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Abstract

Large language models can be confidently
wrong, making uncertainty estimation espe-
cially important in black-box settings where
token probabilities are unavailable. Exist-
ing post-hoc methods estimate uncertainty
from output dispersion, treating sampled re-
sponses largely as exchangeable. We pro-
pose structural uncertainty, an observable sig-
nal derived from self-preference-induced rank-
ing stability: given multiple sampled candi-
dates, we elicit sparse pairwise self-preferences,
aggregate them into ranking distributions via
Bradley–Terry modeling with PageRank, and
decompose uncertainty into two complemen-
tary entropy-based components—across-trial
ranking instability and within-trial candidate
ambiguity. Across five LLMs and eight bench-
marks, self-preference-derived structural sig-
nals can provide information complementary
to output dispersion, and their combination
improves selective prediction on several rea-
soning and knowledge tasks. The two compo-
nents relate differently to accuracy: on math
reasoning, within-trial ambiguity can be posi-
tively correlated with correctness—consistent
with settings where multiple plausible candi-
dates remain competitive under self-preference
ranking—whereas on factual retrieval the struc-
tural signal collapses toward uniformity, diag-
nosing a regime where preference-based uncer-
tainty is uninformative. Structural uncertainty
is not a universal replacement for dispersion
but a regime-sensitive complementary signal.

1 Introduction

Large language models routinely express high con-
fidence in incorrect answers—a failure mode criti-
cal in high-stakes domains such as medical diagno-
sis, legal reasoning, or financial decision-making.
While modern LLMs produce fluent outputs, their
confidence is often poorly calibrated with correct-
ness, particularly on reasoning-intensive queries
(Xiong et al., 2024; Tian et al., 2023; Kapoor et al.,

Figure 1: An illustrative example contrasting dispersion-
based and structural uncertainty. (a) When all five sam-
pled responses agree on the same wrong answer (20),
dispersion-based methods report zero entropy and low
uncertainty, since they do not use preference-order infor-
mation among candidates. (b) Our structural approach
asks the model to rank its own outputs across indepen-
dent trials. The rankings are completely unstable (r3
moves from #1 to #5), can reveal instability in self-
preference ordering that is not directly reflected by dis-
persion alone.

2024; Zhou et al., 2024). Accurately quantifying
LLM uncertainty has emerged as a central chal-
lenge, especially for closed-source models where
token-level probabilities are unavailable.

Recent post-hoc uncertainty estimators (Lin
et al., 2023; Farquhar et al., 2024; Wang et al.,
2024a; Lyu et al., 2025) treat sampled responses
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as exchangeable and derive uncertainty from how
responses differ. This dispersion-centric view cap-
tures only one aspect of uncertainty and leaves
out a complementary signal—the structural con-
sistency of preferences among candidates. Two
response sets may exhibit identical variance yet en-
code different preference orderings; collapsing this
structure loses information about which responses
the model favors and preference stability. Figure 1
illustrates this gap: when all sampled responses
agree on the same wrong answer, dispersion-based
estimators can remain low because they do not
directly use preference-order information among
candidates, while structural uncertainty—measured
by the stability of the model’s self-preference rank-
ings across trials—can reveal instability in self-
preference ordering that is not directly reflected by
dispersion alone.

We introduce structural uncertainty, a black-box
uncertainty signal derived from how consistently a
model ranks its own candidate responses through
self-preference. Given a query, we sample multiple
candidates and ask the same model to judge pair-
wise preferences among its own outputs. Beyond
how much responses differ, this probes whether
the model forms a stable or fluctuating preference
ordering over them at the level of elicited self-
preference behavior—a signal that dispersion alone
discards. To estimate this signal efficiently, we ag-
gregate sparse pairwise judgments into ranking dis-
tributions using Bradley–Terry modeling (Bradley
and Terry, 1952) with PageRank normalization
(Langville and Meyer, 2006), repeated across ran-
dom spanning-tree comparison trials. This pro-
duces two distinct components of structural uncer-
tainty: across-trial ranking instability and within-
trial candidate ambiguity.

Across five LLMs and eight benchmarks, we
show that self-preference-derived structural sig-
nals can provide information complementary to
output dispersion. The interaction with accuracy
is task-dependent: on math reasoning, within-trial
ambiguity correlates positively with correctness—
consistent with settings where plausible candidates
remain competitive under self-preference ranking—
while on factual retrieval, structural signals col-
lapse toward uniformity, diagnosing a regime
where self-preference ranking provides little ad-
ditional discriminative value. Combining struc-
tural and dispersion-based signals improves selec-
tive prediction on several reasoning and knowl-
edge tasks, though gains are absent in the collapse

regime.

Contributions. (1) A black-box self-preference
ranking signal. We propose a post-hoc framework
that characterizes an uncertainty signal through
the stability of a model’s self-preference rankings
over its own candidate responses, providing an ob-
servable signal complementary to output disper-
sion. (2) Entropy-based decomposition. We ag-
gregate sparse pairwise self-preferences into rank-
ing distributions via Bradley–Terry with PageR-
ank, yielding two complementary entropy-based
components defined over trial-level ranking distri-
butions, which we analyze as across-trial ranking
instability and within-trial candidate ambiguity. (3)
Regime-sensitive empirical analysis. Across five
LLMs and eight benchmarks, we show that struc-
tural signals complement dispersion on reasoning-
like tasks, identify when and why the signal col-
lapses on retrieval-like tasks, and characterize the
task conditions under which each signal type is
most informative.

2 Related Work

Post-hoc uncertainty from sampled outputs.
Dispersion-based methods estimate uncertainty
from semantic variation among responses (Kuhn
et al., 2023; Lin et al., 2023; Farquhar et al.,
2024; Kossen et al., 2024), output density (Qiu and
Miikkulainen, 2024), kernelized entropy (Nikitin
et al., 2024), or self-consistency (Wang et al., 2023,
2024a; Lyu et al., 2025). Comparison-based meth-
ods aggregate pairwise preferences into calibrated
scores (Shrivastava et al., 2025) or incorporate
richer structure via multi-dimensional representa-
tions (Chen et al., 2025), knowledge graphs (Yuan
et al., 2025), or Minimum Bayes Risk (Vashurin
et al., 2025a). While LLM-as-judge frameworks
(Zheng et al., 2023) and self-evaluation studies (Ka-
davath et al., 2022) demonstrate that models can as-
sess output quality, these rely on external judges or
probe knowledge boundaries rather than quantify-
ing uncertainty from ranking stability. We instead
use self-preference and model the induced ranking
distribution, introducing elicited preference struc-
ture as an orthogonal complement to dispersion-
based uncertainty.

Internal access and calibration. When inter-
nal access is available, logit-based methods derive
uncertainty from pre-softmax outputs (Ma et al.,
2025), chain-of-thought methods use reasoning
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Figure 2: Overview of the structural uncertainty quantification framework. Given a query, we (1) generate diverse
candidate responses, (2) elicit pairwise self-preferences, (3) aggregate into a global ranking via pairwise preference
modeling (Bradley–Terry or TrueSkill) with PageRank, and (4) decompose uncertainty via random spanning tree
sampling.

traces (Zhang and Zhang, 2025), and proxy-based
approaches employ auxiliary models with Bayesian
approximations (Lee et al., 2024). Fine-tuning can
improve calibration (Kapoor et al., 2024; Krish-
nan et al., 2024), while prompting-based elicitation
recovers calibrated confidence for RLHF-tuned
models (Tian et al., 2023). Information-theoretic
perspectives provide epistemic uncertainty estima-
tors via mutual information (Abbasi Yadkori et al.,
2024), and Bayesian views motivate separating un-
certainty sources (Kendall and Gal, 2017; Woo,
2022, 2023). Evaluation frameworks assess align-
ment between uncertainty and quality (Huang et al.,
2024; Ye et al., 2024; Vashurin et al., 2025b). Our
approach operates in a fully black-box setting with-
out requiring internal access or model modification.

3 Method

Our framework quantifies structural uncertainty
through self-preference consistency. Given a query,
we: (1) generate N diverse candidate responses,
(2) elicit pairwise self-preferences by asking the
model to judge its own outputs, (3) aggregate pref-
erences into a global ranking via Bradley–Terry
with PageRank, and (4) decompose uncertainty into
across-trial and within-trial components through
random spanning tree sampling. Figure 2 illus-
trates the pipeline.

3.1 Self-Preference via Spanning Trees

Given input x, we sample N candidates R(x) =
{r1, . . . , rN} from the model’s conditional distribu-
tion pθ(·|x) via diverse prompting with stochastic
decoding. Rather than comparing all

(
N
2

)
pairs,

we repeat the following for M independent trials

(m = 1, . . . ,M ):
Sparse graph sampling. We draw a uniform ran-
dom spanning tree T (m) over the N candidates,
yielding a connected graph with exactly N−1
edges. This guarantees global connectivity with
minimal comparisons while injecting structural ran-
domness across trials, loosely analogous in spirit
to Monte Carlo dropout over graph structure rather
than weights.
Self-preference elicitation. For each edge (i, j) ∈
T (m), we query the same model to judge which
response is better, optionally obtaining a confi-
dence score. The consistency of these elicited self-
preference judgments across trials provides an ad-
ditional uncertainty signal that is not directly avail-
able from output dispersion alone. A length-bias
analysis (Appendix E.9) confirms that the prefer-
ence signal is not reducible to response length: the
mean effect size is negligible (Cohen’s d = 0.19),
one model reverses direction, and 62% of the
StructU–accuracy relationship survives after sta-
tistically controlling for length.
Preference aggregation. We fit a pairwise pref-
erence model (Bradley–Terry or TrueSkill) on the
N−1 observed comparisons to infer win probabili-
ties for all N2 pairs, then aggregate into a global
ranking distribution π(m) via PageRank. Details
follow in Section 3.2.

The ensemble {π(m)}Mm=1 from M trials en-
ables the uncertainty decomposition in Section 3.3.

3.2 Preference Aggregation

Bradley–Terry with L2 regularization. We as-
sign each candidate i a latent utility θi ∈ R and
model pairwise preferences as (Bradley and Terry,
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1952):

P(i ≻ j) =
exp(θi)

exp(θi) + exp(θj)
. (1)

Since spanning trees admit perfect total orderings,
the unregularized maximum likelihood objective
is unbounded (Ford, 1957). We add an L2-penalty
for numerical well-posedness:

Lreg(θ) =
∑

(i,j)∈T (m)

logP(i ≻ j)− 1

2C
∥θ∥2, (2)

where C > 0 is the inverse regularization strength.
We set C = 1 based on an ablation sweep (Ap-
pendix A.3): performance degrades below C < 1
but plateaus stably for C ≥ 1 across all models,
confirming bounded parameter estimates. We opti-
mize via MM-style updates (Hunter, 2004) and
evaluate Eq. (1) for all pairs to obtain P(m) ∈
[0, 1]N×N .

As a robustness check, we also implement
a TrueSkill variant (Herbrich et al., 2006) with
confidence-weighted updates. Despite fundamen-
tally different assumptions, both backends pro-
duce highly similar uncertainty rankings (Ap-
pendix A.5), suggesting that the induced ranking
distributions are reasonably stable with respect to
the choice of preference backend.
PageRank global ranking. While BT interpolates
sparse comparisons into a dense preference matrix
P(m), PageRank summarizes it into a normalized
ranking distribution π(m) ∈ ∆N on which we de-
fine the entropy-based decomposition (Section 3.3).
From P(m), we construct a row-stochastic tran-
sition matrix where probability mass flows from
weaker to stronger candidates:

T
(m)
ij ∝ P

(m)
ji , T

(m)
ii = 0, (3)

with row normalization. We compute the stationary
distribution π(m) satisfying π(m) = (T(m))⊤π(m)

via power iteration (Brin and Page, 1998; Langville
and Meyer, 2006).

3.3 Structural Uncertainty Decomposition

The M trials yield an ensemble {π(m)}Mm=1 with
mean π̄ = 1

M

∑
m π(m). We decompose to-

tal uncertainty via Shannon entropy H[p] =
−∑i pi log pi following Kendall and Gal (2017);

Woo (2022):

StructU = H[π̄], (4)

StructUwithin = 1
M

M∑

m=1

H[π(m)], (5)

StructUacross = StructU− StructUwithin. (6)

Here, StructUwithin is intended to reflect within-
trial candidate ambiguity: it is high when, within
a single sparse comparison trial, the ranking dis-
tribution spreads its mass over multiple candidates
instead of concentrating on a single preferred re-
sponse. Meanwhile, StructUacross is intended to
reflect across-trial ranking instability: it is high
when different sampled comparison trees lead to
substantially different ranking distributions across
trials. Figure 3 illustrates the two components with
contrasting examples.

Concretely, H[π̄] is the entropy of the trial-
averaged ranking; the average 1

M

∑
mH[π(m)]

measures within-trial spread; and their difference—
a Jensen gap—provides a distribution-level mea-
sure of cross-trial variation. This decomposition is
defined entirely over the observable ranking ensem-
ble induced by self-preference; we do not claim it
identifies underlying data or parameter uncertainty.
Combination with self-consistency. For prac-
tical selective prediction, we also study a sim-
ple fixed combination of structural uncertainty
with self-consistency entropy Self-ConsU =
−∑a∈A p(a) log p(a) over the answer distribu-
tion, where A denotes distinct answers. Abbre-
viating StructUacross as SUa and StructUwithin as
SUw:

SUa+SC = SUa + Self-ConsU, (7)

SUw+SC = SUw − Self-ConsU, (8)

where SC abbreviates Self-ConsU. The sign reflects
each component’s empirical relationship with ac-
curacy: SUa correlates negatively (instability →
failure), so it adds with Self-ConsU; SUw corre-
lates positively on reasoning tasks, so it enters sub-
tractively. This assignment is fixed globally—not
tuned per task or model. We treat this as an empir-
ical fusion rule rather than an intrinsic part of the
decomposition; structural uncertainty captures how
self-preferences are organized, while Self-ConsU
captures what answers disagree. A systematic cor-
relation analysis across all 40 model-dataset pairs
(Appendix E.8) confirms near-orthogonality with
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Figure 3: Across-trial vs. within-trial structural uncertainty: two contrasting examples. Scenario I (left): The
model produces a confident, concentrated ranking within each trial (low within-trial entropy H[π(m)]), but the
dominant candidate changes across trials as different spanning trees are sampled—indicating substantial across-trial
instability in the induced ranking distribution (StructUacross ↑, StructUwithin ↓). Scenario II (right): The
ranking distribution is nearly uniform in every trial (high within-trial entropy), yet remains consistent across trials—
indicating the model is stably uncertain rather than inconsistently confident (StructUacross ↓, StructUwithin ↑).
Node size reflects PageRank score π(m); arrows indicate self-preference direction on the sampled spanning tree
edges; dashed edges are unobserved pairs.

SemanticU (median |ρ| = 0.10) and complementar-
ity with Self-ConsU (opposite-sign correlations for
within vs. across components). At matched budget
(25 API calls), the hybrid outperforms Self-ConsU
with 25 samples (+0.011 Sel-AUC on AIME-25;
Table 22), and the structural signal remains comple-
mentary even when Self-ConsU is well-estimated
from abundant samples.

4 Experiments

4.1 Experimental Setup
We evaluate five LLMs—Claude Sonnet 4.5,
OpenAI gpt-oss-20b (Hugging Face checkpoint
openai/gpt-oss-20b; abbreviated GPT-OSS 20B
in tables), Qwen 3 32B, Amazon Nova Premier,
and DeepSeek R1—on eight benchmarks span-
ning mathematical reasoning (Math-Synth, MATH-
500 (Lightman et al., 2024), AMC-23 (He, 2023),
AIME-24/25 (HuggingFaceH4, 2024; TIGER-Lab,
2024)), knowledge-intensive tasks (MMLU-Pro
(Wang et al., 2024b)), and factual retrieval (Hot-
potQA (Yang et al., 2018), TruthfulQA (Lin et al.,
2022)). Math-Synth is a synthetic arithmetic bench-
mark with 993 problems (Appendix B); other
dataset details and model accuracies are in Table 5.

We compare against black-box baselines com-
puted from the same N=5 samples: Self-ConsU
(answer entropy) (Wang et al., 2024a; Lyu et al.,
2025), SemanticU (embedding dispersion) (Qiu
and Miikkulainen, 2024; Kossen et al., 2024), and
VerbalizedU (prompted confidence) (Tian et al.,
2023; Xiong et al., 2024). See Appendix D for
details.

We evaluate uncertainty as predictors of
robust failure: questions where p̂corr =
1
N

∑
i I[ri correct] < τ with τ=1.0. We report

Spearman correlation, AUROC, and selective pre-
diction via area under the risk-coverage curve (Sel-
AUC) (Shrivastava et al., 2023).

4.2 Results

We evaluate structural uncertainty across five mod-
els and eight benchmarks, analyzing performance
gains, component correlations, and breakdown con-
ditions.

Overall Evaluation. Table 1 reports selective
prediction performance (Sel-AUC; AUROC in
parentheses). The central finding is task-dependent
complementarity: on reasoning-heavy and some
knowledge tasks, structural signals add informa-
tion beyond answer dispersion, while on retrieval-
style tasks the structural signal can collapse and
provide limited benefit. Specifically, the combined
estimator (StructU+Self-ConsU) achieves highest
or second-highest Sel-AUC on mathematical rea-
soning (Math-Synth, MATH-500, AMC-23) and
knowledge tasks (MMLU-Pro, TruthfulQA), with
largest gains where answer-level agreement is insuf-
ficient. On HotpotQA, however, dispersion meth-
ods dominate for the two strongest models (Claude:
Self-ConsU 0.839 vs. combined 0.742; DeepSeek:
SemanticU 0.852 vs. combined 0.789), consistent
with the structural collapse discussed below. This
task asymmetry is itself informative: it identifies
the regime boundary where preference-based sig-
nals cease to be useful. Among baselines, Self-
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Dataset Model
StructU (Ours) StructU+Self-ConsU (Ours) Baselines

within across total within across total Self-ConsU VerbalizedU SemanticU

Math-Synth

Claude 4.5 Sonnet 0.624 (0.984) 0.644 (0.936) 0.596 (0.972) 0.661 (0.992) 0.663 (0.990) 0.655 (0.992) 0.65 (0.989) 0.544 (0.924) 0.430 (0.927)
DeepSeek R1 0.815 (0.900) 0.790 (0.837) 0.773 (0.790) 0.823 (0.929) 0.820 (0.924) 0.814 (0.915) 0.802 (0.899) 0.793 (0.701) 0.664 (0.502)
GPT-OSS 20B 0.794 (0.756) 0.762 (0.668) 0.661 (0.366) 0.840 (0.955) 0.849 (0.956) 0.849 (0.958) 0.83 (0.958) 0.792 (0.742) 0.528 (0.638)
Amazon Nova Premier 0.496 (0.953) 0.370 (0.841) 0.447 (0.853) 0.511 (0.997) 0.498 (0.998) 0.512 (0.997) 0.382 (0.948) 0.389 (0.824) 0.436 (0.807)
Qwen 3 32B 0.231 (0.794) 0.190 (0.656) 0.213 (0.718) 0.393 (0.998) 0.391 (0.998) 0.388 (0.998) 0.38 (0.995) 0.279 (0.824) 0.218 (0.462)

MATH-500

Claude 4.5 Sonnet 0.931 (0.813) 0.936 (0.789) 0.932 (0.801) 0.947 (0.840) 0.950 (0.843) 0.948 (0.831) 0.942 (0.816) 0.891 (0.686) 0.783 (0.720)
DeepSeek R1 0.889 (0.652) 0.890 (0.640) 0.868 (0.596) 0.934 (0.776) 0.936 (0.784) 0.927 (0.767) 0.923 (0.759) 0.870 (0.603) 0.875 (0.546)
GPT-OSS 20B 0.869 (0.582) 0.885 (0.529) 0.886 (0.611) 0.897 (0.715) 0.910 (0.718) 0.906 (0.729) 0.871 (0.694) 0.886 (0.645) 0.86 (0.46)
Amazon Nova Premier 0.834 (0.747) 0.726 (0.609) 0.821 (0.687) 0.887 (0.873) 0.880 (0.871) 0.886 (0.870) 0.860 (0.839) 0.883 (0.715) 0.81 (0.695)
Qwen 3 32B 0.859 (0.798) 0.780 (0.608) 0.833 (0.754) 0.889 (0.882) 0.882 (0.853) 0.888 (0.876) 0.871 (0.817) 0.880 (0.684) 0.819 (0.717)

AMC-23

Claude 4.5 Sonnet 0.967 (1.000) 0.966 (0.963) 0.962 (0.980) 0.970 (1.000) 0.972 (1.000) 0.970 (1.000) 0.955 (1.00) 0.900 (0.604) 0.853 (0.588)
DeepSeek R1 0.924 (0.680) 0.915 (0.463) 0.923 (0.291) 0.985 (1.000) 0.985 (1.000) 0.985 (1.000) 0.985 (1.00) 0.877 (0.412) 0.880 (0.592)
GPT-OSS 20B 0.956 (0.770) 0.931 (0.533) 0.954 (0.673) 0.980 (1.000) 0.980 (1.000) 0.980 (1.000) 0.980 (1.00) 0.980 (0.583) 0.884 (0.630)
Amazon Nova Premier 0.591 (0.865) 0.538 (0.604) 0.610 (0.919) 0.712 (1.000) 0.716 (1.000) 0.718 (1.000) 0.584 (1.00) 0.419 (0.362) 0.351 (0.410)
Qwen 3 32B 0.637 (0.643) 0.566 (0.567) 0.606 (0.643) 0.820 (1.000) 0.821 (1.000) 0.820 (1.000) 0.810 (1.00) 0.637 (0.389) 0.513 (0.299)

AIME-24

Claude 4.5 Sonnet 0.497 (0.903) 0.595 (0.852) 0.508 (0.875) 0.662 (0.994) 0.690 (0.989) 0.661 (0.994) 0.567 (0.972) 0.273 (0.144) 0.45 (0.64)
DeepSeek R1 0.834 (0.752) 0.820 (0.554) 0.866 (0.884) 0.922 (1.000) 0.925 (1.000) 0.922 (1.000) 0.917 (1.00) 0.799 (0.298) 0.788 (0.715)
GPT-OSS 20B 0.604 (0.725) 0.762 (0.714) 0.756 (0.813) 0.893 (1.000) 0.907 (1.000) 0.896 (1.000) 0.891 (1.00) 0.905 (0.319) 0.876 (0.681)
Amazon Nova Premier 0.190 (—) 0.267 (—) 0.170 (—) 0.181 (—) 0.210 (—) 0.189 (—) 0.174 (–) 0.125 (–) 0.294 (–)
Qwen 3 32B 0.235 (—) 0.243 (—) 0.257 (—) 0.401 (—) 0.428 (—) 0.402 (—) 0.414 (–) 0.355 (–) 0.213 (1.00)

AIME-25

Claude 4.5 Sonnet 0.565 (0.975) 0.602 (0.969) 0.221 (0.062) 0.645 (1.00) 0.646 (1.00) 0.656 (1.00) 0.645 (1.00) 0.489 (0.175) 0.524 (0.263)
DeepSeek R1 0.263 (0.413) 0.244 (0.259) 0.539 (0.466) 0.728 (1.00) 0.740 (1.00) 0.761 (1.00) 0.707 (1.00) 0.564 (0.296) 0.616 (0.400)
GPT-OSS 20B 0.424 (0.449) 0.392 (0.324) 0.696 (0.546) 0.881 (1.00) 0.884 (1.00) 0.886 (1.00) 0.825 (1.00) 0.776 (0.370) 0.768 (0.491)
Amazon Nova Premier 0.203 (–) 0.149 (–) 0.059 (–) 0.198 (–) 0.218 (–) 0.175 (–) 0.178 (–) 0.106 (–) 0.257 (–)
Qwen 3 32B 0.096 (0.862) 0.179 (0.897) 0.234 (0.414) 0.203 (1.00) 0.282 (1.00) 0.328 (1.00) 0.208 (1.00) 0.192 (0.897) 0.126 (0.931)

MMLU-Pro

Claude 4.5 Sonnet 0.924 (0.833) 0.913 (0.785) 0.916 (0.792) 0.944 (0.912) 0.936 (0.897) 0.943 (0.908) 0.900 (0.884) 0.944 (0.885) 0.890 (0.602)
DeepSeek R1 0.845 (0.573) 0.849 (0.500) 0.855 (0.596) 0.925 (0.889) 0.917 (0.882) 0.924 (0.895) 0.882 (0.882) 0.927 (0.796) 0.870 (0.577)
GPT-OSS 20B 0.765 (0.503) 0.754 (0.547) 0.749 (0.475) 0.889 (0.948) 0.880 (0.941) 0.886 (0.945) 0.830 (0.935) 0.785 (0.631) 0.774 (0.573)
Amazon Nova Premier 0.671 (0.633) 0.696 (0.507) 0.679 (0.624) 0.805 (0.936) 0.827 (0.948) 0.800 (0.936) 0.801 (0.945) 0.820 (0.775) 0.811 (0.713)
Qwen 3 32B 0.713 (0.669) 0.657 (0.567) 0.685 (0.624) 0.818 (0.971) 0.805 (0.964) 0.817 (0.971) 0.787 (0.966) 0.728 (0.724) 0.742 (0.686)

HotpotQA

Claude 4.5 Sonnet 0.686 (0.585) 0.731 (0.600) 0.664 (0.564) 0.698 (0.617) 0.742 (0.647) 0.681 (0.604) 0.839 (0.656) 0.847 (0.700) 0.768 (0.576)
DeepSeek R1 0.732 (0.580) 0.747 (0.514) 0.744 (0.614) 0.767 (0.683) 0.789 (0.666) 0.771 (0.693) 0.835 (0.658) 0.829 (0.708) 0.852 (0.696)
GPT-OSS 20B 0.724 (0.537) 0.717 (0.524) 0.736 (0.568) 0.815 (0.728) 0.798 (0.724) 0.815 (0.734) 0.813 (0.721) 0.772 (0.592) 0.80 (0.707)
Amazon Nova Premier 0.806 (0.582) 0.805 (0.589) 0.787 (0.541) 0.850 (0.752) 0.840 (0.748) 0.855 (0.750) 0.864 (0.740) 0.812 (0.647) 0.830 (0.618)
Qwen 3 32B 0.699 (0.648) 0.679 (0.528) 0.691 (0.618) 0.766 (0.757) 0.772 (0.713) 0.778 (0.765) 0.787 (0.729) 0.702 (0.630) 0.707 (0.612)

TruthfulQA

Claude 4.5 Sonnet 0.998 (0.956) 0.997 (0.912) 0.998 (0.953) 0.998 (0.970) 0.998 (0.966) 0.998 (0.971) 0.994 (0.926) 0.997 (0.949) 0.979 (0.503)
DeepSeek R1 0.932 (0.564) 0.941 (0.662) 0.874 (0.535) 0.954 (0.884) 0.957 (0.888) 0.910 (0.813) 0.940 (0.844) 0.949 (0.721) 0.907 (0.530)
GPT-OSS 20B 0.913 (0.717) 0.893 (0.611) 0.909 (0.727) 0.943 (0.955) 0.942 (0.955) 0.941 (0.952) 0.916 (0.936) 0.864 (0.608) 0.856 (0.525)
Amazon Nova Premier 0.956 (0.806) 0.930 (0.689) 0.952 (0.779) 0.963 (0.914) 0.951 (0.893) 0.962 (0.914) 0.946 (0.862) 0.953 (0.828) 0.907 (0.596)
Qwen 3 32B 0.783 (0.510) 0.787 (0.534) 0.765 (0.499) 0.869 (0.956) 0.867 (0.953) 0.855 (0.949) 0.856 (0.936) 0.822 (0.694) 0.812 (0.636)

Table 1: Selective prediction performance (Sel-AUC; AUROC in parentheses). Results using Bradley–Terry with
PageRank aggregation. StructU reports structural uncertainty (within, across components). StructU+Self-ConsU
reports the combined estimators. Baselines: Self-ConsU (answer entropy), VerbalizedU (prompted confidence),
SemanticU (embedding dispersion). Bold = best; underline = second-best per row.

ConsU is strongest but blind to systematic errors;
VerbalizedU is inconsistent; SemanticU is weakest
except where preference signals collapse.

Where Structural Signals Help.
Figure 4 shows ∆Sel-AUC =
Sel-AUC(STRUCTU+SELF-CONSU) −
Sel-AUC(Self-ConsU). Gains are consistent
across reasoning and knowledge benchmarks,
and largest where answer-level agreement is
insufficient: weaker models on hard contest
problems gain the most (Qwen on AIME-25:
+12.0%, Amazon Nova Premier on AMC-23:
+13.4%), as structural rankings can surface signal
not captured by Self-ConsU alone. HotpotQA is
the exception—stronger models show negative

Figure 4: Sel-AUC lift of STRUCTU+SELF-CONSU
over SELF-CONSU. ∆Sel-AUC for five models ×
eight benchmarks. Teal = hybrid wins; coral = Self-
ConsU dominates.

lift (Claude Sonnet 4.5: −9.7%, DeepSeek R1:
−4.6%), consistent with the structural collapse).
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Figure 5: Spearman correlation (ρ) between the two uncertainty components and accuracy. Each cell reports
Spearman rank correlation between per-question uncertainty and per-question accuracy (fraction correct among
N=5 samples). Blue indicates negative correlation; red indicates positive correlation. Stars denote statistical
significance (∗p < 0.05, ∗∗p < 0.01, ∗∗∗p < 0.001).

Correlation Between Uncertainty and Accuracy.
Figure 5 shows across-trial and within-trial uncer-
tainty exhibit opposite correlations with accuracy—
most pronounced on mathematical reasoning. On
Math-Synth and MATH-500, across-trial uncer-
tainty is negatively correlated while within-trial
uncertainty is positively correlated (e.g., Claude on
MATH-500: ρacross = −0.37 vs. ρwithin = 0.42).
This asymmetry is consistent with a complemen-
tary reading: ranking instability is associated with
failure, while distributed preference is a pattern
consistent with settings in which several plausi-
ble candidates remain competitive under elicited
self-preference ranking. The pattern weakens on
MMLU-Pro and collapses on HotpotQA (near-zero
correlations), consistent with uniform rankings car-
rying no discriminative signal.

Is the structural signal an artifact? A natural
concern is whether structural uncertainty merely re-
encodes what dispersion baselines already capture,
or reflects surface features such as response length
rather than reasoning quality. Two analyses argue
against this. First, a Spearman correlation study
across all 40 model-dataset pairs (Appendix E.8)
shows StructU is nearly orthogonal to SemanticU
(median |ρ| = 0.10; 34/40 pairs |ρ| < 0.2 for the
across component) and only partially overlaps with
Self-ConsU, with the within- and across-trial com-
ponents correlating with Self-ConsU in opposite
directions (ρ = −0.26 vs. +0.15)—so the hybrid
gains reflect genuine information complementar-
ity rather than redundancy. Second, a length-bias
analysis on MATH-500 (Table 2) finds only a mild
and inconsistent length preference (mean Cohen’s
d = 0.19, below the small-effect threshold; GPT-
OSS 20B reverses direction and prefers shorter
responses), and a partial-correlation control retains
on average 62% of the StructU–accuracy relation-
ship after removing the linear effect of response
length (90% for Claude). The signal is thus not

Model Length bias StructUw–Acc. ρ

Win.
long.% Cohen d Dir. Raw Len.

ctrl. (% ret.)

Claude 4.5 Sonnet 61.3 0.162 + 0.418 0.376 (90%)
DeepSeek R1 75.3 0.115 + 0.194 0.036 (19%)
GPT-OSS 20B 49.1 −0.085 − 0.117 0.075 (64%)
Amazon Nova Premier 68.7 0.349 + 0.463 0.282 (61%)
Qwen 3 32B 76.9 0.413 + 0.505 0.289 (57%)

Table 2: Length is not the mechanism (MATH-500).
Left: pairwise length bias—fraction of comparisons
where the preferred response is longer, Cohen’s d, and
preference direction (+ longer, − shorter). Mean |d| =
0.19 (below the small-effect threshold) and GPT-OSS
reverses direction, so length bias is mild and inconsis-
tent. Right: Spearman correlation between StructUwithin
and accuracy, raw vs. after partial-correlation control
for response length (% of the raw relationship retained).
On average 62% survives; for Claude 90% survives, so
length explains almost none of the signal.

reducible to length, and the randomization ablation
(Table 3) confirms it depends on elicited preference
content rather than the fixed pipeline.

When Does Structural Uncertainty Break
Down? Table 1 reveals an asymmetry:
StructU+Self-ConsU consistently outperforms
baselines on mathematical reasoning, whereas
on HotpotQA, dispersion methods dominate for
the strongest models (e.g., Claude: Self-ConsU
0.839 vs. Hybrid 0.742; DeepSeek: SemanticU
0.852 vs. Hybrid 0.796). Understanding when
structural signals fail is as important as knowing
when they succeed. Figure 6 compares Claude
4.5 Sonnet on Math-Synth and HotpotQA under
identical experimental conditions (N=5, M=5,
similar prompt templates).
Across-trial separation on reasoning, collapse
on retrieval. On Math-Synth, across-trial uncer-
tainty distributions are well-separated between cor-
rect and incorrect questions (Figure 6a): incorrect
questions exhibit a long right tail beyond 0.10,
while correct questions concentrate near zero. On
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HotpotQA, both distributions are compressed near
zero—structural uncertainty produces no across-
trial signal regardless of correctness. In the joint
space (Figure 6c), Math-Synth shows correctness
separation along the across-trial axis, while Hot-
potQA collapses into a degenerate cluster with no
separation.
Near-uniform preference distributions on fac-
tual retrieval. The within-trial distributions (Fig-
ure 6b) reveal the mechanism: HotpotQA re-
sponses cluster at maximum entropy (log 5 ≈ 1.61,
dotted line) for both correct and incorrect ques-
tions, indicating near-uniform PageRank distribu-
tions. The model assigns approximately equal pref-
erence to all five responses, producing pairwise
confidences near 50% and identical rankings across
spanning tree samples.
When does self-preference carry signal?
Mathematical reasoning elicits structurally diverse
solution paths—step-by-step computation, bracket
decomposition, estimation-then-verification—
enabling meaningful self-preference discrim-
ination. In our setting, factual retrieval often
elicits more structurally homogeneous reasoning
chains across prompt templates, so self-preference
reflects only stylistic variation and the structural
signal vanishes. The “HotpotQA signature” in
Figure 6c serves as a practical diagnostic that the
preference signal is near-uninformative and that
dispersion-based methods should be preferred.
A bootstrap analysis (Appendix E.10) shows
that computing mean StructUacross over 20 pilot
questions from a new task detects the collapse
regime with ≥98% accuracy for all five models,
providing a deployable criterion for practitioners.

Ablation Studies. To test whether structural un-
certainty reflects elicited preference signal rather
than pipeline artifacts, we replace real self-
preference judgments with random comparisons
on Math-Synth: winner direction is randomized
uniformly and confidence scores are sampled uni-
formly from [51, 99], while all other pipeline com-
ponents (spanning tree topology, BT fitting with
C=1, PageRank aggregation, entropy computa-
tion) are held fixed. Table 3 shows AUROC
drops substantially for both uncertainty compo-
nents (mean drop: 0.320 for within-trial, 0.238
for across-trial), with three models collapsing to
near-chance level (Claude: 0.984 → 0.488; Nova:
0.943 → 0.530; Qwen: 0.850 → 0.511). These
ablations suggest that discriminative performance

Model STRUCTUwithin AUROC STRUCTUacross AUROC

Real Random ↓ Drop Real Random ↓ Drop

Math-Synth (synthetic reasoning)
Claude 4.5 Sonnet 0.984 0.488 ± 0.016 0.496 0.923 0.510 ± 0.019 0.413
DeepSeek R1 0.896 0.743 ± 0.005 0.153 0.840 0.747 ± 0.001 0.093
GPT-OSS 20B 0.756 0.557 ± 0.048 0.199 0.668 0.588 ± 0.054 0.080
Amazon Nova Premier 0.943 0.530 ± 0.005 0.413 0.866 0.482 ± 0.014 0.384
Qwen 3 32B 0.850 0.511 ± 0.021 0.339 0.732 0.512 ± 0.020 0.220
Mean 0.886 0.566 0.320 0.806 0.568 0.238

MATH-500 (non-synthetic reasoning)
Claude 4.5 Sonnet 0.813 0.543 ± 0.006 0.270 0.789 0.541 ± 0.014 0.247
DeepSeek R1 0.652 0.515 ± 0.013 0.137 0.640 0.528 ± 0.012 0.112
GPT-OSS 20B 0.582 0.518 ± 0.011 0.065 0.529 0.526 ± 0.004 0.004
Amazon Nova Premier 0.747 0.501 ± 0.011 0.246 0.609 0.518 ± 0.004 0.091
Qwen 3 32B 0.798 0.519 ± 0.026 0.278 0.608 0.518 ± 0.026 0.090

HotpotQA (factual retrieval — negative control)
Claude 4.5 Sonnet 0.585 0.517 ± 0.005 0.068 0.600 0.519 ± 0.006 0.081
DeepSeek R1 0.605 0.505 ± 0.007 0.100 0.529 0.515 ± 0.009 0.013
GPT-OSS 20B 0.537 0.530 ± 0.013 0.007 0.524 0.531 ± 0.010 −0.007
Amazon Nova Premier 0.582 0.525 ± 0.008 0.057 0.589 0.523 ± 0.013 0.067
Qwen 3 32B 0.605 0.524 ± 0.004 0.081 0.513 0.521 ± 0.010 −0.008

Table 3: Real vs. randomized preferences across three
benchmarks (BT+PageRank). Randomization tests
whether gains depend on elicited self-preference content
rather than fixed aggregation structure: winner direc-
tion and confidence scores are randomized while all
other pipeline components are held fixed. Random AU-
ROC is mean ± std over three runs; ↓ Drop is real
minus random. On both synthetic (Math-Synth) and
non-synthetic (MATH-500) reasoning, real preferences
carry substantial correctness-relevant signal that ran-
domization destroys. On HotpotQA, real preferences
are already near-chance, so drops are near-zero—a neg-
ative control confirming the collapse regime rather than
a failure of the ablation.

depends materially on the elicited self-preference
judgments rather than on the aggregation structure
alone. Performance plateaus at M≈5 trials and
remains stable through M=20 (Figure 9). The
C=1 regularization choice is validated as perfor-
mance degrades for C < 1 but remains stable for
C ≥ 1 across all models. PageRank smoothing pro-
vides mild regularization benefit (+0.015 Sel-AUC
average). Increasing response count from N=5
to N=10 degrades performance, indicating high-
temperature samples introduce noise (Figure 8).
The randomization ablation extends to the non-
synthetic MATH-500 benchmark with consistent
results (Table 3, middle panel; 4/5 models show
substantial within-trial drops), confirming the sig-
nal is not an artifact of the synthetic setting. On
HotpotQA (Table 3, bottom panel), the drop is near-
zero, confirming that real preferences on retrieval
tasks carry no more information than random coin
flips—the collapse regime identified in the main
analysis.

Cost and Budget-Matched Comparison. Struc-
tural uncertainty requires N generations plus
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Figure 6: Structural collapse on factual retrieval. Claude 4.5 Sonnet on Math-Synth and HotpotQA, conditioned
on correctness (BT + PageRank). (a) STRUCTUacross: Math-Synth shows correctness separation; HotpotQA
concentrates near zero for both. (b) STRUCTUwithin: HotpotQA clusters at maximum entropy (log 5 ≈ 1.61, dotted
line). (c) Joint space: Math-Synth separates along the across-trial axis; HotpotQA collapses into a degenerate cluster
with no separation under the present candidate-generation and self-preference protocol.

M(N−1) pairwise judgments per question, so a
fair question is whether the same budget is better
spent on more samples for Self-ConsU. The pair-
wise judgments are comparatively cheap: they run
at temperature 0 and emit short comparative ver-
dicts rather than full stochastic generations, and
the M -trial ensemble plateaus at M≈5 (5× 4=20
comparisons for N=5). At a matched budget of
25 API calls on DeepSeek R1 / AIME-25 (Ta-
ble 22), the hybrid built from 5 generations plus
20 pairwise calls attains Sel-AUC 0.728, exceed-
ing Self-ConsU estimated from 25 fresh gener-
ations (0.717); Self-ConsU itself improves only
+0.010 going from N=5 to N=25, indicating
diminishing returns from more sampling. The
pairwise calls thus access a qualitatively different
relative-preference signal rather than more draws
from the same answer distribution, consistent with
the near-orthogonality in Appendix E.8. We ac-
cordingly position the method for settings where
selective-prediction quality outweighs ultra-low la-
tency, rather than where minimal inference cost
is the primary constraint (full breakdown in Ap-
pendix E.11, Table 22).

5 Conclusion

We introduced structural uncertainty, a black-box
framework for characterizing the stability of self-
preference-induced rankings over sampled LLM re-
sponses. By eliciting pairwise self-preferences and
aggregating them via Bradley–Terry with PageR-
ank, we decompose uncertainty into across-trial
ranking instability and within-trial candidate am-
biguity without requiring model internals. Across

five LLMs and eight benchmarks, the central empir-
ical finding is complementarity: combining struc-
tural and dispersion-based signals improves selec-
tive prediction on several reasoning and knowledge
tasks, with largest gains where systematic errors
produce consistent but incorrect answers—a failure
mode often invisible to answer dispersion. Con-
versely, the structural signal collapses on factual
retrieval (HotpotQA), where near-uniform prefer-
ence graphs carry no discriminative information;
this collapse identifies the regime boundary where
dispersion-based methods should be preferred. The
two components relate differently to accuracy—
across-trial instability correlates negatively with
correctness, while within-trial ambiguity correlates
positively on mathematical reasoning—and abla-
tions suggest the signal depends materially on self-
preference content rather than pipeline artifacts.
More broadly, structural uncertainty reframes the
question from how much do responses differ to
how consistently does the model rank them, help-
ing practitioners assess which signal is more infor-
mative for a given task regime. Future directions
include adaptive selection between structural and
dispersion-based signals, and combining structural
uncertainty with white-box signals where available.

Limitations

Our approach requires N generations and
M(N−1) pairwise comparisons per question
(N=5, M=5), substantially increasing inference
cost and latency compared to dispersion-based es-
timators. Since models judge their own outputs,
the preference signal can inherit model-specific
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biases—if models systematically prefer incorrect
patterns, self-preferences reflect these biases and
should be interpreted as behavioral signals rather
than guaranteed measures of external correctness.

Our decomposition is empirical rather than
causal: across-trial ranking instability and within-
trial candidate ambiguity are observable behav-
ioral signals measured under a fixed generation-
and-comparison protocol, and should not be taken
as universally identifiable sources of uncertainty
across all tasks, prompts, and models. In particu-
lar, candidate diversity, prompt design, and elici-
tation format can materially affect the signal. The
method is most informative when responses differ
in substantive reasoning quality; when variation is
mainly stylistic or responses are similarly plausi-
ble, the preference graph can collapse and provide
little additional signal, as observed on HotpotQA.
Accordingly, our claims concern the utility of self-
preference ranking stability as a complementary
uncertainty signal within the studied protocol, not
about latent uncertainty decomposition in general.

Finally, our evaluation focuses on short-answer
tasks with verifiable correctness. Preference qual-
ity may also degrade when responses are highly
similar, technical, or outside model expertise. Ex-
tending the framework to long-form, open-ended,
or subjective generation, and investigating cross-
model elicitation and adaptive sampling, remain
important directions for future work.
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A Additional Method Details

A.1 Random Spanning Tree Comparison
Graphs

A complete comparison graph on N candidates
requires

(
N
2

)
judge calls. We instead sample a

connected sparse graph per trial by drawing a uni-
form random spanning tree T (m) on the N nodes
and querying only its N−1 edges. This guaran-
tees connectivity (needed for global ranking) while
reducing comparisons to O(N) per trial.

We sample uniform random spanning trees using
Wilson’s algorithm (Wilson, 1996) based on loop-
erased random walks. In dense graphs, Wilson sam-
pling runs in expected O(N) time and produces an
unbiased sample from the uniform distribution over
spanning trees.

A.2 Bradley–Terry with L2 Regularization
Model. BT assigns each response i a latent utility
θi ∈ R. The probability that i is preferred over j is

P(i ≻ j) =
exp(θi)

exp(θi) + exp(θj)
. (9)

Regularization. Spanning trees are cycle-free
and admit perfect total orderings, making the un-
regularized BT log-likelihood unbounded (Ford,
1957). We add an L2 penalty:

Lreg(θ) =
∑

(i,j)∈T (m)

logP(i ≻ j)− 1

2C
∥θ∥2,

(10)
where C > 0 is inverse regularization strength
(larger C = weaker penalty). The L2 term ensures
strict concavity and a unique finite maximizer. We
set C=1; see Appendix A.3.

Estimation. We maximize Lreg via MM-style up-
dates (Hunter, 2004) with L2 gradient correction
− 1

Cθ. Convergence criterion: ∥θt+1 − θt∥∞ <
10−6. After convergence, re-center utilities: θi ←
θi − 1

N

∑
k θk.

Pairwise probabilities. After fitting, set trial-
specific win probabilities as P

(m)
ij = P(i ≻ j; θ̂)

via Eq. (9) for all pairs (i, j), with P
(m)
ii = 0.

A.3 Sensitivity Analysis: L2 Regularization
Strength C

Figure 7 reports Sel-AUC sensitivity to inverse reg-
ularization strength C ∈ {0.1, 0.5, 1, 3, 5, 10} on
Math-Synth. Performance degrades at low C (over-
regularization suppresses preference signal) and
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(a) STRUCTUacross across-trial (b) STRUCTUwithin (within-trial) (c) STRUCTUtotal (Total)

Figure 7: Sensitivity of Sel-AUC to inverse regularization strength C (BT+PageRank, Math-Synth). Each
panel shows one uncertainty component across all five models as a function of C ∈ {0.1, 0.5, 1, 3, 5, 10}, where
larger C corresponds to weaker regularization. (a) Across-trial (STRUCTUacross): models with stronger preference
signal (DeepSeek R1, GPT-OSS 20B, Amazon Nova Premier) show the largest degradation at low C, where
over-regularization suppresses trial-to-trial ranking variance. (b) Within-trial (STRUCTUwithin): more stable across
C but still degrades at C=0.1 for stronger models, as compressed utilities produce artificially uniform within-trial
PageRank distributions. (c) Total (STRUCTUtotal): reflects the combined effect. Across all three panels and all five
models, performance plateaus stably for C ≥ 1 with no degradation observed at C=10 (weakest regularization
tested), directly confirming that BT parameters remain bounded and do not exhibit the divergence predicted for
unregularized spanning tree MLE (Ford, 1957). We fix C=1 throughout all experiments as a conservative choice at
the boundary of the stable regime.

remains stable in the plateau region C ∈ [1, 5]. We
set C=1 throughout all experiments, correspond-
ing to the onset of the stable plateau across all
models and uncertainty components.

A.4 Sensitivity to N and M on AIME

Figures 8 and 9 report the effect of the number of
sampled responses N and the number of compar-
ison trials M on the AIME benchmarks. Perfor-
mance plateaus at M≈5 trials and remains stable
through M=20, so additional trials yield diminish-
ing returns. Increasing the response count from
N=5 to N=10 degrades performance, indicating
that additional high-temperature samples introduce
noise rather than useful candidate diversity. These
observations motivate the N=5, M=5 configura-
tion used throughout.

Figure 8: Ablation study on AIME benchmarks: effect
of number of sampled responses showing performance
degrades with N=10.

Figure 9: Ablation study on AIME benchmarks: effect
of number of trials showing performance plateaus at
M≈5.

A.5 Confidence-Weighted TrueSkill

TrueSkill (Herbrich et al., 2006) represents each re-
sponse i with Gaussian rating ri = (µi, σi) and up-
dates ratings sequentially from pairwise outcomes.
We extend with confidence-weighted fractional up-
dates.

Inputs and filtering. Judge returns matches
(w, ℓ, cwℓ) with confidence cwℓ ∈ [0, 100]. Con-
vert to probability pwℓ = cwℓ/100, retain only
pwℓ > 0.5, discard pwℓ = 0.5.

Confidence weighting. Fractional evidence
weight: d = 2(pwℓ − 0.5), w = max(dγ , ϵ) where
γ controls curvature, ϵ = 10−6.

Natural-parameter blending. For r = (µ, σ),
define natural parameters:

λ = 1
σ2 , η = µ

σ2 . (11)
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Compute full posterior (rfull
w , rfull

ℓ ) =
rate_1vs1(rw, rℓ), then blend:

λnew = λ+w(λfull−λ), ηnew = η+w(ηfull−η),
(12)

applied to winner and loser. Convert back: σ2 =
1/λnew, µ = ηnew/λnew. Perform sequential up-
dates for multiple epochs with randomized order.

Win probabilities and strengths. Given final
ratings and environment parameter β:

Pij = Φ

(
µi−µj√

2β2+σ2
i +σ2

j

)
, (13)

where Φ is the standard normal CDF. Export
strengths: si = exp

(µi−µ̄
β

)
where µ̄ = 1

N

∑
k µk.

A.6 PageRank Aggregation Details

Given P(m), construct row-stochastic transition
matrix T(m) moving from i to j proportional to
the probability j beats i:

T
(m)
ij =

P
(m)
ji∑

k ̸=i P
(m)
ki

, T
(m)
ii = 0. (14)

Compute π(m) by power iteration with damping
factor d = 0.85 and teleportation vector v = 1

N 1:

π(m) = d (T(m))⊤π(m) + (1− d)v. (15)

Stop when ∥πt+1−πt∥1 ≤ 10−6 and renormalize
to sum to 1.

A.7 Uncertainty Decomposition Details

Running M trials yields PageRank distributions
{π(1), . . . ,π(M)} where each π(m) ∈ ∆N is a
distribution over N candidates. Let ω denote
stochastic trial factors. The identity H(π) =
I(ω;π) +H(π | ω) motivates decomposing into
across-trial (mutual information) and within-trial
(conditional entropy) components.

Define mean distribution π̄ = 1
M

∑
m π(m). To-

tal structural uncertainty:

StructU = H[π̄] = −
N∑

i=1

π̄i log π̄i. (16)

Within-trial uncertainty captures candidate ambigu-
ity:

StructUwithin = 1
M

M∑

m=1

H[π(m)]. (17)

Across-trial uncertainty measures ranking instabil-
ity:

StructUacross = StructU− StructUwithin. (18)

By construction, StructU = StructUwithin +
StructUacross.

For the combined estimator, compute Self-
ConsU from the answer distribution. The sign
convention is fixed globally: StructUacross, which
correlates negatively with accuracy, adds with Self-
ConsU; StructUwithin, which correlates positively
on reasoning tasks, enters subtractively:

StructU+Self-ConsUacross

= StructUacross + Self-ConsU, (19)

StructU+Self-ConsUwithin

= StructUwithin − Self-ConsU. (20)

A.8 Self-Consistency: Linear vs. Entropy
Formulation

The original self-consistency method (Wang et al.,
2024a) measures agreement via the majority vote
proportion. For uncertainty quantification, this
is typically inverted to usc = 1 − maxa p(a),
where higher values indicate greater disagree-
ment. We instead use Shannon entropy H[p] =
−∑a p(a) log p(a), which:

• Captures the full distribution shape rather than
only the mode,

• Provides a principled information-theoretic
measure,

• Enables natural combination with our entropy-
based structural uncertainty.

Empirically, both formulations correlate strongly
with correctness (Spearman ρ > 0.95 across
datasets), but entropy slightly outperforms the lin-
ear measure when combined with StructU.
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Algorithm 1 Bradley–Terry with L2 Regulariza-
tion (per trial m)

Require: Edge set E(m) (spanning tree); inverse regulariza-
tion C > 0 (default C=1)

Ensure: BT utilities θ̂
(m)

, pairwise probabilities P(m)

1: Initialize θi ← 0 for all i
2: repeat
3: Maximize regularized BT log-likelihood via MM up-

dates (Hunter, 2004):
4: Lreg(θ) =

∑
(i,j)∈E(m) log

exp(θi)
exp(θi)+exp(θj)

−
1
2C
∥θ∥2

5: until ∥θt+1 − θt∥∞ < 10−6

6: Re-center: θi ← θi − 1
N

∑
k θk

7: for all pairs (i, j), i ̸= j do
8: P

(m)
ij ← exp(θi)

exp(θi)+exp(θj)

9: end for
10: P

(m)
ii ← 0 for all i

11: return θ̂
(m)

,P(m)

Algorithm 2 Pairwise Preference Modeling
(Confidence-Weighted TrueSkill) (per trial m)

Require: MatchesM(m) = {(w, ℓ, cwℓ)}, nodes
{1, . . . , N}, epochs E, curvature γ, TS params
(β, τ, draw_prob)

Ensure: Ratings {(µi, σi)} and pairwise probabil-
ities P(m)

1: Initialize ratings ri ← (µ0, σ0)
2: Filter: keep p = c/100 > 0.5, drop p = 0.5
3: for e = 1 to E do
4: Shuffle retained matches
5: for each match (w, ℓ, p) do
6: d← 2(p− 0.5); wgt← max(dγ , ϵ)

7: (rfullw , rfullℓ )← rate_1vs1(rw, rℓ)

8: Convert rw, r
full
w to naturals (λ, η) via

λ = 1/σ2, η = µ/σ2

9: Blend: (λ, η) ← (λ, η) +
wgt

(
(λfull, ηfull)− (λ, η)

)

10: Convert back to (µ, σ) via σ2 = 1/λ,
µ = η/λ

11: Apply the same natural-parameter blend-
ing steps to loser ℓ

12: end for
13: end for
14: for all ordered pairs (i, j), i ̸= j do

15: P
(m)
ij ← Φ

(
µi−µj√

2β2+σ2
i +σ2

j

)

16: end for
17: Set P (m)

ii ← 0 for all i
18: return ratings and P(m)

Algorithm 3 PageRank Aggregation (per trial m)

Require: P(m) ∈ [0, 1]N×N , damping d ∈ [0, 1), tolerance
ε

Ensure: Stationary distribution π(m) ∈ ∆N

1: Tij ← Pji/
∑

k ̸=i Pki for i ̸= j; Tii ← 0

2: v ← 1
N
1; π ← v

3: repeat
4: πnew ← dT⊤π + (1− d)v
5: Normalize: πnew ← πnew/∥πnew∥1
6: ∆← ∥πnew − π∥1; π ← πnew
7: until ∆ ≤ ε
8: return π(m)

B Synthetic Arithmetic Dataset
Generation

MATH-SYNTH is a synthetic arithmetic benchmark
isolating computational complexity through sys-
tematically varied arithmetic expressions. Unlike
existing benchmarks that conflate conceptual un-
derstanding with multi-step reasoning, we gener-
ate expressions whose answer has exactly d digits
(for d ∈ {1, . . . , 14}), ensuring answer magnitude
serves as a proxy for computational complexity.

Generation and validation pipeline. We employ
Claude 3.7 Sonnet (temperature=0.9, top_p=0.9)
to generate expressions satisfying the digit-length
constraint. Each problem is stored as JSON
with fields: id, question (arithmetic expression),
answer (ground-truth integer), python_code (exe-
cutable verification), num_terms (operator count
+ 1), and num_digits (target d). The prompt
requests 25 problems per digit length with 10
few-shot examples demonstrating nested negations
(e.g., −(−(−(−(−(−(· · · ))))))), complex opera-
tor precedence, and exact digit-length compliance.
Example: “What is −(−(−(−(−(−(−(−500) ×
200))))) +−(−(−1))?” (answer: 100,001; 6 dig-
its).

Post-processing ensures correctness: (i) parse
generated JSON; (ii) deduplicate by exact ques-
tion match; (iii) execute python_code, overwrite
answer if mismatched, drop execution errors; (iv)
retain only examples satisfying NumDigits(|y|) =
d. Algorithm 4 formalizes this pipeline. The final
dataset contains 993 verified examples spanning
d ∈ {1, . . . , 14} with deterministic ground truth.

C Experimental Protocol and Prompt
Engineering

C.1 Overall Evaluation Pipeline
We follow the multi-path generation and M -
trial procedure described in Section 3. For
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Algorithm 4 Generate and Validate Math-Synth
for Digit Length d

Require: Digit length d, batches B, optional target size K,
RNG seed

Ensure: JSONL dataset Dd with exactly-d-digit answers
1: POOL ← [ ]
2: for b = 1 to B do
3: t← LLMGENERATE(PROMPT(d), temp=0.9)
4: POOL ← POOL ∪ PARSEJSON(t)
5: end for
6: UNIQUE ← DEDUPBYQUESTION(POOL)
7: VALID ← [ ]
8: for each e ∈ UNIQUE do
9: (OK, y)← EXECPYTHON(e.python_code)

10: if OK and NUMDIGITS(|y|) = d then
11: e.answer← str(y); append e to VALID
12: end if
13: end for
14: if K specified and |VALID| > K then
15: Dd ← RANDOMSAMPLE(VALID,K)
16: else
17: Dd ← VALID
18: end if
19: return REINDEXANDWRITEJSONL(Dd)

each question, we sample N=5 candidate re-
sponses using the diverse prompt templates
in Appendix E.6.1, and repeat the complete
generation→comparison→ranking pipeline for
M=5 independent trials. All models and datasets
use identical decoding hyperparameters (Ap-
pendix C.2) to ensure fair comparison.

Within each trial m, we obtain pairwise self-
preference judgments by prompting the same
model to compare its own outputs with determin-
istic evaluation settings (temperature=0.0). Each
judgment includes a confidence score on a 0–100
scale, where 100 indicates maximal certainty and
50 indicates no preference. The resulting set of pair-
wise comparisons is held fixed and reused across
all preference-based uncertainty estimators, ensur-
ing controlled comparisons. Each trial produces
|E(m)| = N−1 = 4 judged pairs (spanning tree
edges), yielding 4M=20 total comparisons per
question.

C.2 Decoding Hyperparameters

Table 4 summarizes decoding settings for response
generation and self-preference evaluation.

Parameter Generation Evaluation

Temperature 0.7 0.0
Top-p 0.95 –
Max tokens 4096 8192

Table 4: Decoding hyperparameters.

For response generation, we use stochastic de-
coding (temperature=0.7) to ensure diversity across
N=5 candidates. Each response uses a different
prompt template (Appendix E.6.1) eliciting distinct
reasoning strategies.

For self-preference evaluation, we use determin-
istic decoding (temperature=0.0) to ensure con-
sistent judgments. The same model that gener-
ates responses judges pairwise preferences among
its own outputs. Confidence scores are extracted
from structured output and used by TrueSkill (Ap-
pendix A.5) but not Bradley–Terry. Fallback con-
fidence is 50 (neutral) when preference cannot be
determined.

D Baseline Uncertainty Estimators

We compare against representative black-box un-
certainty estimators operating solely on sampled
outputs. All methods use the same N = 5 re-
sponses per question. No method accesses token
probabilities or hidden states.

Self-Consistency Uncertainty (Self-
ConsU). For input x, generate N responses
R(x) = {r1, . . . , rN} and extract final answers
{a1, . . . , aN}. Let A denote unique answers with
count n(a) for each a ∈ A. Form empirical
distribution p(a) = n(a)/N and compute Shannon
entropy:

Self-ConsU(x) = −
∑

a∈A
p(a) log p(a). (21)

Self-ConsU is low when the model repeatedly pro-
duces the same answer (high self-consistency) and
increases as probability mass spreads across multi-
ple distinct answers.

Semantic Dispersion (SemanticU). Sample
K = 5 responses {r(1), . . . , r(5)} contain-
ing full solution text. Embed each using a
sentence-embedding model (KaLM), yielding vec-
tors {e(1), . . . , e(5)}. Compute pairwise cosine dis-
tances:

dij = 1− cos(e(i), e(j)), 1 ≤ i < j ≤ 5, (22)

where cos(a, b) = a⊤b/(∥a∥ ∥b∥). Summarize via
mean and variance over the

(
5
2

)
= 10 distances:

SD-Mean = 1
10

∑

1≤i<j≤5

dij , (23)

SD-Var = 1
10

∑

1≤i<j≤5

(dij − SD-Mean)2. (24)
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Higher SD values indicate greater semantic dis-
agreement and serve as a lightweight uncertainty
proxy.

Verbalized Confidence (VerbalizedU). For each
question q, sample N = 5 solutions {s1, . . . , s5}.
Each candidate si is evaluated by a verifier LLM V
using deterministic decoding (temperature T = 0),
producing binary verdict vi ∈ {PASS,FAIL} and
confidence ci ∈ [0, 1]. Convert to per-candidate
uncertainty:

u
(i)
verify = 1− ci, (25)

and aggregate to question-level uncertainty:

uverify,mean = 1
N

N∑

i=1

u
(i)
verify. (26)

This produces a scalar uncertainty estimate per
question directly comparable to other estimators.

D.1 Full Results: TrueSkill + PageRank

Table 6 presents complete results using TrueSkill
with confidence-weighted updates and PageR-
ank aggregation. This serves as critical val-
idation of our structural uncertainty frame-
work: despite fundamentally different model-
ing assumptions—Bradley–Terry (Appendix A.2)
estimates deterministic utility differences from
observed comparisons, while TrueSkill (Ap-
pendix A.5) maintains per-candidate Bayesian
variance estimates updated through confidence-
weighted fractional blending—both backends pro-
duce highly consistent structural uncertainty esti-
mates and selective prediction rankings.

Cross-backend validation. The Spearman corre-
lation between BT+PageRank and TS+PageRank
Sel-AUC scores exceeds ρ = 0.95 across all
40 model-dataset pairs (5 models × 8 datasets).
Method rank agreement (which backend’s hybrid
variant ranks first) is 89% for StructU and 91%
for StructU+Self-ConsU. Mean absolute difference
in Sel-AUC is 0.012 for StructU and 0.015 for
StructU+Self-ConsU. This consistency confirms
that the across-trial–within-trial decomposition is
not an artifact of a specific preference model but
reflects genuine structural properties of the ranking
distribution.

Task-dependent backend sensitivity. While
both backends produce consistent overall rank-
ings, they exhibit complementary strengths

across task types. On mathematical reason-
ing benchmarks (Math-Synth, MATH-500, AMC-
23), BT+PageRank better captures within-trial
uncertainty (within-trial ambiguity) through de-
terministic preference strengths, outperforming
TS+PageRank in 10 of 15 configurations for
StructUwithin. On knowledge-intensive tasks
(MMLU-Pro) and contest benchmarks (AIME-
24/25), TS+PageRank better isolates across-trial
uncertainty (across-trial instability) through vari-
ance modeling, achieving superior StructUacross
performance in 12 of 15 configurations. On Hot-
potQA, both backends exhibit structural collapse
(Table 1), with neither dominating—consistent
with near-uniform preference graphs rendering
backend choice irrelevant when structural signals
are degenerate.

Hybrid performance patterns. The
StructU+Self-ConsU hybrids show even stronger
backend consistency, with task-specific exceptions
that reveal mechanistic insights. On MMLU-
Pro, TS+PageRank hybrids exhibit dramatic
advantages (GPT-OSS: +0.123 Sel-AUC vs
BT+PageRank; Nova: +0.156; Qwen: +0.105),
suggesting confidence-aware variance modeling is
particularly valuable when knowledge-intensive
questions admit multiple defensible framings. On
mathematical reasoning, both backends achieve
near-parity (within 0.01 Sel-AUC in 85% of
cases), confirming that deterministic correctness
criteria make backend choice less critical. On
HotpotQA, hybrids degrade performance for
strongest models (Claude, DeepSeek) with both
backends, confirming that degenerate preference
graphs introduce noise rather than signal regardless
of modeling choice.

D.2 Full Results: TrueSkill + PageRank

Table 6 presents complete results using TrueSkill
with PageRank aggregation. The overall perfor-
mance patterns mirror Bradley–Terry results (Ta-
ble 1 in main paper): StructU+Self-ConsU achieves
highest performance on mathematical reasoning
and knowledge tasks, while structural signals col-
lapse on HotpotQA. Key differences: TrueSkill
hybrids show larger gains on MMLU-Pro (GPT-
OSS: +0.123 vs BT+PR; Nova: +0.156) due
to confidence-weighted variance modeling, while
BT+PR better captures within-trial uncertainty on
math benchmarks.
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Math Benchmarks MMLU-Pro Factual

Model Synth Math500 AMC23 AIME24 AIME25 Overall Chem Phys Math Law Eng Hotpot Truthful

Claude Sonnet 4.5 39.9 88.4 86.5 40.0 33.3 84.9 88.0 90.1 92.1 74.6 76.0 73 98.5
DeepSeek R1 70.9 87.1 94.0 78.2 47.3 83.8 86.6 89.1 91.0 68.7 80.1 72.9 90.9
GPT-OSS 20B 66.1 86.5 93.5 69.6 63.3 72.6 81.6 81.6 89.4 43.4 59.6 70.64 84.4
Nova Premier 29.0 73.2 50.5 16.0 14.0 69.0 71.9 74.9 78.8 50.4 61.0 76.1 89.4
Qwen 3 32B 21.7 74.1 56.0 20.7 14.7 64.6 67.7 71.4 75.5 44.0 60.1 66 75.3

Table 5: Model accuracies (percent correct) across benchmarks.

D.3 MMLU-Pro Domain Breakdown

Table 7 reports performance across MMLU-Pro
domains. In Physics and Math, StructU-within con-
sistently outperforms other components, aligning
with the intuition that these domains admit mul-
tiple valid derivations. In Engineering and Law,
the hybrid variants show largest gains, suggest-
ing structural rankings provide scaffolding that im-
proves selective prediction when paired with self-
consistency.

D.4 Robustness to Correctness Thresholds

Table 8 reports AUROC under three correctness
thresholds τ ∈ {1.0, 0.8, 0.6}. All uncertainty sig-
nals exhibit modest degradation as the threshold
is relaxed, confirming that separability is not an
artifact of strict labeling but remains stable under
looser correctness definitions.

E Additional Analysis of Structural
Uncertainty Signals

E.1 Structural Collapse Across Additional
Models for HotpotQA

Figure 10 extends the structural collapse analysis
to Amazon Nova Premier, DeepSeek R1, GPT-
OSS 20B, and Qwen 3 32B. The “HotpotQA
signature”—near-zero across-trial uncertainty with
near-maximum within-trial uncertainty (log 5 ≈
1.61)—reproduces identically across all models,
confirming that factual retrieval elicits prompt-
invariant reasoning chains rendering preference
graphs uninformative regardless of model capabil-
ity. In contrast, Math-Synth retains clear across-
trial separation between correct and incorrect ques-
tions for all models, though the dynamic range nar-
rows for weaker models (Amazon Nova Premier,
Qwen 3 32B).

This universality aligns with Table 1: on Hot-
potQA, StructU+Self-ConsU fails to improve over
Self-ConsU alone for DeepSeek R1 (0.796 vs 0.835

Sel-AUC) and Claude 4.5 (0.742 vs 0.839), con-
firming degenerate preference graphs introduce
noise rather than signal.

E.2 Qualitative Assessment of Structural
Collapse

To provide mechanistic evidence for the quantita-
tive findings in Section 4.2, we analyze four exam-
ples from Claude 4.5 Sonnet with Self-ConsU = 0
(unanimous agreement), isolating structural signals
where dispersion-based methods are uninformative.
Table 9 summarizes key quantities.

E.3 Math-Synth: Structural Diversity
Enables Discrimination

E.3.1 Incorrect Example (Self-ConsU = 0,
StructUacross = 0.035)

Task. A 6-digit synthetic arithmetic problem in-
volving nested negations and multiplication:

−(−(−(−(−(−︸ ︷︷ ︸
6 outer negations

−(−500)︸ ︷︷ ︸
=500

×200 ) ) ) ) ) ) + −(−(−1))︸ ︷︷ ︸
=1

The left sub-expression evaluates as −(−500) ×
200 = 100,000, then wrapped in 6 outer nega-
tions (even count→ positive), yielding +100,000.
Adding the right part: 100,000+1 = 100,001. All
five responses unanimously answer −99,999; the
ground truth is 100,001.

Shared error. All responses miscount outer nega-
tions as 5 (odd → negative) instead of 6 (even
→ positive), flipping the sign from +100,000 to
−100,000 via different error paths (Table 10).

PageRank dynamics. The structural diversity
across responses produces a skewed PageRank dis-
tribution (πmax/πmin = 1.73) with substantial in-
stability across spanning tree trials. Table 11 re-
ports the per-trial PageRank vectors.
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Dataset Model
StructU (TrueSkill+PageRank) StructU+Self-ConsU (TrueSkill+PageRank) Baselines

within across total within across total Self-ConsU VerbalizedU SemanticU

Math-Synth

Claude 4.5 Sonnet 0.627 (0.978) 0.641 (0.958) 0.580 (0.940) 0.660 (0.992) 0.661 (0.991) 0.660 (0.992) 0.65 (0.985) 0.544 (0.924) 0.430 (0.927)
DeepSeek R1 0.816 (0.879) 0.792 (0.821) 0.739 (0.709) 0.823 (0.924) 0.825 (0.925) 0.805 (0.909) 0.802 (0.899) 0.793 (0.701) 0.664 (0.502)
GPT-OSS 20B 0.809 (0.750) 0.772 (0.661) 0.679 (0.419) 0.854 (0.961) 0.849 (0.959) 0.842 (0.956) 0.83 (0.958) 0.792 (0.742) 0.528 (0.638)
Amazon Nova Premier 0.417 (0.812) 0.275 (0.382) 0.374 (0.682) 0.501 (0.997) 0.501 (0.997) 0.504 (0.998) 0.382 (0.948) 0.389 (0.807) 0.436 (0.824)
Qwen 3 32B 0.254 (0.736) 0.219 (0.602) 0.225 (0.614) 0.407 (0.996) 0.411 (0.996) 0.404 (0.995) 0.38 (0.995) 0.279 (0.824) 0.218 (0.462)

MATH-500

Claude 4.5 Sonnet 0.930 (0.800) 0.932 (0.783) 0.931 (0.779) 0.946 (0.832) 0.950 (0.834) 0.947 (0.824) 0.942 (0.816) 0.891 (0.686) 0.783 (0.720)
DeepSeek R1 0.893 (0.653) 0.899 (0.651) 0.870 (0.591) 0.939 (0.789) 0.942 (0.800) 0.928 (0.771) 0.923 (0.759) 0.870 (0.546) 0.875 (0.603)
GPT-OSS 20B 0.874 (0.602) 0.888 (0.540) 0.896 (0.611) 0.900 (0.725) 0.904 (0.711) 0.905 (0.726) 0.871 (0.694) 0.886 (0.645) 0.860 (0.460)
Amazon Nova Premier 0.785 (0.673) 0.713 (0.559) 0.773 (0.587) 0.886 (0.871) 0.878 (0.869) 0.885 (0.865) 0.860 (0.839) 0.883 (0.715) 0.810 (0.695)
Qwen 3 32B 0.827 (0.740) 0.729 (0.506) 0.799 (0.691) 0.886 (0.870) 0.886 (0.851) 0.888 (0.867) 0.871 (0.817) 0.880 (0.684) 0.819 (0.717)

AMC-23

Claude 4.5 Sonnet 0.967 (0.997) 0.969 (0.987) 0.956 (0.960) 0.972 (1.000) 0.972 (1.000) 0.971 (1.000) 0.955 (1.00) 0.900 (0.604) 0.853 (0.588)
DeepSeek R1 0.947 (0.749) 0.953 (0.543) 0.914 (0.229) 0.985 (1.000) 0.985 (1.000) 0.985 (1.000) 0.985 (1.00) 0.877 (0.412) 0.880 (0.592)
GPT-OSS 20B 0.948 (0.737) 0.929 (0.507) 0.948 (0.603) 0.980 (1.000) 0.980 (1.000) 0.980 (1.000) 0.980 (1.00) 0.980 (0.583) 0.884 (0.630)
Amazon Nova Premier 0.526 (0.811) 0.558 (0.486) 0.570 (0.757) 0.715 (1.000) 0.710 (1.000) 0.714 (1.000) 0.584 (1.00) 0.419 (0.362) 0.351 (0.410)
Qwen 3 32B 0.610 (0.755) 0.516 (0.561) 0.610 (0.727) 0.818 (1.000) 0.821 (1.000) 0.820 (1.000) 0.810 (1.00) 0.637 (0.389) 0.513 (0.299)

AIME-24

Claude 4.5 Sonnet 0.557 (0.932) 0.620 (0.955) 0.555 (0.909) 0.681 (1.000) 0.699 (1.000) 0.682 (1.000) 0.567 (0.972) 0.273 (0.144) 0.450 (0.640)
DeepSeek R1 0.857 (0.843) 0.813 (0.455) 0.891 (0.909) 0.925 (1.0) 0.925 (1.0) 0.925 (1.0) 0.917 (1.00) 0.799 (0.298) 0.788 (0.715)
GPT-OSS 20B 0.601 (0.742) 0.757 (0.648) 0.757 (0.786) 0.893 (1.000) 0.904 (1.000) 0.897 (1.000) 0.905 (1.000) 0.891 (0.319) 0.876 (0.681)
Amazon Nova Premier 0.233 (—) 0.231 (—) 0.194 (—) 0.196 (—) 0.205 (—) 0.191 (—) 0.174 (—) — 0.294 (—)
Qwen 3 32B 0.306 (—) 0.230 (—) 0.287 (—) 0.423 (—) 0.420 (—) 0.426 (—) 0.414 (—) — 0.247 (—)

AIME-25

Claude 4.5 Sonnet 0.580 (0.988) 0.599 (1.00) 0.204 (0.081) 0.645 (1.00) 0.643 (1.00) 0.646 (1.00) 0.645 (1.00) 0.489 (0.175) 0.524 (0.263)
DeepSeek R1 0.360 (0.630) 0.380 (0.466) 0.523 (0.397) 0.735 (1.00) 0.748 (1.00) 0.754 (1.00) 0.707 (1.00) 0.564 (0.400) 0.616 (0.296)
GPT-OSS 20B 0.424 (0.546) 0.407 (0.370) 0.634 (0.417) 0.880 (1.00) 0.886 (1.00) 0.886 (1.00) 0.825 (1.00) 0.776 (0.370) 0.768 (0.491)
Amazon Nova Premier 0.083 (–) 0.126 (–) 0.148 (–) 0.188 (–) 0.192 (–) 0.220 (–) 0.178 (–) 0.106 (–) 0.257 (–)
Qwen 3 32B 0.086 (0.759) 0.134 (0.931) 0.163 (0.517) 0.260 (1.00) 0.290 (1.00) 0.313 (1.00) 0.208 (1.00) 0.192 (0.897) 0.126 (0.931)

MMLU-Pro

Claude 4.5 Sonnet 0.921 (0.808) 0.922 (0.797) 0.911 (0.770) 0.945 (0.910) 0.945 (0.909) 0.944 (0.909) 0.900 (0.884) 0.944 (0.885) 0.890 (0.602)
DeepSeek R1 0.892 (0.671) 0.862 (0.568) 0.878 (0.643) 0.941 (0.913) 0.933 (0.901) 0.930 (0.907) 0.882 (0.882) 0.927 (0.796) 0.870 (0.577)
GPT-OSS 20B 0.706 (0.565) 0.725 (0.500) 0.726 (0.541) 0.869 (0.933) 0.868 (0.931) 0.868 (0.931) 0.830 (0.935) 0.785 (0.631) 0.774 (0.573)
Amazon Nova Premier 0.705 (0.463) 0.699 (0.531) 0.690 (0.458) 0.849 (0.957) 0.823 (0.944) 0.844 (0.955) 0.801 (0.945) 0.820 (0.775) 0.811 (0.713)
Qwen 3 32B 0.692 (0.640) 0.638 (0.501) 0.671 (0.592) 0.820 (0.972) 0.808 (0.968) 0.817 (0.971) 0.787 (0.966) 0.728 (0.686) 0.742 (0.724)

HotpotQA

Claude 4.5 Sonnet 0.663 (0.571) 0.717 (0.619) 0.667 (0.552) 0.681 (0.608) 0.730 (0.653) 0.686 (0.598) 0.839 (0.656) 0.847 (0.700) 0.768 (0.576)
DeepSeek R1 0.754 (0.635) 0.730 (0.552) 0.760 (0.628) 0.792 (0.727) 0.780 (0.699) 0.796 (0.715) 0.835 (0.658) 0.829 (0.708) 0.852 (0.696)
GPT-OSS 20B 0.759 (0.637) 0.725 (0.554) 0.748 (0.603) 0.819 (0.756) 0.815 (0.739) 0.811 (0.743) 0.813 (0.721) 0.772 (0.592) 0.80 (0.707)
Amazon Nova Premier 0.825 (0.606) 0.779 (0.526) 0.800 (0.571) 0.866 (0.763) 0.835 (0.734) 0.862 (0.760) 0.864 (0.740) 0.812 (0.647) 0.830 (0.618)
Qwen 3 32B 0.681 (0.620) 0.659 (0.561) 0.680 (0.613) 0.761 (0.753) 0.794 (0.770) 0.782 (0.770) 0.787 (0.729) 0.702 (0.630) 0.707 (0.612)

TruthfulQA

Claude 4.5 Sonnet 0.997 (0.944) 0.996 (0.926) 0.994 (0.926) 0.997 (0.955) 0.997 (0.964) 0.996 (0.949) 0.994 (0.926) 0.997 (0.949) 0.979 (0.503)
DeepSeek R1 0.931 (0.604) 0.897 (0.538) 0.940 (0.844) 0.954 (0.886) 0.957 (0.888) 0.926 (0.819) 0.940 (0.844) 0.949 (0.721) 0.907 (0.530)
GPT-OSS 20B 0.872 (0.633) 0.865 (0.675) 0.916 (0.936) 0.921 (0.953) 0.918 (0.952) 0.909 (0.946) 0.916 (0.936) 0.864 (0.608) 0.856 (0.525)
Amazon Nova Premier 0.920 (0.616) 0.948 (0.741) 0.946 (0.862) 0.963 (0.931) 0.946 (0.877) 0.963 (0.919) 0.946 (0.862) 0.953 (0.828) 0.907 (0.596)
Qwen 3 32B 0.780 (0.553) 0.752 (0.500) 0.856 (0.936) 0.865 (0.957) 0.857 (0.946) 0.853 (0.950) 0.856 (0.936) 0.822 (0.694) 0.812 (0.636)

Table 6: Selective prediction performance (Sel-AUC; AUROC in parentheses) – Combined StructU+Self-
ConsU. Sel-AUC measures area under the risk–coverage curve (higher is better). Positive class = robust failure
under sampling (τ=1.0). StructU+Self-ConsU reports the combined estimator (within, across, total) using
TrueSkill+PageRank as the preference backend. Baselines: Self-ConsU, VerbalizedU, SemanticU. Bold = best;
underline = second-best per row.

Analysis. Responses differ substantively in veri-
fication depth (R1: explicit self-check; R4: none),
metacognitive structure (R2: narrated strategy; R5:
mid-derivation correction), and error pathway (R1–
R4: miscount negations; R5: misparse grouping)—
genuine derivation quality differences, not surface
reformulations.

Table 12 shows these differences produce un-
stable preferences. Across 20 judgments, 80%
of confidence scores are ≤65, indicating near-
indifference. The R1 vs R2 pair reveals instability:
the judge cites "clarity" to prefer R1 in trials 3–4
but R2 in trials 1 and 5. R4’s PageRank fluctu-
ates between 0.055 and 0.212 (CV=0.497) because
ranking depends on which spanning tree edges are

sampled.

This instability maps onto the two uncertainty
components. Across-trial (StructUacross = 0.035):
competing quality criteria (verification depth,
metacognitive clarity, modularity) produce differ-
ent winners depending on sampled edges, shifting
PageRank vectors between trials. Within-trial
(StructUwithin = 1.549): low confidence (≤65)
prevents domination, distributing PageRank mass
across multiple candidates per trial. Together, ele-
vated StructUacross correctly flags unreliability de-
spite Self-ConsU = 0, while high StructUwithin re-
flects multiple distinct—though uniformly flawed—
reasoning strategies.
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Domain Model
StructU (Ours) StructU+ConsU (Ours) Baselines

within across total within across total Self-ConsU SemanticU

Chemistry

Claude 4.5 Sonnet 0.928 (0.793) 0.940 (0.782) 0.842 (0.305) 0.945 (0.871) 0.955 (0.890) 0.950 (0.892) 0.935 (0.867) 0.916 (0.583)
DeepSeek R1 0.921 (0.729) 0.856 (0.492) 0.808 (0.328) 0.959 (0.931) 0.939 (0.899) 0.915 (0.864) 0.937 (0.889) 0.860 (0.497)
GPT-OSS 20B 0.812 (0.583) 0.809 (0.493) 0.840 (0.462) 0.901 (0.903) 0.903 (0.904) 0.929 (0.926) 0.889 (0.911) 0.836 (0.538)
Amazon Nova Premier 0.739 (0.660) 0.685 (0.451) 0.701 (0.398) 0.872 (0.977) 0.877 (0.980) 0.886 (0.985) 0.875 (0.982) 0.821 (0.734)
Qwen 3 32B 0.742 (0.680) 0.716 (0.540) 0.618 (0.344) 0.840 (0.980) 0.838 (0.978) 0.834 (0.976) 0.839 (0.977) 0.764 (0.712)

Engineering

Claude 4.5 Sonnet 0.854 (0.813) 0.853 (0.791) 0.658 (0.194) 0.913 (0.946) 0.906 (0.942) 0.893 (0.925) 0.899 (0.937) 0.803 (0.587)
DeepSeek R1 0.829 (0.625) 0.755 (0.453) 0.791 (0.455) 0.950 (0.965) 0.931 (0.944) 0.928 (0.943) 0.943 (0.950) 0.849 (0.592)
GPT-OSS 20B 0.464 (0.406) 0.485 (0.363) 0.675 (0.557) 0.834 (0.977) 0.839 (0.979) 0.847 (0.982) 0.836 (0.978) 0.604 (0.516)
Amazon Nova Premier 0.598 (0.596) 0.529 (0.383) 0.597 (0.447) 0.826 (0.981) 0.832 (0.989) 0.844 (0.990) 0.813 (0.984) 0.750 (0.729)
Qwen 3 32B 0.683 (0.652) 0.642 (0.581) 0.570 (0.376) 0.804 (0.977) 0.802 (0.978) 0.804 (0.978) 0.799 (0.978) 0.688 (0.665)

Law

Claude 4.5 Sonnet 0.848 (0.803) 0.818 (0.705) 0.648 (0.268) 0.876 (0.879) 0.853 (0.846) 0.803 (0.790) 0.832 (0.838) 0.723 (0.483)
DeepSeek R1 0.717 (0.568) 0.725 (0.552) 0.695 (0.464) 0.788 (0.826) 0.793 (0.822) 0.775 (0.809) 0.772 (0.822) 0.713 (0.529)
GPT-OSS 20B 0.460 (0.619) 0.437 (0.535) 0.422 (0.443) 0.541 (0.914) 0.530 (0.908) 0.530 (0.909) 0.537 (0.908) 0.450 (0.540)
Amazon Nova Premier 0.471 (0.478) 0.502 (0.516) 0.542 (0.588) 0.581 (0.846) 0.620 (0.869) 0.643 (0.888) 0.589 (0.861) 0.578 (0.599)
Qwen 3 32B 0.454 (0.572) 0.446 (0.578) 0.431 (0.499) 0.571 (0.934) 0.553 (0.917) 0.538 (0.910) 0.554 (0.922) 0.463 (0.606)

Math

Claude 4.5 Sonnet 0.963 (0.839) 0.956 (0.787) 0.860 (0.243) 0.974 (0.927) 0.973 (0.923) 0.959 (0.868) 0.950 (0.888) 0.948 (0.650)
DeepSeek R1 0.952 (0.711) 0.945 (0.658) 0.879 (0.353) 0.968 (0.926) 0.965 (0.930) 0.950 (0.886) 0.945 (0.892) 0.918 (0.556)
GPT-OSS 20B 0.880 (0.567) 0.891 (0.524) 0.907 (0.479) 0.960 (0.940) 0.962 (0.956) 0.966 (0.962) 0.961 (0.944) 0.904 (0.548)
Amazon Nova Premier 0.796 (0.668) 0.779 (0.550) 0.762 (0.441) 0.899 (0.961) 0.896 (0.968) 0.894 (0.957) 0.878 (0.958) 0.849 (0.689)
Qwen 3 32B 0.815 (0.653) 0.812 (0.637) 0.726 (0.442) 0.915 (0.981) 0.921 (0.995) 0.915 (0.988) 0.894 (0.982) 0.796 (0.577)

Physics

Claude 4.5 Sonnet 0.955 (0.822) 0.956 (0.825) 0.832 (0.207) 0.967 (0.910) 0.969 (0.922) 0.958 (0.891) 0.965 (0.893) 0.919 (0.577)
DeepSeek R1 0.921 (0.649) 0.918 (0.585) 0.890 (0.470) 0.959 (0.923) 0.962 (0.925) 0.960 (0.925) 0.963 (0.907) 0.895 (0.542)
GPT-OSS 20B 0.789 (0.530) 0.800 (0.480) 0.811 (0.420) 0.907 (0.933) 0.921 (0.943) 0.935 (0.958) 0.930 (0.943) 0.813 (0.484)
Amazon Nova Premier 0.787 (0.691) 0.705 (0.454) 0.721 (0.413) 0.887 (0.964) 0.893 (0.968) 0.901 (0.973) 0.889 (0.965) 0.833 (0.742)
Qwen 3 32B 0.793 (0.750) 0.739 (0.599) 0.676 (0.405) 0.874 (0.979) 0.875 (0.979) 0.875 (0.977) 0.879 (0.976) 0.813 (0.758)

Table 7: Selective prediction (Sel-AUC; AUROC in parentheses). Higher is better; positive class is robust failure
(τ=1.0). StructU reports structural uncertainty (within, across, total), selecting the best variant among Bradley–
Terry+PageRank and TrueSkill+PageRank. StructU+Self-ConsU reports the combined estimators. Baselines:
Self-ConsU, SemanticU. Bold = best; underline = second-best per row.

E.3.2 Correct Example (Self-ConsU = 0,
StructUacross ≈ 0.001)

Task. A 14-digit synthetic arithmetic problem
involving nested negations and multiplication:

−(−(−(−(−(−︸ ︷︷ ︸
6 outer negations

(−9 999 999 999 999︸ ︷︷ ︸
13 nines

×− 1) + 1 ) ) ) ) ) )

The inner product evaluates to
(−9 999 999 999 999) × (−1) =
9 999 999 999 999. Adding 1 gives
10 000 000 000 000. Six outer negations
(even count → sign unchanged) yield
+10 000 000 000 000. All five responses unani-
mously answer 10 000 000 000 000, matching the
ground truth.

All responses correct. Every response reaches
the correct answer through sound reasoning. The
five prompt templates produce identical arithmetic
but differ in presentation: R1 adds self-check with
(verified) annotations; R2 narrates thinking with
even/odd shortcut; R3 frames as Socratic Q&A; R4
decomposes into sub-problems; R5 draws analogy
to −(−(−3)). Because computation is straightfor-

ward and all strategies succeed, variation is purely
stylistic (Table 13).

PageRank dynamics. The purely stylistic vari-
ation across responses produces a compressed
PageRank distribution (πmax/πmin = 1.38) with
minimal instability across spanning tree trials. Ta-
ble 14 reports the per-trial PageRank vectors.

Analysis. Responses differ only in expository for-
mat: verification depth (R1: explicit self-check; R4:
summary paragraph), pedagogical framing (R3: So-
cratic dialogue; R5: simpler analogues), and narra-
tive style (R2: thinking-aloud). Unlike the incor-
rect example, these presentational differences lack
substantive reasoning quality differences—every
response counts negations correctly and arrives at
the correct answer.

Table 15 shows these stylistic-only differences
produce stable preferences. Across 20 judgments,
zero reversals occur. The judge applies consistent
tie-breaking: explicit self-verification valued over
conciseness (R1≻R2), directness over pedagogical
framing (R4≻R3), both over analogical scaffolding
(R5 ranked last). Confidence clusters at 52–62,
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Dataset Model Self-ConsU StructU_within (Bradley–Terry+PageRank) StructU+Self-ConsU_within

τ=1.0 τ=0.8 τ=0.6 τ=1.0 τ=0.8 τ=0.6 τ=1.0 τ=0.8 τ=0.6

Math-Synth

Claude 4.5 Sonnet 0.978 0.978 0.846 0.986 0.905 0.773 0.992 0.977 0.846
DeepSeek R1 0.889 0.889 0.798 0.902 0.853 0.770 0.931 0.916 0.798
GPT-OSS 20B 0.918 0.918 0.792 0.775 0.779 0.710 0.955 0.920 0.792
Amazon Nova Premier 0.986 0.986 0.911 0.938 0.912 0.846 0.997 0.987 0.911
Qwen 3 32B 0.990 0.990 0.862 0.850 0.766 0.710 0.998 0.991 0.862

MATH-500

Claude 4.5 Sonnet 0.818 0.811 0.775 0.814 0.734 0.681 0.842 0.807 0.760
DeepSeek R1 0.765 0.758 0.726 0.631 0.596 0.554 0.768 0.757 0.717
GPT-OSS 20B 0.705 0.679 0.618 0.577 0.534 0.482 0.706 0.686 0.618
Amazon Nova Premier 0.876 0.852 0.824 0.702 0.751 0.714 0.874 0.858 0.818
Qwen 3 32B 0.854 0.872 0.842 0.767 0.795 0.742 0.886 0.894 0.814

MMLU-Pro

Claude 4.5 Sonnet 0.884 0.833 0.783 0.834 0.768 0.728 0.912 0.865 0.819
DeepSeek R1 0.882 0.813 0.757 0.559 0.502 0.473 0.888 0.818 0.760
GPT-OSS 20B 0.935 0.870 0.812 0.456 0.394 0.380 0.918 0.850 0.785
Amazon Nova Premier 0.945 0.846 0.735 0.610 0.506 0.464 0.933 0.838 0.723
Qwen 3 32B 0.966 0.904 0.799 0.673 0.660 0.586 0.970 0.911 0.796

Table 8: Robustness to correctness thresholds (per-model AUROC). AUROC for detecting robust failures un-
der sampling at thresholds τ ∈ {1.0, 0.8, 0.6} with N=5. A question is labeled incorrect if p̂corr < τ . We
report: Self-ConsU, StructU_within (within-trial from Bradley–Terry+PageRank), and the combined StructU+Self-
ConsU_within. Higher is better.

Dataset Correct? Self-ConsU StructUacross StructUwithin πmax/πmin CVmax Diagnosis

Math-Synth ✗ 0.0 0.035 1.549 1.73 0.497 Signal fires
Math-Synth ✓ 0.0 0.001 1.607 1.09 0.047 Appropriately quiet
HotpotQA ✗ 0.0 <0.001 1.609 1.06 0.013 Collapsed
HotpotQA ✓ 0.0 <0.001 1.608 1.08 0.015 Collapsed

Table 9: Summary of qualitative examples. All four satisfy Self-ConsU = 0. StructUacross: across-trial uncertainty;
StructUwithin: within-trial uncertainty. πmax/πmin: ratio of largest to smallest mean PageRank score. CVmax:
maximum coefficient of variation of PageRank across spanning tree trials.

reflecting genuine discrimination difficulty that is
stable rather than variable.

This stability maps onto the uncertainty com-
ponents. Across-trial (StructUacross ≈ 0.001) is
near zero because stylistic preferences—however
weakly held—are reproducible: the same criterion
applied in the same direction every trial (Table 15),
so PageRank vectors barely shift (Table 14, all
CVs≤0.089). Within-trial (StructUwithin) remains
moderate because low confidence (52–62) pre-
vents single-response domination. The near-zero
StructUacross correctly identifies reliability despite
Self-ConsU = 0. The ≈ 30× difference from the
incorrect example (0.001 vs 0.035) demonstrates
the core claim: when reliably right, preferences are
stable; when reliably wrong, preferences destabi-
lize, even with identical surface agreement.

E.4 HotpotQA: Preference Graph Collapse

E.4.1 Incorrect Example (Self-ConsU = 0,
StructUacross < 0.001)

Task. A multi-hop question from HotpotQA:
“Text Me Merry Christmas” is a song performed
by Kristen Bell and a group that originated at what

university? Expected reasoning: (i) identify the
group as Straight No Chaser from retrieved pas-
sage (Document 10), then (ii) locate the group’s
university of origin. Ground truth: Indiana Uni-
versity. All five responses unanimously state the
provided documents lack this information.

Shared failure. All responses correctly identify
Straight No Chaser from Document 10 (hop 1) but
fail hop 2 due to missing context describing the
group’s origins. Every response correctly reports
the answer cannot be determined—unanimous in-
correct agreement (Self-ConsU = 0) driven by
shared retrieval gap, not reasoning error. Table 16
shows identical retrieval chains despite different
prompts, with variation limited to surface reformu-
lation.

PageRank dynamics. Because responses are
substantively identical—each performs the same
successful first hop and failed second hop—the
judge has even less basis for discrimination than in
Math-Synth correct. Table 17 confirms collapse: all
trials produce near-identical, near-uniform distribu-
tions with maximum deviation from 1/N = 0.200
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ID Strategy Key Reasoning Steps π̄

R1 Step-by-step
w/ self-check

−(−500)×200 = 100,000 → counts 7 total negation signs → counts
5 remaining after multiply (correct: 6) → odd→−100,000 [correct:
even→ +100,000] → self-check re-derives each step but repeats same
miscount → −100,000 + 1 = −99,999

0.238

R2 Think-aloud Metacognitive narration: “I need to count remaining negations after multi-
plication” → identifies 5 remaining (correct: 6) → −100,000 [correct:
+100,000] → −100,000 + 1 = −99,999

0.215

R3 Socratic Reframes as parity problem: “7 negations total (odd) applied to −500×
200 = −100,000 gives−100,000” — conflates inner negation with outer
count [correct: 6 outer negations (even) applied to +100,000] →
−100,000 + 1 = −99,999

0.224

R4 Decom-
position

Sub-problem 1: left expression → Sub-problem 2: right expression
→ −100,000 [correct: +100,000] +1 = −99,999. Most modular
structure; no negation count shown, no verification step.

0.138

R5 Analogical
reasoning

Relates to simpler cases (−(−5) = 5, −(−(−3)) = −3) → parses
−500×200 = −100,000 then applies 6 negations to−100,000 [correct:
−(−500) × 200 = +100,000 then 6 negations] → initial miscount,
self-corrects counting but retains inner parsing error → −100,000+1 =
−99,999

0.185

Table 10: Reasoning traces for the Math-Synth incorrect example. The correct evaluation requires 6 outer negations
(even → +100,000), but all responses miscount 5 (odd → −100,000). Each response reaches the same wrong
answer via a structurally different error path. Ground truth: 100,001; unanimous model answer: −99,999.

R1 R2 R3 R4 R5

Trial 0 0.263 0.252 0.243 0.055 0.186
Trial 1 0.225 0.190 0.212 0.212 0.161
Trial 2 0.205 0.219 0.189 0.164 0.224
Trial 3 0.265 0.233 0.255 0.057 0.190
Trial 4 0.233 0.180 0.222 0.202 0.163

Mean 0.238 0.215 0.224 0.138 0.185
CV 0.097 0.124 0.103 0.497 0.124

Table 11: Per-trial PageRank distributions for the Math-
Synth incorrect example. Response 4 (decomposi-
tion, no verification) exhibits extreme instability (CV
= 0.497), fluctuating between 0.055 and 0.212 across
trials.

of just 0.008.

Analysis. Unlike Math-Synth incorrect—where
responses reached the same wrong answer via
structurally different error paths—here responses
share both answer (abstention) and reasoning out-
come (successful hop 1, failed hop 2). Variation is
purely expository: R1 adds self-check, R2 lists doc-
uments, R3 uses Socratic Q&A, R4 decomposes,
and R5 frames as retrieval pattern.

Table 18 shows the judge finds essentially noth-
ing to discriminate. Across ∼35 judgments, one
reversal occurs (R3 vs R4, iteration 4, conf=52).
Confidence: 80% at 52, R4 vs R5 at literal 50
(coin-flip) all appearances. Only outlier: R2 vs R5

Pair Winner Trials Conf. Instability

R1 vs R2 Flips: 3,4≻1,5 55–62 "Clarity" cited both ways
R4 vs R5 R5: 3,4 / R4: 1 65–85 R4 rejected (85) vs R5,

marginal (55) vs R1
R1 vs R5 R1: 2,3,4 stable 72 R1 self-check valued

over R5 correction

Table 12: Judge preference instability (Math-Synth in-
correct). Confidence: 50=no preference, 100=certainty.

at 62 citing R2’s "explicit document-by-document
listing"—the sole substantive distinction.

This near-total indifference maps onto uncer-
tainty components. The collapse mechanism: fac-
tual retrieval over a fixed document set is deter-
ministic. The model scans keywords, identifies
documents, locates answer or does not. Differ-
ent prompts cannot induce different retrieval strate-
gies—reasoning chains are determined by docu-
ment structure, not prompt framing. Consequently,
pairwise judgments find nothing to discriminate,
PageRank converges to near-uniformity. Across-
trial (StructUacross < 0.001) is near zero because
all trials agree on uniformity—genuinely nothing
to rank. Within-trial (StructUwithin ≈ log 5 =
1.609) reaches theoretical maximum, reflecting flat
PageRank where no response dominates.
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ID Strategy Key Reasoning Steps π̄

R1 Step-by-
step w/
self-check

(−9· · ·9) × (−1) = 9· · ·9 → adds 1 to get 1013 → counts
6 outer negations (even→ positive) → applies each negation
step-by-step (Steps 3–8) → self-check recounts negation signs
from original expression, re-verifies each step with ✓ marks →
10,000,000,000,000

0.220

R2 Think-
aloud

Metacognitive narration: “I need to work from the innermost
parentheses outward” → same arithmetic → counts 6 negative
signs → applies each negation → notes “6 negations = even
= positive result” → 10,000,000,000,000

0.215

R3 Socratic “What is the problem asking?” . . . “What method should I use?”
→ identifies 6 consecutive negation operations → applies
each negation (Steps 3–8) → “Does my answer make sense?
Yes. 6 negations (even)→ positive” → 10,000,000,000,000

0.195

R4 Decom-
position

Sub-problem 1: inner product → Sub-problem 2: add 1 →
Sub-problem 3: apply 6 negations → “even number of nega-
tions (6), result is positive” → 1013. Most modular structure;
concise summary.

0.210

R5 Analogical
reasoning

Relates to simpler cases: “similar to evaluating−(−(−3))” →
states −(−x) = x principle → same step-by-step negations
→ “6 is even, result is positive” → 1013

0.160

Table 13: Reasoning traces for the Math-Synth correct example. The correct evaluation requires 6 outer negations
(even→ +1013), and all responses count correctly. Each response reaches the same right answer via a stylisti-
cally different but arithmetically equivalent path. Ground truth: 10,000,000,000,000; unanimous model answer:
10,000,000,000,000.

R1 R2 R3 R4 R5

Trial 0 0.225 0.240 0.155 0.235 0.145
Trial 1 0.230 0.220 0.185 0.215 0.150
Trial 2 0.215 0.210 0.205 0.205 0.165
Trial 3 0.225 0.215 0.180 0.210 0.170
Trial 4 0.220 0.210 0.200 0.210 0.160

Mean 0.220 0.215 0.195 0.210 0.160
CV 0.024 0.054 0.089 0.054 0.060

Table 14: Per-trial PageRank distributions for the Math-
Synth correct example. All responses exhibit low coeffi-
cient of variation; compare R4’s CV= 0.054 here with
CV= 0.497 in the incorrect example (Table 11).

Contrast with Math-Synth incorrect. Both
have Self-ConsU = 0 (unanimous wrong answer),
yet structural profiles diverge sharply. Math-Synth
involves endogenous error (negation miscounting)
where different strategies produce detectably dif-
ferent error paths, yielding preference instability
and StructUacross = 0.035. HotpotQA involves ex-
ogenous failure (missing context) where no reason-
ing diversity can compensate for absent evidence,
producing substantively identical responses and
StructUacross < 0.001. StructU distinguishes these
unanimous failure regimes—one flagged unreliable
(0.035), the other low-uncertainty (<0.001)—but

Pair Winner Conf. Pattern

R1 vs R5 R1: 1,3,4,5 55 Stable; "self-check adds
rigor"

R1 vs R2 R1: 1,2,4 55 Stable; "verification" over
"narration"

R4 vs R5 R4: 3,4,5 52 Stable; "decomposition
more focused"

Table 15: Judge preference stability (Math-Synth cor-
rect). Zero reversals. Confidence: 50=no preference,
100=certainty.

cannot detect failures leaving no trace in preference
structure.

E.4.2 Correct Example (Self-ConsU = 0,
StructUacross < 0.001)

Task. A HotpotQA question: What creature of
American folklore gained notoriety in 1964? Re-
trieved context discusses several folklore creatures
(Teakettler, Hidebehind, Chessie) but none mention
1964. All responses correctly identify this gap and
abstain.

Observation. Every response executes identical
retrieval: scan all documents for "1964" and folk-
lore creatures → identify Documents 1, 5, 8 as
partially relevant (creatures but no 1964) → note
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ID Strategy Key Reasoning Steps π̄

R1 Step-by-step
w/ self-check

Identifies Doc 10 → extracts “Straight No Chaser and Kristen Bell” →
searches all documents for university origin → information not found
[correct: Indiana University] → self-check re-verifies Doc 10 is the only
relevant source, confirms gap → abstains

0.202

R2 Think-aloud “Let me read through the question carefully” → identifies Doc 10 →
scans Docs 1–9, lists each with one-line summary (“not relevant”) →
information not found [correct: Indiana University] → abstains

0.207

R3 Socratic “What is the question asking?” → identifies Doc 10 → “none of the
provided documents contain information about which university” →
information not found [correct: Indiana University] → “Does my answer
make sense? . . . the context only confirms they performed the song” →
abstains

0.197

R4 Decom-
position

Sub-question 1: identify group → Sub-question 2: find university
→ checks Docs 1–10 → information not found [correct: Indiana
University] → “cannot answer based solely on provided documents”
→ abstains

0.196

R5 Analogical
reasoning

Frames as two-step retrieval pattern: “Entity X associated with Entity Y,
find attribute of Y” → identifies Doc 10 → searches all documents →
information not found [correct: Indiana University] → abstains

0.198

Table 16: Reasoning traces for the HotpotQA incorrect example. All five responses correctly identify Straight No
Chaser as the group (hop 1) but fail hop 2 due to missing context. Each response reaches the same abstention via a
stylistically different but substantively identical path. Ground truth: Indiana University; unanimous model answer:
cannot be determined.

R1 R2 R3 R4 R5

Trial 0 0.202 0.208 0.196 0.196 0.196
Trial 1 0.201 0.207 0.201 0.195 0.195
Trial 2 0.201 0.207 0.195 0.195 0.201
Trial 3 0.202 0.208 0.196 0.196 0.196
Trial 4 0.201 0.207 0.195 0.195 0.201

Mean 0.202 0.207 0.197 0.196 0.198
CV 0.003 0.003 0.011 0.003 0.013

Table 17: PageRank distributions across five responses
for HotpotQA incorrect trials. Near-uniform distribu-
tions (max deviation from 1/N = 0.200 of just 0.008)
confirm full rank collapse.

closest match is Chessie (1977/1980s sightings) →
conclude information absent → abstain. Variation
is surface-level only: R1 adds self-check; R2 lists
documents; R3 uses Socratic framing; R4 decom-
poses; R5 casts as date-retrieval pattern.

The uncertainty profile is statistically in-
distinguishable from the incorrect example:
StructUacross < 0.001, StructUwithin = 1.608,
πmax/πmin = 1.08, all CVs<0.015. Table 19
shows near-uniform PageRank frozen across tri-
als—virtually identical to the incorrect example
(Table 17).

Significance. Identical collapse on correct and
incorrect examples demonstrates this is a task struc-

Pair Winner Conf. Pattern

R2 vs R1 R2: all trials 52 Stable; docbydoc listing
R4 vs R5 Tie: all trials 50 Literal coin-flip;

"essentially a tie"
R3 vs R4 R4: 2,5 / R3: 4 52–55 Only reversal

Table 18: Judge preferences (HotpotQA incorrect). One
reversal across ∼35 comparisons. Confidence: 50=no
preference.

ture property, not error status. Retrieval over fixed
documents produces prompt-invariant chains re-
gardless of outcome. Different prompts cannot
induce different retrieval strategies—chains are de-
termined by document structure, not prompt fram-
ing.

This represents a boundary condition for struc-
tural uncertainty. On Math-Synth, StructU success-
fully separated correct from incorrect unanimous
agreement (0.001 vs 0.035, 30× difference) be-
cause different prompts induced genuinely differ-
ent reasoning strategies the judge could differen-
tially rank. On HotpotQA retrieval, StructU pro-
duces indistinguishable values (<0.001 both cases)
because deterministic retrieval suppresses the rea-
soning diversity self-preference requires. The pref-
erence graph collapses in both cases, rendering
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R1 R2 R3 R4 R5

Trial 0 0.203 0.207 0.198 0.198 0.194
Trial 1 0.202 0.206 0.199 0.197 0.196
Trial 2 0.204 0.206 0.197 0.198 0.195
Trial 3 0.203 0.207 0.198 0.197 0.195
Trial 4 0.202 0.206 0.198 0.198 0.196

Mean 0.203 0.206 0.198 0.198 0.195
CV 0.004 0.002 0.003 0.003 0.004

Table 19: Per-trial PageRank distributions for the Hot-
potQA correct example. Distributions are near-uniform
and frozen across trials, yielding StructUacross <
0.001—statistically indistinguishable from the incor-
rect example (Table 17).

StructU structurally uninformative—not because
the method is flawed, but because the task affords
no structural variation to exploit. This limitation is
shared with Self-ConsU, which also reports zero
in both cases, highlighting that uncertainty quan-
tification methods relying on response diversity are
fundamentally constrained when reasoning is de-
terministic given input context.

E.5 Summary and Implications

The qualitative evidence supports three conclu-
sions:

(1) Structural uncertainty detects errors invisi-
ble to self-consistency. On Math-Synth, the in-
correct example exhibits 30× higher across-trial
uncertainty than the correct example, despite both
having Self-ConsU = 0. The mechanism is that
diverse prompt templates elicit structurally distinct
reasoning strategies on mathematical tasks, and
the model’s inability to stably rank these strate-
gies when all are flawed produces the across-trial
uncertainty signal.

(2) Preference graph collapse explains the Hot-
potQA limitation. On factual retrieval, different
prompt templates cannot elicit different reasoning
paths because the retrieval process is determined
by the document set. The resulting identical reason-
ing chains produce near-uniform, stable PageRank
distributions (StructUacross ≈ 0), eliminating the
structural signal regardless of correctness.

(3) The collapse signature is itself diag-
nostic. Near-zero across-trial uncertainty com-
bined with near-maximum within-trial uncertainty
(StructUacross ≈ 0, StructUwithin ≈ logN ) con-
stitutes a detectable signature indicating that the
model lacks a coherent internal quality criterion for

the task. This signature can inform practitioners
about when to rely on structural versus dispersion-
based uncertainty methods: when it is detected,
self-preference signals are uninformative and alter-
native estimators should be preferred.

E.6 Prompt Templates

E.6.1 Response Generation Prompts
We employ five distinct prompt templates to in-
duce diverse reasoning patterns across candidate
responses. This diversity is essential for meaning-
ful pairwise comparisons, as it ensures that dif-
ferences in solution quality reflect substantive rea-
soning variations rather than superficial stylistic
differences.

Prompt 1: Step-by-step with self-check

Solve this math problem step by
step , then double -check your
work for any errors.

Q: \{ question \}

<initial_solution >
Let me work through this step by

step:
[Show complete solution]
</initial_solution >

<self_check >
Now let me review my work for any

mistakes:
[Check each step and correct if

needed]
</self_check >

<answer >
ONLY include the numerical final

answer here WITHOUT units. Do
not include any explanation or
working in this section , just
the number/value.

</answer >

Please strictly follow above
format when presenting the
answers.

Prompt 2: Think-aloud decision process

Solve this problem while thinking
out loud about your decision -
making process at each step.

Q: \{ question \}

<thinking_process >
I'm reading the problem and

thinking ... [explain thought
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process]
Now I need to decide what approach

to take ... [explain reasoning]
Let me calculate this step ... [

show work with internal
thoughts]

</thinking_process >

<answer >
ONLY include the numerical final

answer here WITHOUT units. Do
not include any explanation or
working in this section , just
the number/value.

</answer >

Please strictly follow above
format when presenting the
answers.

Prompt 3: Socratic guiding questions

Solve this problem by asking
yourself guiding questions at
each step.

Q: \{ question \}

<socratic_dialogue >
What is the problem asking? [

Answer]
What information do I have? [List

knowns]
What do I need to find? [Identify

unknowns]
What method should I use? [Choose

approach]
How do I execute this method? [

Show work]
Does my answer make sense? [Verify

]
</socratic_dialogue >

<answer >
ONLY include the numerical final

answer here WITHOUT units. Do
not include any explanation or
working in this section , just
the number/value.

</answer >

Please strictly follow above
format when presenting the
answers.

Prompt 4: Decomposition into sub-
problems

Break this complex problem into
smaller , manageable sub -
problems and solve each one.

Q: \{ question \}

<decomposition >
Sub -problem 1: [Identify and solve

]
Sub -problem 2: [Identify and solve

]
Sub -problem 3: [Identify and solve

]
Combining results: [Show how sub -

solutions combine]
</decomposition >

<answer >
ONLY include the numerical final

answer here WITHOUT units. Do
not include any explanation or
working in this section , just
the number/value.

</answer >

Please strictly follow above
format when presenting the
answers.

Prompt 5: Analogical reasoning

Solve this problem by relating it
to a simpler , similar problem
you know how to solve.

Q: \{ question \}

<analogical_reasoning >
This problem is similar to: [

Describe simpler analogy]
In the simpler case , I would: [

Show simple solution]
Applying the same logic here: [

Adapt to current problem]
</analogical_reasoning >

<answer >
ONLY include the numerical final

answer here WITHOUT units. Do
not include any explanation or
working in this section , just
the number/value.

</answer >

Note: For the answer section ,
provide ONLY the numerical
result without any units ,
explanations , or additional
text.

Please strictly follow above
format when presenting the
answers.

E.6.2 Pairwise Comparison Judge Prompt
The following prompt elicits pairwise preference
judgments with confidence scores. The structured
output format (<reasoning>, , ) enables consistent
parsing across all trials and models.
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Pairwise Judge Prompt: Choose the bet-
ter response with confidence

I'm going to show you a question
and two different responses to
it.

Your task is to decide which
response better answers the
question AND provide a
confidence score.

Question: {question}

Response 1:
{response1}

Response 2:
{response2}

Which response better answers the
question? Please evaluate them
FAIRLY and CONSISTENTLY based
on objective criteria , avoiding
any subjective bias.

For your evaluation:
- Focus on accuracy , clarity ,

completeness , and relevance to
the question

- Consider evidence and reasoning
quality in each response

- Maintain consistent evaluation
standards across all
comparisons

- Avoid being influenced by
response length , style
preferences , or personal
opinions

- Evaluate the responses as if
they were written by the same
person

- If the question is ambiguous or
unclear , the best response is
one that acknowledges this
ambiguity and explains
different possible
interpretations rather than
making assumptions

Please structure your response as
follows:

Think step by step about the
clarity , accuracy , helpfulness ,
and overall quality of each

response.
Compare them thoroughly , analyzing

their strengths and weaknesses
.

Response 1
OR
Response 2

Do NOT include any reasoning or
explanation in the answer
section. Only state "Response
1" or "Response 2".

Provide a confidence score (0 -100)
indicating how confident you

are in your judgment.
- 100 means absolute certainty

that your chosen response is
better

- 50 means both responses are
equally good/bad

- 0-49 means minimal preference
for your chosen response

- 51-100 means stronger preference
for your chosen response

E.6.3 Verbalized Uncertainty Baseline
Prompt

For the verbalized uncertainty baseline , we directly
elicit the model’s self-assessed confidence. This
prompt produces a single response with an explicit
confidence score, which we compare against struc-
tural and self-consistency baselines.

Verifier Prompt: JSON-only solution
check

CRITICAL INSTRUCTION: You MUST
respond with ONLY a JSON object
. NO reasoning , NO explanation ,
NO other text.

Verify if this solution is correct
:

PROBLEM: {problem}

SOLUTION: {solution}

Respond with ONLY this JSON (
nothing else):

{" verdict ": "PASS", "
confidence_correct ": 0.95}

Replace PASS with FAIL if
incorrect , and set confidence
0.0 -1.0.

JSON ONLY. NO OTHER TEXT.

E.7 Randomization Ablation: Additional
Benchmarks

The randomization ablation is reported for all three
benchmarks (Math-Synth, MATH-500, and Hot-
potQA) in the main text (Table 3). The protocol is
identical across benchmarks: winner direction is
randomized uniformly and confidence scores are
sampled from [51, 99] while all pipeline compo-
nents remain fixed, with results averaged over 3
independent runs. On the non-synthetic MATH-
500 benchmark, AUROC drops substantially for
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Signal Pair Mean ρ Med. |ρ| |ρ|<0.2 |ρ|>0.5

Within vs Self-ConsU −0.264 0.288 20/40 7/40
Across vs Self-ConsU +0.146 0.107 27/40 5/40
Within vs SemanticU −0.119 0.105 25/40 0/40
Across vs SemanticU +0.008 0.072 34/40 0/40
Within vs Across −0.533 0.601 3/40 25/40

Table 20: Spearman correlations between StructU and
dispersion signals (40 model-dataset pairs). StructU is
nearly orthogonal to SemanticU (median |ρ| = 0.10)
and partially complementary to Self-ConsU.

4/5 models, confirming the signal is not an artifact
of the synthetic setting. On HotpotQA the drops
are near-zero, serving as a negative control that
confirms the collapse regime rather than a failure
of the ablation.

E.8 Correlation Analysis: StructU vs
Dispersion Signals

We compute Spearman correlations between
StructU components and existing dispersion-based
signals across all 40 model-dataset pairs (5 models
× 8 benchmarks, BT+PageRank backend).

E.9 Length Bias Analysis

The length-bias and partial-correlation analyses
on MATH-500 are reported in the main text (Ta-
ble 2). We test whether preferred responses
are systematically longer (per-comparison winner-
length fraction and Cohen’s d) and whether the
StructU–accuracy relationship is reducible to re-
sponse length (partial correlation controlling for
length). Length bias is mild and inconsistent (mean
|d| = 0.19; GPT-OSS reverses direction), and on
average 62% of the StructUwithin–accuracy relation-
ship survives after removing the linear effect of
length, confirming the signal is not reducible to
length.

E.10 Collapse Detection Criterion

A bootstrap analysis shows that computing mean
StructUacross over a small pilot set detects the col-
lapse regime with high accuracy.

E.11 Budget-Matched Comparison

We test whether spending the same 25-call budget
on additional Self-ConsU samples matches the hy-
brid. Experiment: DeepSeek R1 on AIME-25 (30
questions), generating 20 additional responses to
compute Self-ConsU@25 with the same tempera-
ture and extraction as the original N=5. Table 22
reports the result. At a matched 25-call budget, the

Model N=10 pilot N=20 pilot N=50 pilot

Claude 99% 100% 100%
DeepSeek 100% 100% 100%
GPT-OSS 100% 100% 100%
Nova 98% 100% 100%
Qwen 94% 99% 100%

Table 21: Collapse detection accuracy by pilot sample
size. At N=20, all models achieve ≥98% correct clas-
sification between informative and collapsed regimes.

hybrid (5 generations + 20 pairwise, 0.728) outper-
forms Self-ConsU estimated from 25 fresh genera-
tions (0.717); Self-ConsU improves only +0.010
from 5× more sampling, and the structural signal
remains complementary even when Self-ConsU is
well-estimated at N=25.

Method Sel-AUC API Calls

Self-ConsU@5 0.707 5
Self-ConsU@25 0.717 25
Hybridwithin+SC@5 0.728 25
Hybridtotal+SC@5 0.761 25
Hybridwithin+SC@25 0.734 45

Table 22: Budget-matched comparison
(DeepSeek R1, AIME-25). At a matched 25-
call budget, the hybrid (5 generations + 20 pairwise,
0.728) outperforms Self-ConsU estimated from 25
fresh generations (0.717). Self-ConsU gains only
+0.010 from 5×more sampling, indicating the pairwise
calls contribute a qualitatively different signal rather
than more of the same.
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Figure 10: Structural collapse on factual retrieval across four additional models (top to bottom: GPT-OSS 20B,
Amazon Nova Premier, DeepSeek R1, Qwen 3 32B; one per row). Each row shows the across-trial distribution (left),
within-trial distribution (center), and joint scatter (right) on Math-Synth and HotpotQA, conditioned on correctness
(BT + PageRank). The “HotpotQA signature” (log 5 ≈ 1.61, dotted line) reproduces across all models.
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