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Abstract

Long chain-of-thought (CoT) reasoning in
large language models (LLMs) improves per-
formance on complex tasks but incurs sub-
stantial inference cost, although many queries
do not require extended computation. Exist-
ing approaches typically reduce this cost via
uniform length penalties or fixed computation
budgets, but lack length constraints aligned
with the model’s own query-dependent distri-
bution of successful reasoning lengths. We
propose a reinforcement learning framework
that aligns the generated reasoning length with
query-dependent successful computation scales
estimated from verified trajectories. By pro-
viding adaptive guidance derived from the dis-
tribution of successful reasoning lengths, our
method avoids the limitations of global length
regularization. Experiments on mathematical
reasoning benchmarks demonstrate improved
accuracy–efficiency trade-offs, reducing unnec-
essary reasoning while maintaining or improv-
ing task performance.

1 Introduction

Large language models (LLMs) (OpenAI et al.,
2026; Comanici et al., 2025) have achieved strong
performance on multi-step reasoning tasks through
chain-of-thought (CoT) generation (GLM-5-Team
et al., 2026; Yang et al., 2025a). However, reason-
ing behavior remains highly variable (Wei et al.,
2022; Minaee et al., 2025; Chu et al., 2023): even
for the same problem, repeated sampling can pro-
duce trajectories with dramatically different lengths
and structures. This variability suggests that LLMs
may adopt different amounts and patterns of rea-
soning across trajectories, rather than following a
single fixed reasoning process.

Controlling computation allocation is challeng-
ing. Language models must allocate different
amounts of reasoning computation across inputs ac-
cording to problem complexity. Longer reasoning

can improve performance through exploration, self-
correction, and verification, but it also increases
computational cost and inference latency, and may
introduce substantial redundancy (Snell et al., 2024;
Plaat et al., 2024). At the same time, not all
problems require extended reasoning: simple prob-
lems can often be solved with concise computation,
while complex problems may benefit from longer
deliberation. The key challenge is therefore not
simply to shorten reasoning, but to allocate compu-
tation appropriately for different problems.

Existing approaches provide only limited control
over this behavior (Aggarwal and Welleck, 2025;
Team et al., 2025). Most reasoning optimization
methods supervise trajectories primarily through
final outcomes, without explicitly modeling com-
putation allocation. As a result, efficiency-oriented
methods often rely on global length penalties or
generic brevity preferences, which can suppress
redundant reasoning but may also penalize com-
putation that is genuinely necessary for difficult
problems.

In this work, we study whether reasoning length
can serve as a useful structural signal for adaptive
computation allocation. Our starting point is a sim-
ple hypothesis: sampled trajectories for the same
problem may correspond to different latent compu-
tation paths, and reasoning length provides a coarse
observable projection of this structure. Although
reasoning length alone is incomplete, we empiri-
cally find that trajectories with similar lengths also
tend to be structurally similar, while correct trajec-
tories exhibit substantially stronger concentration
than incorrect ones. Moreover, successful reason-
ing often concentrates around one or a few charac-
teristic computation scales for each problem.

Motivated by these observations, we propose
a structure-aware reinforcement learning frame-
work that estimates a problem-specific computa-
tion scale from correct trajectories and encourages
scale-aligned reasoning during policy optimization.
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Unlike global length penalties, our method does not
uniformly favor shorter reasoning. Instead, it in-
troduces a lightweight structural supervision signal
that encourages the model to allocate computation
in a manner consistent with successful reasoning
behaviors for each problem.

Our method augments standard outcome-based
reinforcement learning without requiring process-
level annotations or additional verifier models.
Experiments on multiple mathematical reasoning
benchmarks show that the proposed approach con-
sistently improves the accuracy-efficiency trade-off,
reducing unnecessary computation while maintain-
ing or improving reasoning accuracy.

Our contributions are summarized as follows:

• We propose a structural perspective on rea-
soning length, viewing sampled trajectories
as mixtures of latent computation paths and
reasoning length as a coarse projection of un-
derlying computation structure.

• We introduce a structure-aware reinforcement
learning framework that estimates problem-
specific computation scales from correct tra-
jectories and encourages scale-aligned reason-
ing during policy optimization.

• We demonstrate across multiple reasoning
benchmarks that our method improves reason-
ing efficiency while maintaining or improving
reasoning performance.

2 Related Work

Reasoning Trajectories and Test-Time Com-
putation Chain-of-thought prompting improves
complex reasoning by eliciting intermediate
steps (Wei et al., 2022). Subsequent methods fur-
ther enhance performance through self-consistency,
tree- or graph-structured search, answer aggrega-
tion, and test-time scaling (Wang et al., 2023; Yao
et al., 2023; Besta et al., 2024; Snell et al., 2024;
Brown et al., 2024; Yang et al., 2026; Muennighoff
et al., 2025). These works show that reasoning
performance depends strongly on computation al-
location. However, sampled trajectories are usually
treated as independent candidates for selection or
aggregation, rather than as evidence for problem-
specific computation patterns. In contrast, we an-
alyze the organization of sampled trajectories and
use reasoning length as a projection of latent com-
putation paths.

Supervision for Mathematical Reasoning
Outcome-supervised optimization, including
RLHF, DPO, and RL-based reasoning methods,
improves final-answer accuracy by optimizing
trajectory-level rewards (Ouyang et al., 2022;
Rafailov et al., 2023; Shao et al., 2024; DeepSeek-
AI et al., 2025; Team et al., 2025; Yu et al.,
2025). Process supervision provides finer-grained
feedback through step-level labels, verifiers,
or process reward models (Cobbe et al., 2021;
Lightman et al., 2024; Zhang et al., 2025b;
Khalifa et al., 2025), but often requires extra
annotations or auxiliary models. Our method
instead derives a lightweight structural signal
from correctness-conditioned sampled trajectories,
without requiring process-level supervision.

Reasoning Efficiency and Length Control Re-
cent studies on efficient reasoning aim to re-
duce redundant computation through early stop-
ping (Yang et al., 2025b), adaptive thinking (Zhang
et al., 2025a), explicit length control (Aggarwal
and Welleck, 2025), and budget-aware optimiza-
tion (Shen et al., 2025; Sui et al., 2025; Fan et al.,
2025). These approaches regulate reasoning costs
through various signals, including stopping de-
cisions, target reasoning lengths, and difficulty-
aware budgets. Beyond explicit computation con-
straints, several recent works explore learning ef-
ficient reasoning behaviors from successful tra-
jectories. Length-Adaptive Policy Optimization
(LAPO) (Wu et al., 2025) first identifies successful
reasoning-length patterns and incorporates them
as meta-cognitive guidance into the model context.
AutoThink (Tu et al., 2026) learns when to invoke
explicit reasoning through multi-stage reinforce-
ment learning, while DECS (Jiang et al., 2026)
reduces redundant reasoning through decoupled
token-level rewards and curriculum scheduling. In
contrast, our method estimates successful reason-
ing scales online from verified trajectories sampled
by the current policy and uses this signal only as
a reward during policy optimization, without in-
troducing additional length guidance or inference-
time control mechanisms.

3 Empirical Analysis of Computation
Scales

3.1 Reasoning Length Variation
We first examine whether reasoning length reflects
computation allocation. For each problem, we sam-
ple K = 32 trajectories under identical prompt-
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Figure 1: Variation of reasoning lengths across sampled
trajectories for the same problem.

ing and decoding settings, and measure reasoning
length as the number of reasoning tokens generated
before the final answer.

As shown in Figure 1, reasoning lengths vary
substantially across trajectories for the same prob-
lem, suggesting heterogeneous computation behav-
iors rather than repeated executions of a fixed rea-
soning procedure. Moreover, we find that incorrect
trajectories are often longer than verified correct
ones, with the additional length frequently accom-
panied by redundant or unstable computation rather
than improved reasoning.

This motivates a correctness-conditioned view
of computation allocation. We therefore focus on
verified correct trajectories and use their length dis-
tribution to estimate successful computation scales.
These scales characterize the computation typically
allocated to successful reasoning and form the basis
of our scale-alignment objective.

3.2 Structure in Successful Reasoning
Lengths

For reasoning length to serve as a proxy for compu-
tation allocation, it should reflect more than surface
verbosity. We examine this through three structural
properties of successful trajectories.

First, successful reasoning length increases
monotonically with empirical problem difficulty,
indicating that it reflects problem-dependent com-
putation scale rather than a fixed or arbitrary gener-
ation tendency; see Appendix A for detailed statis-
tics. Second, for the same problem, trajectories
with similar lengths also exhibit greater structural
similarity. To quantify this, we split each trajec-
tory at natural paragraph boundaries, embed each
step, and align the resulting step sequences using

Figure 2: Trajectory similarity versus length difference.

Table 1: Best-fitting distribution families for successful
reasoning lengths under BIC.

Distribution family BIC wins Share

Log-normal 387 82.34%
Gamma 49 10.43%
Weibull 27 5.74%
Exponential 4 0.85%
Normal 3 0.64%

Soft Dynamic Time Warping (Soft-DTW) based on
embedding-angle similarity. Figure 2 shows that
trajectory similarity consistently declines as the rel-
ative length difference increases. This suggests that
reasoning length captures coarse-grained structural
variation rather than merely token count.

Successful lengths also exhibit stable distribu-
tional structure. Using Bayesian information cri-
terion (BIC)-based selection over multiple can-
didate families, we find that most problems are
best modeled by log-normal distributions (Table 1).
This suggests that successful reasoning lengths con-
centrate around characteristic computation scales,
which we use as lightweight estimates of problem-
specific computation allocation. Detailed settings
for each analysis experiment are provided in Ap-
pendix B.

3.3 Multiple Successful Scales
Structured successful lengths do not imply a unique
optimal scale for each problem. The same problem
may admit different valid computation paths, such
as concise derivations or longer trajectories with
additional verification. Thus, the key question is
whether this variation remains organized enough to
provide useful supervision.
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Table 2: BIC-selected number of log-normal compo-
nents fitted to successful reasoning lengths.

Scale structure # Components Proportion

Single-scale 1 58.5%

Multi-scale 2 30.9%
3 6.4%
4 4.3%

We model correctness-conditioned length distri-
butions with mixtures of log-normal components
and select the number of components using BIC.

Table 2 shows that successful reasoning is often
concentrated around one scale, but a substantial
fraction of problems exhibit multiple successful
scales. These cases remain structured: the largest
component retains substantial mass, with average
dominant weights of 60.6%, 42.7%, and 33.8% for
two-, three-, and four-component fits, respectively.
Thus, multiple successful paths may coexist, yet the
distribution often contains a dominant high-density
region. This motivates scale-aware supervision that
aligns trajectories with problem-specific success-
ful regions rather than enforcing a fixed length or
uniform brevity preference.

3.4 Purity Around Successful Scales

If successful scales capture meaningful computa-
tion regions, trajectories near these scales should be
more likely to be correct. We examine this by mea-
suring correctness purity in neighborhoods around
the estimated dominant successful scale. For each
problem q, let µq denote the dominant scale esti-
mated from correct trajectories, and define

Nq(δ) =

{
y :
|L(y)− µq|

µq
< δ

}
, (1)

where L(y) is the reasoning length. We define the
purity of Nq(δ) as the fraction of verified correct
trajectories within this region, and compare it with
two references: a scale estimated from all trajecto-
ries and a random-scale control.

Table 3 shows that neighborhoods centered at
the successful scale consistently achieve higher cor-
rectness purity than both references, while main-
taining comparable coverage. Thus, the gain comes
from the location of the estimated scale rather than
from selecting a smaller subset of trajectories. This
connects successful length structure to correctness
concentration: the estimated scale identifies a high-

Table 3: Near-scale purity under different reference
scales. Accuracy (Acc.) and coverage (Cov.) are re-
ported as percentages.

δ
Acc. in near region Cov.

Corr. All Rand. Corr. All Rand.

0.05 80.88 71.35 69.17 10.10 10.39 10.73
0.10 81.13 71.12 71.35 20.08 20.66 20.67
0.20 80.55 73.35 73.75 39.83 39.92 39.74
0.30 80.56 74.17 74.49 56.76 56.82 56.56
0.50 79.70 74.47 74.82 78.52 80.45 79.97

Table 4: Finite-sample stability of dominant scale esti-
mation relative to a 100-sample reference distribution.

Sample size |∆ logµ| |∆ log σ|
8 trajectories 0.1185 0.3404
16 trajectories 0.0749 0.0632
32 trajectories 0.0515 0.1106

purity computation region, motivating scale align-
ment as a problem-specific alternative to global
length preferences.

3.5 Recoverable Dominant Scale

Scale alignment is practical only if the successful
computation scale can be estimated from limited
online samples. Fortunately, our objective does
not require reconstructing the full successful length
distribution; it only needs a stable dominant region
as the training anchor.

To test this, we use 100 correct trajectories per
problem as a reference distribution, then estimate
log-normal statistics from smaller successful sub-
sets and compare them with the reference.

As shown in Table 4, the dominant-scale location
is already stable with a small number of successful
trajectories and improves with more samples. Al-
though the variance estimate is less monotonic, it is
secondary to our reward, which mainly depends on
proximity to the dominant region. This supports es-
timating successful computation scales online with
limited RL samples.

4 Method

Motivated by these observations, we propose a
structure-aware RL framework that estimates suc-
cessful computation scales from correct trajectories
and encourages scale-aligned policy optimization,
as shown in Figure 3.
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4.1 Problem Formulation
Given a problem q with ground-truth answer y∗,
the policy model πθ samples a reasoning trajectory

τ ∼ πθ(· | q), (2)

from which an answer ŷ is extracted. We denote
the correctness of τ by

C(q, τ) = I(ŷ = y∗), (3)

and use its reasoning length L(τ) as an observable
proxy for computation allocation.

As observed in Sec. 3, successful trajectories for
the same problem do not spread uniformly over all
computation scales, but tend to concentrate around
a problem-specific region. Let Aq denote the set
of all trajectories for problem q, and let Sq ⊆ Aq

denote the successful trajectories. The lengths of
these successful trajectories may reflect multiple
distinct reasoning paths. We posit that these suc-
cessful trajectories often contain a dominant high-
density region, denoted by Dq ⊆ Sq.

Our goal is therefore not to minimize reasoning
length globally, but to maximize the probability
of generating trajectories that are both correct and
aligned with the dominant successful region Dq.
Formally, we optimize

max
θ

E(q,y∗)∼DEτ∼πθ(·|q)
[
C(q, τ) g

(
L(τ),Dq

)]
,

(4)
where g(·, ·) measures the alignment between the
trajectory length and the successful computation
scale.

In the following section, we describe how Sq is
estimated from sampled trajectories and incorpo-
rated into reinforcement learning.

4.2 Estimating Problem-Specific Successful
Scales

For each problem q, we sample K reasoning tra-
jectories {τi}Ki=1 from the current policy. Each
trajectory produces a predicted answer ŷi and a
reasoning length Li = L(τi).

Using answer verification, we construct the set
of correct trajectories:

Cq = {τi | ŷi = y∗}. (5)

When the number of correct trajectories is smaller
than one quarter of all sampled trajectories, i.e.,

|Cq| <
1

4
|Aq|, (6)

STAGE 1: Problem-Specific
Computation Scale Estimation
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Figure 3: Overview of the proposed scale alignment
framework.

we treat Cq as empty and do not apply any length
constraint for problem q. This is because a small
number of correct trajectories indicates a low-
accuracy regime where correctness should take pri-
ority over length control, while also making suc-
cessful scale estimation unreliable. Following the
empirical analysis, we estimate successful compu-
tation scales from the verified correct trajectories.
Since successful trajectories may contain multiple
computation modes, we define the dominant suc-
cessful region Dq ⊆ Cq as the subset of correct
trajectories closest to a problem-specific scale cen-
ter µq:

Dq = argmin
D⊆Cq , |D|=max(1,⌊|Cq |/2⌋)

∑

i∈D
|Li − µq|. (7)

That is, Dq contains the half of correct trajectories
closest to the estimated scale center µq. We esti-
mate µq from the correct trajectory lengths: it is
given by the median successful length for coherent
single-region distributions, and otherwise by the
observed length nearest to the dominant peak of a
one-dimensional KDE fitted to the correct lengths.
Detailed criteria for distinguishing the two cases
are deferred to Appendix C. We then compute the
scale deviation statistic around the estimated suc-
cessful scale region:

σq = MAD({Li}) , (8)
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where the MAD is computed either from all correct
trajectories or from the dominant local region Dq,
depending on the estimated computation structure.

In practice, a small constant ϵ is added to σq to
avoid numerical instability when successful trajec-
tory lengths are highly concentrated. Importantly,
the estimated scale is problem-specific rather than
a global target length.

When Cq is empty, no successful computation
pattern can be inferred from the current samples.
In this case, the framework falls back to stan-
dard outcome-based optimization without addi-
tional scale supervision.

4.3 Computation-Scale Alignment Objective
Given the estimated successful scale (µq, σq), we
define a scale-alignment score that measures how
close a trajectory’s computation is to the dominant
successful region of problem q. Unlike monotonic
length penalties, this objective favors trajectories
near the estimated successful scale and penalizes
deviations on both sides, combining outcome cor-
rectness with computation-scale alignment.

For each trajectory, we first normalize its length
deviation as:

zi =
Li − µq

σq + ϵ
, (9)

where ϵ is a small constant for numerical stability.
The scale-alignment reward is defined as:

rscalei =

{
exp(−|zi|4), i ∈ Cq,
0, otherwise.

(10)

The scale-alignment reward is defined only over
correct trajectories, while its magnitude is deter-
mined by the distance to the dominant successful
scale estimated from Dq. As a result, reasoning
length acts as a conditional structural signal given
correctness, rather than as an independent optimiza-
tion target.

The quartic form provides a smooth and sym-
metric alignment signal around the estimated scale.
It penalizes both under- and over-allocation of
computation while decaying more sharply than a
quadratic penalty outside the dominant successful
region. Compared with higher-order exponents,
it also avoids making the effective reward region
overly narrow under limited online RL sampling.
We study alternative exponents in Sec. 5.4.

4.4 Integration with Outcome-Based RL
The proposed scale-alignment objective can be di-
rectly integrated into outcome-based RL frame-

works such as GRPO. For each trajectory, we com-
bine the standard outcome reward with the scale-
alignment reward:

Ri = racci + rscalei . (11)

The combined reward is then group-normalized to
compute the final advantage. Since the scale reward
is activated only for correct trajectories, it serves as
a secondary structural preference among successful
samples rather than an independent length reward.

Both reward terms are bounded in [0, 1]. We
add them directly and rely on group normalization,
avoiding an additional coefficient to tune. Because
the scale reward is zero for incorrect trajectories,
it cannot reward a short answer solely for being
short.

Scale statistics are estimated from current on-
line successful trajectories during training, so the
supervision signal tracks the policy’s evolving com-
putation behavior. If fewer than one quarter of a
prompt group’s samples are correct, we fall back
to outcome-based optimization; this threshold is
reached by about 6% of prompt groups in the 1.5B
run. Scale estimation is training-time only: infer-
ence uses the trained policy without online scale
estimation or a scale reward. The method therefore
adds lightweight structural supervision using final-
answer correctness and trajectory length, without
process-level annotations or an additional verifier
model.

5 Experiments

We evaluate the proposed method in terms of
reasoning accuracy, computation efficiency, and
computation-scale behavior. The experiments
examine whether scale alignment improves the
accuracy–efficiency trade-off beyond simply en-
couraging shorter generations.

5.1 Experimental Setup
We evaluate our method on GSM8K (Cobbe
et al., 2021), MATH500 (Hendrycks et al., 2021),
AMC23 (MAA, 2023), AIME24 (Mathematical As-
sociation of America, 2024), AIME25 (Mathemati-
cal Association of America, 2025), and Olympiad-
Bench (He et al., 2024), covering mathematical
reasoning tasks from grade-school arithmetic to
competition-level problem solving. We retain
GSM8K as a lower-difficulty benchmark to as-
sess computation allocation across difficulty levels,
and include AMC23 among the competition-level
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benchmarks. We use DeepSeek-R1-Distill-Qwen-
1.5B and 7B (DeepSeek-AI et al., 2025) as base
models and additionally evaluate Qwen3-8B (Yang
et al., 2025a). We train these models on Hendrycks
MATH using a DAPO-style RL framework (Yu
et al., 2025). Unless otherwise specified, train-
ing is conducted on 4 NVIDIA A800 GPUs with
K = 16 sampled trajectories per input, a maximum
response length of 8,192 tokens, and a learning rate
of 1 × 10−6. Training typically requires approxi-
mately 12 hours per run.

We compare against representative efficient rea-
soning methods, including Adaptthink (Zhang
et al., 2025a), L1 (Aggarwal and Welleck, 2025),
DEER (Yang et al., 2025b), and DAST (Shen
et al., 2025), DECS, and AutoThink, which cover
adaptive reasoning allocation, dynamic early exit,
difficulty-aware slow thinking, decoupled token re-
wards, and multi-stage adaptive reasoning. We re-
evaluate available public checkpoints with a unified
evaluation pipeline. DEER is the sole exception:
its results are taken from the original paper because
a checkpoint suitable for our evaluation was un-
available. The source of each result is marked in
Table 5.

We report Pass@1 as the primary accuracy met-
ric and average reasoning length as the computa-
tion cost. We use a unified evaluation protocol: for
each item, Pass@1 estimates single-sample accu-
racy from 16 independent generations under fixed
decoding settings, without majority voting or best-
of-N selection. Scale estimation and the fallback to
outcome-based RL are training-time operations; all
six benchmarks are held out for evaluation, where
the trained policy is used without online scale es-
timation or a scale reward. We further analyze
computation-scale behavior using the normalized
deviation (L − µq)/µq, where L is the generated
reasoning length and µq is the estimated successful
computation scale.

5.2 Main Results
Table 5 reports the unified re-evaluation and marks
the DEER values taken from its original paper.
For both DeepSeek model sizes, our method uses
fewer reasoning tokens than the base model on all
six benchmarks. On the 1.5B model, our method
has the highest Pass@1 among the listed meth-
ods on MATH500, AIME24, AIME25, Olympiad-
Bench, and AMC23; L1 has the highest GSM8K
score. On the 7B model, our method has the
highest score among unified re-evaluations on

GSM8K, MATH500, and AMC23, ties Adaptthink
on AIME25 and DAST on OlympiadBench, and
reaches 49.1 on AIME24, matching Adaptthink
and close to the DEER value reported in its origi-
nal paper (49.2).

Importantly, the method is not designed to mini-
mize reasoning length uniformly. Instead, it encour-
ages problem-dependent computation allocation by
aligning trajectories with dominant successful com-
putation scales. The results therefore suggest that
efficient reasoning depends on reallocating com-
putation toward effective reasoning regimes rather
than simply generating shorter responses.

On AMC23, our 1.5B and 7B models reach 72.4
and 90.0 Pass@1, respectively, compared with 58.2
and 82.5 for their base models. On Qwen3-8B, our
method matches the base Pass@1 on GSM8K and
MATH500 and improves it on the four competition-
level benchmarks, while reducing average reason-
ing length on all six datasets (Appendix F).

5.3 Comparison with Length Regularization

Naive length regularization that ignores the origi-
nal successful scale distribution may unintention-
ally under-allocate computation for difficult prob-
lems. In contrast, our method aligns trajectories
with problem-specific successful scales. This dif-
ference is reflected in the results: on 7B GSM8K,
Adaptthink reduces reasoning length to 144 to-
kens but achieves 89.8 Pass@1, while our method
uses 367 tokens and reaches 93.3 Pass@1. On
7B MATH500, our method reaches 92.4 Pass@1
with 1,178 reasoning tokens; L1 is shorter at
1,078 tokens but reaches 90.1, illustrating the
accuracy-efficiency trade-off. On harder bench-
marks such as AIME24, AIME25, and Olympiad-
Bench, our method improves or maintains accu-
racy over the base models while reducing reason-
ing length. Overall, these results suggest that scale
alignment improves reasoning efficiency through
problem-dependent computation allocation rather
than uniformly shortening reasoning.

5.4 Ablation Study

Table 6 examines the main components of our
method. The results support two claims: useful
scale targets should be estimated from a more re-
liable subset of successful trajectories, and policy
learning benefits from an explicit reward that en-
courages alignment with those targets.
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Table 5: Main results across six reasoning benchmarks. Each dataset reports Pass@1 (%) and average reasoning
length (tokens); a dash indicates an unavailable result. All rows except DEER (†) are re-evaluated with our unified
pipeline; DEER values are from its original paper.

Method GSM8K MATH500 AIME24 AIME25 OlympiadBench AMC23

P@1 Len P@1 Len P@1 Len P@1 Len P@1 Len P@1 Len

DeepSeek-R1-Distill-Qwen-1.5B

Base Model 73.0 1051 72.2 3233 22.2 10980 16.7 10976 37.2 7172 58.2 6819.0
Adaptthink 83.3 717 80.7 1683 20.9 6089 22.2 4663 44.2 4326 69.6 3532.4
L1 86.4 741 81.2 1820 23.3 2519 21.4 2426 43.4 2078 70.0 2121.9
DECS 83.2 771.3 81.5 1182.4 22.5 4851.6 23.5 4353.0 44.8 2485.0 65.0 2536.7
AutoThink 80.3 105.5 80.6 1227.1 25.2 7815.8 22.5 7031.7 43.4 3893.9 70.3 3345.4
DEER† 74.7 984 67.8 2497 23.3 9557 10.0 9281 32.0 5960 – –
Ours 84.5 540 83.3 1660 28.1 6177 24.1 5936 47.0 3912 72.4 3839.4

DeepSeek-R1-Distill-Qwen-7B

Base Model 92.2 684 89.4 2381 40.0 9148 35.0 10152 58.3 5658 82.5 4162.5
Adaptthink 89.8 144 91.0 1331 49.1 7113 36.7 7514 58.7 4348 87.5 2867.6
L1 92.8 567 90.1 1078 38.2 3172 28.8 2925 56.4 1855 85.3 1628.8
DECS 93.1 506.9 91.3 1209.9 43.3 4867.3 23.3 4759.5 57.8 2530.7 89.3 2299.0
AutoThink 89.5 77.1 90.8 1344.8 26.6 6798.7 36.25 8131.1 59.6 3876.2 87.5 2820.1
DAST 91.4 473 90.6 2095 45.8 10077 33.3 10115 59.3 5433 – –
DEER† 90.6 917 89.8 2143 49.2 9839 36.7 7257 52.6 5420 – –
Ours 93.3 367 92.4 1178 49.1 5552 36.7 5802 59.3 2953 90.0 2328.0

Table 6: Ablation results on MATH500 with the 1.5B
model.

Variant Pass@1 Avg Len

Full Method 83.3 1660

w/o Scale Reward 83.7 1939
w/o Dominant-Region Identification 82.5 1466
w/o Trajectory Selection 81.6 1548

w/ Linear Reward 82.8 1870
w/ Quadratic Reward 83.0 1625

Trajectory selection. The w/o Trajectory Selec-
tion variant estimates the target scale from all sam-
pled trajectories, rather than filtering by correctness.
Its Pass@1 drops from 83.3 to 81.6, suggesting that
incorrect trajectories introduce noisy computation
patterns and distort the estimated scale.

Dominant-region identification. The w/o
Dominant-Region Identification variant estimates
the scale from all verified correct trajectories,
instead of selecting the dominant local region.
Its Pass@1 drops from 83.3 to 82.5, indicating
that even successful trajectories may contain
heterogeneous computation modes and that
identifying the dominant region provides a cleaner

training signal.

Scale reward. The w/o Scale Reward variant re-
moves the structural alignment signal while retain-
ing correctness reward. Its accuracy remains com-
petitive, but its average length increases from 1660
to 1939. This indicates that outcome supervision
alone is insufficient to regulate computation alloca-
tion.

Reward sharpness. We compare the quartic
alignment reward with linear and quadratic alter-
natives. Both alternatives underperform the full
method. We attribute this to their sharper re-
ward variation around the target scale: under high-
variance reinforcement learning updates, overly
sensitive reward shaping can make it difficult for
the policy to converge toward the desired length
region. Compared with linear and quadratic alter-
natives, the quartic form is flatter near the target
scale but decays more strongly for large deviations.
This provides tolerance to small sampling noise
while still discouraging substantial departures from
the dominant region.

Overall, the ablations show that the effectiveness
of our method comes from correctness-conditioned,
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Figure 4: Reasoning accuracy and trajectory density
under computation-scale deviation. The horizontal
axis represents the signed relative deviation from the
problem-specific computation scale, (L− µq)/µq .

problem-specific scale estimation together with a
reward that explicitly encourages scale alignment.

5.5 Further Analysis

Probability Shifts toward Effective Computa-
tion. To understand why the method improves
the accuracy-efficiency trade-off, we analyze rea-
soning performance as a function of deviation from
the recovered computation scale. For each problem,
we estimate a problem-specific scale µq from suc-
cessful trajectories and normalize reasoning length
by (L−µq)/µq, allowing computation behavior to
be compared across problems with different abso-
lute lengths.

Figure 4 shows that accuracy peaks near the re-
covered computation scale and declines as trajec-
tories deviate from it. The decline is asymmetric:
moderate under-computation has relatively limited
impact, whereas large positive deviations consis-
tently reduce accuracy, suggesting that excessively
long reasoning often reflects unstable exploration
or redundant computation rather than productive
additional reasoning. Our method shifts generation
probability toward these high-purity computation
regions, benefiting from computation reallocation
toward scales associated with successful reasoning.

Effects across Problem Difficulty. Effective
computation allocation depends on problem dif-
ficulty. Easier problems often benefit from
shorter reasoning, while harder problems may re-
quire longer derivations. Consistent with this,
our method substantially improves the accuracy–

efficiency trade-off on GSM8K and MATH500 by
reducing redundant computation without harming
performance. On harder benchmarks such as AIME
and OlympiadBench, the method does not always
produce the shortest trajectories, but instead pre-
serves additional computation when it contributes
to accuracy. These results suggest that reasoning
efficiency should be defined relative to problem-
specific successful computation scales rather than
a global preference for shorter outputs.

Case Study. Appendix E compares matched sam-
ples. Our model uses less computation on problems
with a stable short successful path, and more com-
putation on a compound-interest problem where
the base model’s short trajectory is incorrect.

6 Conclusion

In this work, we show that excessive reasoning
often reflects deviation from problem-appropriate
successful computation scales, rather than merely
producing too many tokens. By encouraging
scale-aligned trajectories, our method improves
the accuracy–efficiency trade-off without uni-
formly shortening reasoning. These results sug-
gest that sampled trajectory structure can provide
lightweight supervision for adaptive reasoning opti-
mization without additional annotations or process-
level labels.

7 Limitations

Our experiments focus on mathematical reasoning,
so the effectiveness of the framework in coding,
planning, and agentic reasoning remains untested.
We measure inference cost by generated reasoning
tokens; we do not measure wall-clock latency, en-
ergy use, or deployment cost, and token reductions
should not be interpreted as direct measurements
of those quantities. The method also provides no
process-level guarantee that an individual reason-
ing trace is valid or faithful.

The framework depends on final-answer extrac-
tion and verification. Errors in either step can con-
taminate the correctness-conditioned trajectories
and their estimated scales. When fewer than 25%
of a prompt’s sampled trajectories are correct, we
fall back to outcome-based RL; this occurred for
about 6% of prompt groups in the 1.5B run. Scale
estimates may still be unreliable when correct tra-
jectories are sparse or unstable. Finally, reasoning
length is only a coarse proxy for computation struc-
ture and cannot distinguish a semantically sound
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path from a concise but incorrect one, as illustrated
by the failure case in Appendix D.

Societal Impact. Reducing generated reasoning
tokens may lower inference resource use, although
we do not directly measure latency or energy con-
sumption. Since the method does not verify inter-
mediate reasoning steps or guarantee correctness,
its use does not remove the need to assess final
answers in the intended application context.
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A Additional Analysis of Successful CoT
Lengths

We analyze successful CoT lengths on MATH500
using its annotated difficulty levels. For each prob-
lem, we sample 100 trajectories from the baseline
policy and compute statistics for trajectories with
verified correct answers.

Table 7 summarizes all sampled trajectories,
whereas Table 8 includes only trajectories with
verified correct answers.

Mean successful CoT length increases from
822.2 tokens at Level 1 to 3,522.1 tokens at Level
5. Higher difficulty levels also show greater vari-
ation in length. These patterns suggest that more
difficult problems require longer and more variable
successful computation trajectories.

Table 7: CoT length by MATH500 difficulty level for
all sampled trajectories.

Lvl Count Traj. Acc Mean Med. IQR

1 43 4.3K 85.7 1123 626 441–973
2 90 9.0K 80.0 1433 781 536–1387
3 105 10.5K 80.0 2243 1127 714–2143
4 128 12.8K 71.0 3294 1593 893–3894
5 134 13.4K 56.1 5859 3625 1445–9413

Table 8: CoT length of correct trajectories by MATH500
difficulty level.

Lvl Count Correct Acc Mean Med. IQR

1 43 3.7K 85.7 822 590 426–877
2 90 7.2K 80.0 1123 706 507–1120
3 105 8.4K 80.0 1677 1031 675–1768
4 128 9.1K 71.0 2212 1299 807–2474
5 134 7.5K 56.1 3522 2107 1138–4942

B Additional Details of the Empirical
Analysis

B.1 Trajectory Similarity Analysis

To assess whether trajectories with similar CoT
lengths follow similar semantic paths, we represent
each trajectory as a sequence of steps and compare
these sequences using embedding-based Soft-DTW
alignment.

Step representation. We segment each trajectory
into steps at blank lines:

τ = (s1, . . . , sm). (12)

We map each step to an embedding vector ei ∈
Rd, yielding

Eτ = [e1; . . . ; em] ∈ Rm×d. (13)

Given two trajectories τa and τ b, we compute
the pairwise cosine distance matrix

Dij = 1− cos(eai , e
b
j). (14)

Soft-DTW trajectory alignment. We apply Soft-
DTW to the step-level distance matrix to al-
low flexible alignment between trajectories. Let
sDTWγ(D) denote the Soft-DTW cost with
smoothing parameter γ.

We compute the Soft-DTW divergence as

∆(τa,τ b) = sDTWγ(D
ab)

− 1

2

[
sDTWγ(D

aa) + sDTWγ(D
bb)

]
.

(15)
We define trajectory similarity as

Sim(τa, τ b) = exp

(
−max(∆(τa, τ b), 0)

m+ n

)
.

(16)

Length-gap analysis. Similarity is computed
only between trajectories sampled for the same
problem. For each pair, we compute the relative
CoT length difference:

G(τa, τ b) =
|L(τa)− L(τ b)|

max(L(τa), L(τ b))
. (17)

We assess the association between G(τa, τ b) and
Sim(τa, τ b) using Spearman correlation and trends
across length-difference bins.

B.2 Distribution and Mixture Fitting
This subsection details the distribution and mixture
analyses in Sections 3.2 and 3.3.

Problem-level fitting setup. For each problem,
we sample up to 100 trajectories using the same
prompt. Let Li denote the CoT length of trajectory
i, and let Ci ∈ {0, 1} indicate whether its final
answer is verified as correct. We analyze the set of
correct-trajectory lengths

L+q = {Li : Ci = 1}. (18)

We include a problem in the fitting analysis only
if at least five correct trajectories are available.
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Single-family fitting. For each eligible problem,
we independently fit normal, log-normal, exponen-
tial, gamma, and Weibull distributions to L+q . We
select the best-fitting family using the Bayesian
information criterion (BIC):

BIC = k log n− 2 log L̂, (19)

where n is the sample count, k is the number of free
parameters, and L̂ is the maximized likelihood.

Log-normal mixture fitting. To analyze poten-
tial multi-scale structure, we further fit mixtures of
log-normal components:

p(L) =
K∑

j=1

πj LogNormal(L;µj , σ
2
j ), (20)

where
∑

j πj = 1 and πj ≥ 0. The number of
components is selected from K ∈ {1, 2, 3, 4} using
BIC.

We estimate mixture parameters by expectation-
maximization in log-length space, using multiple
random initializations and retaining the solution
with the highest likelihood.

Dominant component statistics. For each se-
lected mixture, we record the largest component
weight

max
j

πj , (21)

which measures the probability mass assigned to
the largest successful computation region. This
statistic distinguishes mixtures with a dominant
scale from those with more balanced components.

C Dominant Successful Region
Estimation

This section describes how we estimate the
problem-specific successful computation region.
For each problem q, we verify the final answers
of sampled trajectories and retain the indices of
correct responses:

Cq = {i : C(q, τi) = 1}. (22)

If too few correct trajectories are available, we omit
the scale reward for that problem, as described in
Sec. 4.2.

For eligible problems, we determine whether
correct-trajectory lengths form one coherent region
or multiple separated modes. Let ℓ(1) ≤ ℓ(2) ≤
· · · ≤ ℓ(m) be the sorted correct lengths, and define

adjacent gaps as gj = ℓ(j+1) − ℓ(j). We exclude
zero gaps caused by duplicate lengths and compute
the coefficient of variation over the positive gaps:

GapCVq =
Std({gj : gj > 0})
Mean({gj : gj > 0}) . (23)

We use a threshold of γ = 0.9. If GapCVq is non-
finite or GapCVq ≤ γ, we treat the correct lengths
as one dominant region. Its center is the median
correct length, and its dispersion is the median ab-
solute deviation over all correct trajectories:

µq = Median{Li : i ∈ Cq}. (24)

σq = Mediani∈Cq |Li − µq|. (25)

This rule also covers cases with too few distinct
lengths to establish a meaningful gap pattern.

If GapCVq > γ, we treat the correct lengths
as containing separated computation modes. We
fit a one-dimensional Gaussian kernel density es-
timate (KDE) using Scott’s bandwidth rule. We
evaluate the density on a 512-point grid, extend-
ing the observed range by 5% on each side with
a minimum extension of one token, and identify
its highest peak. Because the reward scores sam-
pled trajectories, we set µq to the observed correct
length nearest to this peak. For this case, we es-
timate dispersion from the dominant successful
region defined in Sec. 4.2.

σq = Mediani∈Dq |Li − µq|. (26)

In both branches, we apply the numerical floor

σq ← max(σq, 10
−6). (27)

D Qualitative Case Study

We present three cases illustrating reduced CoT
length, improved answer accuracy, and a failure
mode of scale alignment.

Case 1: Preserved Accuracy with Shorter CoT
Trajectories. Problem. The price of a laptop is
$1000. If you get a 20% discount, how much do
you have to pay?

Both models answer correctly in all 32 samples.
The baseline’s correct trajectories have a mean CoT
length of 445.1 tokens, compared with 114.0 tokens
for our model. The following abbreviated excerpt
illustrates a correct baseline response:
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Baseline. Compute the discount: 0.20× 1000 =
200. Subtract from the original price: 1000 −
200 = 800. Therefore, the final answer is 800 .

The scale-aligned model follows a shorter valid
path:

Ours. Discount amount: 20
100

× 1000 = 200.
Final price: 1000− 200 = 800. Answer: 800 .

This example shows that the model can preserve
answer accuracy while reducing unnecessary elab-
oration on a simple problem.

Case 2: Higher Accuracy in Base-8 Arithmetic.
Problem. Find the product of 68 · 78. Express your
answer in base 8.

The baseline answers correctly in 1 of 32 sam-
ples, whereas our model does so in 31 of 32. Base-
line errors often arise when the model computes
the correct value but omits the required base-8 no-
tation:

Baseline failure. . . . The product of 68 and 78 is
528. Therefore, the final answer is 52 .

The value is correct, but the boxed answer does
not use the requested notation. The baseline’s sin-
gle correct trajectory uses 3,959 CoT tokens. Our
model typically follows a complete, shorter conver-
sion procedure:

Ours. Convert 68 and 78 to decimal: 610 and
710. Multiply: 6 × 7 = 4210. Convert back to
base 8: 42÷ 8 = 5 remainder 2, so 4210 = 528.
Therefore, the product is 528 .

The representative trajectory from our model
uses 562 CoT tokens. This example illustrates how
alignment with a successful computation region
can preserve all steps needed to meet the problem’s
answer-format requirement.

Case 3: A Failure of Semantic Interpretation.
Problem. There is space for 20 pencils in the box.
If there are 4 pencils missing from the box, how
many pairs of pencils are in the box?

The baseline answers correctly in 28 of 32 sam-
ples, compared with 12 of 32 for our model. A
correct trajectory computes the intended quantity
directly:

Correct interpretation. There are 20 − 4 = 16
pencils in the box. Since each pair contains 2 pen-
cils, the number of pairs is 16÷2 = 8. Therefore,
the final answer is 8 .

Several scale-aligned trajectories instead inter-
pret “pairs” as unordered choices of two pencils,
yielding concise but incorrect responses:

Ours failure. . . . A pair is a combination of 2
pencils. The number of ways to choose 2 pencils
out of 16 is

(
16
2

)
= 120. Thus, the number of

pairs is 120 .

This failure illustrates a limitation of length-
based supervision: a concise trajectory can still
reflect an incorrect interpretation of the problem.
Answer correctness must therefore remain part of
the training signal.

E Paired Case Studies

For each case, we compare the base and scale-
aligned models using the same prompt and sam-
pling index. CoT length counts tokens in the
model’s reasoning segment.

Signature-count word problem. Both trajecto-
ries yield correct answers. The base model uses
1,215 CoT tokens and repeatedly considers interpre-
tations of the weekly rate that are irrelevant to the
solution. Our model uses 367 tokens to compute
the current total and remaining signatures directly.

Exponential equation 32x + 19 = 10x. Both
trajectories obtain and verify x = 2. The base
model uses 15,342 CoT tokens, including repeated
exploration, whereas our model reaches the same
answer in 1,304 tokens.

Compound-interest problem. The base model
uses 143 CoT tokens and produces an incorrect
answer after an incomplete treatment of compound-
ing. Our model uses 6,221 tokens for a longer
derivation and obtains the correct rounded value.
This pair illustrates that scale alignment can retain
additional computation when a problem requires it.

Together, these matched examples illustrate
shorter trajectories when concise successful paths
are available and longer trajectories when addi-
tional derivation supports a correct answer.

F Additional Results

F.1 Qwen3-8B
We evaluate Qwen3-8B on all six benchmarks (Ta-
ble 9). Our method matches the base model’s
Pass@1 on GSM8K and MATH500, improves
Pass@1 on AIME24, AIME25, OlympiadBench,
and AMC23, and reduces average CoT length on
every benchmark.

G Evaluation Protocol

For all methods evaluated with our pipeline, we
use the same user-prompt prefix, decoding settings,
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Table 9: Qwen3-8B results under the 16-sample evaluation protocol. Each dataset reports Pass@1 (%) and average
CoT length (tokens).

Method GSM8K MATH500 AIME24 AIME25 OlympiadBench AMC23

P@1 Len P@1 Len P@1 Len P@1 Len P@1 Len P@1 Len

Base 95.8 1533.6 94.2 2366.5 53.9 10477.3 53.3 11571.0 60.9 8481.7 87.1 6764.3
Ours 95.8 878.9 94.2 2339.5 63.3 8525.9 56.6 9218.5 65.5 5597.4 90.3 4187.2

response-length limits, answer extractor, and veri-
fier. The prompt prefix is:

Solve the following math problem
efficiently and clearly. The last
line of your response should be of the
following format: ’Therefore, the final
answer is: $\boxed{ANSWER}$’ (without
quotes) where ANSWER is just the final
number or expression that solves the
problem.

The prompt prefix ends with two newline charac-
ters.

We sample 16 independent responses per prob-
lem with temperature 0.6 and top-p 0.95. Pass@1
estimates single-sample answer accuracy from
these responses; we do not use majority vot-
ing or best-of-16 selection. Maximum prompt
and response lengths are 4,096 and 16,384 to-
kens, respectively, and the evaluation batch size
is 512. We run inference with vLLM on four GPUs.
We extract answers using mathruler.grader.
extract_boxed_content and verify them using
mathruler.grader.grade_answer.

H Training Configuration

The main 1.5B experiment uses the Hendrycks
MATH training split without a system prompt
(5,507 examples) and the corresponding combined
validation set. Training follows a DAPO-style pro-
cedure with path-aware advantage estimation and
the adv_KDE_5 group reward. Table 10 lists the
hyperparameters.

Code and Evaluation Assets. As stated in the
rebuttal, we will release the training scripts, scale-
reward implementation, evaluation prompt and de-
coding settings, verifier configuration, and result-
source annotations with the camera-ready materi-
als.

Table 10: Training hyperparameters for the 1.5B scale-
aligned run.

Hyperparameter Value

Training epochs 3
Total optimization steps 129
Rollout responses per prompt 16
Training prompt batch size 64
Generation prompt batch size 128 (drop_last=True)
PPO mini-batch size 16
Maximum prompt length 2,048
Maximum response length 8,192
Learning rate 1× 10−6

Warmup steps 10
Weight decay 0.1
Gradient clipping 1.0
Rollout temperature / top-p 1.0 / 1.0
PPO clip range [0.2, 0.28]
Overlong buffer / penalty factor 2,048 / 1.0
KL reward / KL loss Disabled / disabled
Loss aggregation Token mean
GPUs 4 NVIDIA A800
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