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Abstract

Reasoning capability is fundamental in en-
abling Large Language Models to perform com-
plex multi-step inference. By sampling multi-
ple reasoning paths and selecting the most fre-
quent answer, Self Consistency (SC) remains
highly effective but fails on challenging tasks
where incorrect answers dominate the major-
ity. Inspired by Metropolis Light Transport in
physically-based rendering, where discovered
high-contribution light paths guide subsequent
sampling toward illumination sources, we pro-
pose Metropolis Self Consistency and its multi-
LLM extension, Metropolis Cross Consistency,
a probabilistic self- and cross-consistency ver-
ification framework for mathematical reason-
ing. Our approach employs an accept-reject
mechanism to encourage high-quality reason-
ing paths, concentrating sampling in regions
more likely to yield correct answers. Experi-
ments on 9 LLMs across 4 challenging math-
ematical benchmarks demonstrate consistent
improvements over SC. Even when combining
models of vastly different capabilities, MCC
maintains performance virtually matching the
most capable model while significantly reduc-
ing computational cost compared to SC with
the strongest model alone. While our imple-
mentation is training-free, adds minimal token
overhead beyond SC, and requires no external
reward model, our approach provides a flexi-
ble paradigm that can accommodate any scalar
reward representing path correctness.

1 Introduction

“We do not have government by the majority, we
have government by the majority who participate.”

— Thomas Jefferson

Through generating a single detailed reasoning
trace (Wei et al., 2022; OpenAl, 2024b), recent
large language models (LLMs) have developed im-
pressive reasoning capability that enables coherent
multi-step inference beyond simple pattern recog-
nition. Self Consistency (SC) further enhances

LLMs’ performance by sampling multiple reason-
ing paths and selecting the most frequent answer as
the final output (Wang et al., 2023). Despite being
an earlier and simpler method, SC continues to out-
perform or match more recent complex reasoning
strategies, e.g., Multi-agent Debate (Liang et al.,
2024), Tree of Thought (Yao et al., 2023), when
given comparable or lower computational budgets
(Wang et al., 2024).

However, for problems requiring complex multi-
step deductions (such as challenging mathemati-
cal problems), where LLMs have a low chance of
generating correct answers, the likelihood of the
correct answer appearing most frequently becomes
vanishingly small. This suggests that SC, while ef-
fective for problems within the model’s capability
range, degrades drastically for tasks that exceed it.

An analogous problem is observed in physically
based rendering (PBR), where images are rendered
by tracing light transport paths to estimate global
illumination (Veach and Guibas, 1997): consider
you are sitting in a dimly lit room where the only
light source is outside, with light entering solely
through a narrow gap under the door. If we ran-
domly trace light rays from the observer’s position,
the vast majority of sampled light paths will con-
tribute minimal illumination, as most rays fail to
reach the light source. This mirrors the challenge
faced when applying SC to difficult problems with
LLMs: just as most traced rays miss the crucial
light source, most generated solutions miss the cor-
rect answer. Both domains face the same fundamen-
tal issue: when the target (whether a light source
or correct answer) occupies a small fraction of the
sample space, random sampling becomes highly
inefficient at capturing the desired outcome.

Crucially, computer graphics has developed an
elegant solution to this problem: Metropolis Light
Transport (MLT). The core insight of MLT is that
when a high-contribution light path is discovered
(e.g., when a traced ray successfully finds the gap
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under the door), subsequent samples should be
concentrated in the neighborhood of this valuable
path. Rather than continuing with random sampling
across the entire space as SC does, MLT dramati-
cally increases the probability of finding additional
high-contribution paths by exploiting mutations of
successful paths, effectively turning a rare discov-
ery into a rich source of related solutions.

This observation leads to a natural analogy: if
we map the brightness of a light path to the correct-
ness of a reasoning path, we can see that, just as
ray tracing aims to discover high-energy paths that
successfully connect the observer to light sources,
LLM reasoning seeks to find valid solution paths
that lead to correct answers. This correspondence
suggests that techniques successful in one domain
may be transferable to the other. We therefore in-
troduce Metropolis Self Consistency (MSC), a
MLT-inspired sampling scheme for mathematical
reasoning. In essence, MSC is a sequential SC aug-
mented with two components: for each iteration,
(1) a simple accept/reject mechanism is used to
filter out sampled reasoning path with low correct-
ness; (2) previously accepted path is mutated, with
controlled probability, to explore potentially better
reasoning path in their vicinity. Through this, the
sampling process efficiently discovers and exploits
clusters of high-correctness reasoning paths, even
when such paths constitute a small fraction of the
overall solution space.

Recent evidence (YAO et al., 2024) has demon-
strated that in multi-step reasoning paths generated
by LLMs, low logprobabilities of the initial tokens
within a step are notably correlated with the pres-
ence of errors in that step. Motivated by this obser-
vation, we offer a novel lens through which to inter-
pret error detection in multi-step LLM reasoning:
as we have viewed reasoning paths as light paths,
each reasoning step can be analogous to a reflec-
tion event in the scene. When the initial tokens of a
step exhibit low probabilities, the path encounters
numerous possible reasoning branches at that junc-
ture, potentially forking to divergent conclusions.
This high uncertainty at a given step drastically
reduces the probability of sampling the correct rea-
soning path. We can conceptualize this instability
arising from the model uncertainty as analogous to
the reflection on a diffuse surface, where incident
energy scatters across multiple directions, diluting
the contribution along any single path. Conversely,
when the model demonstrates high confidence in
correct reasoning steps (evidenced by high logprob-

abilities for the initial tokens), this resembles spec-
ular reflection, which preserves the energy along a
well-defined direction and stably guides the reason-
ing toward a determinate conclusion.

Guided by this insight, the correctness of LLM
reasoning paths is quantified by a lightweight cor-
rectness function that requires only the logprobabil-
ities of the generated tokens as input. Importantly,
this function provides a probabilistic measure indi-
cating which solutions are more likely to be correct,
rather than definitively identifying correct answers:
instead of simply selecting the answer with the
highest correctness score (which may still be incor-
rect), we concentrate our sampling efforts around
regions of high correctness values. This approach
acknowledges the uncertainty inherent in the cor-
rectness estimation while leveraging it to guide
more effective exploration of the solution space.

We also extend MSC into a multi-LLM workflow
called Metropolis Cross Consistency (MCC). By
orchestrating language models of comparable ca-
pabilities trained on different knowledge corpora
to cross-verify each other’s reasoning paths, MCC
further improves performance over MSC. Remark-
ably, we find that even when MCC incorporates
models with significant capability disparities, its
performance virtually matches that of using only
the strongest model.

Our contributions can be summarized as follows:
(1) We propose MSC, a novel sampling scheme
that bridges ray tracing and LLM reasoning, con-
sistently improving accuracy over SC on challeng-
ing mathematical tasks. (2) We extend MSC into
a multi-LLM workflow called MCC, which either
further improves mathematical reasoning perfor-
mance or virtually maintains the SC performance
of the stronger model at reduced cost. (3) We pro-
vide a novel angle to see LLM error analysis as
material reflectance analysis. (4) While our im-
plementation provides a zero-overhead correctness
function for mathematical reasoning, it is designed
to be hot-swappable with any mechanism that pro-
duces a scalar proportional to correctness.

2 Methodology

We refer to an LLM that samples reasoning paths as
a generator, and the sequential sampling process of
a generator as a chain. Our framework supports N
generators (and thus, N parallel chains) for N €
{1,2}, which we call MSC (N = 1) and MCC
(N = 2). When N = 2, a judging module is

22445



Mutation:

T

v
A

{S} XN Global

Mutation

* Global Mutation:
Mutation

i N = 2 Local Mutation:

{S}XN

ranaom.umfarm(o,n

> 0.5

SO\ ot wfE
- » output o
ME?ZTL" () Mutual C?nmslency S

@
{ —————-——-}Sé}xN

Judge (MCC- only)

Accept-Reject (per chain):

N=1 Judge Qm

o% input _ . f(cé)
<S> —'*z_mm< f(S))

C———

0% random uniform(0,1)

+
(e e ) [

]«;/\

1 Task Description @ LLM (Generator/Judge) S Accepted Reasoning Path ’Eé Proposed Reasoning Path ° Consistent Judgment Inconsistent Judgment]

Figure 1: General workflow of MSC/MCC (left), with each of its components detailed on the right.

involved, where a third LLM is used as a judge.
As shown in the leftmost box of Figure 1, given
a task, the NV generators first generate /N initial
reasoning paths (Section 2.1). Then, our framework
iteratively undergoes Mutation (Section 2.2), an
optional Judging step that is inserted only for N =
2 (Section 2.3), and Accept-Reject (Section 2.4),
producing a distribution of predefined sample size.
The final answer is selected by majority voting on
the answers of the sampled paths.

2.1 Initialization

Our framework conducts N chains in parallel, each
powered by a distinct generator. To start, those
generators are prompted with the task description
to produce a total of N reasoning paths.

2.2 Mutation

Inspired by classic implementations of MLT (Kele-
men et al., 2002; Veach and Guibas, 1997), we
introduce two complementary mutation strategies:
local and global mutation. At the beginning of
each iteration, a single random number u ~
Uniform(0, 1), served as a probability check shared
across all N chains, determines whether to apply
local or global mutation, with the probability of
choosing global controlled by a predefined hyperpa-
rameter called large step probability pjgrge. All N
generators then execute the same chosen mutation
type synchronously, producing N new proposed
paths (one per chain). In global mutation, each
generator is prompted with only the task descrip-
tion to propose a fresh solution. In local mutation,
each generator receives the task description along

with a previously accepted solution, and is asked to
propose a refined solution. For N = 2 (MCC), we
couple the two chains during local mutation: each
generator refines the other chain’s previously ac-
cepted solution, rather than its own. As LLMs may
have limited ability to evaluate their own response
quality (Huang et al., 2024a), this cross-refinement
mechanism naturally leverages cross-model knowl-
edge to mitigate bias in self-refinement. The mixed
global/local mutation scheme is loosely reminis-
cent of the system 1/2 dual-process theories of cog-
nition (Wason and Evans, 1974; Kahneman, 2011),
which we note as an inspirational remark.

2.3 Judge (MCC-only)

The judging step is bypassed entirely when N = 1
(MSCQ); the rest of this section therefore describes
the N = 2 (MCC) case: after mutation, the two
proposals from the two chains are passed to an
additional judging module. A third LLM acting
as the judge is given the task description together
with the two proposed paths and asked to deter-
mine which one better solves the task. To mitigate
the positional bias inherent in LLM-as-a-Judge, we
run this pairwise comparison twice in parallel, each
time with the two proposals in swapped order, pro-
ducing two pairwise decisions. If the two pairwise
decisions agree, we replace the losing proposal
with the winning one; both chains then temporar-
ily hold the same favored proposal as they enter
the Accept-Reject phase (Section 2.4). If the two
decisions disagree, the judge cannot reliably dis-
tinguish the two proposals; it takes no action, and
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each chain retains its own proposal. Importantly,
we do not treat the judge as an oracle: were the
framework to unconditionally accept the judge’s
preference as final, MCC’s overall performance
would be rigidly bottlenecked by the judge’s in-
dividual capability. Instead, each chain still runs
Accept-Reject independently against its own pre-
viously accepted solution: the judge’s preference
merely increases the probability that the favored
proposal will be sampled into the final distribution,
but does not guarantee absolute acceptance. This
explains why, as we show in Section 3.1 (Table 1),
MCC maintains top-tier performance even when
paired with a weaker and cheaper judge. Never-
theless, when both proposed paths independently
yield the exact same final answer, we reach mutual
consistency and directly accept both into the final
sample distribution, bypassing both the judging and
the Accept-Reject phases, as agreement between
distinct LLMs is a strong indicator of correctness
(Qi et al., 2025).

2.4 Accept-Reject

As with MLT, our Accept-Reject mechanism is
grounded in a well-established principle called the
Metropolis-Hastings (MH) algorithm (Metropolis
et al., 1953; Hastings, 1970). The theoretical ratio-
nale is as follows.

SC can be seen as sampling multiple solution
sequences {z} for a given question g with respect
to the distribution p(z | q) = [[,c, p(t), where
p(xz | q) denotes the conditional probability of
generating the solution sequence z given the task
description ¢, and p(t) denotes the probability as-
signed to the generated token ¢ in the solution se-
quence z (for brevity, we omit writing the condition
on the preceding context). Given a hard task ¢, the
probability mass of p(z | ¢) for incorrect = of-
ten far outweighs correct ones, causing SC to fail.
Hence, we aim to sample z directly with respect to
their correctness, turning correct answers into the
majority. This is achieved by the MH algorithm:
it iteratively generates a sequence of samples that
distribute towards a target distribution f that is dif-
ficult to sample from directly. Specifically, given
a sample x that was accepted during iteration ¢;_1,
a sample y is proposed, through a proposal distri-
bution (), which is then accepted probabilistically
according to the acceptance rate in iteration ¢;:

(OCCATA S

aly | ) = min (1’ F)Q | 2)

In our context, x and y are solution sequences
generated by LLM. f is our correctness function.
Q(- | -) denotes the probability of proposing a new
solution sequence at iteration ¢;, conditional on
the solution sequence accepted at iteration ¢;_1. It
is often referred to as transition probability. We
find that, when grounded in LLM, the performance
peaks with the assumption Q(z|y) = Q(y|z) (see
Section 3.3). This assumption not only provides
us with a conceptually simple accept/reject mech-
anism, but eliminates the significant overhead for
computing the bidirectional transition probabilities.
Our acceptance rate thus becomes:

o {(7) >
a(y | ) = min (1, o)) )
That is, a proposal is accepted if it is at least as good
as the previously accepted solution; otherwise, the
worse the quality of the proposed solution, the more
likely the previous solution is to be retained.
While MH algorithm provides a principled pillar
to our work, our work is neither directly motivated
by nor solely based on it. As shown in Section 3.4,
directly applying MH algorithm (i.e. Equation 1) to
a sequential SC yields catastrophic results. For MH
to take effect, the MLT-inspired mutation frame-
work described in Section 2.2 is crucial.

2.5 The Correctness Function

For a multi-step solution sequence x, our correct-
ness function f combines confidence measures at
multiple granularities and is expressed as:

E(z)+D(z)+P()
T

flz)=e

We show later in Section 3.2 that such a mixing
drastically increases the stability of our algorithms.

3)

Step-level Confidence. As discussed in Sec-
tion 1, erroneous reasoning steps are characterized
by low initial-token probabilities. While YAO et al.
(2024) focus on the first 3 tokens for error detection,
our preliminary experiments show that low proba-
bilities often persist across the first 3 to 10 tokens
in error steps (see Appendix B). Motivated by those

observations, for a step s containing [ tokens in z,

l . .
we define the step correctness C'(s) = Zi:%’i@),
a weighted average probability of the [ toklérlls, us-

1

ing an exponential decay weighting w; = (5) x

with half-life A = 3. This value ensures that the
weighting concentrates on approximately the first

10 tokens, where error signals are predominantly
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observed (Figure 4), while subsequent tokens con-
tribute negligibly. This design accounts for the
uncertainty for the whole step while shifting the at-
tention towards the initial tokens. We intentionally
avoid uniformity measures, e.g., KL divergence
used by YAO et al. (2024), as we observed that
tokens in many correct steps exhibit large probabil-
ity fluctuations (see Appendix B). Step-level confi-
dence is then defined as the minimum correctness
among all steps E(x) = min ({C(s)|s € z}), a
measure of the most error-prone step within x.

Token-level Confidence. Although most error
steps assign low probability to their initial tokens,
we observed that key information (e.g., intermedi-
ate result values) often appears later in the step. As
a result, focusing only on initial tokens may fail
to capture sudden hallucinations that could alter
the final answer. To address this issue, we mea-
sure token-level confidence spikes by computing
G(z) = min({logp(t;) —logp(ti-1) |t € x}),
the largest drop in log probabilities between
any two successive tokens ¢;_1,t; in sequence .
We normalize G(x) through a sigmoid function
D(z) = m where we set k = ”{% SO
that D maps to (0,0.05] when G < —16, a well-
established empirical threshold for error detection
(Yin et al., 2024).

Path-level Confidence. To account for cases
where LLLMs may occasionally self-correct errors
from early steps in its later steps, we include a mea-
sure for global confidence to offset the bias in the
correctness score introduced by local errors. This
path-level confidence is defined as the geometric
mean of the reciprocals of perplexity for all steps
P(z) = exp (% Yo ﬁ Z‘jsjl log p (tgl)))
where x is a reasoning path that has n steps, each
denoted as s.

Proposal Tolerance. The positive hyperparame-
ter 1" controls the “tolerance” on the sampled rea-
soning path: as 7' — 0, a new path with lower
confidence than the previously accepted path will
be increasingly likely to be rejected.

Calibration Considerations. LLMs’ token prob-
abilities are known to not being very well calibrated.
Thus, our correctness function design tries to avoid
absolute probability thresholds. Instead, it relies
on relative drops between consecutive tokens and
relative decay weightings.

3 Experiments

Models. Our work is applicable to any LLM
whose log probabilities are accessible. In this paper,
a total of 9 LLMs ranging from open-source to pro-
prietary are used. We divide them into 2 groups by
the generators’ sizes: for small-scale group, Mistral
Small 3 24B (Mistral team, 2025) and Gemma 2
27B (Team et al., 2024) are used as generators; for
large-scale group, generators are chosen to be GPT
4.1 (OpenAl, 2025a) and Virtuoso Large (Arcee Al,
2025). To isolate the performance improvement at-
tributable to the judge, each group includes both a
strong and a weak judge: GPT 40 (OpenAl, 2024)
and GPT 40 mini (OpenAl, 2024) for small-scale
group; Gemini 2.0 Flash, Gemini 2.0 Flash-Lite
(Google, 2024) for large-scale group. GPT-OSS-
20B (OpenAl, 2025b), a popular reasoning model,
is also used to evaluate MSC. All inferences were
performed via proprietary APIs or the Together
Inference Endpoint (Together Al 2025).

Datasets. We evaluate on 4 datasets consisting
of diverse mathematical tasks: GSM-hard (Gao
et al., 2023), AQuA (Ling et al., 2017), MATH
500 (Lightman et al., 2024), AIME (AI-MO, 2024).
These datasets were deliberately chosen from a
wide range of reasoning-intensive benchmarks for
their great difficulty for both LLMs and humans.

Baselines and Metrics. We use Self Consis-
tency (SC) as the main baseline to compare with
MSC/MCC for two reasons: (1) Consistency-based
method with reasonably large sample size deliv-
ers stable performance across different program
runs; (2) SC outperforms/matches recent com-
plex approaches (e.g., Multi-agent Debate, Tree
of Thought) when given comparable/lower com-
putational budgets (Wang et al., 2024). Due to
their tree- and graph-based structures, methods like
Tree of Thought and Graph of Thought demand
exponentially higher token budgets. Comparing
our lightweight, linear-chain framework against
such heavily-budgeted methods would introduce
massive computational disparity as a confounding
variable, resulting in an unfair evaluation. Thus,
SC represents the strongest budget-equivalent base-
line in the literature. We also include CoT with
complex exemplars (Fu et al., 2023), as it is widely
adopted for its efficiency and effectiveness on rea-
soning tasks. We choose to report all the results
using absolute accuracy over ten independent runs

(%). Both SC, MSC and MCC use
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Model Method GSM-hard AQuA MATHS500 AIME Avg.
CoT@6-shot 67.37 78.66  67.16 4.67 54.46

Mistral Small 3 24B  SC@maj32 68.09 75.12  66.04 2.89 53.04
MSC 71.08 77.05  67.38 6.89 55.60

CoT @6-shot 64.82 68.86  55.28 4.33 48.32

Gemma 2 27B SC@maj32 65.91 7445  62.04 5.56 51.99
MSC 68.23 76.81 66.04 7.44 54.63

Mistral Small 3 24B MCC (Judge: GPT 40) 69.08 79.61 68.32 522 55.56
+ Gemma 2 27B MCC (Judge: GPT 40 mini) 69.76 80.35  67.08 5.78 55.74
CoT @6-shot 74.18 87.40  86.70 3022 69.63

GPT 4.1 SC@maj32 75.34 88.31 91.74 44.89  75.07
MSC 75.90 88.94  92.82 48.00 76.41

CoT@6-shot 64.84 83.19  81.64 13.67  60.84

Virtuoso Large SC@maj32 68.95 87.56 87.44 17.11 65.27
MSC 71.79 86.93 86.36 2044  66.38

GPT 4.1 MCC (Judge: Gemini 2.0 Flash) 76.38 88.31 93.04 35.67 7335
+ Virtuoso Large MCC (Judge: Gemini 2.0 Flash-Lite)  74.43 89.13 91.14 41.33 74.01

Table 1: Main results. The best performance for each dataset is highlighted in bold for small-scale (upper-half) and

large-scale (lower-half) LLMs, respectively.

the same sample size of 32. We used few-shot
prompting with 6 exemplars for CoT pass@1, as
in-context learning offers little benefit beyond this.

For MCC, we deliberately compare against the
standalone SC of the stronger model in each pair,
which provides a more rigorous upper bound than
a simple ensemble of both models’ outputs: when
generators possess different capacities, the weaker
model introduces noise to the standard majority
voting on combined outputs, and inherently dilutes
the stronger model’s correct answers, making a
simple ensemble a predictably weaker baseline.

Implementation Details. For CoT, greedy de-
coding is used, aligning with its original work (Wei
et al., 2022). For all samplings in SC, MSC and
MCC, decoding temperature is set to 1, top-p to
1, and top-k to the LLM’s vocabulary size, pre-
serving the original Softmax probability distribu-
tion. All inferences of the chosen open-source
models were performed in FP16 precision, which
helps preserve the original relative probability dif-
ferences, mitigating calibration distortion. Judges
use greedy decoding for pairwise comparisons. In
our main experiments, the large step probability is
set to 0.5, aligning with the optimal value found
in classic implementation of MLT (Kelemen et al.,
2002) which balances global and local search. The
proposal tolerance 7' is set to 0.7; preliminary ex-
periments confirmed that varying 7" (e.g., to 0.5)
yields no noticeable difference, suggesting low sen-
sitivity to this parameter as long as the resulting
correctness scores remain sufficiently discrimina-
tive across reasoning paths. We deliberately select

literature-established values or vanilla settings for
each hyperparameter (including equal weighting of
E, D, and P in Equation 3) without any model- or
task-specific tuning.

Prompt Consistency. We use similar prompts
for all LLMs across all benchmarks, the only major
difference is that the exemplars were created to
respect the specific type of tasks in each dataset.
Our prompt templates are provided in Appendix C.

3.1 Main Results

Table 1 presents results of our main experiments.
Generators in small-scale group were selected to
demonstrate similar performance across most tasks,
while generators in large-scale group exhibit sub-
stantial gap in their general capabilities. This setup
enables us to examine how differences in paired
generator capabilities affect MCC’s behavior.
Begin with small-scale group, significant im-
provements by MSC are consistently observed for
Gemma. For Mistral, while MSC’s improvements
over SC are relatively moderate on AQuA and
MATH 500, the improvements on GSM-Hard and
AIME are remarkable: MSC outperforms SC by
238% on AIME. We find that, for some tasks where
all the 32 samples obtained by SC are incorrect,
MSC can find the correct solutions and success-
fully pick the right ones during majority voting.
Note that, according to its official documentation,
Mistral performs better with low decoding tempera-
ture (Mistral Al, 2025). Thus, some of the Mistral’s
results produced by CoT (greedy decoding) outper-
formed those produced by SC (decoding tempera-
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ture = 1). MCC further achieves substantial gains
thanks to its cross-consistency architecture. Its
performance on AQuA and MATH 500 surpasses
MSC and greatly outperforms the SC baselines for
both generators. While MCC is marginally below
MSC on GSM-hard and AIME, it still exceeds the
best baseline. More interestingly, the overall per-
formance remains similar when switching between
strong and weak judges, indicating that the perfor-
mance gains are robust across judges with varying
levels of capability. This can be attributed to the
fact that judges are not required to generate solu-
tions from scratch, so their individual reasoning
ability does not dominate MCC’s outcome. Our
multi-LLM architecture effectively lowers individ-
ual model reasoning demands while enhancing the
system’s overall reasoning capability.

For large-scale group, MSC consistently im-
proves GPT 4.1’s performance. Results on AIME
highlight a notable competence gap, where Vir-
tuoso Large performs much worse than GPT 4.1.
Nevertheless, MCC with the weak judge can still
perform virtually comparable to SC with GPT 4.1
on AIME. Remarkably, as MCC delegates nearly
half of the computation to Virtuoso Large, a model
that is significantly more affordable and faster than
GPT 4.1, MCC achieved this performance at only
58% of the cost of MSC with GPT-4.1 alone: in
each run, 16 of the 32 samples are produced by
Virtuoso Large, whose output token cost is approx-
imately 10 times lower than GPT 4.1’s.

Given the huge capacity gap between GPT 4.1
and Virtuoso Large, their nearly identical SC perfor-
mances on AQuA dataset suggest the larger LLMs
may have become saturated on this benchmark. In
such a case, MSC performs similarly to SC with
Virtuoso Large, and MCC preserves the perfor-
mance of the strongest baseline. While MSC with
Virtuoso Large exhibits a marginal performance
decline compared to SC on MATH 500, MCC in
large-scale group continues to exceed the strongest
baselines on both MATH 500 and GSM-hard.

3.2 MSC with Reasoning Model

We also evaluate MSC on GPT-OSS-20B, a state-
of-the-art reasoning model within its size range.
We selected AIME as our benchmark to avoid sat-
uration, as reasoning models typically outperform
non-reasoning models on reasoning tasks. As one
of the most challenging benchmarks in mathemati-
cal reasoning, we observed that AIME often elicits
responses from LLMs that are contaminated with

80 SC@maj32 (58.89%)
76.67% Improvement by MSC@maj32

75 73.33%

71.11%
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Figure 2: Ablation on large step probability.

MSC@32 Accuracy (%)

E only 70.00 £ 3.85
D only 73.33 £2.23
P only 72.59 £2.31
E+P 70.74 £ 2.56
E+D 69.26 £ 2.31
P+D 70.00 £1.11
E+D+P 73.33+0.00

Table 2: Ablation of correctness function components.
E, D, P denote step-level, token-level and path-level
confidence respectively.

incorrect answers. This provides an ideal setting
for which MSC is precisely designed. As shown
on Figure 2, MSC leads SC around 15% in abso-
lute accuracy (58.89% to 73.33%). We ablate large
step probability (pj4rge) and observed that MSC’s
performance retains at > 70%. pjqyge is the chance
for MSC to conduct global mutation during an iter-
ation: pqrge — 0 means MSC will dedicate to re-
fining upon previously accepted paths; pjgrge — 1
means MSC will keep looking for new paths.

We also ablate the 3 components of our cor-
rectness function and sample size in Table 2 and
Figure 3, respectively. We find that using each
confidence term alone produces unstable results,
as individual components fail to capture certain
types of errors in solutions. Pairing effectively en-
ables the relatively stable term to stabilize the more
volatile one. When all three terms are combined,
standard deviation becomes negligible and perfor-
mance also peaks. We also observe that variations
stabilize as sample size approaches 32. Notably,
even with a sample size as small as 4, MSC still
delivers statistically significant improvements over
SC, demonstrating remarkable sample efficiency.

Note that we set max output length to 4096 to-
kens, motivated by AIME ground truth solutions
averaging approximately 1115 tokens. While many
recent works permit outputs spanning tens or hun-
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Figure 3: Analysis on sample size efficiency and stabil-
ity.

Smaller Model Method AQuA
Gemma 2 27B MSC (Standard) 63.66
MSC (Normalized) 72.87
MSC (Symmetric) 76.81
Larger Model  Method AIME
Virtuoso Large ~ MSC (Standard) 7.56
MSC (Normalized) 15.89
MSC (Symmetric) 20.44

Table 3: Performance of MSC with standard / normal-
ized / symmetric transition probabilities.

dreds of thousands of tokens despite reference solu-
tions requiring only ~ 1000 words, this raises con-
cerns about practical applicability and interpretabil-
ity. A key contribution of MSC is enabling compet-
itive performance with VRAM requirements acces-
sible to a broader research community.

Regarding token consumption, MSC matches
SC with non-reasoning models, as both only output
reasoning paths (see Appendix C). With reason-
ing model, MSC reduces token usage by ~ 12%
compared to SC. This reduction mainly occurs be-
cause the reasoning tokens produced by refining a
solution are often fewer than those produced from
generating from scratch every time: local mutation
can carry useful reasoning from previous iterations
over to the current proposed state.

3.3 MSC with Asymmetric Transitions

An important design decision in translating MH
algorithm to LLM workflow is how we treat
the transition probabilities Q(x|y) and Q(y|z)
in Equation (1). In MSC with pjgrge = 0.5,
Qzly) _

Qylz)
. The probabilities of getting

transition probabilities simplify to:

leobal(w)'i_Qlocal (:E|y)
leobal (y)+Qlocal(y|$)
the proposal sequence through a global mutation

(Qglobar) and a local mutation (Qjocq1) can be com-

Smaller Model Method AQuA
Mistral Small 324B  Global-only MSC ~ 52.99
MSC (Symmetric)  77.05
Larger Model Method AIME
GPT 4.1 Global-only MSC  22.56
MSC (Symmetric)  48.00

Table 4: Performance of global-only MSC.

puted as the sum of log probability of all the to-
kens in the proposal sequence. Besides this stan-
dard probability calculation, we also evaluated:
1) length normalization of transition probabilities
(Brown et al., 2020) by dividing Q(y|x) by the
number of tokens in y; 2) assuming symmetric mu-
tations by letting Q(y|x) = Q(x|y) so that they
cancels out each other and yields equation (2). As
shown in Table 3, standard transition probabili-
ties yield the worst performance. This can be due
to two failure modes as follows. 1) Length bias.
When y and z differ substantially in length, MSC
degenerates into selecting the longest sequences:
in Equation 1, if 3 is much longer than z, 8%2”"%
goes to infinity which favors accepting y; if z is
much longer than y, Qg“zg goes to 0 which favors
retaining x. 2) Refinement bias. When x and y
have similar lengths, Qocqi(y|x) is almost always
much larger than the other three terms: LLM is
substantially more confident under local mutation
than under global mutation due to the extra pro-
vided context, and thus Qjocq1(y|z) is much larger
than Qgiobat (); Qiocat(y|) is also much larger
than Qjocqi(2|y) as further refinement rarely pro-
duces an unrefined solution. This drives the accep-
tance rate a toward 0, causing refined proposals to
be almost always rejected. Performance improves
with length-normalized probabilities. As length-
normalized probabilities across paths are similar,
comparable or even better performances are ob-
served when using symmetric transitions. These
findings lead us to adopt symmetric transition prob-
abilities in our main experiments, which improves
effectiveness and efficiency by removing the need
to collect log probabilities.

3.4 Global-only MSC

In an earlier stage of our work, we implemented
MSC by directly following the MH algorithm, i.e.
Equation (1). The implementation relied solely
on global mutation, the simplest mutation strategy
that satisfies the MH requirements, and did not
draw on any ideas from MLT. Since only global
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mutation is involved here, Equation (1) becomes

aly | ©) = min (1, %) . We can elimi-
nate the influence of sequence length by defin-
ing samples drawn by MSC as solely the final an-
swer, and use SC’s sample distribution to obtain
a reliable estimate of the transition probabilities:
Q) ~ %ST%) where Ngc is the sample size of
SC, and Ngc(+) is the frequency of the final answer.
Here, = and y represent final answers rather than
full paths. As multiple paths can map to the same
answer, f(z) and f(y) are replaced by realizations
of random variables for the correctness of answers
2 and y, denoted as f(z) and f(y), respectively.
One robust feature of MH algorithms is that, theo-
retically, the sampling still converges towards the
expected values E(f(x)) and E(f(y)), which by
definition are the correctness of the final answers.
As Table 4 shows, global-only MSC performs
significantly worse, confirming that mixing global
mutations and local perturbations for balancing
ergodicity with local exploration is critical for ef-
fective sampling. This aligns with well-established
results in MLT, where mutation strategy relying
solely on random picking a new light path globally
(called new path mutation) often do not work well
without combining with other mutation strategies.

4 Related Work

Self Refinement (SR). SR can be done by tuning
a model using its own generated data as contrastive
example (Chen et al., 2024b). Structured search
algorithms such as Monte-Carlo Tree Search have
been used to collect more thoroughly explored data
for self-supervised enhancement of LLM perfor-
mance (Guan et al., 2025; Zhang et al., 2024). Be-
yond training-based methods, SR can be achieved
through iterative self-exploration guided by self-
diagnosed feedback during inference (Madaan
et al., 2023; Miao et al., 2024; Hao et al., 2023).
However, recent studies have shown that LLMs
often struggle to distinguish their own responses
from right or wrong (Huang et al., 2024a), limiting
self-rewarding mechanisms’ reliability. While be-
ing training-free, MCC integrates cross-consistency
checks between distinct LLMs, effectively mitigat-
ing internal bias from SR.

Order Bias in LLM Judgments. Recent studies
indicate that the ordering of information signifi-
cantly influences LLM-generated judgments (Chen
et al., 2024a). When using LLM-as-a-judge, a sim-

ple yet effective mitigation strategy is calculating
win rate in pairwise comparisons to counteract this
positional bias (Jiang et al., 2024; Lu et al., 2024).
We adopt similar technique in MCC to ensure ro-
bust evaluations.

Best-of-N Sampling. Standard Best-of-N (BoN)
sampling first generates /N independent samples
in parallel, then evaluates them post-hoc using a
reward model to select the highest-scoring one via
an argmax operation. In our context, this would
correspond to scoring N independent SC samples
with our correctness function and greedily select-
ing the best. Our framework differs structurally:
correctness evaluation is integrated on-the-fly into
the sampling process via the accept-reject mecha-
nism, iteratively guiding subsequent samples rather
than evaluating all samples after the fact. In par-
ticular, the argmax operation demands a reward
model with sufficiently high resolution to strictly
rank all candidates, whereas our approach imposes
a weaker requirement: rather than relying on the
correctness function to perfectly order all samples,
it estimates the distribution of correctness over pos-
sible solutions, so that it moves the majority of
samples to the bright regions without requiring the
brightest one to be absolutely correct. Conversely,
any effective reward model developed for BoN can
be plugged into our framework as a drop-in cor-
rectness function, as our design is modular with
respect to the choice of f.

Please see Appendix A for more related work.

5 Conclusion

In this work, we present MSC and MCC, a series
of self- and cross-consistency framework that au-
tonomously guides sampling toward a comprehen-
sive and easily customizable notion of correctness.
MSC/MCC allow flexible combination of mutation
strategies to enhance LLM reasoning. Experiments
show that MSC and MCC efficiently enhance rea-
soning performance of LLMs at various sizes and
types on highly challenging mathematical tasks,
demonstrating the potential of bridging multi-step
LLM reasoning with PBR algorithms, and offering
a novel perspective for error analysis in LLMs.

6 Limitations

Time Cost.

Our approach requires sequential processing, as
each iteration depends on the previous one. Thus,
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samples are not generated fully in parallel, and
the wall-clock time grows linearly with sample
size. That said, this linear scaling is predictable
and well controlled, and far simpler than in tree- or
graph-based reasoning frameworks, such as Tree of
Thoughts (Yao et al., 2023), Graph of Thoughts
(Besta et al., 2024), or MCTS-based methods,
where intermediate states can grow exponentially
with search depth. By using a chain-based struc-
ture, our method avoids this combinatorial blow-up
while still supporting Exploration-and-Exploitation
via global and local mutations. Meanwhile, our im-
plementation fully parallelizes chains within multi-
LLM architectures like MCC, partially mitigating
the sequential overhead.

Correctness Representation and
Hyperparameter Generalizability.

The correctness function f is defined solely by
the model’s internal confidence reflected in token
probabilities. This choice preserves our frame-
work’s training-free design, but whether LLMs are
capable of revealing the true correctness of their
own outputs remains an open question. Even if
a confidence-to-correctness mapping exists, it is
likely to differ across models because of differ-
ences in training data and training architectures.
Consequently, each model may require its own hy-
perparameter calibration for f to achieve optimal
representation of correctness. By using a single set
of hyperparameters for all models (e.g., proposal
tolerance 7" and the weights on E, D, and P), our
experiments may not fully unlock the algorithms’
potential. This could partly explain why our algo-
rithms produced more significant accuracy gains
for some models while yielding only marginal im-
provements for others.

Minimal Mixing of Mutation Strategies.

Our implementation adopts a simple mixing strat-
egy, combining only sampling fresh solutions and
prompting the LLM to refine a previously accepted
solution. In comparison, the original MLT frame-
work (Veach and Guibas, 1997) proposes a richer
set of mutation rules, each targeting specific fami-
lies of light paths. By analogy, it may be beneficial
to develop task-tailored mutation strategies for dif-
ferent types of reasoning paths. Nevertheless, our
work provides a flexible framework that can accom-
modate other mutation strategy mixtures, and we
leave the exploration of such extensions to future
work.
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Appendix
A More Related Work

Reinforcement Fine-Tuning (RFT). Recently,
RFT has leveraged reward mechanisms to tune the
reasoning behaviors of pretrained LLMs, signif-
icantly improving reasoning performance in spe-
cific tasks (OpenAl, 2024b,a, 2025; DeepSeek-Al
et al., 2025). However, the mechanisms driving
these improvements remain underexplored, and it
is unclear whether foundational models inherently
possess the ability of emerging Long-CoT with-
out RFT (Liu et al., 2025). Moreover, generating
extensive reasoning tokens not only introduces a
significant VRAM challenge as discussed in Sec-
tion 3.2, but models frequently struggle with long
contexts, resulting in overthinking, topic drift, and
context overflow (Xiang et al., 2025; Qin et al.,
2024; Huang et al., 2024b, 2025; Tang et al., 2025;
Teng et al., 2025). A major contributor to these
inefficient behaviors, as mentioned in Section 2.2,
is that existing reasoning models often fail to strike
a balance between System 1 (fast) and System 2
(slow) thinking (Wason and Evans, 1974; Kahne-
man, 2011; Li et al., 2025; Chen et al., 2025b).

Structured Search. Structured approaches, in-
cluding tree-based, graph-based, and macro-action-
integrated methods, organize sampling systemat-
ically, allowing broader and detailed exploration
of reasoning trajectories (Yao et al., 2023; Besta
et al., 2024; Qi et al., 2025; Wu et al., 2024; Yang
et al., 2025; Chen et al., 2025a). Elaborated multi-
sampling pipelines tried to use token probability
to identify and prune away low-confidence cluster
in sample distribution (Zhou et al., 2025). How-
ever, these methods suffer from excessive context
dependencies, high computational overhead with
high intermediate samples redundancy, and sensi-
tivity to manually-defined actions, limiting their
generalizability and effectiveness. In contrast, our
MSC method defines actions without manual in-
tervention (global/local mutation). Inheriting from
Metropolis-Hastings, MSC retains minimal histor-
ical information from only the previous iteration,
and each accepted sample remains informative and
contributes directly to the final answer selection.
Unlike previous approaches that construct reason-
ing step by step or at the token level, MSC always
sample at full-trajectory level. This global per-
spective helps avoid getting trapped in inconsistent
states caused by undetected errors at early stages

of the reasoning trajectory.

Evaluation using Token Probability. Recent re-
search has leveraged token probabilities from LLM
logits to design efficient, training-free statistical
metrics for error detection in multi-step reasoning
tasks, either at the step-level (YAO et al., 2024;
Vacareanu et al., 2024; Golovneva et al., 2023)
or at the token-level (Yin et al., 2024). Building
upon these insights, our approach integrates error-
detection metrics at multiple granularities, collec-
tively offering a robust and comprehensive evalua-
tion of solution correctness.

B Plot of Token Probabilities within Steps

Figure 4 shows the probabilities assigned to tokens
in 10 randomly selected steps.

As we can see, the initial ~10 tokens in erro-
neous steps often have lower probabilities. Al-
though initial tokens in correct steps tend to have
higher probabilities, the probabilities of later tokens
in many correct steps can still fluctuate greatly.

C Prompt Details

The prompt templates we used for global muta-
tions, local mutations and pairwise judgments are
illustrated in Figure 5, Figure 6 and Figure 7, re-
spectively.
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Figure 4: Plot of the token probabilities at 10 randomly selected steps.

Prompt Template (Global Mutation)

System Prompt:
You are a helpful assistant.

The user will provide a {problem_type}. Please solve the problem step by step.

<example_user_input>
Question:
{example_task_description}
</example_user_input>

<example_output>
{example_muti_step_solution}
</example_output>

User Prompt:
Question:
{task_description}

Figure 5
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Prompt Template (Local Mutation)

System Prompt:

You are a helpful assistant.

The user will provide a {problem_type}, and an existing multi-step solution to the problem.
Your task is to generate a refined solution to the problem based on the existing solution, aiming to
correct the mistakes (if any) in the existing solution.

<example_user_input>
Question:
{example_task_description}
Existing Solution:
{example_muti_step_solution}
</example_user_input>

<example_output>
{example_refined_muti_step_solution}
</example_output>

User Prompt:
Question:
{task_description}

Existing Solution:
{accepted_solution_from_previous_iteration}

Figure 6

Prompt Template (Pairwise Judgments)

User Prompt:

You are an expert in mathematics and logical reasoning.

You will be presented with a {problem_type}.

You will then be given two multi-step solutions (Solution A and Solution B) and asked to determine
which solution better solves the problem.

Here is the competition math question:

<question>
question
</question>

Here are the two multi-step solutions to evaluate:

<solution_a>
{solution_a}
</solution_a>

<solution_b>

{solution_b}

</solution_b>

Please note that your task is NEITHER to correct errors (if any) in the provided solutions NOR to
come up with your own solution; rather, your task is to choose the better one of the two. You must
output **only** either SOLUTION A or SOLUTION B, without any additional words.

Figure 7: Note that our pairwise judgments do not use a system prompt. For each iteration, this user prompt is run
twice in parallel, with the two proposals swapped between the solution_A and solution_B positions.
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