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Abstract

While Large Reasoning Models (LRMs) show
strong performance in English, they often fail
to reason in the language of the query, a phe-
nomenon known as language collapse. Exist-
ing RL-based fixes typically add a binary lan-
guage fidelity reward to the accuracy objective,
yet still incur trade-off in accuracy, mid-trace
code-switching, and excessive token usage. In
this work, we propose AdaMame,' a two-stage
training recipe for multilingual mathematical
reasoning that addresses these limitations by
adaptively aligning the reasoning language to
the query language without compromising ac-
curacy. The first SFT stage fine-tunes on non-
MT reasoning traces across five languages to es-
tablish multilingual reasoning capability. In the
subsequent RL stage, we introduce AdaMame-
GRPO, an adaptation of Group Relative Pol-
icy Optimization (GRPO) in which a query-
conditioned alignment factor grows progres-
sively during training, guiding the model to
first explore diverse reasoning languages be-
fore exploiting reasoning in the query language.
Evaluated across two benchmarks, two LRMs,
and 12 languages, AdaMame-GRPO achieves
Pareto-optimal performance across reasoning
accuracy, language fidelity, and token efficiency
over all baselines, with the strongest gains on
out-of-domain, lower-resource languages.?

1 Introduction

Large Reasoning Models (LRMs) deployed in mul-
tilingual settings are typically evaluated along two
dimensions: producing correct answers (reason-
ing accuracy) and generating reasoning traces (i.e.,
chains of thoughts, CoTs) in the same language as
the user query (language fidelity) (Shi et al., 2022;
Muennighoff et al., 2023; Yong et al., 2025).
Language fidelity matters in settings where rea-
soning traces are visible to end users in support
!'Stands for Adaptive multilingual model reasoning.

2Code, data, and model available at ht tps://github
.com/dayeonki/adamame.
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Figure 1: Accuracy (Pass@4) versus Language Fidelity
(LCPR: Language Confusion Pass Rate). Backbone model:
DISTILL-QWEN 1.5B. AdaMame-GRPO achieves a Pareto-
optimal performance on both objectives.

of downstream decision-making. Practically, it can
support consistency between the user’s input and
the model’s observable reasoning process thus give
users greater transparency into model behavior. For
users interacting in their native language, reasoning
traces in an unfamiliar language may also reduce
their ability to understand and trust the model’s re-
sponses (Aggarwal et al., 2025). Technically, effec-
tive reasoning strategies can vary across languages
(Ki et al., 2026), models can sometimes reason
more effectively in the user query language (Gao
et al., 2025), and multilingual thinking promotes
output diversity (Blasi et al., 2022; Xu and Zhang,
2026). Yet because the vast majority of LRM train-
ing data is in English (Ghosh et al., 2025), these
models suffer from the so-called language collapse
issue, where models default to reasoning in English
regardless of query language (Park et al., 2026).

Recent efforts to remedy language collapse share
a common design of appending a binary language
fidelity reward to the accuracy objective through
a manually tuned weighting ratio (Zhang et al.,
2026; Sutawika et al., 2026; Gao et al., 2026). De-
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French

Pour son petit déjeuner, Claire se prépare une omelette de 3
oeufs tous les matins. Combien de douzaines d'ceufs
mangera-t-elle en 4 semaines ?

(Claire makes a 3 egg omelet every morning for breakfast.
How many dozens of eggs will she eat in 4 weeks?)

(1]
‘®' Vanilla Model ﬁ notinquery 9 AdaMame

language
{think)»
- 3 oceufs par matin.
- 4 semaines, 4X7 = 28
matins.
- Totale = 3x28 = 84 ceufs.
- Convertir en douzaines:
84+12 = 7. {/think>
\\boxed{7}

{think) First, I need to
calculate how many eggs
Claire uses in a single day.
She makes 3 eggs, so 9 eggs
per day. []
Therefore, she will be
having 12 eggs. </think>
Final Answer: \\boxed{12}

( 31 Think for 962 tokens |

-

v Think for 58 tokens

12

Telugu
98 £:8010 8 8 HurgRaHoH Jgeth.

3)%‘);?85 I3F B $12 B YO $10. [...] €33 $8 VOS5
F0BS, 8D 5230005 TGS, Do sany AYY0B?
(Brittany and her mom go to the museum.

The cost of admission is $12 for adults and $10 for children. [...]
How much money, in dollars, did she give the cashier?)

‘®' Vanilla Model & AdaMame
<think) 98 2vookn e 9
BGRODOD DY, . DYT0S
5% oy (12)7 08ao
i)ggsn (10). \24

{think) ©>% DN 12 DYV
DAy 10. 1 Do 87 So
Segeactoay); eyt 12 + 10 =
22.1 bga‘ﬁ eﬁgbei §6%H
SfRokw), Geoy: 8. D e
Qsi)ozﬁ)d.)b ey odA: 8.
{/think)
\\boxed{30}

4% Think for 94 tokens

. code
4o R switching

{B3X might not be exact.

{/think) Final Answer:

overthinking \\boxed(16}

[ N\~ 3 Think for 1,263 tokens ]

Figure 2: Effectiveness of AdaMame. We compare reasoning behaviors between a Vanilla Model and AdaMame for French and
Telugu queries. While the Vanilla Model fails to answer correctly in the query language, code-switches mid-trace, and overthinks
with excessive token usage, AdaMame adapts to the query language, producing both correct and token-efficient reasoning.

spite its appeal, this approach has several persistent
limitations (Figure 2): (1) a trade-off in reason-
ing accuracy (Wang et al., 2025b); (2) alternating
languages (i.e., code-switching) within reasoning
traces (Wang et al., 2025a); and (3) overthinking,
where models spend excessive tokens on reasoning
without proportional gains (Chen et al., 2025; Sui
et al., 2025). Most existing methods also require
English reference reasoning traces (Sutawika et al.,
2026; Zhang et al., 2026) and depend on a fixed,
developer-specified weighting regime, which limits
scalability (Gurgurov et al., 2026).

In this work, we propose 4’ AdaMame, a two-
stage training recipe for multilingual mathematical
reasoning that adaptively aligns the reasoning lan-
guage to the query language, jointly optimizing
for reasoning accuracy and language fidelity (§3).
AdaMame builds on the well-established SFT-then-
RL post-training recipe, introducing targeted modi-
fications to shift model behavior toward the query
language. In Stage 1, we apply supervised fine-
tuning (SFT) on non-machine-translation (MT)
reasoning traces in five languages, equipping the
model with foundational multilingual reasoning ca-
pability and sensitivity to language-specific reason-
ing patterns (Ki et al., 2026). In Stage 2, we intro-
duce AdaMame-GRPO, an adaptation of Group
Relative Policy Optimization (GRPO) (Shao et al.,
2024) inspired by ARM (Wu et al., 2026), that
incorporates a query-conditioned alignment fac-
tor which adaptively grows during training. This
encourages the model to progressively align its
reasoning language to the query while preserving
reasoning accuracy as the main objective.

Across two multilingual mathematical reasoning
benchmarks, two LRMs, and 12 in-domain and out-
of-domain languages (§4), we show that AdaMame-
GRPO achieves Pareto-optimal performance across
accuracy and language fidelity while using fewer
tokens than all baselines. While the SFT stage
alone substantially reduces language collapse, the
RL stage with AdaMame-GRPO further improves
generalization to out-of-domain languages, with
the largest gains on low-resource languages (§5.1).
Further analysis confirms that AdaMame-GRPO
induces the intended explore-then-exploit curricu-
lum: models initially explores diverse reasoning
languages before progressively converging on the
query language as the query alignment factor grows
(§5.2), and increasing the weight of the alignment
factor yields improved language fidelity with a con-
trollable accuracy trade-off (§5.3).

In summary, our contributions are three-fold:

* We introduce AdaMame, a two-stage post-train-
ing recipe (SFT+RL) for multilingual mathemat-
ical reasoning, with targeted modifications for
query language alignment.

* We release a dataset of 30K non-MT reasoning
traces across five languages (French, Portuguese,
Japanese, Korean, and Thai), providing a valu-
able resource for post-training multilingual rea-
soning models (Barua et al., 2026).

* AdaMame-GRPO achieves Pareto-optimal per-
formance across reasoning accuracy, language
fidelity, and token efficiency over all tested base-
lines, with the strongest generalization to out-of-
domain and lower-resource languages.
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Method Dataset Objective

M-Thinker (Zhang et al., 2026) q,¢,0,cen GRPO (Accuracy + Language Fidelity + Format + Cross-lingual Thinking Alignment)
SP3F (Sutawika et al., 2026) q,¢,0,Cen GPRO (Accuracy + Language Fidelity + Format + Judge Preference Feedback)

TRIT (Liu et al., 2026) q,¢,0 GRPO (Accuracy + Language Fidelity + Format + Repetition Penalty)

ExpLang (Gao et al., 2026) q,c,0 GRPO (Accuracy + Pass@k + Language Fidelity + Format + Thinking Language Diversity)
ReasonXL (Gurgurov et al., 2026) ¢, c,0 GRPO (Accuracy + Language Fidelity + Format + Repetition Penalty)

& AdaMame (Ours) q,¢,0 AdaMame-GRPO (§3.3)

Table 1: Comparison of AdaMame to prior approaches. Dataset: required training data components; Objective: reward
components used during RL training. ¢: query, c: reasoning trace, o: final output, cen: English reference trace. AdaMame requires
no English reference traces and uses no manually tuned weighting between reward components.

2 Related Work

2.1 Improving Multilingual Reasoning

A growing body of work documents substantial per-
formance gaps (Luo et al., 2025; Zhao et al., 2026a)
and language collapse in LRMs when queries are
posed in languages other than English (Park et al.,
2026). Prior methods to address these issues fall
into two directions. First is prompt-based meth-
ods, such as adding language-specific instructions
(Yong et al., 2025; Qi et al., 2025) or prefixes at
the beginning of model generations (Tam et al.,
2025) to steer the output language. Second is fine-
tuning models on multilingual CoTs (Lai and Nis-
sim, 2024; She et al., 2024; Chai et al., 2025).

More recent Reinforcement Learning (RL)-
based approaches augment the GRPO reward with
an explicit language fidelity term (Liu et al., 2026;
Zhang et al., 2026; Sutawika et al., 2026). For in-
stance, M-Thinker combines two reward terms in
addition to the standard GRPO: (1) a binary lan-
guage fidelity reward that fires when the reasoning
language matches the query, and (2) a cross-lingual
thinking alignment reward where an LLM-as-judge
scores how closely the reasoning trace aligns with
a reference English trace (Zhang et al., 2026).

While effective, these methods exhibit three per-
sistent failure modes (Figure 2): (1) trading off an-
swer correctness for matching reasoning language
to the query language, (2) code-switching within
reasoning traces, and (3) overthinking with exces-
sive use of tokens. As compared in Table 1, many
prior approaches also require English reference rea-
soning traces for supervision and rely on a fixed,
developer-specified weighting regime between re-
ward components (Gao et al., 2026; Gurgurov et al.,
2026), limiting robustness to changes in that ratio.
AdaMame-GRPO addresses this gap with an adap-
tive reward that progressively strengthens query
language alignment over the course of GRPO train-
ing, requiring no English reference traces.

2.2 Adaptive Reasoning

Recent studies have explored making LRM reason-
ing adaptive, ranging from binary decisions about
whether to engage in thinking (Tu et al., 2026) to
fine-grained adaptation of reasoning format or ef-
fort based on task difficulty (Yu et al., 2025b; Wu
et al., 2026; Wang et al., 2026; Yang et al., 2026).

In multilingual settings, adaptive reasoning has
been studied to select whichever reasoning lan-
guage is most effective for a given query, through a
language router (Guo et al., 2026), LLM-as-judge
(Zheng et al., 2026), or comparison against English
traces (Ye et al., 2026). AdaMame-GRPO is dis-
tinctive among these approaches in that it does not
treat reasoning language as a free variable to be
selected per query. Instead, it fixes query language
alignment as the objective, and progressively adapt
to this objective throughout GRPO training by in-
creasing the query alignment factor.

3 4 AdaMame: A Training Recipe

AdaMame builds on the SFT-then-RL post-training
recipe with targeted modifications that optimizes
reasoning accuracy, language fidelity, and token
efficiency by adaptively aligning reasoning to the
query language. We first construct a high-quality
multilingual training dataset (§3.1), then train in
two stages: SFT (§3.2) followed by RL (§3.3).

3.1 Preparing Ingredients

We consider multilingual mathematical reasoning,
where a model receives a query ¢ posed in some
language ¢ and must produce a reasoning trace ¢
and a final output o. The goal is to produce correct
o matching the ground truth answer g and c in /.
Our training dataset therefore requires two com-
ponents: (1) queries g across all £ € L, and (2)
non-MT reasoning traces c in the respective query
language ¢, not the machine-translated counterparts
of English traces. This enables models to reason
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across languages £ and learn language-specific rea-
soning patterns (see Appendix B.1 for details).

Queries. We sample queries from DAPO-MATH-
17K (Yu et al., 2025a) across five in-domain lan-
guages (French, Portuguese, Japanese, Korean, and
Thai), sourced from Liu et al. (2026).3 Each g is
machine-translated from English using DEEPSEEK-
V3.2-ExP (DeepSeek-Al, 2025b), with translation
quality verified by QWEN3 32B (Yang et al., 2025).

Reasoning Traces. For each query ¢, we gener-
ate reasoning trace c using GPT-5 NANO (Singh
et al., 2026).* We retain a triplet if: c is in the same
language as g, c leads to a correct answer in o, and
follows the required format (<think></think>
for ¢, \\boxed{} in 0), leading to an average re-
tain rate of 72.2%. Appendix C.1 provides further
details on the generation and filtering process.

3.2 Stage 1: SFT for Learning

Dataset. We leverage SFT as a cold start to ex-
pose the model to diverse reasoning languages and
language-specific reasoning patterns (Gao et al.,
2026; Wu et al., 2026). For each of the five lan-
guages, we sample 6K triplets (g, ¢, 0) from §3.1,
yielding a 30K SFT training corpus Dgs;. We report
detailed statistics in Appendix C.2.

Objective. We take an open-weight LRM M and
fine-tune on Dgg, resulting in Mg. During fine-
tuning, each query q is prepended with a language-
specific prompt instruction (Appendix A) that ex-
plicitly encourages reasoning in the query language.
To prevent Mg from catastrophic forgetting and to
improve training efficiency, we fine-tune with Low-
rank adaptation (LoRA) (Hu et al., 2021), which
constrains the magnitude of parameter updates
(Gao et al., 2026). We show that LoRA outper-
forms full fine-tuning on both reasoning accuracy
and language fidelity (details in Appendix B.2).

3.3 Stage 2: RL for Generalizing

Dataset. To construct the RL training corpus, we
apply rejection sampling over Dy with 8 candi-

*We use DAPO-MATH-17K since it provides various diffi-
culty and manually verified queries (Yu et al., 2025a).

*GPT-5 NANO is the most cost-effective and time-efficient
option among other multilingual LRMs. When compared with
QWEN-3 and DISTILL-DEEPSEEK-QWEN model families,
we find they frequently generate English or Chinese reasoning
traces despite language-specific instructions, resulting in lower
retain rates than GPT-5 NANO (72.2% average retain rate).

dates per query (Zhang et al., 2026).> A query q is
selected if the model generates both correct and in-
correct rollouts (i.e., 0 < |Ocorrect| < 8), selecting
problems that are challenging yet solvable.® We
then randomly sample 1K instances for each of five
in-domain languages, yielding a 5K corpus Dg;po,
with a held-out validation set of 1K instances.

GRPO. While Mg learns to reason across the
trained languages, it lacks the ability to generalize
to out-of-domain settings compared to RL-trained
models (§5.1; Chu et al. (2025)). We therefore fur-
ther train Mg with standard GRPO (Shao et al.,
2024). Here, given a query ¢ with a ground truth
answer ¢, the model samples a group of G outputs
(i.e., rollouts) O = {01, 09, ..., 0 }. For each o;, a
binary reward r; is computed using a rule-based
function that checks whether o; matches the ground
truth answer g:’

7(q,0i,9) = 1(0; = g). (1)

However, since this reward optimizes solely for cor-
rectness, the model defaults toward whichever lan-
guage that maximizes accuracy, typically English,
without any incentive to explore alternative reason-
ing languages or align with the query language.
Standard GRPO thus offers limited gains for lan-
guage collapse (§5.1). To address this, we propose
an adaptation of GRPO, which enables the model to
progressively align to the query language through
a query-conditioned alignment reward mechanism.

AdaMame-GRPO. Inspired by ARM (Wu et al.,
2026), we adapt GRPO by introducing a query
alignment scaling factor «;(t) that amplifies the
base accuracy reward 7(q, 0;, g). Formally:

(q,0i,9) = ai(t) -r(q,0i,9), (2)

ai(t) = 1+ B 1[lang(o;) = lang(q)] - ¢(t), (3)

1 — cos <7T . ;)
¢(t) = max 5 , 0.1

G

where lang(-) denotes the detected language of
a rollout or query, measured using LINGUA lan-
guage detector,® ¢(t) is a cosine growth schedule

*We compare three different data sampling strategies for
RL corpus construction in Appendix B.6.

Distribution of |Ocorrect| is in Appendix B.7.

"We find that accuracy-only reward outperforms a com-
bined accuracy and format reward; see Appendix B.3.

8linqua—lanquage—detector
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that gradually increases from 0.1 at the beginning
of training (t = 0) to 1.0 at the end (¢t = T),°
and § is the query alignment factor (default 5 as
2.0, with ablations in §5.3). The key effect of a;(t)
is a training curriculum: early in training, when
¢(t) is small, the query alignment factor is weak
and the model is free to explore diverse reasoning
languages. As training progresses and ¢(t) grows,
correctly aligned rollouts receive increasingly am-
plified rewards, gradually guiding the model to
converge on the query language.

We specifically adopt Dr.GRPO variant (Liu
et al., 2025) of GRPO, which removes the length-
normalization and standard deviation terms; we
find this yields higher reasoning accuracy than stan-
dard GRPO (Appendix B.5). For each query ¢, we
compute the group advantage fli,t over the adjusted
rewards ' = {r}, 5, ...,7 } as:

~

Ay = r; — mean({r}, 5, ...,7}). (5)

Finally, we optimize the policy model by maximiz-
ing the following objective:

T (0) = By p(). (02, ~mp01a(Ola)

LSy foi]

W@(Oi,t\fb 0i,<t) 1

R3]
im1 =1 Thold (03,419 0i,<t)
B (6)
Clip< T l—el+ 6) Az’,t}
Toold (03| 0i,<t)

! KL[weHmefJ},

where 7,q is the frozen old policy and 7ef is the
reference model.

4 Y Experiment Setup

Model. To assess the effectiveness of AdaMame
across models and sizes, we use: DISTILL-QWEN
1.5B (DeepSeek-Al, 2025a) and QWEN3 4B (Yang
et al., 2025) as backbones. DISTILL-QWEN 1.5B
is built on QWEN2.5 and post-trained on multilin-
gual reasoning traces distilled from DEEPSEEK-
R 1. Further details are in Appendix Table 16.

Evaluation Dataset. We use two multilingual
mathematical reasoning benchmarks: MGSM-
Rev2 (Peter et al., 2026) and MSVAMP (Chen
et al., 2024). MGSM-Rev2 is a revised version
of MGSM (Shi et al., 2022) with human-translated

"We compare cosine growth scheduler to threshold-based
and Lagrangian multiplier scheduler in Appendix B.4.

math problems, which corrects translation errors
or ambiguities in 15.8% queries on average (see
Appendix C.3). MSVAMP extends SVAMP (Patel
et al., 2021) with CHATGPT-translated problems,
with translation quality verified by native speakers.
Detailed dataset statistics are in Appendix Table 17.

Languages. We study 12 languages representing
diverse resource levels, language families, writing
scripts, and linguistic typologies. We select French
(fr), Portuguese (pt), Japanese (ja), Korean (ko),
and Thai (th) as the in-domain (i.e., training) lan-
guages and Bengali (bn), English (en), Spanish (es),
Russian (ru), Swahili (sw), Telugu (te), Chinese
(zh), and German (de) as out-of-domain languages
to measure generalizability. Per-language charac-
teristics are detailed in Appendix Table 18.

Baselines. For each backbone model, we study
five baselines of increasing training effort:

¢ Vanilla: The unmodified backbone model M.

¢ Prompt: M with a language-specific prompt in-
struction prepended to each query (Appendix A).

e SFT: Mg, cold-start fine-tuned on Dggy.

* GRPO: My, initialized from Mg and
trained on Dy, With standard GRPO.

* AdaMame: My, trained identically but with
AdaMame-GRPO instead of standard GRPO.

For DISTILL-QWEN 1.5B backbone model, we
additionally compare M-Thinker Iterl and Iter2
(Zhang et al., 2026), using the checkpoints corre-
sponding to one and two rounds of iterative GRPO
training respectively (see Table 1 for details).

Evaluation Metrics. We report three metrics:

* Accuracy (7): Pass@4 over four sampled out-
puts, which reduces bias and variance associated
with single-generation evaluation (Zhang et al.,
2025). Answers are extracted from \ \boxed{}
using MATH-VERIFY.!?

* LCPR (7): Language Confusion Pass Rate
(Marchisio et al., 2024), computed as the har-
monic mean of line- and word-level language
fidelity over the reasoning trace c.!!

* TTC (J): Test-Time Compute, measured as the
fraction of the maximum context length (8,192

Yhuggingface/Math-Verify

"Unlike prior work, which measures language fidelity by
the top-1 detected language, LCPR explicitly captures undesir-
able code-switching behavior within traces; see Appendix C.5.
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Accuracy (%, 1)

Language Fidelity (%, 1) Test-Time Compute (%, |)

Model Size Gin Goul Gall Vin Vou( Va\l] Gin Goul Gmll Viu Vom Vall Gin Goul Ga]l Vin Vou( Vall
DISTILL-QWEN 1.5B
Vanilla - 469 528 508 66.5 72.0 704 519 603 575 64.1 502 544 247 184 205 97 63 713
Prompt - 51.6 57.8 557 669 734 714 578 58.6 583 662 521 563 294 347 330 107 6.1 75
M-Thinker Iterl 35K 62.0 642 635 789 727 746 03 190 128 3.12 29.6 21.7 25.0 233 239 173 142 152
M-Thinker Iter2 50K 69.5 65.0 665 811 746 76.6 0.1 17.7 11.8 1.6 275 19.7 209 21.1 21.0 147 140 152
SFT 30K 653 583 606 775 754 760 776 628 67.7 840 50.1 603 15 42 33 12 17 15
+GRPO 35K 72,6 63.6 66.6 773 762 76.6 80.1 616 67.8 848 474 587 1.0 26 19 10 16 14
+AdaMame-GRPO 35K 729 655 679 775 768 77.0 80.6 64.8 70.1 852 50.1 60.7 12 23 19 10 16 14
A +03 +19 +13 +08 +04 +04 +05 432 +23 +04  +27 +20 +02 -0.1 00 00 00 0.0
QWEN3 4B
Vanilla - 813 774 787 703 647 67.0 13.0 345 234 04 463 279 143 178 16.6 12.1 13.8 13.1
Prompt - 88.0 80.4 829 779 821 804 140 360 245 04 46.6 28.1 140 176 164 13.0 14.1 13.6
SFT 30K 89.8 83.6 85.6 869 88.7 83.0 879 889 886 932 784 843 26 18 1.8 1.1 1.3 12
+GRPO 35K 889 829 849 88.0 89.0 88.6 883 903 89.6 937 792 8.0 2.1 16 16 08 1.1 1.0
+AdaMame-GRPO 35K 90.4 83.6 859 884 894 89.0 889 90.5 899 942 804 8.0 19 14 15 07 10 09
A +1.5 +0.7 +1.0 +04 +04 +04 +0.6 +02 +03 +05 +12 +10 +02 -02 -01 -0.1 -0.1 -0.1

Table 2: Performance across model variants and evaluation datasets. G: MGSM-Rev2; V: MSVAMP. in: in-domain; out:
out-of-domain languages; all: overall average. Bold and underlined values denote the best and second-best scores per column,
respectively. A denotes the difference between AdaMame-GRPO and GRPO (Adamame-GRPO—GRPO), with darker shading
indicating larger magnitude within each model. AdaMame-GRPO achieves the highest overall reasoning accuracy and LCPR
(Language Fidelity) and the lowest TTC (Test-Time Compute) across all variants, using a dataset of 35K instances, which is
smaller than or comparable to the M-Thinker baselines. Per-language results are detailed in Appendix D.2.

tokens) consumed by the model’s response, re-
flecting reasoning token efficiency (Snell et al.,
2025; Muennighoff et al., 2025).

All inference use VLLM (Kwon et al., 2023) with
sampling temperature 0.6 and top-p 0.95. Further
implementation details are in Appendix C.4.

Training Strategies. For SFT stage, we adopt
LoRA (Hu et al., 2021) for parameter efficient fine-
tuning targeting all linear modules, implemented
using LLAMA-FACTORY (Zheng et al., 2024). We
set LoRA rank as 8, « as 16, cutoff length as 8,192
tokens, learning rate as 2e % with cosine scheduler
and warm-up ratio 0.1. One SFT run requires 1.5
hours on one NVIDIA-A5000.

For RL stage, we implement all experiments in
VERL (Sheng et al., 2025). We set batch size to
512, mini-batch size to 256 (2 gradient updates per
batch), rollout count to 8, max prompt length to
512, max response length to 4,096, training epochs
to 10, temperature to 0.8, learning rate 1le~°, and
KL loss coefficient to 0.001. The last three hyperpa-
rameters are selected via WANDB’s sweep search. '
A single run takes approximately 4 hours on one
NVIDIA-A100 for DISTILL-QWEN 1.5B, and 10
hours on two NVIDIA-A100s for QWEN3 4B.

5 - Results

We first compare accuracy, LCPR, and TTC across
models, in- and out-of-domain languages, and lan-

2wandb.ai/functions/sweep

guage resource levels (§5.1). We then examine
adaptivity of AdaMame-GRPO (§5.2), and ablate
the effect of the query alignment factor 3 (§5.3).

5.1 Main Results

We present results in Table 2 and summarize several
interesting findings below:

Current LRMs struggle with language collapse.
We observe that both backbone models have low
LCPR, indicating that they either frequently default
to produce reasoning traces in specific languages
regardless of the query language, or to heavily code-
switch languages mid-trace. For example, QWEN3
4B achieves only 23.4% and 27.9% LCPR across
languages on MGSM-Rev2 and MSVAMP, mean-
ing that nearly one fourth of all cases, the model
fails to deliver traces fully in the query language.
This is less pronounced in DISTILL-QWEN 1.5B,
which achieves 54-57% LCPR across both datasets,
likely explained by its explicit post-training on mul-
tilingual reasoning traces (DeepSeek-Al, 2025a).
Even with the Prompt baseline, which prepends
language-specific instructions to encourage reason-
ing in the query language, yields only marginal im-
provements in LCPR (+0.8%, +1.9% for DISTILL-
QWEN 1.5B; +1.1%, +0.2% for QWEN3 4B, on
MGSM-Rev2 and MSVAMP respectively). This
aligns with prior findings that prompt-level inter-
ventions are insufficient to fully shift models’ rea-
soning language (Qi et al., 2025; Gao et al., 2026).
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Accuracy (%, 1)

Language Fidelity (%, 1) Test-Time Compute (%, |)

Model Size Giow Gmia Ghigh View Vmid  Vhigh Giow Gmia Ghigh View Vmid  Vhigh Giow Gmia  Ghigh View Vmia  Vhigh
DISTILL-QWEN 1.58
Vanilla 157 56.0 80.8 36.1 80.5 884 39.1 409 92,5 33.0 219 948 407 129 7.83 12.7 6.1 4.1
Prompt - 215 619 83.7 388 812 88.6 397 493 859 385 219 955 625 229 135 148 6.0 3.1
M-Thinker Iterl 35K 30.6 69.5 903 510 81.1 873 28 1.5 340 66 55 450 169 262 285 142 160 152
M-Thinker Iter2 50K 344 747 904 519 833 900 23 02 330 43 30 439 172 232 227 139 151 137
SFT 30K 314 669 835 524 815 89.6 554 59.8 88.1 49.1 319 899 64 1.9 1.7 26 1.1 1.0
+GRPO 35K 38.5 73.8 874 532 820 90.0 550 61.2 87.1 40.8 34.6 900 35 1.1 1.2 26 1.1 0.8
+AdaMame-GRPO 35K 39.5 749 894 53.6 838 895 614 61.0 878 49.8 31.7 905 32 14 1.2 25 0. 0.9
QWEN3 4B
Vanilla 741 795 824 649 645 703 4.1 235 427 06 307 464 21.6 139 143 172 114 112
Prompt - 69.0 884 913 706 785 892 6.0 237 43.6 12 30.8 462 230 127 136 19.1 10.6 11.8
SFT 35K 70.8 91.1 950 77.6 915 93.1 88.7 849 922 64.1 919 938 34 1.0 1.0 1.7 09 1.0
+GRPO 35K 69.4 90.1 95.1 79.5 92.0 929 89.0 873 925 63.7 932 948 28 12 1.1 14 09 0.8
+AdaMame-GRPO 35K 71.1 909 95.6 80.0 919 93.6 894 878 925 64.7 938 960 2.6 1.0 1. 1.2 08 0.8

Table 3: Performance by language resource level. G: MGSM-Rev2; V:

MSVAMP. low: low-resource (th, bn, sw, te); mid:

mid-resource (ja, ko, pt, ru, de); high: high-resource (fr, en, es, zh). Resource level is determined by number of speakers and
Wikipedia article count per language (Appendix Table 18). Note that there is at least one in-domain language (ifalic in the list) in
each resource level group. AdaMame-GRPO shows the greatest gains over baselines on lower-resource languages.

SFT substantially reduces language collapse but
generalizes poorly to out-of-domain languages.
Across both backbone models and datasets, we
show that SFT yields large LCPR gains over the
Prompt baseline. This demonstrates that fine-tuning
on language-specific reasoning traces is far more ef-
fective than lightweight prompt-level intervention
at matching the reasoning language to the query
(Lai and Nissim, 2024). The gains are consider-
ably larger for QWEN3 4B than DISTILL-QWEN
1.5B (MGSM-Rev2 / MSVAMP: +9.4% / +4.0%
for DISTILL-QWEN 1.5B; +64.1% / +56.2% for
QWEN3 4B). Notably, gains in LCPR also translate
to improvements in both reasoning accuracy and
TTC. While prior work similarly incorporates SFT
as a cold-start step (Liu et al., 2026), its standalone
contribution is unclear and rather has shown to not
necessarily improve reasoning accuracy (Hwang
et al., 2025). Our SFT stage avoids this trade-off,
which we attribute to the use of non-MT reason-
ing traces in Dgg: unlike machine-translated traces,
these are both fluent in the query language and re-
flect language-specific reasoning patterns, provid-
ing a higher-quality training signal for multilingual
reasoning (details in Appendix B.1).

However, SFT alone generalizes poorly beyond
its five training languages: on out-of-domain lan-
guages, LCPR gains are substantially smaller and
sometimes fall below the Prompt baseline (e.g.,
-2.0% for DISTILL-QWEN 1.5B on MSVAMP).

GRPO improves out-of-domain reasoning ac-
curacy; AdaMame-GRPO further improves
LCPR generalization. We show that GRPO
yields stronger accuracy gains on out-of-domain

languages than SFT. For instance, DISTILL-QWEN
1.5B gains +0.5% accuracy on out-of-domain lan-
guages over SFT, but an additional +5.3% via
GRPO. This is consistent with the established
roles of the two training paradigms: SFT encour-
ages memorization of patterns seen during training
(Allen-Zhu and Li, 2024; Kang et al., 2025), while
RL encourages learning generalizable rules that
transfer to new settings (Chu et al., 2025). How-
ever, GRPO yields comparatively smaller LCPR
gains than accuracy gains (+0.1% vs. +6.0% on
MGSM-Rev2 for DISTILL-QWEN 1.5B), as the
accuracy-only reward of GRPO provides no incen-
tive to align the reasoning language with the query.

AdaMame-GRPO addresses this by introducing
the query alignment factor as a scaling term on the
accuracy reward (§3.3), achieving higher LCPR
than GRPO without sacrificing, but instead fur-
ther improving, reasoning accuracy. This stands
in contrast to the accuracy-language fidelity trade-
off observed in prior work (Wang et al., 2025b).
AdaMame-GRPO with DISTILL-QWEN 1.5B also
outperforms M-Thinker Iter2 baseline, which uses
15K more training instances (35K vs. 50K), show-
ing greater data efficiency. Specifically, AdaMame-
GRPO shows a substantial LCPR advantage over
M-Thinker baselines, which we attribute to heavy
code-switching in M-Thinker’s reasoning traces
(Appendix D.1). It also reflects a failure mode that
the top-1 language detection metric in prior work
overlooks but LCPR explicitly penalizes.

Taken together, we show that AdaMame-GRPO
resolves the key limitations identified across prior
approaches (Figure 1): poor out-of-domain gen-
eralization from SFT, limited LCPR gains from
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Figure 3: Reasoning language adaptation rate and validation accuracy throughout AdaMame-GRPO training. Left:
DISTILL-QWEN 1.5B; Right: QWEN3 4B. The z-axis denotes training batch; the left y-axis shows the proportion of rollouts
whose reasoning trace matches the query language (language adaptation rate; range: 0—1) and the right y-axis shows the validation
accuracy (%, T). Both are evaluated on a held-out validation set of 1K instances (250 per language) every two training batches.

standard GRPO, and overthinking that persist in
reward-concatenation methods (Zhang et al., 2026),
by achieving the lowest TTC.'3

AdaMame-GRPO yields the largest gains on
lower-resource languages. Table 3 reports per-
formance broken down by language resource level
(low, mid, high) to examine whether AdaMame-
GRPO’s gains are consistent across different
languages. For DISTILL-QWEN 1.5B, while M-
Thinker baselines tend to lead on high-resource lan-
guages, AdaMame-GRPO shows a clear advantage
on low-resource languages (Thai, Bengali, Swabhili,
and Telugu), which is notable given that only Thai
appears in the SFT and RL training corpora. For
example, on MSVAMP, it improves accuracy by
+10.8% for Bengali on DISTILL-QWEN 1.5B and
+28.4% on QWEN3 4B over the Vanilla baseline.

The same pattern holds for LCPR: AdaMame-
GRPO achieves the highest low-resource LCPR on
both datasets, while Vanilla and Prompt baselines
retain an advantage only at the high-resource tier.
This positions our approach as a step toward more
equitable multilingual reasoning (Tran et al., 2026;
Zhao et al., 2026b), where both accuracy and LCPR
gains are not only in well-resourced languages at
the expense of underrepresented ones.

5.2 Adaptivity of AdaMame-GRPO

We verify that the cosine growth schedule in
AdaMame-GRPO induces the intended explore-
then-exploit curriculum: as shown in Figure 3, mod-
els initially generate rollouts across diverse reason-

BWe compare the length distribution of the SFT training
data against the reasoning traces produced by each baseline
in Appendix D.3, and show that AdaMame-GRPO-generated
traces are the shortest on average.

ing languages, then progressively shift toward the
query language as the alignment factor grows.
Interestingly, we find distinct per-language tra-
jectories, which suggest that AdaMame-GRPO
adaptively rebalances the accuracy and language
alignment objectives at the language level rather
than uniformly. While © French shows a monoton-
ically increasing trend that plateaus after roughly
the first quarter of training, the remaining four lan-
guages (¢, B, A, V) each exhibit a mid-training
dip around the halfway point before recovering
to a higher endpoint. This dip likely reflects an
exploration vs. exploitation trade-off: as the accu-
racy reward still dominates early in training, the
model temporarily shifts toward higher-resource
languages that yield more correct rollouts, sacrific-
ing language alignment before the growing align-
ment factor re-balances the two objectives. Consis-
tent with this interpretation, % validation accuracy
rises relatively steadily through the dip, suggest-
ing the model is exploiting accurate but language-
misaligned reasoning before converging on both.
DISTILL-QWEN 1.5B also shows larger final
gains on lower-resource languages (Ml Japanese,
Korean, and ¥ Thai), while QWEN3 4B shows a
relative advantage on higher-resource languages
(© French and ¢ Portuguese), consistent with the
resource-level breakdown results in Table 3.

5.3 Ablation on Query Alignment Factor

While we set the query alignment factor /3 to 2.0 as
the default in AdaMame-GRPO (§3.3), we analyze
its sensitivity by varying 3 across a range of val-
ues. Figure 4 reports reasoning accuracy and LCPR
across both backbone models and datasets: @/l
MGSM-Rev2 and @/l MSVAMP.
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Figure 4: Accuracy and LCPR across values of 3. 8 controls the weight of the query alignment factor in AdaMame-GRPO.
Increasing 3 trades-off accuracy for higher LCPR. Full numerical results are in Appendix D.4.

We observe that increasing 3 consistently im-
proves LCPR but at the cost of reasoning accu-
racy, showing a controllable accuracy-language fi-
delity trade-off relation. Between the two models,
QWEN3 4B is more sensitive to changes in 3 than
DISTILL-QWEN 1.5B on both metrics, likely be-
cause it was not explicitly post-trained on multilin-
gual reasoning traces. The trade-off observed here
confirms two properties of the query alignment fac-
tor: it reliably improves language fidelity to the
query language as intended, but at the same time,
it introduces a conflicting signal with the accuracy
objective, which can be controlled through .

6 Conclusion

We present AdaMame, a two-stage training recipe
featuring AdaMame-GRPO with a query alignment
scaling factor that guides models to explore diverse
reasoning languages before exploiting reasoning
in the query language. AdaMame-GRPO achieves
Pareto-optimal performance across reasoning accu-
racy, language fidelity, and token efficiency, with
the strongest gains on out-of-domain and lower-
resource languages. We hope this work encourages
moving beyond English-centric reward designs to-
ward training recipes that serve the full diversity of
languages users bring to these systems.

Limitations

Language Detection Reliability. The query
alignment reward in AdaMame-GRPO relies on
the LINGUA language detector, whose signals may
be less reliable for lower-resource languages or
heavily code-switched traces. To partially mitigate
this, we validate detector reliability on a held-out
test set in Appendix B.8.

Computational Scope. Our experiments are con-
strained by computational budget, which limits
both the backbone model sizes and training strate-
gies explored. AdaMame is further evaluated only
on mathematical reasoning, where multilingual
benchmarks are readily available. This leaves open
questions on how AdaMame generalizes to other
settings, including larger LRMs, non-mathematical
tasks, and a broader set of languages, which we
leave for future work.

Generalization of LCPR. The current word-
level language confusion evaluation metric (Ap-
pendix C.4) only considers code-switching to En-
glish, as originally proposed by Marchisio et al.
(2024). We adopt this formulation directly because
both our qualitative analyses and the empirical find-
ings of Lin and Jurgens (2026) examining code-
switching in multilingual reasoning show that En-
glish is the most common reasoning language when
models are prompted in non-English languages. It
would be valuable to extend the current word-level
metric to capture code-switching into arbitrary lan-
guages, in order to improve its robustness. Since
this would first require substantial annotation effort
to identify erroneous non-English words that do
not typically occur in the target-language text, we
view this as a promising direction for future work.
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Appendix
A Prompts

Figure 5 shows the language-specific prompt in-
structions used for the Prompt and SFT baselines.
We follow provider-recommended prompting prac-
tices to standardize the output format (DeepSeek-
Al 2025a; Yang et al., 2025).

B Components of AdaMame

B.1 Non-MT Reasoning Traces

We compare SFT on non-MT occurring reasoning
traces against the conventional choice of machine-
translated English traces (Sutawika et al., 2026;
Gurgurov et al., 2026). Specifically, we evaluate
two variants: (1) non-MT reasoning traces only
(Dsgt, 30K), and (2) non-MT traces augmented with
65K machine-translated traces from Sutawika et al.
(2026), which are sourced from DeepScaleR (Tan
etal., 2026) and translated using GPT-5 NANO. De-
spite training on over three times more data (95K vs.
30K), augmenting with machine-translated traces
degrades both reasoning accuracy and LCPR, con-
firming our choice to use non-MT traces exclu-
sively in all main experiments.

DISTILL-QWEN 1.5B  Accuracy (%,1) LCPR (%, 1)
w/ non-MT 60.6 67.7
w/ non-MT+MT 56.4 63.0

Table 4: Reasoning accuracy and LCPR for different
dataset variants. Backbone model: DISTILL-QWEN 1.5B.

B.2 LoRA vs. Full SFT

We compare SFT with LoRA and full fine-tuning
for the DISTILL-QWEN 1.5B backbone, with
LoRA applied to all linear modules. Training cor-
pora Dy and all hyperparameters are held constant,
except the learning rate, which is reduced from
2¢~* to 2e7° for full fine-tuning (Bohnet et al.,
2025). As shown in Table 5, LoRA yields higher
reasoning accuracy and LCPR on MGSM-Rev2,
and we therefore adopt it in all SFT experiments.

DISTILL-QWEN 1.5B  Accuracy (%,1) LCPR (%, 1)
w/ LoRA 60.6 67.7
w/ Full fine-tuning 59.2 65.4

Table 5: Reasoning accuracy and LCPR for LoRA and full
fine-tuning. Backbone model: DISTILL-QWEN 1.5B.

B.3 Accuracy vs. Accuracy+Format Reward

While standard GRPO uses a binary accuracy re-
ward alone, several prior works augment it with
a format reward that penalizes malformed roll-
outs (DeepSeek-Al, 2025a; Rastogi et al., 2025).
We define the format reward as:

1, if format is correct
Tformat = 7)

0, if format is incorrect

and compare it against the accuracy-only reward
in Table 6. We show that accuracy-only reward
yields higher reasoning accuracy and LCPR than
the combined reward, and we therefore adopt it in
all main experiments.

DISTILL-QWEN 1.5B  Accuracy (%,7) LCPR (%,71)

Accuracy 67.9 70.1
Accuracy+Format 66.2 67.1

Table 6: Reasoning accuracy and LCPR for different re-
ward designs. Backbone model: DISTILL-QWEN 1.5B.

B.4 Scheduler Variant

We compare cosine growth scheduler against two
alternatives: (1) threshold-based scheduler, which
increases the query alignment weight whenever lan-
guage fidelity falls below a pre-defined threshold
(80.0%) among the rollouts, and (2) Lagrangian
multiplier scheduler, which treats language fidelity
as a constraint, maximizing E[reasoning accuracy]
subject to E[language fidelity] greater than or equal
to 80.0. As shown in Table 7, our cosine growth
scheduler outperforms both alternatives in terms of
reasoning accuracy and LCPR. We therefore use
this scheduler in our main experiments.

DISTILL-QWEN 1.5 Accuracy (%, 1) LCPR (%,1)
Cosine growth 67.9 70.1
Threshold-based 66.3 68.2
Lagrangian multiplier 66.4 68.9

Table 7: Reasoning accuracy and LCPR for scheduler vari-
ants. Backbone model: DISTILL-QWEN 1.5B.

B.5 GRPO vs. Dr.GRPO

Dr.GRPO is a variant of GRPO that removes
the length-normalization and standard deviation
terms from the advantage computation, mitigat-
ing pre-training and optimization biases that oth-
erwise inflate response length during training (Liu
et al., 2025). Given its adoption in recent multilin-
gual reasoning work (Sutawika et al., 2026; Gur-
gurov et al., 2026), we evaluate both GRPO and
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French: Veuillez raisonner étape par étape et mettre votre réponse finale dans \\boxed{}.\n\n{query}

Portuguese: Por favor, justifique passo a passo e cologue a sua resposta final dentro de \\boxed{}.\n\n{query}
Japanese: ERf§HII2E 2 T, REMNLE 2% \\boxed{} DFIZANTL EZE L, \n\n{query}

Korean: T2 £E28t11, £|Z EE \\boxed(} 20l 'EOIFM2 \n\n{query}

Thai: nyon Winauafiazsunau was laraougavinazasanilinie lu \\boxed{(N\n\n{query}

Bengali: @7 7 LTt EIT("TI‘IJ@ @219, 932 widNg ‘Q_‘Fﬁs’ BB IS \\boxed{} I<=Iq $E | \n\n{query}

English: Please reason step by step, and put your final answer within \\boxed{}.\n\n{query}

Spanish: Por favor, razona paso a paso y pon tu respuesta final dentro de \\boxed{}.\n\n{query}

Russian: MoxanyiicTa, paccyxnaaiTe Luar 3a LiaromM 1 NoOMecTUTe CBOW okoH4aTernbHbIi oTeeT B \\boxed{}.\n\n{query}
Swahili: Tafadhali toa hoja hatua kwa hatua, na weka jibu lako la mwisho ndani ya \\boxed{}.\n\n{query}

Telugu: 50D SFEPET S'008508, 5801 & WA HarErrr) \\boxed{} &° grapod \n\n{query}

Chinese: 15 RS, HIGEBHNREZRMIE \\boxed{} . \n\n{query}

German: Bitte denken Sie Schritt fiir Schritt nach und schreiben Sie Ihre endgiiltige Antwort in \\boxed{}.\n\n{query}

Figure 5: Prompt templates used for sampling generations for each language.

AdaMame-GRPO on top of both standard GRPO
and Dr.GRPO (Table 8). For both GRPO and
AdaMame-GRPO, using Dr.GRPO yields higher
reasoning accuracy with comparable LCPR, and
we therefore adopt it in all main RL experiments.

DISTILL-QWEN 1.5B Accuracy (%, 1) LCPR (%, 1)

GRPO 66.6 67.8
Dr.GRPO 66.7 68.3
AdaMame-GRPO w/ GRPO 63.4 69.9
AdaMame-GRPO w/ Dr.GRPO 67.9 70.1

Table 8: Reasoning accuracy and LCPR for GRPO and
Dr.GRPO. Backbone model: DISTILL-QWEN 1.5B.

B.6 Sampling Strategies

We compare three data sampling strategies for con-
structing the 5K corpus Dg;po:

* Random sampling: queries are randomly sam-
pled from Dy without filtering.

* Conditional sampling: one candidate is sampled
per query; a query is retained if the rollout is
in the query language but leads to an incorrect
answer (accuracy as 0, language fidelity as 1.0).

* Rejection sampling: 8 candidates are generated
per query; a query is retained if the model pro-
duces both correct and incorrect rollouts (i.e.,
0< ‘Ocorrect‘ < 8)

As shown in Table 9, rejection sampling yields
the highest reasoning accuracy and LCPR, and we
therefore adopt it in all main experiments.

DISTILL-QWEN 1.5B  Accuracy (%,7) LCPR (%,1)

Random 59.8 62.1
Conditional 59.7 64.6
Rejection 67.9 70.1

Table 9: Reasoning accuracy and LCPR for different sam-
pling strategies. Backbone model: DISTILL-QWEN 1.5B.

B.7 Distribution of |Ocorrect|

In Table 10, we report the distribution of |Ocorrect |-
The weighted mean of |Ocorrect| is 2.75 across the
5K RL dataset. This indicates that the queries used
in our RL step are, on average, relatively difficult.

|Ocorrect| Count Proportion (%)
1 1,342 26.8
2 1,358 27.2
3 918 18.4
4 573 11.5
5 387 7.70
6 243 4.91
7 179 3.63

Table 10: Distribution of |Ocorrect |-

B.8 Language Detection Reliability

As noted in Limitations section, AdaMame-GRPO
depends on the reliability of the language detector
used to compute the query alignment reward. We
validate the LINGUA detector on two settings that
mirror its roles in our pipeline: (1) short-context
detection on MGSM-Rev2 queries with gold lan-
guage labels, corresponding to lang(q), and (2)
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Language Short (%) Long (%)
French 100.0 100.0
Japanese 100.0 99.5
Korean 100.0 100.0
Thai 100.0 99.0
Bengali 100.0 98.5
English 100.0 100.0
Spanish 100.0 99.5
Russian 100.0 98.0
Swahili 100.0 100.0
Telugu 100.0 98.5
Chinese 100.0 98.5

Table 11: Language detection reliability by language.
Short: short-context evaluation on MGSM-Rev2 queries;
Long: long-context evaluation on mCoT-MATH traces.

long-context detection on randomly sampled 200
reasoning traces from mCoT-MATH (Lai and Nis-
sim, 2024), corresponding to lang(o;). As shown
in Table 11, LINGUA detector achieves 100% ac-
curacy on short-context detection and 99.2% on
long-context detection, demonstrating strong relia-
bility across both settings.

C Experiment Setup Details

C.1 Dataset Construction

Language Retain rate
French 6,330/8,716 =72.6%
Japanese 6,226 /8,495 =73.3%
Korean 5,763/ 8,330 = 69.2%
Portuguese 6,277 /8,648 =72.6%
Thai 6,366/ 8,667 = 73.5%

Table 12: Retain rate after the filtering process.

We prepend the language-specific instructions from
Appendix A when generating reasoning traces with
GPT-5 NANO, using a sampling temperature of 1.0
for diversity. Table 12 reports per-language retain
rates after filtering, with an average of 72.2%, with
Thai having the highest rate (73.5%) and Korean
the lowest (69.2%).

C.2 Reasoning Trace Statistics

We three additional analyses on the generated mul-
tilingual reasoning traces: (1) the length of the gen-
erated reasoning traces, measured in number of
characters; and, for a random sample of 1K traces
per in-domain language (5K in total), LLM-as-a-
judge evaluation using GPT-5.5 for (2) faithfulness

(i.e., is the reasoning trace faithful to the final an-
swer?) and (3) error rate (i.e., does the reasoning
trace contain any hallucinated or erroneous inter-
mediate steps?). For (2) and (3), we obtain a binary
label (Yes/No) and compute the proportion of “Yes”
responses. We show results in Tables 13 and 14.

C.3 MGSM-Rev2 Details

In Table 15, we report the proportion of MGSM
queries revised in MGSM-Rev2 during the process
of translation quality and ambiguity correction.

Language # Updated (%)

Bengali 46 (18.4%)
English 22 (8.80%)
German 35 (14.0%)
Spanish 38 (15.2%)
French 45 (18.0%)
Russian 32 (12.8%)
Swahili 43 (17.2%)
Telugu 52 (20.8%)
Thai 40 (16.0%)
Chinese 43 (17.2%)

Table 15: Number of updated MGSM queries per language.
Total count: 250.

C.4 Evaluation Metric Details

We provide implementation details of the LCPR
(Language Confusion Pass Rate) metric. We fol-
low the procedure introduced in Marchisio et al.
(2024) and use the LINGUA detector for detecting
language(s) of a text. Given a reasoning trace c,

Line-level Pass Rate (LPR). We split c into lines
(by newline character) and check against the query
language gy. LPR is the percentage of reasoning
traces where all lines match gy:

[C\C—|

LPR = ,
C]

(®)

where C is the set of all reasoning traces and C_y is
the set of traces that contain line-level errors.

Word-level Pass Rate (WPR). We first exclude
traces with line-level errors (C_,, as most line-level
errors would also be counted toward word-level
errors, making it difficult to distinguish between
the two error types (Marchisio et al., 2024). For
languages that use Latin script, we identify char-
acters outside of the script’s Unicode range. For
languages that do not use Latin script, we detect
errorneous English words (since languages mostly
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Length bin French Japanese Korean Portuguese Thai
<500 537 (10.0%) 2,209 (36.4%) 1,670 (29.5%) 305 (5.1%) 529 (8.6%)
500-750 1,323 24.7%) 1,980 (32.7%) 1,784 (31.5%) 1,017 (16.9%) 1,227 (19.9%)
750-1k 1,289 (24.1%) 1,188 (19.6%) 1,172 (20.7%) 1,308 (21.7%) 1,475 (23.9%)
1k—2k 2,033 (38.0%) 679 (11.2%) 1,026 (18.1%) 3,076 (51.1%) 2,733 (44.4%)
2k—4k 171 (3.2%) 7 (0.1%) 11 (0.2%) 316 (5.2%) 198 (3.2%)
4k+ 2 (0.0%) 0 (0.0%) 0 (0.0%) 2 (0.0%) 0 (0.0%)

Table 13: Length of multilingual reasoning traces. Average length per language is: French (989), Japanese (638), Korean

(711), Portuguese (1,139), Thai (1,039).

Metric French Japanese Korean Portuguese Thai
Faithfulness (%, 1) 91.5 90.2 91.9 91.8 9238
Error rate (%, |) 87.3 85.5 86.1 86.4 87.7

Table 14: Faithfulness and error rate of multilingual reasoning traces. GPT-5.5 as LLM-as-judge.

code-switch with English) that do not typically oc-
cur in target language text. WPR is the percentage
of reasoning traces where all words are in gy:

[(C\C-0)\Cw|

WPR = ,
|C\C—¢|

)]
where C—,, is the set of traces that contain word-
level errors.

Language Confusion Pass Rate (LCPR).
LCPR is a harmonic mean of line-level and
word-level pass rates:

LPR x WPR

LCPR = 2 x -~ W
“ LPR + WPR

(10)

C.5 Language Consistency vs. LCPR

The language consistency (i.e., fidelity) metric used
in prior work (Zhang et al., 2026; Gao et al., 2026)
measures fidelity by the top-1 detected language
alone, treating a trace as fully language-faithful as
long as its dominant language matches the query.
LCPR, by contrast, computes the harmonic mean
of line- and word-level language pass rates (LPR
and WPR), capturing code-switching that top-1 de-
tection overlooks. As shown in Table 19, a rea-
soning trace can receive a perfect language con-
sistency score of 1.0 while exhibiting substantial
code-switching, which LCPR correctly penalizes.

D Detailed Results
D.1 Code-Switching Rate

We adopt a straightforward operational definition
of “code-switching” as the presence of more than
one language within a reasoning trace. We compute

a code-switching rate as the fraction of traces in
which this is detected using the LINGUA language
detector. As shown in Table 20, both M-Thinker
baselines exhibit the highest code-switching rates
among all variants, with more than twice the rate
observed for AdaMame-GRPO.

Model CSR;n, CSRyut CSRy,
Vanilla 52.0 59.1 56.7
Prompt 48.7 49.2 49.0
M-Thinker Iterl 77.3 66.7 70.2
M-Thinker Iter2 92.1 76.9 82.0
SFT 18.9 42.3 34.6
+GRPO 19.1 44.0 354
+AdaMame-GRPO 16.8 41.9 33.2

Table 20: Code-switching rate (CSR). Backbone model:
DISTILL-QWEN 1.5B; Dataset: MGSM-Rev2.

D.2 Per-Language Results

We report per-language results for all models and
evaluation datasets in Table 23 and Table 24.

D.3 Length Distribution Comparison

We compare the length distribution of the SFT train-
ing dataset generated by GPT-5 NANO against the
reasoning traces produced by the baselines in Ta-
ble 2, in terms of number of characters. As shown in
Table 21, the average length of the training dataset
is 903.4, compared to 297.4 for AdaMame-GRPO.
This shows that while the GPT-5 NANO-generated
training traces are already shorter than those from
the Vanilla baseline, AdaMame-GRPO-generated
traces are the shortest on average, highlighting the
token efficiency of the proposed method.
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Model Context Len. Vocab. Size HuggingFace Model Identifier ~Train Set

DISTILL-QWEN 1.5B 128K 152K deepseek-ai/DeepSeek Pre-trained on mathematical reasoning queries; post-
-R1-Distill-Qwen-1.5B trained on 70K logical reasoning queries (Qwen et al.,
2025), further post-trained on reasoning traces dis-
tilled from DEEPSEEK-R1 (DeepSeek-Al, 2025a).
QWEN-3 4B 33K 152K Qwen/Qwen3-4B Pre-trained on reasoning queries; post-trained on a
wide range of reasoning tasks (Yang et al., 2025).

Table 16: List of evaluated models. We report the context length, vocabulary size, and HuggingFace model identifiers. We use
QWEN-3 4B with enable_think=True mode.

Dataset # Queries Translation
MGSM-Rev2 250 Human-translated by professional translators (Shi et al., 2022)
MSVAMP 250 Machine translated with CHATGPT!#; translation quality verified by native speakers on a random subset

Table 17: Detailed statistics of evaluation datasets.

Language Family Language Script Synthesis Word Order Resource Level # Speakers # Wikipedia Size

English Latin analytic high 1,130M 5,758,285
French Latin fusional high 398M 2,325,608
Indo-European Spanish Latin fusional high 592M 1,669,181
P Portuguese Latin fusional mid 26OM 1,171,437
German Latin fusional , SOV mid 178M 2,651,352
Russian Cyrillic  fusional mid 260M 1,476,045
Bengali Bengali  fusional SOV low 337M 63,762
Sino-Tibetan Chinese Chinese  analytic high 1,350M 1,246,389
Koreanic Korean Hangul  agglutinative SOV mid 80M 437,373
Japonic Japanese Japanese agglutinative SOV mid 128M 1,133,444
Niger-Congo Swahili Latin agglutinative low 83M 47,793
Dravidian Telugu Telugu agglutinative SOV low 96M 66,353
Kra-Dai Thai Thai analytic low 72M 128,179

Table 18: Characteristics of tested languages. For each language, we show language family, script, linguistic typologies
(synthesis and word order), and resource level measured by the number of speakers and Wikipedia articles (Zhang et al., 2023).

Language Reasoning trace Language Consistency (1) LCPR (%, 1)

German Let’s solve the problem: Um denurspriinglichen Preis des Buches zu finden, Divi- 1.0 0.0
sionstypen mit einem Rabatt von 25% auf den urspriinglichen Preisize. First, wirten
wir die Gleichung auf, um denurspriinglichen Preis (p) zu finden: p - 0.25p = 19.50.
This simplifies to: 0.75p = 19.50. Solving for p, wir p durch Division beider Seiten
durch 0.75: p=\\{19.50}{0.75}. Calculating this gives: p =26.\\boxed{26}

Korean 1. 4o dof He 7] 4 57] 2. stQ Yol W& 7] 4= 137 3. 7| thjly, 137} - 1.0 0.0
571 = 87¢] 715 ¢ did 4. 35} Altoo]| 48] T information: 87]] x 4 = 327} 5.
S} Altoo]] 28] ¥ information: 327] x 2 = 647} 6. 5} Altoo]] 17]]9] 7]+ 200Z
22]: 647)] x 200Z22] = 12,800Z =2 2] 7. summaries: \\boxed{12,800}Zr 2 2]
difference
Japanese X9 MJEHZHEL 9 HIE TV k7 I AO2GORDFWHR 27 5 4 1.0 0.0
ZERVWET FVARIT T AEHFNR T T A XY L50%=HWTT fRId €
NZ2NSA0DF 1 7 9 412$200(F\ s E L 7= BT+ 7 7 412 E D
FLEN? T HVWRI7IAOEREL £ ° Let’sdenote 5\ % 7 ¥
1POWRCEL 2T "BEE FW R 79 10 H V-7 7 1025 T
F ° Therefore, 7i\y %7 ¥ 41 ORUI2CTT “HW R 7 9 AOfifEIIPE L X
F RIEHHE R=05PTF P=$40T9 R=$200T7 HANHFH GEHIC x
$40 + 2C x $200 = $440CTF - FATAT LIS HLE L - \\boxed{440C}

Table 19: Example of reasoning traces with language consistency and LCPR metric scores. A reasoning trace can receive a
language consistency score of 1.0 despite substantial code-switching, which LCPR correctly penalizes.
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deepseek-ai/DeepSeek-R1-Distill-Qwen-1.5B
deepseek-ai/DeepSeek-R1-Distill-Qwen-1.5B
Qwen/Qwen3-4B

Length bin SFT training data Vanilla M-Thinker Iter2 SFT +GRPO +AdaMame-GRPO

<500 5250 (17.9%) 592 (59.2%) 0(0.0%) 878 (87.8%) 860 (86.0%) 881 (88.1%)
500-750 7,331 (25.0%) 233 (23.3%) 0(0.0%)  87(8.7%)  94(9.4%) 90 (9.0%)
750-1k 6,432 (22.0%) 82 (8.2%) 100.1%)  22(22%) 29 (2.9%) 14 (1.4%)
1k-2k 9,547 (32.6%) 40 (4.0%) 60 (6.0%) 70.7%)  15(1.5%) 15 (1.5%)
2k-4k 703 (2.4%) 13 (1.3%) 326 (32.6%) 1(0.1%) 1 (0.1%) 0 (0.0%)
4k+ 4(0.0%) 40 (4.0%) 613 (61.3%) 5(0.5%) 1(0.1%) 0 (0.0%)
Avg. 903.4 1,260.3 5,936.6 411.0 317.2 297.4

Table 21: Length distributions of SFT training data (30K) and baseline traces. We measure length only for the in-domain
languages. Dataset: MGSM-Rev; Model: DISTILL-QWEN 1.5B.

D.4 Change in 5 Results

We report numerical results for varying the query
alignment factor in AdaMame-GRPO in Table 22.

Dataset £ Accuracy (%,1) LCPR (%,7)
DISTILL-QWEN 1.5B

MGSM-Rev2 1 68.0 69.8
2 67.9 70.1
3 66.2 70.5
4 59.8 71.1
5 59.3 71.6

MSVAMP 1 71.7 59.6
2 77.0 60.7
3 76.6 60.8
4 76.3 61.2
5 75.7 61.6

QWEN3 4B

MGSM-Rev2 1 86.6 87.4
2 85.9 89.9
3 85.4 90.1
4 80.5 90.4
5 79.0 90.7

MSVAMP 1 90.1 78.7
2 89.0 86.0
3 88.8 87.4
4 88.4 87.9
5 86.9 88.0

Table 22: Numerical results for varying query alignment
factor . Increasing 3 improves LCPR, at the cost of lower
reasoning accuracy.

E Usage of Large Language Models

We used LLMs to support and refine the writing
of our work, such as for stylistic adjustments, in-
cluding improving readability and removing layout
issues (e.g., widows and orphans).
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Model Size Metric fr ja ko th  bn en es ra sw te zh de Avg.
DISTILL-QWEN 1.5B
Vanilla - Acc. 704 480 504 188 320 912 720 700 32 88 896 556 50.8
Prompt - Acc. 748 532 524 260 440 968 736 772 84 76 896 648 557
M-Thinker Iterl 35K Acc. 84.0 672 488 480 476 968 872 828 96 172 932 792 635
M-Thinker Iter2 50K Acc. 86.8 724 628 560 50.8 952 856 836 112 19.6 940 80.0 66.5
SFT 30K Acc. 77.6 604 61.6 61.6 424 90.0 804 732 68 148 860 724 60.6
+GRPO 35K Acc. 832 680 70.0 692 46.8 944 840 804 156 224 88.0 768 66.6
+AdaMame-GRPO 35K Acc. 852 684 700 68.0 492 964 848 808 156 252 912 804 679
Vanilla - LCPR 925 338 173 64.0 160 90.0 948 24.0 288 475 925 885 575
Prompt - LCPR 915 37.6 37.1 650 146 689 925 343 188 605 90.7 883 583
M-Thinker Iterl 35K LCPR 00 00 10 02 38 574 08 32 60 12 780 18 128
M-Thinker Iter2 50K LCPR 02 00 00 00 45 544 00 00 08 40 773 08 118
SFT 30K LCPR 903 703 748 750 49.6 81.6 874 169 49.0 478 932 770 677
+GRPO 35K LCPR 88.6 684 78.6 848 292 812 852 180 54.0 520 934 79.7 678
+AdaMame-GRPO 35K LCPR 893 69.1 784 855 524 815 878 183 574 502 928 78.0 70.1
Vanilla - TTC 6.8 19.0 122 60.7 263 94 47 142 375 383 104 63 205
Prompt - TTC 52 287 113 725 532 240 7.6 429 59.7 645 172 8.6 33.0
M-Thinker Iterl 35K TTC 395 192 172 240 159 248 33.6 36.1 164 114 16.0 325 239
M-Thinker Iter2 50K TTC 267 193 173 204 145 184 325 232 199 139 133 330 21.0
SFT 30K TTC 16 08 15 21 38 16 28 30 134 63 07 24 33
+GRPO 35K TTC 13 01 10 17 26 12 15 15 59 36 07 18 1.9
+AdaMame-GRPO 35K TTCcC 13 10 09 16 23 13 15 17 56 31 07 19 1.9
QWEN3 48
Vanilla - Acc. 98.0 700 648 924 884 99.6 992 948 376 780 328 884 787
Prompt - Acc. 984 868 832 836 848 988 99.6 944 300 776 684 892 829
SFT 30K Acc. 940 912 844 89.6 836 960 964 936 368 732 936 952 856
+GRPO 35K Acc. 948 90.0 82.0 88.8 824 98.0 944 940 348 71.6 932 944 849
+AdaMame-GRPO 35K Acc. 96.0 90.0 84.8 90.8 81.6 964 956 944 388 732 944 944 859
Vanilla - LCPR 06 16 16 14 22 762 08 907 7.7 49 932 02 234
Prompt - LCPR 08 12 18 18 41 798 1.0 917 138 43 929 02 245
SFT 30K LCPR 939 781 89.0 904 918 873 930 926 793 933 947 79.8 88.6
+GRPO 35K LCPR 949 764 89.7 922 914 868 935 927 798 925 948 90.5 89.6
+AdaMame-GRPO 35K LCPR 96.1 783 893 91.8 91.8 865 93.6 928 80.2 93.7 943 90.7 89.9
Vanilla - TTC 134 147 139 151 17.8 224 13.6 132 343 192 7.8 139 16.6
Prompt - TTC 125 144 132 159 184 20.0 133 122 384 192 84 109 164
SFT 30K TTCc 1.1 07 08 76 12 12 12 12 27 21 06 12 1.8
+GRPO 35K TTC 1.1 07 08 56 13 12 13 12 26 16 06 13 1.6
+AdaMame-GRPO 35K TTC 1.1 07 08 49 12 12 1.1 11 26 17 06 13 1.5

Table 23: Per-language results for MGSM-Rev2 dataset.
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Model Size Metric fr ja th bn en es  Sw ru zh de Avg.
DISTILL-QWEN 1.5B
Vanilla - Acc. 824 71.6 456 480 932 880 148 852 900 848 704
Prompt - Acc. 844 73.6 428 568 920 884 168 86.8 89.6 832 714
M-Thinker Iterl 35K Acc. 862 744 760 560 948 864 21.0 88.8 820 80.0 74.6
M-Thinker Iter2 50K Acc. 864 78.8 78.0 574 964 90.3 204 90.8 86.8 804 76.6
SFT 30K Acc. 832 764 728 576 948 91.6 268 826 88.8 856 760
+GRPO 35K Acc. 84.8 748 724 556 948 924 31.6 836 88.0 87.6 76.6
+AdaMame-GRPO 35K Acc. 84.0 76.0 724 588 944 90.8 29.6 87.8 88.8 87.6 770
Vanilla - LCPR 950 358 615 165 99.1 943 209 282 907 1.6 544
Prompt - LCPR 962 36.1 663 990 98.8 94.1 394 281 928 1.6 563
M-Thinker Iterl 35K LCPR 81 06 06 192 817 27 00 149 877 1.0 217
M-Thinker Iter2 50K LCPR 3.1 1.0 04 115 816 43 10 63 84 1.6 197
SFT 30K LCPR 894 763 864 521 933 843 880 179 926 14 603
+GRPO 35K LCPR 912 787 846 293 940 81.7 8.60 239 933 12 587
+AdaMame-GRPO 35K LCPR 91.8 774 863 542 943 832 9.00 166 925 1.2 60.7
Vanilla - TTC 36 84 170 77 31 33 135 63 63 36 73
Prompt - TTC 38 87 196 80 30 33 168 56 23 38 175
M-Thinker Iterl 35K TTC 243 11.6 16.1 137 102 196 128 200 69 164 152
M-Thinker Iter2 50K TTC 189 11.1 141 108 9.8 194 168 155 6.7 188 152
SFT 30K TTC 12 07 11 19 09 08 48 12 10 13 1.5
+GRPO 35K TTC 08 08 13 20 08 09 44 13 04 1.1 14
+AdaMame-GRPO 35K TTC 08 07 14 16 09 12 46 09 05 1.1 1.4
QWEN3 4B
Vanilla - Acc. 932 464 884 532 864 83.6 756 532 18.0 71.6 670
Prompt - Acc. 91.8 70.2 89.0 60.5 864 864 812 624 924 840 804
SFT 30K Acc. 89.6 92.0 856 804 944 952 904 66.8 932 92.0 88.0
+GRPO 35K Acc. 90.0 928 87.6 81.6 940 948 904 692 928 92.8 88.6
+AdaMame-GRPO 35K Acc. 924 91.6 88.0 81.6 940 952 916 704 928 924 89.0
Vanilla - LCPR 00 02 06 06 919 02 91.0 06 933 08 279
Prompt - LCPR 00 00 10 06 91.1 04 915 20 935 08 28.1
SFT 30K LCPR 942 888 926 973 97.0 920 954 23 91.8 91.6 843
+GRPO 35K LCPR 962 894 923 96.7 972 93.0 960 20 929 942 850
+AdaMame-GRPO 35K LCPR 965 902 933 969 979 947 96.6 39 948 947 86.0
Vanilla - TTC 10.7 105 127 144 168 100 120 246 7.5 11.7 13.1
Prompt - TTC 109 104 136 169 17.8 105 11.6 267 80 9.7 13.6
SFT 30K TTC 1.1 07 16 09 10 14 09 26 05 12 1.2
+GRPO 35K TTC 08 05 1.1 10 08 09 10 22 04 10 1.0
+AdaMame-GRPO 35K TTC 08 05 09 09 08 09 09 18 03 09 09

Table 24: Per-language results for MSVAMP dataset.
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