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Abstract

Test-time scaling (TTS) has gained widespread
attention for enhancing LLM reasoning. Ex-
isting approaches such as Best-of-N and ma-
jority voting are limited as their performance
depends on the quality of candidate responses,
making them unable to produce a correct solu-
tion when all candidates are incorrect. Paral-
lel self-refinement, generating multiple candi-
dates and synthesizing a refined answer condi-
tioned on them, offers a promising alternative,
but the underlying mechanism driving its ef-
fectiveness remains obscure. To bridge this
gap in understanding, we introduce a new met-
ric, the Refinement Gap, designed to quantify
the relative improvement of self-refinement be-
yond majority voting. We show that the Re-
finement Gap exhibits a clear scaling trend
with model size and is only weakly correlated
with the base capability. Based on this discov-
ery, we propose Generative Self-Refinement
(GSR), a parallel test-time scaling framework
that transfers the refinement policy from larger
teacher models with higher refinement gap into
smaller students. Crucially, GSR jointly trains
a single model to generate strong candidates
and refine a better final answer based on these
candidates. Experimental results demonstrate
that our method achieves state-of-the-art per-
formance across five mathematical benchmarks
over other parallel aggregation methods, while
the learned refinement skill transfers across
multiple model scales and families and exhibits
robust generalization to an out-of-distribution
domain.

1 Introduction

Test-time scaling (TTS) (Brown et al., 2024; Snell
et al., 2024) has become a dominant strategy, in
which model performance can be consistently im-
proved by allocating additional compute at infer-
ence time. A common strategy is majority voting
(Wang et al., 2023), which leverages the principle
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of self consistency to improve performance, identi-
fying the most frequent answer from multiple rea-
soning paths. Best-of-N (BoN) approach takes this
process further by introducing an external verifier,
typically a Reward Model (RM), to score, rank and
select the best response from candidates (Stiennon
et al., 2020; Irvine et al., 2023; Song et al., 2025).
However, these prevailing strategies are inherently
bounded by the quality of the set of candidates
(Khairi et al., 2025). They are limited to produce
a solution that transcends the quality of candidate
proposals, which becomes particularly problematic
when all candidates are flawed (Zhang et al., 2025).

ﬁ Let N be the greatest four-digit positive integer with the property that whenever one of its
“ digits is changed to 1, the resulting number is divisible by 7. Let Q and R be the quotient
and remainder, respectively, when N is divided by 1000. Find Q + R.

Candidate Response 1: X

~ " By solving these congruences step- N Response with Sclercfmcmcr\t:‘/

by-step, we find that the largest N that
i satisfies all conditions is (N = 5624)
\_..The final answer is: \boxed{566}

/"..both numbers 5624 and
{5694 satisfy the
conditions...

why do all the candidates
have 56247 ... Let me see...
Wait, but in their

calculation, they setc = 2.
So perhaps they missed the
possibility of ¢ = 9. So their

Candidate Response 2: x

i' ...Therefore, the greatest four-digit i
| number N is 5624 ..The sum (Q + R) is i

| (5+ 624 = 629) ... \boxed(629} )
Candidate Response 3: x U mistake was not considering

{..The number N is: [N = 1000 - 5 + H that.
1100+ 6+10-2+4 = 5624] i
{_...The final answer is: \boxed{566}

&)

Solution: The maximum N is

(5694). Dividing by 1000: -

Quotient (Q =5) -

Remainder (R = 694) - (Q +
. R =15+694 = 699). Final
. Answer: \boxed{699}

Candidate Response 4: x
{.Thus, (4=5),(B=6),(C=2),
f0=9 I
L i\ ... Thus, the final answer is: \boxed{629} |

Figure 1: Case study of Qwen2.5-7B-Instruct after train-
ing. Even provided with four incorrect candidates, it
can still reference them, diagnose the flaws, and finally
construct a correct answer. We provide a more detailed
case in Appendix F.

To address this limitation, several refinement
methods (Madaan et al., 2023; Kim et al., 2023;
Paul et al., 2024), where a model critiques and
improves its own output, provide a promising alter-
native. These works have often focused on sequen-
tial refinement, where the model iteratively refines
its answers. However, Huang et al. (2024) finds
that LLMs struggle to self-refine their own reason-
ing without external feedback and in some cases
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can even degrade performance, highlighting the
limitations of intrinsic sequential self-refinement.
Consequently, recent research has shifted towards
parallel aggregation methods (Vernikos et al., 2024;
Zhang et al., 2025; Li et al., 2025b), attempting to
synthesize a correct solution from multiple gener-
ated candidate solutions. While these approaches
leverage candidate diversity, the fundamental mech-
anism behind the success remains obscure. It is
unclear whether the improvement in parallel re-
finement is driven by better candidate coverage,
enhanced reasoning abilities, or emergent interac-
tion effects among multiple samples. This gap in
understanding motivates us to develop a metric for
evaluating intrinsic refinement ability. Therefore,
we propose the Refinement Gap, which quantifies
the improvement of refinement beyond majority
voting. Based on this metric, we reveal a surprising
systematic scaling trend: the refinement capabil-
ity is primarily governed by model scale, with
minimal correlation to domain-specific capabili-
ties.

To address this gap, we introduce Generative
Self-Refinement (GSR), a training-enabled par-
allel test-time scaling framework designed to ex-
plicitly activate self-refinement in smaller models.
GSR distills a refinement policy from high perfor-
mance teacher models with a large refinement gap
into smaller student models, enabling them to gen-
erate improved solutions beyond simple selection.
Crucially, we employ a hybrid training pipeline
that jointly optimizes for direct solution genera-
tion and refinement. This hybrid training pipeline
ensures a synergy where strong base reasoning im-
proves the refinement process, while refinement
feedback enhances reasoning robustness. As il-
lustrated in Figure 1, we empirically demonstrate
that GSR enables small models to transcend the
limits of selection, successfully recovering correct
solutions even in the difficult scenarios where all
candidates are incorrect.

Our key contributions are as follows:

* We introduce the Refinement Gap, a met-
ric that systematically quantifies the intrinsic
gain of self-refinement beyond majority vot-
ing. This metric reveals a scaling trend in
refinement ability across model sizes.

* We propose Generative Self-Refinement
(GSR), a training-enabled parallel test-time
scaling framework that transfers the refine-

ment policy from larger teacher models to
smaller models.

* We demonstrate that our method achieves
state-of-the-art results empirically on five chal-
lenging mathematical benchmarks over other
parallel aggregation methods and refinement
skill is robust under challenging candidate
conditions.

2 Scaling Trend of Refinement Gap

Recent works (Vernikos et al., 2024; Zhang et al.,
2025; Li et al., 2025b) have considered parallel
self-refinement as an effective method of test-time
scaling. However, the underlying source of parallel
self-refinement gain is still underexplored. In par-
ticular, even a simple self-consistency aggregation
(majority voting) over the same candidate solutions
can substantially improve accuracy, making it un-
clear how much improvement should be attributed
to refinement procedure. This motivates our first re-
search question: (RQ1) Do we really need parallel
self-refinement?

To quantify the marginal gain of parallel self-
refinement, we define the Refinement Gap as

A(M, D, k) = selfRef@k(M, D)—maj@k(M, D)

ey
for a given model M, dataset D and candidate
budget k. We use majority voting as a natural
gold baseline because it is a deterministic func-
tion operator over the same solutions and is ex-
pected to improve monotonically with pass@]1
under the independence assumptions (Kuncheva,
2014). We conduct a systematic study across
model scales from 1.5B to 72B across multiple
model families including instruction Qwen-2.5-
Instruct (Qwen-2.5) and thinking DeepSeek-R1-
Distill-Qwen/QwQ (R1/QwQ), on the competitive
mathematics benchmarks AIME24/AIME2S, to en-
able a comprehensive analysis of the effectiveness
of parallel self-refinement.

As illustrated in Figure 2, we summarize the
key observations as follows: (1) Parallel self-
refinement consistently raises the ceiling beyond
the base capability measured by pass@1 across
all models and benchmarks evaluated. (2) The
Refinement Gap A exhibits a clear scaling trend
across instruction and thinking models. Further,
we empirically observe a regime shift around 14B.
Both instruction and thinking models > 14B tend
to achieve a higher average refinement gain A than
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Figure 2: A comprehensive study of refinement gap. (Left) Accuracy of instruction models on AIME24/AIME25

under pass@1, majority voting (maj@4), and parallel self-refinement (selfRef@4). Numbers denote A

selfRef@4 — maj@4. (Middle) Accuracy of thinking models on AIME24/AIME2S. (Right) Average A across
AIME24/AIME25 versus model size. Shaded regions highlight low and high gain according to A.

smaller models. We visualize these low and high
gain regimes with different shaded regions in Fig-
ure 2. (3) The Refinement Gap A is weakly cor-
related with the base capability of the models.
For instance, on AIME24, DeepSeek-R1-Distill-
Qwen-7B attains a higher base capability (54.4%)
yet has A = —0.8, while Qwen2.5-32B-Instruct
attains a larger A = 3.1 despite a much lower
pass@1(18.6%).

3 Methodology

3.1 Overview

Based on the analysis in Section 2, we identify that
the refinement gap A exhibits a clear scaling trend.
Empirically, smaller models often reside in a low
gain regime, whereas larger models consistently
exhibit a much higher refinement gap. Crucially,
this capability cannot be reliably elicited in smaller
models through prompting, motivating our hypoth-
esis that self-refinement is a learnable inference
strategy that must be explicitly activated via
training.

To bridge this gap, we propose Generative Self-
Refinement (GSR), a parallel test-time scaling
framework designed to transfer the self-refinement
capability from larger models with higher gain
to smaller models. At test time, GSR follows a
generate-then-refine procedure, where a unified
model samples k& candidate solutions and then syn-

thesizes a self-refined final answer.

3.2 Data Construction Pipeline

Guided by Section 2, we select large teacher mod-
els with high refinement gap to ensure reliable re-
finement supervision for small models. To this
end, we construct refinement triples through the
following steps as illustrated in Figure 3. For each
problem z, we first sample k candidate solutions
C, = {ci}¥_, from the student itself to match the
test-time candidate distribution. We then build an
augmented input x4,y = Aug(z,Cj) by concate-
nating the question with the enumerated candidates
(see Appendix A and B for more details). Subse-
quently, we query the teacher to produce a refined
target solution yTTe £ This procedure yields the re-

finement dataset Dyt = {(z(*,C @) , yrjgf(i)) N
Unlike vanilla distillation, this supervision teaches
how to refine the student’s own candidates, rather
than only imitating direct answers. Notably, to
ensure the student learns synthesis beyond candi-
date responses selection, we intentionally retain
hard instances where the candidate pool is of low
quality and highly inconsistent. Specifically, we
emphasize the cases with N, = 0 (i.e., all candi-
date responses are incorrect) as well as other highly
inconsistent scenarios, where voting or ranking is
not effective. These critical cases provide direct
supervision for constructing a correct solution by
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Figure 3: An overview of the hybrid training pipeline, which consists of a data generation stage (Left) followed by a
supervised fine-tuning (SFT) stage (Right). We use a teacher model to construct hybrid dataset and then train the

student model on dual tasks.

integrating partial insights and correcting errors
from imperfect candidates.

In addition to the refinement dataset Dy.r, we
collect direct solutions to maintain and strengthen
the base capability of student. Concretely, we query
the teacher with the original question x to obtain a
direct target solution y:{ir and forms a direct-solving
dataset D = {(z?, ygr(l))}fil. This component
is crucial because the candidate quality sets the
performance ceiling for refinement and stabilizes
the joint optimization in Section 3.3.

3.3 Hybrid Training Objective

We optimize a single student model Sy to acquire
two complementary skills, direct-solving for gener-
ating strong candidates and refinement for synthe-
sizing a better final solution given these candidates,
aiming for a higher performance ceiling. As shown
in Figure 3, we optimize model Sy on the direct-
solving dataset Dy;; and the refinement dataset Dys.
Formally, we minimize the negative log-likelihood
(NLL) objectives as follows:

Laie(0) = ~E(y 1)y, [108 So (el 7))
Lrer(0) = *E(;c,ck,yrff)NDmf[IOg S@(yrj;f|$aug)]

2

Then, we optimize a weighted combination:
L(0) = Mrer(0) + (1 = A) Lair(0)  (3)

where A controls the trade-off between learning
refinement behavior and improving base capability.
For simplicity, we set A = 0.5.

Joint optimization for hybrid objectives is es-
sential to the success of GSR. Training only the
refinement objective tends to be bottlenecked by
candidate quality, which in turn limits the head-
room. In contrast, training only the direct-solving

objective improves the base capability but does not
reliably teach the model to leverage imperfect can-
didates, resulting in a low or unstable refinement
gap A. By jointly optimizing direct solving and
refinement, the model preserves strong base capa-
bility while learning the refinement strategy, get-
ting complementary gains in both candidate qual-
ity and refinement effectiveness. At test time, the
unified model Sy performs generate-then-refine by
sampling £ candidates and synthesizing a refined
answer without any external module.

4 Experiments

4.1 Experimental Setup

Dataset Curation We construct our train-
ing corpus from OpenMathReasoning (Moshkov
et al., 2025), a large math dataset generated by
Deepseek-R1 (DeepSeek-Al, 2025) and QwQ-
32B(QwenTeam, 2025). We retain 184k direct-
solving instances and derive an additional 184k
refinement instances, where each instance pairs
the original query with four candidate responses.
Details are provided in Appendix E.

Training Settings We perform supervised fine-
tuning (SFT) on Qwen2.5-7B-Instruct (Yang et al.,
2025b) and denote the resulting model as GSR-7B.
We present more training details in Appendix D.1.

Aggregation Baselines To rigorously evaluate
the efficacy, we compare with the following
aggregation TTS baselines: (1) Majority Vot-
ing (Wang et al.,, 2023), a method selects the
most consistent answer without any external mod-
ules. (2) Skywork-Reward-Gemma-2-27B-v(.2
(SkyworkRM-27B) (Liu et al., 2024), a SOTA
scalar reward model which ranks the overall qual-
ity without explanations or reasoning. (3) RM-
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Table 1: Comprehensive performance evaluation on five mathematical benchmarks. We report the results and the
Refinement Gap A (selfRef - maj) of our GSR-7B and base Qwen2.5-7B-Instruct for reference. Additionally, we
report the pass@ 1 metric for two leading models from Yang et al. (2025c¢).

Method Aggregation Model | AIME24 AIME25 AMC22-23 MATHS500 Olympiad | Avg.
Larger Models
QwQ-Preview - 50.0 90.6 61.2
01-mini - 56.7 90.0
Qwen2.5-7B-Instruct (Base)
pass@1 - 13.2 7.2 43.6 75.9 39.5 359
maj@4 - 16.7 9.6 47.7 79.4 435 394
BoN@4 SkyworkRM-27B 17.1 9.2 48.0 78.6 43.0 39.2
selfRef@4 - 15.6 11.3 47.5 78.7 43.8 394
A -1.1 +1.7 -0.2 -0.7 +0.3 +0.0
GSR-7B (After Training)

pass@1 - 50.1 37.8 78.5 90.6 64.4 64.3
maj@4 - 60.0 46.7 84.6 92.8 68.3 70.5
maj@5 - 60.7 483 84.9 93.1 68.8 71.1
BoN@4 RRM-7B 60.4 46.3 80.4 90.6 64.6 68.5
BoN@4 RM-R1-7B 62.1 454 84.6 93.5 69.1 70.9
BoN@4 SkyworkRM-27B 58.3 46.7 81.6 92.5 67.6 69.3
BoN@5 SkyworkRM-27B 59.2 46.3 82.8 92.7 67.7 69.7
Ref@4 Synthesizer-8B 60.2 44.0 84.0 92.0 67.7 69.6
selfRef@4 - 66.0 51.7 85.7 93.4 71.0 73.6
A +6.0 +5.0 + 1.1 +0.6 +2.7 +3.1

R1-DeepSeek-Distilled-Qwen (Chen et al., 2025)
(RM-R1) and RRM (Guo et al., 2025), two con-
current approaches integrating reasoning capabili-
ties into reward modeling, significantly surpassing
conventional RM’s performance. (4) Synthesizer-
8B-math (Synthesizer-8B) (Zhang et al., 2025),
an aggregation method which synthesizes multi-
ple candidates to produce a final answer, achieving
SOTA performance on math domain.

Benchmarks For a comprehensive evaluation of
mathematical performance, we evaluate all base-
lines across five challenging and most representa-
tive benchmarks (Hochlehnert et al., 2025) in the
mathematical domain: AIME24 (AI-MO, 2024a),
AIME25 (Lin, 2025), AMC22 & AMC23 (AI-MO,
2024b), MATHS00 (Hendrycks et al., 2021) and
OlympiadBench (He et al., 2024).

Evaluation Settings For a direct and fair com-
parison, we report the average metrics maj@4 (ma-
jority voting), BoON@4 (Best-of-N) and Ref/Sel-
fRef @4 (Refinement/Self-Refinement) on the same
sets of four candidate responses (k = 4). To ensure
a fair comparison of computational budget, we ad-
ditionally report the average metrics for majority
voting and non-generative BoN methods with five
candidates (k = 5). We report the average metrics
of 32 runs for AIME24 and AIME25 and 16 runs

for the remaining. More details can be found in
Appendix D.2.

4.2 Main Results

We present a comprehensive evaluation of our
method against advanced parallel test-time scaling
baselines. The results, summarized across five chal-
lenging mathematical benchmarks, are presented
in Table 1. A primary observation is the substan-
tial performance shift after the training process.
Compared to the base model, GSR-7B exhibits dra-
matic improvements across all standard metrics,
particularly on the most challenging benchmarks.
For instance, its pass@ 1 accuracy on AIME24 in-
creases from a modest 13.2% to 50.1%, confirming
the efficacy of our approach.

Our method shows significant improvement af-
ter post-training. Before training, the performance
of selfRef@4 on the base model is comparable
with majority voting. After training, our method
emerges as the state-of-the-art (SOTA) method,
achieving 73.6% average accuracy. It surpasses
not only standard baselines such as majority vot-
ing but also more complex Best-of-N (BoN@4),
as demonstrated on AIME24 (66.0% vs. 62.1%).
GSR-7B even achieves a higher average Refine-
ment Gap A on AIME24/AIME25 (+5.5%) than
strong teacher model QwQ-32B (+1.15%). We
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note that in the MATHS500 dataset, selfRef@4 is
marginally underperformed by BoN@4 (93.4% vs.
93.5%). We hypothesize that it is due to the spe-
cific dynamics of high-accuracy regimes (90.6%
on pass@1). In such a scenario, at least a correct
answer is highly likely to be present in any set
of candidate responses, making selection methods
like Best-of-N particularly effective.

4.3 Ablation Study on Training

In this section, we conduct an ablation study to
answer: (RQ2) Does our hybrid training pipeline
improve the upper bound of accuracy more than
single mode training pipeline (direct-solving or
refinement)? To ensure a fair comparison, we con-
struct three distinct training datasets randomly sam-
pled from the total dataset, all of which contain 20k
samples and share an identical set of questions: (1)
Direct-Solving (DS): 20k samples from Dy, also
denoted as a vanilla knowledge distillation baseline.
(2) Refinement (Ref): 20k samples from Dies. (3)
Ours: a balanced mix of 10k from Dy;, and 10k
from Diet.

Table 2: Ablation study on different training strategies.

Method AIME24 AIME2S
pass@1 selfRef@4 pass@1 selfRef@4
baseline 13.2 15.6 7.2 9.6
+DS 38.3 443 29.6 33.2
+Ref 26.4 45.0 23.5 30.0
+ours 37.5 51.5 29.0 36.5

The results presented in Table 2 lead to a clear
conclusion. The model trained on a DS dataset
achieves the highest pass@1 scores while its’ ca-
pacity for self-refinement is severely limited. To
our surprise, even with training purely on the Ref
dataset, the model still achieves a higher pass@1
score than the base model. However, this model
excels at the self-refinement task but demonstrates
subpar pass@1 performance compared with two
others. Our method strikes the optimal balance. It
achieves the highest selfRef@4 scores across both
benchmarks while maintaining a highly competi-
tive pass@1 performance, confirming the necessity
of the hybrid training pipeline.

4.4 Fine-Grained Analysis on Self-Refinement

Although the overall accuracy metrics are informa-
tive in Section 4.2, the underlying mechanism of
our approach is still obscure. We conduct a more

fine-grained conditional analysis across all meth-
ods when provided with imperfect or even entirely
incorrect candidates. We report the average ac-
curate rates conditioned on the number of correct
candidates out of 4 (N, € {0, 1,2, 3,4}).

Comparison with Baselines As shown in Fig-
ure 4, when a clear majority of candidates are cor-
rect (N, > 3), all methods perform exceptionally
well, often achieving near perfect accuracy. How-
ever, our methods begin to differentiate in more
ambiguous cases (N, < 3). When only one candi-
date is correct, our selfRef@4 achieves an impres-
sive 60.2% accuracy, substantially outperforming
majority voting (maj@4 at 18.8%) and all BoN @4
variants. Crucially, even when all candidates are in-
correct (/N, = 0), our approach can still produce
a correct solution 5.9% of the time, whereas all
baseline methods fail. These low V. scenarios
serve as a proxy for a class of most challenging
problems where generating a correct solution is
difficult. The effectiveness of our method in these
situations highlights its robustness for solving diffi-
cult problems.

Generalization across Benchmarks As shown
in Figure 5, GSR-7B is able to recover a correct
solution from a complete set of incorrect candidates
(N = 0) across all benchmarks, ranging from
3.4% on MATHS500 to 9.0% on AMC22-23. This
consistency proves the refinement capability is a
generalizable skill that GSR-7B has acquired.

4.5 Robustness and Generalization Analysis

In this section, we conduct analytic experiments
on two larger models, Qwen2.5-14B/32B-Instruct
(Yang et al., 2025b) to address two critical ques-
tions: (RQ3) Is our method effective across differ-
ent model scales? (RQ4) Does the model learn a
generalizable improvement skill, or does it merely
learn to correct its own specific errors? We use
the same hybrid training dataset and experimental
setup as described in Section 4.3.

Robustness Across Different Model Sizes The
results, presented in Table 3, demonstrate the ef-
fective scalability of our approach to models of
a larger-scale. After training, both the 14B and
32B models exhibit substantial performance im-
provements across standard metrics (pass@1 and
maj@4) compared to their w/o SFT counterparts.
More critically, the results demonstrate the effec-
tiveness of our method. For fine-tuned models,

25909



I SkyRM-27B RM-R1-7B s RRM-7B maj@4

Syn-8B B sclfRef@4 100

High consistency
100 y

80

60

Accuracy (%)

40

20

4/4 3/4 2/4
Number of correct candidates N. among 4

Figure 4: Fine-grained analysis on the AIME24. We report accurate rates in

i 30
Low consistency

60

40

Accuracy (%)

0/4 1/4 2/4 3/4 4/4
Number of correct candidates N,

Figure 5: Robustness analysis
0 of our method across five di-
verse benchmarks. The full
details are provided in Ap-
pendix C Table 5.

percentage (%) conditioned on the number of correct candidates (IV..).

Table 3: Performance on AIME benchmarks across
different model scales. The table compares two fine-
tuned models (w training) against their base counterparts
(w/o training).

Qwen2.5- Qwen2.5-
Method 14B-Instruct 32B-Instruct
AIME24 AIME25 AIME24 AIME25
w/o Training
pass@1 13.5 12.7 16.7 12.9
maj@4 17.5 15.8 19.2 15.8
selfRef@4 16.0 15.8 223 16.3
w Training
pass@1 49.4 36.9 66.3 54.2
maj@4 56.7 41.7 72.5 59.2
selfRef@4 68.1 49.6 75.2 67.3

selfRef@4 consistently outperforms their respec-
tive majority voting baselines. For instance, the
fine-tuned 14B model achieves a 20.1% relative im-
provement (68.1% vs. 56.7%) in AIME24, while
the 32B model shows a 13.7% relative improve-
ment (67.3% vs. 59.2%) in AIME25. This phe-
nomenon contrasts with the 14B base model, which
fails to benefit from self-refinement and even shows
a performance degradation in AIME24 compared
to the majority voting baseline.

Generalization via Data Decoupling A crucial
aspect of this experiment is that we reuse the hy-
brid dataset from Section 4.3 to train larger models.
In particular, all candidate solutions within this
dataset are generated by Qwen2.5-7B-Instruct.
Although there is a mismatch between the candi-
date generator and learners, the results clearly indi-
cate that both models successfully acquire the abil-
ity of self-refinement. This finding provides com-
pelling evidence for a decoupling of the model’s

internal knowledge representation from the self-
refinement skill.

4.6 Input Scaling Analysis

To scale up to a larger number of inputs, previous
work (Zhang et al., 2025; Guo et al., 2025) has
often employed a hierarchical strategy, partitioning
candidate responses into fixed-size groups, produc-
ing outputs for each group, and then iteratively
combining across groups. This approach has been
shown to be general and effective. However, such
methods are not indeed scaling on input and have a
time complexity of O(N).

—o— selfRefl  —o— maj o pass

AIME24 AIME25

2 4 6 8 10 2 4 6 8 10
Number of Candidates Number of Candidates

Figure 6: Accuracy of input scaling on the performance
across the (Left) AIME24 and (Right) AIME25 bench-
marks.

Our experiments are conducted on a fixed set of
four candidate responses. To evaluate our model’s
extrapolation capability, we conduct an input scal-
ing experiment. Specifically, we evaluate perfor-
mance with the number of candidate responses, k,
ranging from 2 to 10. We compare selfRef @k (self-
refinement) with the maj@k (majority voting) and
oracle pass@k. In Figure 6, for a smaller number
of candidates (k < 4), GSR-7B shows strong per-
formance, even slightly surpassing the pass@2
(63.2% vs. 62.5%) on AIME24 at k = 2. For a
larger number of candidates, our method consis-
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tently outperforms majority voting, and its perfor-
mance scales with the number of candidates. This
suggests that our method effectively extrapolates
to a number of candidates greater than four.

4.7 Out-of-Distribution Analysis

pass@]1 e maj@4

e selfRef@4
+7.2%

__Ed

K&K Logic Puzzle Accuracy(%)

Qwen2.5-7B-Instruct GSR-7B

Figure 7: Experiments results for our model and its base
model on a subset of K&K dataset. The arrows and
percentages quantify the relative performance change
when applying our method over majority voting.

GSR-7B is trained exclusively on math datasets.
To further analyze its generalization ability to an un-
seen domain, we test it on the Knights and Knaves
(K&K) logic puzzles dataset (Xie et al., 2025),
where some characters tell the truth and others only
lie. For evaluation, we use the 4ppl subset of the
K&K dataset and reformat original problems as
multiple-choice questions to allow more accurate
scoring. We report the performance of pass@1, ma-
jority voting (maj@4) and our method (selfRef@4).
In Figure 7, GSR-7B demonstrates a substantial
performance improvement over the base model.
Compared to the base model’s pass@]1 accuracy of
12.9%, our model achieves 37.3%. More critically,
we observe a clear divergence in self-refinement
ability. The base model’s selfRef@4 performance
decreases by 7.6% relative to maj@4, while our
model shows a performance improvement of 7.2%.
These results confirm that the self-refinement abil-
ity is a skill acquired during training and that this
skill even successfully generalizes to an unseen
out-of-distribution domain.

5 Related Work

Aggregation Methods The most well-known ap-
proach within parallel aggregation is majority vot-

ing (Wang et al., 2023), which leverages the self-
consistency of the model’s outputs to select the
most consistent answer. Best-of-N (BoN) replaces
the voting mechanism with an external verifier (Re-
ward Model, RM), which is used to either assign
a scalar score (Cobbe et al., 2021; Rafailov et al.,
2024; Winata et al., 2025), or to perform discrimi-
native methods to indicate a preference (Stiennon
et al., 2020; Nakano et al., 2022). Some works
have introduced the Generative Reward Model
(GenRM), which leverages the model’s generative
capacity to provide a detailed and interpretable jus-
tification (Kim et al., 2024; Mahan et al., 2024,
Whitehouse et al., 2025; Chen et al., 2025; Guo
et al., 2025).

Refinement Methods Some studies have ex-
plored that models can refine responses to improve
the performance (Cobbe et al., 2021; Gou et al.,
2024; Ferraz et al., 2024). Self-Refine (Madaan
et al., 2023), RIC (Kim et al., 2023) and RE-
FINER (Paul et al., 2024) focus on sequential self-
refinement, where a single model is used to gener-
ate feedback on its own output and iteratively revise
the solution accordingly. Distinct from sequential
approaches, LLM-Blender (Jiang et al., 2023), LM-
Cor (Vernikos et al., 2024), AFT (Li et al., 2025a),
CoT-based-Synthesizer (Zhang et al., 2025) train
a dedicated generative model to fuse multiple so-
lutions. However, these methods focus exclusively
on the task of improving parallel solutions, while
neglecting to train the model to solve problems
directly. Besides, Zhao et al. (2025) learns solu-
tion aggregation as an explicit skill via reinforce-
ment learning, showing that majority voting is not
always optimal. MoA (Wang et al., 2025) and
Multiagent FT (Subramaniam et al., 2025) lever-
ages multi-agent society of specialized LLMs to
improve responses, incurring significant inference
and deployment overhead.

6 Conclusion

In this paper, we systematically investigate the scal-
ing properties of the gains of self-refinement over
majority voting in LLMs. By introducing Refine-
ment Gap, we provide a clear scaling trend: relative
refinement gap increases with model size and is
only weakly related to base capability. Motivated
by this, we propose Generative Self-Refinement
(GSR), a parallel TTS framework that transfers re-
finement ability from teacher models to smaller
student models. GSR jointly optimizes for direct
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solving and refinement objectives, enabling a sin-
gle and unified model to generate strong candi-
dates and synthesize a better final answer even
from imperfect candidates. Empirically, GSR sub-
stantially improves small models reasoning perfor-
mance and demonstrates robust refinement behav-
ior under challenging candidate conditions, high-
lighting refinement as a learnable inference strategy
that can be explicitly activated via training.

7 Limitations

Due to limited computational resources, our exper-
iments focus on mathematical reasoning domains.
Although this setting is natural for studying self-
refinement and test-time scaling, it may not fully
represent other reasoning scenarios (e.g., logical
deduction, programming, scientific QA, or agentic
tool use). We plan to conduct more experiments
across a broader range of reasoning domains in the
future work.

Our data construction pipeline relies on strong
teacher models and the verifiable reward to filter so-
Iutions. This design may be less directly applicable
to tasks that lacks reliable verification. Extend-
ing our approach to such settings likely requires
alternative supervision signals, such as human an-
notation, preference-based feedback, or external
verifiers/tools, which may introduce additional cost
and noise.
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A Prompt Template

GSR supports dual abilities during inference:
direct-answer generation and self-refinement. The
choice between modes is achieved by constructing
different input prompts. Here we provide the de-
tailed prompt template used to prompt the model to
perform self-refinement. The prompt template con-
sists of the original problem and a set of candidate
solutions mainly.

Prompt Template on the Refinement
Mode

You are an expert and creative solver, pro-
vided with a challenging problem and a set
of candidate responses which may be cor-
rect, partially correct or even wrong.

You should first fully summarize the con-
nection between candidate responses and
problem, then generate a new and superior
solution. You should generate a correct so-
lution yourself if all candidates are wrong.
Don’t copy candidates, use insights selec-
tively and reason independently.

Problem:

{Problem}

Think step by step and put final answer
within \boxed{}.

Candidate Response 1:
{Response 1}

Candidate Response 2:
{Response 2}

Candidate Response 3:
{Response 3}

Candidate Response 4:
{Response 4}

We also provide a common prompt template to
instruct the model to solve the problem directly.
This common prompt template is applicable for
any LLMs.

Common Prompt Template for Direct-

Answer Generation

{Problem }
Think step by step and put final answer
within \boxed{}.
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Figure 8: Average token counts of model Direct-
Solving outputs across five benchmarks, showing the
breakdown between the Thinking (solid) and Summary
(hatched) components. Percentages indicate the propor-
tion of summary tokens.

A critical factor for the feasibility of our method
is the management of context length, as recontextu-
alizing the verbose responses from thinking model
can lead to prohibitive compute overhead. We in-
novatively mitigate this by exclusively extracting
the summary component from responses while
discarding the preceding thinking component.

To quantify the efficiency of this strategy, we an-
alyze the token composition of our model’s outputs
across the five benchmarks of Section 4.2. As illus-
trated in Figure 8, the summary component is re-
markably succinct, consistently accounting for only
a small fraction of the total generated tokens (e.g.,
6.6% to 14.8%). In particular, for difficult bench-
marks like AIME24 and AIME2S5, the total num-
ber of tokens generated is substantial and exceeds
13,000 on average. Despite this, the summary com-
ponent itself still remains remarkably concise, with
an average token count of fewer than 1,000. Across
the five distinct and representative benchmarks, the
token length of the summary component varies
from 570 to 960 tokens. This demonstrates that
the input context is well controlled, imposing an
average input burden of less than 4000 tokens even
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Table 4: Average token counts of model Self-Refinement outputs against Direct Solving across five benchmarks.

Benchmark \1ME24 AIME25 AMC2223 MATHS00  Olympiad
Token Count

self-Refinement 8878
Direct Solving 13232
Reduction(%) -32.9%

10477
13687
-23.5%

5270 2745 5910
7732 3850 8209
-31.8% -28.7% -28.0%

on the challenging AIME24 benchmark.

As detailed in Table 4, we further calculate the
average token length for GSR-7B to perform self-
refinement given four candidate responses. We find
that token consumption is significantly lower than
the direct-solving approach. We attribute this effi-
ciency to the model’s ability to leverage valuable
information from correct candidate responses and
thus to prune the search space significantly during
its chain-of-thought reasoning.

C Full Results of Fine-Grained Analysis

In this section, we provide the full experimental
results in Section 4.4. The results of fine-grained
analysis of our method across AIME24, AIME25,
AMC22-23, MATHS500, Olympiad is provided in
Table 5. For each number of correct candidate
responses (from O to 4), we compile statistics on
our model’s performance, including the number of
correct answers, wrong answers, total trials, and
the final correct ratio.

D Experiments Details

D.1 Training Settings

We train Qwen2.5-7B-Instruct(Yang et al., 2025b)
on the 368K SFT dataset for 3 epochs with
the AdamW optimizer, employing a 10% linear
warmup followed by a cosine learning rate decay
schedule. The maximum learning rate is set to
le-4, with a batch size of 128 and a maximum se-
quence length of 24K tokens. To support longer
context windows and align with advanced think-
ing mode, we adopted the chat_template from
the Qwen3 family(Yang et al., 2025a) and ex-
tended the maximum sequence length by setting
max_position_embeddings to 65,536.

In the ablation study, we train the model for 5

epochs and set the maximum learning rate to 4e-5.
All other settings remain the same.

D.2 Evaluation Settings

We explicitly instruct all models to think step
by step and to enclose the final answer within
\boxed{} (Hochlehnert et al., 2025). We use the
Math-Verify framework, a more robust way to ex-
tract and verify answers.

We first sample candidate responses in the direct-
solving mode and then perform various test-time
scaling strategies based on these candidate re-
sponses. For base Qwen2.5-7B-Instruct, we con-
figure the evaluation process to set the maximum
new tokens of 4,096 and apply optimal hyperpa-
rameters. For our GSR-7B, we configure the max-
imum new tokens of 32,768, temperature of 0.6
and top-p 0.95. To mitigate the evaluation variance
(Hochlehnert et al., 2025), we repeat 32 trials for
every problem in AIME24 and AIME2S5, and 16 for
all other benchmarks. We present the average accu-
racy across 16 or 32 samples generated directly for
every problem as pass@1.

Then, we compute several TTS metrics based
on non-overlapping groups of every four candi-
date responses: maj@4 (majority voting accuracy),
BoN@4 (Best-of-N) and Ref/SelfRef@4. The fi-
nal scores for these metrics are the average perfor-
mance across all groups. For all baseline models,
we follow the exact hyperparameter values and the
specific prompt recommended in their official doc-
umentation or model cards. For RRM and RM-R1,
we employ a knockout tournament strategy (Guo
et al., 2025), a method of iterative pairwise compar-
1son and elimination to determine the best answer,
which effectively guides LLMs to perform BoN
sampling. Our method is evaluated with a max-
imum of 32,768 output tokens, 6,144 tokens for
candidate response input (1,566 tokens per candi-
date response), temperature of 0.6 and top-p 0.95.
We ensure that our method also runs 32 trials for
AIME?24 and AIME?25, and 16 for the remaining
benchmarks.
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Table 5: Full results of robustness analysis of our method across five mathematical benchmarks. We report correct
number, wrong number, correct ratio and total conditioned on the number of correct candidates.

Number of Statistics Benchmarks
Correct Candidates AIME24 AIME25 AMC22-23 MATHS00 Olympiad

Correct 260 200 867 6604 5573

A4 Wrong 0 0 1 12 11
Total 260 200 868 6616 5584
Correct Ratio(%) 100 100 99.9 99.8 99.8
Correct 152 92 147 581 1049

34 Wrong 4 4 1 35 67
Total 156 96 148 616 1116
Correct Ratio(%) 97.4 95.8 99.3 94.3 94.0
Correct 129 101 80 165 564

24 Wrong 15 15 20 51 132
Total 144 116 100 216 696
Correct Ratio(%) 89.6 87.1 80 76.4 81.0
Correct 77 84 30 112 367

14 Wrong 51 44 26 116 357
Total 128 128 56 228 724
Correct Ratio(%) 60.2 65.6 53.6 49.1 50.7
Correct 16 19 14 11 117

0/4 Wrong 256 401 142 313 2563
Total 272 420 156 324 2680
Correct Ratio(%) 5.9 4.5 9.0 3.4 4.4

E Dataset Curation

For simplicity, we establish a data pipeline based
on a single large-scale mathematics data set, Open-
MathReasoning(Moshkov et al., 2025). OpenMath-
Reasoning dataset is curated from the AoPS com-
munity forums, performed rigorous filtering, clas-
sification, transformation, and benchmark decon-
tamination, containing 540K mathematical prob-
lems and 3.2M generations from DeepSeek-R1 and
QwQ-32B.

The detailed procedure, including the numbers
of problems and samples remaining at each stage,
is documented in Table 6. In summary, the pipeline
involves several filtering steps, such as removing
generations not used in the Kaggle competition,
removing problems without an extracted answer,
and discarding any generations without a pass rate
evaluated by Qwen2.5-72B-Instruct. Subsequently,
we aggregate the corresponding solutions for each
problem, and then retaining problems with a pass
rate between 0.25 and 0.9, yielding a prefiltered
pool of 56K unique problems and 617K genera-
tions.

We construct the self-refinement dataset

(Dseifr) using these 56K problems. As summa-
rized in Table 7, for each problem, we generate
6 candidate responses with Qwen2.5-7B-Instruct
using temperature of 1.0, top-p of 0.95, and a
maximum output length of 4096 tokens to foster
diversity. Given the inherent difficulty of the
problems, we implement a specific selection
process for the 6 responses. We filter and construct
a fixed size set of 4 candidate responses. This set
is composed of all correct solutions from the initial
candidate pool of 6, with the remaining filled by
incorrect solutions to meet the required size of 4.
The order of these 4 candidates is then randomized.
By combining each original problem with its set
of candidate responses according to the prompt
template in Appendix A, we constructed a dataset
of 56K self-refinement problems. We further
remove data where the prompt length exceeded
8,192 tokens, resulting in a final dataset of 53K
samples.

For these 53K self-refinement problems, we uti-
lize QwQ-32B model and generate up to 10 so-
lutions for each problem in our dataset. We use
temperature of 0.7, top-p of 0.95, and limit gener-
ations to 16,384 tokens. The generated solutions
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Table 6: Step by step filtering process for the construction of problems. The process starts from a large-scale raw
dataset and applies a series of filtering operations to yield the final curated dataset. The number of unique problems
and their corresponding generated outputs are tracked at each step.

Step Filtering Operation Problems Generations
- Initial Raw Dataset 540K 3.2M
1 Remove generations not used in Kaggle competition. - 2.2M
2 Retain data with ’problem_type’ == "has_answer_extracted’. - 1.3M
3 Discard problems that have no ’pass_rate_72b_tir’. - 1.2M
4 Aggregate generations by their corresponding unique problem. 116K 1.2M
5 Filter problems to keep only those with a ’pass_rate_72b_tir’ between 0.25 and 0.90. 56K 617K
Table 7: Step by step curation of final hybrid training datasets from the prefiltered pool.
Path Step Operation Problems Generations
- - Prefiltered Pool (from Table 6 Step 5). 56K 617K
Dseifr 1 Use all 56K problems for self-refinement generation. 56K -
2 Generate 6 solutions as candidates using Qwen2.5-7B-Instruct. 56K 336K
3 Construct augmented prompts for self-refinement. 56K -
4 Remove data where the prompt length exceeded 8,192 tokens. 53K -
5 Generate 10 solutions per problem using QwQ-32B. 53K 530K
6 Subsample final solutions based on correctness. - 184K
Direct 1 Randomly sample 184K generations from the pre-filtered pool. - 184K
Final Dataset 1 Merge the direct-answer dataset with self-refinement dataset. - 368K

by QwQ-32B are then filtered based only on the
correctness. Specifically, if a problem yields be-
tween one and nine correct solutions (out of 10),
we retain all of them. However, for problems where
all 10 generated solutions are correct, we randomly
sample four of them. This curation process yields
our final training dataset D, for self-refinement
task of 184K samples.

For the direct-answer dataset, we randomly sam-
ple an equal number of 184K, the size of our self-
refinement dataset, from the dataset obtained after
Step 5 in Table 6 to create our Dg;,...; dataset. We
then merge the self-refinement dataset D¢ rr With
direct-answer dataset D ;... to create our final hy-
brid 368K training dataset.

F Case Study

In this section, we present a more detailed case
study from AIME24. This case demonstrates that
our method can recover from four incorrect candi-
date responses and produce a final correct solution.

F.1 Original Question and Candidate
Solutions

The following is the original problem and four can-
didate responses provided to the model. Due to
space constraints, the content of the candidate re-
sponses has been condensed.

Question and Candidate Solutions

You are an expert and creative solver,
provided with a challenging problem and
a set of candidate responses which may be
correct, partially correct or even wrong.
You should first fully summarize the
connection between candidate responses
and problem, then generate a new and
superior solution. You should generate a
correct solution yourself if all candidates are
wrong. Don’t copy candidates, use insights
selectively and reason independently.
Problem:

Let AABC have circumcenter O and
incenter I with TA | OI, circumradius 13,
and inradius 6. Find AB - AC. Let’s think
step by step and output the final answer
within \boxed{}. Candidate Response 1:
...Given the symmetry and the conditions,
we can use the known result for the product
of the sides in a right triangle:

AB - AC = 384
Thus, the product AB - AC'is:

384
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Candidate Response 2:
...Thus, the final answer is

26V 39

Candidate Response 3:
...Thus, the final answer is:

312

Candidate Response 4:
...Thus, the final answer is:

F.2 Thinking Process of Self-Refinement

In this section, we present a more detailed trace
of the model’s thinking component and summary
component, when provided with a problem and
four candidate responses. We split and structure
the model’s raw thinking process into four parts,
each marked by a bold title. To provide analytical
insights, we have inserted meta comment in blue
italics, focusing on how the model analyzes, dis-
cerns, and selectively utilizes valuable information
from four candidates responses. We give special
attention to the model’s ability to self-correct by an-
alyzing candidate responses, identifying flaws and
choosing an alternative decoding path. To make
the model’s direct engagement explicit, its verba-
tim references to the candidate responses are high-
lighted in red.

Thinking component of GSR-7B

1. Initial analysis and calculation (Consis-
tent with candidates)

Okay, let me try to tackle this problem step
by step. ... First, I remember that there’s
a formula connecting the distance between
the incenter and circumcenter (O1) with the
circumradius (R) and inradius (7). The for-
mula is OI? = R(R — 2r). Let me plug
in the given values: R = 13 and r = 6.
So, OI? = 13(13 — 12) = 13 x 1 = 13,
so OI = +/13. That’s straightforward.
Next, the problem states that I A is perpen-
dicular to OI. Since A L OI, triangle
OIA is a right triangle with right angle
at I. The hypotenuse here is O A, which
is the circumradius, so OA = 13. Using
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the Pythagorean theorem on triangle O A:
OA? = OI* + I A?. Plugging in the known
values: 132 = (V13)? + [A%? — 169 =
13+ TA? — TA% = 156 — 1A = V/156.
[Meta comment: The model’s initial calcu-
lations align perfectly with the correct steps
found in Candidates 1 and 2, thereby estab-
lishing a valid foundational starting point.
The model also notes a critical flaw in Can-
didates 3 and 4: they employ an incorrect
formula, OI? = R? — 2Rr. Although this
formula coincidentally produces the correct
numerical value for the specific given radius
R = 13, its structural inaccuracy leads the
model to correctly flag these candidates as
unreliable early in the process. ]

2. Deep dive and critique of candidate
strategies

[Meta comment on Candidate 1: The model
observes that Candidate 1’s final answer,
384, is presented without a clear derivation.
The model formulates a hypothesis: this an-
swer might originate from an unstated and
potentially incorrect assumption that the tri-
angle is right-angled at vertex A. It then
proceeds to rigorously test this hypothesis. |

Alternatively, perhaps the triangle is right-
angled? If AABC! is right-angled, then the
circumradius would be half the hypotenuse.
Since the circumradius is 13, then the hy-
potenuse would be 26. Suppose angle A
is 90°, then BC would be the hypotenuse,
so BC' = 26. Then, using the inradius for-
mula: r = (AB + AC — BC)/2. Given
r = 6,s0 (AB + AC —26)/2 = 6 —
AB + AC = 38. Also, by Pythagoras,
AB?+ AC? = 26 = 676. ... 2AB- AC =
1444—676 = 768 — AB-AC = 384. Wait,
that’s one of the candidate answers (Candi-
date 1’s answer is 384). But does this satisfy
the condition /A L OI? ... Let me set coor-
dinates: Let’s place A at (0,0), B at (0,b),
C at (¢,0). ... in a right-angled triangle at
A(0,0), with legs on axes, ... the incenter
is at (r,r). So here, I would be at (6, 6).
The circumcenter O is the midpoint of BC,
which is at (¢/2,b/2). Now, we need to
check if I A is perpendicular to OI. Vec-
tor I A is from 1(6,6) to A(0,0): (—6,—6).




Vector OT is from O(c/2, b/2) to 1(6,6):
(6 —c/2,6 —b/2). Their dot product should
be zero: (—6)(6 —c/2) + (—6)(6 —b/2) =
0 — —36+3¢/2—36+3b/2=0— —72+
(3/2)(b+c¢) = 0. Butsince b+ ¢ = 38, —
—T724(3/2)%x38 = —T72+4+57=—15#0.
Thus, the dot product is not zero, so the con-
dition IA 1 OI is not satisfied. ...but the
calculation gave AB-AC=384, which is the
first candidate’s answer, but it doesn’t satisfy
the perpendicular condition. So that must be
incorrect... Therefore, the triangle cannot be
right-angled at A. Hmm, so that approach
was wrong.

[Meta comment on Candidate 2: The model
shifts its analysis to the other candidates
and identifies a valuable, correct interme-
diate step within Candidate 2’s reasoning.
It decides to pursue this line of reasoning
to evaluate its potential and identify where,
if at all, it deviates from a correct solution
path.]

...Wait, another formula for A is
IA = 2Rsin(A/2). Let me check
that.  Yes, I think that’s correct.

IA = 2Rsin(4/2) — 156 =
2 - 13 - sin(4/2) — sin(4/2) =
V156/(26) = +/39/13. Thus,
sinA = 2sin(A/2)cos(A/2) =
2 - (V39/13) - (VI30/13) =
= (24/30)/13. We had
sinA = 2v/30/13. Then cosA =

V1—sin?A = /1-(4-30)/169 =

/(169 — 120)/169 = \/49/169 = 7/13.

[Meta comment: The model confirms the va-
lidity of Candidate 2’s calculations regard-
ing the trigonometric properties of angle A,
acknowledging this as a key insight. How-
ever, it also diagnoses the critical failure
point in Candidate 2’s approach: the strat-
egy becomes untenable when it hinges on
calculating the semiperimeter, ’s’, a step
where the candidate’s method falters. The
model elects to adopt the correct trigonomet-
ric values derived by Candidate 2 while con-
sciously avoiding the flawed semiperimeter-
dependent strategy. |

.50, 65 = (1/2)-AB-AC-(2v/30/13) —
6s = (AB - AC -\/30)/13 — AB - AC =
(65 -13)/+/30. Hmm, so if I can find s, then
I can compute AB - AC... This is the path
Candidate 2 took, but they failed to find s
correctly. I will retain the trigonometric val-
ues for angle A but seek a more direct path
to the solution, avoiding this semiperimeter
dead end.

3. Synthesizing a novel, correct solution
from useful parts

[Meta comment: After systematically identi-
fying the flaws in Candidates 1, 3, and 4, and
the dead-end in Candidate 2’s approach, the
model determines that a novel solution path
is required. The chosen strategy is a synthe-
sis: it leverages the correct trigonometric
values for angle A, which were validated
from Candidate 2’s work, and integrates
them with a powerful trigonometric iden-
tity not utilized by any of the candidates. |

..We have r = 6,R = 13, so:
6 = 4-13 - sin(A/2)sin(B/2)sin(C/2).
We already found sin(A4/2) =
V/39/13. Let me plug that in:
6 = 52 (1/39/13) - sin(B/2) sin(C/2) —
6 = 4439 - sin(B/2)sin(C/2) —
sin(B/2)sin(C/2) = 6/(4V/39) =
3/(2v/39). Also, since
B+ C = 7w — A, sin(B/2)sin(C/2) =
[cos((B — C)/2) —cos((B+C)/2)]/2 =
[cos((B — C)/2) — sin(A/2)]/2.  So,
cos((B_— C)/2) — V39/13)/2 ~—
3/(2v/39) — cos((B—C)/2)—+/39/13 =
3/v39 — cos((B — C)/2) = 3//39 +
V39/13 = --- = 21/39/13. ... Now, using
the identity for sin B sin C': sin BsinC' =
[cos(B — C) — cos(B + C)]/2. We have
cos(B — C) = 2cos?((B—-C)/2) — 1 =
2-((2v/39/13)?) — 1 = --- = 143/169.
And cos(B + C) = —cosA = —7/13.
sin Bsin C' = [143/169 — (—7/13)]/2 =
[143/169 + 91/169]/2 = (234/169)/2 =
117/169. Thus, AB - AC =
4R%*sin BsinC = 4 - (13)% - (117/169) =
4-169 - (117/169) = 4 - 117 = 468.
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4. Final verification of the self-derived
answer

...Hmm, so the correct answer should be
468. But none of the candidates have this.
... let me see if that makes sense with the
area. The area A = (AB - AC'sin A)/2 =
(468 - (24/30/13))/2 = (468 - v/30)/13 =
36+/30. Also, the area is rs = 6s. Thus,
6s = 36130 — s = 64/30. ... The sides
are a 44/30, and b+ ¢ = 2s —a =
121/30 — 4v/30 = 8v/30. Thus, b+ ¢ =
81/30, and bec = 468. ... We can check if
these satisfy the Law of Cosines: cos A =
(b®+c?—a?)/(2bc). We have cos A = 7/13.
B2+ = (b+c)? — 2bc = (8/30)% —
2(468) = 1920 — 936 = 984. Plugging into
Law of Cosines: (984 — 480)/(2 - 468) =
504/936 = 7/13. This matches the earlier
result. Thus, the calculations are consistent.
Therefore, the correct answer should be 468.

F.3 Summary Component of Self-Refinement

We now present the summary component generated
by the model. This component serves as a concise
distillation of the core content detailed in the pre-
ceding chain-of-thought analysis. It is worthy that
the model autonomously provides a novel solution
path, distinct from all candidate responses, to arrive

at the correct answer of 468.

Summary component of GSR-7B

To solve the problem, we need to find the
product AB - AC for triangle ABC with
circumradius R = 13, inradius r = 6, and
the condition that TA 1. OI.

Key Steps:

1. **Distance Between Incenter and Circum-
center**: Using Euler’s formula:

OI’ =R(R — 2r) = 13(13 — 12) = 13
— 0l =13

2. **Right Triangle Condition**: Since
TA 1 OI, triangle OI A is right-angled at
1. Using the Pythagorean theorem:

OA? = OI’+1A? — 132 = (V13)%+
IA? = JA? =156 = 1A =156

3. **Trigonometric Relationships**: - The
distance I A can also be expressed as [A =

2R sin (%):

A
V156 =2-13 -sin (2>

A)Z\/?E

— 1 — _
Sin ( 9 13

- Using the double-angle identity for sin A:

. . (A A
sin A = 2sin <2> cos <2>

_,. V39 130 _2v30
- 13 13

169

- The cosine of angle A is:

cos A = m = 1—73
4. **Product of Sides Using Law of Sines**:
- The sides AB and AC are given by:
AB =2RsinC' and AC =2Rsin B
- The product AB - AC'is:
AB - AC = 4R?sin BsinC

- Using trigonometric identities and the
given conditions, we find:

117
in BsinC = —
S1n S11 169

- Substituting R = 13 and sin Bsin C":

117
AB-AC =4-13%- == =4-117 = 468
169
Final Answer:
468
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