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Abstract

Recent theory suggests Transformers are in-
herently succinct, capable of representing re-
cursive algorithms like binary counting over
exponential state spaces using constant-size
circuits, unlike the exponential bottleneck of
RNNs. However, it remains unclear under what
conditions gradient-trained Transformers con-
verge to these predicted succinct circuits, or
whether they settle for heuristics. We bridge
this gap by rigorously testing the Succinctness
Hypothesis via mechanistic interpretability on
the LARGECOUNTER task. We report a strik-
ing dichotomy: shallow Transformers (d = 64)
generalize perfectly, whereas massive LSTM
baselines (d = 2048) fail completely (< 6%
accuracy), empirically validating the succinct-
ness gap. This dichotomy extends to mod-
ern state-space models: Mamba and Mamba-2
fail even more catastrophically (< 1.1%), con-
firming the hierarchy Transformer ≫ LSTM
> SSM predicted by formal complexity re-
sults. We show this capability is acquired via
a grokking phase transition driven by a weight-
norm “complexity collapse”. Mechanistic anal-
ysis reveals the learned circuit aligns precisely
with Boolean RASP theory: attention heads uti-
lize Rotary Positional Embeddings (RoPE) for
“Same-Bit Lookup”, while MLPs act as exact
XOR/AND logic gates. Furthermore, we detect
analogous “Arithmetic Heads” in pre-trained
LLMs (Pythia), suggesting that succinctness
is a representational inductive bias that, when
activated by sufficient regularization, governs
how models learn algorithmic reasoning.

1 Introduction

The Transformer architecture (Vaswani et al., 2017)
has become the foundation of modern natural lan-
guage processing, enabling large language mod-
els (LLMs) to achieve remarkable performance on
tasks from translation to mathematical reasoning
(Brown et al., 2020). Despite this success, a precise
theoretical characterization of the Transformer’s

computational strengths, especially compared to
recurrent architectures, remains incomplete (Yun
et al., 2020; Pérez et al., 2021; Sanford et al., 2023;
Bhattamishra et al., 2024).

The Expressivity Debate. Under fixed numeri-
cal precision, i.e., the standard floating-point repre-
sentations used in practice, Transformers are lim-
ited to star-free regular languages (Hahn, 2020;
Yang et al., 2024), whereas RNNs can recognize
the full class of regular languages (Siegelmann and
Sontag, 1995; Merrill et al., 2020). While sub-
sequent work showed that Transformers become
Turing-complete under arbitrary precision (Pérez
et al., 2021; Dehghani et al., 2019), such results
rely on unrealistic assumptions (Luo et al., 2022;
Nath et al., 2024; Strobl et al., 2024).

Succinctness: A New Lens. Recent progress has
revised this expressivity-centered view by intro-
ducing succinctness as a more faithful lens. Rather
than asking which languages a model can represent,
succinctness asks how efficiently those behaviors
can be encoded. Bergsträßer et al. (2025) show that
fixed-precision Transformers can represent large
counters (up to 22

n
states) with only O(poly(n))

parameters. In contrast, RNNs (Hochreiter and
Schmidhuber, 1997; Cho et al., 2014), State-Space
Models (SSMs) (Gu and Dao, 2023), and Linear
Temporal Logic (LTL) (Pnueli, 1977) face an expo-
nential state bottleneck, requiring exponentially
larger descriptions to capture the same dynamics
(Korsky and Berwick, 2019; Bhattamishra et al.,
2024). These results collectively suggest that the
Transformer’s advantage lies not in the breadth of
languages it can recognize, but in how efficiently
attention encodes long-range dependencies (Bah-
danau et al., 2015).

The Expressivity–Learnability Gap. Despite
this progress, a critical gap remains between theo-
retical potential and practical optimization. Prior
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Figure 1: (A) Theory predicts that fixed-precision Trans-
formers admit succinct “Counter” circuits based on
Boolean logic (Bergsträßer et al., 2025). (B) In practice,
models initially favor heuristics due to simplicity bias
(Shah et al., 2020) and only recover the succinct mecha-
nism after grokking (Power et al., 2022).

work has largely examined these questions in iso-
lation: theory characterizes expressivity, i.e., what
Transformers can represent in principle (Yun et al.,
2020; Pérez et al., 2021), while mechanistic in-
terpretability reveals what trained models actually
learn (Olah et al., 2020; Elhage et al., 2021; Meng
et al., 2022; Nanda et al., 2023). Bridging this
gap is challenging because deep networks exhibit
a strong simplicity bias (Shah et al., 2020; Shaw
et al., 2025), often favoring heuristic shortcuts over
robust algorithmic solutions (Geirhos et al., 2020;
Bhattamishra et al., 2023). The succinct circuits
predicted by theory are elegant but fragile, rais-
ing a central question: Under what conditions do
gradient-trained Transformers converge to the
predicted succinct circuits, or do they settle for
suboptimal heuristics?

Grokking as Circuit Discovery. Recent work
identifies a phenomenon that offers a potential
bridge: grokking (Power et al., 2022), where net-
works undergo a sharp phase transition from mem-
orization to generalization long after training ac-
curacy saturates. This connects to double de-
scent (Nakkiran et al., 2020). Crucially, Nanda
et al. (2023) provided mechanistic evidence that
grokking corresponds to the discovery of generaliz-
able algorithmic circuits. As illustrated in Figure 1,
we hypothesize that grokking enables models to
transcend simplicity bias and recover the succinct
mechanisms predicted by theory.

The LARGECOUNTER Testbed. To test this
hypothesis, we introduce LARGECOUNTER (Ln)
as a minimal yet decisive testbed. The task re-
quires predicting the next n-bit binary integer (e.g.,

0111→1000), forcing the model to master the re-
cursive ripple-carry mechanism where a single
bit flip can propagate across the entire represen-
tation. Despite its simplicity, LARGECOUNTER

encapsulates the core difficulty of algorithmic state
tracking: although the language is regular, its
minimal automaton has 2n states. This makes
it an ideal separator: it directly instantiates the
exponential bottleneck for recurrent models (Mer-
rill, 2019), while remaining theoretically efficiently
solvable for Transformers via sparse retrieval (Bhat-
tamishra et al., 2024).

Mechanistic Interpretability as Verification.
To verify whether learned solutions match theo-
retical constructions, we adopt mechanistic inter-
pretability (Olah et al., 2020; Elhage et al., 2021;
Méloux et al., 2025), i.e., reverse-engineering neu-
ral representations into algorithmic circuits. Build-
ing on Transformer circuit analysis (Elhage et al.,
2021; Musat, 2025) and compilation tools (Lindner
et al., 2023), we employ causal abstraction (Geiger
et al., 2021) and activation patching (Meng et al.,
2022; Wang et al., 2023). We anchor our analysis
in Boolean RASP (B-RASP) (Weiss et al., 2021).

Contributions. Our contributions are four-fold:

• Empirical Validation of the Succinctness
Gap. A 2-layer Transformer (d=64) general-
izes perfectly to held-out states. In contrast,
LSTM (Hochreiter and Schmidhuber, 1997)
and GRU (Cho et al., 2014) baselines collapse
(<6% accuracy) even at d=2048, confirming
the exponential bottleneck.

• Grokking as Complexity Collapse. The suc-
cinct circuit emerges via a sharp grokking tran-
sition. This phase change coincides with a
pronounced reduction in weight norm, i.e.,
a “complexity collapse”, suggesting that the
model abandons heuristic memorization for a
sparser, generalizable algorithmic solution.

• White-Box Mechanistic Verification. Using
activation patching (Meng et al., 2022; Wang
et al., 2023) and attention analysis (Musat,
2025), we identify Same-Bit Lookup heads
(attending n+1 tokens back) enabled by Ro-
tary Positional Embeddings (RoPE) (Su et al.,
2024) which facilitate precise relative address-
ing, and MLPs approximating XOR/AND op-
erations, i.e., aligning with B-RASP.
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• Exploratory Signatures in Pre-trained
LLMs. Extending our analysis to real-world
models (the Pythia suite (Biderman et al.,
2023), i.e., chosen to avoid RLHF distortions
(Ouyang et al., 2022), we detect “Arithmetic
Heads” exhibiting qualitatively similar rout-
ing patterns to our synthetic models. This pro-
vides suggestive evidence that retrieval-based
arithmetic routing strategies may emerge dur-
ing large-scale pre-training, though we do not
claim functional identity given the complexi-
ties of polysemanticity in large-scale models.

Taken together, our results show that Trans-
former succinctness is not merely a theoretical up-
per bound, but a representational inductive bias
activated by sufficient regularization: under appro-
priate optimization pressure, gradient descent dis-
covers the compact algorithms predicted by theory.

2 Preliminaries

2.1 Problem Setup and Notation

We formulate LARGECOUNTER as autoregressive
next-token prediction over a vocabulary V =
{0, 1,#}. The input x = (x1, . . . , xT ) encodes
consecutive integers N0, N1, . . . modulo 2n. Each
Ni is an n-bit binary string in big-endian order,
separated by the delimiter #.

Bit Indexing and Token Position. Let b(Ni, k)
denote the k-th bit of Ni, where k = 0 is the least
significant bit (LSB, 20) and k = n−1 is the most
significant bit (MSB). Due to big-endian format-
ting, the logical bit index k maps inversely to se-
quence position. Crucially, if the current token
corresponds to bit k of Ni+1, the corresponding bit
b(Ni, k) in the previous number is located at a fixed
relative offset of −(n+ 1) tokens. This structural
constant is key to the “Same-Bit Lookup”.

Remark on Bit Ordering. Our task is autore-
gressive sequence generation, not single increment
transduction. For the simpler problem of trans-
ducing bin(N)→ bin(N+1), little-endian (LSB-
first) encoding reduces the carry logic to a 2-state
Mealy machine. However, our generator must pro-
duce bin(0)#bin(1)# · · · without external input
providing the current counter value, so it must track
N internally. By the Myhill-Nerode theorem (Ap-
pendix A.1), Ln has exactly 2n equivalence classes
regardless of bit ordering. Little-endian encoding
roughly triples RNN accuracy but the gap to the

Transformer remains >84 percentage points (Ap-
pendix G), confirming the bottleneck is architec-
tural, not an encoding artifact.

2.2 The LARGECOUNTER Language

We formally define the target language Ln, which
serves as our primary testbed.

Definition 1 (LARGECOUNTER). For a bit-width
n, the n-bit LARGECOUNTER language Ln is the
set of sequences representing the modulo-2n cy-
cle: Ln = {bin(0)#bin(1)# · · ·#bin(2n − 1)},
where bin(·) denotes the zero-padded n-bit binary
representation.

2.3 UHAT, B-RASP, and Succinctness

To characterize succinctness, we adopt the Unique
Hard-Attention Transformer (UHAT) (Hahn,
2020) and the computationally equivalent Boolean
RASP (B-RASP) (Weiss et al., 2021). This frame-
work highlights a fundamental gap:

Proposition 1 (Bergsträßer et al., 2025). To recog-
nize or generate Ln: (1) Any fixed-precision RNN
requires Ω(2n) states (exponential bottleneck); (2)
A UHAT requires only O(poly(n)) parameters to
implement the generative logic.

We treat Proposition 1 as a falsifiable hypothesis
and design our experiments to test its two specific
mechanistic predictions (Section 2.4).

While Bergsträßer et al. (2025) demonstrate that
UHATs can theoretically scale to even larger coun-
ters counting up to 22

n
(achieving a doubly expo-

nential gap), the fundamental computational prim-
itive enabling both constructions is identical: the
bitwise ripple-carry mechanism. We focus our em-
pirical investigation on Ln because it isolates this
specific atomic mechanism. If gradient descent can
discover the O(poly(n)) solution for Ln instead of
the Ω(2n) heuristic, it serves as sufficient evidence
that the model has learned the succinct algorithmic
logic rather than memorizing states.

2.4 Succinct Bitwise Logic

Theory predicts that Transformers solve Ln via a
bitwise circuit (Figure 2) rather than scalar state
tracking. This consists of two components:

1. Same-Bit Lookup (The Retrieval). To pre-
dict the k-th bit of the new number, the model must
retrieve the state of that same bit from the previous
number. Mechanistically, this requires an attention
head to learn a relative positional shift of−(n+1),
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Theoretical Succinct Bitwise Logic Circuit
Example: Ni = 7 (0111)  Ni + 1 = 8 (1000)

0 1 1 1 # 1 0 0 0

k=3 (MSB) k=3 (MSB)k=2 k=2k=1 k=1k=0 (LSB) k=0 (LSB)

Ni = 7 Ni + 1 = 8

Same-Bit Lookup: offset = (n + 1) = 5 tokens

Bitwise Computation:  b(Ni + 1, k) = b(Ni, k) Ck

k = 3

C3 = 1 1 1 = 1

0 1 = 1

k = 2

C2 = 1 1 = 1

1 1 = 0

k = 1

C1 = 1

1 1 = 0

k = 0

C0 = 1 (always)

1 1 = 0

1 = bit is 1 0 = bit is 0 = Attention (Same-Bit Lookup)

Succinctly uses O(poly(n)) parameters to represent 2n states

Figure 2: Theoretical circuit for counting. Arrows
indicate Same-Bit Lookup (offset −(n + 1)), re-
trieving bits from Ni to predict Ni+1. Example
7 → 8: b(Ni+1, k) = b(Ni, k) ⊕ Ck, where Ck =∧

j<k b(Ni, j).

as shown by the arrows in Figure 2. We term this
the Same-Bit Lookup Head.

2. Carry Computation (The Logic). A bit flips
(0→ 1 or 1→ 0) if and only if a carry propagates
to its position. For the k-th bit, a carry Ck is gen-
erated if and only if all less significant bits (0 to
k − 1) in the previous number are 1.

Ck =
k−1∧

j=0

b(Ni, j) (1)

Note that for k = 0 (the LSB), the empty conjunc-
tion evaluates to C0 = 1 by convention, reflecting
that the least significant bit always flips when in-
crementing. The prediction for the next bit is then
the XOR of the retrieved bit and the carry:

b(Ni+1, k) = b(Ni, k)⊕ Ck (2)

This derivation provides a falsifiable hypothesis
for our interpretability experiments: if the model
has truly grokked the task, we should observe atten-
tion heads performing precise −(n + 1) retrieval
and MLP neurons implementing the non-linear
XOR/AND decision boundaries defined above.

3 Experimental Setup

To empirically verify the succinctness hypothesis
and investigate the grokking dynamics, we conduct
controlled experiments on the LARGECOUNTER

task. We compare the learnability and efficiency of
Transformers against recurrent baselines and detail
our mechanistic analysis pipeline.

3.1 Architectures and Baselines

Transformers. We utilize strictly fixed-precision
Decoder-only Transformers (GPT-style), aligning
with realistic hardware assumptions (Strobl et al.,
2024). To facilitate mechanistic interpretation and
demonstrate succinctness, we utilize concise con-
figurations (L=2 layers, H=4 heads, hidden di-
mension d=64), as the theoretical construction re-
quires only a constant number of heads to imple-
ment the ripple-carry logic. Crucially, to enable the
precise relative addressing required for the Same-
Bit Lookup mechanism, we implement Rotary Po-
sitional Embeddings (RoPE) (Su et al., 2024) on
Query/Key projections. Unlike absolute embed-
dings, RoPE encodes position information directly
into rotation matrices, allowing heads to naturally
attend to tokens based on relative offsets (e.g., fixed
−(n+ 1) shift) regardless of sequence length.

Recurrent Baselines. To strictly test the theo-
retical prediction that RNNs require state spaces
exponential in n (Proposition 1), we train stan-
dard LSTM (Hochreiter and Schmidhuber, 1997)
and GRU (Cho et al., 2014) baselines. We evalu-
ate these models across a spectrum of sizes, vary-
ing the hidden dimension drnn from linear scaling
(drnn ∝ n) up to the maximum computational bud-
get (drnn = 2048). This comparative setup aims to
demonstrate that while compact RNNs consistently
fail, the exponential scaling required for success
(drnn ∝ 2n) quickly becomes intractable, thereby
confirming the succinctness gap.

Parameter Comparison. For a fair comparison,
we report the parameter counts of all models. Our
compact Transformer (L = 2, H = 4, d = 64) has
approximately 50K parameters. In contrast, the
largest RNN baseline (LSTM with drnn = 2048)
has approximately 1.5M parameters—a ∼30×
increase. Despite this significant capacity advan-
tage, we will show that RNNs fail to generalize,
empirically validating the architectural bottleneck
predicted by theory.

3.2 Task Setup and Training Protocol

Data Generation and Evaluation. We instan-
tiate LARGECOUNTER with bit-width n = 20
(search space 220). Since natural carry chains decay
exponentially (P (carry ≥ k) = 2−k), high-order
carry events are statistically negligible under uni-
form sampling. To ensure the model learns the full
recursive algorithm, we construct a training dataset
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(|Dtrain| ≈ 30% of space) using a stratified sam-
pling strategy that enforces a uniform distribution
over carry chain lengths. Specifically, we partition
the space into n strata based on the number of con-
secutive trailing ones. For each stratum k ≥ 1, we
select numbers ending with . . . 0 1 . . . 1︸ ︷︷ ︸

k

, ensuring

a carry propagation of length k + 1. The remain-
ing bits are sampled uniformly. This guarantees
that rare ‘worst-case’ global carries are represented
equally with trivial updates, preventing collapse
into low-bit heuristics. We report Sequence-Level
Accuracy: a prediction is correct only if the en-
tire n-bit successor perfectly matches the ground
truth. We note that grokking also occurs under uni-
form sampling (72.4% overall accuracy, 8/20 strata
grokked); stratification extends grokking to rare
carry chains (P (k≥10) ≈ 0.1%) but does not cre-
ate the phenomenon. All results below are reported
under curriculum-balanced training.

Optimization for Grokking. Standard training
protocols often lead to solution regimes domi-
nated by simplicity bias, where models prioritize
fitting the training data via dense memorization
rather than discovering compact algorithms. To
induce the grokking phase transition—where the
model discards heuristic shortcuts in favor of the
succinct circuit—we follow established regular-
ization recipes (Power et al., 2022; Nanda et al.,
2023). Specifically, we use the AdamW optimizer
(Loshchilov and Hutter, 2019) with a learning rate
of η = 10−3, a batch size of 512, and a deliber-
ately high weight decay coefficient of λ = 1.0.
This specific combination of hyperparameters fa-
cilitates the “slingshot” mechanism (Thilak et al.,
2024) by penalizing the high-norm parameters as-
sociated with memorization circuits, creating an
optimization landscape that favors the sparser, suc-
cinct algorithmic solutions predicted by theory. We
train for up to 5×104 optimization steps, extending
significantly beyond the point of training conver-
gence (typically reached < 5× 103 steps) to allow
the succinct logic to emerge. We report results aver-
aged over 5 random seeds to ensure the consistency
of the observed phase transitions.

Implementation Details. All models are imple-
mented in PyTorch and trained on a single NVIDIA
A100 GPU. Training time for the Transformer un-
til grokking is ≈2 hours. The RNN baselines are
trained with the same optimizer and learning rate
schedule for fair comparison. Code and trained

checkpoints will be released upon publication.

3.3 Interpretability Pipeline
Our analysis adopts a hypothesis-driven approach—
categorized as causal abstraction alignment by
Geiger et al. (2021). Instead of performing an un-
constrained search for interpretable features, we
leverage the B-RASP theory (the “what”) to guide
our search for specific mechanistic signatures (the
“where”). Concretely, we test the two predictions
derived in Section 2.4: (1) attention heads should
implement Same-Bit Lookup with a fixed relative
offset of −(n + 1) tokens, and (2) MLPs should
approximate the non-linear XOR/AND logic for
carry computation (Equations 1 and 2).

Causal Localization via Activation Patching.
To go beyond correlation and establish the causal
role of specific model components, we employ Ac-
tivation Patching (Meng et al., 2022). We define
a clean input xclean (requiring a carry) and a cor-
rupted input xcorrupt (carry trigger removed). We
run the model on xclean but intervene on a spe-
cific activation (e.g., Head h output) by injecting
its value from the xcorrupt pass. We then mea-
sure the drop in logit difference between the cor-
rect and counterfactual tokens. If patching a com-
ponent significantly degrades this difference, we
identify it as a critical node in the algorithmic
circuit—distinguishing routing components (Atten-
tion) from logic gates (MLPs).

Attention Pattern Verification. Complementary
to causal patching, we directly inspect raw atten-
tion weights to verify the physical implementation
of the Same-Bit Lookup mechanism. Specifically,
we test whether the identified heads consistently
attend to the theoretically predicted relative off-
set −(n + 1), distinguishing precise algorithmic
retrieval from heuristic patterns.

3.4 Extension to Pre-trained LLMs
To investigate whether the mechanistic signatures
discovered in our synthetic setting generalize to
large-scale models trained on natural data, we ex-
tend our analysis to the Pythia model suite (Bider-
man et al., 2023). Pythia serves as an ideal testbed
due to its fully open-source nature (including in-
termediate checkpoints) and, crucially, its lack of
Reinforcement Learning from Human Feedback
(RLHF), which can obscure internal circuit logic.

We focus on the Multi-Digit Addition task using
the Pythia-160M checkpoint, as this task shares
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the fundamental recursive structure (i.e., digit-wise
carry propagation) with our synthetic binary count-
ing. To enforce processing at the digit level (anal-
ogous to bits) rather than as atomic multi-digit to-
kens, we use 5-shot, space-delimited prompting:

1 2 + 3 4 = 4 6 \n 5 6 + 7 8 = 1 3 4 ...

The spaces enforce single-digit tokenization, com-
pelling the model to engage in fine-grained digit-
to-digit computation. This allows us to analyze the
attention patterns of each generated digit to probe
for the existence of Lookup and Carry-like heads
in the wild.

4 Experimental Results

We present empirical evidence validating the suc-
cinctness hypothesis and detail the mechanistic im-
plementation of the learned solution.

4.1 Succinctness Gap: Transformers vs RNNs

We begin by evaluating the sequence-level gener-
alization of different architectures on the LARGE-
COUNTER task (n = 20). Appendix Figure 8
summarizes the performance on the held-out test
set across all baselines.

Ensuring Fair Comparison. To isolate architec-
tural inductive biases, we ensured that recurrent
baselines were not hindered by optimization diffi-
culties. We performed an extensive hyperparameter
sweep for both LSTM and GRU, varying the hidden
dimension drnn from 64 up to 2048. Notably, at
the upper limit (drnn = 2048), the RNNs possess
significantly more parameters (∼1.5M) than the
succinct Transformer (∼50K), as detailed in Sec-
tion 3.1. We also experimented with curriculum
learning schedules to ease the optimization trajec-
tory. Despite these structural advantages, perfor-
mance consistently saturated at the baseline level
(< 6%), allowing us to attribute the gap to the
inherent expressivity bottlenecks of the recurrent
state rather than insufficient capacity or tuning.

Transformers Achieve Perfect Generalization.
Consistent with our theoretical derivation, the 2-
layer Transformer successfully bridges the gap be-
tween the training distribution (30% of state space)
and the held-out test set. Appendix Figure 8 shows
that the model converges to 100.0% sequence-
level accuracy across all 5 random seeds. This con-
firms that a shallow Transformer with O(1) heads
is sufficient to implement the succinct ripple-carry

algorithm, effectively learning to manipulate posi-
tional encodings to perform the required Same-Bit
Lookup.

RNNs Exhibit Performance Collapse. In stark
contrast, recurrent baselines exhibit a fundamental
inability to generalize, regardless of capacity:

• Linear Scaling (drnn ≈ n): Small LSTMs
and GRUs (drnn = 64) achieve 0.0% ac-
curacy. While they memorize frequent low-
bit transitions, they fail to propagate carries
across the longer chains required for unseen
numbers.

• Approaching Exponential Scaling (drnn =
2048): Even when scaled to drnn = 2048—
resulting in a model with ∼30× more param-
eters than the Transformer—performance re-
mains negligible (< 6%).

The catastrophic failure of RNNs is an expected
consequence of the stratified evaluation protocol.
Since standard RNNs struggle to maintain precise
state over long temporal horizons, they fail on strata
requiring deep carry propagation (k ≫ 1). The ob-
served accuracy of ≈ 5% corresponds to correctly
solving only the trivial strata (k = 0, i.e., no carry
propagation). This failure provides strong empiri-
cal support for Proposition 1: solving Ln with a re-
current architecture requires a state space growing
exponentially with n. A finite-dimensional vector
ht, even at d = 2048, acts as an information bottle-
neck that cannot succinctly represent the disjoint
cycle structure. The Transformer circumvents this
not by maintaining a larger state, but by utilizing
attention to access global history directly, reducing
space complexity from exponential to constant.

The Gap Extends to Modern SSMs. We ad-
ditionally evaluate Mamba (Gu and Dao, 2023)
and Mamba-2 (Dao and Gu, 2024), parameter-
matched to existing baselines (2 layers, dmodel ∈
{64, . . . , 768}). Both variants fail completely: the
best Mamba configuration achieves only 1.1% ac-
curacy (little-endian, dmodel=768), and Mamba-2
peaks at 0.6%—worse than LSTM at every param-
eter budget. This is predicted by three independent
theoretical results: Merrill et al. (2024) show all
diagonal SSMs are bounded by TC0, strictly less
expressive than non-linear RNNs for state tracking;
Sarrof et al. (2024) prove SSMs with non-negative
eigenvalues cannot solve even parity; and Grazzi et
al. (2025) confirm this empirically. The resulting
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hierarchy—Transformer ≫ LSTM > Mamba >
Mamba-2—aligns exactly with formal complexity
results and strengthens the succinctness claim. Full
results are reported in Appendix F.

4.2 Grokking Discovers Algorithmic Circuits
The transition from random initialization to the
perfect generalization observed above is neither
linear nor immediate. Our training dynamics reveal
a distinct grokking phenomenology, characterized
by a prolonged period of memorization followed
by a sudden phase transition into generalization.

The Two Phases of Learning. The optimization
process decouples into two regimes (Figure 3):

1. Memorization Phase (t < 1.5 × 104 steps):
The model rapidly fits the training set, reaching
near 100% training accuracy within the first
2,000 steps. However, validation accuracy re-
mains near random chance (≈ 5%). In this
regime, the model behaves like a lookup table,
memorizing specific input-output pairs without
extracting underlying arithmetic rules.

2. Generalization Phase (t > 1.5 × 104 steps):
Catalyzed by the consistent pressure of weight
decay (λ = 1.0), a sharp phase transition oc-
curs around step 1.5 × 104. Within a narrow
window, validation accuracy surges precipi-
tously from near-zero to 100%, indicating the
abandonment of heuristic shortcuts in favor of
the succinct, generalizable ripple-carry algo-
rithm.

Complexity Collapse Confirms Succinctness.
We find the mechanistic driver favoring the algo-
rithm over memorization. Figure 3 (Bottom) tracks
the trajectory of the L2 parameter norm. During the
memorization phase, the weight norm exhibits a
sustained ascent, reflecting the prohibitive represen-
tational cost of encoding unstructured mappings.

Crucially, the onset of generalization coincides
with a complexity collapse: the weight norm drops
significantly as test accuracy spikes. This aligns
perfectly with our Succinctness Hypothesis. The
memorization circuit, while easily accessible via
gradient descent, is “heavy” (high norm). The
ripple-carry algorithm, while harder to discover (re-
quiring specific head alignment), is “light” (sparse).
Strong regularization destabilizes the heavy solu-
tion, eventually forcing the optimizer to “slingshot”
(Thilak et al., 2024) into the deeper, narrower, but

Figure 3: Top: Training accuracy (blue) saturates early,
while test accuracy (green) lags until the phase transi-
tion. Bottom: Evolution of the L2 weight norm (||θ||2).
The memorization phase corresponds to high-norm cir-
cuits. The transition coincides with a sharp drop in
weight norm (slingshot), empirically confirming that
the generalized solution is structurally simpler (more
succinct) than the memorization solution.

more succinct basin of attraction corresponding to
the true algorithm. This norm reduction is not a
trivial artifact but a signature of structural discov-
ery: if the succinct circuit did not exist, the penalty
would preclude convergence to perfect accuracy.

A fine-grained λ ablation (Appendix B.4) con-
firms that grokking occurs across a broad effec-
tive range λ ∈ [0.3, 1.0]: λ=0.3 already achieves
95.7% and λ=0.5 reaches 99.2%, demonstrating
that the succinct circuit is not a brittle phenomenon
requiring a single magic value. Critically, no RNN
or SSM groks at any λ, confirming the asymmetry
is architectural: regularization activates a capacity
that only the Transformer possesses.

4.3 Mechanistic Analysis: Inside Black Box
Having established that the model converges to a
succinct solution, we now examine its mechanis-
tic implementation. We investigate whether the
learned circuit approximates the Same-Bit Lookup
and Ripple-Carry Logic operators described in our
B-RASP framework (Section 2.4).

Attention Heads Perform Lookups. The theo-
retical algorithm requires aligning the k-th bit of
Ni+1 with the k-th bit of Ni, corresponding to a
relative offset of −(n+ 1) positions (see Figure 2).
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Figure 4: Mechanistic Evidence of the Succinct Cir-
cuit. (Top) Attention pattern of L0H2 exhibiting the
precise −(n+ 1) diagonal offset required for Same-Bit
Lookup. (Bottom) Causal activation patching heatmap
confirming the circuit decomposition: L0H2 (green box)
performs retrieval, while the L0 MLP (blue box) imple-
ments the arithmetic logic (XOR/AND).

Visualizing the attention patterns highlights this
specific routing behavior. Consistent with the
complexity collapse, specific heads (e.g., Layer 0,
Head 2) exhibit a highly sparse, sharp diagonal at-
tention pattern (Figure 4 (Top)). For every output
token, the head allocates the vast majority of its at-
tention mass to the token exactly n+ 1 steps prior.
This suggests the continuous attention mechanism
has converged to a regime emulating discrete re-
trieval, implementing the relative addressing func-
tion select(·, offset = −(n+ 1)).

MLPs Approximate Arithmetic Logic. With
bits retrieved, we examine the arithmetic logic
(XOR, AND) using activation patching. Figure 4
(Bottom) presents the causal heatmap, revealing
two distinct functional clusters:

1. Data Retrieval Heads (e.g., L0 H2): Patching
the lookup head identified above leads to pro-

nounced performance degradation, indicating
its causal necessity for fetching the input bit.

2. Computation Modules (e.g., L0 MLP): The
Layer 0 MLP exhibits the strongest causal im-
pact; it approximates the non-linear decision
boundaries required for arithmetic logic, cor-
responding to operations of the form Sum ←
XOR(bi, cin) and Carryout ← AND(bi, cin).

Alignment with Theoretical Predictions. Mech-
anistic analysis provides strong evidence of func-
tional alignment with the B-RASP framework. The
two predictions in Section 2.4 are validated: (1) at-
tention heads implement Same-Bit Lookup via pre-
cise −(n+ 1) relative addressing (Figure 4 Top),
and (2) MLPs approximate the XOR/AND logic
gates required for carry computation (Figure 4 Bot-
tom). This demonstrates that the Transformer lever-
ages RoPE-based attention for succinct state access
and MLPs for logic approximation, consistent with
the theoretical succinctness construction.

4.4 Exploratory Extension: Analogous
Routing in Pythia

We present an exploratory analysis of whether the
mechanistic signatures, i.e., specifically sparse, rel-
ative routing patterns, generalize to LLMs trained
on natural data. We analyze Pythia-160M on a
5-shot space-delimited addition task.

Emergence of Arithmetic Heads. Visualizing
attention patterns in middle layers (e.g., Layer 8)
reveals functional specialization. We identify spe-
cific heads exhibiting sparse, multi-source lookup
behavior during arithmetic generation (Figure 5).
When generating the j-th digit of the result, these
heads attend simultaneously to the j-th digits of the
two operand numbers. For example, in 128 + 345,
when generating the units digit 3, attention mass
concentrates on input tokens 8 and 5.

Qualitative Observations. This behavior is qual-
itatively analogous to the Same-Bit Lookup prim-
itive (N (k)

i+1 ← Attn(N (k)
i )) identified in our syn-

thetic experiments. We do not claim Pythia im-
plements an identical circuit; the observed atten-
tion pattern is qualitatively analogous to Same-Bit
Lookup, though polysemanticity and distributed
representations in large-scale models make a 1:1
B-RASP mapping unlikely. Crucially, however,
the emergence of these arithmetic heads appears
contingent on the input format. Standard BPE tok-
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Figure 5: Qualitative Alignment in Pythia-160M. At-
tention map of Layer 8, Head 5 during 3-digit addition.
When generating the output digit 3 (from 128 + 345),
the head attends to input digits 8 and 5. This pattern
qualitatively mirrors the Same-Bit Lookup behavior ob-
served in synthetic Transformers, suggesting analogous
routing strategies emerge in large-scale models.

enization often compresses variable-length digit se-
quences, destroying the fixed positional correspon-
dence required for the −(n + 1) relative address-
ing mechanism. By employing space-delimited
prompting to enforce digit-level tokenization, we
restore the structural conditions enabling RoPE-
based lookups. This suggests that the perceived
“reasoning gap” in LLMs may partially stem from
tokenization artifacts masking succinct algorithmic
circuits, rather than a fundamental inability to learn
the underlying logic.

Concurrent work by (Lindsey et al., 2025), study-
ing Claude via cross-layer transcoders and attribu-
tion graphs, reveals that LLM addition operates
through two parallel pathways: approximate mag-
nitude estimation and precise modular digit arith-
metic via memorized lookup tables. Despite the
surface complexity difference, both their circuits
and ours rely on the same fundamental primitive:
positional digit/bit retrieval via attention feeding
into local arithmetic. Our work provides the min-
imal ground-truth baseline—establishing the ex-
act circuit for carry propagation in a controlled
setting—against which the richer, more distributed
circuits of frontier LLMs can be compared.

5 Conclusion and Future Work

In this paper, we empirically validated the Succinct-
ness Hypothesis, demonstrating that Transformers—
unlike RNNs and modern SSMs (Mamba, Mamba-
2)—can bypass the exponential representational
bottleneck to master recursive counting tasks. We
show this capability is acquired via a grokking
phase transition driven by a decisive weight-norm

“complexity collapse,” where the model converges
to a sparse circuit perfectly aligning with Boolean
RASP theory. Specifically, we identified attention
heads utilizing RoPE for precise −(n+ 1) “Same-
Bit Lookups” and MLPs acting as exact XOR/AND
logic gates. The grokked solution emerges from
three convergent factors: the architecture permits
succinct representation, regularization pressure ac-
tivates the low-complexity basin, and curriculum-
balanced training ensures exposure to the full carry-
chain distribution. The detection of analogous rout-
ing signatures in Pythia-160M provides sugges-
tive evidence that analogous routing strategies may
emerge during pre-training, pending rigorous quan-
titative verification.

Future research should examine whether suc-
cinct circuits emerge for more complex recursive
languages (e.g., Dyck-k or hierarchical arithmetic),
how alternative positional schemes (e.g., ALiBi or
learned embeddings) influence the learnability of
relative addressing, and whether alignment tech-
niques (RLHF/DPO) preserve these elegant algo-
rithmic structures in frontier models.

Limitations

Our success in learning the generalized algorithm
relies heavily on a strictly enforced stratified sam-
pling strategy, which balances the training dis-
tribution across all carry-chain lengths. In natu-
ral data distributions (which typically follow Ben-
ford’s Law or Zipfian distributions), “global carry”
events are exponentially rare. We hypothesize that
under such naturalistic skewed distributions, the
model might remain trapped in a local minimum
of heuristic approximation rather than discover-
ing the precise recursive circuit. Thus, our results
demonstrate the capability of the architecture, not
necessarily its default behavior on uncurated data.
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A Theoretical Proofs and Constructions

In this section, we provide the formal rigor behind
the succinctness claims in the main text. We prove
the exponential state bottleneck of RNNs using
formal language theory and provide the explicit
B-RASP program that Transformers approximate.

A.1 Proof of RNN Exponential Bottleneck
We rely on the Myhill-Nerode Theorem (Nerode,
1958) to bound the minimal state space required
for the language Ln (binary counting modulo 2n).

Theorem 1 (Myhill-Nerode for Counters). Let L
be a regular language. The number of states in
the minimal Deterministic Finite Automaton (DFA)
recognizing L is equal to the number of equiva-
lence classes under the relation RL, where xRLy
iff ∀z, xz ∈ L ⇐⇒ yz ∈ L.

Proposition A.1. The language Ln induces 2n

distinct equivalence classes.

Proof. Consider two distinct counter values rep-
resented by binary strings u, v ∈ {0, 1}n where
u ̸= v. Let the current sequence suffix be the
delimiter s = #. We must determine the valid
continuation z.

• For u, the valid continuation is the unique
binary string zu = bin((u+ 1) (mod 2n)).

• For v, the valid continuation is the unique
binary string zv = bin((v + 1) (mod 2n)).

u ̸= v implies (u+1) ̸≡ (v+1) (mod 2n). There-
fore, zu ̸= zv. A valid machine must accept the
string u#zu but reject u#zv. Conversely, it must
accept v#zv but reject v#zu. Consequently, u
and v belong to distinct equivalence classes. Since
there are 2n possible values for the counter state u,
there are exactly 2n equivalence classes.

Implication for RNNs: Any fixed-precision
RNN with hidden dimension drnn must distinguish
these 2n states. While a distributed representation
could theoretically encode 2drnn states, achieving
this requires the network to learn a perfect high-
dimensional mapping robust to noise. However,
under realistic conditions of bounded precision
and noise intolerance, the effective capacity of dis-
tributed representations degrades significantly. In
practice, as shown in our experiments, gradient de-
scent fails to find this optimal encoding, resulting in
a capacity bottleneck where performance collapses
unless drnn scales exponentially with n.

A.2 B-RASP Circuit Construction

The theoretical “Succinct Circuit” implemented
by the Transformer can be formally described us-
ing the B-RASP (Restricted Access Sequence Pro-
cessing) Domain Specific Language (Weiss et al.,
2021). This confirms that the solution complexity
is O(poly(n)).

Algorithm 1 B-RASP Program for Ripple-Carry

Input: Sequence S, Current Position p
Output: Next Token y

1: // Step 1: Same-Bit Retrieval (Attention)
2: // RoPE selects token at relative offset−(n+1)

3: attn← select(key = p, query = p− (n+1))

4: bprev ← aggregate(attn, S)
5: // Step 2: Carry Logic (MLP)
6: // Compute Carry C based on trailing ones
7: if ∀m < p (mod n+ 1), S[m] = 1 then
8: C ← True
9: else

10: C ← False
11: end if
12: // Final XOR Calculation
13: y ← bprev ⊕ C

Our mechanistic analysis (Section 4.3) confirms
that the learned Transformer approximates Line 3-
4 using Head L0H2 and Lines 7-9 using the Layer
0 MLP.

B Detailed Experimental Setup

B.1 Stratified Sampling Algorithm

To prevent the model from collapsing into triv-
ial heuristics (e.g., always predicting no-carry),
we enforce uniform exposure to all carry chain
lengths. The sampling distribution Ptrain(x) is de-
fined mathematically as:

Ptrain(x) =
1

n

n−1∑

k=0

I(x ∈ Stratumk) ·
1

|Stratumk|

Where Stratumk contains all integers x ∈ [0, 2n −
1] such that the carry chain length is exactly k + 1.

• Stratum 0 (k = 0): Numbers ending in 0
(trivial update, only LSB flips). Constitutes
50% of the state space.
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Category Transformer (Ours) RNN Baselines (LSTM/GRU)

Architecture
Layers 2 1, 2, 4 (Swept)
Model Dim (dmodel) 64 64, 128, 256, 512, 1024, 2048
Heads 4 N/A
Head Dim 16 N/A
Feedforward Dim 256 (4×) N/A
Activation GELU Tanh/Sigmoid
Normalization Pre-LayerNorm N/A
Positional Emb. RoPE (Rotary) N/A

Optimization
Optimizer AdamW AdamW
Learning Rate 1× 10−3 1× 10−3

Weight Decay (λ) 1.0 0.0, 0.1, 1.0 (Swept)
Batch Size 512 512
β1, β2 0.9, 0.98 0.9, 0.999
Epsilon 10−8 10−8

Grad Clipping 1.0 1.0
Initialization Truncated Normal (σ = 0.02) Xavier Uniform
Training Steps 50, 000 100, 000
Seeds 5 5

Table 1: Complete Hyperparameters. Note the high weight decay (λ = 1.0) for Transformers, which is critical
for inducing the grokking phase transition (“Complexity Collapse”). RNNs were tuned extensively but failed to
generalize regardless of configuration. We verified that performance monotonicity holds across this range, with no
sudden jumps, confirming that the failure is structural rather than due to overfitting.

• Stratum 1 (k = 1): Numbers ending in 01.
25% of the space.

• ...

• Stratum n − 1 (Global Carry): The sin-
gle number 1...1. Only 1 item (1/2n of the
space).

By sampling uniformly over strata, the rare global
carry scenario is encountered as frequently as the
trivial scenario during training (1/n probability
each), balancing the gradient signals across varying
complexity.

B.2 Justification for Problem Scale (n = 20)

We deliberately selected the bit-width n = 20 as
a strategic “sweet spot” to rigorously evaluate the
expressivity gap between architectures. This choice
is motivated by three factors:

• Avoiding Memorization: n = 20 corre-
sponds to a state space of size 220 ≈ 106. This
magnitude is sufficiently large to preclude the
model from solving the task via simple rote
memorization (lookup tables), thereby forcing
the discovery of the underlying generalized
algorithm.

• Stressing Recurrence: For RNNs, a se-
quence length of 20 is substantial enough to
expose the theoretical “state explosion” bottle-
neck (Appendix A.1), particularly when prop-
agating carry bits across the full sequence.

• Computational Feasibility: Smaller lengths
(e.g., n = 10) imply a tiny sample space
(210 ≈ 103), carrying a high risk of overfitting.
Conversely, larger lengths (e.g., n = 30) sig-
nificantly increase training costs without yield-
ing additional mechanistic insights. Thus,
n = 20 balances algorithmic difficulty with
experimental tractability.

B.3 Complete Hyperparameters

We provide a complete list of hyperparameters in
Table 1. Note that we use a table* environment
to span both columns for readability.

B.4 Sensitivity of Optimization Dynamics
(Grokking Analysis)

The emergence of the succinct algorithmic solu-
tion is not guaranteed by architecture alone but
is contingent on specific optimization dynamics.
While Table 1 lists our final choice of λ = 1.0,
we conducted a systematic ablation study to verify
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Figure 6: Causal Role of Weight Decay (λ) in Grokking. (a) Test Accuracy Dynamics: We observe three distinct
regimes. With low regularization (λ ≤ 0.01, purple/blue), the model remains trapped in the “Memorization Phase”
(overfitting), achieving perfect training accuracy (not shown) but failing to generalize. With excessive regularization
(λ = 2.0, yellow), the model underfits. Only moderate regularization (λ = 1.0, green) triggers the grokking
phase transition around step 15k. (b) Weight Norm Dynamics: The generalization in the λ = 1.0 case coincides
perfectly with a sharp “Complexity Collapse” (drop in L2 norm). This empirically confirms that succinctness is a
necessary condition for generalization, and weight decay provides the necessary pressure to escape the high-norm
memorization basin.

that weight decay is the causal driver of the phase
transition.

As visualized in Figure 6, we observe a clear
causal link between regularization strength, model
complexity, and generalization:

1. Memorization Regime (λ ≤ 0.01): The
model quickly minimizes training loss but
maintains a high or growing weight norm (Fig-
ure 6b). This corresponds to a dense, high-
complexity circuit (likely a look-up table) that
fails to generalize to unseen sequences (Fig-
ure 6a).

2. Grokking Regime (λ = 1.0): Initially, the
model learns a high-norm memorization so-
lution. However, the sustained penalty from
weight decay eventually forces a “Complexity
Collapse” (sharp drop in Figure 6b). This col-
lapse perfectly synchronizes with the jump in
test accuracy, confirming that the model has
switched from a complex memorization strat-
egy to the succinct B-RASP circuit derived in
Appendix A.2.

3. Underfitting Regime (λ = 2.0): The penalty
is too strong, preventing the model from learn-
ing the task at all.

This ablation confirms that the “Succinctness”
described in our theory is a low-complexity basin
of attraction that requires specific regularization
pressure (“slingshot mechanism”) to reach.

B.5 Uniform vs. Stratified Sampling
To verify that stratified sampling extends but does
not create the grokking phenomenon, we compare
uniform and stratified sampling under identical con-
ditions (d=64, λ=1.0, 50K steps, 5 seeds).

C Extended Mechanistic Analysis

C.1 Head Detection Methodology
(Quantitative Validation)

In Section 4.4, we identified specific attention
heads (e.g., L8H5) in Pythia-160M responsible for
the critical "Same-Bit Lookup" operation. A po-
tential concern is whether these heads were cherry-
picked from a noisy distribution. To rigorously
demonstrate that these heads are structurally dis-
tinct outliers, we defined an automated metric: the
Diagonal Attention Score (Sdiag).

For each head h in layer l, we calculate the av-
erage attention mass assigned to the theoretically
predicted relative token position −(n+ 1):

Sdiag(h) = Ex

[
1

T

∑

t

Ah
t,t−(n+1)

]

We calculated this score across all 144 heads (12
layers × 12 heads) of the Pythia-160M model.

As visualized in Figure 7, the distribution of
Sdiag reveals a clear functional specialization:

• Sparsity: Over 95% of heads have Sdiag <
0.2, effectively acting as background noise for
this specific task.
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Sampling Strata Grokked (/20) Overall Acc. High-Carry (k≥10)

Stratified 20/20 100.0% 100.0%
Uniform 8/20 72.4% 0.3%

Table 2: Grokking occurs without stratification for strata the model is exposed to (72.4% overall). Stratification
extends grokking to rare carry chains (P (k≥10) ≈ 0.1%); it does not create the phenomenon.

Figure 7: Specificity of Arithmetic Heads in Pythia-
160M. We visualize the Diagonal Attention Score
(Sdiag) for all 144 attention heads. The vast majority
of heads (purple dots) show near-zero diagonal atten-
tion, indicating they perform functions unrelated to our
arithmetic circuit. Only a select few heads (e.g., L8H5,
L0H2) exhibit high Sdiag scores (> 0.9), appearing
as distinct outliers. This quantitatively validates that
the "Arithmetic Circuit" is sparse and specialized, and
our analyzed heads were identified through systematic
search rather than cherry-picking.

• Specificity: The heads identified in our quali-
tative analysis (e.g., L0H2 for retrieval, L8H5
for arithmetic logic) emerge as top-ranking
outliers with Sdiag > 0.9.

This global scan confirms that the "Same-Bit
Lookup" mechanism is not a spurious correlation
but is implemented by a dedicated, sparse sub-
circuit within the LLM.

C.2 Activation Patching Protocol

We detail the intervention construction used to gen-
erate the causal heatmap in Figure 7.

Goal: To verify that the model physically com-
putes the carry propagation.

Setup: We select a target bit position k = 10
(middle of the 20-bit sequence). Results were con-
sistent across other mid-sequence positions (e.g.,
k = 15), indicating the mechanism is translation-
ally invariant.

1. Clean Input (xclean): A number Ni ending in
. . . 0 11 . . . 1︸ ︷︷ ︸

10

(LSB is 1). Ground Truth: The

carry propagates to bit 10, causing it to flip
(0→ 1).

2. Corrupted Input (xcorrupt): Identical to
xclean, but the LSB is flipped to 0. Ground
Truth: The carry chain is broken at the source.
Bit 10 should not flip (0→ 0).

Intervention: We run the model on xclean but
replace the activation of a specific component (e.g.,
L0H2 output) with its value from xcorrupt.

Result: If patching LSB-related information de-
stroys the prediction at bit 10, it proves the compo-
nent is transmitting long-range carry information.

D Extended Results

Figure 8: Transformers vs RNNs (Macro View).
Sequence-level accuracy on held-out test data. The
x-axis represents the hidden dimension size (log scale).
The Transformer consistently achieves 100% accuracy
once capacity is sufficient, while RNNs plateau near 0%
regardless of scale.

D.1 Performance Gap (Full Visualization)

Figure 8 presents a comprehensive comparison be-
tween Transformers and RNN baselines across scal-
ing laws. Despite scaling LSTMs to 2048 hidden
units (≈ 1.5M parameters), they fail to learn the
recursive logic that a tiny Transformer (d = 64,
≈ 50K parameters) masters perfectly.
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D.2 Fine-grained Failure Analysis: The RNN
Collapse

To address the reviewer’s query regarding the na-
ture of RNN failures (whether they are random
or structural), we performed a stratified accuracy
analysis based on the Carry Chain Length (k).
As shown in Figure 9, the failure mode is highly
structured and consistent with our theoretical pre-
dictions in Appendix A.1.

Figure 9: Micro-Analysis of RNN Failure Modes. We
stratify the test set by the length of the carry chain (k)
required to compute the result. The RNN achieves near-
perfect accuracy on trivial updates (k = 0) and partial
success on single carries (k = 1), likely via shallow
memorization. However, performance collapses expo-
nentially for k ≥ 2. This empirically validates the
theoretical “State Explosion” bottleneck: the fixed-state
recurrence cannot maintain the precise counting phase
required for deep carry propagation.

The breakdown reveals two distinct phases:

• Trivial Memorization Phase (k ≤ 1): The
RNN successfully handles cases with zero or
one carry (green/orange bars). These repre-
sent ≈ 75% of the input space but require
minimal state tracking.

• Structural Collapse Phase (k ≥ 2): Once
the logic requires propagating a carry bit
across multiple steps, the fixed-dimension hid-
den state fails to distinguish between adjacent
counter values. The exponential decay in ac-
curacy confirms that the model has not learned
the algorithm, but merely a heuristic that fails
under complexity pressure.

D.3 Length Generalization Analysis

To distinguish true algorithmic learning from mem-
orization, we evaluated our model (trained on
n = 20) on extended sequences of length n = 25.
As shown in Figure 10, we observed a sharp perfor-

mance boundary that aligns with our mechanistic
findings.

Figure 10: The model maintains perfect accuracy within
the training horizon (p < 20) but fails immediately
for positions p ≥ 20. This confirms that the learned
circuit relies on specific relative positional offsets seen
during training. When n increases, the required retrieval
offset shifts to values (e.g., ∆ < −21) that are out-
of-distribution for the learned positional embeddings,
causing the mechanism to break.

While accuracy remains perfect (> 99%) for the
first 20 bits, it drops to near-random chance for
positions p ≥ 20. Mechanistically, this confirms
our "Succinctness Hypothesis" while revealing the
limitation of parametric positional encodings:

1. Structure Learning (Success): The model
perfectly executes the ripple-carry logic where
the inputs (relative offsets) are familiar. It
has not simply memorized whole-sequence
answers, otherwise accuracy would degrade
uniformly.

2. Parametric Horizon (Limitation): As de-
tailed in Appendix C, the circuit relies on at-
tending to the relative offset −(n + 1). For
n = 25, this offset (e.g., −26) is smaller than
any offset seen during training (min_offset =
−21). The RoPE embeddings and MLP
weights have not learned to extrapolate to
these unseen relative frequencies, leading to a
failure in the retrieval step.

E LLM Extension Details

E.1 Full Prompt Structure

We utilized 5-shot in-context learning with space-
delimited formatting. The exact prompt string pro-
vided to the model is:

8 3 + 2 9 = 1 1 2 \n
5 6 + 1 8 = 7 4 \n
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1 0 + 2 5 = 3 5 \n
9 9 + 1 1 = 1 1 0 \n
4 2 + 5 3 = 9 5 \n
[INPUT]

The input numbers are sampled to ensure carry
propagation occurs, similar to our synthetic setup.

E.2 The “Tokenizer Barrier”
Table 3 shows why space-delimited prompting is
necessary. Standard BPE tokenization destroys the
linear relationship between sequence position and
numerical significance (index j), preventing the
RoPE-based “Same-Bit Lookup” from functioning.

Method Tokenization Trace

Standard BPE [“128”, “+”, “345”]
Issue Variable length tokens destroy

positional offset −(n+ 1).

Space-Delimited [“1”, “2”, “8”, “+”, “3”,
“4”, “5”]

Benefit Fixed alignment. j-th digit is
always at predictable offset.

Table 3: The “Tokenizer Barrier” Visualized. Stan-
dard BPE merges digits based on magnitude, destroying
the linear positional correspondence (pos ∝ 10j) essen-
tial for the discovered arithmetic circuit.

F Mamba and SSM Results

Table 4 reports the full Mamba and Mamba-2 evalu-
ation across parameter-matched configurations and
both encoding orders.

Model Params Big-Endian Little-Endian

Mamba-64 ∼50K 0.0% 0.0%
Mamba-256 ∼400K 0.0% 0.5%
Mamba-768 ∼1.5M 0.3% 1.1%
Mamba-2-64 ∼50K 0.0% 0.0%
Mamba-2-256 ∼400K 0.0% 0.2%
Mamba-2-768 ∼1.5M 0.1% 0.6%

LSTM-2048 ∼1.5M 5.8% 15.4%
GRU-2048 ∼1.2M 4.2% 10.7%
Transformer-64 ∼50K 100.0% 100.0%

Table 4: Sequence-level accuracy on LARGECOUNTER
(n=20), averaged over 5 seeds. Both Mamba variants
perform worse than LSTMs at every parameter budget.

The hierarchy Transformer≫ LSTM > Mamba
> Mamba-2 aligns exactly with formal complex-
ity predictions: LSTMs’ non-linear gating enables
limited counter behavior (Weiss et al., 2018), while
SSMs’ linear recurrence with non-negative eigen-
values cannot track even a single parity bit (Sarrof

et al., 2024). Mamba-2 is worse than Mamba-1
despite larger dstate (64 vs. 16), due to the scalar-
times-identity transition in its SSD layer.

Per-Stratum Analysis. Table 5 breaks down
Mamba-768 (little-endian) accuracy by carry chain
length, revealing an even more catastrophic failure
mode than LSTMs.

Carry Chain k Mamba LSTM Transformer

0 (no carry) 48.2% 92.3% 100.0%
1 5.3% 43.1% 100.0%
2 0.4% 8.7% 100.0%
3 0.0% 1.2% 100.0%
≥ 4 0.0% < 0.1% 100.0%

Table 5: Per-stratum accuracy (Mamba-768 vs. LSTM-
2048 vs. Transformer-64, little-endian). Mamba drops
below 1% at carry chain length 2, even more catas-
trophic than LSTM’s gradual decay.

G Little-Endian Ablation

Table 6 compares big-endian and little-endian en-
coding across all RNN baselines.

Model Params Big-Endian Little-Endian

LSTM-64 ∼50K 0.0% 2.1%
LSTM-256 ∼400K 1.9% 6.8%
LSTM-1024 ∼1.2M 3.7% 12.1%
LSTM-2048 ∼1.5M 5.8% 15.4%
GRU-64 ∼40K 0.0% 0.8%
GRU-2048 ∼1.2M 4.2% 10.7%
Transformer-64 ∼50K 100.0% 100.0%

Table 6: Little-endian encoding triples RNN accuracy,
but the gap to the Transformer remains >84 percentage
points, confirming the bottleneck is architectural.

Carry Chain k Big-Endian Little-Endian Change

0 (trivial) 98% 99% +1%
1 85% 94% +9%
2 34% 61% +27%
3 14% 30% +16%
4 5% 15% +10%
5 2% 7% +5%
6 <1% 3% +2%
7+ ∼0% <2% ∼0%

Table 7: Per-stratum accuracy for LSTM-2048 (little-
endian vs. big-endian). Improvement concentrates in
short carry chains (k ≤ 3); for k ≥ 5, the state-tracking
bottleneck persists regardless of encoding.

Per-Stratum Breakdown. Table 7 shows that
little-endian improvements concentrate in short
carry chains; for k ≥ 5, accuracy remains <10%.
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