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Abstract

Verifiers have been demonstrated to enhance
LLM reasoning via test-time scaling (TTS).
Yet, they face significant challenges in complex
domains. Error propagation from incorrect in-
termediate reasoning can lead to false positives
for seemingly plausible solutions, while lack-
ing external grounding makes verifiers unreli-
able on computation or knowledge-intensive
tasks. To address these challenges, we pro-
pose Agentic Verifier, a framework that trans-
forms reward modeling into a multi-turn, tool-
augmented deliberative process. We introduce
complementary forward and backward agents:
one traces solutions from premises to conclu-
sions, while the other re-checks conclusions
against their underlying premises. This bidi-
rectional process enables a comprehensive, re-
liable, and interpretable assessment of solu-
tions. To facilitate practical deployment, we
propose AgentV-RL. Through proactive explo-
ration and reinforcement learning, the verifier
autonomously interleaves tool-use with inter-
nal reasoning. Extensive experiments show that
Agentic Verifier yields consistent performance
gains under both parallel and sequential TTS.
Notably, our 4B variant surpasses state-of-the-
art ORMs by 25.2%, positioning it as a promis-
ing paradigm for agentic reward modeling. Our
code is available at GitHub.

1 Introduction

Recent milestones on the International Mathemat-
ics Olympiad by OpenAl and Google (OpenAl,
2025; DeepMind, 2025) highlight the rapid ascent
of reasoning models like Gemini-3 and DeepSeek-
Math-V2 (Shao et al., 2025). To push the capa-
bility boundaries of LLM, scaling inference-time
compute has emerged as a prevalent trend (Muen-
nighoff et al., 2025a; Huang and Yang, 2025; Chen
et al., 2025a). Whether through parallel methods
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Figure 1: Agentic Verifier v.s. GenRM: while GenRM
suffers from error propagation and is misled by incorrect
solutions, Agentic Verifier ensures a rigorous review
with external grounding.

(e.g., Best-of-IV) or sequential refinement, the effi-
cacy of Test-Time Scaling (TTS) is fundamentally
dependent on the Reward Model, i.e., verifier, serv-
ing as the critical compass for guiding the search
process and discerning solution quality.

Existing reward models,
outcome-level RM (ORM, Zhong et al., 2025;
Wang et al.,, 2024a; Zhang et al., 2025a) and
process-level RM (PRM, Zhang et al., 2025¢c; Chen
et al., 2025c; Lightman et al., 2024; Cui et al.,
2025), only output scalar values while lacking
interpretability. Though recent efforts utilize
the next-token prediction objective for training
Generative Reward Model (GenRM, Mahan et al.,
2024a; Zhang et al., 2025b; Chen et al., 2025d; Liu
et al., 2025b), this line of work typically employs
single-turn reasoning to assess the candidate
solution. Specifically, this prevalent paradigm
suffers from critical limitations in Figure 1:
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(1) Error propagation, since LLM are mostly
trained on correct or near-correct solutions, they
struggle to obtain correct verdict conditioned on
flawed solution, easily misled by superficially
plausible but incorrect answers (Zhang et al.,
2025b).  (2) External grounding, verifiers
often struggle with computation-intensive or
knowledge-heavy domains. Without integration
with symbolic solvers or external tools (Dong et al.,
2025a; Feng et al., 2025; Dong et al., 2025b), they
are prone to hallucinations that render unstable
performance. These limitations highlight the
trend for a paradigm shift towards agentic reward
modeling through multi-turn reasoning integrated
with external tools.

To bridge this gap, we propose Agentic Verifier,
a multi-agent framework that emulates rigorous
human-like checking. Inspired by mathematical
proof strategies, Agentic Verifier coordinates two
specialized agents: the forward agent and the back-
ward agent. The forward agent, responsible for
sufficiency checking by tracing the logical flow
from premises to conclusion, and the backward
agent performs necessity checking by validating
that the whether the solution is grounded in the
problem constraints. Both agents are empowered
with multi-turn reasoning and tool-augmented ver-
ification capabilities: they can iteratively decom-
pose complex solutions into verifiable sub-steps,
invoke external tools such as code interpreters for
numerical calculation. Together, this collaborative
mechanism allows a comprehensive review that
ensures a reliable verdict, proactively identifying
immediate flaws or unwarranted content.

To address the challenges inherent in training
multi-agent systems, we introduce AgentV-RL to
distill this multi-agent capacity into a single model.
This recipe comprises an end-to-end synthetic data
engine that automatically generates verification
trajectories and conducts quality control, and a
two-stage training schema to unlock the reason-
ing potential. By automatically constructing veri-
fication trajectories that encompass a broad spec-
trum of logical and computational challenges, this
synthetic engine not only alleviates data scarcity
but also ensures comprehensive coverage of dif-
ficult reasoning patterns. Building on this foun-
dation, our two-stage training recipe is designed
to empower the verifier multi-turn, long-horizon,
and tool-integrated reasoning by rejection sampling
fine-tuning followed by RL.

Finally, we conduct thorough experiments to re-

view the effectiveness of Agentic Verifier under
extensive settings. For parallel TTS, i.e., BoN
(Best-of-N), our Agentic Verifier outperforms pro-
prietary reasoning models and off-the-shelf BT-
RMs on mathematics. Remarkably, our 4B vari-
ant consistently outperforms INF-ORM-Llama3.1-
70B (Minghao Yang, 2024), an outcome reward
model with ten times more parameters. For sequen-
tial TTS, Agentic Verifier serves as an effective
critique model and provides desirable feedback to
help correct the actor’s flaws. In-depth analysis
in Sec. 4 confirms its efficacy and improves actor
performance. Overall, our main contributions are:

* We offer an agentic paradigm for reward mod-
eling, Agentic Verifier, orchestrating two spe-
cialized agents to proactively identify flaws in
seemingly plausible solutions.

* We introduce AgentV-RL, a scalable recipe that
distills the capabilities of multi-agents into a sin-
gle LLLM, empowering the verifier with multi-
turn, long-horizon, and tool-integrated reasoning.

* Empirical experiments demonstrate the efficacy
of the proposed method. Notably, our 4B variant
outperforms the state-of-the-art ORM and attains
up to 25.2% improvements.

2 Related Work

Reward Model (RM). RMs play a pivotal role
in aligning large language models (LLMs) with hu-
man preferences. Traditional outcome-level RMs,
assign scalar rewards to the complete response
based on preference rankings (Zhong et al., 2025;
Wang et al., 2024a). To address the limitations of
sparse supervision, PRMs provide dense signals
by supervising intermediate steps (Zhang et al.,
2025c; Chen et al., 2025c¢; Lightman et al., 2024;
Cui et al., 2025). Recent work has explored gen-
erative reward models (GenRMs), which refor-
mulate reward modeling as next-token prediction
that generates natural-language feedback (Mahan
et al., 2024b; Chen et al., 2025b; Zhang et al.,
2024; Li et al., 2025). Building on this paradigm,
rubric-based GenRMs dynamically construct task-
specific rubrics and reason about evaluation crite-
ria (Guo et al., 2025a; Liu et al., 2025¢; Chen et al.,
2025d; Guo et al., 2025b). In parallel, several ap-
proaches augment RMs with tool under LLM-as-
Judge framework (Li et al., 2024; Xu et al., 2025;
Peng et al., 2025). However, existing methods
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Figure 2: Overview of Agentic Verifier’s architecture. Agentic Verifier coordinates forward and backward agents
with multi-turn reasoning and tool-augmented verification for reliable validation.

either do not tightly integrate tool execution into
the reasoning process or fail to provide point-wise
feedback required for test-time scaling (TTS). In
contrast, our work reformulates verification as an
agentic, multi-turn process, enabling test-time ex-
ploration and reliable assessment.

Test-Time Scaling and Verifiers. Recent work
has shown that scaling inference-time compute
can substantially improve LLM reasoning, and
test-time scaling (TTS) has emerged as a gen-
eral paradigm for both parallel selection and se-
quential refinement (Muennighoff et al., 2025b).
Within this setting, critique-based methods use aux-
iliary models to guide actor correction and self-
improvement at test time (Xi et al., 2024a), while
more recent studies show that reward models and
process verifiers themselves can also benefit from
additional inference-time computation (Liu et al.,
2025d; Khalifa et al., 2026). Our work is closely re-
lated to this line, but differs in that we cast verifica-
tion as a bidirectional, multi-turn, tool-augmented
process, enabling both sufficiency and necessity
checking under parallel and sequential TTS.

3 Method

In this paper, we focus on the interactive TTS be-
havior between the actor and verifier on mathe-
matics. The actor is involved in solving problems,
while the verifier provides supervisory feedback on
the generated solution chains.

Parallel Scaling. Best-of-N (BoN) has emerged
as a prevalent parallel sampling strategy that lever-
ages a verifier to select high-quality solutions (Gui
et al., 2024; Kang et al., 2025). Specifically, for
a given input x, the actor samples k candidate so-
lutions, denoted as {y )}g‘?:l. Subsequently, the
verifier 7y, assesses these candidates and generates
a verifying rationale f to evaluate their correctness.
The solution with the highest confidence score in
my is then selected. This confidence score is de-
fined as the likelihood of the token within
the verifying critique f, calculated as:

[z, y")) = my (True] | @,y f9),T)
9 oy (2,9, 1), 0

where I is the instruction: Is the solving process

correct? ([True]/[False]).

Sequential Scaling. Given query z and an ini-
tial solution g, the verifier analyzes the solving
process and provides supervisory critique, i.e.,
fo ~ my(x,yo). The actor then receives this feed-
back and refines its solution as ;. This refinement
cycle can be repeated for multiple rounds until a
correct answer is obtained or stopping criterion,
formally expressed as

2

Y ~ ﬂ-@(x7y07 fOu s Y1, ft—l)'

3.1 Agentic Verifier

Prevalent GenRMs suffer from error propagation
and attention drift due to the single-turn reasoning
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shown in Figure 1, which limits their efficacy for
reliable verification. As depicted in Figure 2, we
propose Agentic Verifier coordinating complemen-
tary forward and backward agents that trace solu-
tions from premises to conclusions and re-examine
conclusions against their premises. Both agents are
accommodated with multi-turn reasoning and tool-
augmented verification: they can iteratively decom-
pose complex solutions into verifiable sub-steps,
and invoke external tools like code for numerical
calculation. We provide comprehensive details in
Appendix B.2.

3.2 Task Definition

Formally, given D = {(z, g)}, where x and g is
the question and ground truth. The actor my gen-
erates the solution y ~ 7y(-|x) autoregressively,
which consists of the step-by-step CoT rationale
and the final answer y. Following Xi et al. (2024b);
Zhang et al. (2025b), we investigate two popular
Test-Time Scaling paradigms: Parallel Scaling and
Sequential Scaling.

Forward Agent. Starting from the problem
premises, forward agent sequentially traces the
solution path to review whether each step in the
solution is correct, and validate whether the preced-
ing step constitutes a sufficient condition for the
subsequent derivation. To inspire the agent’s capa-
bilities, we adopt a "Plan-Validate-Verdict" strategy
in Figure 3:

e Planning. This phase aims at decomposing
the overcomplicated reasoning solution into a
sequence of atomic, verifiable sub-steps II =
{v1,v9,...,v,}. The agent formulates an ex-
plicit plan specifying the logical flow for the sub-
sequent stage. This plan includes specific check-
points and necessary calculations, establishing a
structured template for the whole verification.

* Validation. After receiving the plan II, the
agent examines the correctness of each atomic
step v;, ensuring the logical sufficiency between
v;—1 and v;. The agent is empowered to invoke
Python interpreter and incorporate the execution
results into the reasoning chain. Following Yao
et al., involve multiple rounds of Thought-Action-

Observation:
H = (507a07007817'"78t7at70t) (3)

where the agent articulates thoughts s, performs
actions a (Python), and receives observations o

as feedback from the interpreter. Action seg-
ments invoking python are closed by
and more details are provided in Ap-
pendix B.2.3.

* Verdict. In the final stage, the agent transitions
from a local, step-wise analysis to a global, holis-
tic assessment. It aggregates the evidence col-
lected during the previous phase to issue a defini-
tive judgment on the solution’s correctness. The
output is a strict binary classification (True] /
[False]) enclosed by [<answer>] and [</answer>]
we adopt the logits of serving as the confi-
dence signal for the verdict.

Backward Agent. The backward agent is de-
signed to identify errors the forward agent may
overlook, such as solutions that superficially logi-
cally sound but fail to satisfy problem constraints
or omit necessary proof. It verifies the necessity of
a solution by reasoning in reverse, from the final
answer back to the problem statement. Follow-
ing the "Plan-Validate-Verdict" pipeline, the back-
ward agent decomposes the solution into backward-
checkable steps, systematically checks whether
all required conditions are fulfilled. We aggre-
gate the results from forward and backward agents
for a bidirectional and reliable assessment in Ap-
pendix C.3.

3.3 AgentV-RL

The bidirectional design detailed above provides
an effective multi-agent framework for identifying
flaws in the candidate solution. Furthermore, to
distill the capability of the multi-agent into a single
LLM, a dedicated training recipe is necessary. In
this section, we propose AgentV-RL, a scalable
recipe comprising a synthetic data engine and a
two-stage training schema.

3.3.1 Synthetic Trajectories Sampling

To bootstrap the verifier in performing tool-
integrated verification, we design a synthetic data
pipeline to obtain multi-turn high-quality trajec-
tories. To achieve this, we curate the data by fil-
tering high-quality public datasets, including Po-
laris (An et al., 2025), DeepScaleR-40K (Luo et al.,
2025), and AReal.-boba-106k (Mei et al., 2025).
For the diversity of synthetic data, we sample &
solutions for each question (setting k¥ = 8) and
filter out questions(where k solutions are all correc-
t/incorrect). This yields an initial dataset contain-
ing solution candidates, D;,;; = {z,y,l}, where
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Figure 3: Case study comparing GenRM and Agentic Verifier. The example highlights the error propagation of
GenRM, while our method obtains the correct verdict. More examples are provided in Appendix D.

le {/ } indicates the correctness of the

solution y.

Based on D;,;;, we employ the LLM to auto-
mate the generation of tool-augmented verification
trajectories. Specifically, LLM role plays either the
forward or backward Agent, generating verification
trajectory ‘H that concludes with a final verdict L.
Besides, we retain only those trajectories where the
predicted verdict [ matches the ground truth [ for
quality controlling. This results in the final dataset
Dsgr, which comprises both positive and negative
verification examples:

D = {(zy" H)JU{(zy 1)}, &)

where the former term denotes the positive rollout
HT verified as [True], and the latter is negative
rollout H~ validated as [False|.

3.3.2 Rejection Fine-tuning

With the synthetic dataset Dgg, we conduct super-
vised fine-tuning (SFT) to endow the verifier with
agentic proficiency. This stage is designed to align
the model’s behavior with the multi-turn, decision-
making processes.

The core objective is to encourage the verifier
to reproduce stepwise reasoning and effective tool
interaction. Formally, for each data point (x, y, H),
where x is the problem, y is the candidate so-
lution, and the annotated verification trajectory

‘H = (10, 7T1,.-.,Tn), Where each 7; € {s;,a;,0;},
we optimize the following loss:
[H]
L=—-FE, x4 ZH [1i # 0i] - log g (1; | H<s)
i=1

&)

3.3.3 Reinforcement Learning

To further unlock the reasoning potential of the
Agentic Verifier and incentivize autonomous ex-
ploration, we integrate Group Relative Policy Op-
timization (GRPO) within our recipe. Following
the SFT phase, this stage aims to optimize the rea-
soning patterns to achieve multi-turn, long-horizon,
and tool-integrated reasoning. Specifically, we sam-
ple a group of candidate trajectories from verifier
my, for each question-solution pair,

{Hl}zcil ~ 71'1/,(' ‘ xa?/?:[)v (6)

where I represents the specific instruction prompt.
In our experiments, we employ a mixed sampling
strategy where 7, acts as either forward agent or
backward agent, allowing balanced optimization
for dual-perspectives.

4 Experiments

Verifiable Reward. We apply a binary outcome-
level reward by comparing the consistency between
the predicted verdict [ and ground truth [,

1, ifi=1

r(H) = .

Q)

otherwise

Following Yu et al. (2025), we dynamically fil-
ter those zero reward-variance groups of rollouts,
which is too easy or hard for policy model (predom-
inantly all +1 or all -1). Then derive the normalized
advantages flm within each group and update the
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Models | MATHS500 | GSMSK | Gaokao2023 | AIME24
BoN | @32 @64 @I28| @32 @64 @I28| @32 @64 @I28| @32 @64 @I28
Text Reasoning LLM
Qwen2.5-7B-Instruct 530 504 510 855 857 839 408 423 413 300 267 333
Llama3.1-8B-Instruct 467 480 452 815 80.1 817 345 356 356 300 30.0 300
Qwen3-4B-Think 700 726 724 923 912 922 522 514 519 400 300 367
DS-Distill-14B 662 69.6 694 90.1 889 89.8 483 49.1 486 333 267 367
Mistral-Small-24B-Instruct 522 510 518 854 855 859 390 384 400 300 300 367
Outcome-level RM
GRM-Gemma-2B 456 488 466 779 755 734 335 319 332 333 267 300
Skywork-V2-Llama-8B 544 552 538 875 873 876 416 374 397 300 333 367
InternLM2-20B-RM 540 522 536 89.5 89.6 898 416 429 439 367 367 400
INF-ORM-Llama3.1-70B 546 564 554 912 908 915 408 426 444 400 367 400
Starling-RM-34B 500 520 508 884 87.6 863 405 397 390 267 330 367
Process-level RM
Qwen2.5-Math-PRM-7B 652 694 702 945 947 954 509 514 543 433 433 467
Math-Shepherd-Mistral-7B-PRM | 66.6 66.6 666 900 89.2 89.6 43.1 414 393 300 367 300
EurusPRM-Stage 388 360 338 700 663 625 332 291 268 200 233 267
EurusPRM-Stage2 360 318 310 660 621 575 291 265 257 167 200 233
Skywork-PRM 61.6 662 656 925 927 934 460 47.0 468 233 400 333
Ours
Agentic-Verifier-Llama3-8B 596 608 60.6 90.8 912 907 455 473 470 300 333 400
Agentic-Verifier-Qwen3-4B 738 762 79.0 93.0 926 933 545 551 574 467 500 533

Table 1: Performance (%) of Best-of-N sampling on GSM8K, MATHS500, Gaoka02023, and AIME24. Within
each category, the best results are in bold and the second-best results are underlined.

verifier with the objective:
1< 1
jGRPO (¢) - E(xvy)va{Hi}iG:INWwold 5 Z M
i=1

[Hi]
Z min(r’ht(w)Ai,ta Clip(riﬂf(d))v 1 — €ow, 1+
t=1

A~

€high)Ait) — BDKL (Ty || et )
py(Hilz,y, Hi,<t)
here r; — _mul :
where Tz,t(%) Ty (Hi\a'c,.y,ﬂi,a) i
tance sampling ratio. To mitigate the risk of mem-
orizing environment observations, we exclude the
compiler execution from the loss calculation.

®)

is the impor-

4.1 Setup

Task. We evaluate the proposed method from two
popular TTS paradigms: parallel scaling and se-
quential scaling. The former focuses on BoN, while
the latter is verifier-revision iteratively. We conduct
experiments on widely used reasoning benchmarks:
GSMS8K (Cobbe et al., 2021), AIME24 (AIME,
2024), MATHS500 (Lightman et al., 2024) and
Gaokao2023 (Liao et al., 2024).

Implementation Details. We utilize Qwen3-
4B (Yang et al., 2025a) as our base model. In the
SFT phase, the verifier is trained on 15K synthe-
sized samples constructed in Section 3. The model

is subsequently further optimized using GRPO on
an additional 50K samples. We provide implemen-
tation illustrations in Appendix C.4.

Evaluation Setting. For parallel scaling, we re-
port the accuracy under different sampling rollouts
N, where the verifier scores /N candidate solutions
and selects the highest-scoring one as the final out-
put. For sequential scaling, we report the average
accuracy at each refinement iteration, together with
A4 and A |, which measure the rates of correction
and degradation relative to the previous iteration.
To ensure strict comparability, all verifier variants
are evaluated on the same fixed candidate pool and
the same initial solution for each problem instance.
Additional evaluation details and baseline descrip-
tions are provided in the Appendix C.1 and C.2.

4.2 Main Result

Agentic Verifier improves Best-of-N sampling
performance. Table 1 reports BoN performance
across state-of-the-art competitors. We make sev-
eral key observations: (/) Agentic Verifier delivers
consistently strong results across all benchmarks,
establishing new state-of-the-art performance. No-
tably, Agentic-Verifier-Qwen3-4B achieves the
highest accuracy on MATHS500 (up to 79.0%),
surpassing the previous best outcome-level RM,
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Verifier ‘ MATHS00 GSMSK Gaokao2023 AIME24
Metrics | Acc Ay Ay Ace A AL Ace A AL Ace Ay A
Turn 1
Qwen?2.5-7B-Instruct 604 140 06 859 59 06 470 127 29 133 0.0 0.0
Llama3.1-8B-Instruct 546 11.0 34 84.1 46 1.1 449 107 29 133 00 0.0
Qwen3-4B-Think 80.0 338 0.8 909 11.1 09 649 312 34 167 33 00
DS-Distill-14B 83.0 374 14 920 12.1 0.8 67.0 325 26 233 100 0.0
Mistral-Small-24B-Instruct | 61.4 156 1.2 884 85 0.8 49.1 156 36 133 00 0.0
Agentic-Verifier-Qwen3-4B | 842 41.6 06 946 145 05 756 403 1.8 400 267 33
Turn 2
Qwen2.5-7B-Instruct 648 62 18 874 33 19 499 52 23 67 00 6.7
Llama3.1-8B-Instruct 584 60 22 828 33 46 481 52 21 100 0.0 33
Qwen3-4B-Think 846 60 14 922 24 1.1 69.1 55 1.3 233 67 33
DS-Distill-14B 874 58 14 927 24 1.7 70.1 4.7 1.6 267 33 00
Mistral-Small-24B-Instruct | 66.4 58 0.8 90.0 2.7 1.1 527 49 1.3 133 00 00
Agentic-Verifier-Qwen3-4B | 89.2 24 12 941 04 09 766 34 23 333 00 67
Turn 3
Qwen2.5-7B-Instruct 660 42 30 875 296 28 522 364 13 100 6.7 33
Llama3.1-8B-Instruct 588 40 36 828 33 33 470 13 23 60 0.0 3.00
Qwen3-4B-Think 848 24 22 920 1.2 14 69.6 23 1.6 260 6.7 3.0
DS-Distill-14B 85.8 22 38 934 1.8 1.1 73.0 44 1.6 330 6.7 00
Mistral-Small-24B-Instruct | 67.8 4.4 3.0 90.6 2.65 205 522 208 260 13.0 0.00 0.00
Agentic-Verifier-Qwen3-4B | 89.8 1.8 12 941 1.0 1.0 764 26 29 330 33 33

Table 2: Performance comparison against different verifiers for iterative refinement. Acc denotes the average
accuracy at each refinement iteration, together with A4 and A}, which measure the rates of correction and
degradation relative to the previous iteration. The best result is in bold, and the second-best is underlined.
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Figure 4: Ablation study of different variants on Best-of-N sampling (left) and verifier revision (right).
Forward-only and backward-only variants are both competitive, while the full design performs best.

Skywork-V2-Llama-8B, by a substantial margin of
25.2 percentage points. Similar trends are observed
for GSM8K, Gaokao2023, and AIME24, with
our model maintaining significant leads. (2) Im-
portantly, as the number of BoN samples N in-
creases (from 32 to 128), Agentic Verifier’s per-
formance continues to improve steadily, particu-
larly on challenging benchmarks like AIME24. On
AIME24, the 4B variant reaches 53.3% accuracy
at N = 128, while all baselines—including larger
models—remain significantly lower. (3) Our vari-
ants deliver a substantial improvement compared to
the base model, e.g. Qwen3-4B and Llama-3.1-8B.
The substantial gains stem from the bidirectional
verification and seamless tool integration in the

proposed framework, enabling it to scrutinize rea-
soning chains and catch subtle errors—especially
for challenge benchmarks like AIME24.

Agentic Verifier provides effective guidance for
iterative refinement. To assess the helpfulness
of the verifiers’ feedback, we conduct a thorough
analysis of critique-revision strategies with dif-
ferent verifiers. Based on the results in Table 2,
we can conclude: (/) In the 1-st turn, the actor
achieves 94.6% accuracy on GSM8K and 84.2% on
MATHS00 with the critique from Agentic-Verifier-
Qwen3-4B. As indicated by the up to 41.6% A4
(percentage of wrong solutions corrected), while
maintaining a minimal rate 0.6% of incorrectly
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revised solutions (A}). Agentic Verifier delivers
high-quality critiques that assist the actor in cor-
recting erroneous solutions. (2) Compared to other
verifiers, Agentic Verifier achieves faster conver-
gence: significant performance boosts are observed
in the first one or two refinement rounds. The per-
formance remains stable or only slightly declines
in later iterations, avoiding the degradation encoun-
tered like DS-Distill-14B. This robustness can be
attributed to its agentic multi-turn reasoning and
tool-augmented verification mechanisms, which al-
low it to maintain rigorous oversight throughout
the refinement process.

4.3 Analysis
4.3.1 Ablation Study

Effectiveness of Bidirectional Components.
Recall that Agentic Verifier comprises two special-
ized agents: a forward agent that traces the logical
flow from premises to conclusion within the can-
didate solution, and a backward agent that verifies
necessity by reasoning from the final conclusion
back to the original query. To assess the individual
contributions of each agent, we conduct an ablation
study comparing two variants on both BoN sam-
pling and verifier-revision, as presented in Fig. 4:
(a) forward agent only, and (b) backward agent
only. Both variants achieve competitive results;
however, Agentic Verifier, which integrates both
agents, achieves the state-of-the-art performance.
This demonstrates that our bidirectional design ob-
jectives are synergistic, leading to improved gener-
alization and reliable verification.

Effectiveness of Tool Usage. We observe that
even the variant without tool already significantly
outperforms the base model, indicating that the
Agentic Verifier itself contributes substantially to
performance gains, beyond what is achieved by tool
alone. When the tool is incorporated, performance
improves further. Notably, tool usage remains mod-
erate and stable in practice. For a detailed analysis,
including ablations and execution statistics, please
refer to Appendix C.5.

Training Recipe. We explore the key ingredi-
ents in our training recipe. Through a series of
controllable studies, we quantitatively evaluate the
effect of our main design choices by comparing
the following configurations: Train-free, SFT, and
SFT+RL. Figure 5 presents the results of our ex-
periments and more details about settings can be
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Figure 5: Controllable study of different training
design choices on BoN performance. The SFT+RL

design achieves the strongest results.

MATH500 Gaokao2023

~

w

S
[
o
o

~

P

n
w
o
wn

5
“u
o

(Best-of-32)
~
N
o

Accuracy (%)
Accuracy (%)
(Best-of-32)

~

w

w»
v
»
wn

~

w

o
»
IS
<)

@1 @4 @8 @1 @4 @8
Number of Verify Trajectories Number of Verify Trajectories

Figure 6: Scaling inference-time compute for ver-
ification. Sampling multiple verification trajectories
improves BoN accuracy.

found in Appendix C.4. We observe that the Train-
free variant already achieves relatively competitive
results, outperforming the base model by up to
2.6 points on Gaokao2023. Furthermore, the SFT
variant demonstrates additional performance gains,
confirming the effectiveness of our synthetic data
engine. Finally, the introduction of RL further un-
locks the model’s reasoning potential by enabling
direct interaction with the environment and opti-
mizing behavioral patterns.

4.3.2 Scaling Effect

Scaling Inference-time Compute. Scaling
inference-time compute within Agentic Verifier
can be achieved by sampling multiple verification
trajectories and aggregating their scores, as defined
in Equation 9. Figure 6 demonstrates that BoN
performance scales positively with the allocation
of additional inference-time compute.

Scaling Model Size. We also examine the ef-
fect of scaling model size under train-free setting.
As shown in Table 3, larger models consistently
achieve higher accuracy across benchmarks. Scal-
ing from 0.6B to 1.7B parameters yields an im-
provement of 5.2 points on Gaokao2023, with fur-
ther gains observed at Qwen3-4B. These findings
demonstrate that scaling up model capacity contin-
ually benefits from our agentic framework.
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MATHS500 Gaokao2023
Model | @32 @64 @128 | @32 @64 @128
0.6B 59.8 63.2 62.2 439 449 43.1
1.7B 64.8 674 68.0 465 494 483
4B 73.8 76.2 79.0 545 55.1 574

Model Tokens Rounds Tool Calls Time (s)
Base 2560 1.0 0.0 119.0
Forward 4114 5.7 0.9 159.1
Backward 4235 5.6 0.7 164.3
Agentic-Verifier 8349 11.3 1.6 323.4

Table 3: Scaling model size of Agentic Verifier with
the Qwen3 series. Larger models consistently benefit
from the proposed agentic verification framework.

Model LCB HotpotQA
Qwen3-4B 57.14 40.00
Qwen2.5-7B-Instruct 58.29 40.67
DS-Distill-14B 64.57 52.05
Mistral-Small-24B-Instruct 50.30 63.00
Agentic-Verifier-Qwen3-4B 70.86 66.00

Table 4: Generalization Performance on Live-
CodeBench and HotpotQA.

4.3.3 Generalization Performance

We further evaluate Agentic Verifier on Live-
CodeBench (Jain et al., 2024) and HotpotQA (Yang
et al., 2018) to test its versatility on competitive
code and multihop QA. Agentic-Verifier-Qwen3-
4B achieves superior performance on both bench-
marks (Table 4), confirming that our bidirectional,
tool-augmented paradigm generalizes to broader
reasoning domains. See Appendix C.6 for experi-
mental details.

4.3.4 Latency Analysis

Computational Overhead. As detailed in Ta-
ble 5, Agentic Verifier achieves the highest ac-
curacy at the expense of increased tokens and la-
tency. This overhead stems from its multi-turn de-
liberative process, yet the Forward and Backward
variants provide scalable trade-offs for resource-
constrained settings. Benchmark results are aver-
aged over trajectories using batch size of 128 on
A100 GPU.

5 Conclusion

This paper introduces Agentic Verifier, an agentic
reward modeling paradigm that leverages multi-
turn, tool-augmented verification. By orchestrat-
ing forward and backward agents, our approach
enables comprehensive and interpretable solution
checking. Extensive experiments show that Agen-
tic Verifier achieves substantial improvements in
both parallel and sequential TTS, outperforming
SOTA ORM and PRM. These results highlight
Agentic Verifier as a promising direction for ad-
vancing agentic reward modeling. We hope our

Table 5: Computational cost and latency analysis. All
metrics are averaged over verification trajectories, and
latency is measured on a single A100 GPU using vLLM
with batch size 128.

work provides meaningful insights for the develop-
ment of reward models and inspires future research
on autonomous verification and reasoning.

6 Limitations

Though Agentic Verifier displays state-of-the-art
effectiveness, several limitations should be noted.
First, the reliance on synthetic, tool-augmented
data may not fully represent the variety of real-
world reasoning problems, which impede general-
ization. Second, the multi-turn process increases
computational cost, presenting challenges for real-
time or resource-limited deployment. Finally, the
framework’s performance is tied to the coverage
and reliability of external tools, which can be a
bottleneck for certain tasks. Future work will focus
on optimizing efficiency, broadening tool integra-
tion, and improving adaptability to a wider range
of tasks.

7 Ethics Statement

This paper introduces an agentic reward modeling
paradigm designed to enhance the reliability of
automatic solution verification. The methods and
findings presented are intended solely for research
purposes; Our study does not pertain to malicious
applications, unintended uses, or issues related to
fairness, privacy, security, crowdsourcing, or hu-
man subject research.
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B Details of Evaluation

B.1 Text Reasoning Prompt

For reference, we include two commonly used
prompting strategies as baselines. The Best-of-
N verifier evaluates each candidate solution inde-
pendently in a single turn and outputs a boolean
correctness judgment. The Refine-style verifier re-
evaluates an initial judgment by providing feedback
conditioned on the original problem and solution.

B.1.1 Best-of-N

System

You are a teacher. Your task is to grade the
solution, verifying correctness.

Use Expected Answer to find any erroneous
step in the Solution.

## GOAL
Given a problem and a solution, you must:

1) write a concise verification text that
inspects the given solution step-by-step (do

not re-solve unless a single local derivation
is trivially needed);

2) decide whether the solution correctly
solves the problem;

3) output a boolean verdict.

You must prioritize checking the original
solution via paper checks: legality of
algebraic steps, substitution mentally for
proposed roots, domain and edge cases,
theorem prerequisites, and consistency of the
final statement with intermediate steps. Do
NOT produce a fresh full solution when the
provided reasoning is wrong or incomplete.

## ALLOWED TAGS

* <rubric>...</rubric> - required at the
start; list 2 - 4 decisive axes you'll check.
* <think>...</think> - private reasoning
exactly once; each update must add evidence
or tighten the verdict (state micro-goal, the
two most decisive axes, a compact known/
unknown ledger, then choose the smallest next
step: conclude or one precise mental check).
* <verify>...</verify> - public verification
text, focused on checking the given
reasoning.
* <answer>...</answer> - final boolean
verdict (true/false) exactly once.

User

### Problem ###

{problem}

### Solution ##H#

{solution}

### Verification Task Reminder #i#

- Start with <rubric>...</rubric>.

- Include exactly <think>...</think>.

- Then verify the solution step by step and

output the final verdict:<verify>...</verify
><answer>true|false</answer>

B.1.2 Refine
System

You are a Verifier agent responsible for
performing a verification of a math problem's
solution.Your mission is to determine

whether the given solution is correct.

User

Read the following carefully and think
critically:

### Problem ###

{problem}

### Solution ##H#

{solution}

Your are required to verify the solution
carefully and show your reasoning process.
At the end, provide your final judgment in a

single line using:

<answer>true</answer> - if the reasoning
confirms that the conclusion logically holds.

<answer>false</answer> - if there exists any
missing justification, invalid reversal, or
unsupported dependency.

B.2 Agentic Verifier Prompt

For reference, we report the prompt templates used
in our proposed multi-stage verification framework.
The framework decomposes verification into three
stages, namely Plan, Validation, and Verdict. We
consider two planning variants: a forward veri-
fier, which plans verification steps by reasoning
from the original problem, and a backward verifier,
which plans by reasoning backward from the final
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conclusion. Both variants share the same step-wise
Validation and Verdict prompts. Intermediate user
prompts that advance the verifier between stages
are automatically inserted by the system during
execution.

B.2.1 System Prompt

Forward

You are a Verifier agent responsible for
performing a multi-turn verification of a
math problem's solution.

Your mission is to determine whether the
given solution is correct.

You must complete the task strictly in three
distinct stages, executed sequentially and

Analyze the original question and its
provided solution. Decompose the verification
into smaller, checkable backward steps.

## Stage B: Solution Analysis \& Judgment

Perform the actual verification one step at a
time, following the plan you created in
Stage A.

## Stage C: Final Review \& Verdict

After all Stage B steps are complete, review
the entire reasoning process and produce a
final boolean verdict.

In every turn, you must include your
reasoning process inside a <think>...</think>
block before presenting your results.

independently.
## Stage A: Task Analysis \& Extraction

Analyze the original question and its

B.2.2 Stage A: Planning Prompts

Forward

provided solution. Decompose the verification
into smaller, checkable steps.

## Stage B: Solution Analysis \& Judgment

Perform the actual verification one step at a
time, following the plan you created in
Stage A.

## Stage C: Final Review \& Verdict

After all Stage B steps are complete, review
the entire reasoning process and produce a
final boolean verdict.

In every turn, you must include your
reasoning process inside a <think>...</think>
block before presenting your results.

Backward

You are a Verifier agent responsible for
performing a multi-turn verification of a
math problem's solution.

Your mission is to determine whether the
given solution is correct.

Unlike a forward, step-by-step verifier, your
reasoning proceeds in reverse:

you begin from the final result or conclusion
presented in the solution

and trace backward to determine whether it
can be rigorously justified by the given

question and established facts.

You must complete the task strictly in three
distinct stages, executed sequentially and
independently.

You are now entering *xStage A: Task Analysis
\& Extractionxx*.

### Problem ###

{problem}

#i## Solution #iHt

{solution}

In this stage, you are limited to analysis
and planning only.

You must NOT verify, compute, or decide
correctness during Stage A.

Your objectives:

* Break down the original question into its
essential components.

* Decompose the provided solution into its
main steps.

* Design a sequence of verification steps for
Stage B.

- Each verification step must describe *
what* to check later, not perform the check
itself.

- Focus on logical reasoning, consistency,
assumptions, and calculations that need to be
validated in Stage B.

After you list all the planned verification
steps, stop your generation immediately to
indicate that Stage A is complete.
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You are now entering *xStage A: Backward Task
Analysis \& Extractionxx.

#i#t# Problem #i##
{problem}
### Solution #it#
{solution}

In this stage, you are limited to analysis
and planning only.

You must NOT perform explicit verification,
detailed calculations, or decide correctness
during Stage A.

Your objectives:

* Identify the final conclusion or result
asserted by the solution.

* Work backward from this conclusion to
determine which intermediate statements or
transformations must hold.

* Break down the original question into its
essential components that support these
backward dependencies.

* Decompose the provided solution into its
main steps in a way that makes backward
checking possible.

* Design a sequence of verification steps for
Stage B.

- Each verification step must describe *
whatx backward relationship needs to be
checked later, not perform the check itself.

- Focus on logical implications, hidden
assumptions, reversibility of operations, and
calculations that need to be validated in
Stage B.

After you list all the planned verification
steps, stop your generation immediately to
indicate that Stage A is complete.

B.2.3 Stage B: Validation Prompt

You are now entering **Stage B: Solution
Analysis \& Judgment**.

In this stage, you will conduct a multi-turn
verification of the steps designed in Stage A

Each verification step may require one or
more turns to complete.

**Turn Logic:*x

- A single verification step may take
multiple turns.

- Each turn must end with one of the
following:

* <python>...</python> - when you need to
perform a computation before continuing the
same step in the next turn.

* <step/> - when the current step has been
fully verified and you are ready to move to
the next one.

* <end\_of\_analysis/> - when all steps are
verified or a clear error has been found.

*xInstructions for each turn:xx*

1. Restate the step you are verifying and
reason carefully about it.

2. Check whether this step is logically
consistent with all previously verified steps

3. If a calculation or detailed check is
needed, output a <python>...</python> block
after reasoning and stop your response.

The system will execute it and return the
results for you to continue in the next turn.

**Rules for <python> blocks:**

- Use only necessary imports and print()
statements for outputs.

- Do not use 0S commands, file I/0, input(),
or networking.

- A <python> block always marks the end of
the current turn.

- Python tool can only be invoke at most
three times across stage B.

B.2.4 Stage C: Verdict Prompt

Now you are required to conduct stage C.

Given all prior analyses, provide your final
review and boolean verdict.

Requirements:

- Review all previous verification steps and
summarize why each step was correct or
incorrect in <review>...</review>.

- If all previous steps were confirmed to be
correct, output <answer>true</answer>.

- If any step contained errors, or if you
identify new inconsistencies at this stage,
output <answer>false</answer>.
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C Experimental Details

C.1 Evaluation Protocol Details

To ensure strict comparability across settings, all
candidate solutions in both BoN and sequential
refinement are generated by the same fixed actor,
Qwen2.5-7B-Instruct, using identical sampling hy-
perparameters (temperature = 1.0, top-k = 50,
and maximum completion length = 4096). For
each problem, we sample 128 rollouts once and
reuse this shared candidate pool across all verifier
variants. In BoN, every verifier evaluates exactly
the same 128 rollouts. In sequential refinement, the
initial solution is sampled from this same pool and
kept fixed across all refinement variants.

C.2 Baselines.

We compare against three families of baselines that
are commonly used in solution verification and
preference modeling: (i) fext-reasoning judges that
directly generate a judgment from raw text, (ii)
outcome reward models (ORMs) that score entire
solutions, and (iii) process reward models (PRMs)
that provide step-level supervision.

Text-Reasoning LLMs. These baselines use an
instruction-tuned model as a text-only judge to pro-
duce a free-form verification and/or a final correct-
ness decision without any explicit training. We
instantiate this family with the following mod-
els: Qwen2.5-7B-Instruct (Qwen et al., 2025),
Llama-3.1-8B-Instruct (Grattafiori et al., 2024),
Qwen3-4B (Yang et al., 2025b), DeepSeek-R1-
Distill-Qwen-14B (DeepSeek-Al et al., 2025) and
Mistral-Small-24B-Instruct (Mistral Al, 2025).

Outcome Reward Models (ORM). ORMSs as-
sign a scalar score to a complete solution (or a
response) to reflect its overall quality/correctness
under preference supervision. We evaluate the fol-
lowing baselines: GRM-Gemma-2B (Yang et al.,
2024), Skywork-V2-Llama-8B (Liu et al., 2025a),
InternLM2-20B-RM (Cai et al., 2024), INF-ORM-
Llama3.1-70B (Minghao Yang, 2024) and Starling-
RM-34B (Zhu et al., 2023).

Process Reward Models (PRM). PRMs pro-
vide step-level feedback along a reasoning tra-
jectory, enabling process supervision beyond
outcome-only scoring. We include state-of-the-
art PRMs: Qwen2.5-Math-PRM-7B (Zhang et al.,
2025d), Math-Shepherd-Mistral-7B-PRM (Wang

et al., 2024b), EurusPRM (Yuan et al., 2025) and
Skywork-PRM (He et al., 2024).

C.3 Aggregation for Forward & Backward
Agents

This section clarifies how verification results of
forward and backward agents are aggregated in
different experimental settings.

BoN. We average the confidence score from the
forward and backward traces to obtain the aggre-
gated score. Candidate solutions are then ranked
according to the aggregated score, and the highest-
scoring solution is selected. This score-based ag-
gregation is sufficient for selection and introduces
no additional modeling complexity.

Verifier Revision. In the multi-round verifier-
revision, the forward and backward verification
traces each produce a correctness judgment to-
gether with natural-language feedback. We adopt a
conservative aggregation rule: a solution is consid-
ered correct only if both verification traces judge
it as correct. If either verification trace identifies
an error, the solution is regarded as incorrect and
refinement is triggered. In this case, we invoke the
verifier once more to generate targeted modifica-
tion suggestions. The resulting feedback is then
used as the supervisory signal for actor LLM.

C.4 Experiment Setup

This section summarizes the experimental training
setup used in our study, including data construction,
supervised fine-tuning, and reinforcement learning.

Data Construction. We construct our training
data through a two-stage synthesis and filtering
pipeline. Qwen2.5-7B-Instruct is first used as a
generator to sample question—answer pairs from
diverse mathematical benchmarks. We then em-
ploy Qwen3-4B as a vanilla verifier and perform
a Best-of-8 verification for each sample, using the
number of correct candidates as a coarse difficulty
signal. Based on this signal, the data are grouped
by difficulty and used to support subsequent SFT
and RL training.

Supervised Fine-Tuning. All models are fine-
tuned using a learning rate of 5 x 1075 with a
batch size of 128 for a single epoch. The maximum
sequence length is set to 21,600 tokens. During
training, user inputs and tool outputs are masked
and excluded from loss computation. SFT is con-
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Model @32 @64 @128 Metric Correct verdict  Incorrect verdict
Base 70.60 72.60 72.40 Mean calls 1.60 1.34
Agentic Verifier w.o. Tool 73.20 76.00 77.40 Median calls 1.0 0.0
Agentic Verifier w. Tool 73.80 7620 79.00 Success 88.2% 87.3%
3 Python Error 9.6% 10.6%
Table 6: Tool grounding on Math500. BoN accuracy Quota Exceeded 2.1% 2.0%
under different sampling budgets. Timeout <0.1% < 0.1%

Model @32 @64 @128
Base 5220 5142 5194
Agentic Verifier w.o. Tool 51.95 5452 55.06
Agentic Verifier w. Tool 54.54 55.06 57.40

Table 7: Tool grounding on Gaokao2023. BoN accu-
racy under different sampling budgets.

ducted on 16 NVIDIA A100 GPUs (80GB) with
bfloat16 precision enabled.

Reinforcement Learning. For reinforcement
learning, we adopt Group Relative Policy Opti-
mization (GRPO). The actor model is trained with
a learning rate of 1 x 1075, a per-device batch
size of 1, and gradient accumulation over 64 steps.
For each query, 8 candidate responses are sampled.
Each rollout uses a maximum completion length
of 4,096 tokens per turn, with a sampling temper-
ature of 1.0, and the total rollout length is capped
at 21,600 tokens. The same masking strategy as
in SFT is applied, excluding user inputs and tool
outputs from loss computation. The number of
tool invocations is limited to at most three per roll-
out. Reinforcement learning is conducted on 32
NVIDIA A100 GPUs (80GB) with bfloat16 preci-
sion enabled.

Scaling Inference-time Compute for Verifier.
For the same question z and candidate answer y,
the verifier samples £ verification trajectories and
aggregating their scores, as

lAgg@K =

k
Zﬂ'w( | z,Y, flaI)
i=1

fi N7T¢('|ZE,Z/,I) (9)

C.5 Additional Ablation on Tool Usage

We provide additional analysis of tool usage in
Agentic Verifier. Table 6 and Table 7 compares the
Base model, Agentic Verifier without tools, and
Agentic Verifier with Python tools. The results
show that the without-tool variant already substan-
tially improves over the Base model, indicating that
the gains do not come solely from Python execu-
tion, but also from the structured verification pro-

El e

Table 8: Tool execution statistics. We compare tool-
usage patterns between samples with correct and incor-
rect final verifier verdicts.

cess itself. Adding the Python tool improves perfor-
mance on both MATHS500 and Gaokao2023, show-
ing that external grounding provides additional ben-
efits on top of the verifier logic.

Table 8 further summarizes tool execution behav-
ior during inference. We cap tool usage at 3 Python
calls per sample. A successful tool call is defined
as one that finishes normally and returns an exe-
cutable result, i.e., without Python/runtime errors,
timeout, or being blocked by the call budget. Over-
all, tool usage remains moderate and stable. Tool
usage is slightly more frequent for correct verdicts
, while the execution outcome breakdown remains
broadly similar across the two groups. This sug-
gests that correct verification tends to benefit from
somewhat more tool grounding.

C.6 Experimental Details for Generalization
Beyond Math

This section summarizes the experimental setup for
the generalization analysis beyond mathematical
reasoning.

Benchmarks. We use two complementary bench-
marks: LiveCodeBench for code generation and
HotpotQA for multi-hop question answering.

Tool Interfaces. For LiveCodeBench, verifica-
tion is grounded by Python execution. For Hot-
potQA, verification is grounded by web-search-
based retrieval.

Actor and Rollouts. We use Qwen3-8B as the
actor to sample rollouts for both benchmarks. For
HotpotQA, 150 randomly selected queries are used.

Evaluation Protocol. Different from the main
TTS experiments, this setting isolates verifier ca-
pability rather than evaluating the full test-time
scaling pipeline. We report evaluation accuracy on
sampled rollouts, i.e., whether the verifier correctly
judges a sampled rollout. At inference time, the
verifier does not observe the ground-truth answer
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and only inspects the sampled rollout to produce a
verdict.

C.7 Data Contamination Check

We additionally examine whether the training
sources overlap with the evaluation benchmarks.
Based on the documented provenance of the train-
ing datasets, we do not find evidence that the eval-
uation benchmarks are included in training. Specif-
ically, all three data sources trace their competition
data only up to AIME 2023, thus excluding AIME
2024. GSM8K and Gaokao2023 are not included in
any declared source dataset. While MATH appears
in Light-R1 (a component of AReal.-boba-106k), it
explicitly removes MATHS500 from training. There-
fore, we do not find direct overlap between the re-
ported evaluation benchmarks and the training data
used in this work.

D Case Study

This section presents representative case studies
to qualitatively analyze the behavior of different
verification methods.

D.1 Generative Verifier

Two runners, A and B, start at a point O on
a linear track and run in the same direction.
Runner B runs three times as fast as runner
A. An observer stands at point P such that
OP is perpendicular to the track. Find the
maximum value of ZAPB, in degrees.

Candidate Solution

The solution assumes runner A and runner
B move at speeds 1 and 3 units per sec-
ond, respectively. Let d denote the distance
from point P to the starting point O. After
t seconds, runner A has traveled ¢ units and
runner B has traveled 3¢ units. The solu-
tion models the distances from P to A and
B as d — t and 3d — 3t, and applies the
Pythagorean theorem to derive

d? = (d—t)* + (3d — 3t)°.

Solving this equation yields d = ¢, and the
solution concludes that ZAPB = 90°.

Note that the verifier’s original reasoning is
lengthy and difficult to follow. For clarity, we pro-

vide a concise summary of the core reasoning ideas,
while retaining the key computational steps used
by the verifier.

Generative Verifier

<think> To verify the solution, proceed step
by step by examining the geometric model-
ing.

First, model the geometry explicitly. Align
the track with the z-axis and place point
P at (0,d). After ¢ seconds, runner A and
runner B are located at (¢,0) and (3¢,0),
respectively.

Next, compute the distances from point P to
the runners. These distances follow directly
from the coordinate setup:

PA=+/t?+d?,
PB = /(3t)2 + d2.

Then, compare these expressions with the
distances assumed in the solution. The solu-
tion instead uses d — ¢ and 3d — 3¢, which
would only be valid if the runners were mov-
ing directly toward point P. This does not
match the given motion, where both runners
move along the track away from the starting
point O.

Next, examine the equation derived in the
solution. Using the assumed distances, the
solution proposes:

d* = (d—t)* + (3d — 3t)%

With the correct distance expressions, this
equation cannot be obtained from a valid
application of the Pythagorean theorem to
points A, B, and P.

Finally, check the implication of the con-
dition d = ¢ obtained in the solution. Un-
der this condition, both runners coincide at
point O, causing points A and B to overlap.
In this degenerate configuration, the angle
/AP B is not defined, rather than being 90°.
</think>

<verify> The solution incorrectly models
the distances from point P to the runners.
With the track aligned to the z-axis and P
at (0, d), the correct distances are

PA = \/t2+d2,

PB = /(3t)? + d?.
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Replacing these with d —t¢ and 3d — 3¢ leads
to an invalid application of the Pythagorean
theorem and produces a degenerate configu-
ration in which the angle Z AP B is not well-
defined. Therefore, the angle maximization
argument in the solution is incorrect. </ver-
ify>

<answer> false </answer>

D.2 Forward Verifier

The forward verifier performs multi-turn verifica-
tion by sequentially inspecting the candidate solu-
tion and identifying potential issues at each step.
Below we present the intermediate outputs pro-
duced during this process. Note that the original
thinking traces are often lengthy. For clarity, we
summarize the core reasoning ideas while explic-
itly retaining the key computations whenever they
are involved.

The equation
204 (132 -1 =0

has ten complex roots
T1,71,72,72,73,73,74,74,75,T5, where
the bar denotes complex conjugation. Find
the value of
1 1 1 1 1
—t+ —+—+ — + —.
riry  Trer2  T3r3 T4Tr4  TETH

. J

Candidate Solution

Note thatif 7 is a root of 2%+ (132—1)10 =
0, then (13r)~1! is also a root. Hence, the
roots can be paired as (ry, (13ry,) ") for
k=1,....5.

For each such pair, note that

((13r) " (137%) ™) " = 132047

Hence the paired contribution is

+ 1327%?]@'

TETk

Summing over all five pairs yields

5 5
Z 'r~1?< = Z((Tk?k)_l + 1321"]@?]@).

i=1 Yt k=1

By Vieta’s formulas, the sum of the roots
is 0, which implies that the sum of their
squares is also 0. Consequently,
5
> Tk =0,
k=1
and therefore
5
1
>t
i=1 i
The answer is @

Forward Verifier — Stage A: Plan

<think> To start Stage A, first identify what
the problem asks and what the candidate
solution assumes.

The problem gives a degree-10 polynomial
equation

20+ (132 — 1)1 =0

with roots occurring in complex conjugate
pairs. The target is

5

Z 1
—_

iy il

which is the sum of reciprocals of squared
moduli. This quantity is typically ap-
proached via algebraic identities about
roots, rather than solving roots explicitly.
The candidate solution relies on two main
structural moves: (1) a claimed root trans-
formation: if 7 is a root then % is also a
root, and uses it to pair roots and rewrite
the target sum; (2) an application of Vieta’s
formulas to assert certain symmetric sums
are zero, which then leads to a denominator
claimed to be zero.

Since later steps depend on these claims,
Stage B should verify them in the same or-
der: validate the claimed root mapping first,
then inspect how the pairing is used, then
check the Vieta-based statements that pro-
duce the zero denominator. </think>

Stage B will follow these checkable steps:
Step 1. Root transformation check: Test
whether “if r is a root, then Tér is also a
root” holds by direct substitution.
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Step 2. Pairing-and-rewrite dependency
check: Trace how the solution uses the
claimed mapping to pair roots and rewrite
the target expression, and identify which
later equalities depend on this pairing.
Step 3. Vieta/coefficient consistency check:
Verify whether the solution’s Vieta-based
claims (e.g., “sum of roots is 0”’) match the
actual polynomial coefficients.

Step 4. Zero-denominator justification
check: Examine the step that introduces a
denominator asserted to be 0, and determine
whether that “0” follows from valid identi-
ties or from earlier invalid assumptions.
Stage A complete.

Forward Verifier — Stage B: Validation

Step 1

<think> Start with the claimed root transfor-
mation. The solution asserts:

If r is a root of

20+ (132 — 1) =0,

then s = 1—:137“ is also a root.
To test this claim, substitute s = Tér into
the polynomial.
Compute:
10
$0 _ Ay __1
13r 1310410
Also,
135 —1=13 — —1-1 Lor
S — f— - —_— = — — =
13r r r
SO
1-m\'"" (1)
10 _ _
(135—1) —( ; ) _T.
Thus,

w0 1+13101—r)t0
- 1310410

st 4+ (135 — 1)

For s to be a root, this expression must equal
0, which requires

1+13°(1-r)'"=0

1
10 __
A F I

However, the original root condition is

r+ (13r-1)""=0

(13r — 1)10 = —pl0

which is not the same constraint as (1 —

r)'% = — 5. So the substitution does not

show that s = % must satisfy the original
. . r

equation. </think>

The direct substitution yields

1413191 — )10
B 1310410 ’

s10 4 (135 — 1)1°
s0 s is a root only if (1 — )10 = —5,
which does not follow from 70 + (13r —
1)!9 = 0. The claimed “r — - root
transformation is therefore not justified by

the solution’s argument. <step/>

\

Forward Verifier — Stage B: Validation

Step 2
<think> Next, inspect how the solution uses
the claimed mapping. It pairs terms as

1 1 1 132

rr 13r " 137 rr rr

Algebraically, the simplification

1 13
= T
is fine, but this step implicitly assumes that
both r and ﬁ are among the roots being
summed over. Therefore, even if the algebra
inside the term is correct, the pairing is only
valid if the root-mapping claim is correct
and the roots can indeed be partitioned into
such pairs.
Since the previous step did not establish the
root transformation, the correctness of the
pairing—and hence the rewritten form of
the target sum—depends on an unverified
assumption. </think>
The rewrite

1 1 1 132
R S )
13r 137

is algebraically valid, but the use of this
identity inside the target sum relies on the
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unverified claim that ﬁ is also a root
paired with r. Thus, the subsequent re-
duction of the five-term sum to a smaller
grouped sum is not justified without estab-

lishing the root mapping. <step/>

Forward Verifier — Stage B: Validation

Step 3

<think> Now inspect the Vieta-based claim.
The solution states:

“By Vieta’s formulas, the sum of the roots
is 0, so the sum of the squares of the roots
is 0 as well.”

To check the “sum of roots is 0" statement,
consider the polynomial

P(z) = ' + (132 — 1)°,
The sum of roots equals
[2°] P()
[210] P(x)
Compute the leading coefficient:

(219 P(2) = 1 +13%°.

Compute the 2 coefficient: the term z'°

contributes 0 to 2°. From (13z — 1)19, the
2? term comes from choosing 9 factors of
13z and one factor of (—1):

[2°] (132 — 1) = <190) 139(=1)1.

Thus,
[2°] P(x) = —10-13°.
Therefore the sum of roots is
—-10-13°  10-13°
141310 1413107
which is not 0. So the solution’s Vieta state-
ment “sum of roots is 0"’ does not match the
polynomial coefficients. </think>
For P(z) = 1% + (13z — 1)10,
[2'P(z) = 1 + 13,
[2°]P(z) = —10- 13,
so the sum of roots is
[2°]P(z)  10-13° 40
[z10]P(z) 1+13107
Hence the solution’s claim that the sum of

the roots is 0 is inconsistent with Vieta’s
formulas for this polynomial. <step/>

Forward Verifier — Stage B: Validation

Step 4

<think> Finally, examine the step where the
solution forms a fraction with a denomina-
tor it asserts equals 0, and concludes the
entire expression equals 0.

That step depends on two separate require-
ments: (1) the earlier pairing/rewrite must
be valid (which depended on the root trans-
formation); (2) the denominator being set to
0 must follow from correct identities about
the roots of the polynomial.

From the previous turn, the claim “sum of
roots is 0” is not supported by the actual
coefficients. So any subsequent inference
that a symmetric sum vanishes (and in par-
ticular a denominator equals 0) lacks justifi-
cation from Vieta’s formulas as applied to
this polynomial.

Moreover, even conceptually, 77 = |r|?
is nonnegative real for any complex root
r # 0, so a sum of several such terms be-
ing exactly 0 would force each term to be
0, which would require » = 0. This would
need to be consistent with the original equa-
tion, and cannot be assumed without verifi-
cation. </think>

The “division by 0” step relies on unsup-
ported claims. The polynomial coefficients
do not support the statement that the sum of
roots is 0, so the subsequent denominator
being asserted as 0 is not justified by Vieta’s
formulas. In addition, since r7 = |r|*> > 0
for each nonzero root, forcing a sum of such
terms to be 0 would require each |r|? = 0,
i.e., 7 = 0, which must be checked against
the original equation rather than assumed.
<end_of_analysis/>

\.

Forward Verifier — Stage C: Verdict

<review> The candidate solution is invalid
for two independent reasons.

(1) The solution assumes a root-closure
property: if r is a root, then 1—:1,)7“ is also a
root. Direct substitution shows that s = 1—:1,”
satisfies the equation only under an addi-
tional constraint on r, which is not implied
by 7% + (13r — 1)1 = 0. Therefore the

proposed root pairing is not justified.
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(2) The solution incorrectly applies Vieta’s
formulas by claiming the sum of the roots is
0. For P(x) = 2194 (132—1)19, the coeffi-
cients imply the sum of roots is 112‘1715’; # 0.
As aresult, later deductions (including the
step that introduces a denominator asserted
to be 0) do not follow from valid polynomial
identities.

Since the key structural claims fail, the final
conclusion 0 is not supported. </review>
<answer> false </answer>

D.3 Backward Verifier

The product of 3> + 5t +a and 4t + bt — 2
is 12t* 4 263 — 8¢ — 16t + 6. What is
a+b?

Candidate Solution

We can expand the product of the two poly-
nomials to get Let

E(t) = (3t> + 5t + a) (4t* + bt — 2).
Then

E(t) = 12t* + (3b +20)t3
+ (4a + 5b — 10)¢>
+ (—2a — 4b 4 10)t — 2a.

Since this is equal to 12t* + 26¢3 — 8¢2 —
16t + 6, we can equate the coefficients of
corresponding powers of ¢ to get the follow-
ing system of equations:

3b + 20 = 26,
4a 4+ 5b — 10 = -8,
—2a — 4b + 10 = —16,
—2a = 6.

From the last equation, we have a = —3.
Substituting this into the third equation, we
get —2(—3) — 4b + 10 = —16, which sim-
plifiesto —4b = —22 or b = 171 Therefore,

5
1

The answer is: %

Backward Verifier — Stage A: Plan

<think> The candidate solution claims the
final value a+b = % For this to be justified,
several dependencies must hold in reverse
order.

If the final value is correct, then the solution
must have obtained correct values of ¢ and b.
Those values must satisfy a valid coefficient-
matching system. And that system must
come from a correct expansion of (3t? +
5t + a)(4t? + bt — 2).

So the backward checks are: (1) expansion
correctness; (2) coefficient equations cor-
rectness; (3) consistency of the reported
(a, b) with the verified equations. </think>
Backward verification plan

» Step 1: Verify the polynomial expan-
sion the solution relies on (especially
t2 and t coefficients).

 Step 2: Verify the coefficient-matching
system derived from that expansion
matches 12¢* + 26> — 8t — 16t + 6.

* Step 3: Check whether the reported
a=—3and b= % satisfy the verified
system, and whether they imply a +
b=3.

2

Backward Verifier — Stage B: Validation

Step 1
<think> To support the final claim, the ex-
pansion

(3t% + 5t + a)(4t* + bt — 2)

used by the solution must be algebraically
correct.

I first re-expand the product in a structured
way to see what coefficients must appear.
Compute key contributions:

32 . (482 + bt — 2) = 12t + 3bt® — 61

5t - (4t + bt — 2) = 20> 4 5bt% — 10t
a- (42 + bt —2) = dat®> + abt — 2a
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Summing like terms gives:

12t + (3b + 20)¢3
+ (4a + 5b — 6)t*
+ (ab —10)¢
— 2a.

The solution instead uses (4a + 5b — 10)¢>
and (—2a — 4b + 10)t, so I want a quick
tool check to confirm the correct symbolic
expansion. </think>

<python>

from sympy import symbols, expand

t = symbols(’t’)

a, b=symbols(C’ab’)

poly = (3*t**2 + 5%t + a) * (4*t**2 + b*¢t -
2)

print(expand(poly))

</python>

Tool Result

[Stdout] a*b*t + 4*a*t**2 - 2%a + 3*b*t**3
+ SEDFCEFD + 12F0F*4 4+ 20%t¥#3 - 6FF*2 -
10%t

Backward Verifier — Stage B: Validation

Step 2
<think> The tool output confirms the cor-
rect expansion is

124 + (3b + 20)23
+ (4a + 5b — 6)t2
+ (ab — 10)t — 2a.

Now I compare this with the candidate’s
claimed expansion:

124 + (3b + 20)¢*
+ (4a + 5b — 10)¢?
+ (—2a — 4b + 10)t — 2a.
Two mismatches appear immediately:

(i) (4a + 5b — 6) # (4a + 5b — 10).

(ii) (ab — 10) # (—2a — 4b + 10).

Since the coefficient expressions differ, the
coefficient-matching system written in the
solution cannot be derived from the true
product, so the backward dependency from

the final value is broken at the equation-
derivation stage. </think>
<step/>
Step 3
<think> Even if the solution’s later arith-
metic were internally consistent, the re-
ported parameters must satisfy the verified
coefficient equations from the correct ex-
pansion when matched to 12t* + 263 —
8t? — 16t + 6.
The solution reports a = —3 (from —2a =
6), and b = % I check whether b = % is
compatible with 3b + 20 = 26:
11 33 73

3-?—1—20—?4—20—?7&26,
so the reported b already fails the verified
system.
Therefore the final claim a + b = % is not
supported by the correct algebraic condi-
tions. </think>
<end_of_analysis/>

\.

Backward Verifier — Stage C: Verdict

<review> Step 1 verified the correct expan-
sion of (3t2 + 5t + a)(4t? + bt — 2) by
structured term collection and a single sym-
bolic tool check. The correct coefficients
are (3b + 20) for 3, (4a + 5b — 6) for t2,
and (ab — 10) for ¢.

Step 2 showed the candidate solution uses
incorrect expressions for the ¢2 and ¢ coef-
ficients, so the coefficient-matching system
it writes does not follow from the actual
product.

Step 3 checked consistency of the reported
values with the verified system and found
the claimed b = % contradicts 30420 = 26
immediately. Thus the final claim a+b = %
is not justified.

Overall, the backward dependencies re-
quired for the conclusion fail due to an in-
correct expansion and inconsistent parame-
ter values. </review>
<answer>false</answer>
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