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Abstract

Recent studies reveal that large language mod-
els (LLMs) exhibit limited logical reasoning
abilities in mathematical problem-solving, in-
stead often relying on pattern-matching and
memorization. We systematically analyze this
limitation, focusing on logical relationship un-
derstanding, which is a core capability underly-
ing genuine logical reasoning, and reveal that
errors related to this capability account for over
90% of incorrect predictions, with Chain-of-
Thought Supervised Fine-Tuning (CoT-SFT)
failing to substantially reduce these errors. To
address this bottleneck, we propose First-Step
Logical Reasoning (FSLR), a lightweight train-
ing framework targeting logical relationship
understanding. Our key insight is that the first
planning step-identifying which variables to
use and which operation to apply without per-
forming any calculation-encourages the model
to derive logical relationships directly from the
problem statement. By training models on this
isolated step, FSLR provides explicit supervi-
sion for logical relationship understanding, un-
like CoT-SFT which implicitly embeds such
relationships within complete solution trajec-
tories. Extensive experiments across multiple
models and datasets demonstrate that FSLR
consistently outperforms CoT-SFT under both
in-distribution and out-of-distribution settings,
with average improvements of 3.2% and 4.6%,
respectively. Moreover, FSLR achieves 4-6×
faster training and reduces training token con-
sumption by over 80%.

1 Introduction

Mathematical reasoning, as a crucial cognitive skill
that supports problem-solving in numerous scien-
tific and practical applications, has attracted partic-
ular attention in LLM research (Ahn et al., 2024;
Wang et al., 2025; Forootani, 2025). Although
LLMs have achieved near-human accuracy on
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mathematical benchmarks such as GSM8K (Cobbe
et al., 2021), recent studies (Mirzadeh et al., 2024;
Huang et al.; Li et al., 2024) reveal that LLMs
exhibit limited logical reasoning abilities—the ca-
pacity to understand "novel" problems and derive
appropriate solution steps, rather than relying on
pattern-matching and memorization.
As a fundamental capability for mathematical
problem-solving, genuine logical reasoning en-
ables models to understand the underlying rationale
of problems and transfer knowledge to new situ-
ations (Serna M. and Serna, 2015). Recently, Su-
pervised Fine-Tuning (SFT) with chain-of-thought
(CoT) supervision has received increasing attention
and has been widely adopted to improve reasoning
abilities of LLMs by training models on complete
solution trajectories (Sun et al., 2025). However, it
remains unclear whether CoT-SFT can elicit gen-
uine logical reasoning.
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Figure 1: Error analysis on Qwen2.5-7B comparing
Base, CoT-SFT, and FSLR(Ours) models. Each bar
shows the breakdown of correct predictions, logical
relationship understanding errors, and other errors.

To investigate this question, we conduct a system-
atic analysis comparing pretrained LLMs with their
fine-tuned counterparts on mathematical reasoning
tasks. Following the above discussion, genuine log-
ical reasoning requires understanding a given prob-
lem before deriving solution steps. For mathemati-
cal problems, such understanding involves grasp-
ing how variables in the problem relate to each
other and which operations connect them—what
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we term logical relationships. We refer to the abil-
ity to grasp these relationships as logical relation-
ship understanding, and adopt it as our diagnostic
metric for genuine logical reasoning. Specifically,
we use GPT-4o (Hurst et al., 2024) to analyze all
incorrect predictions and identify whether failures
arise from misunderstanding these logical relation-
ships(Appendix A). As shown in Figure 1, using
Qwen2.5-7B as an example, we find that logical
relationship understanding errors account for over
90% of incorrect predictions—a pattern that holds
consistently across multiple LLMs (Appendix B).
Since CoT-SFT fails to substantially reduce these
errors, they become the primary bottleneck limiting
further improvements in overall accuracy.
These findings raise a natural research question:
how can we more directly improve LLMs’ under-
standing of logical relationships, thereby enhancing
their overall performance? To answer this question,
we examine why CoT-SFT falls short. CoT-SFT
trains models to imitate complete solution trajecto-
ries, while logical relationships are implicitly em-
bedded in these trajectories, never directly targeted
by the training objective. We hypothesize that this
implicit supervision leads to insufficient learning
of logical relationships and consequently results in
the phenomenon illustrated in Figure 1.
To address this limitation, we propose First-Step
Logical Reasoning (FSLR), a lightweight train-
ing framework that provides explicit supervision
for enhancing logical relationship understanding.
Specifically, we design a first-planning-step prompt
schema that asks models to identify only what
needs to be calculated first—which variables to
use and which operation to apply, without solving
the full problem. Then, FSLR isolates this first
planning step as a standalone training task, thereby
providing explicit supervision for logical relation-
ship understanding.
This design offers several key advantages: (1)
More focused supervision: FSLR provides a more
direct training signal for logical relationship un-
derstanding by isolating the first planning step ex-
plicitly, alleviating the core limitation we identified
earlier; (2) Reduced training cost: predicting only
the initial planning step requires significantly fewer
tokens than complete trajectories; (3) Improved
generalization: since logical relationship under-
standing forms the foundation of the entire rea-
soning chain, strengthening this ability is expected
to benefit the entire problem-solving process. As
shown in Figure 1, FSLR achieves a substantial

reduction in both logical relationship understand-
ing errors and overall errors compared to CoT-SFT.
Our main contributions are as follows:

• We systematically analyze the reasoning ca-
pabilities of LLMs and identify logical rela-
tionship understanding as a critical bottleneck:
such errors account for over 90% of failures,
and CoT-SFT fails to substantially mitigate
this issue.

• We propose FSLR, a lightweight training
framework that provides a more focused train-
ing task for logical relationship understanding
by training models to identify the initial plan-
ning step obtained under a specially designed
prompting scheme.

• Extensive experiments across multiple mod-
els and datasets demonstrate that FSLR sub-
stantially outperforms CoT-SFT in both in-
distribution and out-of-distribution settings,
while requiring significantly fewer training
tokens.

2 Related Work

2.1 Mathematical Reasoning in LLMs
Mathematical reasoning has emerged as a critical
testbed for evaluating whether large language mod-
els possess genuine reasoning abilities. Driven
by this goal, the community has introduced di-
verse benchmarks (Cobbe et al., 2021; Patel et al.,
2021; Miao et al., 2020; Koncel-Kedziorski et al.,
2016; Lu et al., 2022; Gao et al., 2022), on
which recent LLMs have achieved remarkable suc-
cess. However, recent studies question whether
these successes reflect genuine logical reasoning.
GSM-Symbolic (Mirzadeh et al., 2024) and GSM-
Plus (Li et al., 2024) reveal that LLMs exhibit no-
ticeable performance variance across problem in-
stantiations and are far from robust. Other work
shows that LLMs are easily distracted by irrelevant
information (Shi et al., 2023) and blindly apply
learned skills without assessing their applicability
to modified contexts (Huang et al.). While these
works clearly diagnose that current LLMs often
rely on pattern matching rather than true reasoning,
they do not propose concrete training strategies to
improve this capability.

2.2 Chain-of-Thought Fine-Tuning
Chain-of-Thought Supervised Fine-Tuning (CoT-
SFT) has emerged as a widely adopted approach
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for enhancing LLM reasoning by exposing mod-
els to step-by-step solution trajectories (Hwang
et al., 2024; Lee et al., 2023; Yin et al., 2025; Lee
et al., 2025). However, recent studies reveal several
limitations: CoT-SFT decreases the faithfulness
of reasoning (Lobo et al., 2025), leads models to
memorize task-specific templates rather than ac-
quiring transferable abilities (Chu et al., 2025), and
introduces spurious features that cause hallucina-
tions (Bao et al., 2025). While these studies reveal
important limitations of CoT-SFT, none directly
targets the logical relationship understanding bot-
tleneck we identified.

3 Methodology

3.1 Task Formulation
We formalize CoT-SFT and FSLR to clarify how
they differ in supervising logical relationship un-
derstanding.
CoT-SFT. Given a mathematical problem p and
its complete solution trajectory s = (s1, s2, ..., sn),
CoT-SFT trains models to generate the full reason-
ing chain by optimizing:

LCoT = −
n∑

i=1

logP (si|p, s1, ..., si−1; θ)

While logical relationships are embedded within
these steps, they are never explicitly targeted by
the training objective. The supervision signal is
distributed across the entire trajectory, diluting the
focus on logical relationship understanding, we
refer to this paradigm as implicit supervision.
FSLR. Given the same problem p, FSLR trains
models to generate only the first planning step f1
by optimizing:

LFSLR = − logP (f1|p; θ)

where f1 identifies which variables to use and
which operation to apply, corresponding to the first
planning step detailed in the next section. By isolat-
ing logical relationship understanding as an explicit
training objective, our formulation directly targets
this capability. We refer to this paradigm as explicit
supervision.

3.2 FSLR Framework
Based on the above analysis, we now present the
FSLR framework in detail. Specifically, FSLR
trains on the first planning step—identifying rel-
evant variables and operations without perform-
ing calculations—rather than the first calculation

You are solving a math word problem....
Provide ONLY the very first step….

Do NOT give actual calculated results.....

Math Dataset Teacher LLM First-planning-step Prompt FSLR Dataset

Stage 1: Data Generation

Supervised Fine-Tuning
(SFT)

FSLR-tuned LLM

Question:….
Answer: Let’s think 

step by step….

Model Inference Target LLM

Stage 2: Model Training

Figure 2: Overview of the FSLR framework, consisting
of two stages: data generation and model training. The
framework leverages a teacher LLM to generate first
planning step guidance, which is then used to fine-tune
the target LLM via supervised fine-tuning.

step. Corsidering logical relationship understand-
ing forms the foundation of the entire reasoning
chain, once the model correctly identifies which
variables to use and which operation to apply, sub-
sequent arithmetic steps follow naturally. As illus-
trated in Figure 2, FSLR consists of two stages:
(1) constructing a training dataset DFSLR that iso-
lates logical relationship understanding, and (2)
fine-tuning target models to generate f1, providing
explicit supervision for this core capability.

3.2.1 Training Dataset Construction
We construct training dataset DFSLR by prompting
a teacher model to generate first planning step for
mathematical problems.
First-planning-step Prompt Design. Given a
problem p, we use the following prompt template:

You are solving a math word problem step
by step. Your task is to provide ONLY the
very first step - stop immediately after
identifying what to calculate first.
Rules:

• Provide ONLY the first calculation
or identification

• Do NOT solve the entire problem

• Do NOT provide multiple steps

• Do NOT give the actual calculated
result, just identify what needs to
be calculated

Problem: [problem text] First Step Only:

Design Rationale. The prompt instructs the model
to identify only which variables to use and which
operation to apply, ensuring that f1 captures purely
the logical reasoning decision. This aligns with our
goal of providing explicit supervision for logical
relationship understanding.
Data Generation. For each problem pi, we query
the teacher model to generate f

(i)
1 using the de-
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signed prompt and construct the training dataset
DFSLR = {(pi, f (i)

1 )}Ni=1. We provide an example
illustrating the training data format in Appendix C.

3.2.2 Model Training
Given DFSLR, the target LLM is fine-tuned to maxi-
mize the likelihood of f (i)

1 conditioned on the input
prompt(pi) as follows:

LFSLR = − 1

N

N∑

i=1

logP (f
(i)
1 |prompt(pi); θ)

where prompt(pi) denotes pi formatted with our
prompt template, and f

(i)
1 is the first planning step

for problem pi. Through this training process, the
model learns to explicitly identify logical relation-
ships between variables. Notably, since FSLR
trains only on the first planning step fi, it requires
significantly fewer tokens than CoT-SFT, substan-
tially reducing training costs.

3.2.3 Model Inference
Since FSLR strengthens logical relationship under-
standing: the foundation of the entire reasoning
chain, the improved capability is expected to bene-
fit the full problem-solving process. At inference
time, the FSLR-trained model generates complete
solutions through standard autoregressive decod-
ing, with no specialized prompting or additional
modules required.

4 Experiments

In this section, we present comprehensive experi-
ments to evaluate the effectiveness of FSLR train-
ing. We first describe the experimental setup (Sec-
tion 4.1), then present our experiments results (Sec-
tion 4.2).

4.1 Experimental Setup
Datasets: We evaluate FSLR on multiple
mathematical reasoning benchmarks to assess
both in-distribution and out-of-distribution perfor-
mance. For in-distribution evaluation, we use
GSM8K (Cobbe et al., 2021) and SVAMP (Patel
et al., 2021). For out-of-distribution evaluation,
we test on four additional datasets: ASDiv (Miao
et al., 2020), MAWPS (Koncel-Kedziorski et al.,
2016) , TabMWP (Lu et al., 2022), and GSM-
Hard (Gao et al., 2022).
Models. We conduct experiments across multi-
ple model families to ensure generalizability. For
training data generation, we use three teacher

models: LLaMA-3.1-70B-Instruct (Grattafiori
et al., 2024), Qwen2.5-72B-Instruct (Team et al.,
2024), and the finetuned target model itself (self-
generated). For target models, we fine-tune
three instruction-tuned checkpoints: LLaMA-3.1-
8B-Instruct (Grattafiori et al., 2024), Qwen2.5-
7B-Instruct (Team et al., 2024), and Qwen3-4B-
Instruct (Yang et al., 2025). Baselines. We com-
pare FSLR against the following baselines:

• Base Model: The original instruction-tuned
model without additional mathematical rea-
soning training.

• Math-Specialized Model: Representative
models fine-tuned specifically for mathemat-
ical reasoning at comparable scale, includ-
ing DeepSeek-Math-7B-Instruct (Shao et al.,
2024) and Qwen2.5-Math-7B (Yang et al.,
2024).

• CoT-SFT Model: Models fine-tuned on com-
plete chain-of-thought solution trajectories,
representing the current mainstream approach.

• Zero-LP: A zero-shot prompting strategy that
instructs the model to first identify relevant
variables and operations before solving, with-
out fine-tuning.

• Few-LP: A few-shot prompting strategy that
provides demonstrations of explicit logical re-
lationship identification before solving, with-
out fine-tuning.

Training Details. For both CoT-SFT and FSLR,
we use the complete training sets of GSM8K and
SVAMP as our base datasets. For CoT-SFT data
generation, we use two sources: (1) Teacher LLM:
a larger model is prompted to generate complete
step-by-step solution trajectories for each training
problem; (2) Self-generated: the target model it-
self generates its own CoT solutions using the same
prompt template. In both cases, we use greedy
decoding (temperature=0) via vLLM for efficient
batch inference, and retain only solutions yielding
the correct final answer. For FSLR, we generate
first planning steps using the prompt template de-
scribed in Section 3.2.1.
Evaluation Protocol. We evaluate all models using
greedy decoding with the standard “Let’s think step
by step” prompting strategy and report accuracy as
the primary metric.
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In-Distribution Results LLaMA3.1-8B Qwen2.5-7B Qwen3-4B AverageData Source Method GSM8K SVAMP GSM8K SVAMP GSM8K SVAMP
DeepSeek-Math Zero-shot 78.70 82.20 78.70 82.20 78.70 82.20 80.45
Qwen2.5-Math Zero-shot 79.20 85.50 79.20 85.50 79.20 85.50 82.35

Base LLM

Zero-shot 62.90 67.60 72.60 83.00 84.70 85.00 75.97
Few-shot 77.50 84.00 90.10 92.20 84.80 91.60 86.70
Zero-LP 70.00 72.30 84.50 88.50 86.80 92.60 82.45
Few-LP 67.70 71.80 86.20 87.30 91.30 91.70 82.67

LLaMA CoT-SFT 77.90 79.30 77.60 88.10 85.70 85.10 82.28
FSLR 83.10 84.80 85.10 91.30 87.10 91.10 87.08

Qwen CoT-SFT 85.70 84.00 82.60 89.30 91.30 93.90 87.80
FSLR 85.30 85.90 86.40 92.70 91.80 91.30 88.90

Self CoT-SFT 74.10 78.80 84.50 90.80 89.80 90.10 84.68
FSLR 80.40 82.50 88.90 93.00 92.10 94.00 88.48

Table 1: In-distribution evaluation on GSM8K and SVAMP. Models are trained on GSM8K and SVAMP using
data generated by different teachers (LLaMA-3.1-70B, Qwen2.5-72B, or self-generated). All trained models are
evaluated under zero-shot setting. Zero-LP and Few-LP denote zero-shot and few-shot logical planning prompting
strategies that explicitly instruct models to identify logical relationships before solving, without fine-tuning. Math-
specialized models (DeepSeek-Math-7B and Qwen2.5-Math-7B) are evaluated zero-shot as reference baselines.
Green cells indicate FSLR outperforms CoT-SFT. Red cells indicate FSLR underperforms CoT-SFT.

4.2 Experiments and Analysis
In this section, we evaluate FSLR from eight
perspectives: in-distribution performance (Sec-
tion 4.2.1), out-of-distribution generalization (Sec-
tion 4.2.2), performance across problem com-
plexity levels (Section 4.2.3), training efficiency
(Section 4.2.4), reliability of error attribution
(Section 4.2.5), consistency analysis of teacher-
generated first planning steps (Section 4.2.6), ro-
bustness to problem variations (Section 4.2.7), and
case study (Section 4.2.8).

4.2.1 In-Distribution Performance
Table 1 presents results on in-distribution bench-
marks (GSM8K and SVAMP), comparing FSLR
against CoT-SFT using three teacher models for
data generation.
FSLR consistently outperforms CoT-SFT across
all settings. Across all three target models and
teacher configurations, FSLR achieves superior
or comparable performance to CoT-SFT, with
particularly substantial improvements when us-
ing LLaMA-3.1-70B as the teacher: +5.2% on
LLaMA-3.1-8B (GSM8K), +5.5% on LLaMA-3.1-
8B (SVAMP), +7.5% on Qwen2.5-7B (GSM8K),
averaging +4.8% improvement. When using
Qwen2.5-72B and Self as data sources, FSLR
achieves average improvements of +1.1% and
+3.8% respectively. To further verify that FSLR’s
gains stem from the first-step design rather than
general planning supervision, we compare against a

Plan-and-Solve fine-tuning baseline (Parmar et al.,
2025) in Appendix D.

FSLR enables general-purpose models to sur-
pass math-specialized models. As shown in Ta-
ble 1, math-specialized models such as DeepSeek-
Math-7B and Qwen2.5-Math-7B achieve 78.70%
and 79.20% on GSM8K, and 82.20% and 85.50%
on SVAMP respectively. In contrast, FSLR-trained
general-purpose models substantially outperform
these specialized baselines. For example, Qwen2.5-
7B with self-generated FSLR data achieves 88.90%
on GSM8K and 93.00% on SVAMP, surpassing
Qwen2.5-Math-7B by +9.7% and +7.5% respec-
tively. These gains suggest that models benefit
more from focused supervision that isolates the
understanding of logical relationships.

FSLR demonstrates superior robustness to
teacher model quality. While CoT-SFT perfor-
mance varies substantially across different teachers
(82.28% with LLaMA vs 87.80% with Qwen, a
5.52% gap), FSLR shows more consistent perfor-
mance (87.08% vs 88.90%, only 1.82% gap). No-
tably, even with self-generated data, FSLR achieves
88.48% average accuracy, comparable to using
larger teacher models. This robustness stems from
the simplicity of first planning step supervision:
generating a single logical planning decision is in-
herently easier and more reliable than generating
complete solution trajectories, making FSLR less
sensitive to teacher quality compared to CoT-SFT.
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Out-of-Distribution Results Models Trained on GSM8K AverageData Source Method AsDIv SVAMP MAWPS TabMWP GSM-Hard
Math-Specialized Models

DeepSeek-Math Zero-shot 85.00 82.20 92.50 69.90 56.10 77.14
Qwen2.5-Math Zero-shot 82.50 85.50 92.30 53.60 55.40 73.86

LLaMA3.1-8B

Base LLM Zero-shot 63.60 67.60 73.40 39.50 31.70 55.16
Few-shot 85.80 84.00 97.00 55.00 38.70 72.10

LLaMA CoT-SFT 72.30 76.80 80.30 49.20 35.60 62.84
FSLR 86.70 82.40 92.70 52.00 40.80 70.92

Qwen CoT-SFT 84.40 83.60 90.10 70.00 43.40 74.30
FSLR 87.80 83.90 93.80 67.00 43.60 75.22

Self CoT-SFT 74.40 80.20 79.70 46.20 33.00 62.70
FSLR 84.20 80.90 95.00 53.70 38.30 70.42

Qwen2.5-7B

Base LLM Zero-shot 84.20 83.00 90.80 61.20 53.40 74.52
Few-shot 90.90 92.20 97.60 70.40 62.90 82.80

LLaMA CoT-SFT 79.70 85.10 83.40 49.00 50.70 69.58
FSLR 88.60 88.30 94.10 47.20 59.00 75.46

Qwen CoT-SFT 81.40 86.70 87.10 49.30 60.00 73.30
FSLR 89.30 87.40 94.60 52.10 60.70 76.82

Self CoT-SFT 84.70 90.10 87.20 47.70 61.50 74.24
FSLR 85.60 93.70 90.10 45.80 63.50 75.74

Qwen3-4B

Base LLM Zero-shot 78.10 85.00 88.10 66.30 62.40 75.98
Few-shot 88.40 91.60 95.90 70.30 56.00 80.44

LLaMA CoT-SFT 78.10 83.40 85.40 55.00 53.10 71.00
FSLR 81.20 84.20 86.30 67.20 64.90 76.76

Qwen CoT-SFT 90.80 91.20 96.60 64.80 61.60 81.00
FSLR 90.80 93.80 96.70 69.10 66.90 83.34

Self CoT-SFT 86.20 89.90 92.00 66.40 53.50 77.60
FSLR 90.70 93.50 96.80 69.60 64.40 83.00

Table 2: Out-of-distribution evaluation on five diverse benchmarks. Models are trained exclusively on GSM8K
and evaluated on AsDIv, SVAMP, MAWPS, TabMWP, and GSM-Hard under zero-shot setting. Math-specialized
models (DeepSeek-Math-7B and Qwen2.5-Math-7B) are evaluated zero-shot as reference baselines. Green cells
indicate FSLR outperforms CoT-SFT. Red cells indicate FSLR underperforms CoT-SFT.

Comparison with prompting-based logical plan-
ning. To evaluate whether prompting alone with-
out fine-tuning can achieve similar benefits by in-
structing models to identify logical relationships be-
fore solving, we test two strategies: Zero-shot Logi-
cal Planning (Zero-LP) and Few-shot Logical Plan-
ning (Few-LP), which provides demonstrations
of explicit logical relationship identification. As
shown in Table 1, both Zero-LP and Few-LP under-
perform FSLR by a considerable margin (82.45%
and 82.67% vs. 87.08%–88.90%). This confirms
that explicit logical relationship understanding re-
quires internalization through fine-tuning rather
than surface-level instruction following. Further-
more, Pass@k evaluation (Appendix E) confirms
that FSLR expands model capability boundaries.

4.2.2 Out-of-Distribution Performance

Table 2 presents out-of-distribution results where
models are trained exclusively on GSM8K then
evaluated on five diverse benchmarks: AsDIv,
SVAMP, MAWPS, TabMWP, and GSM-Hard. This
setup tests whether the improvements from FSLR
training generalize beyond the training distribution.

FSLR demonstrates superior generalization
across diverse problem types. FSLR consis-
tently outperforms CoT-SFT across all three mod-
els and most evaluation datasets. On LLaMA-3.1-
8B, FSLR achieves substantial improvements over
CoT-SFT: +14.4% on AsDIv (86.7% vs 72.3% with
LLaMA teacher), +12.4% on MAWPS, and +5.2%
on GSM-Hard, averaging +8.08% improvement
across all OOD datasets. Similarly, Qwen2.5-7B
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Figure 3: Radar chart showing model accuracy stratified
by problem complexity (number of reasoning steps).
Results shown are for LLaMA-3.1-8B with LLaMA-
3.1-70B as the teacher model. FSLR consistently out-
performs both Base and CoT-SFT methods, with partic-
ularly notable advantages on more complex problems
requiring 6-8 reasoning steps.

and Qwen3-4B achieve average gains of +3.52%
and +5.76% respectively across teacher config-
urations. Consistent with in-distribution results,
FSLR-trained general-purpose models also sur-
pass math-specialized models on OOD bench-
marks. This demonstrates that a more focused su-
pervising logical relationship understanding leads
to more transferable reasoning capabilities. We
provide complementary Out–of-distribution exper-
iments with models trained on SVAMP in Ap-
pendix F, which show consistent results.

4.2.3 Performance Across Problem
Complexity Levels

To understand how FSLR’s benefits vary with
problem difficulty, we analyze model performance
across problems requiring different numbers of rea-
soning steps (2-8 steps) on the GSM8K test set.
Figure 3 presents a radar chart comparing the base
LLaMA-3.1-8B model, CoT-SFT, and FSLR across
complexity levels. FSLR demonstrates consis-
tently superior performance across most com-
plexity levels, with particularly strong advan-
tages on challenging problems. On simpler 2-4
step problems, FSLR achieves 82-87% accuracy
compared to 78-79% for CoT-SFT and 59-69% for
the base model, representing +4-8% improvements
over CoT-SFT. Notably, on more complex 6-8 step
problems where reasoning chains are much longer,
FSLR shows dramatic gains compared to CoT-SFT:
67% vs 63% (6-step), 76% vs 67% (7-step), and

78% vs 56% (8-step), with the gap widening to
+22% on 8-step problems. This pattern reveals
that FSLR’s focused training on understanding log-
ical relationships provides compounding benefits
in multi-step reasoning.

4.2.4 Training Efficiency
Beyond improved accuracy, FSLR offers substan-
tial computational advantages over CoT-SFT.
Table 3 shows that FSLR training data contains
significantly fewer tokens: on GSM8K, FSLR pro-
duces sequences averaging 27–52 tokens, com-
pared to 238–310 tokens for CoT-SFT (an 84-87%
reduction), while on SVAMP, the reduction is sim-
ilarly dramatic (34-46 tokens vs. 192-245 tokens,
81-86% reduction). This compression stems from
FSLR’s focus on first planning step rather than com-
plete solution trajectories, eliminating the extensive
computational execution steps that dominate CoT
sequences.
Figure 4 demonstrates that these token savings di-
rectly translate to training acceleration. In GSM8K,
the FSLR training is completed in 23-43 minutes
compared to 144-175 minutes for CoT-SFT, achiev-
ing 4-6× speedup across all models and teacher con-
figurations. Similar gains are observed on SVAMP
(4–6× speedup), demonstrating that FSLR’s train-
ing is not only more effective but also substantially
more efficient.

4.2.5 Reliability of Error Attribution
To validate the robustness of error attribution, we
conduct additional analysis using LLaMA-3.1-70B-
Instruct and Qwen2.5-72B-Instruct as independent
judges with the same classification prompt (Ap-
pendix G). As shown in Table 6, logical relation-
ship understanding errors consistently account for
over 90% of failures across all three judges, models,
and methods. The convergence across judges with
different architectures and training backgrounds
substantially strengthens the validity of our error
attribution. Furthermore, manual inspection of 100
randomly sampled cases confirms that judge classi-
fications align with human judgment at over 95%
accuracy.

4.2.6 Consistency Analysis of
Teacher-Generated First Planning Steps

To investigate whether potential multiple first steps
for a given problem introduce noise or limit the
student model, we conduct a two-part consistency
analysis on 500 randomly sampled problems from
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Token length Data Source LLaMA3.1-8B Qwen2.5-7B Qwen3-4B
CoT-SFT FSLR CoT-SFT FSLR CoT-SFT FSLR

GSM8K
LLaMA 237.64 37.82 254.98 38.12 254.98 38.12
Qwen 293.76 38.95 310.38 39.24 310.38 39.24
Self 256.41 27.02 301.22 51.92 262.11 42.37

SVAMP
LLaMA 195.51 40.90 207.43 41.42 207.43 41.42
Qwen 206.19 37.11 215.12 37.66 215.12 37.66
Self 244.67 36.56 217.36 33.55 192.36 45.98

Table 3: Average token length of training sequences for CoT-SFT and FSLR across different models and datasets.
Green cells indicate FSLR uses fewer tokens than CoT-SFT (lower is better for efficiency).
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approximately 4-6× while maintaining competitive performance.
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Figure 5: Zero-shot performance on GSM-Symbolic
benchmark. All models are trained using LLaMA-3.1-
70B as the teacher model. FSLR achieves the best per-
formance across all three models, demonstrating supe-
rior generalization.

the GSM8K training set, using GPT-4o to judge
semantic consistency of generated first planning
steps.
Within-teacher consistency. We generate first
planning steps using LLaMA-3.1-70B-Instruct at
three temperatures (0, 0.5, 1.0) and evaluate

whether outputs are semantically consistent across
temperature settings. Results show that 84.7%
of problems yield consistent first planning steps
across all three temperatures, indicating that the
first planning step is generally well-defined and
robust to generation variance.

Across-teacher consistency. We further analyze
whether different teacher models produce consis-
tent first planning steps by comparing outputs from
LLaMA-3.1-70B-Instruct, Qwen2.5-72B-Instruct,
and the self-generated condition. We find that
75.4% of problems show consistent first planning
steps across all three teachers. The 9.3% gap be-
tween within- and across-teacher consistency is ex-
pected given differences in model capabilities and
training backgrounds, yet the majority of problems
still yield consistent logical understanding across
diverse teacher sources.

Together, the high consistency rates both within-
teacher (84.7%) and across-teacher (75.4%) demon-
strate that the first planning step is generally well-
defined for mathematical problems.
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4.2.7 Performance on GSM-Symbolic
To further validate FSLR’s robustness beyond
standard benchmarks, we evaluate on GSM-
Symbolic (Mirzadeh et al., 2024), a benchmark
specifically designed to test genuine reasoning.
Figure 5 presents performance across all three mod-
els on GSM-Symbolic. FSLR demonstrates supe-
rior robustness to problem variations. While
all models show performance drops compared
to standard GSM8K, FSLR maintains substan-
tially stronger performance than both base models
and CoT-SFT. On LLaMA-3.1-8B, FSLR achieves
79.6% accuracy compared to 70.7% for CoT-SFT
and 52.9% for the base model, achieving +8.9%
improvement over CoT-SFT. Similarly, FSLR
achieves improvements of +9.7% on Qwen2.5-7B
(78.4% vs 68.7%) and +7.9% on Qwen3-4B (78.4%
vs 70.5%) over CoT-SFT. This consistent advan-
tage across different models suggests that FSLR’s
focused training on understanding logical relation-
ships develops more robust reasoning capabilities,
indicating that models trained with FSLR rely less
on memorized patterns and more on genuine under-
standing of operational dependencies, which is the
capability GSM-Symbolic is designed to test.

4.2.8 Case Study
To illustrate how FSLR improves logical relation-
ship understanding, we present an example from
GSM8K where the base model and CoT-SFT both
fail, while FSLR succeeds. The following exam-
ple uses LLaMA-3.1-8B as the target model with
LLaMA-3.1-70B as the teacher model. Complete
reasoning content is provided in Appendix H.
Problem: Shiela bought 5 cell phones for $150
each for a 3-month installment. A 2% interest will
be charged for each unit. How much will Shiela
pay each month for 3 months?
Ground Truth: A $150 × 2/100 = $3 interest will
be charged for each unit. So, each cell phone costs
$150 + $3 = $153. The total amount to be paid for
5 cell phones is $153 × 5 = $765. Thus, Shiela will
pay $765/3 = $255 each month. Answer: $255
Base LLM: ...Interest = 2% of $150 = $3.
Total interest = 3 × $3 = $9. Total amount = $750
+ $9 = $759. Monthly payment = $759/3 = $253.
Answer: $253
CoT-SFT: ...The interest rate is
2% per unit, and there are 5 units.
So, the total interest charged is: 5 × 2% = 10%.
Total = $750 + $750 × 10% = $825. Monthly =
$825/3 = $275. Answer: $275

FSLR: ...Total cost = 5 × $150 = $750.
Total interest: 2% of $750 = 0.02 × $750 = $15.
Total amount = $750 + $15 = $765. Monthly
payment = $765/3 = $255. Answer: $255
Both the base LLM and CoT-SFT fail because they
misidentify which quantity the interest rate should
be applied to. The base model incorrectly interprets
"interest for each unit" as applying to the payment
period, computing "3 months × $3 = $9" total inter-
est. CoT-SFT makes a different error: it aggregates
the interest rate itself ("5 × 2% = 10%"), then ap-
plies this to the total cost, completely missing that
"per unit" means the 2% must be calculated on the
individual unit price of $150. In contrast, FSLR
correctly identifies the operational structure, recog-
nizing that the problem requires calculating "2%
of $750", which properly captures the relationship
between the interest rate, unit price, and quantity.
Notably, all three models demonstrate sound arith-
metic execution: the computational steps are per-
formed correctly given their operational decisions.

5 Conclusion

In this work, we identified that logical relation-
ship understanding errors constitute the primary
bottleneck in mathematical reasoning, account-
ing for over 90% of incorrect predictions, and
Chain-of-Thought Supervised Fine-Tuning(CoT-
SFT) fails to substantially address this limitation.
To bridge this gap, we proposed First-Step Logical
Reasoning (FSLR), a lightweight framework that
provides a more focused training signal for log-
ical relationship understanding by training mod-
els to identify the first planning step. Extensive
experiments demonstrate that FSLR consistently
outperforms CoT-SFT across multiple models and
benchmarks, achieving stronger generalization on
out-of-distribution tasks while requiring 81-87%
fewer training tokens.

6 Limitations

Our work has several limitations. First, FSLR is
evaluated on mathematical problems, and its ef-
fectiveness on other reasoning domains remains
unexplored. Second, our framework relies on su-
pervised fine-tuning with teacher-generated annota-
tions, which may limit the model’s ability. Explor-
ing reinforcement learning approaches that reward
correct logical relationship identification could po-
tentially yield further improvements in logical rela-
tionship understanding and is left for future work.
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A Prompt for Error Analysis

Prompt Design. To categorize reasoning errors,
we use GPT-4o (Hurst et al., 2024) with the follow-
ing prompt template:

You are analyzing mathematical reasoning
errors to identify failures in
understanding logical relationships
between variables.

Definition: Genuine logical reasoning
requires understanding the logical
relationships between variables in a
problem, including:

1. Variable dependency: How variables
depend on each other

2. Condition-solution mapping: How
given conditions constrain the
solution approach

3. Relevant information filtering:
Which information is relevant vs.
irrelevant to the solution

4. Logical step dependency: Each
reasoning step logically follows
from previous steps

5. Operation-relationship alignment:
Choosing operations based on
variable relationships, not
surface-level keywords

Problem: [problem text]

Ground Truth Answer: [ground truth]

Model’s Predicted Answer: [prediction]

Model’s Reasoning Process: [reasoning]

Task: Categorize this error into ONE of
the following categories:

1. STRUCTURAL_FAILURE: The error
stems from misunderstanding logical
relationships between variables

2. COMPUTATIONAL: The logical
relationships are understood correctly,
but arithmetic/calculation is wrong

3. COMPREHENSION: Misreading the problem
statement itself

Response Format:
Category:
[STRUCTURAL_FAILURE/COMPUTATIONAL/COMPREHENSION]
Explanation: [One sentence explaining
why this category was chosen]

B Error Analysis

We present additional error analysis visualizations
for LLaMA-3.1-8B and Qwen3-4B models to com-
plement the Qwen2.5-7B analysis in Figure 1.
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Figure 6: Error analysis on LLaMA3.1-8B comparing
Base, CoT-SFT, and FSLR(Ours) models. Each bar
shows the breakdown of correct predictions, logical
relationship understanding errors, and other errors.

We observe consistent patterns across different
models. On LLaMA-3.1-8B, FSLR reduces logical
relationship understanding errors by 53.9% com-
pared to the base model and 21.4% compared to
CoT-SFT. On the stronger Qwen3-4B, logical rela-
tionship understanding errors still dominate (>90%
of failures), and FSLR continues to outperform
CoT-SFT. These results confirm that regardless of
base model strength, FSLR effectively targets the
primary bottleneck in mathematical reasoning.
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In-Distribution Results LLaMA3.1-8B Qwen2.5-7B Qwen3-4B AverageData Source Method GSM8K SVAMP GSM8K SVAMP GSM8K SVAMP

LLaMA
CoT-SFT 77.90 79.30 77.60 88.10 85.70 85.10 82.28
Plan-and-Solve 81.70 83.30 83.70 89.00 87.50 90.10 85.88
FSLR 83.10 84.80 85.10 91.30 87.10 91.10 87.08

Table 4: Comparison with Plan-and-Solve fine-tuning on in-distribution benchmarks GSM8K and SVAMP. All
models use LLaMA-3.1-70B-Instruct as the teacher model. Green cells indicate the method outperforms CoT-SFT.

Out-of-Distribution Results Models Trained on SVAMP AverageData Source Method AsDIv GSM8K MAWPS TabMWP GSM-Hard
Math-Specialized Models

DeepSeek-Math Zero-shot 85.00 82.20 92.50 69.90 56.10 77.14
Qwen2.5-Math Zero-shot 82.50 85.50 92.30 53.60 55.40 73.86

LLaMA3.1-8B

Base LLM Zero-shot 63.60 62.90 73.40 39.50 31.70 54.22
Few-shot 85.80 77.50 97.00 55.00 38.70 70.80

LLaMA CoT-SFT 75.70 77.40 82.10 47.10 34.00 63.26
FSLR 85.90 83.20 94.40 55.70 41.70 72.18

Qwen CoT-SFT 77.40 74.70 84.30 54.30 36.80 65.50
FSLR 79.90 79.60 94.20 59.00 39.20 70.38

Self CoT-SFT 73.60 75.40 78.10 40.40 35.90 60.68
FSLR 83.30 82.00 94.20 53.80 40.10 70.68

Qwen2.5-7B

Base LLM Zero-shot 84.20 72.60 90.80 61.20 53.40 72.44
Few-shot 90.90 90.10 97.60 70.40 62.90 82.38

LLaMA CoT-SFT 86.90 86.70 93.00 61.60 57.00 77.04
FSLR 90.50 91.10 94.80 67.20 57.20 80.16

Qwen CoT-SFT 81.40 80.40 85.80 48.60 58.80 71.00
FSLR 86.50 80.70 94.00 57.80 57.50 75.30

Self CoT-SFT 85.50 84.60 88.50 48.90 61.70 73.84
FSLR 86.00 90.80 92.60 54.70 66.20 78.06

Qwen3-4B

Base LLM Zero-shot 78.10 84.70 88.10 66.30 62.40 75.92
Few-shot 88.40 84.80 95.90 70.30 56.00 79.08

LLaMA CoT-SFT 81.10 85.70 89.30 62.10 58.50 75.34
FSLR 89.90 92.20 96.00 66.70 66.00 82.16

Qwen CoT-SFT 89.90 87.70 94.30 66.60 62.20 80.14
FSLR 90.20 90.00 96.20 65.00 63.70 81.02

Self CoT-SFT 89.10 90.10 96.20 71.50 55.00 80.38
FSLR 90.40 92.10 96.80 70.20 64.50 82.80

Table 5: Out-of-distribution evaluation on five diverse benchmarks. Models are trained exclusively on SVAMP
and evaluated on AsDIv, GSM8K, MAWPS, TabMWP, and GSM-Hard under zero-shot setting. Math-specialized
models (DeepSeek-Math-7B and Qwen2.5-Math-7B) are evaluated zero-shot as reference baselines. Best results per
setting are in bold. Green cells indicate FSLR outperforms CoT-SFT. Red cells indicate FSLR underperforms
CoT-SFT.

C Training Data Example

To illustrate what the first-planning-step supervi-
sion looks like in practice, we provide a concrete

example from our training data below.

Problem: Betty picked 16 strawberries. Matthew
picked 20 more strawberries than Betty and twice
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Figure 7: Error analysis on Qwen3-4B comparing Base,
CoT-SFT, and FSLR(Ours) models. Each bar shows the
breakdown of correct predictions, logical relationship
understanding errors, and other errors.

as many as Natalie. They used their strawberries
to make jam. One jar of jam used 7 strawberries
and they sold each jar at $4. How much money
were they able to make from the strawberries they
picked?

First-Planning-Step (f1): First, we need to cal-
culate the number of strawberries Matthew picked,
which is 16 (Betty’s strawberries) + 20 (more than
Betty) = ?

This example demonstrates how f1 captures logi-
cal relationship understanding: the model identifies
the relevant variables (Betty’s 16 strawberries and
the difference of 20), selects the appropriate op-
eration (addition), and recognizes that “20 more
than” implies an additive relationship. This isola-
tion ensures the model is explicitly supervised on
identifying the correct logical relationship from the
problem statement.

D Comparison with Plan-and-Solve
Fine-Tuning

To investigate whether FSLR’s performance gains
stem specifically from the first-step design or from
general planning supervision, we compare FSLR
against a Plan-and-Solve fine-tuning baseline (Par-
mar et al., 2025). Plan-and-Solve trains models to
generate a complete plan before solving the prob-
lem, representing a broader form of planning super-
vision than FSLR’s focused first-step approach.

Setup. Using the planning generation prompt
template from the original Plan-and-Solve work,
we generate training data with LLaMA-3.1-70B-
Instruct as the teacher model, maintaining the
same experimental setup as FSLR. Results are re-
ported on in-distribution benchmarks GSM8K and
SVAMP.

Results. As shown in Table 4, FSLR outperforms
Plan-and-Solve by +1.20% on average across all
models and datasets. While Plan-and-Solve al-
ready improves over CoT-SFT (+3.60% on aver-
age), FSLR achieves further gains, confirming that
the first-step design contributes beyond general
planning supervision. We attribute this to FSLR’s
more focused training signal: by isolating only
the initial logical reasoning decision rather than
generating a full plan, FSLR provides more direct
supervision for logical relationship understanding
without introducing the additional complexity of
multi-step plan generation.

E Pass@k Evaluation on GSM8K

To investigate whether FSLR’s improvements gen-
uinely expanding model capability boundarie, we
evaluate using Pass@k metrics on GSM8K, which
measure whether the correct answer appears in k
attempts and thus reflect the upper bound of model
capability. As shown in Table 7, FSLR consis-
tently outperforms both Base and CoT-SFT across
all k values. The gains persist even as k increases
(+1.74% at Pass@4, +1.16% at Pass@8, +0.68% at
Pass@16), demonstrating that FSLR expands the
model’s capability boundary.

F Out-of-Distribution Performance
(SVAMP Training)

Table 5 presents out-of-distribution results where
models are trained exclusively on SVAMP and eval-
uated on five diverse benchmarks: AsDIv, GSM8K,
MAWPS, TabMWP, and GSM-Hard. This comple-
mentary experiment validates whether the benefits
of FSLR training generalize when using a different,
smaller training dataset.
FSLR maintains strong generalization even with
limited training data. Despite SVAMP being a
smaller dataset than GSM8K, FSLR consistently
outperforms CoT-SFT across nearly all configura-
tions. On LLaMA-3.1-8B, FSLR achieves substan-
tial improvements: +10.2% on AsDIv (85.9% vs
75.7% with LLaMA teacher), +16.1% on MAWPS
(94.4% vs 78.1% with Self teacher), and +8.6%
on TabMWP, averaging +8.92% improvement
across all OOD datasets with the LLaMA teacher.
Qwen2.5-7B and Qwen3-4B show similar trends,
achieving average gains of +4.22% and +2.42%, re-
spectively. These results demonstrate that FSLR’s
effectiveness is not dependent on large-scale train-
ing data. Consistent with GSM8K training results,
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Judge Model Method Total Errors Logical Errors Others

LLaMA-3.1-70B

LLaMA3.1-8B
Base 489 447 42
CoT-SFT 292 282 10
FSLR 223 215 8

Qwen2.5-7B
Base 362 351 11
CoT-SFT 296 276 20

FSLR 197 185 12

Qwen3-4B
Base 202 187 15
CoT-SFT 189 172 17
FSLR 170 162 8

Qwen2.5-72B

LLaMA3.1-8B
Base 489 443 46
CoT-SFT 292 243 49
FSLR 223 206 17

Qwen2.5-7B
Base 362 330 32
CoT-SFT 296 226 70
FSLR 197 168 29

Qwen3-4B
Base 202 164 38
CoT-SFT 189 162 27
FSLR 170 144 26

Table 6: Error attribution results using LLaMA-3.1-70B-Instruct and Qwen2.5-72B-Instruct as independent judges.
Logical relationship understanding errors consistently account for over 90% of failures across all judges, models,
and methods, consistent with the GPT-4o-based analysis in the main paper.

Metric Base CoT-SFT FSLR
Pass@4 93.10 94.30 96.04
Pass@8 96.21 96.63 97.79
Pass@16 97.88 97.80 98.56

Table 7: Pass@k evaluation on GSM8K for LLaMA3.1-
8B with LLaMA-3.1-70B-Instruct as teacher. FSLR
consistently improves over Base and CoT-SFT across
all k values.

FSLR-trained models surpass math-specialized
models. The results suggest that teaching models
how to initiate reasoning through logical relation-
ship understanding is more effective for general-
ization than exposing them to large volumes of
mathematical content. This reinforces our core
hypothesis that the bottleneck in mathematical rea-
soning lies in the ability to identify and apply ap-
propriate reasoning strategies from the problem’s
logical structure.

G Reliability of Error Attribution:
Multi-Judge Analysis

Table 6 presents error attribution results us-
ing LLaMA-3.1-70B-Instruct and Qwen2.5-72B-
Instruct as independent judges, complementing the
GPT-4o-based analysis in the main paper. Logical
relationship understanding errors consistently ac-

count for over 90% of failures across all judges,
models, and methods, confirming the robustness of
our error attribution.

H Complete Case Study

To illustrate how FSLR improves reasoning
through better understanding of logical relation-
ships, we present one example from GSM8K where
LLaMA-3.1-8B-Instruct model and CoT-SFT both
fail, while FSLR succeeds.
Problem: Shiela bought 5 cell phones for $150
each for a 3-month installment. A 2% interest will
be charged for each unit. How much will Shiela
pay each month for 3 months?
Ground Truth: A $150 × 2/100 = $3 interest will
be charged for each unit. So, each cell phone costs
$150 + $3 = $153. The total amount to be paid for
5 cell phones is $153 × 5 = $765. Thus, Shiela will
pay $765/3 = $255 each month. Answer: $255
LLaMA-3.1-8B-Instruct Response: Step 1: Cal-
culate the total cost of the cell phones. Total cost
= 5 × $150 = $750. Step 2: Calculate the inter-
est charged for each unit. Interest = 2% of $150
= 0.02 × $150 = $3. Step 3: Calculate the total
interest charged for 3 months. Total interest = 3 ×
$3 = $9. Step 4: Calculate the total amount Shiela
will pay each month for 3 months. Total amount
= Total cost + Total interest = $750 + $9 = $759.
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Step 5: Calculate the monthly payment. Monthly
payment = Total amount / 3 = $759 / 3 = $253.
Answer: $253
CoT-SFT Response: First, we need to calculate
the total cost of the cell phones. Shiela bought 5
cell phones for $150 each, so the total cost is: 5
× $150 = $750. Next, we need to calculate the
interest charged for each unit. The interest rate is
2% per unit, and there are 5 units (cell phones). So,
the total interest charged is: 5 × 2% = 10%. Now,
we need to calculate the total amount Shiela needs
to pay, including the interest. To do this, we’ll add
the total cost of the cell phones to the total interest
charged: $750 (total cost) + $750 × 10% (interest)
= $750 + $75 = $825. Since Shiela is paying in
installments over 3 months, we need to divide the
total amount by 3 to find out how much she’ll pay
each month: $825 ÷ 3 = $275. Answer: $275
FSLR Response: First, calculate the total cost
of the cell phones: 5 cell phones × $150 per cell
phone = $750. Then, calculate the total interest:
2% of $750 = 0.02 × $750 = $15. Now, calculate
the total amount Shiela will pay: $750 (cost of cell
phones) + $15 (interest) = $765. Finally, calculate
the monthly payment: $765 / 3 months = $255 per
month. Answer: $255
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