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Abstract

Linear probes are widely used in interpretabil-
ity research and often compared by cosine
similarity. 'The Mahalanobis cosine simi-
larity (MCS) between two directions, which
reweights the inner product by test data co-
variance, is a natural task-aware refinement.
Ying et al. (2026) report a nearly perfect lin-
ear relationship between a probe’s MCS to a
reference probe trained on out-of-distribution
(OOD) data and its OOD AUROC (R?=0.98).
Here, we extend this empirical finding across
models, layers, and concept domains, and prove
it in closed form: For balanced classes whose
projections are Gaussian, OOD AUROC and
MCS to the reference probe are near-linear be-
cause both are sigmoid-shaped functions of the
probe’s signal-to-noise ratio (SNR) on the test
data. The theory also predicts when this lin-
earity fails, which we verify empirically. MCS
offers a theoretically grounded and empirically
effective alternative to Euclidean cosine simi-
larity for comparing linear probes.

1 Introduction

Linear probes are powerful interpretability tools
(Alain and Bengio, 2016; Belinkov, 2022; Marks
and Tegmark, 2023), but their transfer behavior is
notoriously brittle: they often fail to generalize to
closely related datasets, and break dramatically un-
der subtle shifts such as negation or prompt-format
changes (Hewitt and Liang, 2019; Levinstein and
Herrmann, 2024; Orgad et al., 2025). Understand-
ing which probes generalize, and why two probes
that look similar on one distribution diverge on an-
other, requires a principled way to compare them.
Ying et al. (2026) compare a probe wiq trained
on an in-distribution (ID) task with a reference
probe wyoq trained on an out-of-distribution (OOD)
task. They find a nearly perfect linear relation-
ship (R?*=0.98; Fig. 1) between the OOD AUROC
of the ID probe wiq and the Mahalanobis cosine
similarity (MCS) between the two probes, which
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reweights the inner product between the two probes
by the OOD data covariance. However, this was
shown only for one model on truthfulness datasets,
and such near-perfect linearity demands a theoreti-
cal explanation.

Empirically, we replicate and substantially ex-
tend this regularity (Tab. 1). The near-linear
AUROC-MCS relationship holds across models
(L1ama-70B, L1ama-8B, Qwen-7B), across layers
(20-65 of L1ama-70B), and across 24 datasets from
three concept domains (truthfulness, gender clas-
sification, and general NLP benchmarks), with
R?>0.93 in every condition. By contrast, the stan-
dard Euclidean cosine similarity (ECS) drops to as
low as R2=0.06 (§3). Intuitively, ECS treats all
dimensions equally, but only the dimensions where
the data varies affect probe performance. MCS
reweights the inner product by OOD data covari-
ance, thus comparing probes in the subspace that
actually matters for generalization performance.

Theoretically, we prove this linear relationship.
Under balanced classes and per-class projection
Gaussianity, both the ID probe’s OOD AUROC
and its MCS to the OOD probe are S-shaped func-
tions of the ID probe’s signal-to-noise ratio (SNR)
s on the OOD task: AUROC is the Gaussian CDF
®(s/+/2) in s, and MCS is a softsign function that
converges to s/1/(4 + s2) with moderately large
Fisher distance zpax (Fig. 2a,b). Composing the
two, where each S-shaped inverts the other’s curva-
ture, cancels out the S-shape, leaving a near-linear
AUROC-MCS curve (§4; Fig. 2c).

The theory also predicts when the linearity fails:
small z,.x, class imbalance, non-Fisher reference
directions like difference of means, or using pooled
covariance instead of the total covariance. We ver-
ify each failure mode in simulations or on real
activations (§5; Fig. 3).

Most ingredients of the proof here are textbook
(Fisher, 1936; Green and Swets, 1966; Chatfield,
2018), and MCS itself is not new (Bolme et al.,
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(a) Linearity between OOD AUROC and MCS (b)
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Figure 1: Mahalanobis cosine similarity (MCS) linearly tracks generalization performance. (a) AUROC is a
near-linear function of MCS across heterogeneous tasks (R%=0.98). (b—c) The generalization AUROC heatmap and
the MCS heatmap share structure almost entry-for-entry. Reproduced from Ying et al. (2026)

2003; Iacovacci et al., 2020). The closest theo-
retical neighbor is Agreement-on-the-Line (Miller
et al., 2021; Baek et al., 2022, 2025), which uses
the same covariance-projected cosine to predict ac-
curacy linearity between classifiers. Our contribu-
tions are: 1) derive a closed-form relation between
a probe’s OOD AUROC and its MCS to the OOD
Fisher direction; 2) explain the near-universal slope
through matched saturation of AUROC and MCS
with SNR; 3) identify total, rather than pooled,
covariance as the geometry underlying this near-
linearity; and 4) predict and empirically validate
its failure modes. See App. A for extended related
works.

Together, MCS offers a theoretically grounded
task-aware alternative for comparing linear probes.

2 Mahalanobis Cosine Similarity

Let X € R? be a feature vector and Y € {0,1}
a binary label. We analyze the OOD behavior of
a fixed direction wjq trained on some ID task. A
linear probe assigns the score w' X + b; we omit
the intercept, which affects neither AUROC nor
the score correlations considered below. We com-
pare a fixed ID-trained direction w;q with a ref-
erence direction w,eq trained on the target OOD
task. Unless otherwise stated, all moments refer to
this target OOD distribution, with total covariance
Yot := Cov(X).

Euclidean and Mahalanobis cosine similarity.
For nonzero directions u, v € R, Euclidean cosine
similarity (ECS) is:

UTU

ECS(u,v) == ————. (D
[ull2[v]l2
We define Mahalanobis cosine similarity (MCS)

as:

T
U DotV

MCSsy,,, (u,v) :=

- \/UTEtotu\/UTZtotv

)

so the comparison depends on the total covari-
ance Yot Of the target distribution rather than only
on the coefficient vectors.

This choice has a direct interpretation: MCS
is equivalent to the Pearson correlation between
the two probes’ scores on the target data. Since
Cov(u' X,v" X) = u' Biorv, we have:

MCS(u,v) = Corr(u' X,v' X). 3)

ECS, by contrast, compares coefficients without
accounting for target-data variances. For example,
coefficient components along directions with zero
OOD variance do not contribute to MCS, although
ECS treats them the same as any other direction.

Relationship to Mahalanobis distance. Note
that the weighting in MCS is the opposite of that
used in Mahalanobis distance, which normalizes
data points using X ~'. Here, we compare probe
weights in the dual space rather than data points
in the primal space. We transform data and probe
weights inversely, and thus the projections onto the
probe are preserved before and after the transfor-
mation, as desired.

3 Empirical evidence

Design. We use Llama-3.3-70B at residual-
stream layer 33, with mean-pooled activations over
response tokens following Ying et al. (2026). To
test generality, we additionally evaluate at layers
{20,50,65} of L1ama-3.3-70B, at middle layers
of Llama-3.1-8B and Qwen2.5-7B (Qwen et al.,
2025; Grattafiori et al., 2024). We use datasets
across three domains exhibiting rich generaliza-
tion patterns: ten truthfulness datasets, six gender
classification datasets, and eight general NLP clas-
sification datasets. See App. B for details.

We train logistic-regression probes for each task,
denoting the ID- and OOD-trained directions by
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Condition R?>(MCS) R? (ECS)
Llama-70B, L33, truth 0.980 0.441
Layers (L1ama-70B, truth)
layer 20 0.990 0.628
layer 50 0.963 0.422
layer 65 0.976 0.446
Domains (L1ama-70B, L33)
Gender classification 0.976 0.723
General NLP benchmarks 0.936 0.057
Models (truth)
Llama-3.1-8B 0.935 0.530
Qwen2.5-7B 0.994 0.656

Table 1: Linear-fit R? of held-out AUROC against
Mabhalanobis vs. standard Euclidean cosine similarity
(MCS vs. ECS), across layers, domains, and model fam-
ilies and sizes. MCS dominates ECS in every condition.

wiq and weeq, respectively. For each (ID, OOD)
pair, we split the OOD data into disjoint training
and test halves. On the training half, we fit wqoq, €s-
timate ¢, and compute the MCSy,,,, (Wid, Wood)-
On the test half, we evaluate the empirical AUROC
of wiq. This keeps AUROC evaluation separate
from OOD probe fitting and moment estimation.

Results. We show that the OOD AUROC of wiq
is a near-linear function of MCSs,_, (wiq, Wood)>
with R2>0.93 for all conditions tested (Fig. 1a,
Tab. 1). ECS is substantially worse: R? drops
to 0.06 in the worst condition. Fig. 1b—c shows
that the structure of the generalization-AUROC
heatmap (every (train, test) pair on the truthfulness
benchmarks) is mirrored almost entry-for-entry by
the MCS heatmap. See Fig. 4, 5 and Tab. 2 in
App. C for the generalization performance, MCS
and ECS plotted against AUROC, and robustness
to Xiot estimators (full sample, Ledoit—Wolf, and
per-coordinate diagonal) across all conditions.

4 Theory

4.1 Setup

We retain the notation of §2. All distribu-
tions and moments below refer to the target
OOD task. For ce{0,1}, let p.=E[X|Y=(],
Yo=Cov(X|Y=c). Then define the mean dif-
ference and pooled within-class covariance by:
§:=p1 — po and Tpoo1:=3 (o + 7).

Assumption 1 (Balanced nondegenerate moments).
Pr(Y=0)=Pr(Y=1)=3, %, %10, §£0.

These conditions establish the covariance geometry
and nonzero Fisher direction that later allow MCS

to be expressed in terms of the signal-to-noise ratio
and the Fisher distance.

Assumption 2 (Projection Gaussianity). For each
direction w used in an AUROC statement below, the
projectionw' X | Y =c is Gaussian for ¢ € {0,1}.

This assumption is much weaker than joint Gaus-
sianity of X, and is plausible for non-Gaussian
distributions in a high-dimensional space by pro-
jection concentration (a Diaconis—Freedman-style
central limit theorem for one-dimensional projec-
tions).

Empirically, the per-class projections are largely
normal (Fig. 7), and simulations show the linearity
survives clearly non-Gaussian projections (Fig. 8).
Since the empirical projections are Gaussian, we
retain this assumption for simplicity.

For any nonzero direction w € R?\ {0}, we
define TS

VT Epeew

For simplicity, we abbreviate the candi-
date probe’s OOD signal-to-noise ratio as
s:=SNR(wiq).

The maximum achievable SNR is the Fisher dis-

SNR(w) = 4)

tance Zpmaz = 1 /5TE;01015 , attained by the Fisher
e LDA ._ y—1
direction w7 = Epool5

While our theory uses the OOD Fisher discrimi-
nant direction wg;(l?[iA because it admits the closed-
form analysis developed below, in the empirical
experiments, we use the OOD logistic-regression
direction w};(ffi for consistency with the probe-
training procedure used throughout the paper. The
two reference directions yield closely aligned sim-
ilarities: MCS(wigq, wER) ~ MCS(wiq, wEPA)
across all settings (Fig. 11; App. 1), and their corre-
sponding AUROC-MCS regressions produce sim-
ilar R? values (Tab. 2; App. C). These support
using the Fisher direction for the theoretical deriva-
tion while applying its conclusions to the logistic-

regression probes in our empirical analyses.

4.2 Background results

Our proof will reduce the high-dimensional rela-
tionship between probe geometry and OOD per-
formance to two scalars: the ID probe’s SNR s on
the OOD data and the target OOD task’s Fisher
distance (zmax). Three classical results make this
reduction possible. The first decomposes the covari-
ance used by MCS, the second expresses AUROC
in terms of s, and the third characterizes the OOD
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Figure 2: Theory matches empirical data without free parameters. Across panels, empirical points largely lie
on the theory prediction. (a) The AUROC-SNR curve shows the sigmoid shape of Lemma 2. (b) The MCS—SNR
curve shows the soft-sign shape of Theorem 1. (¢) Eliminating SNR, the AUROC-MCS curve shows a near-straight
line that bends only in the top-right corner, matching the empirical data well.

reference direction and z,.x. We state these results
here and defer their textbook proofs to App. E.

Lemma 1 (Covariance decomposition). Under As-
sumption 1, Yo = Cov(X) = Xyl + i&ST.
This decomposition shows how class separation en-
ters the covariance geometry used by MCS: X,
captures within-class variability, while i&sT cap-
tures variability between the class means.
Lemma 2 (Binormal AUROC). Under Assump-
tions 1-2, AUROC(w)=®(SNR(w)/v/2), where
D is the standard Gaussian CDF, for any w+0.

This result requires only Gaussianity of the one-
dimensional projections, not joint Gaussianity of
X or equal class covariances. It reduces the OOD
performance of wiq to a sigmoid-shaped function
of the single scalar s.

Lemma 3 (Fisher’s discriminant). Under Assump-
tion 1, SNR?(w) is maximised on R? \ {0} by any
nonzero scalar multiple of wooq = YL 5, with

: pool
=621 5, where zyax is

. 2
maximum SNR z pool

max
known as the Fisher distance.
This is the standard Rayleigh-quotient result of
Fisher (Fisher, 1936). Together, these three lemmas
allow us to express both MCS and AUROC in terms
of s and zyax-

4.3 Closed form for the Mahalanobis cosine

The Mahalanobis cosine between an arbitrary di-
rection w;q and the Fisher direction w,,q admits a
closed form in two scalars: the SNR of w;q and the
Fisher distance zy,ax of the OOD task.

Theorem 1 (Closed form for MCSy;, ,). Under
Assumption 1, for any wiq with ngpoolwid >0

and zZmax > 0,
s 1+ lz?n «
T (5)
Zmax 1+ 1S

MCSs,., (Wid, Wood) =

where s .= SNR(wiq). Moreover, in the large-
Fisher-distance limit,

lim NICSZmt (8) =

Zmax—>00

s
Vi + 2
the softsign function: bounded in (—1,1), nearly
linear near s=0, and saturating to £1 as |s| — oo.

(6)

The proof is a direct computation of the three
quadratic forms in (2) using Lemma 1 (App. F).
The derivation uses only standard objects from the
LDA literature. However, the resulting identity has
not been written down explicitly, perhaps because
the link between probe transfer and the dependence
of MCS on SNR had not been studied before.

The algebra here is basic. What matters is

the shape. On (—Zzmax, Zmax)s MCSy,,, ()
is odd, strictly increasing, and satisfies
MCSy,, (£2max)= £ 1. As  Zmax—00,

MCSy,,.(s) is exactly a softsign shape (Eq. 6;
Fig. 2(b)).

4.4 Why AUROC is linear in MCS, with
task-independent slope

Lemma 2 and Theorem 1 together imply that for
a fixed OOD task (fixed zmayx), both AUROC and
MCSy,,, are monotone functions of the signal-to-
noise ratio s, tracing a parametric curve indexed
only by zmax (Fig 2a,b). Two facts make this curve
a near-linear law with a universal slope.

(i) Fixed z,,x: saturations cancel. Differentiat-
ing the parametric curve at any s gives:

d AUROC  ¢(s/v2) (1 + s?/4)%/? N

d Mcsztot 2/Z1?Ilax + 1/2 7
where ¢ is the standard Gaussian density (full
derivation in App. G). The two s-dependent fac-
tors are opposed in |s|: as |s| grows, ¢(s/v/2)
shrinks (the AUROC sigmoid saturating) while
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(145%/4)3/2 grows (the MCS softsign saturating).
Their product is therefore much flatter than either
factor alone, so the local slope stays close to its
central value over the bulk of MCSy, , € (—1,1),
as shown in Fig. 2c and 9b.

The cancellation is not exact: as | MCSy,, | —
1, the Gaussian factor decays faster than the poly-
nomial grows, and the local slope drops toward 0
(both data and theory at top-right of Fig. 2c flatten).
Also see Fig. 9 in App. G for the full local slope
curve: the slope is between 0.539 and 0.629 for
| MCS | < 0.75 and then quickly drops towards 0
when | MCS| > 0.75.

(ii) Per-task slope is universal. The slope in
Eq. 7 factors as h(S) - g(zmax ), Where h(s) captures
s-dependence and ¢(zmax)=1/1/2/22,« +1/2
captures task dependence. At zpmax>20, which
holds in all empirical conditions (Tab. 3), g(zmax)
lies within 0.5% of its limit. Therefore, the per-task
AUROC-MCS curve aligns with the zpyax—00
limit curve to within 0.5%. At s=0, this limit curve
has central slope h(0) - g(oc0)=1/+/7 (App. G),
and the empirical slopes across all conditions lie
slightly below 1/+/7 (Fig. 10; App. G), since the
tail sampling drags the global slope down from its
central value.

5 When does the linearity break down

Our theory predicts that the AUROC-MCS linear-
ity holds when: a) MCS is computed against >,
not Y015 b) the Fisher distance zyax is large; ¢)
class proportions are roughly balanced; d) the OOD
probes are close to the optimal Fisher direction.
Each assumption can fail in practice. Fig. 3 shows
what each violation does to the linearity.

(a) Wrong covariance. Using ¥, instead of
Yot turns MCS into s/zpyax exactly, so AUROC
becomes a sigmoid in MCS rather than a line (see
App. H for derivation). On the main experiment
data, the linear fit R? drops from 0.98 to 0.83.

(b) Non-Fisher probe. The theory does not hold
if OOD probes deviate too much from the opti-
mal Fisher directions, for example, for the com-
monly used difference of means probe (Marks
and Tegmark, 2023). On the same empirical data,
the diffmean probe gives a markedly lower R? of
0.79. This delimits the law: it holds for Fisher-
style probes (LR, LDA, shrinkage variants), not for
diffmean-style probes.

(@) Use Zpooled instead of Ziorar
Real data, R? = 0.830

(b) Non-Fisher probe (diffmean)
Real data, R? = 0.790
= 1.0
- ¥
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Figure 3: Failure modes. Each panel illustrates a viola-
tion of an assumption in §4, and the linearity breaks.

(c) Small Fisher distance. For small 7., the
slope of the MCS formula does not saturate, so
each task is in its own near-linear regime with its
own slope. Synthetic Gaussian data at zpmax €
{0.1,0.5,1,2} exhibits a clear fan of per-group
slopes spanning a large range. The LLM data is
unaffected because zy,,x>20 on every tasks (see
Tab. 3; App. C). The linear fit is tight for each
group, but taken together, the R? drops to 0.666.

(d) Class imbalance. The balanced-class factor
1 in the MCS formula generalises to (1 — ),
so the AUROC-MCS slope steepens as m moves
away from % (App. H). Synthetic data at w7 €
{0.5,0.1,0.02,0.004} shows monotone steepen-

ing. The R? drops to 0.84 in this case.

6 Discussion

Our results suggest that Mahalanobis cosine simi-
larity is a theoretically sound alternative to standard
Euclidean cosine similarity (consistent with recent
arguments for non-Euclidean inner products (Park
et al., 2024)). This also points to a broader research
direction: many interpretability methods that cur-
rently rely on cosine similarity may benefit from
the Mahalanobis alternative (steering-vector com-
parison, SAE feature alignment, concept-direction
clustering, data filtering, data attribution, etc.). Fu-
ture work can use unsupervised methods like CCS
(Burns et al., 2023) for the OOD direction, enabling
fully label-free prediction of probe generalization.

21797



Limitations

Our results have several limitations. First, com-
puting MCy;, , requires estimating wgoq and ¢
from labeled OOD data; the method is training-
free for the candidate probe wjq but not label-free
for the target distribution. Second, the theory is
calibrated to Fisher-style probes (LR, LDA); for
difference-of-means probes the linearity degrades
markedly (Fig. 3b), and a closed form for non-
Fisher references remains open. Third, our evalua-
tion is confined to binary classification on residual-
stream features of autoregressive LLMs; multiclass
probes, attention/MLP features, and non-LLM ar-
chitectures are untested. Fourth, the law is funda-
mentally approximate: the per-task total slope is
close to 1/4/7 and the local slope goes to 0 at the
extreme. Finally, the theory assumes per-class pro-
jection Gaussianity; while this holds empirically
for most directions (Fig. 7) and the linearity sur-
vives clear violations in simulation (Fig. 8), formal
guarantees do not extend to heavy-tailed projec-
tions.

Risks. We do not foresee risks specific to this
work; it is a theoretical analysis of an existing sim-
ilarity measure.
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A Extended related works

Linear probes and their generalization. Linear
probes are a standard interpretability tool (Alain
and Bengio, 2016; Belinkov, 2022), used to read off
concepts such as truthfulness (Marks and Tegmark,
2023), but often degrade under distribution shift
(Hewitt and Liang, 2019; Levinstein and Her-
rmann, 2024; Orgad et al., 2025). Prior work pre-
dicts linear-classifier generalization from geomet-
ric properties of the representation—kernel-target
alignment (Cristianini et al., 2001), spectral rank
(Garrido et al., 2023), and neural-collapse statis-
tics (Papyan et al., 2020; Galanti et al., 2021)—but
these score whole representations rather than indi-
vidual probe directions. The near-linear AUROC-
MCS relationship we explain was reported empiri-
cally by Ying et al. (2026) on truthfulness datasets;
we prove it, characterize when it fails, and verify it
across models, layers, and domains.

Classical statistical machinery. Our theory com-
poses three textbook results: Fisher’s linear dis-
criminant (Fisher, 1936), the binormal AUROC for-
mula (Bamber, 1975; Green and Swets, 1966; Han-
ley and McNeil, 1982), and the within—between
covariance decomposition underlying MANOVA
(Wilks, 1932; Chatfield, 2018). None is novel in
isolation; the contribution lies in composing them
into a closed-form quantity computable from a can-
didate probe direction together with two target-task
moments.

Agreement-on-the-Line. The closest theoretical
neighbor is the Agreement-on-the-Line framework
(Miller et al., 2021; Baek et al., 2022, 2025), which
proves a linear ID-to-OOD relationship for probit-
scaled accuracy and agreement rates between linear
classifiers under Gaussian data. Baek et al. (2025)
parameterize this relationship by a similarity that
is algebraically the Mahalanobis cosine of Eq. (1).
We differ in (i) targeting threshold-free AUROC,
which admits the closed form of Theorem 1; (ii)
showing OOD performance is near-linear to a sin-
gle geometric quantity against the OOD Fisher di-
rection, with no ID baseline; and (iii) identifying
the universal slope around 1/+/7 from the AUROC—
MCS saturation cancellation, which has no analog
in the AOL line.

Mahalanobis cosine as a similarity for direc-
tion comparison. The most direct precursor of
our setup is Bolme et al. (2003), who introduced
"Mahalanobis cosine" as a similarity measure in

PCA-whitened face-recognition pipelines. Iacov-
acci et al. (2020) reused the same expression for
inferring omics networks. Both works treat MCS
as a similarity score to be evaluated empirically
against task performance; neither expresses MCS
in closed form as a function of probe SNR and
task Fisher distance, and neither links it to AU-
ROC. Our contribution in §4 is to make precise
why MCS works as a direction-comparison similar-
ity for classification — in a closed form (Theorem
1) whose composition with the binormal AUROC is
task-calibrated and near-linearly related to held-out
performance.

Non-Euclidean geometry of LLM representa-
tions. Park et al. (2024) also argue against Eu-
clidean cosine on LLM representation space and
propose a "causal inner product" derived from
counterfactual considerations on the unembedding
space. Their specific instantiation whitens by the
covariance of unembedding token vectors, a single
global matrix per model. Our X, is a per-task
activation covariance computed on the OOD train
data, and operates in the residual-stream embed-
ding space rather than the unembedding space.

B Experimental details

B.1 Computational resources.

All experiments are done on local L40S and A40.
Experiments require 4 GPUs to run for about 10
hours. We use Huggingface and NNsight to ex-
tract activations (Wolf et al., 2020; Fiotto-Kaufman
et al., 2024). The logistic regression probe is im-
plemented with Pedregosa et al. (2011).

B.2 Model and probe details

Models. We use Llama-3.3-70B,
Llama-3.1-8B, and Qwen-2.5-7B (Grattafiori
et al., 2024; Qwen et al., 2025). We use layer 15
and layer 19 for L1ama-3.1-8B and Qwen-2.5-7B
following Ying et al. (2026).

B.3 Dataset details

Truthfulness datasets. We use ten total truthful-
ness datasets: five fundamental truth types from
the FLEED dataset (definitional, empirical, log-
ical, fictional, and ethical truth) (=8k samples),
sycophantic lying (=4k samples), expectation in-
verted lying (=600 sample), and three on-policy
deception datasets (roleplay (371 samples), insider
trading (1.5k samples), and sandbagging (1k sam-
ples)) (Scheurer et al., 2023; Benton et al., 2024;
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Goldowsky-Dill et al., 2025; Ying et al., 2026). For
Qwen-2.5-7B, we don’t have the three on-policy
deception datasets. Therefore, it is evaluated only
on 7 datasets.

Gender classification datasets. We use six gen-
der classification datasets: PAN17 (Martinc et al.,
2017), CrowdFlower Twitter gender classification
(Eight, 2016), HappyDB (Asai et al., 2018), Bios-
Bias (De-Arteaga et al., 2019), WinoBias (Zhao
et al., 2018), and GAP (Webster et al., 2018). For
datasets larger than 4000 samples, we randomly
subsample to 4000 samples. Therefore, GAP
has 2,000 samples, PAN17 randomly combines N
tweets from the same user and has 2,400 samples,
WinoBias has 1,584 samples, and the rest has 4,000
samples each.

General NLP benchmarks. We use eight classic
NLP QA datasets: sentiment classification (IMDB
(Maas et al., 2011) and Amazon (McAuley and
Leskovec, 2013)), topic classification (AG-News
(Zhang et al., 2015) and DBpedia-14 (Lehmann
et al., 2015)), NLI (RTE (Wang et al., 2018)),
question answering (BoolQ (Clark et al., 2019)),
and common sense reasoning (PIQA (Bisk et al.,
2020)). We also subsample large datasets to 4,000
samples. Therefore, PIQA has 3,674 samples, RTE
has 552 samples, and the rest has 4,000 samples
each. Following Burns et al. (2023), each example
from the multiclass datasets becomes a contrast
pair: a true statement asserting the gold class and
a false statement asserting a distractor class. The
datasets are thus exactly balanced by construction.

License. All datasets used in this work are pub-
licly available and applied here only for non-
commercial academic evaluation, consistent with
the terms set by their original authors. Explicit
licenses, where available, are: MIT (De-Arteaga
et al., 2019; Zhao et al., 2018), Apache 2.0 (Web-
ster et al., 2018), CC BY-SA 3.0 (Lehmann et al.,
2015; Clark et al., 2019), Academic Free License
v3.0 (Bisk et al., 2020), CCO: Public Domain
(Eight, 2016), and CC BY 4.0 (Scheurer et al.,
2023). The remaining datasets are released un-
der research-use terms specified in their associated
publications. All data is English-language.

C Additional empirical results

Cross-domain generalization performance. As
shown in Fig 4, we observe rich cross-domain gen-
eralization patterns across all eight conditions.

MCS and ECS against AUROC. Tab. 1 summa-
rizes the performance of MCS and ECS on predict-
ing OOD AUROC. We show the scatter plots for all
eight conditions in Fig 5. We observe right cross-
domain generalization patterns across all eight con-
ditions.

Verification of the theory across conditions.
We show the theory against empirical data across
all eight conditions in Fig. 6. In all conditions, the
theoretical prediction tracks the empirical data very
well.

Using wgogA instead of wgﬁ for the empiri-

cal results. We show the performance of using
MCSs,.. (wia, wER) vs. MCSs,., (wiq, wEPA) to
predict the OOD generalization performance in
Tab. 2. Using MCSs.,,,, (wiq, wEPA) is better than
MCSs.,. (wid, wEE)) in all conditions, as expected.

But the difference is small (< 0.05).

Empirical AUROC-MCS slopes are consistent
with theory. As shown in Fig. 10, the empirically
fitted slopes across 8 conditions are consistent with
the theoretical prediction from App. G.

Measuring Gaussianity of the empirical data.
As shown in Fig. 7, most of the empirical skew-
ness and kurtosis are small across all conditions,
all probe directions, and all test data distributions.
Specifically, 73% of the skewness is within +0.5
and 79% of the kurtosis is within +1.

Simulating non-Gaussian distributions. As
shown in Fig. 8, the AUROC-MCS R? is extremely
high in simulations, even for distributions that
are deliberately designed to violate the projection-
Gaussianity assumption.

Empirical z,,,, across all datasets. As shown
in Tab. 3, all z,,x across all conditions and datasets
exceed the saturation threshold zp,.x > 20 at which
the slopes lie within 0.5% of their limits (App. G),
pinning all per-task AUROC-MCS slopes to a uni-
versal slope. The average zax for each condition
is greater than 100, far exceeding the saturation

point.

Robustness to the >, estimator. Tab. 2 re-
ports the AUROC—MCS linear-fit R? under three
estimators of Xi.: the full sample covariance,
Ledoit—Wolf shrinkage, and a per-coordinate di-
agonal approximation. Ledoit—Wolf is essentially
indistinguishable from the full covariance across all
conditions, so the headline result is not an artifact

21802



R2

Condition LR LDA LR—EtOt’dmg LR—ZtOt’LW
Llama-70B L33, truth 0.980 0.987 0.438 0.980
Layers (L1ama-70B, truth)
layer 20 0.990 0.990 0.620 0.990
layer 50 0.963 0.973 0.443 0.963
layer 65 0.976 0978 0.422 0.975
Domains (L1ama-70B L33)
Gender classification 0.976  0.983 0.675 0.977
General NLP benchmarks 0.936  0.982 0.002 0.936
Models (truth)
Llama-3.1-8B 0.935 0.962 0.438 0.934
Qwen2.5-7B 0.994 0.992 0.717 0.993

Table 2: Robustness check for the linear-fit of AUROC—MCS on MCS choices. We probe two axes of robust-
ness: (i) the reference direction, comparing logistic regression (LR) MCSs;, , (wiq, w=Y,) against the theoretically

motivated LDA direction MCSy:, , (wiq, w2A), and the LDA version dominates the LR version, but the difference

is small; (ii) the shrinkage estimator for >;,;, comparing the full covariance against a per-coordinate diagonal approx-
imation (MCS;ot, diag (wid, wEE,)) and Ledoit-Wolf shrinkage (MCS;or, 1w (wid, wEY,)). Ledoit-Wolf shrinkage is

ood ood
very similar to the full covariance we used, while the diagonal covariance is significantly worse.

Condition min Zmax  MAaX Zmax  MeaN Zmax
Llama-70B L33, truth 87.72 477.73 284.79
Layers (Llama-70B, truth)
layer 20 22.35 220.08 122.85
layer 50 90.53 925.78 533.96
layer 65 186.48 1377.71 852.16
Domains (Llama-70B L33)
Gender classification 25.63 196.62 103.25
General NLP benchmarks 41.50 379.83 142.83
Models (truth)
Llama-3.1-8B 43.55 263.66 151.57
Qwen2.5-7B 154.39 2724.74 1451.37

Table 3: Empirical Fisher distance 2y ax = 4 15 TE;)%)](S per condition, computed on the OOD train half across all
OOD tasks. All values have zy,,x > 20, at which point the per-task slopes of AUROC-MCS curve lie within 0.5%
of their limits, making a single strong linear fit across all tasks possible (App. G).

of a particular regularization choice. The diagonal
approximation, by contrast, degrades sharply: most
strikingly on general NLP (R2=0.002 vs. 0.936),
confirming that off-diagonal covariance structure
is essential to MCS and that the linearity is not
recoverable from per-coordinate variances alone.

D AI Usage

We use Al assistants to assist with writing paper
drafts, coding for experiments, and writing proofs.
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Figure 4: Cross-domain generalization performance for all eight conditions across models, layers, and concept
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Figure 5: MCS and ECS against AUROC across conditions. We observe a strong linear relationship between
MCS and AUROC for all eight conditions across models, layers, and concept domains, while the relationship
between ECS and AUROC is much weaker.
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Figure 6: Empirical verification of the theory. The theory predicts the empirical data well across conditions.
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Figure 7: Most directions are largely Gaussian across all conditions. Across all conditions, all probe directions,
and all test data distributions, most samples are largely Gaussian. Some samples have notably high kurtosis, which
is mostly attributed to the sycophantic lying dataset.
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Figure 8: The strong linearity between AUROC and MCS still holds for non-Gaussian distributions. On
deliberated constructed distributions where the projection-Gaussianity assumption is broken, the relationship
between AUROC and MCS is still linear.
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E Proofs of background results
E.1 Proof of Lemma 1 (within—between
covariance decomposition)

By the law of total covariance,
Yot = E[Cov(X | Y)] + Cov(E[X | Y]).

The first term equals %Eg + %Zl = Ypool. For
the second, E[X | Y] takes the values 1o and p;
each with probability %, and p.— i1 = j:%é (where
fi = 5(po + 1)), s0

Cov(E[X | Y])=3 1667 + 3 Lo6T=256".
O

E.2 Proof of Lemma 2 (binormal AUROC)

By definition, AUROC(w) = Pr(w' X;>w" Xj)
where X, is drawn from the class-c conditional.
By Assumption 2, w'X.~N(w' pie, 0?(w))
with o2(w)==w'S.w, and o3(w) + o?(w) =
2 wTEpoolw. Given the standard assumption of
the independence of Xy, X7, we then have:

w' X —w' Xg ~ /\/’(chS, og(w) + o5 (w))
= N(wTé, 2wT2poolw),

hence

AUROC(w) = ®(w'5/1/2wT Spooiw)

= ®(SNR(w)/V?2).
O

E.3 Proof of Lemma 3 (Fisher’s discriminant)

SNR?*(w) = (w'6)?/(w'Speoiw) is scale-
invariant, so we may restrict to {w : wTEpoolw =
1} and maximise (w'd)?. Substituting u :=
Z;Qilw and q = Egol 0/125 converts the constraint
to ||u|| = 1 and the objective to (u ' ¢)?. Cauchy—
Schwarz gives a maximum of ||g[|? = 0TX ! § =

pool
2 attained at i 12
Zmax» attained at u o g, ie., w oc X 07q
71 _
Epool(S = Wood- O

F Proof of Theorem 1

Write v := wiEEpoolwid > 0, so that wigé = $\/v.
Using Lemma 1 we have Yot = X001 + %MT,
and since wyoq = 2501015,

T Ty—1 2
z:poolwood = 67 o Wood = o Epoolé = Zmax-

We compute the three quadratic forms in (2).
Cross term.

T T 1., T T
widztotwood = widzpoolwood + Zwid(S 0 Wood
= w6 + §(w;0) Zpax
_ 1.2
= 5V (14 §2fax)-

Self-norm of wiq.

’U);&Etot’wid =v+ %(wL(S)z
=v+ %321)
=v(1+ 1s?).
Self-norm of Woeq.

T 2
Wood Yot Wood = 2

Substituting into (2),

MCSZtOt (w1d7 wOOd)
_ VU (L+ 2max)
o+ 382 21+ 122,

1.2
o S 1 + szax
= T .
Zmax 1+ 182

Oddness, monotonicity, and the endpoint values
MCSsy.,,, (£2max) = %1 follow by inspection. Dif-

ferentiating s/+/1 + s%/4 in s yields

Y1+ T2
d MCSEtot: 4 . (1 T i82)—3/2’ (8)

ds Zmax

strictly positive on (—Zmax, Zmax)- O

G Slope along the AUROC-MCS curve

We derive the slope formula (7) and prove the
bound on the slope along the curve. All facts here
follow from Lemma 2 and Theorem 1 with no new
assumptions.

Derivative of MCSy, , in s. Let g(s) =
MCSs,,,(5) = (5/2ma)y/(L+0)/(1+ 52/4)
from (5), with o = 22 /4. A direct calculation
gives

/(s) v+« 1
5) = .
g Zmax (1 + 52/4)3/2

>0, O

s0 ¢ is strictly increasing on (—Zmax, Zmax)-
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Figure 9: Local slope of the theoretical AUROC-MCS relationship. (a) The theoretical AUROC-MCS curves for
(Zmax — 00) and (zmax = 20). The shaded region is the region that is approximately linear. (b) The analytic local
slope and its centered finite-difference evaluation (h = 10~*). The shaded region marks (IMCS| < 0.75), where the
limiting slope remains between (0.539) and (0.629). Outside this region, the slope decreases as AUROC saturates.

Slope formula (7). From Lemma 2,
AUROC(s) = ®(s/v/2), so dAUROC /ds =
#(s//2)/+/2. Combining with (9),

dAUROC  dAUROC /ds

dMCSZtot B gl(s)

_ ¢(s/V2)/V2
(V14 o/ zmax) (1 + s2/4)=3/2’

which simplifies to (7).

Factorization into task and shape factors. The

slope (7) factors as

d AUROC
dMCSs, . h(s) - 9(Zmax),
where h(s) = ¢(s/v/?2) (1 + s2/4)3/2 depends

only on s (task—independent), and g(zmax) =

2/22% ..+ 1/2 depends only on zp.y (inde-
pendent of s). This decouples the two questions of
(1) how flat the curve is within a task and (i1) how

much the curve varies across tasks.

Task factor g(z,ax) saturates fast. g is strictly
increasing in zmax with limit g(c0) = V/2. Writing
9(Zmax)/g(00) = 1/4/1 + 4/22,,. the deviation
from the 11m1t is at most 0.5% for zmax > 20 and
falls off as 2,2

Zmax | 4 6 8 20
9(Zmax)/9(c0) | 0.894 0.949 0.970 0.995

Every empirical task has zp,,x > 20 (Tab. 3), so
each task’s AUROC-MCS curve coincides with
the zmax — oo limit curve to within 0.5% on the
slope.

Shape factor /(s) and central slope. A (s) com-
bines ¢(s/v/2) (strictly decreasing in |s|) with
(1+452/4)3/2 (strictly increasing in | s|). Their prod-
uct is far flatter than either factor alone — this is the
saturation cancellation behind (i): as |s| = zmax,
the AUROC sigmoid saturates (shrinking ¢) at the
same time as the MCS softsign saturates (growing
(1 + s2/4)3/%), and the two effects largely offset.
At the centre, h(0) = 1/+/27, giving the universal
central slope

2 1
) = f ~ 0.564.

/ f
The cancellation is not exact: h(s) - g(oo) peaks at
s = ++/2 with value ~0.629, then decays toward
0 as |s| — Zmax, Which is why R? < 1 in the
empirical AUROC-MCS fits.

h(0) - g(o0

Numerical Evaluation of Slope Stability. As
shown in Fig. 9, to quantify the near-linearity of
the theoretical relationship, we evaluated its local
gradient and independently verified it using cen-
tered finite differences. In the large-(2max) limit,
the slope remains between (0.539) and (0.629)
for ((MCS| < 0.75), corresponding to a maxi-
mum deviation of (7.7%) from its midrange value
(0.584); the (zmax = 20) curve is nearly identical.
Moreover, (0.5+0.59,MCS) approximates the lim-
iting curve with maximum absolute AUROC error
(0.0053) over (| MCS | < 0.8). The slope falls near
(|MCS | = 1) because AUROC saturates, so this
calculation supports range-qualified near-linearity
rather than exact global linearity.
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Empirical vs. Theoretical Slopes between AUROC-MC
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Figure 10: Empirical slopes are near the theoretical
central slope. Linear-fit slope of OOD AUROC against
MCSs,,,, with 95% bootstrap Cls, across all eight con-
ditions. The dashed line marks the universal central
slope 1/+/7 & 0.564 predicted by the theory (App. G).
Empirical estimates are close to this value, with most
of them slightly below it. This is consistent with data
sampling some of the saturation tail where the local
slope decays, dragging down the overall slope.

Empirical slopes are consistent with theory. As
shown in Fig. 10, the empirically fitted slopes
across 8 conditions are consistent with the theo-
retical prediction.

H Failure mode details

This appendix collects the formal statements be-
hind the failure modes summarised in §5.

H.1 Use X, metric instead of
We have:

T T T .
widzpoolwood = wid5 = 5\/{)7 widzpoolwid =0
and

wJOdeoolwood = 6TE;()1015 = zﬁlax
Substituting into (2) gives sy/v/(/V * Zmax) =
$/Zmax- Therefore, MCSzpool is just a rescaled
s. This will not cancel out the S-shaped between
OOD AUROC and s, and thus will not be linear to
OOD AUROC.
O

H.2 Small Fisher distance

When zpay is small (zpax < 2), the slope around 0
K(#max) 1s far below its limit and varies rapidly
with Zmax: ®(1) =~ 0.25 vs. k(2) ~ 0.40 vs.
k(3) =~ 0.47. A collection of test sets with hetero-
geneous small-zp,,x tasks therefore does not col-
lapse onto a single linear fit; each task has its own

slope, producing a fan rather than a line. On syn-
thetic data with 2y, controlled to {0.1,0.5, 1,2}
(Fig. 3c), we observe exactly this fan, and the
global linear R? drops to 0.666. This failure mode
is not engaged on our LLM datasets because every
task has zpax > 20, inside the saturation regime
(see Tab. 3; App. C).

H.3 Strong class imbalance

For class prior 7, we redefine the pooled variance
as:
Zpool = (1 — ﬂ)zo + 7T21

Then Lemma 1 generalises to
Stot = Spool + (1 —7) 85"

, and Theorem 1 becomes

s 1+ 7m(l —m)22 .
1+m(l—m)s? ’

MCSEtOt (wld7 wOOd):

Zmax

preserving the softsign-cancels-sigmoid story but
with a re-scaled saturation point and slope. Strong
imbalance (e.g., 7 = 0.01) shrinks the 7(1 — )
factor by 25x versus the balanced case, weakening
the saturation cancellation in MCS and steepening
the AUROC-MCS slope. Our probe datasets are
all approximately balanced, so this mode is not
engaged in our experiments, but it would matter
for naturally imbalanced applications such as rare-
event detection.

I Empirical alignment of LR and LDA
reference directions

The theory in §4 uses the Fisher direction w(I;c]?dA =

D 01015 as the OOD reference. In the empirical
experiments, we replace it with the OOD-trained
logistic-regression direction w]ﬁl, on the grounds
that for balanced binary tasks with well-separated
classes the two directions are nearly proportional.

This appendix quantifies the substitution.

Setup. For each of datasets used in §3, on the
train half of a stratified 50/50 split, we compute
(i) the Fisher direction wiPA = (S50 + M) 718
with A = 1079, and (ii) the LR direction w{;&i. We
measure the correlation between MC(wiLdR, wkf)

ood
LR , LDA
and MC(w;;*, wy0).

Result. As shown in Fig. 11, across all set-
tings (across models, layers, and concept do-
mains), the pairwise Pearson correlation between

L LDA\
MCSEtot <w1d7 wocl):%l) and MCSEtOt <w1d7 wOOd ) 18
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Figure 11: MC(wE:E, wEE) vs. MC(wLE, wlD4). The

ood
two MCs correlate strongly across all eight conditions,

explaining why substituting the LDA direction with
the LR direction in our empirical experiments does not
affect the observed linearity.

r > O 99 with mean |A(wiq)| < 0.07. Substitut-
ing wX R for w DA in the headline regression of §3

changes the linear-fit R? by less than 1%.

Why this works. For balanced binary classifi-
cation with classes that are jointly well-modelled
by Gaussians with shared covariance, the LR
maximum-likelihood direction and the Fisher di-
rection coincide up to scaling (Efron, 1975; Hastie
et al., 2009). Real activations only approximately
satisfy these assumptions, but all of our probe
datasets are easy — ID AUROC exceeds 0.95 in
every case — so the residual mismatch between

(I;fa and wLI;(]))dA is small in cosine. We expect a
larger mismatch on harder, less-separable tasks;
characterising that regime is a useful direction for
future work.
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