVA on per-cell CBW@0.8
(IN=25 cells, 5 tasks x 5 generators). Type-II sums of
squares; 72 is the proportion of total CBW @0.8 vari-
ance explained by each factor.

Result. The task factor accounts for
nfask:91.1% of total CBW@O0.8 variance,
the generator factor for only ngen:1.7%, and
the residual 7.2%. The ratio nZ,g /N, ~54
corroborates the SD-ratio diagnostic (= 7x, which
compares standard deviations; squaring gives
~ H4x, consistent within rounding) reported in
Section 4. Because the design has one observation
per (task, generator) cell, the task—generator
interaction is absorbed into the residual. We
therefore read this two-way decomposition
as a descriptive variance partition, and note
that F-statistic p-values piaqc=6.89x10"? and
Pgen=0.462 are reported as descriptive accom-
paniments under that caveat. Within this 5 x 5
cohort essentially all between-cell CBW@0.8
variation is task-driven. The same diagnostic

restricted to the four-generator subcohort that
excludes Mistral-7B  gives 72, =0.910 and
néen:0.023, so task-dominance is not specific to
the particular five-generator pooling. We retain the
cohort-scoped phrasing of the Limitations section:
the test is conditional on our 5 x 5 design and does
not extrapolate beyond it.

Question-clustered bootstrap. Finite per-cell
question counts inject sampling variability into a
partition built on one observation per cell. To quan-
tify how much of it survives, we run a clustered
bootstrap over B=1,000 replicates. Each replicate
resamples questions within each (task, generator)
cell with replacement, recomputes CBW @0.8 per
cell, refits the two-way ANOVA, and records the
resulting 72 shares. The bootstrap distribution of
n?. has mean 0.869 with 95% CI [0.796, 0.929],
and the distribution of ngen has mean 0.025 with
95% CI[0.007, 0.052]. The task SD / generator SD
ratio on per-bootstrap cell means has mean 6.46 x
with 95% CI [3.95, 11.15]. The dominance is uni-
form across the bootstrap: Pr[n2, . > ngen]zl.OOO
and Pr[n,g > 572.,]=1.000 over the 1,000
replicates, so task-dominance is not an artifact
of the single-observation-per-cell point estimate
but is preserved under question-level resampling
within cells. The no-Mistral four-generator subco-
hort gives consistent bootstrap values (nfask:0.867
[0.782, 0.941], ngen:0.031 [0.008, 0.066]).

E.26 Per-Generator Detail:
Mistral-7B-Instruct

Setup. This appendix isolates the Mistral-family
member of our cohort, Mistral-7B-Instruct-v0.3,
and reports its per-dataset numbers alongside the
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mean of the other four generators (Qwen2.5-7B /
14B, Llama-3.1-8B, GPT-5.4-mini). Mistral runs
the same main-experiment pipeline at fixed K =16,
T=0.7, and top-p=0.95. It draws K=16 chains
per question on all five benchmarks (StrategyQA,
GSMB8K, MATH500, ARC-Challenge, CSQA),
over the same seed-42 question subsets, with the
same per-dataset max_tokens budgets, the same
answer-extraction rules, and the same GPT-5.4-
mini API verifier at K,,=4. Its five cells complete
the 5x5=25-cell cohort matrix (Table 27).

Where Mistral conforms and where it strains.
Mistral conforms to the task-structured CBW pat-
tern of Section 4. StrategyQA is its high-CBW out-
lier (CBW@0.8=21.7% vs. a 20.60% mean over
the other four generators on the same dataset) and
GSMSK remains low-CBW (CBW@0.8=1.0% vs.
2.42%). The qualitative ordering “open-ended fac-
tual reasoning produces consistent-but-wrong er-
rors at higher rates than mechanically verifiable
arithmetic” is therefore not restricted to the Qwen
/ Llama / GPT-5 portion of the cohort. Mistral
runs at lower overall SC accuracy than the rest of
the cohort (mean SC@ K =64.1% vs. 78.9% on the
parseable cohort), with MATHS500 most affected
(SC@ K =23.2% on the parseable subset, only 7
high-agreement questions). We retain this cell in
the cohort matrix because the high-disagreement,
low-accuracy regime contributes to cross-family
generality of the task-structured finding. RISC
AURC on Mistral tracks its weaker base accu-
racy (e.g., 49.0% on MATH500). On the four
standard-accuracy Mistral cells RISC stays within
1.0—2.5x the corresponding cohort-mean AURC,
again matching the task ranking. The Mistral cells
also shift absolute pooled error rates where its base
accuracy is much lower. MATHS500 is the clearest
case: the low parseable SC@ K raises the pooled
SC-only error to 21.2%, while RISC’s A=—1.2pp
on this cell matches the small-improvement pattern
seen on the rest of the cohort.

E.27 Newer Qwen-Family Generator:
Qwen3-8B

Setup. We additionally evaluate Qwen3-
8B (Yang et al., 2025) (Qwen3 family, April 2025)
on a 100-question-per-dataset subset, holding
everything else fixed: same seed-42 question sam-
pling, same five datasets (StrategyQA, GSM8K,
MATHS500, ARC-Challenge, CSQA), same
K=16, T=0.7, top-p=0.95, same per-dataset

max_tokens, same answer-extraction rules, and
the same GPT-5.4-mini API verifier with K,=4.
Qwen3 “thinking mode” is disabled to match the
non-reasoning protocol of the Qwen2.5 cohort.
This appendix reports the resulting per-dataset
numbers alongside the mean of the five Section 4
generators (Qwen2.5-7B/14B, Llama-3.1-8B,
Mistral-7B-Instruct, GPT-5.4-mini) on the same
dataset (Table 28).

Qwen3-8B reproduces the task pattern.
Qwen3-8B reproduces the task-structured CBW
pattern of the five-generator cohort: Strate-
gyQA remains the high-CBW outlier (24.0%
vs. cohort 20.8%), GSM8K/ARC/CSQA stay
in single digits and within 1pp of the cohort
means (2.0%/7.0%/8.0% vs. 2.1%/6.1%/9.6%),
and the dataset rank order is preserved. The
task-structured finding therefore generalizes from
the 2024 Qwen2.5 family to the 2025 Qwen3
release; the five-generator cohort of Section 4 is
retained as the controlled comparison.

E.28 Reasoning-Trained and Frontier
Generators

Protocol. The three generators of Section 4.5
use the sampling protocol of Section 4.1 with-
out modification: K=16 chains per question,
temperature 0.6, top-p 0.95, the prompts of Ap-
pendix C, and the same extraction and major-
ity rules. DeepSeek-R1-Distill-Qwen-7B runs
locally in bf16 with a 6,144-token generation
limit. DeepSeek-V4-Pro runs through its provider
API endpoint deepseek-v4-pro in thinking mode,
sampled on 2026-07-09, with an 8,192-token limit,
raised to 16,384 on GSMS8K where long solutions
were truncating. Claude Sonnet 4.6 runs through
its provider API with extended thinking at a 2,048-
token thinking budget. Question sets are drawn
from the same public test splits used in Section 4
under a fixed seed.

Extraction validity. Truncation and extraction
failures are negligible on every cell, so no cell
rests on a thin denominator: truncated samples are
0.21% and 0.15% of the 4,800 GSMS8K and Strat-
egyQA samples for R1-Distill-Qwen-7B, 0.08%
and 0.02% for DeepSeek-V4-Pro, and 0.00% for
Claude Sonnet 4.6. Unextractable answers are at
most 0.31% on any cell. Recomputing CBW with
truncated samples dropped from the majority pool
leaves every reported value unchanged (Table 29).
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Dataset Ny SC@K CBW@0.8(nn,) ERR@(0.9 RISCAURC Cohort CBW@0.8
GSMBK 300 74.0% 1.0% (107) 0.0% 531% 2.42%
StrategyQA 300  66.7% 21.7% (223) 26.0% 19.76% 20.60%
MATH500 298  232% 0.0% (7)t 0.0% 49.01% 3.36%
ARC-C 300 82.0% 8.3% (229) 6.7% 5.21% 5.60%
CSQA 300 75.0% 11.3% (209) 10.3% 10.36% 9.20%

Table 27: Mistral-7B-Instruct-v0.3 per-dataset numbers, with the mean CBW @0.8 over the other four generators on
the same dataset for comparison. Ny, is the number of questions with parseable gold and at least one extractable
sample; ny, is the count of questions with p > 0.8. RISC AURC is the area under the risk-coverage curve when
ranking by the average of p and the GPT-5.4-mini verifier pyes (lower is better). fOnly 7 of the 298 parseable
Mistral x MATHS500 questions reach p > 0.8 due to high disagreement (SC@ K'=23.2% on the parseable subset;
~0.7% of the 300 sampled MATH500 items remain unparseable under SymPy extraction); the 0% rate reflects this
very small high-agreement subset.

Dataset Nya SC@K CBW@0.8(ny,) ERR@0.9 RISCAURC Cohort CBW@O0.8
GSMBK 100 92.0% 2.0% (91) 1.1% 0.74% 2.1%
StrategyQA 100  66.0% 24.0% (79) 29.6% 22.60% 20.8%
MATHS500 84 86.9% 8.3% (71) 10.4% 4.46% 3.4%
ARC-C 100  93.0% 7.0% (98) 5.3% 2.93% 6.1%
CSQA 100 89.0% 8.0% (87) 9.1% 7.59% 9.6%

Table 28: Qwen3-8B (Qwen3 family, April 2025) per-dataset validation results on 100 questions per task, with the
five-generator cohort mean CBW @0.8 from Section 4 on the same dataset for comparison. Ny, is the number of
questions with parseable gold and at least one extractable sample; 1, is the count with p>0.8. RISC AURC is the

area under the risk-coverage curve when ranking by 3 (p -+ sSPT34mini) (Jower is better).

Generator ~ Task  Acc nj, CBW  Ermr the conditional error at p > 0.9 stays an order of
RlDisill.7p GSMBK 87.0 225 4.0  3.11 magnitude apart between the two tasks even for
: SQA  62.3 96 20.0 27.08 . .

the two frontier models. What changes is the level:

GSMSK 96.7 289 1.67 1.38
V4-Pro SQA  83.3 247 11.33 8.50 StrategyQA CBW @0.8 falls from a cohort mean
GSMSK 98.0 147 1.33 1.36 of 208% to 1133% and 1150% at the frontier,

Sonnet 46 ghA 85.0 177 11.50 11.86

and the frontier GSMS8K cells are already near their
floor. Claude Sonnet 4.6 also serves as a verifier in
Appendix E.17. The two roles use disjoint inputs,
since the verifier scores chains produced by the
cohort generators.

Table 29: Per-cell detail behind Table 1. Acc is majority-
vote accuracy at K=16, n; the number of high-
agreement instances (p > 0.9), CBW is CBW@0(.§,
and Err is Err@p>0.9; all in percent except nj,. SQA
denotes StrategyQA.

E.29 Generalizing the Cohort: BIG-Bench
Hard

Generator Task 0.5 06 07 08 09 1.0

GSM8K 9.0 5.7 4.0 4.0 23 1.3

RIDSILTE son 377 33.0 24.0 200 87 5.0 Setup. Our five-dataset cohort (GSMS8K / Strat-
GSM8K 3.3 33 23 1.7 13 1.0 -
V4-Pro O A S A A A engA / MA.THSOO / ARC C / CSQA) covers
a specific slice of reasoning genres. To test
Sonnet 4.6 GSM8K 2.0 1.3 1.3 1.3 1.3 1.3

whether the task-structured CBW pattern extends
to a more heterogeneous benchmark, we add BIG-
Bench Hard (BBH; Suzgun et al., 2023), a 27-task
diverse-reasoning benchmark, as a sixth dataset on
the same pipeline: K =16 chains per question at
T=0.7, top-p=0.95, max_tokens=384, the same
chain-of-thought prompt, and the same GPT-5.4-
mini API verifier with K,=4. We sample 300
questions per open-weight generator (Qwen2.5-7B,

SQA 15.0 13.0 12.5 11.5 10.5 9.0

Table 30: CBW@7 in percent across the threshold
sweep 7 € {0.5,...,1.0} for the three reasoning-
trained generators. The StrategyQA-over-GSMS8K or-
dering holds at every threshold on every generator,
matching the cohort behavior of Section 4.6.

Reading the numbers. The change of generator

family leaves two properties intact. The task or-
dering holds at every threshold in Table 30, and

Llama-3.1-8B, Qwen2.5-14B, Mistral-7B) across
the 27 BBH sub-tasks. The BBH evaluation is re-
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stricted to the open-weight subset of the cohort,
which provides the cross-family check across Mis-
tral, Qwen, and Llama at uniform per-cell sam-

pling.

Where BBH lands. For comparability with BBH,
the ARC-C and StrategyQA reference values
below are computed on the same open-weight
subset used here (four open-weight generators,
excluding GPT-5.4-mini) at the same Err@0.8
threshold. Table 31 reports Err@0.9 separately.
BBH places between StrategyQA and ARC-C
in the CBW hierarchy of the cohort: its mean
CBW@0.8 (8.4%) and mean Err@0.8 (~19.5%)
are above ARC-C (5.6%/7.3%) and below Strat-
egyQA (20.6%/27.5%). The task-structured pat-
tern of Section 4 is preserved: the strongest genera-
tor (Qwen2.5-14B, SC@ K =82.0%) has the lowest
BBH RISC AURC (8.17%) and the weakest gen-
erator (Mistral-7B, SC@ K=50.7%) the highest
(36.24%); same-base-accuracy pairs (Qwen2.5-7B
vs. Llama-3.1-8B, both ~66%) differ by 0.73pp
on RISC AURC, again matching the cohort behav-
ior of Section 4. The verifier itself buys nothing
on this dataset. Mean RISC AURC (19.98%) sits
alongside mean SC-only AURC (19.79%), the two
move in opposite directions across the four gen-
erators, and every per-cell bootstrap interval over-
laps. BBH is a sixth task on which the per-task
effects of Section 6 come out flat rather than pos-
itive. We do not see BBH overturning the “CBW
is task-structured” claim within our cohort: across
the 4x6=24 open-weight generator—dataset cells
(the four open-weight generators on BBH and on
the five Section 4 datasets), per-task variance dom-
inates per-generator variance on p > (.8 condi-
tional error.

Scope of the BBH analysis. BBH is internally
heterogeneous (boolean expressions, logical deduc-
tion, formal fallacies, geometric shapes, and more).
We do not break out per-sub-task CBW outside
this appendix because 300/27 ~ 11 questions per
sub-task is underpowered for stable per-cell rates.
We report aggregate-level results and leave per-sub-
task analysis, which would need a substantially
larger per-sub-task sample, to future work.

E.30 Calibration-Budget Expansion: When
Does a=0.05 Become Feasible?

Setup. At n¢y ~ 150, the LTT calibration of
Section 5.5 does not admit non-trivial thresholds
at a = 0.05. To distinguish a calibration-budget

artifact from a structural property of the underly-
ing task, this appendix uses a larger per-cell pool
of ~ 500 questions on GSM8K and StrategyQA
across three open-weight generators (Qwen2.5-
14B, Llama-3.1-8B, Mistral-7B-Instruct; Qwen2.5-
7B is omitted from this sweep). We then sweep
near € {75, 150,250} at a=0.05, §=0.10, with a
50/50 cal/test split and R=10 random seeds, count-
ing how often LTT returns a non-trivial threshold
(“feasible”) (Table 32).

Two regimes.
regimes emerge.

On the lower-error task (GSMS8K, base
SC@K=74-95% across the three sweep gen-
erators), expanding the calibration budget from
Neal=150 to ney =250 moves av=0.05 from never
admitted (0/10 on every cell) to admitted on a mi-
nority of seeds (0-3/10): the «=0.05 infeasibility
on lower-error tasks is at least partly a calibration-
budget effect, and a practitioner with a larger cali-
bration set begins to reach the strict target.

On the higher-error task (StrategyQA, base
SC@K~67-71% across the three sweep gener-
ators), «=0.05 remains infeasible at every ncy
we test. This is consistent with Corollary 1: the
selective-error floor on a task family with high
wrong-mode prevalence ps is bounded below by
p2/(p1+p2), and on StrategyQA this conditional
rate exceeds 0.20 (Section 4). No n, in the range
we tested fixes this. LTT correctly refuses to cer-
tify a=0.05 when the underlying selective-error
floor is above «, regardless of calibration set size.
On higher-error tasks, the =0.05 infeasibility is
therefore structural (Corollary 1), and a larger ncy
does not relax it.

Two qualitatively different

E.31 Verifier Temperature Sensitivity
(Phi-3.5-mini, all datasets)

Setup. Appendix E.19 reports a temperature
sweep on GPT-40-mini across one matched cohort.
To check that the temperature- robustness conclu-
sion is not specific to that single verifier or cell,
we sweep the local Phi-3.5-mini-instruct verifier at
sampling temperature 7' € {0.0, 0.3, 0.7, 1.0} on
the Qwen2.5-7B generator across all five datasets
(GSMS8K / StrategyQA / MATHS500 / ARC-C /
CSQA). The verifier prompt, K,=4 regime, and
rationale-conditioning r* rule are held fixed, and
only temperature varies. Across the pooled
Qwen2.5-7B subset (=500 valid questions, about
100 per dataset), we make four temperature settings
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Generator N SCeK CBW@0.8(nyr) ERR@0.9 SC-only AURC RISC AURC
Qwen2.5-7B 300 68.0% 14.0% (179) 12.0% 18.25% 17.39%
Llama-3.1-8B 300  65.0% 4.7% (117) 6.8% 16.36% 18.12%
Qwen2.5-14B 300 82.0% 8.0% (218) 6.0% 7.47% 8.17%
Mistral-7B 300  50.7% 7.0% ( 67) 25.9% 37.08% 36.24%
4-gen mean 66.4% 8.4% 12.7% 19.79% 19.98%

Table 31: BBH per-generator numbers. ny, is the count of questions with p > 0.8. SC-only AURC ranks by p; RISC
AURC ranks by (p + sSTT9)/2 as in Section 5. Both are bootstrap means over 1,000 resamples.

Cell Neal=75 Nea=150 nca=250

Mool

Easy task (low base error):

GSMS8K x Qwen2.5-14B 500 0/10 0/10 3/10
GSMS8K x Llama-3.1-8B 500 0/10 0/10 3/10
GSMS8K x Mistral-7B 500 0/10 0/10 0/10
Hard task (high base error):

StrategyQA x Qwen2.5-14B 500 0/10 0/10 0/10
StrategyQA X Llama-3.1-8B 499 0/10 0/10 n/a
StrategyQA x Mistral-7B 500 0/10 0/10 0/10

Table 32: LTT a=0.05 feasibility (#non-trivial thresh-
olds returned out of =10 random 50/50 cal/test splits)
as a function of nca. “n/a” = Npoe1 /2 < Nea. GSMEK
admits a threshold only at n. =250, and then on a
minority of seeds. For the tested StrategyQA cells,
a=0.05 never becomes feasible at any n, tested
(the StrategyQA xLlama-3.1-8B cell at n.;y=250 is ex-
cluded by pool-size as flagged “n/a”).

x K,=4 verifier calls per item, yielding roughly
8 K Phi calls overall (Table 33).

Dataset T=0.0 7T=0.3 T=0.7 T=1.0 Spread
GSMS8K 3.40% 3.40% 3.40% 3.40% 0.00pp
StrategyQA 30.49% 29.92% 29.02% 29.10% 1.47pp
MATHS00 6.23% 645% 6.23% 6.28% 0.22pp
ARC-C 11.88% 12.05% 12.05% 12.05% 0.17pp
CSQA 10.89% 10.70% 10.69% 10.69% 0.20pp

Table 33: Phi-3.5-mini-instruct verifier AURC (] better)
on Qwen2.5-7B chains across five datasets and four
sampling temperatures (Table 34). Spread = max — min
over 1. All five datasets show spread < 1.47pp, far
smaller than the cohort’s cross-generator noise band,
replicating the cell-level conclusion of Appendix E.19
on a five-dataset sweep.

Verifier temperature is not a confounder. Phi-
3.5-mini verifier scores are stable across sam-
pling temperature on all five datasets in our
cohort: AURC moves by < 1.47pp across
T € {0.0,0.3,0.7,1.0} (largest gap on Strate-
gyQA, the noisiest benchmark in the cohort), and
consecutive-temperature Spearman correlations av-
erage 0.967 over fifteen comparisons. This gener-
alizes the single-cell GPT-40-mini conclusion of
Appendix E.19 to five-dataset coverage on the local

Dataset ps(To.0,To.3) ps(To.s,To.7) ps(To.7,Th.0)
GSMS8K 1.000 1.000 1.000
StrategyQA 0.875 0.904 0.922
MATH500 0.978 0.978 0.998
ARC-C 0.929 >0.999 0.999
CSQA 0917 >0.999 1.000

Table 34: Spearman correlation of per-question Phi yes-
rate between consecutive sampling temperatures. Mean
ps across all 15 pairs is 0.967. The lowest correlation
(StrategyQA Tp.0 — To.3, ps=0.875) is the noisiest
yes/no surface and still consistent with stable cross-
temperature ranking.

Phi verifier, and supports the claim in Section 5.1
that verifier yes-rates are stable across sampling
temperature. Verifier sampling temperature is not a
confounder of the RISC results in Section 5.5. The
cross-vendor and forced-7' comparisons in Appen-
dices E.17 and E.18 are unlikely to be artifacts of
verifier sampling temperature.
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