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Abstract

Causal self-attention provides positional infor-
mation to Transformer decoders. Prior work
has shown that stacks of causal self-attention
layers alone induce a positional bias in atten-
tion scores toward earlier tokens. However, this
differs from the bias toward later tokens typi-
cally observed in Transformer decoders, known
as recency bias. We address this discrepancy by
analyzing the interaction between causal self-
attention and other architectural components.
We show that stacked causal self-attention lay-
ers combined with LayerNorm induce recency
bias. Furthermore, we examine the effects of
residual connections and the distribution of in-
put token embeddings on this bias. Our results
provide new theoretical insights into how posi-
tional information interacts with architectural
components and suggest directions for improv-
ing positional encoding strategies.

1 Introduction

In sequence modeling with Transformer decoders
(Vaswani et al., 2017), the way positional infor-
mation is provided to the model is closely tied to
performance (Dufter et al., 2022) and its ability to
generalize to longer sequence lengths (Zhao et al.,
2024). Among the components of a Transformer
decoder layer, positional encodings and the causal
mask are responsible for supplying positional in-
formation (Haviv et al., 2022; Kazemnejad et al.,
2023; Chi et al., 2023). While the mechanisms by
which positional encodings provide positional in-
formation have been extensively studied (Barbero
et al., 2025; Su et al., 2024, Press et al., 2022), the
corresponding process for the causal mask remains
less well understood.

Recent research shows that simply stacking
causal self-attention layers can induce an atten-
tion bias toward earlier tokens, thereby providing
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positional information (Wu et al., 2025). How-
ever, empirical studies of full Transformer decoder
layers yield contrasting results. Specifically, Zuo
et al. (2025) show that Transformer decoders ex-
hibit an attention bias toward more recent tokens
rather than earlier ones. This phenomenon, known
as recency bias, is characteristic of many positional
encoding methods (Su et al., 2024; Press et al.,
2022; Vaswani et al., 2017). The discrepancy be-
tween these findings suggests that additional archi-
tectural components, such as LayerNorm (Ba et al.,
2016) or residual connections (He et al., 2016),
may modulate the positional information induced
by the causal mask.

By examining the effects of other architectural
components, we show that LayerNorm induces re-
cency bias in Transformer decoders without po-
sitional encoding. Formally, stacking causal self-
attention layers with LayerNorm induce recency
bias, consistent with the observations of Zuo et al.
(2025). We further analyze the effects of residual
connections and the distribution of input token em-
beddings on recency bias, both quantitatively and
qualitatively. Together, these findings provide theo-
retical insights into improving positional encoding
and length generalization in Transformer decoders.

2 Theoretical Analysis

2.1 Preliminaries

Formally, a single-head pre-LayerNorm (Xiong
et al., 2020) Transformer decoder layer defines
a function f() : R™*d — RXd with X1 =
FO(X 1), where X denotes the output of the
[-th Transformer decoder layer, and n and d corre-
spond to the number of input tokens and the model
hidden size, respectively. The superscripts indicate
layer indices, and X ©) corresponds to the input
token embeddings. We omit the superscripts when
clear from context.

First, the normalized input Y () is produced by
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the LayerNorm operation:
Y = LayerNorm(X =),

Then, the query, key, and value matrices ), K,
and V are computed using the learnable weight
matrices Wo, Wi, Wy € Rxd;

Q=YWqg, K=YWg, V=YWy.

The attention score matrix .S is computed as:

-
S = Causal (Qj% > ,

where Causal(-) applies a strictly upper-triangular
causal mask (setting masked entries to —oo) to
prevent attention to future positions.

Thus, the attention weights A are defined by the
row-wise softmax operation:

A = Softmax(S).

The attention output OW is then computed using
a learnable output projection matrix Wy € R4*¢
together with a residual connection:

0 = (AV YWy 4+ XD,
Finally, the hidden state X @) is computed as:
X" = FFN(LayerNorm(0®)) + 0",

where FFN denotes a position-wise feed-forward
network, typically consisting of two linear layers
separated by a nonlinear activation function.

Here, we formally define recency bias as the
property that the attention score assigns a higher
score to a closer key than to a more distant key for
a fixed query.

Definition 1. The attention score S exhibits re-
cency bias if S;; > Sii, for all query indices © and
key indices j and k satisfying i > j > k.

2.2 LayerNorm

Here, we show that stacked causal self-attention
layers with LayerNorm can induce a recency bias,
even when the input sequence has no causal de-
pendency, no learnable parameters, and no feed-
forward modules. We begin with the case where
the input token embeddings follow a normal distri-
bution with zero mean and variance 1/d, following
Reddy (2024) and Wu et al. (2025). We first ignore
the residual connection, and then consider cases
with residual connections or non-normal input dis-
tributions in the following subsections.

Theorem 1. Let input token embeddings follow
N(0,14/d), and let the architecture be composed
of stacked LayerNorm and causal self-attention

layers. For hidden sizes d > 1, the attention score
of the second layer S exhibits a recency bias.

Here, we provide a sketch of the proof; the full
version can be found in Appendix A.1.
Proof Sketch  Following the assumption, each
input token embedding satisfies 3550) ~ N(0,14/d).
Under the stated simplifications, a single Layer
f(X) acts as:

f(X) = Softmax(Causal(YY " /Vd))Y, (1)
Y = LayerNorm(X). (2)

The operator Causal(-) applies a strictly upper tri-
angular mask so that a query at position ¢ attends

only to keys at position j < ¢, and the softmax is
applied row-wise:

e(vivi)/Vd (i = §)
" e<yi,yi>/ﬁjz%llfe<yi,yk>/ﬁ J
_ vi»yj5)/Vd . .
A= T (> 9)
e\YirYqi +Zk:16 Yk
0 (1< j)
3)

Since d > 1, we can apply the law of large num-
bers. For large d, LayerNorm can be approxi-

mated as LayerNorm(X) ~ vdX/||X||2. Con-
sequently, <y§1),y51)>/\/a = +/d. Fori # j, the
cross term (ygl),yj(-l)> /v/d converges in distribu-
tion to NV (0, 1), which is negligible compared to
v/d. We therefore approximate these terms by zero.
Under this approximation,

A0 23 Ay _ 4 Sl
= J 73 Va1

“)

Since :1:1(1) is a linear combination of zero-mean

vectors, the same LayerNorm approximation ap-

plies at the next layer. Writing Sﬁ) in terms of z(!)

and applying the law of large numbers again, for

7 > j we obtain
qo_ Wy del e
K Vd Va|lzPl] - 1)

Vi i
_ Vid(eV! +j - 1) 5

VeV 4j —1y/e2Vd 4 j -1

For fixed i, this expression is strictly increasing
2
i

in 5. For the diagonal case, @ — v/d by con-
struction, and clearly 51(22 ) > S’f?_l Therefore,
SZ(]2 ) > Si(,?) for all i > j > k, exhibiting recency
bias. O
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Figure 1: Visualization of the attention scores using a simulation with d = 16 (left) and d = 64 (right) for layers
1 and 2. LN and Res correspond to LayerNorm and residual connections, respectively. The y-axis represents
query indices, and the x-axis represents key indices. To clearly visualize the recency bias, we masked the diagonal
elements except those in the first row. Results for layers 3 and 4 are provided in Figure 3, and results for d = 256

and d = 1024 are provided in Figure 4.

Proposition 1. Without LayerNorm, S does not
exhibit recency bias.

The proof follows a similar approach to Theo-
rem 1 and can be found in Appendix A.2. Note that
this result is consistent with Wu et al. (2025), con-
firming that simply stacking self-attention layers
does not induce recency bias.

To summarize, under the minimal assumptions
that the input token embeddings follow a normal
distribution and that d > 1, we show that Layer-
Norm induces a recency bias at S(2). We empiri-
cally show the behavior of later layers in Section
3.

2.3 Residual Connection

In addition, we evaluate the effect of the residual
connection on recency bias.

Proposition 2. Regardless of the existence of the
residual connection, S 2) has recency bias.

The proof can be found in Appendix A.3. We
empirically demonstrate its effect on the causal bias
in Section 3.

2.4 Distribution of Input Token Embeddings

While we assume that the input token embeddings
follow a normal distribution in the previous sec-
tions, the input embeddings of pre-trained Trans-
former decoder models are typically anisotropic;
each token embedding has a high cosine similarity
with the others (Ethayarajh, 2019). To evaluate the
effect of anisotropy in input token embeddings on
re(c)ency bias, we model anisotropic embeddings

0

x, ’ with anisotropy level a by adding a shared
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vector v to independent Gaussian noise ¢;, scaled
by a factor , /2. Specifically,

v, (6)

where €¢; and v are independently drawn from
N(0,1q/d).

Proposition 3. Regardless of the anisotropy of the
input token embeddings, S'? exhibits recency bias.

The proof can be found in Appendix A.3. We
analyze the effect of anisotropic input embeddings
in the following section.

3 Empirical Analysis

We further examine how recency bias is induced
using a simulation of a Transformer without learn-
able parameters or positional encodings, as defined
in Eq. 2. Specifically, we sample 10 vectors of di-
mension d € {16, 64} drawn from the distribution
defined in Eq. 6. Figure 1 shows the simulated
attention scores for layers 1 and 2, with d = 16
on the left and d = 64 on the right, averaged over
10,000,000 simulations.!

To quantitatively assess the presence of recency
bias, we introduce the recency probability (RP)
metric, inspired by the adjacency probability of
Zuo et al. (2025). Given an attention score ma-
trix S;;, the RP is defined as the probability that
S;j > Si for any i > j > k, excluding diagonal
entries. Under this definition, if the average RP
is significantly larger than 0.5, this indicates the
presence of a recency bias.

First, consider the case without LayerNorm, cor-
responding to the first row of Figure 1. As expected,
no attention bias is observed in the first layer. In
the second layer, the attention scores in each row
are uniform across all positions except for the di-
agonal elements, for both d = 16 and d = 64. The
RP values remain close to 0.5 across all conditions,
confirming the absence of recency bias. This be-
havior is consistent with Proposition 1 and Figure
2 of Wu et al. (2025), which show that stacking
causal self-attention layers alone does not induce
recency bias, but instead leads to a bias toward
earlier tokens.

The second row of Figure 1 corresponds to the
case with LayerNorm and o« = 0. For d = 64,

'The source code is publicly available at: https://
github.com/starmpcc/layernorm_recency_bias.
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Figure 2: Visualization of h(j) over key index j, for
multiple values of a.

the attention scores for the off-diagonal elements
are nearly uniform, and no clear recency bias is
observed (RP = 0.5000). This behavior can be
explained by Eq. 5: the ¢V term dominates the
contribution of j, effectively suppressing the re-
cency bias. However, when d = 16, a mild recency
bias emerges even with « = 0 (RP = 0.5015),
because the exponential term in the denominator is
less dominant at smaller dimensions.

The third row of Figure 1 corresponds to the
anisotropic input distribution with oo = 0.5. In the
second layer, the attention scores strictly increase
as j increases for a fixed 7, indicating a clear re-
cency bias for both d = 16 (RP = 0.6382) and
d = 64 (RP = 0.5544). This behavior can be
explained by examining the formulation of S(?).
Equation 5 can be decomposed into a term that
depends on 7 and a term that depends on j. Even
when «a # 0, a similar decomposition holds, allow-
ing us to write Sﬁ) = g(i)h(j). For each row, i
is fixed, so g(7) can be treated as a constant, and
the variation in the attention scores is governed
solely by A(j). The explicit form of h(j) is given
in Appendix Eq. 42, and its dependence on « is
illustrated in Fig. 2. When o = 0, the eV term
dominates, causing h(j) to grow slowly. In con-
trast, when o # 0, h(j) increases rapidly, which is
consistent with the observed results.

This result is also consistent with Zuo et al.
(2025), which show that hidden states associated
with nearby query—key pairs exhibit high cosine
similarity in Transformer decoders without posi-
tional encoding. Since cosine similarity is equiv-
alent to the inner product after /5 normalization,
and /5 normalization can in turn be approximated
by LayerNorm with a scaling factor of v/d under
mild assumptions, the observed phenomenon can
be explained by our theory.

28641


https://github.com/starmpcc/layernorm_recency_bias
https://github.com/starmpcc/layernorm_recency_bias

The last row of Figure 1 corresponds to the case
with a residual connection and o = 0.5. Compared
to row 3, the recency bias observed in row 4 is
less pronounced, as reflected by lower RP values
(RP = 0.5931 for d = 16 and RP = 0.5457 for

d = 64 in layer 2). Adding a residual connec-
(0) (1

tion adds x; "’ to x;

. Since some components are

Z(U) ;O), the proportion
of components shared by azgl) and x§1) decreases.
This reduces the overall scale of the off-diagonal
attention scores, making the recency bias less pro-
nounced. A similar analysis for Figure 2 with resid-
ual connections (Figure 7), along with attention
score visualizations for different values of o (Fig-
ures 5 and 6), is provided in Appendix B.

not shared between x; ’ and x

4 Conclusion

In this work, we show that causal self-attention,
when combined with LayerNorm, induces a re-
cency bias in attention scores. We further in-
vestigate the effects of residual connections and
anisotropic input embeddings on this bias. Our
theoretical framework naturally extends to modern
attention variants used in contemporary LLMs, in-
cluding Multi-Head Attention (MHA) (Vaswani
et al.,, 2017), Multi-Query Attention (MQA)
(Shazeer, 2019), and Grouped-Query Attention
(GQA) (Ainslie et al., 2023). In these cases, the Vid
term in the derivation is replaced by \/d},, where
dy, is the per-head dimension, and all dimension-
dependent terms are correspondingly replaced by
dp, preserving the structure of the derivation and
leading to the same qualitative conclusions.
Importantly, although LayerNorm can induce a
recency bias, this does not imply relativity. Rel-
ativity in positional encoding refers to modeling
positional information based on pairwise token dis-
tances (Shaw et al., 2018), but the attention scores
induced by causal masking and LayerNorm do not
satisfy this property. The recency bias in our anal-
ysis depends on both the query and key positions
rather than solely on their relative distance, mean-
ing that positional interactions between earlier and
later tokens may be non-uniform within a single
sequence. This non-uniform bias may adversely
affect the length generalization capability of Trans-
former decoders. Therefore, exploring mitigation
strategies, such as modifying the causal mask to
counteract this uneven bias, appears promising.
This suggests that the resulting behavior may differ
from that of typical relative positional encodings,

including RoPE (Su et al., 2024) and ALiBI (Press
et al., 2022). We believe these findings provide
valuable insights for the design of future positional
encoding methods and for research on length gen-
eralization.

Limitations

This study has several limitations. We do not
analyze the effects of feed-forward networks,
other learnable parameters, or multi-head attention
within Transformer decoder layers. Additionally,
the relationship between recency bias and overall
model performance is not evaluated. Finally, al-
though most modern Transformer decoder-based
models use RoPE (Su et al., 2024) for positional
encoding, its interaction with the positional infor-
mation induced by causal self-attention has not
been examined.
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A  Proofs

A.1 Proof of Theorem 1

(1) (1)
We additionally present the skipped derivation of Equation 5, starting from Si(j) ey )

fux“)n Hx‘“u
Proof.
1
((x(l) x(1)>) _ ( '+ St Z/k ) \/Ey](' ) Zz 1 3/1 7
vy >y (e\f—kz—l)(e\/g—#-]—l)
1 1
:6“1(),(5+6J§3 Lt )+ eV S )+ S S ) ®
(eVd4i—1)(eVd+j—1)
By the law of large numbers, <y§1), yj(.l)) = 0 fori # j, and <y§1),y§1)> = d. Thus,
d(eVi+j—1

(@ i), = ( ) ©)

(eVd+i—1)(eVd4+j—1)

For the H:cl(.l) || term in the denominator, we again apply the law of large numbers to the case i = j in Eq.
8:

d(e2Vd 1 1
D3 = M, 2y = ((e¢?l+z—1)2) (10)

Therefore, for i > j,

W) da) ) V(e 45— 1)

vd Vel 2Pl Va1 fevis 1

Since ¢ and j are positive integers and the order of j in the numerator is larger than that in the denominator,

@ _
S = (11)

Sz(f ) is strictly increasing in j for a fixed . O

A.2 Proof of Proposition 1
Proof. Without LayerNorm,

<xi7xl>/\/8 (7“_]
S( ) = Causal(X O XOT /), = (zi, ) /Vd (i > ). (12)
—inf (1 < j)
Proceeding in the same manner as in the previous proof, we obtain
eleg,e) /Vd .
e(z,L,Il)/\/E_i_Z;c—:ll e<$i7$k>/‘/3 (7/ = ])
A(l) _ (zg,25)/Vd . N 13
e<Zi«zz‘>/‘/§+ZZ;11 elzimg)/Vd (i >7) (13)
0 (1 <j)
Here, we can apply the law of large numbers. Thus,
1 L
(2”2 = =) (14)
~0 (i#7).



Therefore,

1/Vd ( . )
@ ) eviran J
_ 1 . .
A = T (1> 7) - (15)
0 (1 <

Thus,

1 i—1 1
(1) Z A(l) s 1/\/3565 ) + Zk:l ﬂfé : (16)
eNVdpi—1

( 1/\f _|_Zz 1. )( 1/\[ () Z{:ll$§1))

S@Y = M My = (17)
( ij )z>] {z; J ) (el/f_i_z_ )(el/‘[—i-j—l)
eVt g1 18
RN R [CACE ) "
1
QP "

Therefore, the attention score in the second layer without LayerNorm does not exhibit recency bias. [

A.3 Proof of Proposition 2 and 3

Here, we consider both anisotropic input embeddings and residual connections. To incorporate these
effects, we rewrite Eq. 2 to include residual networks:

f(X) = Softmax(Causal(YY ") /Vd)Y 4+ v X, (20)

Y = VdX/||X[l2, 21)

where ~ is a constant: v = 0 corresponds to the model without residual connections, and v = 1
corresponds to the model with residual connections.

( (0) (0)>

Proof. We first compute the expectation of (y. ',y i when ¢ # j. For the denominator,
1 o} Q@
E[|l2{" 1] = (i + | ;o 0) (e + /7)) 22)
a
— El{ei, )] + 2y T El{es, v)] + T E[(v,v)]. 3)

Since d > 1, the inner product in the second term is negligible compared to those in the first and third
terms. Thus, E|| M2 | ~ Vd/(1 — a). Therefore,

0.0 = val S NG D) _ /g (24)

l—«

Following the same procedure as in the above proof, we obtain

33'1(1) _ E Agjl)yj(l) +’)’$§-1) (25)
j=1
\[ ( ) Vida (1)
+e Zk 1Yk (1) 1)
= + V| |z |2y (26)
f+efa(z—1) s |2
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We denote the denominator by D;, so that

1 _ (d’YDi + 6\/g)y2.(1) + e\/aa 22—211 y](€1) .
v D 27

i—1
1
(0 a)) sy = o (@D Dy S0

k=1
j—1
x ((dvDj + eﬁ)y](-l) +eVda > yfl))] (28)
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- D-dDA {“(dwi + Y (dyD; + V) + ac¥ ™ (dyDi + V) (j 1)
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= ! [(] - 1)(a€ﬁa(dVDi + 6‘/&) 2V ozeZ‘/aa(i —2))
DiD;
+ (dvD; + e‘/a)(oz(d’yDi + e‘/a) + oze‘/ga(i —-2)+ e‘/aa) (30)
(eV92(j — 1) + dyDj + eV (a(dyD; + eV?) + eV 1 aeVie (i — 2))
=d (31)
D;D;
Dj;(1 + dv)(a(dyD; + eV4) 4 eV 4 qeVda(j — 2))
=d (32)
D;D;
_ d(l + dy)(a(dyD; + V) + eV 4 qeVie(j — 2)) 33)
- o

2) (z (1)7$(1)>

2) for any i > j > k. Since Sj;’ = dW\lj(l)H’ and the
i J

Formally, we aim to show that SZ(]2 ) > SZ-(k,

numerator and Ha:z(l) ||2 are independent of 7, it suffices to show that Hx§-1) ||2 is strictly decreasing in j.

((’yD'—f-e\/a)yj(,l)—{—ea‘[Z] 1yk )((’YDj-l-e\/E)y](-l)—f-eafZ] 1915;))

l2{V]3 = —— (34)
? D;D;
d
= 2 [(fyDj +eVh? 4 2da(yDj + eV deVI(j — 1) + 2V — 1)
J
+ dac Vi - 2)(j - 1)] @s)
d
= 2 [(ij + eV 4 2(1D; + eV a(D; - ) 4 ¥ (D; — eV
J
+a(D; — eV — Vi) (D, — eﬁ)] (36)
D3(7? + 207 + a) + Dj(1 — a)(2ve¥? + V) + (1 — a)(e2Ve — eVdH+Via)
J
Since HJ; )Hg > 0, it suffices to show that ]|mj_~_1||2 — H |]2 < 0:
(1) 1)
1284113 — 1257113 (38)
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va  avay L 1 2vd _ varavdy 1 1
=d(1-a)2 —_ 1-— — —_——
avd avd avd
o —e o € 2D +e
—d(1—a)(2ye¥? + e ﬂ)(m) Fd(1 — ) (e2Ve — eVdHViay( l()Q_DgH )y 4oy
JJ

Since 0 < a < 1, both terms are strictly negative. Therefore, H$§-1)H2 is strictly decreasing in j.

Consequently, Sz(j2 ) is strictly increasing in j for fixed 7, exhibiting a recency bias regardless of the

presence of residual connections or the anisotropy of the input embeddings. O

From the above proof, since <1:§1) , :1;5-1)> is independent of j, we have

N R T RAVIE
(5 = = (¢ () ek @
T ST [ TRVANTE
Therefore,
. D
h(5) . (42)

\/&\/Df(fﬁ + 20y + ) + D;(1 — a)(2veVd + eaVd) 4 (1 — a)(e2Vd — eVd+Vida)
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B Extended Results
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Figure 3: Visualization of the attention scores for layers 3 and 4 with d = 16 (left) and d = 64 (right). The layout
follows Figure 1.
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Figure 4: Visualization of the attention scores for layers 1 and 2 with d = 256 (left) and d = 1024 (right). The
layout follows Figure 1.
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Figure 5: Extended results of Figure 1 with multiple « values and no residual connections.
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Figure 6: Extended results of Figure 1 with multiple o values and with residual connections.
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Figure 7: Visualization of h(j) over key index j, for multiple values of «, including residual connections.
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