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Abstract

Factual hallucination in closed-book question
answering is often treated as a coverage prob-
lem: a model fails because the relevant fact
is absent from its internal memory. This view
misses a second source of error. Even when
a fact has been observed, finite memory may
force it to be stored only approximately. We
study this effect through a simple coverage–
compression model of factual recall.

We consider an unstructured question-
answering task with N possible queries and
K possible answers. A learner observes M
training facts, compresses them into at most B
bits, and answers uniformly drawn test queries
without retrieval. For a uniformly random
ground-truth mapping, we prove

E ≥ M

N
δ⋆
(︃
B

M

)︃
+

(︃
1− M

N

)︃(︃
1− 1

K

)︃
,

where δ⋆(r) is the inverse rate-distortion func-
tion of a uniform K-ary source under zero-one
loss. The two terms separate compression dis-
tortion on observed facts from missing cover-
age on unobserved facts.

The bound gives a compact way to reason about
selective memory, forced compression, struc-
ture, retrieval, abstention, and long-context or-
ganization. We study the predicted signatures
with theory-implied simulations and controlled
fact-injection probes in modern language mod-
els that vary fact load and effective trainable
memory. The result is not a complete theory of
hallucination, but an information-theoretic ac-
count of a separable failure mode: lossy recall
of observed facts under finite memory.

1 Introduction

Large language models can answer many factual
questions without explicit retrieval, suggesting that

*Equal contribution.
†Corresponding author.

some factual knowledge is stored in their param-
eters. Yet factual errors remain common across
short-form, long-form, knowledge-graph, dialogue-
level, and in-the-wild factuality evaluations (Wei
et al., 2024a,b; Liu et al., 2024b; Luo et al., 2024;
Zhao et al., 2024; Bayat et al., 2024; Jacovi et al.,
2025; Liu et al., 2025). A standard explanation is
missing coverage: the relevant fact was absent from
the model’s training data, inaccessible to its param-
eters, or unavailable at inference time. This ex-
planation motivates retrieval and grounding meth-
ods, which move part of the factual burden from
parametric memory to external evidence (Yan et al.,
2024; Edge et al., 2024; Wang et al., 2024; Ru et al.,
2024; Lee et al., 2025; Wu et al., 2025). Recent
work further shows that retrieval quality depends
not only on access to external evidence but also
on robustness to upstream noise and on how cross-
document evidence is organized at indexing time
(Bao, 2026; Bao and Shi, 2026). It is important,
but incomplete.

A fact can be observed and still be recalled incor-
rectly. A compressed database gives the basic intu-
ition: if a record is absent, the system must guess; if
the record is present but stored in a lossy code, the
system may retrieve the wrong value. Closed-book
factual recall faces the same tension. A model must
compress many facts into a finite internal represen-
tation, and recent controlled studies of new factual
knowledge, knowledge editing, memorization, and
knowledge capacity suggest that factual storage
is itself a constrained resource (Gekhman et al.,
2024; Huang et al., 2024; Allen-Zhu and Li, 2024;
Morris et al., 2025; Zhou et al., 2025). Related sys-
tems have also begun to make memory provenance
and knowledge extension explicit design objects in
long-horizon agents and reasoning systems (Zhang
et al., 2026b; Lou et al., 2025). The resulting error
is not merely a failure of exposure, but a failure of
recall under compression.

We isolate this mechanism with a deliberately
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Figure 1: Coverage–compression framework. Closed-book factual error decomposes into missing coverage on
unobserved facts and compression distortion on observed facts stored under finite memory. The same diagnostics
are used in controlled fact-injection experiments: observed-query error measures lossy recall, unobserved-query
error measures missing coverage, and full-space error measures their mixture.

simple model, summarized in Figure 1. Let Q
be a query set of size N and A an answer set of
size K. The ground-truth mapping g : Q → A is
drawn uniformly at random, so the answers con-
tain no semantic regularity that a learner can ex-
ploit. A learner observes M training pairs, encodes
the observed information into at most B bits, and
answers uniformly drawn test queries without re-
trieval. This random-source setting is not a model
of all factual knowledge; it is a null model for
unstructured factual memory, where correct pre-
diction must come from stored information. For
example, when K = 10, one lossless answer re-
quires log2 10 ≈ 3.32 bits, so a 160-bit answer
memory stores only about 48 independent facts
under the optimistic free-addressing convention.

The central claim is that closed-book factual er-
ror has two separable sources: the queried fact
may not be effectively covered by memory, or it
may be covered but stored too lossily to be recalled
correctly. Conditioned on the training set, the ob-
served labels are M independent K-ary symbols.
The learner’s memory is a compressed representa-
tion of this sequence. For a uniform K-ary source
under zero-one loss, let δ⋆(r) denote the minimum
achievable reconstruction error when each symbol
is encoded at rate r bits. Our main result, stated
formally in Theorem 3.1, gives

E ≥ M

N
δ⋆
(︃
B

M

)︃
+

(︃
1− M

N

)︃(︃
1− 1

K

)︃
.

The first term is the distortion on observed facts;

the second is the guessing error on unobserved
queries. WhenB/M ≥ log2K, observed facts can
be stored losslessly and the bound reduces to the
usual unseen-query floor. When B/M < log2K,
even facts seen during training have a nonzero re-
call error floor.

This decomposition clarifies several behaviors
that are often discussed separately. Finite mem-
ory alone does not imply that more data must hurt
an optimal learner: with selective allocation, addi-
tional observations can simply produce diminish-
ing returns. Compression overload appears when
many observed facts are forced to share a fixed
effective representation, lowering the per-fact rate
B/M . Structure changes the trade-off by reduc-
ing the number of independent facts that must be
stored. Long-context organization gives an anal-
ogous working-memory problem, where facts are
present in the prompt but compete for limited effec-
tive attention; recent long-context evaluations show
that retrieval becomes substantially harder when
context length, task complexity, latent structure,
long in-context learning, or non-literal matching
increases (Hsieh et al., 2024; Zhang et al., 2024;
Bai et al., 2024; Li et al., 2024a; Vodrahalli et al.,
2024; Li et al., 2024b; Modarressi et al., 2025).
Related work on ultra-long agent trajectories and
controllable summarization further highlights the
importance of managing long-context information
and compressed intermediate representations (Liu
et al., 2026c,b).
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We evaluate the framework through predicted
signatures rather than aggregate benchmark scores.
Theory-implied simulations instantiate the exact
distortion-rate envelope, while controlled fact-
injection probes vary the number of independent
synthetic facts and the effective trainable memory
budget in modern language models. Across both
components, we report observed-query error for
compression distortion, unobserved-query error for
missing coverage, and full-space error for their
mixture.

Taken together, the paper makes three contribu-
tions. First, it identifies a compression-induced
source of factual error that is separate from miss-
ing coverage. Second, it proves a rate-distortion
lower bound showing how observed-fact distortion
and unseen-query guessing combine in a single
coverage–compression trade-off. Third, it turns the
bound into a diagnostic framework, yielding mea-
surable signatures in theory-implied simulations
and controlled fact-injection probes. The claim is
intentionally narrow: compression is not a com-
plete theory of hallucination, but a separable mech-
anism that predicts when observed facts become
unreliable under finite effective memory.

2 Problem Setting

We study closed-book factual recall under a finite
memory budget. Let Q be a query set with |Q| =
N , and let A be an answer set with |A| = K ≥ 2.
The ground-truth mapping is

g : Q → A.

To isolate unstructured factual memory, we draw
g uniformly at random from all KN mappings.
Equivalently, the labels {g(q) : q ∈ Q} are in-
dependent uniform K-ary symbols. This random-
source model is not a claim that real knowledge
is random; it is a null model in which semantic,
logical, and distributional shortcuts have been re-
moved.

A learner observes a uniformly sampled training
set S ⊂ Q of size M , together with the labels

XS = (g(q))q∈S .

It encodes the observed information into a memory
state W ∈ W with |W| ≤ 2B . At test time, it re-
ceives a query q and must answer without retrieval.
We allow arbitrary randomized encoders and de-
coders. Under the free-addressing convention, the

decoder may condition on the training index set S
and the query identity:

ψ : Q× SM ×W → ∆(A),

SM = {S ⊆ Q : |S| =M}.

Let ĝ(q) denote the answer sampled from, or deter-
ministically chosen by, this decoder. The budget
B is charged only to stored answer information;
query identities and the set S are treated as avail-
able addresses. This convention favors the learner.
If query identities must also be stored, an additional
address cost on the order of log2

(︁
N
M

)︁
is required.

We measure expected full-space error under the
uniform test distribution:

E = E

⎡
⎣ 1

N

∑︂

q∈Q
1{ĝ(q) ̸= g(q)}

⎤
⎦ , (1)

where the expectation is over the random ground
truth, the sampled training set, and learner random-
ness.

We distinguish two notions of coverage. A query
has training coverage if q ∈ S. It has effec-
tive memory coverage if the learner has allocated
enough information to recall its answer with non-
trivial fidelity. A fact may therefore be present in
the training set but still be recalled incorrectly.

3 Coverage–Compression Theory

The theory separates two sources of error. If a test
query was not observed, its label is independent of
the learner’s memory and the learner must guess.
If the query was observed, the learner still has to
reconstruct its label from a finite-memory represen-
tation. The first effect gives a coverage floor; the
second is a rate-distortion problem.

Coverage-only floor. If every observed fact were
recalled perfectly, the only unavoidable error would
come from queries outside S:

E ≥
(︃
1− M

N

)︃(︃
1− 1

K

)︃
. (2)

For q /∈ S, the label g(q) is uniform over A and
independent of (S,XS ,W ), so no predictor can be
correct with probability greater than 1/K. This
baseline treats observation as equivalent to lossless
storage. We next remove that assumption.
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Observed facts as source coding. Conditioned
on S, the observed labels XS are M independent
uniform symbols over a K-ary alphabet. The mem-
ory state W is a compressed representation of this
sequence, and answering an observed query recon-
structs one coordinate of XS from the compressed
memory and the query address. The relevant dis-
tortion is factual recall error,

d(a, â) = 1{a ̸= â}.
For a uniform K-ary source under zero-one dis-

tortion, the rate-distortion function is

RK(D) = log2K − h2(D)−D log2(K − 1),

0 ≤ D ≤ 1− 1

K
,

(3)
where h2(D) = −D log2D−(1−D) log2(1−D).
This is the standard rate-distortion function for a
uniform K-ary source under Hamming distortion
(Shannon, 1959; Cover and Thomas, 2006). Thus
perfect recall requires log2K bits per fact, while
random guessing has distortion 1 − 1/K and re-
quires zero bits. Let

δ⋆(r) = inf{D ≥ 0 : RK(D) ≤ r} (4)

denote the smallest possible reconstruction error at
rate r bits per observed fact.
Theorem 3.1 (Coverage–compression bound).
Under the random-source model and the free-
addressing convention, every learner with memory
budget B satisfies

E ≥ M

N
δ⋆
(︃
B

M

)︃

+

(︃
1− M

N

)︃(︃
1− 1

K

)︃
.

(5)

Proof idea. Condition on S. Since W has at most
2B values,

I(XS ;W | S) ≤ H(W | S) ≤ B.

Let ˆ︁XS = (ĝ(q))q∈S denote the decoder’s recon-
structions on the observed queries. Because ˆ︁XS is
produced from (S,W ) and decoder randomness,
data processing gives

I(XS ; ˆ︁XS | S) ≤ B.

If the observed-fact reconstruction error is Dobs,
the rate-distortion converse for the uniform K-ary
source implies

RK(Dobs) ≤
B

M
, Dobs ≥ δ⋆

(︃
B

M

)︃
.

A uniformly drawn query lies in S with probability
M/N and outside S with probability 1 −M/N .
The former contributes the observed-fact distortion
term; the latter contributes the guessing error 1−
1/K. Combining the two cases gives Eq. (5). The
full proof is in Appendix A.2.

The bound decomposes the error into

Eobs =
M

N
δ⋆(B/M),

Emiss =

(︃
1− M

N

)︃
(1− 1/K).

The first term is lossy recall of observed facts; the
second is guessing on unobserved queries. When
B/M ≥ log2K, observed facts can be stored loss-
lessly and the first term vanishes. When B/M <
log2K, even facts that appeared in training have a
nonzero recall error floor.
Proposition 3.2 (Tightness under free addressing).
Under the same free-addressing convention, the
bound in Theorem 3.1 is achievable up to finite-
blocklength effects. Specifically, if M → ∞ with
B/M → r, then standard rate-distortion codes
achieve observed-fact distortion δ⋆(r)+o(1), while
unobserved queries are answered by random guess-
ing.

This shows that Eq. (5) is not merely a loose
lower bound: in the random-source model, it is
the natural rate-distortion envelope. The proof
and finite-blocklength caveat are given in Ap-
pendix A.2.

Address-charged variant. The free-addressing
convention gives the learner the training index set
S and query identities as addresses. If those identi-
ties must be encoded explicitly, storing which M
queries are covered requires an additional address
cost on the order of log2

(︁
N
M

)︁
bits. A conserva-

tive address-charged analogue replaces the answer-
memory budget by

Bans =

[︃
B − log2

(︃
N

M

)︃]︃

+

,

where [x]+ = max{x, 0}. The same rate-
distortion argument then gives

E ≥ M

N
δ⋆
(︃
Bans

M

)︃
+

(︃
1− M

N

)︃(︃
1− 1

K

)︃
.

We use the free-addressing convention in the main
theorem because it isolates answer-memory com-
pression and favors the learner; the address-charged
variant quantifies how explicit indexing would only
make the memory constraint tighter.
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Consequences. The lossless endpoint gives the
capacity scale

Llossless ≈
B

log2K
,

the number of independent K-ary facts that can be
stored without error under free addressing. This is
a capacity scale, not an optimal training size.

Finite memory alone does not imply that more
observations must hurt an optimal learner. With
selective allocation, the learner may spend memory
on a subset of the facts and ignore the rest. An
idealized selective-memory curve is

Esel(M) = min

{︃
1− 1

K
, min
1≤L≤M

Φ(L)

}︃
,

Φ(L) =
L

N
δ⋆
(︃
B

L

)︃
+

(︃
1− L

N

)︃(︃
1− 1

K

)︃
.

Because the feasible set grows with M , Esel(M)
is non-increasing in M . Selective memory there-
fore predicts saturation or diminishing returns, not
unavoidable degradation.

Compression overload appears under the
stronger regime in which allM observed facts must
share one fixed effective representation. Then the
operating point is Eq. (5): increasing M improves
training coverage but lowers the per-fact rateB/M ,
so observed-fact fidelity can degrade even when
full-space error does not. A U-shaped full-space
curve is therefore not a universal consequence of
finite memory; it requires additional mechanisms
such as forced uniform allocation, interference, or
an evaluation distribution concentrated on compet-
ing facts.

Structured facts. The preceding analysis treats
all query labels as independent. Real knowledge
often has structure: one base fact can support many
derived queries. A simple deductive-closure model
makes this explicit. Let Z1, . . . , ZNbase

be indepen-
dent base labels, each uniformly distributed over
A. Each base label determines a block of c derived
queries through known one-to-one transformations,
so N = cNbase. If the learner observes M base
facts and cM ≤ N , the forced-compression ana-
logue gives

Estruct ≥
cM

N
δ⋆
(︃
B

M

)︃

+

(︃
1− cM

N

)︃(︃
1− 1

K

)︃
.

(6)

Compared with Eq. (5), structure increases the
number of surface queries covered per stored in-
dependent fact. This is the information-theoretic
role of structure in our framework: reasoning does
not remove the memory limit, but it can reduce
the number of independent facts that must be com-
pressed. The full derivation and the selective struc-
tured variant are in Appendix A.4.

4 Empirical Signatures of
Coverage–Compression

The bound in Section 3 predicts a pattern rather
than a single aggregate score. At fixed effec-
tive memory, increasing the number of indepen-
dent facts should improve training coverage but re-
duce per-fact fidelity; increasing memory or adding
structure should move the failure point. We test
these predictions with theory-implied simulations
and controlled real-model probes.

4.1 Setup and diagnostics
We report three quantities throughout. Observed-
query error measures recall error on injected or
observed facts and diagnoses compression distor-
tion. Unobserved-query error measures error on
entities whose facts were not injected and diag-
noses missing coverage. Full-space error averages
the two under a specified query mixture. We do not
infer compression from aggregate accuracy alone;
the key evidence is whether observed-query error
changes with fact load under a controlled memory
budget. Because model-based evaluation itself can
be sensitive to prompt decomposition, judge con-
figuration, and metric calibration, we keep query
templates, decoding rules, and diagnostic defini-
tions fixed within each comparison (Zhang, 2026,
2027; Liu et al., 2026a).

For the fact-injection probes, we generate syn-
thetic independent facts

ei ↦→ ai, ai ∈ {0, . . . ,K − 1},

where entity strings are randomly generated and la-
bels are sampled independently. This controlled set-
ting follows recent work on new factual knowledge,
knowledge editing, memorization, and knowledge
capacity: coverage and fact load are known by
construction, making observed-query error directly
measurable (Gekhman et al., 2024; Huang et al.,
2024; Allen-Zhu and Li, 2024; Morris et al., 2025;
Zhou et al., 2025). Unless otherwise stated, we
use K = 10, so chance-level error is 1 − 1/K =
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0.9. Models are adapted on templates that state
the entity-label relation and evaluated on held-out
query forms: seen-direct, seen-paraphrase, seen-
relation with a unique target answer, and unseen-
entity.

We vary the number of injected facts M and the
LoRA rank used for adaptation (Hu et al., 2022;
Liu et al., 2024a). LoRA rank is used only as a
controlled proxy for effective trainable memory;
it should not be identified with the theoretical bit
budget B. This proxy is controlled within a fixed
target-module set, but target modules, optimization,
model architecture, and quantization can still affect
usable factual capacity. Hardware, training configu-
rations, decoding rules, seeds, and numerical mean
± standard error tables are reported in Appendix C.

The suite covers dense, MoE, and reasoning-
distilled families. Qwen3 provides both dense
and MoE variants, and DeepSeek-R1-Distill-Qwen-
32B tests reasoning-style distillation in the fact-
injection setting. Kimi-K2-Instruct and GLM-5
are used only as frontier references for the quali-
tative long-context analogue (Qwen Team, 2025;
DeepSeek-AI, 2025; Kimi Team, 2025). Hardware,
training configurations, decoding rules, seeds, and
representative numerical mean ± standard error
tables are reported in Appendix C.

4.2 Theory-implied envelope

We first instantiate the theoretical envelope itself.
This component is not a language-model mea-
surement. It numerically inverts the K-ary rate-
distortion function and substitutes δ⋆(B/M) into
the risk expressions from Section 3. Its role is to
make the predicted geometry explicit before test-
ing whether the same signatures appear in model
probes.

For unstructured forced compression,

Eforced(M) =
M

N
δ⋆
(︃
B

M

)︃

+

(︃
1− M

N

)︃(︃
1− 1

K

)︃
.

For a structured deductive-closure setting in
which one base fact supports c derived queries,

Estruct(M) =
cM

N
δ⋆
(︃
B

M

)︃

+

(︃
1− cM

N

)︃(︃
1− 1

K

)︃
.

Figure 2: Increasing adapter capacity shifts the fact-
injection transition. Qwen3-8B is adapted on indepen-
dent synthetic facts while varying injected fact count M
and LoRA rank. Observed-query error rises as fact load
increases at fixed rank, while higher rank delays the
transition. The horizontal reference line denotes chance
error for K = 10. Representative numerical values are
reported as mean ± standard error over three seeds in
Appendix C.

For the long-context analogue,

Ectx(Mctx) = δ⋆
(︃
Bctx

Mctx

)︃
.

The envelope separates effects that are other-
wise conflated in aggregate accuracy. As M grows
at fixed B, missing coverage decreases, but the
per-fact rate B/M also decreases, so observed-
fact error can rise even when full-space error im-
proves. Increasing B moves the system back along
the distortion-rate curve, while structure increases
query coverage per independent stored fact.

4.3 Capacity-controlled fact injection
We next ask whether the same signature appears
in controlled model probes. The cleanest ma-
nipulation is to hold the adaptation mechanism
fixed and vary the number of independent injected
facts. If factual error is partly compression-induced,
observed-query error should increase after the fact
load exceeds the effective memory available to the
adapter; increasing the memory proxy should shift
the transition to larger M .

Figure 2 gives the most direct capacity test. At
low fact load, all ranks store the injected mapping
with low observed-query error. As M increases,
lower-rank adapters reach the high-error regime
earlier, while larger ranks remain reliable over a
wider range. This is the qualitative transition pre-
dicted by the coverage–compression bound.

The fixed-rank comparison in Figure 3 suggests
that the pattern is not confined to one checkpoint.
The transition point varies across models, but the
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Table 1: Model suite used across the real-model probes. The suite is structured rather than exhaustive: Qwen and
DeepSeek models are used for fact-injection probes, while Kimi-K2 and GLM-5 are used only for the long-context
analogue.

Model Role Main use

Qwen3-8B Dense baseline Fact injection: full rank/load sweep
Qwen3-32B Larger dense model Fact injection: fixed-rank scale comparison
Qwen3-30B-A3B MoE comparison Fact injection: architecture comparison
DeepSeek-R1-Distill-Qwen-32B Reasoning-distilled model Fact injection: query-form robustness
Kimi-K2-Instruct Frontier MoE reference Long-context analogue only
GLM-5 family Frontier reference Long-context analogue only

Table 2: Theory-implied operating points for N = 5,000 and K = 10. Values are computed from the exact
rate-distortion envelope and are not model measurements.

Setting Parameters Rate Observed error Full / conditional error

Unstructured B = 160, M = 50 3.20 0.011 0.891
Unstructured B = 160, M = 500 0.32 0.653 0.875
Unstructured B = 160, M = 2000 0.08 0.787 0.855
Memory scaling M = 1000, B = 640 0.64 0.531 0.826
Memory scaling M = 1000, B = 2560 2.56 0.096 0.739
Deductive closure B = 160, M = 250, c = 10 0.64 0.531 0.716
Long-context analogue Bctx = 320, Mctx = 100 3.20 – 0.011
Long-context analogue Bctx = 320, Mctx = 1000 0.32 – 0.653

Figure 3: Compression overload at fixed adapter rank
across model families. All models are evaluated at the
same nominal LoRA rank on the seen-direct split. The
error curves rise with the number of injected indepen-
dent facts, approaching chance level for K = 10 at high
load. Representative numerical values are reported as
mean ± standard error over three seeds in Appendix C.

direction is consistent: when independent injected
facts grow under a fixed adapter budget, observed-
fact fidelity degrades. This supports the theory
at the level of diagnostic signatures rather than
exact numerical agreement with the idealized rate-
distortion curve.

4.4 Information Load Beyond Fact Count

The rank sweep varies adaptation capacity while
keeping the answer alphabet fixed. We next test
whether recall also depends on the information car-
ried by each association. Using Qwen3-8B with
LoRA rank 16, we vary K ∈ {2, 4, 10, 32, 100}

Table 3: Effect of answer information. The first row
fixes M = 8,192; the final two rows approximately
match M log2K at 27.2k bits.

K 2 4 10 32 100

Error at M = 8,192 0.155 0.245 0.382 0.575 0.715
Matched M 27,200 13,600 8,192 5,440 4,096
Matched error 0.430 0.515 0.382 0.455 0.505

while fixing M = 8,192. As shown in Table 3,
seen-direct error increases from 0.155 at K = 2 to
0.715 at K = 100, despite an identical fact count.

We further adjustM so thatM log2K is approx-
imately matched at 27.2k bits. Under this control,
the error range narrows substantially, from 0.155–
0.715 at fixed M to 0.382–0.515 at matched infor-
mation load. The collapse is not exact because the
full K-ary rate–distortion function, answer repre-
sentation, and optimization also vary with K.

These results show that fact count alone does not
determine the transition: increasing the information
per association systematically increases observed-
fact difficulty, while approximately matching ag-
gregate answer information substantially reduces
the variation across K.

4.5 Out-of-Sample Prediction of Fact-Load
Transitions

A monotonic increase in error with M is compati-
ble with many generic capacity effects. We there-
fore fit an effective-capacity parameterBeff on only
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Table 4: Representative predictions at fact loads ex-
cluded from fitting. The metric is seen-direct free-
generation error with K = 10.

Rank Held-out M Measured RD prediction

4 8,192 0.704 0.690
16 8,192 0.382 0.395
64 8,192 0.105 0.115
4 28,672 0.884 0.887

16 28,672 0.862 0.855
64 28,672 0.712 0.705

a subset of the Qwen3-8B fact-load curve and pre-
dict excluded values of M . Here, Beff is a behav-
ioral bit-equivalent parameter rather than a literal
adapter bit count.

Across held-out loads, the rate–distortion-
inspired model obtains an RMSE of 0.025–0.035,
compared with 0.050–0.065 for a logistic thresh-
old, 0.060–0.080 for power-law degradation, and
0.075–0.095 for a random-subset/overwrite model.
This does not imply that gradient-based adaptation
implements an ideal rate–distortion code; it shows
that the information-per-fact parameterization has
out-of-sample predictive content beyond a mono-
tonic capacity trend.

4.6 Robustness and structure

A possible failure mode of synthetic fact injection
is template memorization. We therefore evaluate
multiple query forms for the same injected facts.
The seen-relation split is restricted to query forms
with a unique target answer; ambiguous inverse
queries are excluded. More broadly, recent bench-
mark studies show that measured model behavior
can change substantially with reasoning demands,
misleading multimodal inputs, or constrained an-
swer formats (Chen et al., 2025, 2026a,b).

Figure 4 separates coverage from robustness.
Unseen entities remain close to chance, as expected
for facts that were never injected. The seen splits
are below chance at lower loads but degrade as M
increases, with paraphrased and relation-rephrased
queries degrading earlier than direct queries. Expo-
sure alone is not sufficient; the fact must be repre-
sented with enough fidelity to survive changes in
query form.

The theory also predicts that surface query count
is not the right memory-load measure when many
queries share the same base fact. We compare an
unstructured condition, where each surface query
has an independent label, with a structured con-

Figure 4: Query-form robustness under fact injection.
DeepSeek-R1-Distill-Qwen-32B is evaluated on di-
rect, paraphrased, relation-rephrased, and unseen-entity
queries. Unseen entities remain near the chance error
of 0.9 for K = 10, while paraphrased and relation-
rephrased queries expose additional recall fragility as
fact load grows. Representative numerical values are
reported as mean ± standard error over three seeds in
Appendix C.

Figure 5: Structure delays compression overload by
reducing independent factual load. The unstructured
condition assigns independent labels to surface queries.
The structured condition uses fewer independent base
labels, each supporting multiple derived queries. Rep-
resentative numerical values are reported as mean ±
standard error over three seeds in Appendix C.

dition, where derived queries are determined by
fewer independent base labels.

Figure 5 supports the deductive-closure pre-
diction. When each surface query corresponds
to an independent label, error rises quickly with
the number of queries. When queries share base
facts, the same surface-query count imposes a
smaller independent memory load, and the over-
load point is delayed. This does not claim that all
reasoning reduces to deductive closure; it shows
the information-theoretic role of structure in the
present framework.

4.7 Long-context analogue and summary

Finally, we apply the same diagnostic lens to an
in-context setting. Here the facts are present in
the prompt, so the issue is not parametric cover-
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Figure 6: Long-context analogue under non-literal
middle-position retrieval. Error increases with the num-
ber of in-context facts, suggesting a similar competition
effect. This is a qualitative analogue rather than a direct
estimate of Bctx or a quantitative test of Theorem 3.1.

age. The question is whether many independent
key-value facts compete for limited effective work-
ing memory or attention, especially when retrieval
cannot rely on literal overlap. This setup follows re-
cent long-context evaluations showing that nominal
context length does not necessarily imply reliable
recall under multi-fact, long in-context learning,
latent-structure, or non-literal retrieval demands
(Hsieh et al., 2024; Zhang et al., 2024; Bai et al.,
2024; Li et al., 2024a; Vodrahalli et al., 2024; Li
et al., 2024b; Modarressi et al., 2025).

The long-context result is an analogue rather
than a direct test of the parametric memory theo-
rem. It shows that the same diagnostic distinction
remains useful when facts are present but must be
selected and used from a crowded context. Across
probes, the same pattern recurs: increasing indepen-
dent fact load under fixed effective memory raises
observed-query error; increasing adapter rank shifts
the transition; unseen entities remain near chance;
and structure delays overload by reducing the num-
ber of independent labels that must be stored. The
results should not be read as evidence that language
models implement the ideal rate-distortion code.
They support the narrower claim that coverage and
compression are empirically separable, and that
observed-fact error provides a direct diagnostic for
lossy factual recall under finite effective memory.

5 Discussion and Conclusion

The coverage–compression view changes how
closed-book factual error should be interpreted. A
factual answer can be wrong either because the rel-
evant fact was not effectively covered, or because
the fact was observed but stored with insufficient
fidelity. The main bound separates these mecha-
nisms: unseen-entity error diagnoses missing cov-

erage, while observed-query error diagnoses lossy
recall of injected facts.

The bound should be read as a limit on unstruc-
tured factual memorization, not as a complete the-
ory of hallucination. In the random-source model,
answers are independent, so correct prediction
must come from stored information rather than
semantic regularity. When B/M < log2K, the ef-
fective memory per observed fact is insufficient for
lossless recall, giving a nonzero observed-fact error
floor. This identifies a capacity scale, not an opti-
mal dataset size: more observations need not hurt
an optimal learner, while forced shared represen-
tations or interference can degrade observed-fact
fidelity.

The same decomposition explains why common
interventions help. Retrieval changes the resource
model by moving facts out of parametric memory
and shifting the bottleneck to retrieval and verifica-
tion (Yan et al., 2024; Ru et al., 2024). Abstention
changes the operating point by avoiding queries
outside reliable coverage. Structure and reason-
ing reduce the number of independent facts that
must be stored, while long-context organization
addresses an analogous working-memory problem
in which present facts still compete for limited at-
tention or effective context capacity (Hsieh et al.,
2024; Modarressi et al., 2025). Complementary
agent work similarly uses structured collaboration,
continual capability construction, and orchestrated
skill composition to organize complex behavior
across multiple components (Huang et al., 2026;
Zhang et al., 2026a; Lou et al., 2026c,b,a).

The controlled probes support this diagnostic
interpretation rather than an exact numerical iden-
tification with the idealized rate-distortion curve.
At fixed adapter rank, increasing the number of
injected independent facts raises observed-query
error; increasing rank shifts the transition; unseen
entities remain near chance; and structured facts
delay overload.

Limitations

Our framework deliberately adopts a simplified
information-theoretic setting to isolate the inter-
action between factual coverage and finite repre-
sentation capacity. The uniform random mapping
removes semantic, logical, temporal, and distri-
butional structure that is abundant in real-world
knowledge, and the effective bit budget B should
therefore be interpreted as an abstract capacity con-
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straint rather than a direct function of parameter
count. In the empirical experiments, LoRA rank
serves only as a controlled proxy for adaptation
capacity. The theoretical analysis further relies
on free addressing and asymptotic rate-distortion
arguments, while practical systems may incur non-
negligible addressing costs and finite-size effects.

The empirical study likewise focuses on con-
trolled synthetic fact injection rather than naturally
occurring factual knowledge. This design makes
coverage, independent fact load, and observed-
query error directly measurable, but it does not
attempt to model all mechanisms underlying open-
domain factual errors. In realistic settings, factual
reliability may additionally depend on semantic
redundancy, conflicting or outdated knowledge, re-
trieval and optimization behavior, decoding, cali-
bration, and instruction-following effects. Accord-
ingly, our results should be interpreted as charac-
terizing a controlled coverage–compression mech-
anism rather than providing a complete account of
factual hallucination in language models.
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A Technical Details and Proofs

This appendix gives the technical details omitted
from the main text. The main paper states the key
proof ideas; here we record the full derivations, the
free-addressing convention, the tightness statement,
and the allocation variants used for interpretation.

A.1 Memory Accounting and Rate-Distortion
Preliminaries

Free addressing. Throughout the main theorem,
we use the optimistic free-addressing convention.
The training index set S and the test query identity
q are available to the decoder as addresses. The
budget B is charged only to stored answer informa-
tion. If the learner must also encode which queries
are stored, an additional address cost on the order
of

log2

(︃
N

M

)︃

is required. Thus the free-addressing convention
favors the learner; any explicit address cost only
tightens the memory constraint.

The K-ary distortion-rate function. Let U be
uniformly distributed over a K-symbol alphabet.
Under zero-one distortion,

d(u, û) = 1{u ̸= û},

the rate-distortion function of the uniform K-ary
source is

RK(D) = log2K − h2(D)−D log2(K − 1),

0 ≤ D ≤ 1− 1

K
,

(7)
where

h2(D) = −D log2D − (1−D) log2(1−D).

For D ≥ 1− 1/K, the rate is zero, since random
guessing already achieves distortion 1− 1/K. We
define the inverse distortion-rate function as

δ⋆(r) = inf{D ≥ 0 : RK(D) ≤ r}. (8)

In particular,

δ⋆(r) = 0 for r ≥ log2K,

which is the lossless memorization regime.

Counting intuition. A block of M independent
K-ary labels has KM possible sequences, requir-
ing M log2K bits for lossless storage. If a fraction
D of positions may be reconstructed incorrectly,
then one reconstructed sequence represents roughly

2M [h2(D)+D log2(K−1)]

nearby true sequences: choose about DM error
positions and one of K − 1 alternative labels at
each. Dividing the total number of sequences by
this ball size and taking logarithms gives the per-
symbol rate in Eq. (7). Thus, allowing distortion
reduces the number of bits needed per fact.

A.2 Coverage, Compression, and Tightness
Coverage-only floor. Let S ⊂ Q be the training
set. For any query q /∈ S, the label g(q) is uni-
formly distributed over A and independent of the
observed labels. Therefore, for any deterministic
or randomized predictor,

Pr[ĝ(q) = g(q) | q /∈ S] ≤ 1

K
,

and hence

Pr[ĝ(q) ̸= g(q) | q /∈ S] ≥ 1− 1

K
.

A uniformly drawn test query lies outside S with
probability (N −M)/N . Even if the learner an-
swers every query in S perfectly, the expected full-
space error is at least

E ≥
(︃
1− M

N

)︃(︃
1− 1

K

)︃
. (9)

Theorem A.1 (Coverage–compression bound).
Under the setting of Section 2, any learner with
memory budget B satisfies

E ≥ M

N
δ⋆
(︃
B

M

)︃
+

(︃
1− M

N

)︃(︃
1− 1

K

)︃
. (10)

Proof. Condition on the sampled training set S.
The observed labels

XS = (g(q))q∈S

are M independent uniform draws from A. The
learner encodes the observed information into a
memory state W with at most 2B possible values.
Therefore,

H(W | S) ≤ B.

Let
ˆ︁XS = (ĝ(q))q∈S
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be the learner’s reconstructions on the training
queries. Under free addressing, ˆ︁XS is produced
from (S,W ) together with decoder randomness.
Thus, by the data-processing inequality,

I(XS ; ˆ︁XS | S) ≤ I(XS ;W | S)
≤ H(W | S)
≤ B.

(11)

Let

DS =
1

M

∑︂

q∈S
Pr[ĝ(q) ̸= g(q) | S]

be the average reconstruction error on the observed
facts. By the converse of rate-distortion theory for
a memoryless uniform K-ary source,

1

M
I(XS ; ˆ︁XS | S) ≥ RK(DS).

Combining this with Eq. (11) gives

RK(DS) ≤
B

M
.

By the definition of δ⋆, this implies

DS ≥ δ⋆
(︃
B

M

)︃
.

A uniformly drawn test query lies in S with prob-
ability M/N , contributing observed-fact error at
least δ⋆(B/M). It lies outside S with probabil-
ity 1 −M/N , in which case its label is indepen-
dent of (S,W ) and the best possible error is at
least 1 − 1/K. Combining the two cases yields
Eq. (10).

Tightness under free addressing. The lower
bound is tight up to finite-blocklength effects un-
der the same free-addressing convention. Condi-
tion on S and encode the sequence XS using a
block rate-distortion code for the uniform K-ary
source at rate B/M . For any D > δ⋆(B/M),
classical rate-distortion achievability gives codes
whose observed-fact distortion approachesD asM
grows. The decoder answers observed queries from
the reconstructed sequence and guesses uniformly
on unobserved queries. Therefore,

E ≤ M

N

[︃
δ⋆
(︃
B

M

)︃
+ o(1)

]︃

+

(︃
1− M

N

)︃(︃
1− 1

K

)︃
.

(12)

Thus Eq. (10) is the natural rate-distortion envelope
for the random-source model, not merely a loose
lower bound.

A.3 Allocation Regimes

The main theorem describes the forced-
compression regime in which all M observed facts
share one B-bit representation. For interpretation,
it is useful to compare this with an idealized
selective-memory policy.

Selective memory. A selective learner chooses
an effective number L ≤ M of facts to store,
spends the memory budget on those facts, and
guesses on the rest. The case L = 0 corresponds
to guessing everywhere, so the allocation curve is

Esel(M) = min

{︃
1− 1

K
, min
1≤L≤M

Φ(L)

}︃
,

Φ(L) =
L

N
δ⋆
(︃
B

L

)︃
+

(︃
1− L

N

)︃(︃
1− 1

K

)︃

Because the feasible set grows with M , Esel(M) is
non-increasing in M . This curve captures memory-
limited diminishing returns; it should not be read
as saying that more data hurts an optimal learner.

The lossless endpoint gives the scale

Llossless ≈
B

log2K
.

This is the approximate number of unstructured
K-ary facts that can be stored without error under
free addressing.

Forced compression. If all M observed facts
must share the same B-bit representation, the oper-
ating curve is

Eforced(M) =
M

N
δ⋆
(︃
B

M

)︃

+

(︃
1− M

N

)︃(︃
1− 1

K

)︃
.

As M grows, the unseen-query term decreases be-
cause more queries are covered, but the observed-
fact distortion can increase because the per-fact rate
B/M decreases. This is the compression-overload
effect. A U-shaped full-space curve is not implied
by finite memory alone; it requires an additional
mechanism such as forced uniform allocation, inter-
ference, or an evaluation distribution concentrated
on competing facts.

A.4 Structure and Abstention

Deductive closure. The structured setting formal-
izes the idea that deterministic structure reduces the
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number of independent facts that must be stored.
Let there be Nbase independent base facts

Z1, . . . , ZNbase
, Zi ∼ Unif(A).

Each base fact determines a block of c derived
queries, so the total number of queries is

N = cNbase.

For each derived query in the block associated with
Zi, assume the answer is a known one-to-one trans-
formation of Zi. Thus, an error in reconstructing
Zi induces the same zero-one error on its derived
queries.

Proposition A.2 (Deductive closure reduces effec-
tive memory load). Suppose the learner observes
M base facts and compresses their labels into B
bits. Under the forced-compression analogue of
Theorem A.1, and assuming cM ≤ N , the full-
space error satisfies

Estruct ≥
cM

N
δ⋆
(︃
B

M

)︃

+

(︃
1− cM

N

)︃(︃
1− 1

K

)︃
.

Proof. The M observed base labels are indepen-
dent uniform K-ary symbols. By the same rate-
distortion argument as in Theorem A.1, their aver-
age reconstruction error is at least δ⋆(B/M). Each
reconstructed base fact supports c derived queries,
and the one-to-one maps propagate base-label er-
rors to derived-query errors. Thus, the observed
base facts cover cM of the N derived queries.
The remaining queries depend on unobserved base
facts and have guessing error at least 1 − 1/K.
Combining the covered and uncovered parts gives
Eq. (??).

A selective structured variant stores onlyL ≤M
base facts with nontrivial fidelity:

Estruct,sel = min

⎧
⎨
⎩1− 1

K
, min
1≤L≤M
cL≤N

Ψ(L)

⎫
⎬
⎭ ,

Ψ(L) =
cL

N
δ⋆
(︃
B

L

)︃
+

(︃
1− cL

N

)︃(︃
1− 1

K

)︃
.

Compared with the unstructured case, the factor c
increases query coverage per stored independent
fact. This is the formal sense in which deductive
closure relaxes the hallucination floor.

Abstention. The main setting requires the learner
to answer every query. If abstention is allowed, the
learner can restrict itself to a subset of queries for
which it has reliable memory. Suppose the learner
answers only a fraction 1 − γ of the query space
and abstains on the remaining fraction γ. Let L
be the number of effectively stored facts among
the answered queries. Under free addressing, the
conditional error on answered queries is

Eans =
L

(1− γ)N
δ⋆
(︃
B

L

)︃

+

(︃
1− L

(1− γ)N

)︃(︃
1− 1

K

)︃
.

(13)

subject to

0 ≤ L ≤M, 0 ≤ γ < 1, L ≤ (1−γ)N.

This expression makes explicit the coverage–
accuracy trade-off: abstention allows memory to
be concentrated on fewer answered queries, but
lowers answer coverage.

B Theory-Implied Simulation Details

The main text reports representative operating
points from the rate-distortion envelope. Here we
give the full theory-implied sweeps used to con-
struct Table 2. All values are computed by nu-
merically inverting the K-ary distortion-rate func-
tion with K = 10 and rounding to three decimals.
These are not language-model measurements; they
instantiate the idealized envelope analyzed in Sec-
tion 3.

Numerical inversion. For a target rate r, we com-
pute

δ⋆(r) = inf{D ≥ 0 : RK(D) ≤ r}

by one-dimensional bisection over D ∈ [0, 1 −
1/K]. If r ≥ log2K, we set δ⋆(r) = 0. If r ≤ 0,
we set δ⋆(r) = 1− 1/K. The reported full-space
risks are then obtained by substituting δ⋆(B/M)
into the corresponding operating curves.

B.1 Unstructured Coverage–Compression
Decomposition

We use N = 5,000, K = 10, and B = 160 bits.
The coverage-only floor is

Ecov(M) =

(︃
1− M

N

)︃(︃
1− 1

K

)︃
.
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For the lossless selective baseline, we use

Llossless = min

(︃
M,

⌊︃
B

log2K

⌋︃)︃
,

Esel,lossless(M) =

(︃
1− Llossless

N

)︃(︃
1− 1

K

)︃
.

The forced-compression curve is

Eforced(M) =
M

N
δ⋆
(︃
B

M

)︃

+

(︃
1− M

N

)︃(︃
1− 1

K

)︃
.

B.2 Memory Scaling

B.3 Deductive Closure

We use N = 5,000, K = 10, B = 160, and
closure factor c = 10. Each observed base fact sup-
ports c derived queries. The structured operating
curve is

Estruct(M) =
cM

N
δ⋆
(︃
B

M

)︃

+

(︃
1− cM

N

)︃(︃
1− 1

K

)︃

for cM ≤ N .

B.4 Long-Context Analogue

For the long-context analogue, we set K = 10 and
Bctx = 320 bits. The reported value is the pre-
dicted conditional recall error on in-context facts:

Ectx(Mctx) = δ⋆
(︃
Bctx

Mctx

)︃
.

This is a theory-implied analogue, not a measure-
ment of any particular long-context model.

C Real-Model Probe Details

This section reports the implementation details for
the controlled model probes in Section 4. The goal
is to make the empirical signatures auditable: the in-
jected facts are known by construction, the unseen-
entity split is disjoint from the injected facts, and
observed-query error can be measured directly. Un-
less otherwise stated, reported errors are mean ±
standard error over seeds {3407, 2025, 1337}.

C.1 Hardware, Software, and Data

All adaptation runs were performed on a sin-
gle node with eight NVIDIA A100-SXM4-80GB
GPUs connected by NVLink. We used distributed
data parallel training with torchrun, bf16 preci-
sion, CUDA 12.1, NVIDIA driver 535.xx, PyTorch
2.4.x, Transformers 4.45.x, PEFT 0.12.x, and Ac-
celerate 0.34.x.

Each synthetic fact is an entity-label mapping

ei ↦→ ai, ai ∈ {0, . . . ,K − 1}.

We use K = 10, so the chance-level error is
1 − 1/K = 0.9. Labels are sampled uniformly
from {0, . . . , 9}. Each fact is expressed with two
training templates. The unseen-entity pool is the
same size as the injected pool for each fact load,
and train/test entity overlap is disallowed.

C.2 Adaptation and Decoding Configuration

All fact-injection probes use LoRA adapters. LoRA
rank is treated as a controlled capacity proxy and
is not interpreted as the theoretical bit budget
B. Across models, LoRA is applied to q_proj,
v_proj, and o_proj; LoRA dropout is 0.05 and
LoRA alpha is set to 2r, where r is the LoRA rank.
We use gradient checkpointing, cosine learning-
rate scheduling, warmup ratio 0.03, weight decay
0.0, maximum gradient norm 1.0, and maximum
sequence length 96. Checkpoints are saved only at
the final training step. Evaluation uses determinis-
tic decoding with temperature 0.0, disabled top-p
sampling, do_sample=false, and maximum new
tokens 4.

C.3 Capacity-Controlled Fact Injection
Results

Table 13 reports the Qwen3-8B rank sweep corre-
sponding to Figure 2. Increasing LoRA rank shifts
the high-error transition to larger fact loads.

Table 14 reports the fixed-rank model compar-
ison corresponding to Figure 3. All models are
evaluated at LoRA rank 16 on seen-direct queries.

C.4 Query-Form Robustness and Structure
Results

Table 15 reports split-level robustness results
for DeepSeek-R1-Distill-Qwen-32B. The unseen-
entity split remains near chance, while paraphrased
and relation-rephrased queries degrade earlier than
direct queries.
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Table 5: Theory-implied sweep for unstructured factual recall with N = 5,000, K = 10, and B = 160 bits.

M B/M δ⋆(B/M) Coverage floor Selective lossless Forced risk

25 6.400 0.000 0.896 0.896 0.896
50 3.200 0.011 0.891 0.891 0.891

100 1.600 0.275 0.882 0.891 0.888
250 0.640 0.531 0.855 0.891 0.882
500 0.320 0.653 0.810 0.891 0.875

1000 0.160 0.734 0.720 0.891 0.867
2000 0.080 0.787 0.540 0.891 0.855
5000 0.032 0.831 0.000 0.891 0.831

Table 6: Theory-implied sweep for deductive closure with N = 5,000, K = 10, B = 160, and c = 10.

Observed base facts M Effective covered queries cM Unstructured risk Structured risk

25 250 0.896 0.855
50 500 0.891 0.811

100 1000 0.888 0.775
250 2500 0.882 0.716
500 5000 0.875 0.653

Table 7: Theory-implied sweep for the long-context
factual recall analogue with K = 10 and Bctx = 320
bits.

Mctx Bctx/Mctx Predicted recall error

50 6.400 0.000
100 3.200 0.011
250 1.280 0.350
500 0.640 0.531

1000 0.320 0.653
2000 0.160 0.734

Table 16 reports the structured versus unstruc-
tured comparison corresponding to Figure 5. The
structured condition uses closure factor c = 10, so
the number of independent base facts is approxi-
mately one tenth of the surface-query count.
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Table 8: Hardware and software environment for real-model probes.

Field Value

Node count 1
GPU count 8
GPU type NVIDIA A100-SXM4-80GB
Interconnect NVLink
Precision bf16
Distributed backend torchrun_ddp
CUDA 12.1
NVIDIA driver 535.xx
PyTorch 2.4.x
Transformers 4.51.x
PEFT 0.12.x
Accelerate 0.34.x

Table 9: Synthetic fact-injection data construction.

Field Value

Answer alphabet size K = 10
Chance error 0.900
Fact loads M ∈ {512, 2048, 8192, 28672}
Label distribution Uniform over {0, . . . , 9}
Training templates per fact 2
Evaluation splits Seen-direct, seen-paraphrase, seen-relation, unseen-entity
Unseen pool size Same as injected pool
Train/test entity overlap False
Answer normalization Strip whitespace; parse first integer in {0, . . . , 9}
Seeds 3407, 2025, 1337

Table 10: Common training and decoding configuration for LoRA fact-injection probes.

Field Value

Optimizer AdamW
Scheduler Cosine
Warmup ratio 0.03
Weight decay 0.0
Maximum gradient norm 1.0
Maximum sequence length 96
LoRA target modules q_proj, v_proj, o_proj
LoRA dropout 0.05
LoRA alpha 2r
Gradient checkpointing True
Save strategy Final only
Decoding temperature 0.0
Top-p Disabled
Sampling do_sample=false
Maximum new tokens 4
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Table 11: Model-specific adaptation configuration. Global batch size is computed as GPUs × per-GPU batch ×
gradient accumulation.

Model Rank(s) LR Epochs Per-GPU batch Grad. accum. Global batch

Qwen/Qwen3-8B 4, 16, 64 2×10−4 10 8 2 128
Qwen/Qwen3-32B 16 1×10−4 8 2 8 128
Qwen/Qwen3-30B 16 1×10−4 8 2 8 128
DeepSeek 16 8×10−5 8 2 8 128

Table 12: Approximate update counts for each fact load. Each injected fact contributes two training examples.

Model group M Training examples Epochs Approx. update steps

Qwen3-8B 512 1,024 10 80
Qwen3-8B 2,048 4,096 10 320
Qwen3-8B 8,192 16,384 10 1,280
Qwen3-8B 28,672 57,344 10 4,480

32B / 30B / DeepSeek 512 1,024 8 64
32B / 30B / DeepSeek 2,048 4,096 8 256
32B / 30B / DeepSeek 8,192 16,384 8 1,024
32B / 30B / DeepSeek 28,672 57,344 8 3,584

Table 13: Representative Qwen3-8B rank-sweep results on seen-direct queries for ranks 4, 16, and 64. Errors are
mean ± standard error over seeds {3407, 2025, 1337}.

Model Rank M Seen-direct error

Qwen3-8B 4 512 0.052± 0.006
Qwen3-8B 4 2,048 0.118± 0.010
Qwen3-8B 4 8,192 0.704± 0.018
Qwen3-8B 4 28,672 0.884± 0.006

Qwen3-8B 16 512 0.032± 0.005
Qwen3-8B 16 2,048 0.047± 0.006
Qwen3-8B 16 8,192 0.382± 0.021
Qwen3-8B 16 28,672 0.862± 0.010

Qwen3-8B 64 512 0.021± 0.004
Qwen3-8B 64 2,048 0.030± 0.004
Qwen3-8B 64 8,192 0.105± 0.012
Qwen3-8B 64 28,672 0.712± 0.026
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Table 14: Fixed-rank comparison on seen-direct queries. All models use LoRA rank 16. Errors are mean ± standard
error over seeds {3407, 2025, 1337}.

Model Rank M Seen-direct error

Qwen3-8B 16 512 0.032± 0.005
Qwen3-8B 16 2,048 0.047± 0.006
Qwen3-8B 16 8,192 0.382± 0.021
Qwen3-8B 16 28,672 0.862± 0.010

Qwen3-32B 16 512 0.024± 0.004
Qwen3-32B 16 2,048 0.036± 0.005
Qwen3-32B 16 8,192 0.291± 0.019
Qwen3-32B 16 28,672 0.818± 0.014

Qwen3-30B-A3B 16 512 0.041± 0.006
Qwen3-30B-A3B 16 2,048 0.066± 0.008
Qwen3-30B-A3B 16 8,192 0.431± 0.024
Qwen3-30B-A3B 16 28,672 0.855± 0.012

DeepSeek-R1-Distill-Qwen-32B 16 512 0.035± 0.006
DeepSeek-R1-Distill-Qwen-32B 16 2,048 0.052± 0.007
DeepSeek-R1-Distill-Qwen-32B 16 8,192 0.334± 0.022
DeepSeek-R1-Distill-Qwen-32B 16 28,672 0.846± 0.011

Table 15: Query-form robustness for DeepSeek-R1-Distill-Qwen-32B at LoRA rank 16. Errors are mean ± standard
error over seeds {3407, 2025, 1337}.

Model M Seen-direct Seen-para Seen-relation Unseen-entity

R1-Distill-Qwen-32B 512 0.035± 0.006 0.152± 0.014 0.194± 0.016 0.889± 0.008
R1-Distill-Qwen-32B 2,048 0.052± 0.007 0.196± 0.013 0.238± 0.015 0.901± 0.006
R1-Distill-Qwen-32B 8,192 0.334± 0.022 0.571± 0.026 0.626± 0.024 0.897± 0.004
R1-Distill-Qwen-32B 28,672 0.846± 0.011 0.878± 0.008 0.891± 0.006 0.902± 0.002

Table 16: Structured versus unstructured fact-injection results. Errors are mean ± standard error over seeds
{3407, 2025, 1337}.

Condition Surface queries Independent base facts Error

Unstructured independent 512 512 0.044± 0.006
Unstructured independent 2,048 2,048 0.083± 0.009
Unstructured independent 8,192 8,192 0.447± 0.023
Unstructured independent 28,672 28,672 0.866± 0.010

Structured c = 10 512 52 0.026± 0.004
Structured c = 10 2,048 205 0.035± 0.005
Structured c = 10 8,192 820 0.091± 0.011
Structured c = 10 28,672 2,868 0.563± 0.028
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