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Abstract

Chain-of-thought (CoT) prompting improves
performance on complex reasoning tasks, but
often triggers unnecessary computation on sim-
pler queries. A natural approach is to use the
model’s own confidence as a training-free sig-
nal to gate this decision, answering directly
when confident and invoking CoT only when
uncertain. Across four training-free confidence
signals, three model families, and seven reason-
ing benchmarks, we find that the effectiveness
of confidence-gated CoT varies, and it is un-
clear how to predict whether it will work for a
new model. We address this with two key con-
tributions. First, we identify that gating fails in
the following circumstances: signal saturation,
where confidence scores collapse to a narrow
range and lose discriminative power; and selec-
tion bias, when confidence-gated routing sends
the longest queries to CoT. Second, we pro-
pose a novel Pareto-optimal threshold selection
method. This has the dual ability to preserve
accuracy while reducing costs where the confi-
dence signal is strong, and maintains accuracy
where it is weak. Where the confidence signal
is strong, gating reduces CoT usage by 30%
without sacrificing accuracy. These findings
provide practical guidance for evaluating and
deploying models that selectively use CoT. !

1 Introduction

Chain-of-thought (CoT) prompting improves com-
plex reasoning, including math and symbolic rea-
soning, and scientific question answering (Wei
et al., 2022; Guo et al., 2025; Qwen Team, 2025).
However, for tasks such as basic question answer-
ing and commonsense reasoning, CoT provides
little benefit while substantially increasing token
usage and latency (Liu et al., 2024; Sprague et al.,
2025; Aggarwal et al., 2025).
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Figure 1: Confidence-gated CoT (top): the model pro-
duces a direct answer with a confidence estimate, trig-
gering CoT only when confidence is low. The trade-off
analysis (bottom) reveals how well each signal reduces
unnecessary reasoning compared to random gating.

Recent models offer hybrid thinking modes
(Qwen Team, 2025), while others provide separate
instruct and thinking variants (Olmo et al., 2025).
In both cases, users decide when using long CoT
reasoning is appropriate. However, this still re-
quires anticipating the necessity of CoT reasoning
for each query. We refer to this as the when-to-think
decision, in contrast to how-long-to-think methods
that control the length of CoT once it has already
been triggered. Most existing efficient reasoning
methods address the how-long-to-think problem
(Yang et al., 2025; Huang et al., 2025b; Liu et al.,
2025); however, there is still comparatively little
focus on the when-to-think setting, especially using
training-free signals (Yue et al., 2025; Jiang et al.,
2025; Chuang et al., 2025a).

Most prior when-to-think methods rely on rein-
forcement learning or classifiers, requiring addi-
tional training (Yue et al., 2025; Jiang et al., 2025;
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Chuang et al., 2025a). Training-free alternatives
focus solely on perplexity (Lu et al., 2025). More
broadly, confidence estimation methods, which use
output probabilities or self-evaluation to assess pre-
diction reliability (Kadavath et al., 2022; Tian et al.,
2023; Farquhar et al., 2024), offer a natural signal
for this decision and are effective for model routing
(Ramirez et al., 2024; Chuang et al., 2025b). How-
ever, while confidence signals offer a natural heuris-
tic, our evaluation demonstrates that their effective-
ness in gating CoT varies across tasks and mod-
els. Furthermore, it remains unclear how to predict
these inconsistencies or derive effective thresholds.
To address this unpredictability, we make two key
contributions. First, we identify that gating fails
specifically due to signal saturation and selection
bias. Second, we introduce a novel Pareto-optimal
threshold selection method that reliably preserves
accuracy while reducing unnecessary CoT usage,
providing a practical method for deploying an effi-
cient, selective-reasoning model.

Contributions:

* An analysis of when and why confidence gat-
ing fails. We identify how signal saturation
and selection bias undermine discriminative
power and prevent real-world token savings.

* A novel Pareto-optimal threshold selection
method that reduces CoT usage by up to
30% without sacrificing accuracy. This ap-
proach outperforms CAR (Lu et al., 2025),
the only prior confidence-based when-to-think
method.

» The first systematic evaluation of training-
free confidence signals for compute-efficient
reasoning, scaling across four signals, three
model families, and seven benchmarks to pro-
vide practical deployment guidance.

2 Related Work

Efficient and Adaptive Reasoning. Adaptive
reasoning enables LLMs to dynamically adjust the
depth or length of their reasoning process (Yue
et al., 2025). Prior work either controls how-long-
to-think once reasoning has started, or learn when-
to-think policies that decide whether to invoke
deeper reasoning. How-long-to-think approaches
include early-exit methods using confidence or en-
tropy monitors, probes, or decoding-time controls.
(Yang et al., 2025; Zhang et al., 2025a; Huang et al.,

2025b). Complementary work shortens reasoning
through training on shorter CoT, or uses length-
aware rewards that discourage redundant steps (Liu
et al., 2025; Shen et al., 2025; Huang et al., 2025a).

When-to-think methods mostly rely on super-
vision or reinforcement learning to learn routing
between reasoning modes, such as direct answering
versus long CoT or fast versus slow thinking (Yue
et al., 2025; Jiang et al., 2025; Chuang et al., 2025a).
Unlike early-exit methods, which require generat-
ing partial reasoning before deciding to stop (Yang
et al., 2025), these approaches skip reasoning en-
tirely. Importantly, the two methods are orthogonal
and complementary, since confidence gating selects
when to trigger reasoning while early exiting can
still be applied once CoT has been selected. Closest
to our setting, Certainty-based Adaptive Reason-
ing (CAR) uses answer perplexity as a trigger for
longer reasoning, applying Gaussian fitting to de-
rive routing decisions (Lu et al., 2025). Confidence-
based signals have also been used to route between
models (Ramirez et al., 2024; Chuang et al., 2025b),
and confidence tokens have been trained to route
between reasoning modes (Chuang et al., 2025a).
In contrast to these methods, we require no train-
ing and route between reasoning modes within a
single model. We systematically compare multiple
training-free confidence signals for this decision
across models and tasks, and introduce a threshold
selection method that jointly optimises accuracy
and token cost, which we show outperforms CAR
in §6.3. Parallel work has applied conformal risk
control to provide formal risk guarantees for how-
long-to-think early-exit thresholding (Wang et al.,
2026). In our setting, we instead determine gating
thresholds empirically from a calibration set to reli-
ably bound downstream performance degradation.

Uncertainty Estimation in LLMs. Methods for
estimating the reliability of LLM predictions derive
confidence directly from model probabilities or log-
its. This includes perplexity, the difference between
top token probabilities (Ramirez et al., 2024), and
P(True) (Kadavath et al., 2022). Others prompt
the LLM to verbalise a confidence score (Tian et al.,
2023; Xiong et al., 2024; Yang et al., 2024; Zhou
et al., 2025). Multi-sample methods generate mul-
tiple responses and measure agreement or seman-
tic diversity (Kuhn et al., 2023; Farquhar et al.,
2024). Finally, trained confidence predictors have
also been proposed (Kossen et al., 2025; Chuang
et al., 2025a; Damani et al., 2025; Stangel et al.,
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2025). We focus on low-latency, training-free confi-
dence signals, prioritising computational efficiency
and low inference cost.

Model Cascades and Routing. These methods
dynamically switch between models based on
query difficulty, using trained routers (Ong et al.,
2025; Feng et al., 2025) or confidence-based sig-
nals (Ramirez et al., 2024; Chuang et al., 2025b).
While prior work routes queries across different
models, we study an analogous setting between
reasoning modes in a single model.

3 Confidence-Gated Chain-of-Thought

We define confidence-gated CoT, where a model se-
lectively triggers reasoning based on its confidence
estimate. Each query is first answered directly. If
the confidence score is low, the model re-runs the
query with CoT enabled.

Problem Definition More specifically, for each
input z;, a model, parametrised by 6, generates a di-
rect answer and a confidence score s(z;; 6). If the
score is above a threshold 7, the direct answer is ac-
cepted; otherwise, the model answers the question
with CoT enabled:

CoT(z;;0),
DIRECT(z;;0),

s(zi;0) < T
s(zi;0) > 1

gate(zi;T,0) = {

CoT: The model generates an intermediate rea-
soning trace before emitting a final answer (Wei
et al., 2022; Guo et al., 2025; Qwen Team, 2025).

Direct: The model is instructed to output only
the final answer without generating intermediate
reasoning. To achieve this, we append a concise
instruction such as “Answer:” to the prompt, which
elicits a short response with no CoT or explanation.

4 Trade-off Analysis and Threshold
Selection

We first introduce a budget-based analysis to map
CoT usage trade-offs and diagnose gating failures.
Building on this, we propose a Pareto-optimal
threshold selection method to identify decision
boundaries for practical deployment.

4.1 CoT Budget

First, we evaluate accuracy and inference cost
while limiting how frequently the model uses CoT
using a predefined budget. We define the CoT
budget as the fraction of input queries for which

the model is permitted to invoke CoT, with all
remaining queries answered directly. We sweep
percentiles of the confidence score distribution to
set these thresholds, allocating a fixed fraction of
queries to CoT. This allows us to trace accuracy-
efficiency trade-offs across budgets, plotting ac-
curacy against average token cost or CoT usage.
In addition to token cost, we also measure mean
per-query wall-clock latency for each signal. As
we use percentile thresholds, post-hoc (Guo et al.,
2017) calibration methods are not applicable, as
they adjust values but preserve their ranking.”

Identifying Budget Thresholds We consider
both offline and online settings for obtaining per-
centile thresholds. In the offline setting, all di-
rect answers and confidence scores are computed
first, giving access to the full distribution of confi-
dence scores before any decision about using CoT
is made. This allows thresholds to be set exactly
at chosen percentiles. In the online setting, queries
arrive one at a time, so the full confidence score
distribution is unavailable. Instead, we maintain a
running score history and apply the dynamic per-
centile method of Ramirez et al. (2024). After
each query t, its confidence score is added to the
history and the threshold 7; is set to the p-th per-
centile of {s(z1),...,s(x;—1)}, so that roughly
p% of queries are routed to CoT. We randomise
dataset order, use a short warm-up phase (the first
20 queries answered directly) to seed this history,
and additionally test robustness to a worst-case
difficulty-ordered stream in Appendix H.

4.2 Pareto-Optimal Threshold Selection

CoT budget-based curves characterise the full
range of accuracy—cost trade-offs. However, practi-
cally we often select a single threshold. Therefore,
we propose a method for selecting Pareto-optimal
gating thresholds from confidence scores. Unlike
prior work that optimises a decision boundary for
correctness prediction (Lu et al., 2025), our method
jointly optimises for accuracy and efficiency. A
threshold is Pareto-optimal if no alternative thresh-
old achieves equal or higher accuracy at a lower
token cost. The set of such thresholds forms the
Pareto front, which traces the best accuracy-cost
trade-offs. From this front, we derive the thresh-
old 7* with the lowest token cost whose accuracy

“These methods would not affect the outcome of experi-
ments since the decision based on percentile thresholds only
depends on the ranking of queries.

371



remains within a tolerance e of always using CoT:

7% = arg min; Tok(7) s.t. Acc(7) > Accalcor — €.

To reflect realistic deployment, 7 is estimated using
a calibration set. Percentile thresholds are swept
on this set to construct the Pareto front, after which
the selected threshold is applied to the test set.
To account for variability in calibration set sam-
pling, we repeat this process using Monte Carlo
cross-validation (Xu and Liang, 2001), reporting
the mean and standard deviation of accuracy and to-
ken usage across runs. Although this uses a labelled
calibration set, the method remains training-free
in that no model parameters are updated. Given
direct and CoT outputs, selecting 7 is a simple
percentile sweep that runs in seconds on a CPU.

S Experimental Setup
5.1 Models

We use three open-weight models: Qwen3
(8B/32B) (Qwen Team, 2025) and GPT-OSS-20B
(OpenAl, 2025), plus the closed-weight GPT-5.1
(OpenAl, 2025). All allow for direct answering and
reasoning modes. Qwen3 provides non-thinking
and thinking modes. GPT-OSS supports three rea-
soning effort levels (low, medium, high); for direct
answering, we append the closing </think> tag
to bypass reasoning, following the same conven-
tion Qwen3’s non-thinking chat template applies
automatically. Adding the “Answer:” instruction
(§3) is done identically across all models. Unless
otherwise stated, we use the medium setting for
GPT-0OSS, with results for other effort levels re-
ported in Appendix M. GPT-5.1 similarly allows
switching between direct generation and multiple
reasoning effort levels.

5.2 Datasets

We include seven benchmarks (details in Table 5,
Appendix E) from four reasoning types following
Sprague et al. (2025): (1) commonsense reason-
ing including CommonsenseQA (CSQA) (Talmor
etal., 2019) and StrategyQA (Gevaet al., 2021); (2)
knowledge-based reasoning using MMLU-Redux
(Gema et al., 2025); (3) mathematical and scien-
tific reasoning on GPQA (Rein et al., 2024) and
GSMB8k (Cobbe et al., 2021); and (4) soft reasoning
using LSAT-AGI (Zhong et al., 2024) and MUSR
(Sprague et al., 2024). This diverse range of rea-
soning types allows us to test tasks where CoT has
shown different levels of effectiveness.

5.3 Confidence Estimation Methods

We focus on confidence estimates that are produced
by the model itself or based on its outputs without
using an external predictor.

Perplexity: The perplexity of a generated answer
measures the LLM’s confidence in it, computed as
the exponentiated average negative log-likelihood
over the answer tokens (Lu et al., 2025).

P(True) (Kadavath et al., 2022): It first gener-
ates an answer via direct prompting. Then, it asks
the LLM whether the answer is (A) True or (B)
False in a second forward pass to extract the prob-
ability of generating the token “A”. Full prompt
details are found in Appendix F.

Margin Sampling: It measures the probability
difference between the most likely and second most
likely model predictions for a given input, typically
used for model cascades (Ramirez et al., 2024).

Verbalised Confidence: This prompts the LLM
to self-evaluate and express its confidence as part
of its response (Yang et al., 2024). Following prior
work (Yang et al., 2024; Tian et al., 2023), we ask
the model to output a confidence score between 0
and 1 after its answer, which provides good calibra-
tion. Full prompt details are found in Appendix F.

5.4 Confidence Baselines

Expected Random Baseline. For a CoT budget
r € [0, 1], we compute the expected accuracy and
token cost as a weighted average of direct and CoT
performance, with weights 1 — r and r, respec-
tively. We compute these analytically rather than
via random sampling, yielding a stable baseline. >

Oracle. We also include an oracle that triggers
CoT whenever the direct answer is incorrect, acting
as a perfect predictor of correctness. It represents
the maximum performance that a confidence signal
could achieve, serving as an upper bound baseline.

6 Results

We evaluate confidence-gated CoT across all mod-
els, signals, and tasks. We first characterise accu-
racy and efficiency trade-offs (§6.1), then analyse
the conditions that determine gating success (§6.2),

3We also evaluate a keyword-based heuristic that triggers
CoT based on input keywords in Appendix O. As it only
produces a single fixed point, we use random for the main
results.
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and finally provide results in practical deployment
settings (§6.3).

6.1 Accuracy-Efficiency Trade-offs

We evaluate accuracy—efficiency curves using per-
centile budgets as defined in §4.1. At each budget
level, we report both accuracy and average token
usage. Figure 2 shows aggregate results for GPT-
0OSS-20B, Qwen3-32B, Qwen3-8B, and GPT-5.1
comparing confidence-based gating against random
selection and the oracle. For GPT-OSS-20B and
Qwen3-32B, several confidence methods clearly
outperform random gating. In particular, margin
and perplexity are most effective for GPT-OSS-
20B, while P(True) is best for Qwen3-32B. Using
these signals, both models match the accuracy of
always using CoT while reducing CoT usage by
roughly 30%, saving an average of 70-100 tokens
per query. In contrast, no confidence method con-
sistently outperforms random gating for Qwen3-8B
or GPT-5.1 across all budgets. Finally, the oracle
performance indicates substantial headroom, e.g.,
GPT-OSS-20B could obtain higher accuracy while
invoking CoT on fewer than half of the queries.
Overall, the best model and signal combinations
match full-CoT accuracy while reducing CoT usage
by around 30%, though a gap remains to oracle
performance. We next examine where these gains
come from across tasks and models.

Commonsense, Soft reasoning, and Knowledge
Tasks Benefit the Most. On MMLU, Strate-
gyQA, and MUSR, confidence-gated CoT enables
GPT-OSS and Qwen3-32B to match always-CoT
accuracy while reducing token usage by 30 to 50%.
Figure 3 shows representative examples. How-
ever, the oracle indicates room for improvement,
using up to 75% less CoT for CSQA and Strat-
egyQA. In contrast, mathematical and scientific
tasks show limited benefit. For GSM8K, direct an-
swering without CoT yields low accuracy, making
token savings difficult without performance drops,
a limitation reflected by the oracle. Similarly, on
GPQA, certain confidence methods (e.g., perplex-
ity for GPT-OSS-20B) outperform random gating,
but efficiency gains remain small. While the oracle
suggests potential improvements, current models
lack sufficient discriminative ability on these chal-
lenging questions. Full results are in Appendix
J. Overall, confidence-gating is most effective for
tasks where high accuracy is possible with direct
answer.

Accuracy vs CoT Use Rate and Tokens (Offline Routing)
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Figure 2: Offline accuracy—efficiency trade-offs un-
der percentile budgets. Accuracy vs. CoT usage (left)
and average tokens (right), aggregated over all datasets
for all models. Curves show confidence signals vs. the
random baseline; stars denote the oracle.

Model-Specific Confidence Effectiveness. Fig-
ure 2 reveals that the effectiveness of confidence
signals is not uniform across models. A signal that
acts as a strong predictor on one model (e.g., mar-
gin on GPT-OSS-20B) often performs worse than
random on another. Conversely, P(True) excels
on Qwen3-32B but fails on GPT-OSS-20B. Fur-
thermore, for models like Qwen3-8B and GPT-5.1,
no tested method consistently outperforms random
gating across all budgets. Ultimately, there is no
universally effective confidence signal and utility is
highly model-dependent. To understand this incon-
sistency, we must look at the underlying mechanics
of how these signals behave.

6.2 When Does Confidence Gating Work?

Having established where confidence gating is ef-
fective, we now examine what determines its suc-
cess. We find that performance is primarily driven
by two factors: the discriminative power of the con-
fidence signal and the impact of selection bias on
the total token cost.

373



Mixed Model/Dataset Comparison (Offline)
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Figure 3: Task-level accuracy—efficiency trade-offs in
CSQA, StrategyQA, GSMS8K and GPQA, comparing
confidence-gating to random and oracle across models.
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Figure 4: Reliability diagrams for GPT-OSS-20B (mar-
gin) and GPT-5.1 (verbalised). Both show similar ECE,
whereas GPT-OSS has better AUROC.

Scale, Calibration, and Discriminative Power.
We assess confidence signals using ECE for calibra-
tion (Guo et al., 2017; Pavlovic, 2025) and AUROC
for discriminative power (Kadavath et al., 2022).
Because gating relies on relative ranking rather
than absolute probabilities, it depends fundamen-
tally on discriminative power, which AUROC di-
rectly measures. As Jiang et al. (2024) demonstrate,
ranking serves as a lower bound for calibration; as
such, confidence scores can suffer from poor abso-
lute ECE while still preserving the accurate rank or-
dering necessary for threshold-based routing. This
dynamic is clearly evident in our results. For exam-
ple, GPT-5.1 (verbalised) and GPT-OSS (margin)
share nearly identical ECE scores (Figure 4), but
GPT-OSS-20B achieves a higher AUROC and con-
sequently delivers substantially better gating per-
formance. More broadly, larger models generally
attain higher AUROC: across signals, reinforcing
the association between model scale and stronger
discriminative power (Kadavath et al., 2022). Our
full results are detailed in Appendix K. These re-

sults show that AUROC is a far more reliable pre-
dictor of gating success than ECE. Therefore, prac-
titioners seeking to adopt confidence-based routing
should prioritise AUROC when evaluating and se-
lecting between available signals.

Signal Saturation. Even when a signal possesses
discriminative power, its practical utility can be
compromised by signal saturation. We define sat-
uration as the phenomenon where a confidence
method’s score distribution collapses to a narrow
range. For instance, Figure 2 shows that while
margin on Qwen3-32B works well initially (even
outperforming the other methods) it quickly satu-
rates, with scores concentrating heavily near 1.0.
When many queries share the exact same confi-
dence value, they cannot be meaningfully separated.
As the CoT budget increases, these identical scores
force an all-or-nothing routing decision, flatlining
the trade-off curve (as seen in Figure 2 for Qwen3-
8B and 32B). This score saturation fundamentally
limits the granularity of confidence-gating, requir-
ing successful signals to maintain a wide distribu-
tional spread.

Selection Bias of Hard Queries. We also ob-
serve that a reduction in CoT frequency does not
strictly guarantee proportional token savings. Due
to selection bias, confidence gating inherently iden-
tifies and routes the hardest, most token-heavy
queries to CoT, inflating the average cost per call
compared to random selection. For example, while
confidence gating for GPT-5.1 matches the CoT use
rate of a random baseline, its average token usage is
markedly worse. The gap between these two curves
is itself evidence of selection bias, since it shows
the queries routed to CoT are systematically longer
than a random subset. We confirm this with a Spear-
man correlation of -0.64 between confidence and
CoT length on GPT-5.1, the strongest negative cor-
relation across our models. For confidence gating
to generate token savings, the reduction in CoT
frequency must be sufficient to offset this increased
cost per call, a threshold achieved by Qwen3-32B
(P(True)) and GPT-OSS-20B (Margin/Perplexity)
(Figure 2), but not by GPT-5.1. These results high-
light that lower CoT usage does not guarantee ef-
ficiency; if confidence and length are negatively
correlated, longer CoT responses can offset the
gains from skipping shorter ones. When evaluat-
ing confidence gating, token and latency savings
should therefore be measured directly rather than
inferred from CoT usage reduction alone.
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Figure 5: Online and offline budgeting for Qwen3-
32B. Online performance broadly tracks the offline be-
haviour.

6.3 Performance in Practical Settings

To demonstrate practical deployment, we dynam-
ically estimate thresholds using online budgeting,
and apply our Pareto-optimal method to extract a
single decision boundary that maximises savings
without sacrificing accuracy.

Online CoT Budget-Accuracy Trade-offs Real-
world systems process queries sequentially and can-
not wait to observe a complete score distribution
before making a routing decision. Our online set-
ting simulates these live deployment constraints.
Figure 5 demonstrates that for models with strong
discriminative power (Qwen3-32B and GPT-OSS-
20B), the dynamic online approach remains highly
stable, closely tracking the offline ideal (full results
in Appendix H). In contrast, the increased vari-
ability of margin and perplexity for Qwen3-8B at
mid-to-high budgets highlights how signal satura-
tion actively destabilizes threshold estimation. By
showing that percentile thresholds can be estimated
dynamically without a full confidence distribution,
we confirm that budget-based gating is viable in a
realistic deployment setting. This robustness also
holds under distribution shift. When datasets are
presented in a fixed order of increasing difficulty,
the strongest signals continue to outperform ran-
dom gating at every CoT budget (Appendix H).

Pareto-Optimal Thresholds We evaluate our
Pareto-optimal threshold selection method from
§4.1 using a combined 10% calibration split drawn
uniformly across combined datasets with the error
tolerance € set to 1%. Appendix N reports a sen-
sitivity analysis over e € {0.5%, 1%, 1.5%,2%}.
To provide reliable estimates of performance vari-
ance, we report the mean and standard deviation
across 100 Monte Carlo repeats (Xu and Liang,
2001). Table 1 summarises the results. For mod-

Method Acc. T AAcc 1 CoT (%) | Avg Time | Tok. saved 1
All CoT 79.9 0.0 100.0 7.7 0.0
g Pareto (ours)
n P(True) 79205 -0.7 95523 7401 153 8.9
8 Verbalised 79.70.1 -0.2 99.2 0.0 7.6 0.0 1.131
Fq Margin 79.1 0.4 -0.8 68.1 3.8 6.102 65.0 121
& Perplexity 79.005 -1.0 70679 6504 65.7 22.0
CAR
P(True) 75905 -4.1 776 7.8 6.30.4 83.4 323
MLP Probe
77205 -2.7 83.0 1.8 6.50.1 70.9 9.9
Oracle 85.0 +5.1 45.9 4.3 187.2
All CoT 83.8 0.0 100.0 46.3 0.0
ﬁ Pareto (ours)
« P(True) 82.8 0.5 -0.9 73.8 5.6 35557 170.9 451
E Verbalised 83.7¢9.1 -0.1 98.9 0.0 46.1 0.2 3841
3 Margin 83.8 0.1 0.0 100.0 0.0 46.3 0.2 0.0 4.1
o Perplexity 83.8 0.1 0.0 100.0 0.0 46.3 0.2 0.0 4.1
CAR
P(True) 76.4 0.4 -7.3 34.2 1.4 16.2 0.9 543.8 13.4
MLP Probe
79.1 0.5 -4.6 449 2.3 242 1.7 401.2 28.7
Oracle 87.9 +4.1 322 20.9 446.7
All CoT 79.1 0.0 100.0 23.5 0.0
™) Pareto (ours)
2 P(True) 78405 -0.7 90.8 4.9 21.7 11 86.6 54.9
g Verbalised 79.00.3 0.0 100.0 0.5 23401 0.26.2
3 Margin 79.1 0.2 0.0 100.0 0.0 23.5 0.1 0.0 5.6
Perplexity 79.19.2 0.0 100.0 .0 23501 0.05.6
CAR
P(True) 769 0.2 2.2 822 0.3 194 0.1 2092 7.5
MLP Probe
76.6 05 -2.5 75.6 1.6 20.6 0.3 189.5 15.2
Oracle 83.8 +4.7 422 11.9 563.8
- All CoT 86.6 0.0 100.0 - 0.0
2 Pareto (ours)
% Verbalised 86.1 0.5 -04 97.0 4.2 1.5 10.2
CAR
Verbalised 77.7 0.2 -89 26.4 0.9 320.6 19.4
Oracle 89.6 +3.1 26.9 528.6

Table 1: Performance with Pareto-optimal thresholds
(e = 1%) and highest-accuracy CAR result per model,
across datasets. CoT usage, average time, and tokens
saved per query. Full CAR results in Appendix L.

els with reliable confidence scores, our method
successfully reduces token usage while sacrificing
minimal accuracy. For Qwen3-32B, using P (True)
saves an average of 171 tokens per query, where
a 26% reduction in CoT usage translates to a 23%
reduction in latency. Meanwhile, GPT-OSS-20B
saves roughly 65 tokens per query via margin or
perplexity (reducing total CoT usage by roughly
30%), which translates to a latency reduction of up
to 20%. Even with the weaker discriminative power
of Qwen3-8B, the method secures a 10% usage re-
duction (roughly 87 tokens per query), translating
to an 8% latency improvement. Average wall clock
timing is also included in Appendix D. The method
also acts as a safeguard when confidence signals
fail. For GPT-5.1, where the model lacks the dis-
criminative power to support token reduction, the
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method yields negligible savings (averaging 1.5
tokens). Rather than forcing arbitrary CoT reduc-
tions that degrade performance, the thresholding
safely defaults toward full CoT. This ensures that
even when a signal cannot support efficiency gains,
the method strictly preserves baseline accuracy.

OOD Calibration Set. To examine how well
thresholds generalise, we extend our analysis be-
yond the mixed calibration setup. By using each
individual dataset to calibrate thresholds for the
others, we assess out-of-distribution (OOD) trans-
fer across tasks (Appendix I). Challenging and di-
verse datasets, such as MMLU-Redux and GPQA,
yield efficiency gains comparable to the combined
split. For example, calibrating P(7rue) on MMLU-
Redux limits the accuracy drop to 0.8% across all
other datasets while reducing CoT usage to 85%.
Conversely, simpler datasets like CSQA consis-
tently overestimate how much CoT can be removed,
resulting in larger accuracy drops. Because CSQA
questions are significantly easier, they produce re-
laxed thresholds that fail on more difficult tasks.
Ultimately, calibration sets must reflect the diffi-
culty and diversity of the target tasks for the Pareto
method to transfer effectively. In practice, a broad,
moderately difficult held-out set is sufficient for
reliable threshold transfer.

Comparison to Routing Baselines. We compare
our approach against two baselines. First, to bench-
mark against prior confidence-based routing, we
evaluate CAR (Lu et al., 2025), which fits a Gaus-
sian to perplexity scores to derive thresholds. We
apply this to all the confidence signals. Second,
because our method relies on a calibration set, we
compare against a minimally supervised alterna-
tive, an MLP probe (Azaria and Mitchell, 2023;
Stacey et al., 2026) trained on middle-layer hid-
den states to predict correctness of direct answers.
Both baselines use the same 10% calibration split
setting as our method. For CAR, we apply the
Gaussian fit across all four signals. For the probe,
we retrain 50 times with randomised samples to
estimate variance, full training details can be found
in Appendix G. As shown in Table 1, while both
baselines reduce token cost, they suffer substantial
accuracy loss. On Qwen3-32B, CAR’s best signal
loses 7.3% accuracy. The probe performs better but
it still loses between 2.5% and 4.6% across mod-
els. In contrast, our Pareto-optimal method strictly
limits accuracy degradation to 1%, ensuring effi-
ciency gains without these performance tradeoffs.

Overall, practical claims about confidence-gated
CoT should be understood conditionally. Efficiency
gains are available when the chosen model and sig-
nal combination shows strong discriminative power
(§6.2) and on tasks where high accuracy is possible
with a direct answer (§6.1). For other combina-
tions, such as Qwen3-8B or GPT-5.1, the value of
our approach lies in the safe default of the Pareto
method, which preserves full-CoT accuracy when
the signal cannot support savings.

7 Qualitative Analysis

To understand where our Pareto-optimal thresh-
olds succeed and where they leave efficiency on
the table, we classify every routing decision into
one of five outcomes: CoT Fixed (CoT corrects
a wrong direct answer), Direct (tokens saved by
correctly skipping CoT), Excess CoT (redundant
reasoning for an already correct direct answer),
Missed Fix (wrong direct answer, CoT skipped),
and Both Fail. Table 2 shows the distribution. Be-
cause routing requires strong discriminative power,
the Direct outcome closely tracks AUROC, rising
from 7.1% on Qwen3-8B to 23.5% on Qwen3-32B
and 27.2% on GPT-OSS-20B. Our method is safe,
holding Missed Fixes near 1% while CoT Fixed
correctly triggers on 19-30% of queries. However,
Excess CoT exposes a major bottleneck, forming
the largest share for most models. In these cases,
the direct answer is correct, but weak confidence
prevents the model from clearing the € threshold.
Example 1 shows a successful Direct bypass, while
Example 2 illustrates Excess CoT triggered by low
confidence (P(True) = 0.59). Ultimately, further
efficiency is limited by the models’ tendency to
under-report confidence on correct answers.

Question: Would a Nike shoebox be too small to fit a swan in?
Direct answer: Yes (P(True) = 0.99).
Ground Truth: Yes.

Example 1: Direct. This represents a positive
case where accuracy is preserved and tokens are
saved by directly answering. Confidence-gated
CoT saves 284 tokens by choosing to skip CoT.

Example 2: Excess CoT. In this example, the
direct answer was already correct, but the policy
still used CoT, leading to redundant tokens.

These examples highlight both the effectiveness
and the limitations of confidence-gated CoT. The
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Example 2

Question: Where would you put a glass after drinking from it?

Answer choices: (A) ocean, (B) water cooler, (C) cabinet,
(D) dishwasher, (E) dining room.

Direct answer: (D) (P(True) = 0.59).

CoT reasoning (excerpt): “Option A doesn’t make sense... Option
D, dishwasher, is correct. Therefore, the answer is D.”

Category Qwen8B Qwen32B GPT-20B GPT-5.1
CoT Fixed 24.7 0.8 18.8 0.6 29.9 0.6 16.0 0.5
Direct 7136 23546 27295 2435
Excess CoT 50.8 3.6 44.4 4.6 26.6 2.5 70.7 3.5
Missed Fix 1.2 0.8 1.3 0.6 1.3 0.6 0.5 0.5
Both fail 16.2 91 12.1 91 15001 10491

Table 2: Distribution of outcome types. Values denote
%, averaged over calibration runs (std dev in subscript).

substantial portion of CoT Fixed cases, combined
with the minimal rate of Missed Fix (approx. 1%),
confirms that confidence signals effectively identify
necessary reasoning. However, the frequency of
Excess CoT shows that models often lack the con-
fidence to skip reasoning even when correct. This
analysis highlights that while current signals can be
effective, further gains can be unlocked by better
distinguishing correct from incorrect answers.

8 Conclusion

We propose an evaluation framework for
confidence-gated CoT and conduct the first sys-
tematic study of training-free confidence signals
for efficient reasoning. While the effectiveness
of confidence-gated routing varies across models
and signals, we demonstrate how to systematically
diagnose and manage this instability. We identify
signal saturation and selection bias as primary
failure modes, establishing AUROC as a better
predictor of gating success than calibration error.
Providing a practical solution, we introduce a
Pareto-optimal thresholding method that out-
performs the baselines evaluated, CAR and a
supervised probe. This approach preserves accu-
racy while driving end-to-end latency reductions
for strong signals, and safely maintains baseline
performance for weak ones. Ultimately, our study
provides a foundation for evaluating and improving
confidence signals for efficient reasoning.

Limitations

We employ a standard prompting strategy for
verbalised confidence consistent with prior work
(Yang et al., 2024), future work could extend this
analysis to various prompting strategies. Addition-
ally, future work could explore confidence estima-
tion methods that require minimal sampling (Zhou
et al., 2025; Kuhn et al., 2023) or models that are
trained to produce better verbalised confidence es-
timates (Stangel et al., 2025; Zhang et al., 2025b),
both of which can be studied within our framework.
Comparisons to fully trained when-to-think mod-
els (Jiang et al., 2025; Chuang et al., 2025a) and
adaptations of conformal risk control (Wang et al.,
2026) are left to future work; these methods re-
quire model training or target a different reasoning-
control setting, and our claims of outperformance
are relative to the baselines evaluated here. Our
Pareto threshold selection also requires a labelled
calibration set with both direct and CoT outputs,
so it is not directly applicable where ground-truth
labels are unavailable.

Ethical Consideration

Language models can generate content that is harm-
ful (Weidinger et al., 2022). Our contribution fo-
cuses on efficiency without training and as such
will not affect the existing risks present in each
model. All datasets are MIT-licensed, apart from
GPQA, which is released under a CC-BY 4.0 li-
cense. We use these datasets to evaluate NLP mod-
els, which is in line with their intended purpose.
To the best of our knowledge there is no PII or
offensive content in these datasets.
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A LLM Assistant Use

The writing of this paper received proofreading and
language polishing suggestions using LLMs. In ad-
dition, parts of our experimental code were drafted
or refactored with the assistance of GitHub Copilot;
all final text and code was manually reviewed and
verified by the authors.

B Practical Guidance

Confidence gating is most effective when direct an-
swering already achieves high accuracy, e.g., com-
monsense and knowledge-based reasoning. For
tasks where direct accuracy is low, e.g., mathemat-
ical reasoning, gating provides limited benefit as
most queries genuinely require CoT. The best sig-
nal is model family dependent: margin and perplex-
ity are effective for GPT-OSS-20B, while P(True)
is best for Qwen3-32B, so it is important to test
a range of confidence methods for new models.
When adopting a new method or model, practi-
tioners should prioritise AUROC over ECE as a
predictor of gating success, check for score satura-
tion that limits separating power, and verify token
savings directly rather than inferring them from
CoT usage reduction due to selection bias. These
insights apply to any confidence signal, whether
training-free or learned. Finally, our Pareto-optimal
selection procedure identifies reliable thresholds
that preserve accuracy while reducing cost. This
requires only a small labelled calibration set that is
broadly representative of the target tasks; as shown

in §6.3, a broad, moderately difficult held-out set
is sufficient for reliable threshold transfer.

C Model Inference Settings

For GPT-5.1 we use greedy decoding for direct
answers and the default temperature of 1.0 when
using the high reasoning effort. We use Hugging
Face Transformers for inference on Qwen and GPT-
OSS models. For Qwen models (8B and 32B), we
follow the recommended decoding settings from
the model cards, using a temperature of 0.6 and
top-p of 0.95 to avoid degenerate repetition. For
GPT-0OSS-20B, we use the default sampling config-
uration with temperature 1.0 and top-p 1.0. In all
settings, we set a maximum limit of 7000 thinking
tokens and insert text that prompts the model to
answer after this limit has been reached.

D Timing Results

Dataset CoT CoT CoT Dir. Dir. Dir.
atase Low  Med High Margin P(T) Verb.
csqa 1.6 4.0 4.7 0.0 0.1 0.1
2pqa 26.1 413 555 02 0.3 02
gsm8k L5 39 6.0 0.1 0.1 0.1
Isat 11.0 15.8 18.5 02 0.4 02
mmlu-redux 2.8 6.5 8.6 0.1 0.2 0.1
musr 4.8 8.0 10.4 0.5 10 06
strategyqa 1.0 1.9 2.7 0.0 0.0 0.1
ALL 6.949.1 12.5+16.0 15.2+18.5 0.1+0.2 0.3+0.3 0.2+0.2
Table 3: Mean inference time (seconds/question)
for GPT-0SS-20B across CoT budget Ilevels
(Low/Med/High) and direct methods. ALL re-

ports macro mean =+ std across datasets.

Dir. Dir. Dir.

Dataset CoT Margin P(T)  Verb.
csqa 133 0.1 0.1 0.2
gpqa 247.7 0.2 0.4 0.3
8 gsmsk 28.1 0.1 02 03
o Isat 717 0.2 04 03
5 mmlu-redux  49.9 0.1 03 03
5 musr 59.7 0.4 0.8 0.6
strategyqa 12.1 0.1 0.1 0.2
ALL 69.8+82.1 0.240.1 0.3+0.2 0.3+0.1
csqa 6.4 0.0 0.0 0.0
gpqa 67.3 0.1 0.1 0.1
g2 gsm8k 29.8 0.1 0.0 0.0
) Isat 34.8 0.1 0.1 0.1
§ mmlu-redux  40.2 0.0 0.1 0.0
<) musr 23.0 0.1 0.2 0.1
strategyqa 5.5 0.0 0.0 0.0
ALL 29.6+21.3 0.0+0.0 0.1+0.1 0.1+o0.0

Table 4: Mean inference time (seconds/question) for
Qwen3-32B and Qwen3-8B. ALL reports macro mean
=+ std across datasets.
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E Dataset Statistics

Dataset # Samples
CommonsenseQA (CSQA) 1221
StrategyQA 2290
MMLU-Redux 3000
GSMSK 1319
GPQA 448
LSAT-AGI 1009
MUSR 756

Table 5: Dataset statistics.

F Prompts

Please directly provide your best guess of the answer
to the question and give the probability that you think
it is correct (0.0 to 1.0). Take your uncertainty in the
prompt, the task difficulty, your knowledge availabil-
ity, and other sources of uncertainty into account.
Give only the guess and probability, with no other
words or explanation.

Format your final response as:
Answer: <your_best_guess>.
Probability: <score between 0.0 and 1.0>

User:

Is this answer:
(A) True

(B) False

Assistant:
The answer is:

G Supervised MLP Probe Training
Details

Activation extraction. For each question we
run a single forward pass with a direct-answer
prompt (chain-of-thought disabled) which ends
with Answer: (. We extract the residual-stream
hidden state at the final token position from the
middle transformer layer (¢ = | L/2]) on the first
token of the answer.

Architecture and training. We train a four-layer
MLP (d — 256 — 128 — 64 — 1, ReLU activa-
tions) on standardised activations to predict binary
answer correctness, optimised with binary cross-
entropy and Adam (Ir = 1073, batch size 64, 200
epochs). All hyperparameters are held constant
across models. We retrain 50 times with indepen-
dently randomised train/test splits, each using 10%
of data for training to match the calibration budget
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H Online Budget Results

Accuracy vs CoT Use Rate and Tokens (Online Routing)
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Figure 6: Online Accuracy vs. CoT use rate (left) and
average tokens (right) across all datasets in the online
setting. Stars show Oracle performance.

Difficulty-Ordered Distribution Shift. The
main online results randomise dataset order. To test
robustness to non-stationary traffic, we re-run the
online simulation with datasets presented in a fixed
order of increasing difficulty: CommonsenseQA
— StrategyQA — GSM8K — MuSR — LSAT —
MMLU-Redux — GPQA. This is a worst case for
the running-percentile estimator, since early high-
confidence queries could set thresholds that route
too few later, harder queries to CoT. Figure 7 shows
that performance is not meaningfully degraded. For
Qwen3-32B, P(True) and perplexity remain the
strongest signals and outperform random gating
at every CoT budget (e.g. ~79% and ~80% accu-
racy respectively at a 50% CoT budget), consistent
with the randomised setting. For GPT-OSS-20B,
the difficulty-ordered online curve is nearly indis-
tinguishable from the offline curve, with the same
signal ranking (margin and perplexity strongest,
P(True) weakest).

Accuracy vs CoT Use Rate and Tokens
(Online, Difficulty Order Routing)

CoT Use Rate Avg Tokens
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Figure 7: Online accuracy—efficiency trade-offs under a
difficulty-ordered query stream for Qwen3-8B, Qwen3-
32B, GPT-OSS-20B and GPT-5.1.
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I OOD Pareto Results

Avg. Tok.
Method Acc. T AAcct CoT (%) | saved 1
All CoT 834 0.0 100.0 0.0
All Direct  65.5 -17.8 0.0 943.1
S P(True) 704 -13.0 195 746.7
8 Verbalised 65.2  -18.2 0.0 935.3
Margin 83.4 0.0 100.0 0.0
Perplexity 73.3  -10.1 222 658.0
All CoT 84.9 0.0 100.0 0.0
All Direct  69.1  -15.8 0.0 749.5
S P(True) 844 04 81.2 105.8
% Verbalised 84.8 -0.1 98.8 4.0
Margin 84.9 0.0 100.0 0.0
Perplexity 84.9 0.0 100.0 0.0
All CoT 82.1 0.0 100.0 0.0
All Direct  72.9 9.2 0.0 919.4
!
Z P(Te) 821 00 982 9.5
7 Verbalised 82.1 0.0 98.9 3.1
o Margin 82.1 0.0 100.0 0.0
Perplexity 82.1 0.0 100.0 0.0
All CoT 83.1 0.0 100.0 0.0
All Direct  67.1  -16.0 0.0 811.1
g  P(True) 831 00 98.5 6.5
4 Verbalised 83.0  -0.1 98.7 43
Margin 83.1 0.0 100.0 0.0
Perplexity 83.1 0.0 100.0 0.0
> All CoT 83.0 0.0 100.0 0.0
=  AllDirect 638 -192 0.0 907.4
2  P(True) 822 08 84.8 116.9
o Verbalised 82.8 -0.1 98.5 5.0
E Margin 83.0 0.0 100.0 0.0
= Perplexity 83.0 0.0 100.0 0.0
All CoT 85.2 0.0 100.0 0.0
All Direct 68.9 -16.4 0.0 859.2
£  P(True) 809 43 470 4074
E Verbalised 744  -10.9 45.7 306.5
Margin 85.2 0.0 100.0 0.0
Perplexity 85.2 0.0 100.0 0.0
« All CoT 84.3 0.0 100.0 0.0
g All Direct 664  -17.9 0.0 1014.3
% P(True) 783  -6.0 43.8 499.0
= Verbalised 84.2 -0.1 99.6 1.9
é Margin 84.3 0.0 100.0 0.0
& Perplexity 84.3 0.0 100.0 0.0

Table 6: Results for Qwen3-32B by dataset with Pareto-

optimal thresholds (¢ = 1%).

Avg. Tok.
Method Acc. T AAcct CoT (%) | saved 1
AllCoT 797 0.0 100.0 0.0
. AlDirect 512 -285 0.0 514.0
g  P(True) 687 -11.0 70.9 1353
©  Verbalised 719  -7.7 70.8 59.8
Margin 788  -0.9 68.7 68.6
Perplexity 76.9 -2.8 54.7 126.0
AllCoT 806 0.0 100.0 0.0
«  AllDirect 548 259 0.0 408.3
€ P(True) 806 0.1 99.1 22
O Verbalised 804  -0.3 99.2 1.2
Margin 80.1  -06 68.9 60.1
Perplexity 77.5 -3.2 48.4 140.6
AllCoT  77.8 0.0 100.0 0.0
@ AllDirect 60.0 -17.8 0.0 515.9
=]
S P(True) 776  -0.1 98.7 3.0
& Verbalised 77.8 00  100.0 0.0
Margin 758 2.0 53.6 108.1
Perplexity 74.7  -3.0 45.6 149.5
AllCoT 798 0.0 100.0 0.0
All Direct 540 -25.8 0.0 4174
H
Z  P(True) 774 24 89.2 40.2
- Verbalised 72.2 -7.6 68.6 61.3
Margin 793 05 69.8 54.6
Perplexity 78.7 -1.1 66.6 69.3
X AICT 782 00 100.0 0.0
2  AllDirect 498 -28.4 0.0 519.2
=
&  P(True) 782 0.0 100.0 0.0
= Verbalised 73.7 4.5 84.3 25.4
S Margin 779 <03 772 45.1
= Perplexity  77.0 -1.2 67.8 72.5
AllCoT 814 0.0 100.0 0.0
o  AllDirect 541 273 0.0 480.0
£ P(Tre) 755 -59 82.0 79.8
=  Verbalised 67.8 -13.6 44.1 1503
Margin 786  -2.8 53.4 111.5
Perplexity 78.8 -2.6 533 116.5
g ANCOT 817 00 100.0 0.0
S~  AllDirect 51.6 -30.1 0.0 567.9
2 P(True) 812  -05 98.2 8.0
E Verbalised 79.7  -2.0 943 7.6
&  Margin 812  -0.5 71.1 61.1
»n Perplexity 81.7 -0.1 86.4 31.0

Table 7: Results for GPT-OSS-20B by dataset with

Pareto-optimal thresholds (e = 1%).

383



J Per Dataset Trade-off Plots
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Figure 8: CSQA (Part 1): Accuracy vs. CoT Use. Figure 9: CSQA (Part 2): Average Tokens vs. Accu-
racy.
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Figure 12: GSMS8K (Part 1): Accuracy vs. CoT Use.
curacy.
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Figure 16: MuSR-All (Part 1): Accuracy vs. CoT
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Figure 17: MuSR-All (Part 2): Average Tokens vs.

0.70

Accuracy
4 14
Y P
=] [

°
)
)

0.50

0.75

e
3
°

Accuracy
14
o
&

o
@
°

0.55

0.72
0.70
0.68
>0.66
v
Cosa
2
S o062
0.60
0.58
0.56

0.72
0.70
0.68

2 0.66
5 o0.64

g 062
0.60
0.58
0.56

Accuracy.

388

MUSR-ALL (Offline)

Method
perplexity
+ random
% oracle
. . "/:/;;rﬁ
e = ————
[ 100 200 300 400 500

Generated tokens (Avgerage)

(a) GPT-OSS Medium - Tokens

MUSR-ALL (Offline)

* Method

verbalised ¥ Oracle
+ random

500 1000 1500 2000 2500 3000 3500
Generated tokens (Avgerage)

(b) GPT-5 - Tokens

MUSR-ALL (Offline)

ai Method
o ptrue perplexity
verbalised  + random
& margin % oracle

“

) 200 400 600 800 1000
Generated tokens (Avgerage)

(c) Qwen3-32B - Tokens

MUSR-ALL (Offline)

L3

Method
o ptrue perplexity
verbalised  + random
. margin % Oracle

°

200 400 600 800 1000 1200 1400 1600
Generated tokens (Avgerage)

(d) Qwen3-8B - Tokens



Figure 18: MMLU-Redux (Part 1): Accuracy vs. CoT
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M GPT-0OSS full results

All Datasets (Offline)

Ead
Method
e p_true perplexity
0.80 verbalised + random
4 margin Y% Oracle
0.751 ¢
>
(%] pe n
S 0.701 g
3 4
8 #
< 0.654 ) g o
-
0.60 4 * /
A+
#
0.55{ A
=

0.0 0.2 0.4 0.6 0.8 1.0
CoT usage rate

Figure 25: GPT-OSS-20B Accuracy vs. CoT usage
results (Low reasoning effort)
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Figure 26: GPT-OSS-20B Accuracy vs. Average Tokens
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Figure 27: GPT-OSS-20B Accuracy vs. CoT usage
results (High reasoning effort)
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results (High reasoning effort)
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N Sensitivity to Accuracy Tolerance ¢

Table 9 reports Pareto-optimal threshold results

across € € {0.5%, 1%, 1.5%, 2%}. As € increases, ¢ Signal Acc. AAcc CoT (%) Tok. saved
token savings increase for signals with strong dis- ~ GPT-0SS-20B (All CoT: 79.9)

o . . 05% P(True) 797 -0.2 98.5 5.2
criminative power, while the realised accuracy drop Verbalised 797  -02 993 11
closely tracks the chosen tolerance. Signals with Margin 795  -05 72.5 52.3
weak discriminative power or saturated scores (e.g. Perplexity 794~ -0.5 80.6 402

. . 1%  P(True) 792 0.7 95.5 15.3
margin and perplexity on Qwen3-32B and Qwen3- Verbalised 79.7  -0.2  99.2 1.1
8B) default to full CoT at every tolerance. Margin 79.1  -0.8 68.1 65.0

Perplexity 79.0  -1.0 70.6 65.7

1.5% P(True) 78.9 -1.0 94.2 20.6
Verbalised 79.5 -0.5 98.2 2.5
Margin 78.7 -1.2 64.6 76.1
Perplexity 78.6  -1.4 64.2 84.7

2% P(True) 78.5 -1.4 92.6 28.4
Verbalised 78.9 -1.1 95.5 6.2
Margin 78.2 -1.7 60.4 90.4
Perplexity 78.1 -1.8 59.8 100.1

QOwen3-32B (All CoT: 83.8)

0.5% P(True) 83.2 -0.5 81.4 115.3
Verbalised 83.7 -0.1 98.9 3.8
Margin 83.8 0.0 100.0 0.0
Perplexity 83.8 0.0 100.0 0.0

1% P(True) 82.8 -0.9 73.8 170.9
Verbalised 83.7 -0.1 98.9 3.8
Margin 83.8 0.0 100.0 0.0
Perplexity 83.8 0.0 100.0 0.0

1.5% P(True) 82.4 -1.4 68.7 212.4
Verbalised 83.7 -0.1 98.9 3.8
Margin 83.8 0.0 100.0 0.0
Perplexity 83.8 0.0 100.0 0.0

2% P(True) 82.0 -1.8 64.5 249.3
Verbalised 83.7 -0.1 98.9 3.8
Margin 83.8 0.0 100.0 0.0
Perplexity 83.8 0.0 100.0 0.0

Owen3-8B (All CoT: 79.1)

0.5% P(True) 78.8 -0.3 95.8 374
Verbalised 79.1 0.0 100.0 0.0
Margin 79.1 0.0 100.0 0.0
Perplexity 79.1 0.0  100.0 0.0

1%  P(True) 784  -0.7 90.8 86.6
Verbalised 79.0 0.0 100.0 0.2
Margin 79.1 0.0 100.0 0.0
Perplexity 79.1 0.0  100.0 0.0

1.5% P(True) 78.0 -1.1 87.1 130.4
Verbalised 79.0 -0.1 99.8 1.2
Margin 79.1 0.0 100.0 0.0
Perplexity 79.1 0.0  100.0 0.0

2% P(True) 77.6 -1.4 85.3 158.7
Verbalised 78.5 -0.5 98.9 5.4
Margin 79.1 0.0 100.0 0.0
Perplexity 79.1 0.0  100.0 0.0

GPT-5.1 (verbalised only; All CoT: 86.6)

0.5% Verbalised 86.4 -0.2 99.0 0.4

1% Verbalised 86.1 -0.4 97.0 1.5

1.5% Verbalised 85.5 -1.1 91.5 4.5

2% Verbalised 85.3 -1.2 89.8 5.4

Table 9: Pareto-optimal threshold results across accu-
racy tolerances €. Means over 100 Monte Carlo calibra-
tion repeats. The ¢ = 1% rows correspond to Table 1.
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O Heuristic Baseline

We include a keyword-based heuristic baseline that
triggers CoT whenever task-relevant keywords or
phrases are detected in the input query. The full
keyword list is shown in Table 10. If any keyword
is present, the query is routed to CoT; otherwise,
the model answers directly. This produces a single
fixed point on the graph rather than a full trade-off
curve. For GPT-OSS-20B, the heuristic operates at
approximately 0.4 CoT usage with 0.70 accuracy,
outperforming random at this point but falling be-
low margin and perplexity at the same CoT usage
rate. For the Qwen models it performs similarly or
better to the confidence methods at the same CoT
usage rate. Results are shown in Figure 29.
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Figure 29: Offline accuracy—efficiency trade-offs with keyword heuristic baseline. The heuristic produces a single
fixed operating point, compared to the random baseline which traces full trade-off curves.

Category

Keywords / Phrases

Mathematical operations

Quantitative indicators

Problem-solving
Logical reasoning

Comparisons
Optimization

Arithmetic operations

calculate, compute, solve, evaluate, determine
how many, how much, what is the, find the
figure out, work out, estimate, approximate
prove, justify, explain why, deduce, infer,
conclude, implies, therefore, because

compare, contrast, which is greater, which is less
maximize, minimize, optimal, best option

sum, total, difference, product

Table 10: Heuristic keyword list used for routing decisions. A question is routed to CoT if it contains any of these
terms.
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