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Abstract

Large language models have achieved remark-
able progress on complex reasoning tasks.
However, they often implicitly fabricate infor-
mation when inputs are incomplete, producing
confident but unreliable conclusions—a failure
mode we term ungrounded reasoning. We
argue that this issue arises not from insuffi-
cient reasoning capability, but from the lack
of inferential boundary awareness—the abil-
ity to recognize when the necessary premises
for valid inference are missing. To address this
issue, we propose Grounded Reasoning via
Interactive Reinforcement Learning (GRIL),
a multi-turn reinforcement learning framework
for grounded reasoning under incomplete in-
formation. GRIL decomposes the reasoning
process into two stages: clarify and pause,
which identifies whether the available infor-
mation is sufficient, and grounded reasoning,
which performs task solving once the nec-
essary premises are established. We design
stage-specific rewards to penalize hallucina-
tions, enabling models to detect gaps, stop
proactively, and resume reasoning after clar-
ification. Experiments on GSM8K-Insufficient
and MetaM ATH-Insufficient show that GRIL
significantly improves premise detection (up to
45%), leading to a 30% increase in task success
while reducing average response length by over
20%. Additional analyses confirm robustness
to noisy user responses and generalization to
out-of-distribution tasks.

1 Introduction

Large language models (DeepSeek-Al et al., 2025;
OpenAl, 2023; Zhou et al., 2024; Yang et al.,
2024) have demonstrated remarkable capabilities in
complex reasoning tasks. Reinforcement learning
post-training paradigms, including RLHF (Ouyang
et al., 2022) and RLVR (DeepSeek-Al et al., 2025),
have further improved performance on standard
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Figure 1: Comparison of reasoning behavior on prob-
lems with missing premises. Given an incomplete prob-
lem, both models initially detect the information gap.
The base model fabricates the missing value and pro-
ceeds with ungrounded reasoning, producing an incor-
rect answer. GRIL-trained model proactively stops and
requests clarification, then performs grounded reason-
ing after receiving the missing premise.

benchmarks where models receive well-formed,
information-complete inputs (Shao et al., 2024; Fu
et al., 2025; Yan et al., 2025).

However, this evaluation paradigm rests on a
strong implicit assumption: all necessary informa-
tion is provided in a single turn. In real-world
interactions, this assumption rarely holds. Users of-
ten provide information incrementally, expressing
requirements ambiguously, or omitting critical de-
tails altogether (Luo et al., 2025; Gan et al., 2024).
In such settings, the challenge is not merely to rea-
son correctly, but to determine whether reasoning
is possible at all given the available information.

When confronted with problems that lack nec-
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essary premises, current models rather than halt-
ing or requesting clarification, they frequently fab-
ricate the missing information and proceed with
elaborate reasoning chains built on invented foun-
dations (Fan et al., 2025; Huang et al., 2025). As
illustrated in Figure 1, we refer to this phenomenon
as ungrounded reasoning: the continuation of in-
ference without sufficient grounding information.
Importantly, ungrounded reasoning is not a failure
of logical capability. The failure occurs because
the model reasons without checking whether the
premises are valid, resulting in outputs that ap-
pear coherent yet are fundamentally unreliable (Sui
et al., 2025; Wang et al., 2025a).

Our empirical analysis reveals that ungrounded
reasoning follows a characteristic trajectory, as ex-
amples shown in Figure 1 (Left). Models often ex-
press early uncertainty through phrases such as “we
need to know” or “this requires,” typically within
the first half of their responses. Instead of stopping,
however, they rapidly transition to fabrication us-
ing phrases like “let us assume” and then continue
generating long chains of baseless inference. We
capture this behavior using two metrics: GapRatio,
which measures the proportion of tokens generated
after the first uncertainty signal, and Premise Detec-
tion Rate, which measures how often models cor-
rectly identify inputs as incomplete. In preliminary
studies, we observe GapRatios exceeding 47.7%
and Premise Detection Rates below 41%. This sug-
gests that models often override early uncertainty
signals, proceeding with extended inference instead
of stopping to request missing information.

Why does this behavior persist? Standard re-
inforcement learning frameworks reward answer
production but provide no mechanism to recog-
nize when no valid answer exists. As a result,
models learn to answer rather than abstain, espe-
cially when trained on well-formed, single-turn
problems (Sharma et al., 2023; Rita et al., 2024).
This implies that ungrounded reasoning reflects a
failure of inferential control: models cannot reli-
ably decide when to stop and seek clarification (Li
et al., 2023; Kadavath et al., 2022; Xiong et al.,
2024). We thus cast the problem as a choice be-
tween two inferential actions: Grounded Reason-
ing, treating the input as sufficient and answering,
or Clarify and Pause, identifying missing premises
and halting until clarification is obtained (Kuhn
et al., 2022; Wang et al., 2023b). Building on
this insight, we introduce Grounded Reasoning
via Interactive Reinforcement Learning (GRIL),

a multi-turn RL framework that explicitly trains
models to recognize the boundaries of valid infer-
ence. GRIL decomposes reasoning into clarify and
pause, and grounded reasoning, with an interactive
training environment where correct identification
of missing information triggers provision of the
missing premise. In the clarify and pause stage,
the model interacts with the environment to assess
information sufficiency, earning a time-decayed re-
ward for early detection of missing premises. Upon
successful detection, the environment supplies the
missing information and the model transitions to
the grounded reasoning stage, where it solves the
task under the completed context and receives a
reward only for correct answers. Through stage-
specific rewards with temporal decay, GRIL penal-
izes delayed detection and discourages hallucinated
reasoning.

We evaluate GRIL across multiple model scales
on mathematical reasoning benchmarks with sys-
tematically removed premises. On GSMS8K-
Insufficient, GRIL yields substantial improvements
on Qwen2.5-1.5B, increasing the Premise Detec-
tion Rate from 4.6% to 90.8% and the Success Rate
from 1.8% to 61.6%. At the same time, response
length decreases by over 40%, reflecting earlier ter-
mination of ungrounded inference. Notably, GRIL
does not degrade performance on complete prob-
lems, and achieves gains of up to 7% on standard
GSMSK. Further analyses confirm robustness to
noisy user responses and generalization beyond
mathematical reasoning.

Our contributions are: (1) We identify un-
grounded reasoning as a distinct failure mode with
quantitative metrics for measurement. (2) We
reframe reasoning under uncertainty as sequen-
tial decision-making, establishing that inferential
boundary awareness is distinct from reasoning ca-
pability. (3) We propose GRIL, a multi-turn RL
framework with stage-specific rewards for premise
detection and grounded solving. (4) Through exten-
sive experiments, we show that GRIL substantially
reduces ungrounded reasoning while also improv-
ing performance on standard benchmarks.

2 Related Work

Reasoning in Large Language Models. Large
language models have demonstrated remarkable
reasoning capabilities through various prompting
and training strategies (Lightman et al., 2023;
Wang et al., 2024; Shinn et al., 2023). Chain-of-
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thought prompting (Wei et al., 2022) and its vari-
ants (Yao et al., 2023a; Besta et al., 2024; Wang
et al., 2023a) elicit step-by-step reasoning by gen-
erating intermediate steps before final answers.
Reinforcement learning has further improved rea-
soning through RLHF (Ouyang et al., 2022; Bai
et al., 2022) and process-based reward models (Luo
et al., 2024; She et al., 2025; Khalifa et al., 2025).
However, recent studies reveal limitations when
inputs are incomplete. Fan et al. (2025); Liu et al.
(2025) show that reasoning models tend to exhibit
overthinking when facing problems with missing
premises, often fabricating assumptions rather than
recognizing information insufficiency. This ten-
dency appears more pronounced in models trained
with RL, where optimization pressure to produce
answers may override uncertainty recognition. Our
work addresses this by explicitly training models to
detect missing premises and request clarification.

Multi-Turn RL for Interaction and Reasoning.
Multi-turn interaction (Li et al., 2025; Jin et al.,
2025) presents challenges for language models.
Laban et al. (2025) demonstrate that when infor-
mation is distributed across multiple turns, model
performance degrades significantly compared to
single-turn settings, with drops averaging 30%.
Missing premise scenarios represent a special case
where critical information arrives only after explicit
request. Multi-turn RL has been explored for dia-
logue (Madaan et al., 2023; Gao, 2025; Jiang et al.,
2025) and tool-augmented agents (Schick et al.,
2023; Yao et al., 2023b; Zhang et al., 2025), with
frameworks like RAGEN (Wang et al., 2025b) ad-
dressing long-horizon optimization. Clarification
behavior has been studied in conversational AI (Hu
et al., 2020; Zhang et al., 2024; Hao et al., 2025),
while Liu et al. (2025) propose reverse reasoning
to detect missing information. Our work differs by
framing the problem as learning inferential control
through interactive RL, training models to detect,
stop, and integrate missing information within a
unified framework.

3 Theoretical Analysis
3.1 Modeling the Problem as an MDP

Standard LLM training optimizes next-token likeli-
hood:

max P(y | 2)

Under incomplete information settings (), this

objective forces the model to imitate the distribu-
tion of answers conditioned on insufficient context.
As a result, the model is incentivized to produce
plausible completions even when the problem is
under-specified, leading to hallucination.

GRIL reformulates reasoning as a Markov Decision
Process (MDP):

M = (S, A, R, P)

and optimizes the expected return:

T
Z ’YtR(Sm at)]

t=0

J(O) =Eror,

This shifts the objective from imitating answers
to maximizing long-term utility. In incomplete
contexts, the optimal policy is no longer to guess
an answer, but to take an action that increases ex-
pected return, namely issuing a clarification when
appropriate.

3.2 Reward Function Constraints and
Information Gain

The time-decay detection reward introduces an
asymmetric structure: early detection yields a
higher reward, while delayed detection reduces the
reward via the decay factor . Furthermore, un-
grounded answering incurs an explicit penalty, and
unnecessary clarification is also penalized.

We formalize the learning objective as follows.
GRIL guarantees the learning of Inferential
Boundary Awareness if and only if:

R(ac | qc Dinc) > R(as | qc Dinc)

where a. denotes the clarify action, as denotes
the solve action, and D;,,. denotes the incomplete-
query set.

Under incomplete problems, the optimal policy is
determined by relative expected returns. By ex-
plicitly setting R(as) < 0 (penalizing ungrounded
answering) and R(a.) > 0 (positive, possibly time-
decayed reward), we obtain the reward ordering:

E[R | ac) > E[R | as]

Under standard policy gradient updates (e.g., PPO),
the objective gradient satisfies:

VJ(0) =E[A(s,a)Vlogmy(a | s)]

Thus, if A(s,a.) > 0, the probability of a. in-
creases; conversely, if A(s, as) < 0, the probability
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of as decreases. As long as the reward gap remains
strictly positive, the induced gradient landscape
ensures:

mo(ac | ¢ € Dine) — 1

at convergence (assuming sufficient exploration
and optimization stability).

Importantly, the time-decay factor only scales the
magnitude of the reward but does not reverse the
reward ordering. Therefore, clarification remains
the optimal action under insufficient information,
while earlier detection yields higher return.

In this sense, GRIL does not heuristically encour-
age clarification—it structurally makes clarification
the unique optimal action under incomplete con-
texts.

4 Method

We present Grounded Reasoning via Interac-
tive Reinforcement Learning (GRIL), a multi-
turn RL framework that trains language models to
recognize inferential boundaries and reason only
when sufficient information is available. As illus-
trated in Figure 2, the core insight is to decom-
pose reasoning into two distinct stages: clarify and
pause, where the model determines whether the in-
put contains sufficient information, and grounded
reasoning, where the model produces a solution
only when necessary premises are present. We for-
malize this as an interactive decision process with
stage-specific rewards that penalize ungrounded
inference and encourage appropriate clarification-
seeking behavior.

4.1 Problem Formulation

Consider a reasoning task where the model receives
a problem statement that may or may not contain all
information necessary for solution. We formalize
this as a multi-turn Markov Decision Process M =

<87 A? Pv R? 7)

State Space. At turn ¢, the state s; comprises the
complete interaction history:

st = (u1,a1,u2,a2,. .., u) (1)
where u; denotes environment messages (initial

problem, feedback, or clarifying information) and
a; denotes model responses.

Action Space. Although model outputs are nat-
ural language sequences, they serve functionally
distinct roles in our framework. We abstract model
behavior into two inferential actions:

* Solve (agove): The model commits to the cur-
rent information as sufficient and produces a
solution attempt.

* Clarify (aclaify): The model identifies that
critical information is missing and explicitly
requests the needed premise.

This abstraction captures the key insight that choos-
ing to reason is itself a decision contingent on avail-
able information. Ungrounded reasoning occurs
precisely when models select agopye in states where
Qclarify 1S appropriate.

Problem Types. We denote the set of incom-
plete problems (with missing premises) as Dj,c and
complete problems (with sufficient information) as
Deomp- For g € Diyc, there exists a missing premise
pq that, when provided, renders the problem solv-
able. The goal is to learn a policy my that selects
appropriate actions based on input completeness.

4.2 Interactive Environment

A central challenge in training inferential control is
that action quality cannot be assessed from immedi-
ate outputs alone. A model that selects agorve ON an
incomplete problem may generate internally coher-
ent reasoning, yet the entire inference chain lacks
validity. To enable learning from the consequences
of inferential choices, we design an interactive en-
vironment with asymmetric feedback dynamics.

Transition Dynamics. The environment re-
sponds differently based on problem type and
model action. For incomplete problems g € Djyc,
selecting aclarify With correct detection triggers pro-
vision of the missing premise p,, while selecting
asolve yields negative feedback. For complete prob-
lems ¢ € Deomp, selecting agolve With a correct
answer terminates the episode successfully, while
selecting aclasify receives indication that no addi-
tional information is needed.

Formally, let 7 denote the transition function and
@ denotes concatenation to the dialogue history.
For g € Djy:

5t D pg ¢ = Qclarify )
st @ [neg.1 a¢ = asolve

T(St, at) =
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Figure 2: Overview of the GRIL framework. The training process consists of two stages. Stage 1 (Clarify
and Pause): Given an incomplete problem, the model engages in a multi-turn interaction loop. If the model
attempts to solve without sufficient information, it receives negative feedback and zero reward. When the model
correctly identifies insufficient information and requests clarification, it receives a detection reward Ryeee; = 7 that
decays with the number of interaction turns, encouraging early detection. Stage 2 (Grounded Reasoning): The
environment provides the missing premise, which is concatenated with the chat history. The model integrates this
information to produce the final answer. A correct solution yields the solving reward Ry, otherwise the model

may retry until maximum turns are reached.

For ¢ € Deomp:

T(St, at) _ [done] if a; = asolve 3)

s¢ @ Lunc.] if ay = aclarify

where [neg.] denotes negative feedback, [done]
denotes successful termination, and [unc.] de-
notes unnecessary clarification. This design cre-
ates a learning signal where correct premise de-
tection leads to receiving the missing information,
enabling the model to complete valid reasoning.
The asymmetry ensures that clarification is bene-
ficial only when genuinely warranted, preventing
degeneration into overly conservative strategies.

4.3 Stage-Specific Reward Design

We design a reward function that explicitly decom-
poses the reasoning process into clarify and pause,
and grounded reasoning, with separate incentives
for each stage.

Stage 1: Pause and Clarify. For incomplete
problems, we reward early and accurate identifi-
cation of missing information. Let nyor denote the
number of interaction turns generated before the
model requests clarification and stops proactively.
The detection reward is:

.
Raetect = Tbase - ’demr 4)

where 7y, 1S the base detection reward and v, €
(0,1) is a temporal decay factor. This formulation
directly addresses the "early suspicion, late action"

pattern: models that recognize missing information
early receive higher rewards than those that gen-
erate extensive ungrounded tokens before request-
ing clarification. The exponential decay provides
strong incentive t0 Minimize Nprior-

Stage 2: Grounded Reasoning. After receiving
clarifying information, we reward successful prob-
lem completion:

Rsolve = Tcorrect - 1[answer is correct]  (5)

This ensures that premise detection is not an end
in itself but a means toward successful task com-
pletion. Models must learn to integrate newly pro-
vided information with the original context to pro-
duce valid solutions.

Complete Problem Handling. For problems in
Deomp, We apply standard outcome-based rewards
with a penalty for unnecessary clarification:

Recomp = Tcorrect - 1correct] — A - L[unc.]  (6)

where 1[unc.] indicates unnecessary clarification
on complete problems. The penalty coefficient A
prevents models from adopting a trivial strategy of
always requesting clarification regardless of input
completeness.

Overall Objective. The total reward for a trajec-
tory 7 on problem q is:

R (q 7_) _ o Retect + B Rsotve  if ¢ € Dipe
’ Rcomp lf q € Dcomp
(N
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where « and (8 control the relative importance of
detection versus solving. We optimize using Prox-
imal Policy Optimization (PPO) (Schulman et al.,
2017) with KL regularization:

J(0) = Eqp,rmm, [R(q: T)]— B Dxr (7o | rer)

3)
where 7t is the reference model and k. controls
deviation from the initial policy.

4.4 Training Protocols

Data Construction. We construct incomplete
problems by systematically removing critical
premises from well-formed mathematical problems.
For each problem, we identify sentences containing
numerical values, remove one such sentence, and
verify via automated checking that the modified
problem becomes unsolvable without the removed
information. The removed sentence is retained as
pq for use during interactive training. We also ran-
domly sampled a subset of questions for manual
annotation verification. Details are provided in Ap-
pendix.

Data Composition. Training data comprises a
balanced mixture of incomplete and complete prob-
lems with ratio 1:1. This balance is critical: train-
ing exclusively on incomplete problems would bias
models toward over-detection, while training only
on complete problems provides no signal for learn-
ing clarification behavior.

Output Format. We enforce structured genera-
tion with <think>. ..</think> tags for reasoning
traces and <answer>...</answer> tags for final
responses. When requesting clarification, models
output "insufficient information" in the answer field
. This structured format enables unambiguous iden-
tification of inferential actions.

5 Experiments

5.1 Experimental Setup

Models and Training. We evaluate across four
model scales: Qwen2.5-1.5B-Instruct, Qwen2.5-
3B-Instruct (Yang et al., 2024), Qwen3-0.6B, and
Qwen3-1.7B (Yang et al., 2025). All models are
trained using the verl (Sheng et al., 2025) frame-
work with maximum turns 7' = 4, reward weights
a = 0.3, 8 = 0.7, temporal decay 74 = 0.5, KL
coefficient Sgr. = 0.01, and penalty coefficientA =
2. Training data consists of incomplete and com-
plete problems mixed at 1:1 ratio.

Datasets. We construct two evaluation bench-
marks: GSMS8K-Insufficient and MetaMATH-
Insufficient, derived from GSM8K (Cobbe et al.,
2021) and MetaMATH (Yu et al., 2024) by system-
atically removing critical premises. Notably, there
is no overlap between the training and test sets. We
also evaluate on standard GSM8K and MATHS500
to assess reasoning capability on complete prob-
lems. Details are in Appendix A.6.

Baselines. We compare against three settings:
(1) Base: the pretrained model with zero-shot
prompting; (2) Prompt: the base model with ex-
plicit instructions indicating that problems may
contain missing information; (3) SFT: supervised
fine-tuning on the same data distribution as GRIL.
Detailed SFT training process is displayed in Ap-
pendix A.4.1

Metrics. We report four metrics: Success Rate
(SR), the proportion of problems solved correctly af-
ter clarification if needed; Premise Detection (PD),
the proportion of incomplete problems correctly
identified; Numbers of Iteraction Turns (NT), the
average interaction turns required; and Response
Length, the average tokens generated.

5.2 Main Results

Table 1 presents results on GSM8K-Insufficient
and MetaM ATH-Insufficient across model scales.
GRIL consistently outperforms all baselines on
both benchmarks.

GRIL Dramatically Improves Premise Detec-
tion and Task Success. Across all model scales,
GRIL achieves substantial gains in both identifying
incomplete inputs and ultimately solving problems.
On Qwen2.5-1.5B, Success Rate improves from
1.8% (Base) to 61.6%, a 34 x improvement, while
Premise Detection rises from 4.6% to 90.8%. The
gains persist at larger scales: Qwen2.5-3B achieves
73.5% SR compared to 62.7% for SFT, and Qwen3-
1.7B reaches 72.8% SR with 96.5% detection rate.

GRIL Outperforms Supervised Learning on
Identical Data. GRIL consistently outperforms
SFT across various settings. On Qwen2.5-1.5B, the
SR gap is 30 percentage points (61.6% vs 31.6%);
on MetaMATH-Insufficient, GRIL achieves 72.5%
compared to 56.1% for SFT on Qwen2.5-3B. This
shows that multi-turn RL lets the model learn from
feedback after it makes a choice, and this kind of
learning signal can’t be obtained from imitation
learning
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GSMS8K-Insufficient

Metamath-Insufficient

Model
SRt PD 1 NT | Length | SR T PD 1 NT | Length |

Qwen2.5-1.5B-Instruct

Base Model 1.8 4.6 3.828 810 2.2 4.2 3.792 937

w/ Prompt 21.0 45.7 3.303 579 19.3 48.1 3.426 743

w/ SFT 31.6 64.6 3.202 750 31.1 60.4 3.248 999

GRIL(Ours) 61.6 90.8 2913 479 58.4 88.2 2.941 581
Qwen2.5-3B-Instruct

Base Model 20.6 28.0 3.665 887 15.5 20.9 3.722 1091

w/ Prompt 54.9 81.5 2919 635 51.5 77.1 2.985 824

w/ SFT 62.7 90.3 2.706 575 56.1 83.9 2.800 750

GRIL(Ours) 73.5 88.0 2.481 448 72.5 86.6 2.473 624
Qwen3-0.6B

Base Model  16.0 24.2 3.737 1668 14.7 25.6 3.793 1907

w/ Prompt 44.6 79.2 2.763 1112 40.6 75.7 2.869 1345

w/ SFT 48.4 82.4 2971 832 41.3 81.8 3.077 1003

GRIL(Ours) 52.3 84.6 2.850 1269 45.2 79.2 3.025 1616
Qwen3-1.7B

Base Model 41.3 52.6 3.271 1271 62.0 90.5 2.585 929

w/ Prompt 66.7 88.9 2.481 744 64.2 86.1 2.609 966

w/ SFT 63.6 92.8 2.482 704 63.0 90.3 2.531 874

GRIL(Ours) 72.8 96.5 2.348 376 65.8 95.2 2.488 502

Table 1: Results on GSM8K-Insufficient and MetaM ATH-Insufficient across model scales. SR: Success Rate (%),

PD: Premise Detection (%), NT: Numbers of Interaction Turns, Length: Response Length in tokens.

Reduced Ungrounded Reasoning Yields Ef-
ficiency Gains. GRIL reduces inference cost
alongside accuracy gains. Response length drops
substantially—Qwen2.5-1.5B by 41% (810—479
tokens) and Qwen3-1.7B by 70% (1271—376
tokens)—with fewer interaction turns, indicating
earlier premise detection. The exception is Qwen3-
0.6B, whose response length increases despite accu-
racy gains, suggesting a capacity threshold around
1B parameters below which models require more to-
kens to articulate clarifications and integrate multi-
turn context.

6 Analysis

We conduct detailed analyses to understand the
mechanisms behind GRIL’s improvements. Our
investigation covers five aspects: reduction in un-
grounded reasoning, performance on complete
problems, discrimination between complete and
incomplete inputs, decomposition of performance
gains, and generalization capabilities.

GRIL Substantially Reduces Ungrounded Rea-
soning. To quantify the severity of ungrounded
reasoning, we measure the GapRatio': the propor-
tion of tokens generated after the model first ex-
presses uncertainty. A higher ratio indicates more
severe ungrounded inference. We evaluate on three

'Formally, GapRatio = (Tiotal — Tsuspect) / Trotal, Where Tioal

is the total tokens generated and Tiyspect is the token position
where the model first expresses uncertainty.

public datasets from Fan et al. (2025). As shown
in Figure 3, GRIL reduces this metric across all
evaluation datasets. On SVAMP, the GapRatio
drops from 0.63 to 0.27; on Formula, from 0.43 to
0.40; on GSMS8K, from 0.37 to 0.30. Simultane-
ously, Premise Detection Rate increases substan-
tially: Formula rises from 30% to 99%, SVAMP
from 49% to 88.7%, and GSMS8K from 45% to
71.8%. These results confirm that GRIL trains
models to recognize inferential boundaries early
and act on that recognition, rather than suppressing
uncertainty signals in favor of continued genera-
tion.

(a) Improvement in Premise Detect Ratio , (b) Reduction in GapRatio
99% I Base Model 0.63 I Previous

B GRIL I GRIL
88.67%

o
o

80

o
[

I
IS

60

IN

=)
o
w

Premise Detect Ratio (%)
=)
N

GapRatio (lower is better)

N
o

0

Formula

SVAMP GSM8K

Formula

SVAMP GSM8K

Figure 3: Premise Detection Rate and GapRatio before
and after GRIL training on three public benchmarks
from Fan et al. (2025).

GRIL Improves Performance on Complete
Problems. A natural concern is whether training
for premise detection compromises reasoning abil-
ity on well-formed inputs. Figure 4 demonstrates
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Figure 4: Success Rate on standard complete bench-
marks (GSM8K and MATHS500) comparing base mod-
els with GRIL-trained variants.

Model Recall Precision F1

Qwen2.5-1.5B-Instruct 0.419 0.951 0.581
+ GRIL 0.861 0.961 0.908

Qwen2.5-3B-Instruct 0.756 0.968 0.847
+ GRIL 0.886 0.981 0.931

Table 2: Premise detection performance (Recall, Preci-
sion, F1) on a mixed dataset containing both complete
and incomplete queries.

that GRIL not only preserves but enhances standard
reasoning performance. On GSM8K, Qwen2.5-
1.5B improves from 52.0% to 69.7% (+17.7 points),
while Qwen2.5-3B rises from 77.1% to 83.7%. On
the more challenging MATH500 benchmark, gains
are also consistent: 26.4% to 34.0% for the 1.5B
model, 43.7% to 46.2% for the 3B model. We
hypothesize that learning to distinguish sufficient
from insufficient information induces more care-
ful reasoning: models that must decide whether
to proceed learn to assess problem structure more
thoroughly, benefiting downstream solving even
when all information is present.

GRIL Robustly Distinguishes Complete and In-
complete Inputs. Effective inferential control re-
quires high sensitivity to missing premises (Recall)
without false alarms on complete problems (Preci-
sion). We construct a mixed evaluation set contain-
ing equal proportions of complete and incomplete
queries and measure standard classification metrics.
As shown in Table 2, GRIL achieves substantial Re-
call gains: Qwen2.5-1.5B improves from 0.419 to
0.861 (+105%), Qwen2.5-3B from 0.756 to 0.886.
Crucially, Precision remains above 0.96 and even
improves slightly, indicating that GRIL does not
achieve sensitivity by becoming overly conserva-
tive. The resulting F1 scores (0.908 and 0.931)
demonstrate that GRIL learns a precise decision
boundary, effectively filtering incomplete queries
while maintaining grounded reasoning.

Both Detection and Integration Capabilities Im-
prove. To decompose performance gains, we de-
sign an experiment where models first respond
normally, then receive forced environmental feed-
back regardless of their initial action. We ana-
lyze two conditional success rates: Detected Cor-
rect Ratio (DCR)?, measuring success after correct
premise identification, and Non-detected Correct
Ratio (NCR)?, measuring recovery via forced feed-
back despite initial detection failure. As shown in
Table 3, GRIL improves both metrics. DCR for
Qwen2.5-1.5B nearly doubles (37.3% — 66.9%),
validating the effectiveness of the clarify-then-
solve cycle. NCR also improves substantially
(36.9% — 48.2%), indicating that GRIL enhances
general context integration capabilities beyond just
detection. This dual improvement explains why
GRIL outperforms baselines by large margins: it
strengthens both the ability to pause appropriately
and the ability to reason effectively once sufficient
information is available.

GSMB8K-Insufficient ~MetaMath-Insufficient

Model
DCR (%) NCR (%) DCR (%) NCR (%)
Qwen2.5-1.5B-Instruct 37.3 36.9 36.0 37.3
+ GRIL 66.9 48.2 65.7 57.9
Qwen2.5-3B-Instruct 63.7 54.2 67.3 52.8
+ GRIL 80.8 63.6 83.7 574

Table 3: Decomposition of Success Rate into Detected
Correct Ratio (DCR) and Non-detected Correct Ra-
tio (NCR) on GSM8K-Insufficient and MetaMATH-
Insufficient.

GRIL Generalizes to Out-of-Distribution Do-
mains. To assess whether learned inferential con-
trol transfers beyond mathematical reasoning, we
evaluate on modified HotpotQA (multi-hop rea-
soning) and CommonsenseQA (commonsense rea-
soning) datasets (Yang et al., 2018; Arora et al.,
2023), where we apply the same premise removal
procedure used for mathematical benchmarks. As
shown in Figure 5, GRIL consistently improves
both Premise Detection and Success Rate in these
unseen domains. Smaller models (1.5B) show
particularly pronounced gains, with Success Rate
improvements exceeding 18 percentage points on
CQA. The improvement trajectories reveal that
GRIL pushes models toward the upper-right re-
gion of the detection-success space across both
in-domain and out-of-domain tasks. This transfer

’DCR=P(success | detected)
*NCR=P (success | not detected)
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Figure 5:  Out-of-distribution generalization on

HotpotQA-Insufficient and CQA-Insufficient. Arrows
indicate improvement trajectories from base models to
GRIL-trained variants.

Model Noisy Feedback Uninformative
Response
Qwen2.5-1.5B-Instruct 12.8 62.5
+ GRIL 47.2 86.7
Qwen2.5-3B-Instruct 51.4 89.1
+ GRIL 69.7 89.5

Table 4: Success Rate (%) under noisy feedback and
uninformative user response conditions.

suggests that GRIL instills a general capacity for
inferential boundary awareness rather than domain-
specific heuristics.

GRIL Is Robust to Noisy User Interactions.
Real-world interactions are imperfect: users may
provide irrelevant information or fail to supply re-
quested premises. We simulate two challenging
conditions: Noisy Feedback, where clarifications
are mixed with irrelevant daily conversation or off-
topic remarks, and Uninformative Response, where
the user replies with evasive answers such as “I
don’t know” or “Don’t ask me.” As shown in Ta-
ble 4, GRIL substantially improves resilience in
both settings. Under noisy feedback, Qwen2.5-
1.5B improves from 12.8% to 47.2%, indicating
learned ability to filter distractions and extract rele-
vant information. Under uninformative responses,
performance rises from 62.5% to 86.7%, demon-
strating graceful termination instead of hallucina-
tion when clarification is unavailable. These results
confirm that GRIL’s benefits extend beyond ideal-
ized settings.

7 Conclusion

In this paper, we identify ungrounded reasoning as
a critical failure mode where language models fabri-
cate missing premises and proceed with structurally
invalid inference rather than recognizing inferential
boundaries. We propose GRIL, a multi-turn rein-
forcement learning framework that explicitly trains
models to distinguish between situations requir-
ing reasoning versus clarification. Through stage-
specific rewards that penalize delayed detection
and encourage effective information integration,
GRIL teaches models when to pause and when to
proceed. Extensive experiments demonstrate sub-
stantial improvements in both premise detection
and task success, with gains generalizing to out-of-
distribution domains and noisy interactions.

8 Limitations

The current implementation relies on structured
output formats to parse actions, and efficiency is
evaluated mainly via turn/length proxies rather than
directly measuring clarification quality and user
burden. Future work should move beyond one-shot,
information-complete problem solving toward re-
alistic multi-turn conversations where users reveal
constraints gradually, requiring models to proac-
tively elicit missing details while handling refusals,
uncertainty, and inconsistency. For preference-
sensitive open-ended tasks, "missing premises" are
often subjective goals and trade-offs rather than
a single correct constraint, calling for evaluations
that directly measure clarification utility and user
burden, and training frameworks robust to noisy,
ambiguous, preference-driven feedback.
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A Appendix

A.1 Data construction

Here give the algorithm to generate training data
and test data. This algorithm constructs supervi-
sion for missing-information detection via premise
masking. For each problem @) € D, it segments
the text into sentences S = {s1,...,s,} and fil-
ters candidate premise sentences Syym = {$ €
S | contains_digit(s) A —is_question(s) }.
It then samples a sentence Smask ~ Unif(Spum ),
removes it to form Qmasked = S \ {Smask}, and
queries a pretrained LLM to predict whether
Qmasked 1S Solvable or Unsolvable. If Qmasked
is Unsolvable, spask 18 labeled essential and the
pair (Qmasked, Smask) 1 added as a missing-premise
example; otherwise spyask 1S labeled redundant. The
output is a labeled dataset of essential vs. redun-
dant premises.

A.2 Param ablation
A.2.1 K turns ablation

K s Ressoning )

Figure 6: Performance changes via deifferent iteration
turns

We evaluate premise detection and success rate
under varying reasoning turn limits k. The base
model shows unstable performance at small k£ and
improves gradually as k increases. In contrast,
GRIL consistently improves robustness and per-
formance across all k. Smaller RL-trained models
achieve high premise detection even with limited
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Algorithm 1 Missing Information Detection via
Premise Masking
Input: Mathematical dataset D; sentence tok-
enizer; pretrained LLM
Output: Labeled dataset of essential and redun-
dant premises

foreach Q € D do

Segment @ into sentences S = {s1,...,5,}
Smum < {s € S | contains_digit(s) A
—is_question(s) } if Sy, = 0 then
| continue

end

Sample Spask ~ Unif(snum) Qmasked S\
{Smask} V « LLM(Solvable?, Qmasked) if
V' = Unsolvable then

Label syask as essential Dyeg < Dreg U

{ (Qmasked; Smask) }

end

else
| Label spask as redundant

end

end
return Labeled dataset

turns, while larger models reach near-saturated per-
formance within a few turns, indicating that RL
promotes early detection and efficient reasoning.
As shown in Figure 6, we evaluate premise de-
tection and success rate under varying reasoning
turn limits k. The base model shows unstable per-
formance at small k, whereas GRIL consistently
improves robustness and achieves near-saturated
performance with fewer turns.

A.2.2 Reward weight analysis

Table 5: Sensitivity analysis of stage weight combina-
tions (k1, ko) in Multi-turn RL.

(k1,k2) | Success Rate | Premise Detect
(0.2,0.8) 0.624 0918
(0.3,0.7) 0.618 0.908
(0.4,0.6) 0.627 0.931

We conduct a parameter sensitivity study to ex-
amine the impact of stage weight combinations
(k1,k2) in GRIL As shown in Table 5, the Suc-
cess Rate remains largely stable as k; increases
from 0.2 to 0.4. In contrast, Premise Detect shows
a slight improvement when a larger weight is as-
signed to the first stage, indicating that emphasizing
the early stage facilitates earlier detection of miss-
ing premises without degrading overall problem-

solving performance. These results suggest that
GRIL is robust to stage weight variations and main-
tains effective reasoning and premise awareness
across different configurations.

A.3 Time decay analysis

To examine the effect of the decay factor in the first-
stage policy, we compare v = 0.5 and v = 1.0. As
shown in Table 6, a stronger decay (y = 0.5) signif-
icantly improves Premise Detect, indicating higher
sensitivity to missing premises and a stronger ten-
dency to initiate clarification early. However, this

. Response
¥ Success Rate Premise Detect Length
0.5 0.617 0.936 472
1.0 0.659 0.894 838

Table 6: Effect of the decay factor v in the first-stage
policy.

aggressive querying behavior also leads to a slight
drop in Success Rate, suggesting a more conserva-
tive strategy that may prematurely abandon com-
plex problems. In addition, the stronger decay re-
sults in shorter average responses, while the non-
decayed setting (y = 1.0) produces longer re-
sponses due to more extended reasoning trajecto-
ries.

A.3.1 Data ratio analysis

Ratio Success Rate Premise Detect
3:7 0.650 0.873
4:6 0.601 0.973
5:5 0.622 0.955

Table 7: Effect of data ratio between incomplete-
premise and complete queries.

We study the impact of different data ratios be-
tween incomplete-premise queries and complete
queries. As shown in Table 7, the model achieves
competitive Success Rate and Premise Detect even
with a smaller proportion of incomplete-premise
data (e.g., 3:7). As the ratio increases to 4:6 or
5:5, Premise Detect improves, while Success Rate
remains relatively stable. These results indicate
that GRIL is robust to the amount of incomplete-
premise data and can effectively learn premise de-
tection and problem solving even when such data
is limited.
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A.4 Baseline and Test Data
A.4.1 Baselines

We design three categories of baseline models
to systematically analyze the roles of prompting,
supervised fine-tuning (SFT), and reinforcement
learning (RL) in handling missing-premise scenar-
ios.

Base Model. The base model refers to a pre-
trained language model without any task-specific
training. It is evaluated on all benchmarks using
a standard zero-shot reasoning prompt, without
explicitly informing the model that the input ques-
tion may contain missing premises. This baseline
measures the model’s intrinsic ability to handle in-
complete information relying solely on knowledge
acquired during pretraining.

Prompt-based Model. The prompt-based model
shares the same pretrained backbone as the base
model, but augments the input with an explicit task
instruction. Specifically, the prompt informs the
model that the problem may contain missing or
incomplete premises and requires the model to first
assess solvability before attempting to produce a
solution. No parameter updates are performed for
this model, allowing us to isolate and evaluate the
performance gains introduced purely by explicit
task prompting.

Supervised Fine-Tuned (SFT) Model. The SFT
model is trained on the same data source as the re-
inforcement learning stage, but optimized using su-
pervised learning. We construct high-quality, multi-
turn missing-premise dialogue data using GPT-4o-
mini. Each dialogue trajectory typically consists of:
(1) an initial question with insufficient information,
(2) intermediate premise detection or clarification
steps, and (3) a final outcome, such as requesting
additional information or determining that the prob-
lem is unsolvable under the current conditions. The
model is fine-tuned by imitating these trajectories,
serving as a strong supervised baseline aligned with
the RL model in terms of data distribution.Example
of training loss are shown in Figure 7

A.4.2 Evaluation Datasets

We evaluate all models on a diverse set of bench-
mark datasets, including both our constructed
missing-premise datasets and publicly available
benchmarks used in prior work.

original
0.9 —— smoothed

0 200 400 600 800 1000 1200
step

Figure 7: Example loss plot of SFT Methods

GSMS8K-Insufficient. GSMSK_Insufficient is
constructed from the GSM8K test set by systemati-
cally removing essential premises from the original
problems, rendering them unsolvable without addi-
tional information. This dataset is designed to eval-
uate a model’s ability to detect missing premises
and avoid overconfident reasoning under incom-
plete inputs.

MetaMath-Insufficient. Meta-
Math_Insufficient is constructed using the
same procedure as GSM8K_Insufficient, but based
on the MetaMath dataset. Compared to GSM8K,
this dataset contains more diverse mathematical
structures and longer reasoning chains, posing
greater challenges for missing-premise detection
in complex scenarios.

Public Missing-Premise Benchmarks. In addi-
tion, we evaluate our models on publicly available
benchmarks from prior work, including GSMS8K,
SVAMP, and Formula. These datasets contain man-
ually or semi-automatically constructed missing-
premise problems and have been widely used to
assess model robustness under incomplete inputs.
Evaluating on these benchmarks ensures the com-
parability of our approach with existing methods.

A.5 System prompt example

We provide system prompt example for better de-
tail, just displayed in Table 8, all prompt stays the
same during traning and test.

A.6 Detailed Datasets Info Used in Analysis

This appendix provides a detailed description of
the datasets used in §5, including their sources,
construction procedures, and sizes.

Main experiments. We evaluate on two premise-
missing benchmarks. GSM8K-Insufficient is con-
structed from the GSMS8K standard test set by
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System Prompt: You are a helpful assistant.
User Prompt: Please solve the following prob-

lem, strictly adhering to this format:

1. **<think>...</think>**: Must contain the
complete, step-by-step reasoning process. If
information is missing, state why here and
terminate your thinking process.

2. **<answer>...</answer>**: Must ONLY
contain the final answer enclosed in

boxed‘. If information is insufficient, the an-
swer must be ’insufficient information’.

Input Format:

Turn X:
State:
{problem input}

Always output: <think> [Your thoughts]
</think> <answer> [your answer] </answer>
with no extra text. Strictly follow this format.

Table 8: Prompt Example

removing essential premises, resulting in 865
premise-missing instances. MetaMath-Insufficient
is constructed from MetaMath in the same manner,
resulting in 1130 premise-missing instances.

Analysis experiment 1. The data used in Analy-
sis Experiment 1 is taken from the publicly avail-
able dataset released in Ref. (Fan et al., 2025).

Analysis experiment 2. Analysis Experiment
2 uses standard information-complete test sets,
including the GSMS8K standard test set and the
MATHS00 test set.

Analysis experiment 3. Analysis Experiment 3
uses a mixed dataset containing both complete
problems and premise-missing problems, with a
total of 3814 instances.

Analysis experiment 4. Analysis Experiment 4
evaluates multi-domain QA transfer on premise-
missing variants. HotpotQA-Insufficient is con-
structed from HotpotQA, containing 1055 in-
stances. CQA-Insufficient is constructed from
CommonsenseQA, containing 1170 instances.

A.7 Llama-3B-Instruct training

As shown in Table 9 on Llama3-3B-Instruct (Dubey
et al., 2024), prompting and multi-turn RL consis-

GSMSK- MetaMath-

Insufficient Insufficient
Model SR PD SR PD
Base Model 17.0 65.0 15.0 64.0
w/ Prompt 43.8 80.8 42.9 73.6

w/ Multi-turn RL 49.3 80.4 44.2 79.6

Table 9: Performance on GSM&K-Insufficient and
MetaMath-Insufficient

tently outperform the base model on both missing-
premise benchmarks, with GRIL achieving the best
overall performance.

B The Use of Large Language
Model(LLMs)

To elevate the overall quality of this paper, a
large language model was utilized to refine the
manuscript—specifically, to enhance its clarity,
streamline its conciseness, and ensure strict gram-
matical correctness.
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C

Algorithm pipeline

Algorithm 2 GRIL Training Framework

Input :Dataset D = Dy, UDcomp, Initial Policy 7y, Reference Policy e, Max turns K, Hyperparameters

Vd, &, BKLv A

for iteration =1,...,1 do

Sample batch of queries Q ~ D foreach query g € () do
Initialize state sg < (¢), turnt < 0
> Stage 1: Clarify and Pause
while ¢ < K and not terminated do
Generate inferential action a; ~ mg(- | s¢)
if ¢ € D;,,. then
if at = Qclarify then
Obtain missing premise p, from Environment Rgegect <— ’yctl-rbase St41 < StDarDdpy
> Stage 2: Grounded Reasoning
Generate solution asove ~ Tg (- | St+1) Rsolve ¢ Tcorrect-I[@solve 18 correct] Terminate
episode
else
| Receive negative feedback [neg.] from Environment s;41 < s; & a; & [neg.]
end
end
elseif ¢ € D,y then
if a; = asone then
| Recomp ¢ Tcorrect - I[ay is correct] Terminate episode

else
Receive unnecessary feedback [unc.] from Environment Apply penalty Reomp <

=\ -Tunc.] si41  s¢ @ ay @ [unc.]
end

end
t—t+1

end
> Reward Assignment
Compute trajectory reward R(q, #) by combining Reiect, Rsolve, and Reomp (Eq. 7)

end
Update policy mg by maximizing the PPO objective with KL penalty — Sk Dkr (79 || 7ref)

end

D Case Study
D.1 Case Study 1

e

Case Study 1 (Before Training): the model fails to proactively stop under insufficient information.

System Prompt: You are a helpful assistant.

User Prompt: Please solve the following problem, strictly adhering to this format: 1.
<think>...</think>: Must contain the complete, step-by-step reasoning process. If informa-
tion is missing, state why here and terminate your thinking process. 2. <answer>...</answer>:
Must ONLY contain the final answer. If information is insufficient, the answer must be insufficient
information. Always output: <think> [Your thoughts] </think> <answer> [your answer]
</answer> with no extra text. Strictly follow this format.

Interaction Log:
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system

You're a helpful assistant.

user

Please solve the following problem, strictly adhering to this format:

1. **x<think>...</think>**: Must contain the complete, step-by-step reasoning process. If
information is missing, state why here and terminate your thinking process.

2. *x<answer>...</answer>x*: Must ONLY contain the final answer . If information is insufficient,
the answer must be 'insufficient information'.

Turn 1:

State:

Find the sum of the remainders when the same integer is divided by 3 and by 5.

Always output: <think> [Your thoughts] </think> <answer> [your answer] </answer> with no extra
text. Strictly follow this format.

assistant
<think></think><answer>To solve the problem of finding the sum of the remainders when the same
integer is divided by 3 and by 5, we need to understand the concept of modular arithmetic.

When an integer \( n \) is divided by 3, the remainder can be any of the following: @, 1, or 2.
Similarly, when \( n \) is divided by 5, the remainder can be any of the following: @, 1, 2,
3, or 4.

The sum of the remainders when \( n \) is divided by 3 and by 5 will be the sum of all possible
remainders for each divisor. Since there are 3 possible remainders for each divisor, we can
calculate the total sum as follows:

Sum = (Remainder when divided by 3) + (Remainder when divided by 5)

There are 3 remainders when divided by 3 (@, 1, 2) and 5 remainders when divided by 5 (@, 1, 2,
3, 4). Therefore, the total sum of the remainders is:

Sum=0+1+2+0Q0+1+2+3+4
Sum = 15
So, the sum of the remainders when the same integer is divided by 3 and by 5 is 15.

Final answer: \(\boxed{15}\)</answer>
user

Reward:

0.0

Turn 2:

State:

That is incorrect. Please try again.

Always output: <think> [Your thoughts] </think> <answer> [your answer] </answer> with no extra
text. Strictly follow this format.

assistant

<think>It appears there was a misunderstanding. Let me clarify the problem and provide the
correct solution.</think><answer>When trying to find the sum of the remainders when the same

integer is divided by 3 and by 5, we need to consider the possible remainders for each

divisor. As previously stated, the remainders when divided by 3 are @, 1, and 2, and the
remainders when divided by 5 are 0, 1, 2, 3, and 4. The sum of these remainders is 15.
Therefore, the correct answer is 15.</answer>

user

Reward:

0.0

Turn 3:

State:

That is incorrect. Please try again.

Always output: <think> [Your thoughts] </think> <answer> [your answer] </answer> with no extra
text. Strictly follow this format.

assistant
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<think>Let me rephrase the question and provide the correct solution.</think><answer>When a
number is divided by 3, the possible remainders are @, 1, and 2. When the same number is
divided by 5, the possible remainders are @, 1, 2, 3, and 4. The sum of these remainders is
15. Therefore, the correct answer is 15.</answer>

user

Reward:

0.0

Turn 4:

State:

That is incorrect. Please try again.

Always output: <think> [Your thoughts] </think> <answer> [your answer] </answer> with no extra
text. Strictly follow this format.

assistant

<think>Let me restate the problem clearly and provide the correct solution.</think><answer>The
sum of the remainders when a number is divided by 3 and 5 is 15. This is because the
possible remainders when divided by 3 are @, 1, and 2, and when divided by 5, they are 0, 1,
2, 3, and 4. Adding these together gives 15.</answer>

Observation. The problem is underdetermined since the integer is unspecified. However, the model
repeatedly attempts to solve the problem instead of detecting the missing premise and stopping or
requesting clarification.

Case Study 1 (After Training): The model proactively stops, requests missing premises, and solves
after clarification.

System Prompt:
You’re a helpful assistant.

User Prompt:
Please solve the following problem, strictly adhering to this format:

e <think>...</think>: Must contain the complete, step-by-step reasoning process. If informa-
tion is missing, state why here and terminate your thinking process.

e <answer>...</answer>: Must ONLY contain the final answer . If information is insufficient,
the answer must be insufficient information.

Always output: <think> [Your thoughts] </think> <answer> [your answer] </answer>
with no extra text.

Interaction Log:

Turn 1:

State:

Find the sum of the remainders when the same integer is divided by 3 and by 5.

Always output: <think> [Your thoughts] </think> <answer> [your answer] </answer> with no extra
text. Strictly follow this format.

assistant

<think>Let's break down the problem step by step. We need to find the sum of the remainders when
the same integer is divided by 3 and by 5. However, without knowing the specific value of
the integer, it is impossible to determine the remainders. Therefore, the problem does not
provide enough information to determine the remainders.</think><answer>Insufficient
information</answer>

user
Reward:
1.0

Turn 2:
State:
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Successfully detected a missing premise. Here is the missed information: When an integer is
divided by 15, the remainder is 7.. Please solve the problem now.You should give detailed
reasonig steps

Always output: <think> [Your thoughts] </think> <answer> [your answer] </answer> with no extra
text. Strictly follow this format.

assistant
<think>Let's break down the problem step by step. We know that the remainder when an integer is
divided by 15 is 7. Therefore, the integer can be written in the form \( N = 15k + 7 \) for
some integer \( k \). We need to find the remainders when \( N \) is divided by 3 and by 5.
The remainder when \( N \) is divided by 3 is \( 7 \mod 3 = 1 \). The remainder when \( N \)
is divided by 5 is \( 7 \mod 5 = 2 \). Therefore, the sum of the remainders is \( 1 + 2 =3
\). Therefore, the sum of the remainders is 3.</think><answer>3</answer>

Observation. After training, the model correctly identifies the underdetermined input and stops with
an insufficient information response. Once the missing premise is provided, it successfully
integrates the new condition and solves the problem in the next turn.

\

D.2 Case Study 2

Case Study 2 (Before Training): The model repeatedly attempts to solve an ill-defined problem
without identifying the missing premise.

System Prompt:
You’re a helpful assistant.

User Prompt:
Please solve the following problem, strictly adhering to this format:

e <think>...</think>: Must contain the complete, step-by-step reasoning process. If informa-
tion is missing, state why here and terminate your thinking process.

e <answer>...</answer>: Must ONLY contain the final answer. If information is insufficient,
the answer must be insufficient information.

Always output: <think> [Your thoughts] </think> <answer> [your answer] </answer>
with no extra text.

Interaction Log:

Turn 1:

State:

Barbara got a great deal on a new chest of drawers, but she has to take a lot of paper
out of the drawers to be able to use it. If a bunch holds 4 sheets of paper, a bundle
holds 2 sheets of paper, and a heap holds 20 sheets of paper, how many sheets of paper
did Barbara remove from the chest of drawers? If we know the answer to the above
question is 114, what is the value of unknown variable x?

assistant
<think>To solve this problem, we need to determine the value of the unknown variable x,
which represents the number of drawers in the chest of drawers.

From the given information:

- A bunch holds 4 sheets of paper.
- A bundle holds 2 sheets of paper.
- A heap holds 20 sheets of paper.

We also know that Barbara removed a total of 114 sheets of paper.

We can set up an equation:
4x + 2x + 20x = 114

Now, we can solve this equation.</think>
<answer>x = 5</answer>
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Reward:
0.0

Turn 2:
State:
That is incorrect. Please try again.

assistant
<think>I apologize for the mistake. Let's re-examine the problem.

We can set up the equation:
4x + 2x + 20x = 114</think>
<answer>5</answer>

Reward:
0.0

Turn 3:
State:
That is incorrect. Please try again.

assistant
<think>I apologize for the mistake. Let's re-examine the problem.

We can set up the equation:
4x + 2x + 20x = 114</think>
<answer>5</answer>

Reward:
0.0

Turn 4:
State:
That is incorrect. Please try again.

assistant
<think>I apologize for the mistake. Let's re-examine the problem.

We can set up the equation:
4x + 2x + 20x = 114</think>
<answer>5</answer>

Observation. Despite repeated negative feedback, the model fails to identify the missing or ill-defined
premise regarding the variable = and persistently attempts to solve the problem using an incorrect
formulation, illustrating overconfident reasoning and the absence of a proactive stopping strategy.

Case Study 2 (After Training): The model proactively detects missing premises and successfully
solves the task after clarification.

System Prompt:
You’re a helpful assistant.

User Prompt:

Please solve the following problem, strictly adhering to this format: 1. <think>...</think>: Must
contain the complete, step-by-step reasoning process. If information is missing, state why here and
terminate your thinking process. 2. <answer>. . .</answer>: Must ONLY contain the final answer.
If information is insufficient, the answer must be insufficient information.

Always output: <think> [Your thoughts] </think> <answer> [your answer] </answer>
with no extra text. Strictly follow this format.

Interaction Log:
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system

You're a helpful assistant.

user

Please solve the following problem, strictly adhering to this format:

1. **x<think>...</think>**: Must contain the complete, step-by-step reasoning process. If
information is missing, state why here and terminate your thinking process.

2. *x<answer>...</answer>x*: Must ONLY contain the final answer . If information is insufficient,
the answer must be 'insufficient information'.

Turn 1:

State:

Barbara got a great deal on a new chest of drawers, but she has to take a lot of paper out
of the drawers to be able to use it. If a bunch holds 4 sheets of paper, a bundle holds 2
sheets of paper, and a heap holds 20 sheets of paper, how many sheets of paper did Barbara
remove from the chest of drawers? If we know the answer to the above question is 114, what
is the value of unknown variable x?

Always output: <think> [Your thoughts] </think> <answer> [your answer] </answer> with no
extra text. Strictly follow this format.

assistant

<think>Let's break down the total number of sheets of paper in the chest of drawers. We know

the total number of sheets removed, which is 114. We need to determine the total number of
sheets of paper in the chest of drawers. Since each bunch holds 4 sheets, each bundle holds

2 sheets, and each heap holds 20 sheets, we can express the total number of sheets as the sum
of the number of bunches, bundles, and heaps. Since the problem does not provide the number of
bunches, bundles, and heaps, we cannot determine the exact value of the unknown variable x.
Therefore, the problem does not provide enough information to determine the value of the unknown
variable x.</think><answer>Insufficient information</answer>

user
Reward:
1.0

Turn 2:

State:

Successfully detected a missing premise. Here is the missed information: She found x bundles
of colored paper, 2 bunches of white paper, and 5 heaps of scrap paper.. Please solve the
problem now.You should give detailed reasonig steps

Always output: <think> [Your thoughts] </think> <answer> [your answer] </answer> with no
extra text. Strictly follow this format.

assistant

<think>Let's break down the total number of sheets of paper in the chest of drawers. We know
the total number of sheets removed, which is 114. We need to determine the total number of
sheets of paper in the chest of drawers. The total number of bundles is x, each bundle holds
2 sheets, so the total number of sheets in bundles is 2x. The total number of bunches is 2,
each bunch holds 4 sheets, so the total number of sheets in bunches is 2 x 4 = 8. The total
number of heaps is 5, each heap holds 20 sheets, so the total number of sheets in heaps is

5 % 20 = 100. The total number of sheets is 2x + 8 + 100 = 2x + 108. The total number of
sheets removed is 114. Therefore, 2x + 108 = 114. Solving for x, we get 2x = 114 - 108 = 6.
Therefore, x = 6 / 2 = 3.</think><answer>3</answer>

Observation. After training, the model correctly stops when the initial question is under-specified
and requests missing premises. Once the additional information is provided, it integrates the new
constraints and solves for the unknown variable in the subsequent turn.

.

D.3 Case of GapRatio

Okay, so Lani baked 55 cookies, and the question is asking how many cookies were in each jar.
Hmm, let me think about this. First off, I need to figure out what information is given and what’s
missing. We know that Lani baked 55 cookies, [but we don’t know anything else about the jars.J
Maybe she put them in jars, but how many jars? Was each jar filled equally? Is there a specific
number of jars mentioned?I don’t think so. The problem doesn’t specify how many jars there are or if
the cookies were divided equally among them. Without that information, it’s hard to determine how
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many cookies are in each jar. If there were, say, 5 jars, then each jar would have 11 cookies. But
since we don’t know the number of jars, we can’t make that assumption.Maybe the question expects
me to assume something, like maybe it’s divided into jars with the same number of cookies, but
even then, without knowing the total number of jars, I can’t calculate the exact number per jar. It’s
like trying to split something without knowing how many parts it’s being split into.Wait, maybe the
question is trying to test if I recognize that information is missing? So, maybe the answer is that
there’s insufficient information to determine the number of cookies per jar. Because without knowing
how many jars there are, we can’t figure out how the cookies are distributed. Yeah, that makes sense.
So, the problem is underspecified because it doesn’t provide enough details about the number of
jars or any other factors that could help determine the distribution. Without that, it’s impossible to
know how many cookies are in each jar.So, I think the answer is that there’s not enough information
provided to determine the number of cookies in each jar.</think>The problem states that Lani baked
55 cookies but does not specify the number of jars or any other details about how the cookies were
distributed. Without this information, we cannot determine how many cookies were in each jar.

Observation. By the third sentence, the model has already begun to suspect that we do not know
any information about the jars. However, after recognizing this issue, the model does not choose to
stop; instead, it repeatedly engages in doubt and speculation, for example by assuming that there are
five jars. This example illustrates the evidence-free reasoning exhibited by an untrained model when
confronted with missing-premise problems, which in turn leads to a high GapRatio.
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