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Abstract

Training reliable tool-augmented agents re-
mains challenging due to the difficulty of credit
assignment in multi-step reasoning. Process
Reward Models (PRMs) provide a natural solu-
tion by assigning rewards to intermediate rea-
soning steps or trajectories, but standard LLM-
based judges often produce inconsistent signals
due to underspecified evaluation criteria. Re-
cent rubric-based reward methods improve re-
ward quality by making scoring criteria explicit,
yet they typically rely on reference answers and
construct instance-level rubrics that are diffi-
cult to reuse across examples. In this work, we
propose SCRIBE (Skill-Conditioned Reward
with Intermediate Behavioral Evaluation), a re-
inforcement learning framework for reusable
subgoal-level rubric rewards. SCRIBE decom-
poses reasoning trajectories into intermediate
subgoals, clusters semantically similar reason-
ing behaviors into reusable Skill Prototypes,
and grounds reward evaluation in prototype-
level scoring criteria. This transforms reward
modeling from instance-specific open-ended
evaluation into reusable process-level verifi-
cation. Empirical results show that SCRIBE
consistently outperforms strong RL and rubric-
based reward baselines across mathematical
reasoning and tool-use benchmarks; notably, it
improves the AIME2S score of a Qwen3-4B
model from 43.3% to 63.3%. Further anal-
ysis shows that SCRIBE reduces dependence
on reference answers and provides more stable,
cross-instance consistent reward judgments, of-
fering a scalable approach to reliable process
reward modeling for tool-augmented agents.

1 Introduction

Tool-integrated reasoning augments the reasoning
process with external tool invocations, providing
verifiable intermediate signals and improving the
performance ceiling compared to traditional text-
only reasoning (Yao et al., 2023; Qian et al., 2025).
In multi-step and multi-tool settings, errors may

arise from tool selection, argument construction,
result interpretation, or intermediate reasoning fail-
ures, making outcome-level rewards insufficient
for reliable credit assignment (Qian et al., 2025;
Zhang et al., 2025). Therefore, Process Reward
Modeling (PRM) has emerged as a natural solu-
tion by providing denser training signals through
rewards assigned to intermediate reasoning steps
or full trajectories.

The effectiveness of PRM largely depends on
the reliability of reward judgments. However, ex-
isting methods often rely on open-ended LL.M-as-
a-Judge evaluation (Li et al., 2025), where scoring
criteria are underspecified. For example, models
may receive high rewards despite flawed interme-
diate reasoning simply because the final answer
is correct, while otherwise valid trajectories may
be over-penalized due to harmless formatting or
syntax errors. To mitigate this issue, recent work
introduces explicit rubrics to transform open-ended
judging into structured evaluation.

RaR (Rubrics as Rewards) (Gunjal et al., 2025)
is a representative rubric-based reward modeling
approach that generates instance-level rubrics from
the reference answer of each training example,
thereby improving the structure and explicitness
of reward evaluation. Despite its effectiveness,
this approach still has two limitations. First, it
depends on high-quality reference answers; we ob-
serve that replacing the reference generator from
GPT-5.1 to GPT-4.1-nano substantially degrades
performance on MATH500, AIME?25, and BFCL.
Second, instance-level rubrics are difficult to reuse
across examples. Each instance requires a separate
rubric, increasing construction cost and potentially
causing semantically similar reasoning behaviors
to be evaluated under different criteria.

Meanwhile, many reasoning patterns repeatedly
appear across different tasks, such as constraint
verification, boundary handling, tool argument for-
matting, and retrieval-synthesis alignment. Despite
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Figure 1: Overview of our three-stage framework. The policy model performs high-level planning, mid-level

reasoning, and low-level execution. At the mid level, a

router retrieves skill-specific prototypes from a prototype

library and uses them to structure reward evaluation by a frozen LLM-based (GPT5-mini) reward model. The
policy is optimized with GRPO using the resulting rewards. Flame denotes trainable components, while snowflake

indicates frozen models.

this overlap, existing rubric methods still construct
independent evaluation criteria for each instance.
This motivates a key question: Can reward mod-
eling reuse structured evaluation criteria across
semantically similar reasoning behaviors?

To address this question, we propose SCRIBE
(Skill-Conditioned Reward with Intermediate
Behavioral Evaluation), a reusable subgoal-level
rubric framework for PRM. SCRIBE first decom-
poses reasoning trajectories into intermediate sub-
goals and clusters semantically similar reasoning
behaviors into reusable skill prototypes. Each pro-
totype captures shared reasoning patterns, common
failure modes, and structured scoring criteria that
can be reused across different problems.

Rather than generating a new rubric for every in-
stance, SCRIBE transforms reward modeling from
instance-specific evaluation into reusable process-
level verification. For each intermediate subgoal,
a router retrieves the most relevant reusable pro-
totype and provides structured scoring criteria for
reward evaluation. By grounding reward assign-
ment in reusable prototype-level rubrics, SCRIBE
substantially constrains the open-ended evaluation
space of LLM judges, resulting in more stable, con-
sistent, and transferable reward signals.

We evaluate SCRIBE on mathematical reason-
ing benchmarks (MATHS500, AIME25) and tool-
use benchmarks (BFCL V4). Experimental results
show that SCRIBE consistently outperforms exist-
ing RL baselines and instance-level rubric reward
methods across different models and domains. Fur-
ther analysis demonstrates that SCRIBE not only
avoids dependence on high-quality reference an-
swers, but also produces substantially more consis-
tent reward judgments across repeated evaluations
and semantically similar reasoning behaviors.

In summary, our contributions are as follows:

* This work identify two key limitations of exist-
ing instance-level rubric rewards: dependence
on high-quality reference answers and lack of
cross-instance reusable evaluation criteria.

* We propose SCRIBE, a reusable subgoal-

level rubric framework that transforms re-

ward modeling from instance-specific evaluation
into reusable process-level verification through
prototype-grounded reward assignment.

Our work shows that reusable prototype-level

rubrics provide more stable and consistent re-

ward signals, improving cross-instance reward
consistency and enhancing the robustness and
scalability of process reward modeling.
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2 Related Works

2.1 Tool-Integrated Reasoning with Agentic
Reinforcement Learning

Tool-integrated reasoning extends large language
models by enabling them to invoke external tools
such as code interpreters and search engines, sub-
stantially improving the limits of purely textual
reasoning (Yao et al., 2023). Early tool-use frame-
works such as Toolformer (Schick et al., 2023) rely
primarily on supervised fine-tuning to teach models
when and how to invoke external tools. Building
on this line, a series of recent agentic reinforce-
ment learning approaches ,likeToolRL (Qian et al.,
2025), DeepSeek-R1 (Guo et al., 2025), explicitly
model tool usage as actions and optimize multi-step
tool interaction via reward design, such as common
use RL paradiagm DAPO (Yu et al., 2025) and
GRPO (Liu et al., 2025).

Despite their success, most existing methods
concentrate on low-level tool-use behaviors, focus-
ing on richer invocation patterns, improved execu-
tion accuracy, or increased autonomy at the action
level (Dong et al., 2025; Xu et al., 2025), rather
than evaluating or supervising plan-level discrim-
ination and high-level decision structure. In con-
trast, it remains underexplored whether tool use im-
proves mid-level reasoning quality, such as subgoal
execution and intermediate abstraction, or trans-
lates into stronger high-level reasoning. Our work
addresses this gap by examining how agentic tool
use affects reasoning competence beyond surface-
level tool invocation.

2.2 Progress Reward Modeling with
LLM-as-a-Judge

Progress reward modeling (PRM) provides denser
supervision by evaluating intermediate reasoning
steps rather than only final outcomes (Setlur et al.,
2024). Recent work commonly leverages LLM-as-
judge frameworks to scale PRM, benefiting from
low annotation cost and strong generalization (Li
et al., 2025; Choudhury, 2025).

However, LLM-based judges often exhibit in-
consistency and vulnerability, which can lead to
reward hacking and unstable training (Zhao et al.,
2025; Liet al., 2026). These issues arise when mod-
els exploit weaknesses in the reward signal rather
than improving genuine reasoning quality. Recent
work explores rubric-based supervision to improve
reliability. RAR (Gunjal et al., 2025) generates
instance-level rubrics using golden answers, but

this approach depends on high-quality references
and is difficult to scale. In contrast, our method
does not rely on golden answers and instead con-
structs cluster-level reusable rubrics (covering ~20
instances per rubric), achieving better scalability
and generalization in practice.

2.3 Problem Decomposition and SKkills in
Reasoning

Among LLMs’ various ability (Yu et al., 2026;
Rao et al., 2026), decomposing complex reasoning
problems into a sequence of simpler subgoals has
been shown to improve performance on challeng-
ing tasks (Xiang et al., 2025; Teng et al., 2025; Shi
et al., 2022). With an appropriate decomposition,
each subgoal typically corresponds to a dominant
reasoning skill, where a skill denotes a reusable rea-
soning operation, such as algebraic factorization or
querying external information (Dalal et al., 2024).
Prior work has shown that skills form a stable
and model-recognizable level of structure within
LLMs (Jiang et al., 2026). Compared to step-level
decomposition, skill-based decomposition enables
more consistent identification of reusable reason-
ing patterns across problems. Building on this in-
sight, our work investigates how strengthening tool-
related skills can improve subgoal execution and,
consequently, overall reasoning performance.

3 Method: Decomposition, Clustering,
and Prototype Construction

Our framework, SCRIBE, decomposes the train-
ing process into three core stages: skill-level ab-
straction, structured reward evaluation, and pol-
icy optimization. As illustrated in the system
overview (Figure 1), we move beyond raw process-
level rewards by introducing a mid-level "semantic
bridge." We first distill reasoning trajectories into a
library of reusable Skill Prototypes. During train-
ing, an auxiliary Router maps the student’s rollouts
to these prototypes, allowing an LLM-based judge
to provide rewards that are calibrated against a
consistent taxonomic rubric rather than subjective
inference. Finally, the model is optimized using
GRPO, benefiting from the densified and stabilized
credit assignment signals.

3.1 Mid-Level Skill Abstraction

We formalize a trajectory as an ordered sequence of
(subgoal, skill, step) triples, where each step repre-
sents a non-overlapping span of the reasoning trace.
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We show a simplified verision of prompt here and
the full prompt is provided in Appendix D.

Given a problem or a tool-using trajectory, de-
compose the solution into a sequence of mid-
level subgoals, where completing these sub-
goals in order is sufficient to solve the whole
problem. For each subgoal, identify: (1) what
the subgoal accomplishes, (2) the primary rea-
soning skill required, (3) a representative step
or span where the skill is applied. Example:
subgoal: maximize u = (z + 4)y subject to
2 +y? =1

skill: optimization with constraint (Lagrange
multipliers or trigonometric substitution)
step: set x = cosf, y = sin b, so

u(f) = (cosf +4)sin 6 = Jsin20 + 4sin 6,

and maximize over 0.

Prototype Construction. To build this abstrac-
tion, we first decompose trajectories into subgoals
and associated skills using the prompting scheme
in Appendix A. We then apply a hierarchical clus-
tering approach—utilizing HDBSCAN for dense
clusters and K-means as a fallback—to group se-
mantically similar reasoning patterns. For each
cluster, we distill a representative Skill Prototype
that aggregates usage contexts, intermediate ob-
jectives, and canonical reasoning patterns while
abstracting away instance-specific details like con-
crete numerical values.

Structured Verification via Prototypes. Skill
Prototypes transform subjective, open-ended judg-
ing into structured verification. As shown in the
Bound-Based Conclusion example (Figure 2), once
a step is routed to a prototype, the LLM judge is
provided with a precise, checklist-style rubric. For
instance, instead of vaguely rewarding "logical cor-
rectness," the prototype requires verifying if the
agent properly addressed inequality strictness or
identified necessary bounds. Crucially, each proto-
type defines Common Traps—such as a "Boundary
Leak" (e.g., failing to discretize a continuous bound
like ¢ < 44.75 to ¢ < 44)—and maps them to spe-
cific penalty scores. This granularity ensures the
reward signal is a diagnostic reflection of skill mas-
tery rather than a biased estimate based solely on

Skill Prototype (Compact): Bound-Based
Conclusion & Synthesis

Skill: Bound-Based Conclusion and Syn-
thesis. Use when: a subgoal terminates a
reasoning chain by concluding from estab-
lished bounds or constraints.

Pattern: (i) collect relevant bounds —
(ii) determine whether tightness/feasibility
must be addressed — (see Appendix for re-
maining steps).

Scoring Rubric (summary): 3 rigorous
conclusion with tightness; 2 correct conclu-
sion with minor slip; 1 major logical gap; 0
wrong or premature conclusion.

Common Trap (example): Boundary leak
— failing to discretize a continuous bound
(e.g., concluding ¢ < 44.75 without stating
c < 44), which leaves the subgoal incom-
plete (Score = 2).

Note: Additional traps (implicit tightness,
domain neglect, premature synthesis) and
the full scoring protocol are provided in the
appendix.

Figure 2: A compact illustration of a skill prototype
used for cluster-calibrated judging. Detailed prototypes
and trap-to-score mappings are deferred to the appendix.

the final outcome, leading to promising result.

3.2 SKkill-Conditioned Reward and
Optimization

Routing and Reward Evaluation. To re-
cover mid-level structure during training, we
train a lightweight Router (Qwen3-4B-Instruct-
2507) to map raw trajectories into structured
(subgoal, skill, step) triples. During RL, the
Router assigns student-generated subgoals to their
corresponding Skill Prototypes. A judge LLM then
evaluates these subgoals with scores in {0, ..., 3}
conditioned on the prototype’s checklist. To ensure
reward reliability, we adopt a calibration protocol
that (i) verifies rewards across multiple prompt vari-
ants, (ii) leverages subgoal-level accuracy statistics,
and (iii) monitors consistency via repeated evalu-
ation on fixed anchor subgoals. The final process
reward is a weighted average of these calibrated
subgoal scores. Full details of the routing training
and performance are provided in Appendix A.
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Policy Optimization with Adaptive Prototypes.

The student model is optimized using the GRPO
objective based on these skill-conditioned rewards.
To mitigate distributional shifts, we implement an
adaptive refresh mechanism: every 1,000 train-
ing steps, we re-cluster accumulated trajectories
to update the Prototype library. This ensures that
the supervision remains aligned with the model’s
evolving reasoning patterns while maintaining sta-
ble abstractions for consistent credit assignment.

4 Experimental Setup

Experimental Settings. We conduct reinforce-
ment learning experiments using Qwen3-4B-
Instruct-2507" as the primary policy model, and ad-
ditionally evaluate generality with LLaMA-3.2-3B-
Instruct®. Process-level rewards are provided by
an LLM-based judge (GPT-5-mini)>. The Router
is implemented as a lightweight model fine-tuned
from the same base model as the policy.

Training is performed on approximately 10k
problems sampled from the MATH dataset* and the
ToolACE (Liu et al., 2024) dataset. These data are
used to construct skill annotations, train the Router,
and perform GRPO-based policy optimization. For
mathematical reasoning tasks, we primarily rely on
the Python interpreter as the tool, which is natively
supported by Qwen3 family.

Applying the skill clustering protocol described
in Sec. 3.1, we obtain a compact mid-level skill
space. Initially, clustering yields 418 skill clus-
ters for mathematical reasoning and 472 clusters
for tool-use trajectories. Clusters are periodically
refreshed during training to incorporate newly ob-
served trajectories. After convergence, the skill
space contains 424 clusters for math reasoning and
503 clusters for BFCL tool-use tasks.

The Router is trained on judge-annotated trajec-
tories with a 9:1 train—test split, achieving 98.6%
accuracy in skill prototype retrieval on held-out
data. Detailed subgoal-, skill-, and step-level evalu-
ation metrics are reported in Appendix B.

During training, we combine process-level and
final-answer rewards, with weights of 0.3 and 0.7

1https://huggingface.co/Qwen/
Qwen3-4B-Instruct-2507
2https://huggingface.co/meta-1lama/Llama-3.
2-3B-Instruct
3https://platform.openai.com/docs/models/
gpt-5-mini
4https://huggingface.co/datasets/open—r1/
OpenR1-Math-220k/tree/main

respectively. Unless otherwise specified, this re-
ward composition is used throughout.

The policy model is optimized using GRPO with
skill-conditioned rewards. We evaluate mathemat-
ical reasoning on MATH500 and AIME25, and
assess tool-use generalization on BFCL v4 (Patil
et al., 2025) (last updated: 2025-11-03) using the
official evaluation scripts. Result are evaluated on
latest BFCL V4. As a result, our reported numbers
may differ from those reported by prior baselines
evaluated on earlier versions of the benchmark. We
report pass@1, averaged over eight independent
runs to reduce variance. Additional training details
and learning curves are provided in Appendix C.

Baselines. We compare against a step-level pro-
cess reward (PRM) baseline that assigns rewards di-
rectly to individual reasoning steps using the same
LLM-based judge, without mid-level skill abstrac-
tion. We further include strong recent baselines for
mathematical reasoning, including ReST (Lin et al.,
2025), RaR (Gunjal et al., 2025), and NPR (Wu
et al., 2025), following their official released imple-
mentations and model checkpoints.

5 Main Result

Table 1 summarizes the main results on mathemat-
ical reasoning and general tool-use benchmarks.
Overall, SCRIBE consistently outperforms prior
approaches across both settings, showing its effec-
tiveness beyond a single task domain.

On Qwen3-4B-Instruct-2507, SCRIBE
achieves the best performance on MATH bench-
marks, improving MATHS500 accuracy from 92.3
(PRM) and 90.7 (RaR) to 95.8, and AIME25
accuracy from 53.8 (NPR) to 63.3. On BFCL,
SCRIBE also obtains the highest overall score of
51.3, outperforming RaR (46.2) and PRM (44.6),
with gains across both single-step and multi-step
tool-use scenarios.

We further observe that PRM remains a strong
baseline, improving Qwen3 from 89.1 to 92.3 on
MATHS500 and from 33.0 to 44.6 on BFCL Over-
all. However, SCRIBE further improves over PRM
by +3.5 on MATHS500 and +6.7 on BFCL Overall.
Compared with RaR, SCRIBE improves by +5.1
on both MATH500 and BFCL Overall, suggest-
ing that reusable skill-level rubrics provide more
effective supervision than instance-specific rubric
generation during the training process.

A similar trend holds for LLaMA 3.2-3B-
Instruct, where SCRIBE improves MATH500 ac-
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Method MATH BFCL
MATHS500 AIME25 | Overall Web Search Memory Single (Live)  Single (Non-Live) Multi
Qwen3-4B-Instruct-2507
Base 89.1 433 33.0 5.0 12.7 86.7 74.5 19.4
PRM 923 51.7 44.6 10.0 15.2 88.5 77.6 28.6
ReST 88.5 433 38.9 5.0 13.1 87.2 76.5 25.3
RaR 90.7 433 46.2 15.5 17.9 89.6 79.8 30.4
NPR 91.7 53.8 35.2 5.5 14.2 87.1 73.8 17.7
SCRIBE (Ours) 95.8 63.3 51.3 12.5 15.8 90.0 80.5 33.3
LLaMA 3.2-3B-Instruct
Base 40.8 1.7 21.5 0.5 5.2 82.0 58.3 3.9
PRM 48.3 6.7 24.8 5.0 8.3 83.8 59.6 8.2
ReST 40.2 1.7 23.2 4.5 9.1 83.2 60.5 5.2
RaR 54.6 6.7 27.0 6.5 9.9 84.2 61.1 9.1
SCRIBE (Ours) 63.4 15.8 30.8 8.5 11.2 85.5 62.0 13.5

Table 1: Main results on mathematical reasoning and tool-use benchmarks. Result are evaluated on latest BFCL V4
(updated on Nov.03 2025, results might be various from origin reports.)

curacy from 54.6 (RaR) and 48.3 (PRM) to 63.4,
and BFCL Overall from 27.0 (RaR) and 24.8
(PRM) to 30.8. These results indicate that our
prototype-conditioned reward formulation yields
more reliable and transferable improvements across
reasoning and tool-use tasks.

6 Research Questions and Ablation
Studies

6.1 RQI1: Does Reference Dependency Limit
Rubric-Based Reward Modeling?

Recent rubric-based reward modeling approaches
have been used to mitigate the underspecified eval-
uation criteria of LLM-as-a-Judge. For example,
RaR first generates an instance-level rubric from
the reference answer of each training example, and
then uses this rubric to score model outputs. This
design makes reward criteria more explicit, but it
also introduces an important assumption: the qual-
ity of the generated rubric depends on the quality
of the reference answer. If the reference answer is
incomplete, incorrect, or only reflects one valid rea-
soning path, the resulting rubric may inherit these
biases and produce less reliable reward signals.
SCRIBE is designed to reduce this reference
dependency. Unlike RaR, which constructs a sepa-
rate final-answer rubric for each instance, SCRIBE
does not use golden answers to extract scoring cri-
teria. Instead, it automatically decomposes model
trajectories into intermediate subgoals and clus-
ters semantically similar reasoning behaviors into
reusable skill-level prototypes. Each prototype cap-
tures shared reasoning patterns, common failure

Dimension ‘ RaR ‘ SCRIBE

Instance-level
Outcome Reward

Rubric level
Reward type

Subgoal-level
Process Reward

Reference answers | Required Not required
Rubric construction | From golden an-| Decompose +
swers cluster trajecto-

ries

Reuse scope One rubric per in-| One rubric for

stance multiple subgoals
Cross-instance
consistency Limited Explicitly encour-
aged
Scalability Cost grows with | Cost grows with
instances prototypes

Table 2: Comparison between instance-level rubric re-
wards and SCRIBE’s reusable skill-level rubric rewards.

modes, and scoring criteria, allowing the same
rubric to be reused across similar subgoals from
different instances.

Table 2 summarizes the main differences be-
tween RaR and SCRIBE. Overall, RaR provides
fine-grained explicit rubrics at the instance level,
but its reward construction depends on high-quality
reference answers and its rubrics are difficult to
reuse across examples. In contrast, SCRIBE shifts
rubric rewards from instance-level final rewards to
reusable subgoal-level process rewards, providing
structured supervision without requiring reference
answers, which provides a satisfying result.

Among these differences, the dependence on ref-
erence answers is particularly important because it
directly affects how reliable the generated rubric
can be. To examine the effect of reference quality
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Method Reference MT500 AIME25 BFCL Method Exact Agree T Reward Std. |
Qwen3-4B - 89.1 43.3 33.0 No rubric PRM 71.8 0.63

RaR GPT-5.1 90.7 43.3 46.2 RaR 82.4 0.41
RaR-Weak | GPT4.1-nano | 84.9 31.7 39.5 SCRIBE 93.7 0.18
SCRIBE None 95.8 63.3 51.3

Table 3: Effect of reference dependency in rubric-
based reward modeling. When the reference source
is weakened, RaR performance drops substantially,
while SCRIBE avoids this dependency by construct-
ing reusable skill-level rubrics without golden reference
answers.

on RaR, we conduct a lightweight diagnostic exper-
iment. Specifically, we replace the original strong
reference generator (GPT-5.1) used in RaR with
a weaker model, GPT-4.1-nano-2025-04-14, to
generate reference answers and construct instance-
level rubrics. All other GRPO training settings
remain unchanged. We denote this setting as RAR-
WEAK, based on the model setting.

This replacement provides a direct test of
whether RaR remains effective when reference
quality decreases. The weaker reference model
itself is substantially less capable than GPT-5.1: it
achieves 24.88 BFCL overall performance com-
pared with 55.46 for GPT-5.1, and its average
performance on MATHS500 and AIME25 drops
from 62.6 to 34.1. Thus, if RaR performance de-
grades under this setting, it indicates that reference-
dependent rubric construction can become an un-
stable source of supervision.

As shown in Table 3, replacing GPT-5.1 with
GPT-4.1-nano-2025-04-14 substantially reduces
RaR performance on MATH500, AIME2S5, and
BFCL. This suggests that the effectiveness of
instance-level rubric rewards depends not only on
rubric-based scoring itself, but also on the quality
of the reference answers used to generate those
rubrics. By contrast, SCRIBE does not require
reference answers and instead constructs reusable
scoring criteria through trajectory decomposition
and prototype clustering. Therefore, SCRIBE
avoids the error propagation chain from low-quality
references to rubrics and reward signals, provid-
ing a more stable and scalable process reward for
GRPO training usage.

Shttps://openai.com/index/gpt-4-1/

Table 4: Repeated evaluation consistency under iden-
tical inputs. For each sample, reward evaluation is re-
peated 10 times with independent sampling. SCRIBE
produces substantially more stable reward assignments
than direct PRM and instance-level rubric rewards.

6.2 RQ2: Does SCRIBE Produce More
Consistent Reward Judgments?

Beyond reference dependency, we further investi-
gate whether different reward modeling methods
can maintain consistent evaluation standards for
similar reasoning behaviors.

Instance-level rubric methods construct a sep-
arate rubric for each problem based on its corre-
sponding reference answer. As a result, evaluation
criteria may drift across instances, even when two
reasoning trajectories contain highly similar inter-
mediate behaviors or failure patterns. In contrast,
SCRIBE groups semantically similar subgoals into
shared reusable prototypes and applies the same
scoring criteria across different instances, which
should theoretically encourage more stable reward
judgments, comparing to no rubric.

Repeated Evaluation Stability. We first study
whether reward assignments remain stable under
repeated evaluations with identical inputs. Specif-
ically, for the same: (i) problem, (ii) reasoning
trajectory, (iii) rubric, and (iv) judge model, we
repeat reward evaluation 10 times with indepen-
dent sampling. We report two metrics: (1) Exact
Agreement, the percentage of repeated evaluations
producing identical reward scores; and (2) Reward
Std., the standard deviation of rewards across re-
peated evaluations.

As shown in Table 4, SCRIBE achieves the
highest repeated-evaluation agreement and the low-
est reward variance across all settings. Because
SCRIBE grounds evaluation in reusable prototype-
level scoring criteria, its evaluation space is substan-
tially more constrained than direct LLM judging
or independently generated instance-level rubrics.
Therefore, SCRIBE is expected to produce more
stable reward assignments. These results suggest
that reusable prototype grounding substantially re-
duces reward fluctuation and provides more stable
optimization signals for GRPO.
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Method Exact Agreement T Avg. Score Gap |
Direct PRM 58.6 0.82
RaR 69.4 0.57
SCRIBE 86.8 0.24

Table 5: Cross-instance reward consistency on 50 man-
ually matched reasoning behavior groups. Each group
contains semantically similar subgoals from different
problems. SCRIBE produces more consistent judg-
ments across matched reasoning behaviors than direct
PRM and instance-level rubric rewards.

Cross-Instance Consistency. We further eval-
uate whether reward methods assign consistent
scores to similar reasoning behaviors across differ-
ent problems. To this end, we construct a controlled
cross-instance evaluation benchmark. Specifically,
we manually collect a small subset containing 50
reasoning behavior groups. Each group contains 2
to 11 subgoals, with an average of 5.2 subgoals per
group. The subgoals within each group are drawn
from different problems but share the same reason-
ing pattern or failure type, such as boundary leak,
missing constraint verification, incorrect API argu-
ment formatting, premature conclusion, or correct
retrieval but incomplete synthesis.

For each group, we extract only the correspond-
ing subgoal spans rather than the full trajectories.
This allows the evaluation to focus on the target
reasoning behavior while minimizing interference
from unrelated errors. For SCRIBE, we directly
apply the corresponding reusable prototype scor-
ing criteria. For RaR, we extract the most relevant
scoring dimension from its instance-level rubric
and use it to evaluate the target subgoal, ensuring a
controlled and fair comparison.

We report two metrics: (1) Exact Agreement,
the percentage of subgoal pairs within the same
group that receive identical reward scores; and (2)
Average Score Gap, the average absolute reward
difference between subgoal pairs in the same group.
Lower score gaps and higher agreement indicate
stronger cross-instance consistency.

As shown in Table 5, SCRIBE achieves sub-
stantially higher agreement and lower score gaps
than both Direct PRM and RaR. This indicates that
reusable prototype-level rubrics provide more sta-
ble evaluation standards across instances, reducing
reward drift caused by independently generated
instance-level rubrics.

wp | MATHS00 AIME25 BFCL (Overall)
0.1 92.1 51.7 333
0.3 95.8 63.3 51.3
0.5 91.0 51.7 36.1
0.7 82.7 334 29.9

Table 6: Ablation study on the weighting between
process-level and outcome-level rewards, on Qwen3-
4B-Instruct-2507. The outcome reward weight is set to
1 —w,p,.

6.3 Ablation on Reward Weighting.

We study the effect of balancing process-level
and outcome-level rewards. Specifically, we
vary the weight of the process reward w, €
{0.1,0.3,0.5,0.7}, with the outcome reward
weight set to 1 — w,. All other training set-
tings are kept fixed. Performance is evaluated
on MATH500, AIME25, and BFCL v4 (Overall).
Table 6 shows that the choice of reward weight-
ing substantially affects both mathematical rea-
soning and tool-use performance. In particular,
assigning a moderate weight to the process-level
reward (w, = 0.3) achieves the best overall trade-
off across MATH500, AIME25, and BFCL v4,
whereas excessive emphasis on either intermediate
or final rewards leads to performance degradation.

7 Conclusion

We introduced SCRIBE, a reusable skill-rubric
framework for reliable process reward modeling.
By decomposing reasoning trajectories into sub-
goals and grounding reward evaluation in reusable
Skill Prototypes, SCRIBE transforms open-ended
LLM judging into structured process-level verifica-
tion. Our results demonstrate strong performance
across mathematical reasoning and tool-use bench-
marks, notably improving the AIME2S score of a
4B model from 43.3% to 63.3%.

Beyond performance, our analysis shows that
reusable skill rubrics reduce dependence on high-
quality reference answers and provide more con-
sistent reward judgments across repeated evalua-
tions and semantically similar reasoning behav-
iors. These findings suggest that reusable rubric
grounding offers a scalable and robust alternative
to instance-level rubric rewards for process re-
ward modeling. Future work will explore more
autonomous ways to expand and update skill-rubric
libraries for broader open-domain reasoning tasks.
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9 Limitations

Although our approach yields consistent improve-
ments on mathematical reasoning and tool-use
benchmarks, several limitations remain. First,
our experiments focus on small- to mid-sized
instruction-tuned models; it is unclear how the pro-
posed skill-conditioned supervision scales to sub-
stantially larger architectures or to models trained
with different post-training pipelines. Second, the
construction of skill prototypes and routing relies
on clustering heuristics and judge-annotated data,
which may introduce biases or limit adaptability
in domains with highly diverse or ill-defined skill
boundaries. Finally, our evaluation primarily tar-
gets structured reasoning and tool-use tasks; the
effectiveness of the approach for open-ended gen-
eration or non-instrumental reasoning remains an
open question.

10 Ethics

This work relies on publicly available datasets and
uses an LL.M-based judge accessed via the OpenAl
API for reward evaluation (OpenAl, 2024). We do
not access, attempt to access, or infer any propri-
etary training data or internal components of the
underlying models. All experiments are conducted
using standard model inference and optimization
procedures, without collecting or processing per-
sonal or sensitive user data.

Licenses and Intended Use. All datasets and
benchmarks are used in accordance with their re-
leased terms and intended research purposes. We
do not redistribute raw datasets or proprietary

model outputs. Any derived artifacts, including
probing statistics and trajectory analyses, are in-
tended only for research and evaluation.

Artifact Documentation. Our experiments have
a significant focus on English mathematical rea-
soning benchmarks. We additionally evaluate tool
use on BFCL, while neither setting includes demo-
graphic or user-centered data.

Risks. The datasets used in our experiments are
sourced from publicly available benchmarks and
may contain unintended biases, errors, or harm-
ful language. While our method aims to improve
the consistency of reward signals during training,
it could potentially amplify biases present in the
judge or training data if deployed without addi-
tional safeguards. We also use GPTS5 to assist with
minor grammatical corrections in this paper.
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A Reward Calibration and Consistency
Analysis

This appendix documents the prompts and diagnos-
tics used to calibrate the reward model. Section A.1
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presents the prompt variants used for mathematical
and tool-use trajectory decomposition, Section A.2
describes subgoal-level reward calibration, and Sec-
tion A.3 explains how fixed anchor subgoals are
used to monitor reward consistency.

A.1 Prompt Variants

Prompt Variant M1 (Narrative Decomposition).
You are given a complete solution to a math
problem. Analyze the solution and identify the key
intermediate subgoals that are required to reach
the final answer. For each subgoal, briefly describe
the mathematical objective being achieved and
the primary reasoning skill involved. Focus on
meaningful reasoning stages rather than low-level
algebraic steps. The subgoals should be ordered
and together sufficient to solve the problem.

(Example output omitted.)

Prompt Variant M2 (Coverage-Constrained
Segmentation). You will receive a solution
trajectory for a math problem. Segment the entire
solution into a sequence of subgoals such that
every part of the trajectory belongs to exactly one
subgoal. Each subgoal should correspond to a
coherent reasoning objective. For each subgoal,
identify the dominant mathematical skill applied.
Ensure no overlap or omission across subgoals.

(Example output omitted.)

Results. Across math problems, both prompt
variants recover highly consistent subgoal struc-
tures. The ordering and skill attribution of sub-
goals largely agree with those produced by the
main prompt, with high rank-level agreement in re-
ward scores. This indicates that subgoal extraction
and subsequent reward evaluation are not sensitive
to prompt phrasing.

Prompt Variant T1 (Intent-Oriented Decompo-
sition). You are given a multi-turn, tool-using
interaction. Identify the sequence of subgoals that
the system completes in order to satisfy the user’s
request. Each subgoal should describe a concrete
intent or intermediate objective and the primary
capability required to achieve it. Subgoals may
span multiple turns and should reflect mid-level
planning rather than surface actions.
(Example output omitted.)

Prompt Variant T2 (Failure-Aware Segmenta-
tion). Given a tool-using conversation trajectory,
segment it into subgoals such that the entire inter-
action is covered. If the trajectory includes partial
failures, corrections, or fallback behaviors, include
them as explicit subgoals. For each subgoal, iden-
tify the dominant tool-use or reasoning skill in-
volved.
(Example output omitted.)

Results. For tool-using tasks, both prompt vari-
ants produce subgoal partitions that closely match
the main prompt. Reward scores assigned based
on these subgoals remain stable across prompts,
with only minor variations in boundary placement
for a small number of tool-related steps. Overall,
the judge exhibits robust agreement across prompt
formulations.

A.2 Subgoal-Level Reward Calibration

The LLM-based judge assigns discrete reward
scores in {0, 1,2, 3} to each subgoal. To improve
alignment between reward magnitude and actual
correctness, we calibrate rewards using empirical
subgoal-level outcome statistics.

For each subgoal type, we estimate the empirical
success rate of final task completion conditioned
on the assigned reward score. If a lower raw reward
(e.g., 2) corresponds to a success rate comparable
to a higher reward (e.g., 3), the reward is calibrated
upward. Conversely, rewards that systematically
overestimate correctness are adjusted downward.
Calibration is implemented via a subgoal-specific
lookup table, preserving relative ordering while
improving reward validity.

Human Agreement. We uniformly sample 100
subgoal instances across all reward levels and man-
ually verify whether the assigned rewards reason-
ably reflect subgoal quality. No systematic dis-
agreement is observed, providing a sanity check
that the reward scores align with human judgment.

A.3 Reward Consistency via Anchor Subgoals

To assess reward consistency over time, we select
20 fixed anchor subgoals for each task type. Each
anchor subgoal is re-evaluated five times at differ-
ent checkpoints during training.

The assigned rewards are highly stable. Only
two anchor instances in tool-use tasks receive
slightly different scores across evaluations, while
all remaining anchor subgoals retain identical re-
wards. This suggests that the judge’s evaluation
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criteria remain consistent over time without notice-
able drift.

B Router Evaluation

We evaluate the Router on held-out judge-
annotated trajectories to assess its ability to recover
mid-level reasoning structure. The annotated data
are split into training and test sets with a 9:1 ra-
tio. Evaluation is performed on the test split and
focuses on three aspects: step segmentation, skill
prediction, and Skill Prototype retrieval.

The Router takes as input a problem and its cor-
responding raw reasoning trajectory, and outputs
an ordered sequence of (subgoal, skill, step) tuples
together with the associated Skill Prototype. All
reported metrics are computed by comparing the
Router outputs against judge-provided annotations.

Step Segmentation Accuracy. We evaluate step
prediction using span-level exact match (EM). A
predicted step is considered correct if its start and
end positions exactly match the annotated step span
in the original trajectory. This metric directly mea-
sures whether the Router correctly partitions the tra-
jectory into non-overlapping reasoning segments.

Skill Prediction Accuracy. For each predicted
subgoal, we evaluate whether the associated skill
label matches the annotated skill. We report classi-
fication accuracy over all subgoals in the test set.

Skill Prototype Retrieval Accuracy. We evalu-
ate whether each subgoal is routed to the correct
Skill Prototype. A prediction is considered correct
if the retrieved prototype matches the annotated
prototype. This metric reflects the Router’s effec-
tiveness in providing correct skill-level context for
reward evaluation.

Metric | Accuracy (%)

Step Segmentation (EM) 94.6
Skill Prediction 95.3
Skill Prototype Retrieval 98.6

Table 7: Router evaluation results on held-out annotated
trajectories. Step segmentation is measured by span-
level exact match, while skill prediction and prototype
retrieval are measured by classification accuracy.

C Additional Training Details

We provide additional details on GRPO training
and stability diagnostics to facilitate reproducibil-

ity.

GRPO Configuration. The student model is
optimized using GRPO with skill-conditioned
process-level rewards. For mathematical reasoning,
we sample 8 rollouts per problem over 10k training
problems. We include a KL regularization term to
constrain policy updates and an entropy bonus to
encourage exploration. Reward shaping is applied
to normalize process-level scores. Unless other-
wise specified, the same optimization settings are
used across all methods.

Optimization Settings. We use a fixed learning
rate and batch size throughout training, with a local
batch size of 128. All hyperparameters are selected
from standard ranges used in prior GRPO and
RLHF-style training and are kept constant across
baselines.

Training Stability. To monitor training stabil-
ity, we track reward statistics over time, including
mean reward and reward variance. We observe no
evidence of reward collapse during training.

Cost The overall cost of all experiments was ap-
proximately USD 1,800.

D Prompts for Subgoal and Step
Decomposition

We use structured prompts to decompose each prob-
lem or trajectory into mid-level subgoals and as-
sociated skills, which serve as the basis for our
skill-aware supervision and analysis.

I will give you a math problem.Break the solu-
tion into several subgoals, where completing
these subgoals in order is sufficient to solve
the whole problem. For each subgoal, explic-
itly name the main skill required, and give one
short step showing how it is applied.

Use this format: (1) subgoal: <what this sub-
goal accomplishes> skill: <main skill needed>
step: <one short sentence>

Example: subgoal: maximize u = (z + 4)y
subject to x> + 1> =1

skill: optimization with constraint (Lagrange
multipliers or trigonometric substitution)
step: set x = cosf, y = sin6, so

u(6) = (cosf +4)sinf = 3 sin 20 + 4sin 0,

and maximize over 6.
Now apply this style to the following problem:
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You will receive a multi-turn, tool-using con-
versation trajectory. The user’s final goal is
achieved step by step through the completion
of multiple subgoals. Subgoals may span mul-
tiple turns and should reflect MID-LEVEL rea-
soning or planning.

Your task is to identify all subgoals that are
carried out in order to accomplish the user’s
final goal.

For each subgoal: Specify the primary skill
required to complete this subgoal. Identify
the corresponding step(s) in the original trajec-
tory.Each subgoal must correspond to a single
contiguous, unmodified subpart of the original
trajectory. The entire trajectory must be parti-
tioned into such subparts with no overlap and
no omission:every part of the trajectory should
belong to exactly one subgoal.

If the task is partially completed or fails, in-
clude subgoals that capture request decompo-
sition, recognition of capability limitations, or
fallback handling.

Example output: (1) subgoal: get the top mar-
ket trend in us skill: situational assessment
from structured signals step: Here are the top
Market Trends in the US right now:1. **S&P
500%*: The Standard & Poor’s 500 Index is
a market-capitalization-weighted index of the
500 largest U.S. publicly traded companies.
Its current value is 4172.80 with a percentage
change of +0.68%.

2. **DOW J**: The Dow Jones Industrial Av-
erage is a price-weighted average of 30 blue-
chip stocks that are generally the leaders in
their industry. Its current value is 34479.60
with a percentage change of +0.47%.

3. **NASDAQ**: The NASDAQ Composite
is a broad-based capitalization-weighted index
of stocks in all three NASDAQ tiers: Global
Select, Global Market and Capital Market. Its
current value is 13691.30 with a percentage
change of +0.90%.This information can help
you make informed decisions about your in-
vestment plans.

E Cluster and Prototype Examples

Math Prototype In this section, we show two ex-
amples of our skill prototype (Non-cherry picking).
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(IIT) Skill Prototype (Mathematical Reasoning)

Skill Name: Bound-Based Conclusion and Synthesis

Knowledge Scope: Upper/lower bounding; extremal principles; attainability (tightness) arguments;
case coverage; domain constraints; logical implication.

Applicable Scenario: Subgoals that terminate a reasoning chain by drawing a final conclusion
from previously derived constraints (e.g., impossibility via bounds, identifying a maximal value,

selecting a correct option after logical elimination), including cases where equality/tightness or
feasibility must be justified.

Canonical Reasoning Pattern:

1. Identify relevant intermediate results (bounds, constraints) that the conclusion must follow
from.

2. Determine if the subgoal requires an implication or a tightness claim (e.g., "max equals
bound").

3. If concluding an extremum, check tightness: reference a construction or equality condition.
4. Verify domain restrictions and case completeness (e.g., integer ranges, geometric feasibility).
5. State the final conclusion succinctly (value, choice, or maximal attainable level).

Judging Rubric (0-3 Step Score):
* 3 (Correct & Complete): Conclusion follows rigorously from prior results; addresses tight-

ness/feasibility.
* 2 (Minor Flaw): Correct strategy and conclusion, but with minor slips (arithmetic/wording) or

obvious-but-unstated justifications.
* 1 (Major Logical Gap): Correct skill type, but substantial omissions (e.g., ignores a case)

making the conclusion unsupported.
* 0 (Wrong Skill): Incompatible/premature conclusion or complete misapplication of bounding

logic.

Common Traps & Scoring Mapping :

Common Trap Score | Reasoning for Penalty

Boundary Leak (e.g., leaving ¢ < 2 Method is correct, but the final conclusion lacks the discrete
44.75 without floor) precision required by the domain.

Tmnlicit Tiochtness (Asaiminge max is 1 A maior laogsical san* in comnetition math a honnd i< not a

Representative Reference Step: From "for n > 5, 6n < 2" (impossible)" and "levels n < 4 are
feasible", conclude the max level is 4.(more ommitted)
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(IV) SKkill Prototype (Tool-Using Reasoning)

Skill Name: Capability Limitation Handling and Tool-Mediated Fallback Guidance

Knowledge Scope: Tool selection and parameterization; structured API invocation; tool output
parsing; user-facing summarization; uncertainty calibration; data access limitations.

Applicable Scenario: Tool-using tasks where the agent must (i) invoke a tool for analysis or
retrieval, (ii) interpret and present tool outputs, and/or (iii) recognize missing access, unavailable
data, or capability limits and provide actionable fallback guidance (e.g., how to obtain required
inputs, what can be done instead, or how the agent can proceed once inputs are provided).

Canonical Reasoning Pattern:

1. Goal & Constraints Identification: Restate the user intent and identify required inputs
(entity IDs, time range, text to analyze) and constraints (access, tool availability, policy limits).

2. Tool Selection & Invocation: Choose the correct tool and issue a well-formed call with
task-relevant parameters (e.g., shareuid, from/to; text=).

3. Structured Output Interpretation: Parse returned fields and map them to the user request
(e.g., roa_ratio — ROA for FY2025; sentiment label + keywords).

4. Limitation Detection & Fallback: If the request cannot be completed (missing ac-
cess/data/tool), explicitly state the limitation, offer concrete next steps (how to obtain the data
/ what to provide), and propose safe alternatives.

Judging Rubric (0-3 Step Score):

* 3 (Correct & Complete): Correctly identifies constraints...(ommitted)

* 2 (Minor Flaw): Overall correct skill and intent, but with minor issues (slightly suboptimal
parameters, small formatting problems, or partially specified fallback that is still usable).

* 1 (Major Logical Gap): Correct general direction (tool use or limitation handling) but substantial
problems: wrong/missing critical parameters, misreading key fields, vague or non-actionable
fallback, or mixing speculation with tool outputs.

* 0 (Wrong Skill / Unsafe / Hallucination): Uses the wrong tool or fabricates tool outputs/data,
claims completion despite missing access, or provides unsafe/irrelevant guidance.

Common Traps & Scoring Mapping:

Common Trap Score | Reasoning for Penalty

Hallucinated Tool Output (inventing 0 Breaks tool grounding: the output is unverifiable and violates
data without a tool result) the tool-mediated protocol.

Non-Actionable Limitation (only 1 Recognizes a limitation but does not complete the subgoal of
says “I can’t” without next steps) providing feasible fallback guidance.

Over-Refusal Despite Feasible Alter-| 2 Limitation acknowledged, but the response underutilizes avail-
native (refuses when public steps or able actions; still partially helpful.

user-provided inputs could proceed)

Representative Reference Step: If a user requests ROA for shareuid=6789 for FY2025, invoke
Financial Fundamentals API(shareuid=6789, from="2025-01-01", to="2025-12-31"),
then report ...(ommitted) (more ommitted)

18526




