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Abstract

Chain-of-thought (CoT) supervised fine-tuning
(SFT) is widely adopted to improve reason-
ing ability, yet we find that it systematically
degrades long-context recall in hybrid linear-
attention models. Across architectures includ-
ing HypeNet and Jet-Nemotron, retrieval per-
formance on Needle-In-A-Haystack (NIAH)
deteriorates substantially after CoT-SFT, and
the degradation becomes more severe under
harder retrieval settings and longer context win-
dows. For example, HypeNet-9B on NIAH-
S2@256K decreases from 67.2% to 9.4%. We
attribute this to CoT-SFT biasing attention gra-
dients toward short-range patterns, disrupting
query-key projections (Wq, W) that are re-
sponsible for long-range routing. Motivated by
this observation, we propose QK-RESTORE,
a training-free method that restores only Wy,
and Wi from the pre-SFT checkpoint while
preserving all other post-SFT parameters. We
further introduce a Procrustes variant to bal-
ance routing preservation and reasoning adap-
tation. Across architectures, QK-RESTORE
consistently restores long-context capability at
zero training cost while preserving reasoning
performance; for instance, on HypeNet-5B it
improves S3@256K from 65.4% to 76.4% while
maintaining strong reasoning performance. Im-
plementation is available at https://github.
com/LARK-AI-Lab/QK-Restore.

1 Introduction

Efficient sequence models, such as linear atten-
tion (Katharopoulos et al., 2020; Qin et al., 2024b;
Yang et al., 2024) and state-space models (Gu and
Dao, 2024; Dao and Gu, 2024), have emerged as at-
tractive alternatives to softmax-attention (Vaswani
et al., 2023) for long-context processing, reduc-
ing the quadratic cost to linear complexity through
compact recurrent or structured states. However,
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Figure 1: NIAH retrieval accuracy before and after
CoT-SFT on HypeNet-2B. Despite improving reasoning
ability, CoT-SFT substantially degrades long-context
retrieval accuracy in distilled hybrid models, especially
at longer context lengths and harder NIAH settings.

this compression introduces an information bottle-
neck on recall-intensive tasks that are crucial for
long-context understanding (Zhang et al., 2024),
such as Needle-in-a-Haystack (NIAH; Hsieh et al.
2024). Hybrid linear-attention models mitigate
this tradeoff by retaining a small set of softmax-
attention layers for global recall while converting
the remaining layers into efficient linear-attention
layers (NVIDIA et al., 2025). Although native hy-
brid models such as Qwen3.5 (Qwen Team, 2026)
and Kimi Linear (Team et al., 2025) achieve strong
performance and efficiency, pretraining them from
scratch remains highly resource-intensive. This
cost motivates recent work that converts pretrained
softmax-attention into hybrid linear-attention mod-
els through distillation, using only a small fraction
of pretraining tokens (Chen et al., 2026; Li et al.,
2025b; Hoshino et al., 2025). Existing conversion
work primarily focuses on preserving pretraining
capabilities during architectural conversion, while
the impact of downstream reasoning post-training
on long-context retrieval remains underexplored.

While distilled hybrid models primarily serve
as efficient base models, modern LLMs typically
rely on post-training to acquire stronger instruction-
following and reasoning abilities (Guo et al., 2025;
Qwen et al., 2025; Ouyang et al., 2022). In partic-
ular, CoT-SFT is widely used to enhance multi-
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step reasoning (Wei et al., 2023; Huang et al.,
2024; Xu et al., 2025). We observe that applying
CoT-SFT on mathematical reasoning data improves
reasoning performance, but can substantially de-
grade the long-context recall ability that distilled
hybrid models acquire during pretraining or archi-
tectural conversion, particularly in more challeng-
ing NIAH settings and extended contexts length
(Figure 1). Unlike generic catastrophic forgetting,
this degradation is highly structured: it primarily
affects long-range retrieval behavior mediated by
the retained softmax-attention layers, while leaving
the intended reasoning gains largely intact. This
reveals a fundamental tension in hybrid models:
CoT-SFT strengthens local reasoning can simulta-
neously disrupt the routing mechanisms required
for long-range retrieval.

To investigate this phenomenon, we model CoT
reasoning traces as a latent Markov process over
intermediate reasoning states, reflecting the local
step-to-step structure of mathematical derivations
(Wang et al., 2026; Prystawski et al., 2023). Un-
der this CoT-Markov assumption, we derive that
the expected gradient magnitude on attention log-
its decays exponentially with token distance. We
empirically validate this prediction by measuring
token autocorrelation and gradients of attention-
logit. These results suggest that CoT-SFT can im-
prove local multi-step reasoning while eroding the
long-range routing behavior needed for retrieval.

To better isolate the source of recall degradation,
we analyze the retained softmax-attention layers
through a routing-extraction decomposition. We
find that CoT-SFT induces locality-biased drift in
the query-key projections Wg, Wi, which deter-
mine the source of information retrieval, whereas
value-side extraction can still benefit from post-
SFT adaptation. Since long-context recall in dis-
tilled hybrid models depends heavily on a small
number of retained softmax-attention layers, such
query-key drift can disproportionately disrupt re-
trieval. Motivated by this asymmetry, we propose
QK-RESTORE, a training-free method that restores
only Wy and Wi in these layers from the pre-SFT
checkpoint while preserving all other post-SFT pa-
rameters, thereby recovering long-range routing
while retaining most reasoning improvements from
CoT-SFT. Our contributions can be summarized as:

* We identify CoT-SFT-induced recall degradation
as a structured post-training failure mode of dis-
tilled hybrid models.

* We provide a theoretical and empirical analy-
sis showing that CoT-SFT concentrates training
signals on local token interactions and induces
locality-biased drift in the query-key routing ge-
ometry of retained softmax-attention layers.

* We introduce QK-RESTORE, a training-free
method that restores only query and key pro-
jections, recovering long-context recall while
largely preserving reasoning performance.

2 Related Work

CoT Dynamics and Attention Routing. Recent
work has studied CoT reasoning as a structured gen-
eration process over intermediate reasoning states
(Wang et al., 2026; Prystawski et al., 2023). A
Markovian view formalizes this structure by mod-
eling reasoning as local transitions between latent
states, suggesting that CoT supervision primarily
reinforces short-range step-to-step dependencies
(Wang et al., 2026). In contrast to prior work
that utilizes this locality to explain the efficacy
of CoT in reasoning, we connect it to a failure
mode in efficient long-context models: locality-
biased CoT-SFT can erode long-range attention
routing required for recall. This perspective aligns
with analyses of attention as an information-routing
mechanism, where query-key interactions define
routing logits that select positions, while value pro-
jections determine the content extracted from those
positions (Vaswani et al., 2023). We put extended
related work in Appendix A.

3 Background and Problem Setup

3.1 Hybrid Model

In this work, we primarily focus on the hy-
brid model. To retain the expressive power of
softmax-attention while improving long-context
efficiency, hybrid architectures interleave a small
set of softmax-attention layers with efficient linear-
attention layers (Yang et al., 2025; Chen et al.,
2026).

Softmax-Attention Layers For Transformer’s
layer ¢, head h € {1,..., H}, the per-head pro-

jection matrices WQ Wi, Wy e RO

(dy, = d/H) transform hidden state hg) e R%:

' = WERO, kD~ WEOR,

o) = WP R,

ey
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Figure 2: Overview of QK-RESTORE. After CoT-SFT, the retained softmax-attention layers in a hybrid model may
lose long-range routing ability. QK-RESTORE restores only the query and key projections (Wg, W) from the
pre-SFT checkpoint while keeping value-side and other post-SFT parameters unchanged, recovering long-context

recall while preserving reasoning performance.

with scalar logit and attention weight

l,h l,h O,h
oo _ @R ey ewpe™
’ v dh ’ Zugt exp egf:h)

The per-head output vector and layer output are

=Y Arsvs, 0 = Wo Concati(5]").
s<t

3)

Linear-Attention Layers For layer ¢, a recurrent
state matrix S; € R%*dv eyolves via

S17 = 910 (519, B ol = w0 (519, A ).

“
where @, U; are layer-specific update and readout
operators. Taking Lightning Attention (Qin et al.,
2024a) as an example, the state update and readout
are:

S = diag W) 8, + KO ()T, (5)
ol = (5{)Tq". ©6)

We denote the set of softmax-attention layers as
L. Empirical studies suggest that long-range
recall in hybrid models depends disproportion-
ately on a set of softmax-attention layers, whereas
most remaining layers can be replaced by recur-
rent mechanisms with minimal degradation (Wang
et al., 2025; Chen et al., 2026; Jelassi et al., 2024).
Thus, preserving the routing behavior of Ly, is
critical for long-context recall.

3.2 Attention Routing

We operationalize attention-routing through the
pre-softmax logit e;s = q;r ks/~/dy, which deter-
mines how strongly position ¢ attends to position

s. Since the routing pattern is determined solely
by Wq, Wi, changes to these matrices directly
alter long-range retrieval behavior. To understand
how CoT-SFT training affects retrieval behavior,
we examine the gradients w.r.t QK metrics. The
gradient update of Wy, is:

1 oL
= — —= k. h]. 7
VWQE /dh ; aets t ( )

If 0L/0es is large for small distance 7 = t—s
and negligible for large 7, gradient descent sys-
tematically pushes W, Wi toward local patterns
regardless of context length. Furthermore, we have:

oL
86755

= A - G} (vs — By), (8)

where G; = 0L£/00; € R is the gradient vec-
tor. So understanding the distance dependence of
0L /0ess becomes central to understanding how
CoT-SFT affects retrieval.

4 Why CoT-SFT Disrupts Routing?

4.1 CoT Data Assumption

We first characterize CoT data structure via a latent
Markov model (Wang et al., 2026; Prystawski et al.,
2023), which motivates the gradient analysis that
follows.

Assumption 4.1 (CoT-Markov structure). There
exist latent reasoning states z1, ...,z € Z, |Z| =
K < o0, such that:

1. Markov transitions: P(z; | z;—1,2t-2,...) =
P(Zt ’ Zt—l)-
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Figure 3: Empirical validation for token autocorrelation decay and attention gradient decay on HypeNet-2B.

2. Observation model: P(x; | z;,x¢—1) = P(z¢ |
z¢). The token at position ¢ is determined by the
current reasoning state.

3. Ergodicity: The chain is irreducible and ape-
riodic with stationary distribution 7, 7pin
min,ecz m(z) > 0.

4.  Reversibility: Detailed balance holds:
7(2) P(z,2') = n(2") P(¢,z) forall z,2' € Z.
5. Spectral gap: The transition matrix has second-
largest eigenvalue magnitude p € (0, 1).

We include the discussion of the validity of this
assumption in Appendix B.

4.2 Gradient Locality Theory

Softmax-attention layers £ € Ly, are the sole lo-
cus of long-range recall in a hybrid model. There-
fore, we analyze how CoT-SFT erodes their routing
capacity in these layers through gradient locality.

4.2.1 Definition and Assumptions
Definition 4.2 (Distance-conditioned gradient mag-

nitude).

oL

‘ Def'i).

Assumption 4.3 (Norm bounds). There exist con-
stants Bg, By > 0 such that, almost surely over
the training distribution,

Gl < Ba

(©))

9(7-) = Et, L€ Lattn, h

and |vsll, < By. (10)

Assumption 4.4 (Score-function identity). Let
G = 0L/0o; denote the gradient of the loss with
respect to the per-head output at position . At
approximate optimality under cross-entropy, the
model satisfies, for all £ and almost surely over
Z1:Ts

E[Gi|z14] = 0. (11)

The justifications for the above assumptions are
included in Appendix C and Appendix D.

4.2.2 Gradient Locality Theorem
Lemma 4.5 (Spectral Correlation Decay). For a
stationary reversible ergodic Markov chain with
spectral gap 1 — p, and any mean-zero f,q €
L?(7):

[E[f(2t) 9(zs)]]

<

P N 2 N9l 22y

(12)
Theorem 4.6 (Gradient locality). Let Bg, By > 0
be the constants from Assumption 4.3, and let p €
(0, 1) be the spectral radius from Assumption 4.1.
Under Assumptions 4.3-4.4 and the CoT-Markov
model (Assumption 4.1), for all T > 0:

g(’T) < C,-G_T/W,

(13)

where

C':= 2BaBy > 0, W := =1 o (14)
log p

The constant C’ depends only on the model’s

norm bounds; the decay rate W is set entirely by

the spectral gap of the latent transition matrix. The
full proof is included in Appendix G.

4.3 Empirical Validation

Theorem 4.6 shows that CoT training preferen-
tially reinforces nearby token interactions, causing
long-range routing signals to decay with distance.
The theoretical chain rests on two empirical claims
about data and model:

1. Lemma 4.5’s hypothesis: the latent Markov
chain governing token generation has a spectral
gap 1 — p. However, since the latent states z; are
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unobservable, we instead consider the observed
token sequence and use the token autocorrelation
p(7) as a proxy for p. Concretely, 5(7) measures
how much more likely a token is to reappear at
distance 7 than by chance, averaged over all token
types weighted by their stationary frequency 7 (v).
As proved in Appendix H, p(7) < C'- p” under the
hidden markov model.

2. Theorem 4.6’s prediction: the expected gradi-
ent magnitude E[|0L/0e;s|] decays exponentially
in 7, with a smaller effective window for CoT data
than for general text. We measure E[|0L/0ey|] at
each distance 7 directly from the model:

oL
- ES,:A“'%> . (15)

3. Curve Fitting. Both p(7) and g(7) take the
form C' - e=/W, where W = —1/log p/ serves as
a natural scale of the decay. Therefore, we fit the
model y(7) = C'- p” = C - e~™/W via log-linear
regression. Taking logarithms linearizes the model:

oL oL
86155 B aAts

logy(t) =log C — %7’. (16)

4. Interpretation. As shown in Figure 3, the
left subfigure presents the token autocorrelation
decay parameter W, a corpus-level statistic that
measures the characteristic distance over which
text retains structured, non-random self-similarity.
Because mathematical reasoning repeatedly refer-
ences the same symbols, variables, and formula
fragments, CoT text sustains high self-similarity
over longer distances (W o /= 172 tok) than gen-
eral prose (Weor ~ 115 tok). The right subfig-
ure shows the attention gradient decay parameter
Werad, which characterises the training dynamics
by measuring the effective reach of the gradient
signal E[|0L/0ess|]. Both decay curves are well
described by exponential fits, consistent with the
thoerem’s prediction.

When Wyag < Weor, there exists a band of
distances d € (Wgrad, , Weorr] where the data de-
mands long-range attention but the training gradi-
ent no longer reinforces it. The discussions about
the attention gradient decay also observed in the
pre-training stage are included Appendix L.

KEY TAKEAWAY-1

CoT-SFT improves short-range reasoning
ability in hybrid models, at the cost of long-
range retrieval.

5 Method

Theorem 4.6 has established that the gradient on the
attention logit e;s decays geometrically in distance

= t — s. Now we investigate which weight
metrics this decay propagates into.

5.1 Routing-Extraction Gradient Decoupling

Theorem 5.1 (Routing-Extraction Gradient De-
coupling). Under CoT-SFT, where the token-
generation process is modeled as a stationary re-
versible ergodic Markov chain with a spectral gap
1 — p > 0, gradient updates to the parameters of
softmax-attention layer exhibit the asymmetry:
[Routing] The per-pair contribution to NV w,, from
position pairs at distance T =t — s satisfies:

H'@ ets ko b

for constant Cr = C'BgByj, > 0. The same
bound holds for V.
[Extraction] The gradient on the value vector at
any position s satisfies:

[H@vs

where 04 > 0 satisfies Ay > 04 for all t and
ca > 0 satisfies B[||Gs||] > cq forall s.

The detailed proof is in Appendix J. Therefore,
CoT-SFT affects routing and knowledge extraction
differently. Wq, Wi receive meaningful gradient
signal only from short-range pairs, while the gradi-
ent reaching Wy, is bounded below uniformly over
all positions, independent of context length.

]SCR'PT

]>(5A-CG>0,

5.2 QK-RESTORE

Theorem 5.1 shows that CoT-SFT affects the two
functional components of a softmax-attention layer
in fundamentally different ways.

The routing parameters W and Wi, which
control where the model attends, receive gradient
signal that decays as p” with distance: they are
shaped exclusively by short-range pairs and pro-
gressively lose long-range routing capacity. The
extraction parameters Wy and Wy, which con-
trol what is retrieved, receive a gradient uniformly
bounded below for every position: they accumulate
value-processing improvements.

In other words, CoT-SFT simultaneously cor-
rupts Wg, Wi and improves Wy, Wy. These
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effects are segregated into disjoint parameter sets.
We propose QK-RESTORE , which eliminates rout-
ing corruption and preserves extraction improve-
ment by transplanting W, Wi from the pre-SFT
checkpoint while retaining post-SFT Wy, and Wp
(Algorithm 1).

Algorithm 1 QK-RESTORE

Input: Hybrid model’s pre-SFT checkpoint
Oprc; Hybrid model’s post-SFT checkpoint 0t ;
softmax-attention layers Lagtn
Output: Repaired model 0,
# Initialized from post-SFT weights
erep < epost
for / € Ly, do
# Replace with pre-SFT weights
Wé,rep - Wé,pre’ W[Z{,rep (_ W[Z{,pre
end for
return 6.,

6 Experiments

6.1 Setup

Models. HypeNet (Chen et al., 2026) has recently
presented strong long-context recall performance,
therefore we focus mainly on this model at scales
from 2B to 9B. To ensure a comprehensive analysis,
we also include Jet-Nemotron-2B'.

Training. To investigate the influence of CoT-SFT,
we primarily focus on the math domain, which
is widely studied and has sufficient high-quality
datasets (Zhou et al., 2026; Mitra et al., 2024; Yu
et al., 2025). We train HypeNet in different scales
on our own in both pre-training and SFT stage, and
apply SFT to Jet-Nemotron from their pre-trained
checkpoints. More details of datsets and training
configuration are in Appendix K.

Evaluation. We evaluate the model’s performance
on long-context recall and math reasoning tasks.
For long-context recall, we report the accuracy on
NIAH. To measure math reasoning, we test the
model on GSMS8K (Cobbe et al., 2021), MATH500
(Lightman et al., 2023), and AIME24 (Zhang and
Math-Al 2024).

6.2 Main Results

The performance comparisons are in Table 1.

CoT-SFT drives long-context degradation. A
key observation is that CoT-SFT often weakens
long-context retrieval abilities acquired during

1https://huggingface.co/collections/jet—ai/
jet-nemotron

pre-training, particularly under more challeng-
ing retrieval settings and longer context windows.
While simpler tasks such as NIAH-Single-1 remain
nearly saturated, substantial degradation emerges
on NIAH-Single-2 and NIAH-Single-3.

For example in Table 1, HypeNet-2B on NIAH-

Single-3 at 128K drops from 30.4 to 7.60 after SFT,
while HypeNet-9B on NIAH-Single-2 at 256K de-
creases from 67.2 to 9.40. Moreover, the degrada-
tion consistently becomes more severe as context
length increases, suggesting that SFT dispropor-
tionately disrupts the mechanisms responsible for
long-range retrieval.
QK-RESTORE recovers long-context capabil-
ity. QK-RESTORE consistently mitigates the loss
of long-context performance incurred during SFT,
with the largest gains observed in configurations
where the degradation is most severe.

Specifically in Table 1, for HypeNet-2B, NIAH-

Single-3 at 256K improves from 10.6 to 30.2
(+19.6), while HypeNet-9B increases from 22.8
to 42.6 (+19.8). Under OpenThoughts-3 CoT-SFT,
HypeNet-9B improves from 22.4 to 45.0 on NIAH-
Single-2 at 256K and from 40.6 to 61.2 on NIAH-
Single-3 at 256K. In several configurations, QK-
RESTORE even surpasses the original pre-training
baseline. For example, HypeNet-2B on NIAH-
Single-3 at 64K improves from 34.8 (pre-train) to
52.8. This suggests that our approach does not
simply recover pre-training behavior; rather, it can
preserve retrieval structures from pre-training while
still benefiting from task-specific representations
introduced during SFT.
QK-RESTORE preserves downstream reason-
ing performance. Beyond retrieval, we evaluate
whether restoring routing parameters affects down-
stream reasoning capabilities. Across benchmarks,
QK-RESTORE largely preserves the gains obtained
from CoT-SFT while substantially improving long-
context retrieval.

On mathematical tasks, performance remains
close to the post-SFT model. On HypeNet-5B,
QK-RESTORE incurs only minor changes of —0.6
and —0.4 points on MATH500 and GSMB8K, re-
spectively, while recovering long-context retrieval
performance. Similar trends are observed across
other model scales. These results suggest that rout-
ing parameters can be selectively restored to re-
cover long-context retrieval without significantly
affecting the task-specific knowledge and reason-
ing capabilities acquired during post-training.
Retrieval difficulty amplifies long-context degra-
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Table 1: NIAH and Math performance comparisons across models after CoT-SFT on the Miromind dataset. 1 (].)
indicates the improvement (degradation) compared to SFT model.

|
w

MODEL METHOD NIAH-SINGLE-1 NIAH-SINGLE-2 NIAH-SINGLE-3 MATHS500 GSMSK AIME24
‘ 32K 64K 128K 256K ‘ 32K 64K 128K 256K | 32K 64K 128K 256K ‘ Avg@16 Maj@16 | Avg@16 Maj@16 | Avg@16 Maje16
Jet-Nemotron-2B ~ Pre-train 100.0 99.8 100.0  100.0 | 95.6 91.0 61.0 222 |57.2 48.0 73.6 40.6 375 64.0 52.6 84.3 0.80 3.30
+SFT 100.0 100.0 100.0 98.6 |57.8 284 21.0 11.6 34.4 33.6 67.2 27.8 494 70.6 71.9 88.0 1.50 3.30
+QK-RESTORE | 100.0 100.0 1000 98.6 | 64.6 340 220 7.60 | 418741 390541 64405, 340601 49.0 69.4 71.2 88.6 1.90 6.70
HypeNet-2B Pre-train 992 976 972 984 |758 940 88.0 562 | 488 34.8 30.4 23.4 4.70 254 220 20.0 0.00 0.00
+SFT 99.8 99.8 99.2 99.6 822 81.8 484 41.8 474 32.6 7.60 10.6 344 55.2 40.8 68.1 0.00 0.00
+QK-RESTORE | 99.4 996 994 998 |97.6 912 832 408 | 56255 52802021 30802321 302961 337 56.6 41.2 69.0 0.20 3.30
HypeNet-5B Pre-train 100.0 100.0 100.0 100.0 | 99.4 99.8 97.0 934 | 950 942 87.2 752 4.70 33.8 4.10 39.5 0.00 0.00
+SFT 100.0 100.0 100.0 100.0 | 98.8 100.0 91.4 83.6 96.6 96.6 90.6 65.4 49.3 67.0 61.3 81.4 0.60 0.00
+QK-RESTORE | 100.0 100.0 100.0 100.0 | 99.8 100.0 96.8 854 | 97.004y 9640, 90204, 764101 48.7 68.4 60.9 81.8 0.40 3.30
HypeNet-9B Pre-train 100.0 100.0 100.0 100.0 | 642 958 724 672 |53.0 95.0 83.8 52.0 17.6 57.6 153 62.4 0.80 6.70
+SFT 100.0 100.0 100.0 100.0 | 89.0 64.2 174 940 | 982 90.0 47.8 22.8 398 69.5 62.3 87.8 1.20 10.0
+QK-RESTORE 100.0 100.0 100.0 100.0 | 92.6 100.0 44.0 19.6 98.60041) 9700701 664561 42601951 37.6 68.4 59.3 88.4 0.60 3.30
Table 2: NIAH comparisons across models after Instruction-following (non-CoT) SFT on the Tulu-3 dataset.
MODEL METHOD NIAH-SINGLE-1 NIAH-SINGLE-2 NIAH-SINGLE-3
32K 64K 128K 256K | 32K 64K 128K 256K | 32K 64K 128K 256K
HypeNet-5B  Pre-train 100.0 100.0 100.0 100.0 | 994 998 97.0 934 95.0 942 872 752
+SFT 99.8 100.0 100.0 100.0 | 99.8 100.0 99.6 93.6 986 972 854 83.8
+QK-RESTORE | 100.0 100.0 100.0 100.0 | 99.6 100.0 99.8 934 | 974 952 854 85.2
HypeNet-9B  Pre-train 100.0 100.0 100.0 100.0 | 642 958 724 672 53.0 950 838 52.0
+SFT 100.0 100.0 100.0 100.0 | 86.4 978 882 784 |96.2 96.8 958 86.8
+QK-RESTORE | 100.0 99.8 100.0 100.0 | 88.2 974 928 78.6 96.0 974 952 88.2
Table 3: NIAH comparisons across models after CoT-SFT on the OpenThoughts-3 dataset.
MODEL METHOD NIAH-SINGLE-1 NIAH-SINGLE-2 NIAH-SINGLE-3 LCB-V5
32K 64K 128K 256K | 32K 64K 128K 256K | 32K 64K 128K 256K | Avges
HypeNet-5B  Pre-train 100.0 100.0 100.0 100.0 | 99.4 998 970 934 |950 942 872 752 0.27
+SFT 100.0 100.0 99.8 100.0 | 99.8 100.0 99.0 89.6 |98.8 97.8 942 914 6.37
+QK-RESTORE | 100.0 99.8 99.8 100.0 | 99.8 100.0 100.0 92.8 |98.6 974 932 794 6.92
HypeNet-9B  Pre-train 100.0 100.0 100.0 100.0 | 642 958 724 672 |53.0 950 838 52.0 1.66
+SFT 100.0 100.0 100.0 100.0 | 91.8 100.0 41.8 224 |96.2 98.6 766 40.6 13.11
+QK-RESTORE | 100.0 100.0 100.0 99.8 | 942 998 782 450 |950 974 908 61.2 12.91
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Figure 4: Attention map from query ¢ to key s of layer33-head8 in pre-SFT and post-SFT on HypeNet-5B.
Particularly, panel 4 demonstrates post-SFT assigning higher weights to nearby tokens, which is consistent with our
Theorem, and the effectiveness of QK-RESTORE in restoring the long-range attention behavior.

dation. We further observe that retrieval complex-
ity strongly influences robustness. NIAH-Single-
1 remains nearly saturated across training stages,
whereas substantially larger gaps emerge in Single-
2 and Single-3. This trend indicates that difficult
retrieval settings place greater demands on pre-
cise long-range token interactions and are therefore
more sensitive to the degradation.

7 Analysis
7.1 Analysis on Non-CoT SFT

Our theoretical analysis attributes long-context
degradation to the localized optimization dynamics
induced by CoT supervision. A natural question is
whether this phenomenon arises from post-training
in general, or whether it is specific to CoT-style rea-
soning traces. To answer this question, we compare
CoT-SFT with conventional instruction-following
SFT using the Tulu-3 dataset.

Shown in Table 2, standard instruction tuning
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does not exhibit the same degradation pattern
observed under CoT-SFT. Across both HypeNet-
5B and HypeNet-9B, long-context retrieval per-
formance is largely preserved and frequently
improved after Tulu-3 training. For example,
HypeNet-5B improves from 75.2 to 83.8 on NIAH-
Single-3 at 256K, while HypeNet-9B improves
from 52.0 to 86.8. Similar gains are observed on
NIAH-Single-2 across multiple context lengths.

Moreover, instruction-following ability im-
proves substantially after Tulu-3 tuning, as mea-
sured by IFEval. Despite these improvements,
long-context retrieval remains intact. This con-
trasts sharply with the behavior of CoT-SFT, where
retrieval performance deteriorates under identical
architectures and context lengths.

These findings suggest that long-context degra-
dation is not an inherent consequence of post-
training. Instead, it is closely associated with CoT-
style supervision, supporting our hypothesis that
the sequential dependency structure of reasoning
traces concentrates gradient updates on short-range
interactions and disproportionately affects long-
range routing behavior.

KEY TAKEAWAY-2

Non-CoT instruction-following SFT pre-
serves or even improves retrieval for hybrid
models.

7.2 Analysis Beyond Mathetical Reasoning

Our primary experiments focus on mathematical
reasoning, where high-quality CoT supervision is
readily available. To evaluate whether the observed
retrieval-reasoning trade-off extends beyond math-
ematics, we conduct additional experiments using
OpenThoughts-3 and evaluate downstream coding
performance on LiveCodeBench-V5.

In Table 3, the same qualitative behavior per-
sists in the coding domain. CoT-SFT sub-
stantially improves coding capability, increasing
LiveCodeBench-V5 from 0.27 to 6.37 on HypeNet-
5B and from 1.66 to 13.11 on HypeNet-9B. How-
ever, these gains are accompanied by noticeable
degradation in long-context retrieval, particularly
on challenging NIAH settings.

Applying QK-RESTORE recovers a large frac-
tion of the lost retrieval capability while preserving
downstream coding performance. For example, on
HypeNet-5B, LiveCodeBench-VS5 further improves
from 6.37 to 6.92, while NIAH-Single-3 at 256K

recovers from 75.2 to 79.4. Similarly, HypeNet-9B
improves from 40.6 to 61.2 on NIAH-Single-3 at
256K while maintaining competitive coding perfor-
mance (13.11 — 12.91).

These results suggest that the retrieval degrada-
tion induced by CoT-SFT is not specific to mathe-
matical reasoning. Instead, it appears to arise from
a more general optimization phenomenon associ-
ated with long reasoning traces. The effectiveness
of QK-RESTORE across both math and code do-
mains further supports our central hypothesis that
long-range retrieval is primarily governed by rout-
ing parameters.

7.3 Analysis on Attention Routing Recover

Further, we visualize the attention map to character-
ize how CoT supervised fine-tuning alters the long-
range routing behavior of the softmax-attention
layers in HypeNet-5B. We conduct the analysis on
the models trained on Miromind dataset.

In detail, we compare the attention matrices
of a pre-SFT and a post-CoT-SFT checkpoint of
HypeNet-5B across all softmax-attention layers.
We then identify the most affected layer via a per-
head mean attention distance metric:

Jh =E; Z(t_S) Ah,t,s )

s<t

(17)

where h indexes the attention head and Ay, ¢ ¢ is the
post-softmax weight from query ¢ to key s. Rank-
ing layers by the number of heads whose dj, de-
creases after SFT, Layer 33 emerges as the most af-
fected, with 25 of 32 heads shifting toward shorter
attention distances. We therefore focus our analysis
on this layer.

We visualize the top recall heads on a synthetic
NIAH prompt of 8,192 tokens, with the target fact
embedded at 50% context depth. For each head, we
display a four-panel figure: the pre-SFT attention
matrix Apre (blue), the post-SFT matrix flpost (red),
the QK-RESTORE matrix AQK_Resmre (green), and
the element-wise log-ratio log, (AQK_Restore / /Nlpost)
(Panel 4), where positive values indicate positions
where QK-RESTORE recovers more long-range
attention than post-SFT.

Analysis. Figure 4 shows the pattern of Layer-
33 Head-8 of HypeNet-5B. From panel 4, we ob-
serve that the off-diagonal lower triangle is pre-
dominantly red, confirming that QK-RESTORE par-
tially recovers the long-range routing suppressed by
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Figure 5: Routing geometry drift in HypeNet-2B.
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Figure 6: Routing geometry drift in Jet-Nemotron-2B.

CoT fine-tuning: for most query positions ¢, QK-
RESTORE attends more strongly to distant keys
s < t than post-SFT does. Second, the lower-
right block, where both the query and key posi-
tions fall after the needle s*, shows a blue band
along the main diagonal, meaning that post-SFT as-
signs higher weight to nearby tokens in this region,
which matches our hypothesis. These observations
demonstrate the effectiveness of QK-RESTORE in
mitigating routing collapse and restoring the long-
range attention behavior characteristic.

7.4 Ablation on QK-RESTORE

QK-RESTORE transplanting the full Wg, Wi ma-
trices from the pre-SFT checkpoint into the post-
SFT model, recovers long-range recall substantially
but incurs a math performance drop. The post-SFT
W, can be decomposed as:

Wgost _ Qpre + (5WéOUte + (5Wénath,
where d Wioute encodes harmful locality drift and
0Whnath encodes beneficial math ability adapta-
tion. Since both components are entangled within
Wq, QK-RESTORE discards them together, re-
covering routing at the cost of erasing the math
benefit. As expected, Figure 5 and Figure 6 show
a non-negligible drift in R = WQVVI—(r , where
AR = RP*' — RP®,

Table 4: Ablation of QK-RESTORE in HypeNet-2B.

METHOD NIAH-SINGLE-2 NIAH-SINGLE-3 MATHS500
64K 128K 64K 128K Avg@16
QK-RESTORE | 91.2 83.2 52.8 308 33.7
QK-PrO 94.0 79.0 51.8 26.0 34.2
Q-RESTORE 784  79.0 50.8 24.4 342
K-RESTORE 904 71.6 46.2 132 34.2
V-RESTORE 572 36.6 240 152 32.1
QK-FROZEN | 90.6 76.4 494 236 33.1

Therefore, we model it as a Procrustes problem:

2 2
t t
W - Wi o (Wi - wpe

min ‘
WEN W pew F
st WEWEYT = Ry,
(18)
and we call it as QK-PRO variant (more details are
in Appendix O).

Furthermore, we evaluate the roles of each com-
ponents in attention (i.e., Wi, Wy, Wy/), and
CoT-SFT with W™, W frozen as a preventive
counterpart (denoted as QK-FROZEN), to answer
a question: is it preferable to prevent routing drift
during training, or to correct it post-hoc?
Analysis. Table 4 validates three key claims. V-
RESTORE fails to recover NIAH while degrad-
ing MATHS500, confirming that Wy, does not con-
tribute to routing recovery. Q-RESTORE and K-
RESTORE each achieve partial recall recovery but
fall significantly short at 128K (e.g., K-RESTORE
collapses on NIAH-Single-3 (13.2 vs. 30.8), indi-
cating that isolated restoration introduces a W,-
Wy mismatch and that joint restoration is nec-
essary for coherent routing geometry. QK-PRO
achieves the highest performance on MATHS00,
but trading long-range routing recovery for math
preservation. QK-FROZEN consistently underper-
forms QK-RESTORE in both NIAH and mathemat-
ical tasks, indicating that unconstrained SFT is for
better Wy, adaptation.

8 Conclusion

We identify CoT-SFT-induced long-context recall
degradation in distilled hybrid models. Reasoning-
focused SFT biases attention toward short-range in-
teractions, distorting query-key routing in softmax-
attention layers. We propose QK-RESTORE, a
training-free method that restores only query and
key projections from the pre-SFT checkpoint.
Across architectures, QK-Restore substantially re-
covers long-context recall while preserving reason-
ing gains, highlighting routing stability as key to
efficient long-context models.
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Limitation

First, all experiments are conducted after CoT math
fine-tuning; it remains open whether the interven-
tion generalises to the general instruction-tuning
setting, where training mixes short-answer, multi-
turn dialogue, and retrieval-heavy formats. Sec-
ond, QK-RESTORE currently treats all softmax-
attention layers and all heads uniformly — it re-
stores everything or nothing. In practice, not every
head loses its long-range routing equally: some
heads may collapse completely while others remain
intact. We leave them as the exciting directions for
future work.
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A Extended Related Work

Efficient Long-Context Models and Hybrid At-
tention. Recent hybrid attention models interleave
softmax-attention layers with efficient recurrent
or linear-attention layers, achieving competitive
performance on both commonsense reasoning and
recall-intensive long-context tasks while improv-
ing inference efficiency (Qwen Team, 2026; Team
et al., 2025; NVIDIA et al., 2025). Pretraining
strong hybrid models from scratch at large scale
remains prohibitively expensive, which motivates
recent efforts to obtain hybrid models through
Transformer-to-hybrid conversion or distillation
(Chen et al., 2026; Li et al., 2025b). However,

existing work primarily focus to obtaining high-
performing converted hybrid checkpoints, while
their behavior during subsequent post-training re-
mains underexplored.

Distilling Transformers into Hybrid Models.
Transformer-to-hybrid distillation converts selected
softmax-attention layers into linear or recurrent
mixers, where layer selection critically influences
long-context retrieval performance (Goldstein et al.,
2026; Chen et al., 2026; Li et al., 2025b; Gu et al.,
2026). However, strong recall performance after
conversion does not necessarily imply stability af-
ter reasoning-oriented post-training; specifically,
across multiple distilled hybrid models with strong
long-context retrieval, we observe that CoT-SFT
can substantially degrade recall capabilities, reveal-
ing a critical failure mode that remains unaddressed
by existing distillation methods.

B Discussion of the CoT-Markov
Structure Assumption

Discussion 1. The 1-step Markov condition is an
idealisation for analysis. Any k-step Markov chain
is equivalent to a 1-step chain on a K *-state prod-
uct space, yielding the same exponential decay with
a larger reasoning horizon W'.

Discussion 2. Reversibility is invoked in the proof
of Lemma 4.5 at one step: it implies that the
Markov operator P is self-adjoint on L?(7). We
acknowledge that a causally generated sequence
such as a CoT reasoning chain does not, in general,
satisfy detailed balance: the latent transition proba-
bilities are asymmetric by construction. Reversibil-
ity is, however, a sufficient condition rather than a
necessary one. For a general ergodic chain (possi-
bly non-reversible), the identical bound holds with
p replaced by the second-largest singular value of
P, obtained via its singular value decomposition
in place of the eigendecomposition. Since singu-
lar values are always real and non-negative, the
proof proceeds without modification, and the form
of the final bound is unchanged. We therefore state
Lemma 4.5 under reversibility for clarity of expo-
sition, with the understanding that all subsequent
results hold for the general ergodic case by replac-
ing eigenvalues with singular values throughout.

C Justification for Norm Bounds
Assumption

Bound on |vs||. The value vector is vy =
Wy LN(hs), where LN denotes layer normalisa-
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tion. Layer normalisation standardises each coordi-
nate so that LN (hy); = vi(hs;— 1) /6 + f;, where
[t and & are the empirical mean and standard devia-
tion of the entries of h. After normalisation, the
pre-affine vector satisfies ) _; zf = d, giving

ILN(RS)[? = 3" (vizi + B:)? (19)
<2([[vIZd+ 18I7) (0
< CEnd, (21)

for a constant C1,x depending only on the learned
scale « and bias 3. The projection matrix Wy, is a
fixed trained weight; its operator norm | Wy, ||op <
oo is a finite model-dependent constant. Combin-
ing we have:

lvsl = ||[Wy LN(hy)|
< [[Wvyllop CLN\/g =: By.

(22)
(23)

Bound on G,;. The gradient G; = 0L/00o; back-
propagates through the final layer normalisation
(with Jacobian Jt,n) and the language-model head
Wi, giving

Gi = Jix Win (Pt — 1), (24)
where p; € AVI=! is the predicted distribution
and y; € {0, 1}|V‘ is the one-hot target. By sub-
multiplicativity of the operator norm:

1G]l < [l Texllop [Whmllop lP2 — yell- - (25)

Since p; — y; is a difference of probability vec-
tors, ||ps — y¢|| < V2. For a fixed trained model,
both ||Jin||op and |[Win|op are finite constants.
Therefore:

IG| < V2| Jixllop Wi llop =: Ba.  (26)

D Justification for Score-function Identity
Assumption

At the optimum pg = pgata, the cross-entropy loss
with respect to the attention output o, satisfies, for
any fixed context x1.4:

0

Ey, [aot(—logpa(yt | :cu))] @7
0

v Po=DPdata

(28)

o (29)

since the cross-entropy gradient vanishes at its own
minimum. Applying the law of total expectation
over z1. then yields E[G;] = 0. More precisely,
because the gradient is computed at a given con-
text z1.+ and then averaged over the target y; drawn
from the conditional, the identity holds condition-
ally:

E[Gt | xl:t} = 0 (30)

E Preliminary Definition and Lemma

We list the following necessary definitions and lem-
mas for the proof.

Definition E.1 (L?(7) Space). For a Markov chain
with finite state space Z and stationary distribution
7, define the weighted function space:

L*(m) = {f:Z >R} 31)
with inner product
(frghn =Y w(2) f(2)9(z) (32
z€Z
= E«[f(2)9(2)] (33)

and norm ||| 2 := /(s T

In addition, mean-zero means (f,1); =
E.[f(Z)] = 0, i.e., the function has zero expecta-
tion under 7.

Definition E.2 (Operator P acting on functions).
We define the Markov operator P acting on func-
tions:

(Pf)(z) =) P(z2) f(z) (34

=E[f(Zi+1) | Z¢ = 7]
Lemma E.3. For a reversible chain, detailed bal-
ance holds: 7(z)P(z,2") = n(2")P(Z, z), which
makes P symmetric in L*(T).

(35)

Proof. According to the definition of Markov oper-
ator P in E.2, we have:

(Pf, ) =D m(2)(Pf)(z) 9(2) (36)
=D 7(2) P(z2) f()g(z) (7
=) (@) P(,2) f(Z)g(z) (38)

z,2!

= "w(Z) f()_ P(,2) g(2)

Zl

(39)
(40)
O

=(f, Pg)x
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Since |Z| = K < oo, the finite-dimensional
spectral theorem for self-adjoint operators yields
a real orthonormal eigenbasis {5 }5 | of L?(r)
with eigenvalues 1 = Ay > Ao > -+ >
and spectral gap 1 — p where p := maxy>2 | Ag|:

P = M@y (Ok> )7 = Ok (41)
Further, for mean-zero f:
<fa ‘Pl>7r = <f71>7r :Eﬂ'[f(Z)] =0 42)

which means f has no component along ;. Its
expansion uses only k > 2:

F=>"arpr,

k>2

ar = (f, ox)r (43)

F Proof for Spectral Correlation Decay
Lemma

Proof. At stationarity (z5 ~ ), the Tower Property
tells:

E[f(2) 9(25)] = E[E[f () | 2] - g(2s5)] (44)

Note that the inner expectation is the 7-step predic-
tion: for a fixed starting state z; = z, the expected
value of f(z) after 7 = t — s steps is exactly

(PT1)(2):

(PTf)(2) = E[f(2t) | 25 = 2] (45)
Therefore:

E[f(2t) 9(25)] = E[(P7f)(2s) 9(2s)] (46)

=Y 7z 2)g(z) (47)

_(PF. ) (48)

Then we expand f, g by the orthonormal eigen-
basis:

(49)

F=> akpr,g =Y brpr,

k>2 k>2

Using the orthonormality (¢, @;)x = Okj, We
further simplify (P7 f, g)r:

(PTf, g)x <Zamwk,2@%> (50)

k>2 §>2

:Zak)\kbk

k>2

(5D

Then we bound it:

(PTf.9)x| = | axribe (52)
k>2
< lagl Ml Bkl (53)
k>2
<pT Y k| |bkl (54)
k>2
Applying the Cauchy-Schwarz Inequality:
S arl bl < D larl? Dok (55)
k>2 k>2 k>2
= 1fllz2m 191l L2 () (56)
Now combining all together:
|ELf () 9(zo)l| < P N 2mllgllrzqy (5T
=" £l L2y lgll L2y (58)
[

G Proof of the Gradient Locality
Theorem

Proof. For clarity, we drop the layer/head super-
scripts in the following derivation. First, we bound
the gradient:

< |Gt - vs| + |Gt - vy

‘ oL (59)

8ets

Then we consider how to bound E[|G; - vs|].
Applying the Tower Property:

E[G; - vs] = E[E[G¢|z] - Elvg|zs]] (60)
=E[p(z) - ¥(2s)] (61)
where we define:

¢(2) = E[Gt|z = 2], ¢(2) = Elvs|zs = 2]

(62)
According to Assumption 4.4:

Er[¢(2)] = Y m(2)6(2) (63)
=Y Pz = 2)¢() (64)
= E[¢(z)] = E[E[Gt]z = 2] (65)
=E[G] = E[[Gt‘mlztﬂ =0 (66)
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Similarly, centering ¢/ does not change the covari-
ance (since E[¢(z;)] = 0). Both ¢ and v are mean-
zero functions on Z.

Then applying Lemma 4.5:

[E[G - vs]| = [E[p(21) - ¢(2s)]] (67)
<o @l 2l (68)
< BgByp' (69)

Applying the same bound to the v; term, which
satisfies ||—v;|| < By as a convex combination:

oL
g(r) = EH o

} < 2BgBy pT =C'e W,
(70)

where C' = 2B By and W = O

logp
H Proof for Token Autocorrelation Decay
Define the centred indicator feature f,(x) :=

1[z = v] — m(v) and the w-weighted autocorre-
lation at lag 7:

Cov(fu(xt), folTisr
) - 5 e )

For the numerator Cov( f,(xt), fo(xtyr)), we ex-
pand it as:

p (71)

v

Elfo(zt) fo(err)] = Elfo(z)|E[fo(ze1r)] (72)
Considering the expectation of f,(z):
E[fo(2:)] = E[1fz; = v] —w(v)]  (73)
=m(v) —m(v) =0 (74)
Therefore we can further simplify:
5(7) = ZTF(U)E[fU(xt) fo(@gr)] (75)

m(v)(1 = 7(v))

In the HMM, tokens are conditionally indepen-
dent given their latent states: x; L x| 2, Zt4r-
By the tower property:

E[fu(2t) fo(2esr)] (76)
= E[E[fv(x) | 2t] - E[fu(2) | Zt-i-T]] (77)
= E[¢uv(2t) - o (2t41)] (78)

where 6,(2) = E[f,(2)|2] = P(z = v]2) - 7(v)
is a mean-zero function of z:

Er[¢o(2)] = Ex[P(z = v|2) — 7(v)] (79
=Y 7(2)P(x =v|z) —m(v) (80)

8D

Since both ¢, (z;) and ¢, (244, ) are mean-zero,
we can apply Lemma 4.5 directly:

’E[va(zt) : d’v(ZtJrT)H < ||¢v||%2(7r) (82)

where p = Ag is the second-largest eigenvalue of
the latent transition matrix P. Now we can bound
the autocorrelation:

) = Swto) SRR @
B 1
=720 - ()

Conclusion. Observing p(7) ~ C p” with p < 1
in the corpus confirms that the latent chain has
spectral gap 1 — p > 0, which is exactly Lemma
4.5’s hypothesis.

I Discussion of Attention Gradient Decay
in Pre-training Stage

Theorem 4.6 rests on Lemma 4.5, which holds for
any ergodic Markov chain with a spectral gap: a
property of the data-generating process, not spe-
cific to CoT structure, which is also observed in
general pre-training data corpus.

Consequently, the gradient locality bound
g(1) < C"e™/W applies to any training corpus,
including general pre-training data. The severity
of routing collapse is governed by the mismatch
AW = Weorr — Werad: how far the data demands
the model to attend vs. how far the gradient actu-
ally reinforces it. For general pre-training corpora,
this mismatch is smaller than for CoT, so routing
degrades more slowly but by the same mechanism.

For hybrid architectures, however, even the
slower pre-training erosion meaningfully reduces
available recall capacity before fine-tuning begins,
leaving the model closer to the threshold. The
hybrid architecture’s vulnerability therefore origi-
nates during pre-training and is further amplified
by CoT fine-tuning.

J Proof for the Routing-Extraction
Gradient Decoupling Theorem

Proof. From Equation 7, we have:

T
Va.mL = fzag‘ TRl (85)
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where b/ is the corresponding KV head. Then con-
sidering its Frobenius norm:

oo | | = |||l
(86)
< C'BkByp" (87)
=Cr-p" (88)
via Theorem 4.6 and bounded norms ||ks|| < B,
[hel| < B

For the Exctraction Parameters, the value vec-
tor vs = Wy hg enters the loss through o, =
> s Atsvs. Accumulating all downstream depen-
dencies:

(89)

oL
8’05 = Z Ats Gt
t>s

Now we assume that A;, > 64 > 0 for all s and
E[||Gs|]] > ¢¢ > 0 for all s:

E{ oL

oy
K Training Data and Configuration
Details

} > E[Ay||Gsll] > 6aca >0 (90)

O

For HypeNet, we conduct both the pre-training and
SFT.

Pre-training Data. Since we mainly focus on the
long-context recall and math reasoning ability, dur-
ing the pre-training stage, we mix the FineWeb-Edu
(Lozhkov et al., 2024) and UltraData-Math (Zhou
et al., 2026). Following observations from recent
pretraining studies that maintain web corpora as
the dominant source while increasing structured
reasoning data (Allal et al., 2025), we construct a
mixture with 80% general web data and 20% math-
focused data. Prior evidence indicates that web-
scale corpora preserve broad linguistic and factual
competence, while specialized mathematical cor-
pora improve reasoning and STEM performance.
Pre-training Config. We adopt the 3-stage training
for HypeNet, keeping the same setting in Chen et al.
(2026), shown in Table 5, Table 6, and Table 7.
SFT Data. To further improve the model’s math
reasoning performance, we conduct CoT-SFT with
MiroMind-M1 dataset (Li et al., 2025a), which
is collected from OpenR1 (Hugging Face, 2025),
Open-thoughts (Guha et al., 2025), Light-R1 (Wen
et al., 2025), and Synthetic-1 (Mattern et al., 2025).
SFT Config. The detailed configurations are
shown in Table 8 and Table 9.

L Evaluation Details

For evaluating NIAH, we apply LM Evaluation
Harness? (Gao et al., 2024) for official test. For
evaluating MATHS500 and GSMSK, we report aver-
age pass@1 over 16 independent generations and
Maj@16 (i.e., majority vote as the final prediction)
per problem. In detail, for MATHS00, the genera-
tion length is 8,192; for GSM8K, we set it as 2,048,
since it is easier. For LiveCodeBench, we report
the average pass@1 over 8 independent generations
with 16,384 response length.

M Analysis on Pure Softmax-Attention
Model

Our main experiments concentrate on the hybrid
models, and in this section, we explore whether
SFT can degrade the pure softmax-attention models
as well. We include Qwen2.5-3B, Qwen2.5-7B
(Qwen et al., 2025) and Misrtral-7B-Instruct-v0.3
(Jiang et al., 2023) for investigation. We include
the details on how we identify the top layers for
retrieval in Appendix N.

Analysis. Table 10 shows that for Mistral-7B, it
exhibits strong sensitivity to SFT at longer con-
texts. SFT causes severe degradation on NIAH-
Single-3 at 64K, dropping from 81.0 to 4.80, sug-
gesting a breakdown of long-range retrieval. QK-
RESTORE recovers this degradation limitedly, indi-
cating weaker long-context representations in the
pre-trained model.

Attention Gradient Decay

=
(U]
© 10734 CoT (post-SFT)
; Gen (pre-SFT)
T
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§ 10
©
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5 10
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Figure 7: Attention gradient decay on Qwen2.5-3B. We
observe a different pattern from the exponential decay
of HypeNet.

For Qwen2.5-7B and Qwen2.5-3B, long-context
performance is highly stable across NIAH-Single-2
and Single-3. SFT induces only minor fluctuations

Zhttps://github.com/EleutherAl/
1lm-evaluation-harness
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Table 5: Pre-Training Configs for HypeNet-2B

STAGE | TOKENS LR LR SCHEDULER CONTEXT LEN. BATCH TRAINING STEPS
1 320M le-3 — le-5 Cosine 512 32 20,000
2 1B le-4 — le-5 Cosine 512 96 20,000
3 1B le-5 Constant 16,384 128 500
Table 6: Pre-Training Configs for HypeNet-5B
STAGE \ TOKENS LR LR SCHEDULER CONTEXT LEN. BATCH TRAINING STEPS
1 320M le-3 — le-5 Cosine 512 32 20,000
2 1B 5e-5 — le-5 Cosine 512 96 20,000
3 1B le-5 Constant 16,384 128 500
Table 7: Pre-Training Configs for HypeNet-9B
STAGE | TOKENS LR LR SCHEDULER CONTEXT LEN. BATCH TRAINING STEPS
1 320M le-3 — le-5 Cosine 512 32 20,000
2 1B 3e-5 — le-5 Cosine 512 96 20,000
3 1B le-5 Constant 16,384 128 500

Table 8: SFT Configs for 2B scale model

LR LR SCHEDULER CONTEXT LEN. BATCH TRAINING STEPS

16,384 128 100

le-5 Constant

Table 9: SFT Configs for 5B, 9B scale model

LR LR SCHEDULER CONTEXT LEN. BATCH TRAINING STEPS
16,384 128 100

le-5 — le-6 Cosine

Table 10: NIAH on pure softmax-attention models.

MODEL METHOD NIAH-SINGLE-2 NIAH-SINGLE-3
32K 64K 32K 64K
Qwen2.5-7B  Pre-train 100.0 958 99.8  98.6
+SFT 100.0 92.6 99.8 994
Qwen2.5-3B  Pre-train 100.0 94.6 100.0 99.6
+SFT 100.0 93.8 100.0 90.8
+QK-RESTORE | 100.0 93.8 100.0 934
Mistral-7B Pre-train 99.8  90.2 99.8  81.0
+SFT 99.6  59.6 658 4.80
+QK-RESTORE | 99.8  62.0 70.0 5.40

(e.g., Qwen2.5-7B drops from 95.8 to 92.6 at 64K),
indicating that these models already learn robust
long-context retrieval during pre-training. Accord-
ingly, QK-RESTORE yields only marginal gains,
consistent with a near-saturation regime where lit-
tle capability is lost. To investigate the underlying
mechanism, we measure the attention gradient de-
cay on Qwen2.5-3B, shown in Figure 7. Unlike
HypeNet-2B, whose full-attention layers exhibit a
well-fitted exponential decay, it has a clear near-
flat tail. We hypothesize that long-context recall in

pure softmax-attention models is maintained struc-
turally, via the abundance of full-attention layers.

N Method of Identifying Retrieval Layers
in Pure Softmax-Attention Models

To identify which softmax-attention layers are pri-
marily responsible for long-range retrieval, we con-
duct a leave-one-out ablation study over the set
Lattn. For each layer ¢ € L,ttn, we construct an
ablated model M (9 by setting Wé = Wi =
0. Each ablated model is evaluated on several
retrieval benchmarks (Ruler-QA-SQuAD (Hsieh
et al., 2024), FDA (Arora et al., 2023), SWDE
(Lockard et al., 2019)). The importance score of
layer /¢ is defined as:

Recall(f) = S(M) — S(M9),

where S(-) denotes the average retrieval accuracy
across benchmarks. A large dRecall(¢) indicates
that layer ¢ contributes disproportionately to re-
trieval and that its routing weights are critical;
a near-zero score indicates redundancy. Layers
are ranked by JRecall in descending order, and
the top-k layers are selected as the target set for
weight restoration. In our experiments, we keep
k = Lattn/4 as the same as in HypeNet.

O Details of deriving QK-PRrRO

The bilinear constraint WéeWW}?WT = Ry has
no closed-form joint solution, so we linearise by
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fixing one factor to its pre-SFT value, making the
remaining problem a standard constrained least-
squares system solvable via Lagrange multipliers.

We fix Wi = W', find minimum-deviation
W

min
new
WQ

st WEYWENT = Rppe (92)

new post
Wo  —Wo |,

€2V

Then applying the Lagrange multipliers:

L=||X—-wW5. +tr(AT(XWEYT — Rpe))
93)

Taking the derivative 9£/0X = 0, and we get:

Wécw _ Wgos(, + (Rprc _ W(sostw};re'r) (Wp'reWI;éreT + )\I)le};‘)'re

K (94)
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