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Abstract

Multimodal Large Language Models (MLLMs)
have achieved remarkable progress but con-
tinue to struggle with geometric reasoning, pri-
marily due to the perception bottleneck regard-
ing fine-grained visual elements. While formal
languages have aided plane geometry under-
standing, solid geometry which requires spatial
understanding remains largely unexplored. In
this paper, we address this challenge by de-
signing a unified formal language that inte-
grates plane and solid geometry, comprehen-
sively covering geometric structures and seman-
tic relations. We construct GDP-29K, a large-
scale dataset comprising 20k plane and 9k solid
geometry samples collected from diverse real-
world sources, each paired with its ground-truth
formal description. To ensure syntactic correct-
ness and geometric consistency, we propose
a training paradigm that combines Supervised
Fine-Tuning with Reinforcement Learning via
Verifiable Rewards. Experiments show that our
approach achieves state-of-the-art parsing per-
formance. Furthermore, we demonstrate that
our parsed formal descriptions serve as a crit-
ical cognitive scaffold, significantly boosting
MLLMs’ capabilities for downstream geom-
etry reasoning tasks. Our data and code are
available at Geoparsing.

1 Introduction

Geometry plays a crucial role in mathematics and
is widely considered its core (Petersen, 2006); it
has always been a subject of great interest in the
field of artificial intelligence (Trinh et al., 2024;
Zhang et al., 2024a). The challenge of geometric
problem solving lies in the integration of complex
visual information and symbolic reasoning. Based
on the structural properties of geometry diagram,
geometry can be categorized into plane geometry
and solid geometry (Arana and Mancosu, 2012).

* Corresponding author.
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Figure 1: Hallucinations in geometric parsing by SOTA
MLLMs. Gemini-3-Pro and GPT-5.1 struggle to cor-
rectly parse slightly complex plane geometry and simple
solid geometry. Red text indicates parsing errors.

Compared to plane geometry, solid geometry de-
mands understanding 3D structures and spatial re-
lationships, making it more complex and a highly
challenging problem for artificial intelligence sys-
tems (Chou et al., 1996; Wang et al., 2024).

Recent advancements in Multimodal Large Lan-
guage Models (MLLMs) have demonstrated re-
markable capabilities across various vision reason-
ing tasks (Li et al.; Wang et al., 2025d; Bai et al.,
2025; Sun et al., 2024b,a). However, Geometry
Problem Solving (GPS) remains a challenge (Ma
et al., 2025; Zhao et al., 2025). The core difficulty
stems from the strict demand for precise geomet-
ric perception: MLLMs must accurately identify
basic geometric primitives (e.g., points, lines, and
planes) and comprehend their relations. Yet, even
state-of-the-art (SOTA) models frequently misinter-
pret geometric figures (Wang et al., 2025b; Li et al.,
2024). As shown in Figure 1, the most advanced
models, Gemini-3-Pro (Google, 2025) and GPT-
5.1 (OpenAI, 2025), still struggle to correctly parse
complex plane and solid geometries. This defi-
ciency in fine-grained visual perception is a critical
bottleneck, constraining the subsequent reasoning
process.

29876

https://eternal8080.github.io/geoparsing.github.io/


Point Line
Circle

Plane
Cube

Frustum

Co
ne

Py
ra
m
id

Cy
lin
de
r

Sp
her

oid

PrismFrustum
Cone

Plane Geom
etry

(Handwritten)

Point

Line

Circle

A
ngle

Plan
e G

eo
m

etr
y

(P
rin

ted
)

Le
ng

th
Ar

c

Par
alle

l
Perpend

icular

GDP-29K

S
ol

id
 G

eo
m

et
ry

Primitives:
• "points": ["D", "A", "B", "O", "E", "C"]
• "lines": ["line A O", "line A C B", "line E O C D", 
• "line AD", "line E A", "line O B", "line D B"]
• "circles": ["\\odot O lieson E B D A"]

Semantics: ["AB \\perp ED on C", "OE = 4", 
"m \\angle OEA = 30"]

Primitives: 
• "points": ["A", "B", "C", "D"]
• "lines": ["line A C", "line A D",

“line C D”, …]
• "circles": []

Semantics:
["CB = 28", "DC = BA = 57", "AD = 54",
"m \\angle ACD = 41", "m \\angle CAB = x+20"]

"points": 
["A_{1}", "B_{1}", "C_{1}", "A", "B",
"C", "D", "E", "F", "H", "G"]

"lines": [ "line A_{1} B_{1}", 
"line B_{1} C_{1}", "line C_{1}
A_{1}", "line A B", "line B F C", 
"line C A", "line A_{1} D A",…]

"structure": [
"pyramid P-ABCD"
]

"structure":
["prism A_{1}B_{1}C_{1}-ABC"]

"planes": [
"plane A_{1} B_{1} C_{1}",

"plane A B F C", 
"plane A_{1} B_{1} E B A D", "plane B_{1}     

C_{1} G H C F B E", "plane C_{1}  
A_{1} D A C H G", "plane D H F",

"plane D F A"]

"points": ["P", "A", "B", "C", "D", 
"O", "E"]
"lines": ["line A B", "line B C", 
"line C D", "line D A", "line P A", 
"line P B", "line P C", …]

"planes": [
"plane A B C D O",
"plane P A B",
"plane P B C",
"plane P C D E",
"plane P E D A",
"plane P A O C",
"plane E A O C",
"plane P E D O B"
]

Primitives:
• "points": ["J", "K", "M", "L"]
• "lines": ["line J L", "line M L", …]
• "circles": []

Semantics: 
["ML \\perp KJ on M", 
"JL \\perp KL on L", "JM = 5", …]

Primitives:
• "points": ["Y", "B", "X", "A", …],
• "lines": ["line Y P X", "line B P A", …],
• "circles": ["\\odot P lieson B Y C A X"]

Semantics: [ "m \\angle YPB = 3x", 
"m \\angle YPC = 3x-3", 
"m \\angle APC = 2x+15"]

GDP-29K

Figure 2: Overview of the GDP-29K dataset for geometry diagram parsing. The dataset spans plane geometry
(printed and handwritten) and solid geometry, with each diagram annotated by formal language that captures
primitives and semantic constraints.

To address the perception challenge, recent re-
search has explored geometry diagram parsing
(GDP), aiming to convert geometric diagrams into
symbolic representations (Seo et al., 2014; Lu et al.,
2021). However, existing works predominantly fo-
cus on plane geometry (PGDP), introducing for-
mal languages and datasets like PGDP5K (Zhang
et al., 2022) and FormalGeo7K (Zhang et al.,
2023b), while solid geometry remains underex-
plored. Unlike PGDP, solid geometry diagram
parsing (SGDP) necessitates understanding of 3D
spatial structures, making this task more com-
plex (Wang et al., 2025b). To bridge this gap, we
propose a unified formal language that extends es-
tablished plane geometry formal representations
to solid geometry. The formal language covers
elements ranging from basic points and lines to
high-order structures like planes and solids. Lever-
aging this language, we construct GDP-29K, a
large-scale dataset sourced from diverse real-world
scenarios. It comprises a plane geometry subset
PGDP-20K and a solid geometry subset SGDP-
9K, with each image paired with its ground-truth
formal description. Notably, the dataset incorpo-
rates varied visual styles, including handwritten dia-
grams, significantly enriching data diversity. GDP-
29K not only expands the scale of plane geometry
resources but also fills the void in formal definitions
and benchmarks for solid geometry.

Leveraging GDP-29K, we employ a two-stage
training paradigm that integrates Supervised Fine-
Tuning (SFT) with Reinforcement Learning via
Verifiable Rewards (RLVR). To ensure the rigor of
the generated formal descriptions, we design a rule-
based verifier that guides the policy based on syn-
tactic correctness and geometric consistency. Con-
sequently, our model demonstrates superior parsing
capabilities, with scores of 96.4 on PGDP and 94.9
on SGDP benchmark, even surpassing GPT-5.2 and
Gemini-3-Flash. Furthermore, we demonstrate the
practical utility of our parser in downstream geom-
etry reasoning. Experimental results show that aug-
menting Qwen3-VL-8B with our parsing outputs
drives significant performance boosts, yielding im-
provements of +10.1% on Geometry3K (Lu et al.,
2021), +9.0% on PGPS9K (Zhang et al., 2023a),
and +3.1% on SolidGeo (Wang et al., 2025b), with
gains also verified across other representative mod-
els. In summary, Our contributions are as follows:

• We propose a unified formal language for GDP
task, which extends existing plane geometry rep-
resentations to cover solid geometry structure.

• We construct GDP-29K, a large-scale dataset
comprising 20K plane and 9K solid geometry
diagrams paired with formal descriptions across
both printed and handwritten styles, effectively
filling the critical data gap for the GDP task.
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• We introduce a robust training paradigm com-
bining SFT and RLVR, which ensures syntactic
and geometric validity while achieving SOTA
performance on GDP benchmarks.

• Experimental results demonstrate that our pars-
ing outputs significantly enhance downstream
multimodal geometric reasoning.

2 Related Work

Geometry Perception Limitations in MLLMs.
Recent MLLMs have demonstrated strong capabili-
ties on several mathematical reasoning benchmarks,
such as MathVista (Lu et al.), MathVision (Wang
et al., 2024), and We-Math (Qiao et al., 2025).
However, performance remains unsatisfactory in
GPS (Xu et al., 2025; Wang et al., 2025b). Solv-
ing geometry problems requires the model to ac-
curately identify fundamental primitives such as
points, lines, circles, and planes; failure to perceive
these elements correctly inevitably leads to reason-
ing errors. Most existing works on GPS rely on
end-to-end benchmarks like GeoEval (Zhang et al.,
2024a) and MathVerse (Zhang et al., 2024b). How-
ever, this approach tends to conflate perception
errors with reasoning failures, obscuring the true
source of model limitations. In fact, several studies
have identified that perception errors remain the
primary source of failure in geometric reasoning
tasks (Wang et al., 2025a,b). Thus, explicitly de-
coupling perception from reasoning is imperative.

GDP Datasets and Formalization. GDP trans-
lates geometric diagrams into formal languages
to decouple perception from reasoning. While
PGDP benchmarks like Geometry3K (Lu et al.,
2021), PGDP5K (Zhang et al., 2022), and Formal-
Geo7k (Zhang et al., 2023b) have established 2D
formalisms, their reliance on limited sources (e.g.,
Geometry3K and GeoQA (Chen et al., 2021)) re-
stricts visual and structural diversity. This lack
of variety potentially hinders the generalization of
parsing models across complex, real-world scenar-
ios. Critically, a significant gap remains in solid
geometry, which involves complex 3D structures
and spatial relationships (Wang et al., 2025b) un-
addressed by current formalisms and datasets. To
bridge this, we design a formal language for solid
geometry that is fully compatible with 2D repre-
sentations, and introduce GDP-29K—a large-scale
dataset comprising 9K solid and 20K plane geome-
try samples. This resource fills the long-standing

void in solid geometry parsing while significantly
enhancing the diversity and scale of plane geometry
benchmarks.

Approaches for Geometry Understanding and
Reasoning. Early approaches relied on rule-
based heuristics (Lu et al., 2021) or detection-
based pipelines (Zhang et al., 2022) to identify
geometric primitives. Recently, works like G-
LLaVA (Gao et al.), AutoGeo (Huang et al., 2025),
and MAVIS (Zhang et al.) have shifted the focus
toward geometry QA, utilizing natural language su-
pervision to enhance reasoning. While GeoX (Xia
et al.) validates the feasibility of formal language
pre-training, many current methods still struggle
with the structural rigor required for precise parsing.
Inspired by the success of Reinforcement Learning
(RL) in mathematical domains (Shao et al., 2024;
Guo et al., 2025a), we introduce RLVR to the GDP
task—marking the first application of RL to ensure
both syntactic correctness and geometric precision
in diagram parsing.

3 Geometry Formal Representation

In this section, we introduce our unified formal
language representation. Designed for conciseness
and compatibility, this framework extends existing
definitions to address the critical lack of formalisms
for solid geometry.

Inheritance from Plane Geometry. For plane
geometry, we adopt the formal language estab-
lished in PGPS9K (Zhang et al., 2023a). This rep-
resentation is concise and close to natural language,
describing geometric diagrams as sequences of
predicates. It covers fundamental primitives (e.g.,
points, lines, circles) and semantic relations, includ-
ing geometric constraints (e.g., parallelism, perpen-
dicularity) and metric attributes (e.g., lengths, an-
gle measures), effectively capturing the topological
structure of plane geometry.

Extension to Solid Geometry. To address the
lack of formal definitions for three-dimensional
structures, we extend the formal language to solid
geometry. While preserving the syntactic consis-
tency of the plane geometry language, we introduce
high-order primitives such as planes and solids. To
achieve comprehensive coverage, we explicitly cat-
egorize solid structures into two classes:

• Polyhedra: We design specific descriptors for a
wide array of multifaceted bodies, ranging from
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Statistic Number

Dataset Scale & Style
Total Images 28,882

- Plane Geometry (PG) 19,965
- Solid Geometry (SG) 8,917

Style
- Printed 23,366
- Handwritten 5,516

PG Statistics (Avg. per Image)
Points 5.9
Lines 5.0
Circles 0.3
Semantic Relations 2.4

SG Statistics (Avg. per Image)
Points 7.4
Lines 12.1
Circles 0.05
Planes 6.4

Table 1: Detailed statistics of GDP-29K.

basic forms like cubes, prisms, and pyramids to
more complex structures such as frustums and
composite polyhedra.

• Solids of Revolution: We strictly define curved
geometric bodies formed by rotating a plane
curve around an axis, including spheres, cylin-
ders, cones, and truncated cones.

For each category, we establish standardized
formal templates to ensure structural consistency
across diverse solid configurations. This language
is characterized by its modularity and high expres-
siveness, allowing intricate geometric structures to
be decomposed into interpretable primitives. Such
a design ensures full compatibility with existing
plane geometry datasets while enabling the precise
description of complex solid structures.

4 GDP-29K Dataset

4.1 Overview

Based on the formal language defined in Section 3,
we construct GDP-29K, a large-scale dataset de-
signed to advance geometric diagram parsing tasks.
GDP-29K comprises a total of 28,977 samples col-
lected from diverse real-world scenarios, with each
image paired with its ground-truth formal descrip-
tion. The dataset contains two subsets:

• PGDP-20K: Containing 19,965 plane geome-
try diagrams. PGDP-20K incorporates a wide
spectrum of visual styles, covering both printed
diagrams and handwritten sketches. This variety

significantly enriches data diversity, enhancing
the robustness of model training.

• SGDP-9K: Containing 8,917 solid geometry dia-
grams. To the best of our knowledge, this consti-
tutes the first large-scale dataset tailored for solid
geometry parsing, effectively filling the gap in
data resources for 3D geometry perception.

Figure 2 illustrates representative samples from
both subsets, highlighting the complexity and diver-
sity of the geometric structures. Detailed statistics
of GDP-29K are presented in Table 1.

4.2 Dataset Construction

The construction of GDP-29K follows a rigorous
pipeline comprising data collection, filtering, and
labeling, ensuring both diversity and high quality.

Data Collection. We aggregated raw geometric
images from a wide range of real-world sources,
including open-access textbooks, exam papers, and
educational websites1. To further enhance diversity,
we also curated samples from three existing open-
source datasets (Zhang et al., 2022; Duan et al.,
2025; Guo et al., 2025b). In this initial phase, we
accumulated a raw pool of 68,642 plane geometry
images and 28,878 solid geometry images.

Data Filtering. To ensure the quality of the col-
lected data, we use a three-stage filtering pipeline:

• Stage 1: Image Quality Filtering. Using OpenCV,
we computed sharpness metrics to eliminate sam-
ples with low-resolution or blurry images, ensur-
ing the retained diagrams were visually clear.

• Stage 2: Semantic Quality Filtering. Leveraging
GPT-5.1’s visual understanding, we filtered out
images with semantic ambiguity, unsuitable for
parsing, or unrecognizable text labels.

• Stage 3: Human Verification. Finally, we con-
ducted a comprehensive manual review of re-
tained images, strictly excluding poorly rendered
diagrams or severe artifacts hindering parsing.

After this rigorous filtering process, we obtained
a refined set of 22,459 plane geometry samples and
9,541 solid geometry samples.

1https://www.jiaoyanyun.com/
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Benchmarks Language PG Size SG Size Task Style Source SG category PGFL SGFL

GeoQA (Chen et al., 2021) CN 4849 115 GQA P S 4 ✗ ✗

Geometry3K (Lu et al., 2021) EN 3002 0 GQA P S ✗ ✓ ✗

PGDP5K (Zhang et al., 2022) EN 5000 0 PGDP P S ✗ ✓ ✗

Formalgeo7k (Zhang et al., 2024c) EN 7000 0 MQA P O ✗ ✓ ✗

GeoEval (Zhang et al., 2024a) EN 2000 272 GQA P O 3 ✗ ✗

MATH-Vision (Wang et al., 2024) EN 1122 244 MQA P S 4 ✗ ✗

OlympiadBench (He et al., 2024) EN/CN 1325 1322 MQA P S 6 ✗ ✗

MathVerse (Zhang et al., 2024b) EN 1746 332 MQA P S O 4 ✗ ✗

MV-MATH (Wang et al., 2025a) EN 1175 372 MQA P S 6 ✗ ✗

GeoSense (Xu et al., 2025) EN/CN 1558 231 GQA P S O 6 ✗ ✗

SolidGeo (Wang et al., 2025b) EN/CN 0 3113 GQA P S O 9 ✗ ✗

GDP-29K(Ours) EN 19965 8917 GDP P H S O 9 ✓ ✓

Table 2: Comparison with existing multimodal math benchmarks. SG: Solid Geometry, PG: Plane Geometry. GQA:
Geometry QA, MQA: Math QA.Style: P =Printed, H =Handwritten. Source: S=Self-sourced, O=Collected from
Open-source Dataset. PGFL/SGFL: Plane/Solid Geometry Formal Language.

Data Labeling. We adopted different annota-
tion strategies for plane and solid geometry. For
the former, we utilized a model-assisted pipeline
where GPT-5.1 generated initial formal descrip-
tions, which were subsequently refined by expert
annotators to accelerate the process. In contrast,
solid geometry requires a purely manual approach
from scratch to ensure structural rigor, as current
MLLMs still struggle with 3D spatial perception.
To guarantee the highest label quality, we imple-
mented a strict three-tier quality control proto-
col—consisting of Annotation, Verification, and Fi-
nal Acceptance—ensuring that only samples pass-
ing all stages were included in the final dataset. Fol-
lowing the annotation, we performed a final redun-
dancy filtering step by identifying and removing
samples with identical formal descriptions. This
ensured the structural uniqueness of each instance,
resulting in the final 28,977 high-quality samples.

4.3 Comparison with Existing Benchmarks

As shown in Table 2, GDP-29K advances geome-
try diagram parsing in two key dimensions. First,
in plane geometry, its 19,965 real-world samples
surpass the cumulative scale of major existing
benchmarks, such as Geometry3K (Lu et al., 2021)
and PGDP5K (Zhang et al., 2022), enabling more
robust 2D geometric perception. Second, GDP-
29K introduces the first formal representation and
dataset for solid geometry, featuring 8,917 sam-
ples. This fills a critical void in a domain essential
for geometric reasoning that previous works have
entirely neglected.

5 Methodology

Our goal is to develop a multimodal model Mθ

that, given a visual geometry diagram I and a pars-
ing instruction Q, generates a formally rigorous
description sequence Y . Y consists of a set of
geometry primitives and relations defined in our
formal language. Formally, the model predicts:

Y = Mθ(I,Q) (1)

To achieve this, we introduce a training framework
comprising two stages: Supervised Fine-Tuning
(SFT) for syntax alignment and Reinforcement
Learning via Verifiable Rewards (RLVR) for en-
forcing syntactic rigor and geometric consistency.
The training pipeline is shown in Figure 3.

5.1 Stage 1: Supervised Fine-Tuning

The initial stage aims to teach the base model
the fundamental syntax of our formal language
and the mapping between visual features and ge-
ometry primitives. Given the training dataset
D = {(Ii, Qi, Y

ref
i )}Ni=1, where Y ref denotes the

ground-truth formal description, the objective is
to maximize the likelihood of generating the cor-
rect sequence. The model Mθ is fine-tuned by
minimizing the cross-entropy loss:

LSFT(θ) = − 1

N

N∑

i=1

T∑

t=1

logPθ(yi,t | yi,<t, Ii, Qi)

(2)
where yi,t is the t-th token of the sequence Yi. This
step uses standard teacher-forcing to ground the
model in the correct formal syntax.
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Plane geometry with formal language

Solid geometry with formal language

Geometry Diagram

points: ["D", "A", "B", "O", "E", "C"]
lines: ["line A O", "line A C B", "line E 
O C D", "line A D", "line E A", "line O 
B", "line D B"]
circles: ["\\odot O lieson E B D A"]
Semantics: ["AB \\perp ED on C", "OE 
= 4", "m \\angle OEA = 30"]

structure:["prism A_{1}B_{1}C_{1}-ABC"]
points: ["A_{1}", "B_{1}", "C_{1}", "
A", "B","C", "D", "E", "F", "H", "G"]
planes: ["plane D H F","plane A B F C", 
"plane D F A", "plane A B F C",… ]
lines: ["line A_{1} B_{1}","line B_{1} 
C_{1}","line A_{1} D A",…]

Large-Scale Geometry Diagram 
Parsing Dataset (GDP29K)

Textbook 
Data

Handwritten
images

Online
sources

Stage 1: Supervised Fine-Tuning

Stage 2: RL with Verifiable Rewards

Input: <I, Q>
Policy 
MLLM

 

𝑦!

𝑦"

𝑦#

...

...

Format

Geometry 
Validity 

𝑟$
𝑟%
𝑟&

𝑟'

𝑟!

𝑟"

𝑟#

...

...

GRPO

update GDP-RL

Final 
Model

𝑟(

Formal language
Point(A,B,..)
Line(A B C)...
Angle(A O B) ...
Plane(A B C D) ...
Solid(P-ABCD) ...
.  .  .

𝜋#

Textbook 

Handwritten
images

Online
sources

SFT Training Pairs Instruction Finetuning
Point & Line Extraction

Plane & Solid Structure
Circle & Angle Detection

Semantic Relations
GDP-SFT

Figure 3: Overview of our geometry diagram parsing framework. We first construct SFT training pairs from
GDP-29K and obtain initial parser GDP-SFT via instruction fine-tuning. We then further optimize the parser with
reinforcement learning via verifiable rewards that enforce both format correctness and geometric validity. The final
model GDP-RL generates unified formal language descriptions for both plane and solid geometry diagrams.

5.2 Stage 2: RL with Verifiable Rewards
While SFT provides a strong foundation, it op-
timizes token-level likelihood rather than global
structural integrity. Consequently, the model may
generate outputs that are syntactically plausible but
geometrically invalid. To address this, the second
stage refines the policy πθ using RLVR. The objec-
tive is to maximize the expected reward:

J (θ) = E(I,Q)∼D
[
EY∼πθ(·|I,Q) [R(Y )]

]
(3)

where R(Y ) is a scalar reward provided by our rule-
based verifier. We optimize this objective using
GRPO (Shao et al., 2024), which stabilizes training
by normalizing rewards within sampled groups.

Verification Reward. We design a rule-based
reward function R(Y ) to enforce both format com-
pliance and semantic accuracy. The total reward is
a weighted sum of two components:

R(Y ) = λ1Rfmt(Y ) + λ2Rgeo(Y ) (4)

where λ1 and λ2 are hyperparameters balancing
structural completeness and accuracy.

Format Reward (Rfmt). To ensure the output
adheres to the required structure, Rfmt verifies the
presence and correctness of tags (e.g., <points>,
. . . , <solids>). It returns a binary signal I(Y ∈
F), where F denotes the set of sequences conform-
ing to the predefined structural format.

Geometric Validity Reward (Rgeo). This com-
ponent evaluates the alignment between the parsed

primitives P and the ground-truth P ref. Recogniz-
ing that the K types of primitives defined in our for-
mal language (e.g., points, lines, planes, and seman-
tic relations) present varying levels of perceptual
difficulty, we implement a type-aware weighting
strategy. For each primitive type k ∈ {1, . . . ,K},
we assign a specific weight ωk to reflect its com-
plexity. The reward is computed as a weighted sum
of the precision within each type:

Rgeo(Y ) =
K∑

k=1

ωk ·
|Pk ∩ P ref

k |
|Pk|

(5)

where Pk and P ref
k denote the predicted and ground-

truth subsets belonging to the k-th type, respec-
tively. This granular reward structure encourages
the model to maintain high fidelity across all geo-
metric elements, especially for challenging high-
order relations.

6 Experiments

6.1 Experimental Setup
Datasets and Metrics. We conduct experiments
on the GDP-29K dataset. We split it into a training
set GDP-26K and a test benchmark GDP-3K. The
GDP-3K test set is further divided into a plane-
geometry subset PGDP-2K and a solid-geometry
subset SGDP-1K. We report Precision (P), Recall
(R), and F1-score (F1) for each primitive category
by comparing the predicted and ground-truth sets.

Implementation Details. We utilize Qwen3-VL-
4B-Instruct (Bai et al., 2025) as our base model. For
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Model Points Lines Circles Semantics Overall
P R F1 P R F1 P R F1 P R F1 Score

Traditional Methods
InterGPS 47.3 90.0 62.2 3.6 52.8 6.7 1.0 7.7 1.8 11.4 11.8 11.6 20.6
PGDPNet 88.8 94.1 91.4 66.8 73.4 70.1 61.6 61.2 61.4 64.1 51.5 57.1 70.6

Open-source MLLMs
LLaVA-OneVision-1.5-7B 94.6 95.2 94.3 51.9 52.1 52.0 54.4 57.1 55.7 57.5 58.4 57.9 65.0
InternVL3.5-8B-Instruct 96.2 94.8 95.6 61.9 58.7 60.2 62.3 87.5 72.8 63.1 59.4 61.2 72.5
Qwen3-VL-4B-Instruct 95.8 97.3 96.6 53.5 71.7 61.2 75.5 92.7 83.3 60.5 57.5 58.9 75.0
Qwen3-VL-8B-Instruct 97.1 95.5 96.3 56.4 69.8 62.4 76.8 94.3 84.6 66.2 55.4 60.1 75.9
Qwen3-VL-32B-Instruct 98.4 96.5 97.4 72.9 75.2 74.0 86.2 93.5 89.6 61.8 60.7 61.3 80.5
Qwen3-VL-235B-Instruct 99.0 96.6 97.8 84.5 80.3 82.3 85.7 93.8 89.5 65.2 69.7 67.4 84.2
Qwen3-VL-235B-Thinking 99.0 96.6 97.8 91.7 89.1 90.4 89.7 92.3 91.0 76.4 68.8 72.4 87.9

Closed-source MLLMs
Claude-4.5-Sonnet 95.9 92.7 94.3 72.7 73.4 73.0 89.6 87.5 88.5 68.3 70.1 69.1 81.2
GPT-5.2-1211 99.0 95.3 97.1 89.5 81.5 85.3 94.5 88.7 91.5 78.6 73.8 76.1 87.5
Gemini-3-Flash 99.6 98.1 98.9 98.2 96.8 97.5 97.4 95.1 96.2 83.5 81.8 82.7 93.8

Ours
GDP-4B-SFT 99.7 99.6 99.6 96.8 97.7 97.3 97.4 97.3 97.4 87.8 87.3 87.5 95.1
GDP-4B-RL 99.6 99.6 99.6 98.1 97.9 98.0 98.3 98.4 98.3 91.1 90.4 90.7 96.4

Table 3: Performance comparison on the PGDP-2K test benchmark. Models are categorized by type. P: Precision,
R: Recall, F1: F1-Score. Semantics: Semantic Relations. Overall Score represents the aggregate parsing accuracy.
Bold denotes the best performance.

SFT, we perform full-parameter fine-tuning on the
GDP-26K training set with a maximum sequence
length of 4096. For RLVR, we use the ROLL frame-
work (Wang et al., 2025c) with GRPO (Shao et al.,
2024) on a curated subset of 2,000 training sam-
ples, using a learning rate of 1× 10−6, group size
8, and global batch size 128.

6.2 Main Results

Table 3 and Table 4 summarize the parsing perfor-
mance on PGDP-2K and SGDP-1K, respectively.
Overall, our GDP-4B models achieve the best per-
formance across both benchmarks, demonstrating
that the proposed geometry formal language and
training pipeline substantially enhance geometric
perception beyond general MLLMs.

Results on PGDP. On the plane geometry bench-
mark, our GDP-4B-RL achieves a SOTA score of
96.4, significantly surpassing large-scale MLLMs.
While models like GPT and Gemini-3-Flash per-
form well on basic primitives (e.g., Points), they ex-
hibit noticeable performance drops on Lines and Se-
mantic relations. For instance, despite its massive
scale, Qwen3-VL-235B-Thinking achieves only
72.4 F1 on Semantics, whereas our model attains
90.7. This substantial gap underscores that gen-
eral visual pre-training is insufficient for capturing
explicit geometric logic, a capability effectively

unlocked by our specialized formal training.

Results on SGDP. The challenge of geometry
perception is more evident in solid geometry, where
most baselines struggle significantly with Lines,
Circles, and Planes compared to their PGDP per-
formance. Due to the strong requirement for spatial
understanding, even strong models like GPT-5.2
achieve only 72.8 on Lines, 65.3 on Circles and
75.9 on Planes. In contrast, GDP-4B-RL demon-
strates robust spatial understanding, maintaining
high precision across all primitives and achieving
an overall score of 94.9. These results confirm that
our framework successfully bridges the gap in solid
geometry parsing, enabling the precise perception
where general MLLMs fail.

Effect of RLVR. The comparison between GDP-
4B-SFT and GDP-4B-RL highlights the critical
role of verifiable reinforcement learning. We ob-
serve that for fundamental primitives such as points
and lines, the performance gains from RLVR are
relatively marginal, as the SFT model already
achieves near-saturated accuracy in these basic per-
ception tasks. In contrast, RLVR demonstrates its
primary strength in refining higher-order structures:
it boosts the semantics score by 3.2% on PGDP and
the plane F1-score by 1.5% on SGDP. This suggests
that the reward signal specifically incentivizes the
model to transcend simple visual recognition, effec-
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Model Points Lines Circles Planes Solids Overall

P R F1 P R F1 P R F1 P R F1 Acc Score

Open-source MLLMs
LLaVA-OneVision-1.5-7B 91.6 96.9 94.2 54.8 66.5 60.8 34.5 57.4 43.1 31.2 62.3 41.5 69.6 61.9
Qwen3-VL-4B-Instruct 99.0 98.5 98.8 48.7 69.5 57.3 44.7 47.2 46.0 35.0 73.9 47.5 70.8 64.0
InternVL3.5-8B-Instruct 98.5 94.8 96.6 57.8 50.4 53.8 23.3 86.1 36.7 62.4 72.6 67.1 69.7 64.8
Qwen3-VL-8B-Instruct 98.9 99.1 99.0 42.3 65.4 51.4 48.9 57.6 52.9 32.0 75.1 44.8 77.5 65.1
Qwen3-VL-32B-Instruct 99.0 99.1 99.0 63.6 77.9 70.0 42.9 91.1 58.4 27.5 82.1 41.2 83.8 70.4
Qwen3-VL-235B-Thinking 99.2 95.2 97.1 86.7 75.3 80.6 33.3 77.2 46.6 94.5 45.1 61.0 83.2 73.7
Qwen3-VL-235B-Instruct 98.7 93.9 96.2 75.3 73.2 74.2 51.5 83.1 63.6 72.6 75.5 74.0 83.0 78.2

Closed-source MLLMs
Claude-4.5-Sonnet 95.7 96.1 95.9 70.1 72.6 71.8 28.5 85.2 42.7 64.8 73.4 68.8 78.3 71.5
GPT-5.2-1211 98.9 98.5 98.7 78.2 68.1 72.8 57.0 76.2 65.3 81.2 71.3 75.9 72.7 77.1
Gemini-3-Flash 99.4 99.7 99.6 96.3 96.0 96.1 88.7 70.3 78.5 91.9 92.8 92.4 88.9 91.1

Ours
GDP-4B-SFT 98.9 99.2 99.0 95.7 95.9 95.8 83.3 84.2 83.7 93.5 94.5 94.0 96.6 93.8
GDP-4B-RL 99.2 99.3 99.2 96.1 96.8 96.4 86.7 86.2 86.5 95.8 95.2 95.5 97.0 94.9

Table 4: Performance comparison on the SGDP-1K test benchmark. We report Precision (P), Recall (R), and
F1-Score (F1) for multi-component primitives, and Accuracy (Acc) for the overall solid type. Overall Score
represents the aggregate parsing accuracy. Bold denotes the best performance.

Model PGDP-2K SGDP-1K

Points Lines Circles Semantics PPR Points Lines Circles Planes Solids PPR

Qwen3-VL-4B 81.5 33.4 73.8 37.3 27.4 93.1 38.6 42.6 32.8 70.8 26.2
Qwen3-VL-8B 81.5 35.7 77.2 45.7 30.4 94.1 36.1 49.5 32.3 77.5 26.4
Qwen3-VL-32B 83.3 54.6 80.3 50.7 44.8 94.7 51.5 55.4 31.7 83.8 28.8
GPT-5.2-1211 82.9 64.4 83.7 60.9 55.8 91.5 54.9 61.7 58.6 72.7 50.2
Gemini-3-Flash 91.4 87.0 91.7 69.8 63.9 97.7 80.4 76.3 71.7 88.9 64.7

GDP-4B-RL 96.3 87.9 93.0 78.9 72.8 94.0 82.4 78.4 80.2 97.0 70.9

Table 5: Sample Accuracy (SA) and Perfect Parsing Rate (PPR) on PGDP-2K and SGDP-1K.

tively resolving complex ambiguities and ensuring
overall geometric consistency.

6.3 Diagram-level Exact Match Evaluation

While category-level F1 measures fine-grained
parsing quality, it does not necessarily indicate that
a diagram is parsed perfectly as a whole. To better
evaluate holistic correctness, we additionally re-
port Sample Accuracy (SA) for each category and
Perfect Parsing Rate (PPR) for the full diagram.

As shown in Table 5, strong general-purpose
MLLMs may achieve competitive F1 scores on
individual categories, yet their exact-match perfor-
mance remains much lower at the sample level.
This gap reflects a clear multiplier effect: even a
single error in any primitive or semantic relation
can invalidate the entire formal description. In
contrast, our GDP-RL framework substantially mit-
igates this issue, achieving much higher SA and
PPR on both plane and solid geometry. In par-
ticular, GDP-4B-RL reaches a PPR of 72.8% on

PGDP-2K and 70.9% on SGDP-1K, demonstrat-
ing that our method not only improves fine-grained
parsing quality, but also produces holistically cor-
rect formal outputs much more reliably.

6.4 Downstream Geometry Reasoning

Having established the superior accuracy of our
parsing model, we investigate its practical utility
by using the parsed formal descriptions for down-
stream geometry reasoning task. Table 6 reports
the performance of various MLLMs augmented
with our parsing results across both plane and solid
geometry benchmarks.

As observed, augmenting MLLMs with our for-
mal parsing yields consistent improvements, par-
ticularly in plane geometry. On visually com-
plex benchmarks like Geometry3K and PGPS9K,
Qwen3-VL-8B achieves substantial gains of
+10.1% and +9.0%, respectively, and even the ad-
vanced GPT-5.2 sees a solid +4.1% boost. We
attribute this to the high visual semantic density
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Model Plane Geometry Solid Geometry

GeoQA PGPS9K Geometry3K MathVerse SolidGeo MathVerse

Ministral-3-8B 39.6 41.2 44.8 51.2 9.6 26.0
+ Ours 41.5 (+1.9) 47.3 (+6.1) 53.3 (+8.5) 52.4 (+1.2) 8.8 (-0.6) 26.8 (+0.8)

Qwen3-VL-8B 48.9 44.9 50.1 66.8 59.0 42.0
+ Ours 48.7 (-0.2) 53.9 (+9.0) 60.2 (+10.1) 68.5 (+1.7) 62.1 (+3.1) 44.5 (+2.5)

Qwen2.5-VL-32B 59.7 38.1 46.3 54.9 52.5 36.1
+ Ours 61.7 (+2.0) 46.8 (+8.7) 55.8 (+9.5) 54.9 (+0.0) 53.8 (+1.3) 34.4 (-1.7)

Qwen3-VL-32B 67.8 69.4 73.0 73.8 73.7 45.3
+ Ours 70.6 (+2.8) 78.0 (+8.6) 82.6 (+9.6) 75.9 (+2.1) 73.9 (+0.2) 47.0 (+1.7)

GPT-5.2-1211 55.3 78.1 84.5 76.3 60.5 64.7
+ Ours 58.8 (+3.5) 82.2 (+4.1) 86.4 (+1.9) 77.8 (+1.5) 61.3 (+0.8) 66.3 (+1.6)

Table 6: Downstream reasoning accuracy (%) on Plane and Solid geometry benchmarks. We compare vanilla
MLLMs with those augmented by our formal parsing (+ Ours). ∆ (in red) denotes the absolute improvement.
MathVerse results are reported on its plane and solid geometry subsets, respectively.

of these diagrams, where explicit parsing captures
subtle constraints (e.g., parallelism, angles) essen-
tial for reasoning. In solid geometry, incorporat-
ing parsed primitives yields moderate yet positive
gains. This narrower margin likely stems from two
primary factors: (i) Textual Explicitness, where
current solid geometry benchmarks often feature
problem statements that already explicitly describe
the geometric structure, leaving less "new" infor-
mation for the parser to provide; and (ii) Intrinsic
Semantic Sparsity, as solid geometry diagrams
tend to contain fewer implicit symbolic constraints
compared to their planar counterparts.

6.5 Impact of Representation Form
To isolate the impact of the parsed geometry de-
scription format on geometry reasoning, we com-
pare our Formal Language (FL) against Natural
Language (NL) on the PGPS9K benchmark. To
ensure strict semantic equivalence, we employ
Gemini-3-Pro to translate our parsed formal se-
quences into coherent NL descriptions, ensuring
the two forms differ only in representation. As
illustrated in Figure 4, while both augmentation
strategies improve over the vanilla baseline, FL
consistently outperforms NL in assisting geometric
reasoning across all five evaluated models. This
superiority suggests that compact, symbolic repre-
sentations provide higher information density and
a stronger inductive bias for geometric reasoning
compared to verbose textual descriptions.

7 Conclusion

In this work, we address the perception bottleneck
in multimodal geometric reasoning by establishing
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Figure 4: Effect of Representation Forms on PGPS9K
Reasoning Accuracy.

a unified formal language and a parsing framework
for both plane and solid geometry. We introduce
the GDP-29K dataset, which effectively fills the
critical data void in the solid geometry domain
and significantly expands image diversity by in-
corporating both printed and hand-drawn styles.
By employing a training paradigm that combines
SFT with Reinforcement Learning via Verifiable
Rewards, we ensure the syntactic rigor and geo-
metric consistency of the generated formal descrip-
tions. Experimental results demonstrate that our
method achieves SOTA parsing performance, and
the parsed formal descriptions serve as a vital cog-
nitive scaffold, significantly boosting downstream
geometry reasoning capabilities on benchmarks
such as Geometry3K, PGPS9K, and MathVerse.
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Limitations

While the GDP-29K dataset and our parsing frame-
work establish a strong baseline, we acknowledge
several limitations that guide future research. First,
the current formal definitions within GDP-29K do
not explicitly distinguish between visible and invisi-
ble (e.g., dashed) elements in solid geometry; incor-
porating explicit visibility attributes could further
enhance the depth of solid geometry comprehen-
sion and spatial understanding. Second, the visual
semantics of our current solid geometry samples
are relatively sparse, primarily focusing on basic
primitives. Future work aims to construct datasets
with richer semantic diversity and more intricate
spatial scenarios to further push the boundaries of
fine-grained spatial understanding in multimodal
models.
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A More Details of GDP-29K

In this section, we provide extended details regard-
ing the GDP-29K dataset, including its manual
collection process, formal language syntax, and
comprehensive statistical analysis.

A.1 Data Collection
GDP-29K is specifically designed to address the
lack of diversity and 3D coverage in existing geom-
etry parsing benchmarks.

Handwritten Subset. Our handwritten plane ge-
ometry subset is entirely manually drawn. We
recruited 10 annotators with diverse handwriting
styles to recreate 5,516 geometric diagrams using
digital tablets and styluses. This process captures
authentic stroke dynamics, varying line thicknesses,
and realistic distortions (e.g., imperfect circles and
non-straight lines). This high-fidelity data ensures
that models trained on GDP-29K possess robust
generalization capabilities for real-world educa-
tional scenarios, such as grading student sketches.

Solid Geometry Collection. The solid geome-
try samples cover a wide spectrum of 3D struc-
tures, including prisms, pyramids, cones, cylinders,
and frustums. These diagrams were curated from
high-quality geometry textbooks and competitive
math examinations. Each diagram was then metic-
ulously annotated with our unified formal language
to capture both its topological structure and spatial
semantics.

A.2 Detailed Statistical Analysis of GDP-29K
We performed a comprehensive statistical analysis
of the structures and semantic constraints within
the GDP-29K dataset to verify its diversity and
coverage.

Structural Diversity. As illustrated in Figure 5,
the SGDP subset (comprising 7,960 analyzed 3D
samples) exhibits a rich variety of geometric struc-
tures. Pyramids constitute the largest portion of
the dataset with 3,937 instances (49.46%), reflect-
ing their high frequency in 3D geometry prob-
lems. Cubes (1,618, 20.33%) and Prisms (1,473,
18.51%) follow as the next most prevalent cate-
gories. To ensure the model generalizes to com-
plex and curved surfaces, the dataset incorporates
Frustums (248, 3.12%), Cones (156, 1.96%), and
Cylinders (82, 1.03%), as well as rarer structures
like Spheres (25, 0.31%) and Conic Frustums
(11, 0.14%). A small percentage of Others (410,

5.15%) includes hybrid or irregular solids. This dis-
tribution ensures that our model is exposed to both
common polyhedral forms and more challenging
rotational solids.

Pyramid Cube Prism Others Frustum
Cone Cylinder Sphere FrustumCone

Figure 5: Distribution of 3D structures in the SGDP
subset (N = 9, 012). The dataset covers a wide range
of polyhedral forms and rotational solids to facilitate
robust spatial perception.

Semantic Richness. The distribution of seman-
tic constraints in the PGDP subset (Figure 6) high-
lights the dataset’s focus on rigorous logical rela-
tions. Out of 48,613 identified constraints, Length
measurements (18,247, 37.54%) and Angle speci-
fications (16,067, 33.05%) are the most prevalent,
providing the metric foundation for geometric rea-
soning. Notably, Perpendicularity (\perp) ac-
counts for a significant 12,181 instances (25.06%),
emphasizing the importance of topological connec-
tivity and orthogonal relations in theorem proving.
Furthermore, Arc measures (1,074, 2.21%) and
Parallelism (1,037, 2.13%) enrich the dataset by
ensuring holistic coverage of plane geometry prop-
erties.

B Details of Data Annotation

In alignment with the labeling strategy described in
the main text, this section provides further specifics
regarding our annotation workforce, the three-tier
quality control protocol, and the redundancy filter-
ing process.
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Length Angle Perpendicular
Arc Parallel Concyclic Others

Figure 6: Distribution of semantic predicates across
the PGDP subset (N = 48, 613). Metric constraints
and orthogonal relations form the core of the geometric
reasoning tasks.

B.1 Annotation Workforce and Training
We recruited 30 undergraduate students majoring
in STEM fields (Science, Technology, Engineering,
and Mathematics) to perform the annotation tasks.
All participants underwent a standardized training
session to familiarize themselves with our formal
language’s syntax and the 3D spatial relationship
definitions. To ensure consistency, each annotator
was required to pass a preliminary test consisting of
50 samples before contributing to the final dataset.

B.2 Three-tier Quality Control Protocol
To maintain a high standard of structural rigor, we
implemented a rigorous three-tier workflow:

1. Annotation Stage:

• Plane Geometry: Annotators reviewed and
corrected initial drafts provided by GPT-
5. The primary focus was on fixing ver-
tex ordering and ensuring all geometric con-
straints (e.g., parallelism) were captured.

• Solid Geometry: Since MLLMs often fail
to perceive 3D depth, annotators manually
identified all faces, edges, and spatial rela-
tions from scratch, following the hierarchi-
cal structure of our formal language.

2. Verification Stage: A different student from
the team acted as a peer reviewer for each an-
notated sample. They cross-checked the for-

mal description against the original diagram
to identify any missing primitives or incor-
rect semantic tags. Any discrepancies were
returned to the original annotator for revision.

3. Final Acceptance Stage: Our expert leads
(authors of this study) performed a final audit
on the verified samples. This stage focused
on ensuring the logical consistency of the for-
mal language and the accuracy of complex
3D structures (e.g., non-trivial frustums and
spheroids). Only samples with 100% consen-
sus were moved to the final pool.

B.3 Redundancy Filtering and Final Statistics

After the manual annotation, we performed a struc-
tural de-duplication step to enhance dataset diver-
sity. We identified samples with identical formal
descriptions—defined as instances where all prim-
itives, semantic values, and topological relations
were isomorphic—and retained only one represen-
tative image per structure.

Following this filtering process, the dataset was
finalized at 28,977 high-quality samples. The dis-
tribution of these samples ensures that the model
learns to generalize across diverse geometric lay-
outs without being biased by repetitive structural
patterns.

C Formal Language Specification

As shown in Table 7, our formal language is char-
acterized by its structural conciseness and a quasi-
natural language style, intentionally designed to
facilitate more effective understanding and genera-
tion by MLLMs. By adopting a syntax that mirrors
both standard mathematical notation and intuitive
linguistic phrasing (e.g., AB \perp to CD on X),
we reduce the mapping complexity from visual fea-
tures to symbolic representations. This alignment
leverages the model’s pre-trained linguistic knowl-
edge, ensuring that the formalization is not only
mathematically rigorous but also highly accessible
for model learning and reasoning.

Key Design Principles.

• Topological Precision: Beyond simple detec-
tion, our language explicitly denotes intersec-
tion points (e.g., on X in perpendicular relations).
This provides the model with clear topological
anchors, which is crucial for building a consistent
geometric graph.
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Category Formal Syntax (Example) Geometric Description

Primitives

point A Defines a point vertex named A.
line A B C A line segment passing through points A, B, and C.
line k lineson A B C A line lieson point A B C
plane A B C D A plane defined by vertices A, B, C, and D.
\odot O lieson A B C A circle with center O passing through points A, B, and C.

Semantics
AB = 57 The length of segment AB is 57.
m \angle ABC = 41 The measure of ∠ABC is 41◦.
m \widehat AB = 90 The angular measure of arc AB is 90◦.

Relations AB \perp to CD on X Line AB is perpendicular to CD, intersecting at point X .
AB \parallel CD Line AB is parallel to line CD.

3D Solids

solid Cube ABCD-A_{1}B_{1}C_{1}D_{1} A cube defined by its bottom and top faces.
solid Prism ABC-A_{1}B_{1}C_{1} A prism defined by its bottom and top faces.
solid Frustum ABC-A_{1}B_{1}C_{1} A frustum defined by its bottom and top bases.
solid Pyramid O-ABC A pyramid defined by apex O and base ABC.
solid Spheriod O-ABCD A spheroid defined by center O and surface points

A,B,C,D.
solid Cylinder AD-BC A cylinder defined by two lateral side segments AD and

BC.
solid Cone P-OA A cone defined by apex P , base center O, and base point A.
solid FrustumCone AD-BC A conical frustum defined by its lateral side segments.

Table 7: Detailed syntax and examples of the formal language in GDP-29K, covering 2D primitives and 3D solid
structures.

• Semantic Intuition: By adopting a quasi-natural
language style (e.g., using keywords like lieson,
perp to, and parallel), we align the formal
syntax with the model’s pre-trained linguistic
priors. This reduces the cognitive load on the
MLLM during the translation from pixels to sym-
bols.

• Hierarchical Composition: 3D solids are not
treated as isolated entities but are composed of
2D primitives (points, lines, and planes). This
design ensures a unified representational space,
allowing the model to leverage its 2D parsing
experience when tackling complex 3D structures.

D Hierarchical Prompting Strategy

To accurately bridge the gap between raw geomet-
ric images and rigorous formal symbolic language,
we propose a hierarchical prompting strategy. We
decompose the formalization task into five special-
ized, decoupled modules: point_line, circle,
plane, solid, and semantic. The detailed design
of these prompts is illustrated in Figure 7, 8, 9, 10,
and 11.

Structural Layer: Primitive Extraction. The
first four prompts focus on extracting the "topo-
logical skeleton" of the diagram. (1) point_line:
This template identifies all labeled points and their
collinearity, enforcing strict ordering to maintain
the physical continuity of lines. (2) circle: It

guides the model to locate centers and discrete
points on circumferences, ensuring a clear distinc-
tion between the boundary and the interior. (3)
plane and (4) solid: These prompts provide spa-
tial context, where the former handles 2D regional
layouts and the latter focuses on 3D volumetric
structures, such as identifying hidden edges and
face-to-face connectivity in polyhedra.

Logical Layer: Semantic Constraint Mapping.
(5) semantic: Building upon the structural skele-
ton, this template extracts logical relationships. It
instructs the model to parse explicit visual mark-
ers (e.g., right-angle squares, parallel arrows) into
formal clauses (e.g., ⊥, ∥). By isolating semantic
reasoning from primitive detection, we prevent the
model from making unfounded visual assumptions
and ensure that every generated clause is grounded
in explicit symbolic evidence.

Capability Elicitation and Fair Comparison.
The core rationale behind this hierarchical de-
composition is to maximize the potential of var-
ious MLLMs. Geometric formalization is a high-
cognitive-load task; by adopting a "divide-and-
conquer" approach, we alleviate the instruction-
following burden on the models, allowing them
to focus on granular sub-tasks. Furthermore, this
standardized prompting framework ensures a fair
comparison across different model architectures. It
eliminates the confounding factor of models’ vary-
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ing abilities to handle multi-step formatting in a
single pass, instead providing a uniform interface to
evaluate their true underlying geometric perception
capabilities.

Prompt: Points & Lines
You are an expert in geometry diagram
structure analysis.
Your SOLE task is to identify the Points and
Lines from the image.
1. Points:
- Identify all labeled points in the diagram.
- Format: [A,B,C,A1 . . . ]
2. Lines:
- Identify all lines (Including solid lines
and dashed lines).
- A "line" must include ALL labeled points
lying on that straight segment.
- Do NOT split a line into smaller segments.
If A,B,C are collinear, output ONE line line
A B C, NOT line A B and line B C.
- Do NOT skip intermediate points. If B is
between A and C, you MUST write line A B C,
NOT line A C.
- Points must be listed in the strict order
they appear visually (from one end to the
other).
- Format: line P1 P2 P3 P4 P5

### Output Format Template
Points:
[list_of_points]
Lines:
line P1 P2 P3 P4 P5
line P6 P7

Figure 7: Prompts for geometric structural analysis.
These prompts guide the model to extract the topological
skeleton of the diagram.

E Data Examples

To provide a concrete illustration of the GDP-29K
dataset, we present representative examples from
both the planar and solid geometry subsets in Fig-
ures 12, 13, and 14. These examples demonstrate
the capability of our unified formal language to
bridge the gap between visual diagrams and sym-
bolic logic.

As shown in the examples, for plane geometry,
our formalization accurately captures fundamental
primitives such as points, lines, and circles, while
simultaneously encoding complex semantic con-
straints like perpendicularity markers and angle
measures. For solid geometry, the parsed outputs
successfully represent 3D structural skeletons, in-
cluding the identification of hidden edges and the
connectivity between polyhedral planes and ver-
tices. Notably, our unified formal language is de-

Prompt: Circles
You are an expert in geometry diagram
structure analysis.
Your SOLE task is to identify Circles from the
image.

### Definitions and Rules
1. Circles:
- Identify all circles (or major arcs acting
as circles) in the diagram.
- Structure: For each circle, you must
identify:
a. The Center point.
b. Points on Circumference: List ALL labeled
points that lie strictly ON the curve.
- Critical Constraints:
a. Do not miss any point that on the circle’s
boundary.
b. Do NOT include points that are inside or
outside the circle (except the Center). Only
list points on the rim.
- Format: \odot Center lieson P1 P2 P3
2. No Circles:
- If there are no circles in the diagram, leave
the section under “Circles:” empty or write
“None”.

### Output Format Template
Circles:
\odot O lieson A B C M A1

Figure 8: Prompts for geometric structural analysis.
These prompts guide the model to extract the topological
skeleton of the diagram.

signed to be highly concise and follows a style that
closely resembles natural language. This human-
readable syntax ensures that the symbolic descrip-
tions remain intuitive and interpretable, while ef-
fectively eliciting the logical reasoning capabilities
of large multimodal models.

F Case Studies

To illustrate the effectiveness of the formalized de-
scriptions generated by our parsing method, we
provide three qualitative examples in Figure 19, 20,
and 21. These cases compare the performance of
GPT-5.2-1211 on PGPS9K under two settings: Di-
rect Inference and + Ours (reasoning augmented
by our GDP-4B formal parsing).

As shown in the examples, our parsing results
provide a precise symbolic foundation that corrects
the model’s reasoning trajectory, leading to the
accurate final answer.
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Prompt: Semantics
You are an expert in geometry semantic
analysis.
Your task is to extract geometric
relationships, equations, and constraints
from the image text and symbols.

### Semantic Clauses Templates
You must use the following templates.
1. Perpendicular:
- Template: AB \perp CD on P
- Note: You MUST include “on P”.
2. Parallel:
- Template: AB \parallel CD
3. Angle Measure & Equations:
- Template: m \angle ABC = 30 or m \angle ABC
= 2x + 5
4. Segment Lengths & Congruence:
- Template: AB = 5 or AB = CD
5. Arc Measure:
- Template: m \widehat AB = 60

### Constraints & Anti-Redundancy Rules
1. Collinear Points Rule:
- If A-B-C are collinear and perpendicular to
D-E, output ONE representative clause (e.g.,
AC \perp DE on B).
- Do NOT list AB \perp DE, BC \perp DE
separately.
2. Right Angles:
- If a square symbol is present, use AB \perp
CD on B.
- Do NOT output m \angle ABC = 90 if you output
the perpendicular clause.
3. Strict Symbolism (No Visual Assumptions):
- Do NOT infer relationships based on visual
appearance (e.g., lines that “look” parallel
or perpendicular).
- Perpendicularity: ONLY output \perp if there
is an explicit right-angle symbol (square
marker) or text declaration.
- Parallelism: ONLY output \parallel if there
are explicit arrow markers on the lines or
text declaration.
- Only output relationships that are
explicitly displayed in the diagram.

Output Format Template
Semantic Clauses:
Clause 1
Clause 2
. . .

Figure 9: Prompts for geometric structural analysis.
These prompts guide the model to extract the topological
skeleton of the diagram.

Prompt: Solid Structure
You are an expert in solid geometry diagram
parsing.
Your SOLE task is to classify the 3D Structure
of the geometric figure.

### Allowed Categories (Strictly Choose One)
You must classify the solid into exactly ONE
of the following categories:

1. Pyramid (General pyramids, e.g.,
triangular/rectangular)
2. Prism (General prisms, e.g.,
triangular/hexagonal)
3. Cube (Regular hexahedron, all faces are
squares)
4. Frustum (Truncated pyramid)
5. Cylinder (Circular cylinder)
6. Cone (Circular cone)
7. FrustumCone (Truncated cone)
8. Spheroid (Ball shape)

### Naming Rules
- After the category keyword, you MUST append
the labeled vertices.
- Format: Category Vertices
- Examples:
Pyramid P-ABCD
Cube ABCD-A1B1C1D1

Cylinder O1-O2

Spheroid O

Output Format Template
Structure:
Pyramid P-ABC

Figure 10: Prompts for 3D geometric structural analysis.
These prompts guide the model to classify the solid type
and identify its defining vertices.
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Prompt: Planes
You are an expert in solid geometry diagram
parsing.
Your ONLY task: output ALL planes visible or
implied in the structure.
Do NOT output any explanation.

### What counts as a “Plane”
1. Boundary Faces: The external flat surfaces
(top, bottom, sides).
2. Internal Sections: Explicitly drawn planes
cutting through the solid.

### Rules & Constraints (CRITICAL)
1. Maximal Point Set Principle:
- List EVERY labeled point on the plane
(vertices, edge points, etc.).
- Do NOT output a plane if it is a subset of
another output.
- Example: Use plane A B E C instead of plane
A B C if E is on BC.
2. Handle Hidden Faces:
- Infer hidden faces based on structure and
dashed lines.
- Only list faces that have at least 3 labeled
points.
3. Output Format:
- Begin with header **Planes:** on the first
line.
- Format: plane P1 P2 P3 ...

Output Format Template
Planes:
plane A B C D
plane A B E
plane C D F G

Figure 11: Prompts for solid geometric plane extraction.
These prompts enforce the Maximal Point Set Princi-
ple to ensure all coplanar labeled points are grouped
together.
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Plane Geometry

{
"points" : [ "D" , "A" , "B" , 

" O", "E" , "C" ],
"lines" : [
"line A O" , 
" line A C B" ,
"line E O C D" , 
" l ine A D" ,
"line E A", 
" line O B" , 
"line D B"

],
"circles" : [
" \ \ odot O lieson E B D A"

],
"semantics" : [
"AB \ \ perp ED on C" ,
"OE = 4" ,
"m \ \ angle OEA = 30"

]
}

Plane Geometry

{
" points" : [ "B" , "C" , "E" , "A" , "D" ],
"lines" : [
"line B C" ,
"line E D C" ,
"line A E" ,
"line A B" ,
"line B E" ,
"line B D"

],
"semantics" : [
"AE \ \ perp AB on A" ,
"EC \ \ perp BD on D" ,
"BC = 5y - 22" ,
"BE = 3y" ,
"BD = AB" ,
"DC = ED" ,
"m \ \ angle AEB = 7x - 2"

]
}

Figure 12: Representative plane geometry samples from the GDP-29K dataset.
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Plane Geometry Plane Geometry

{
"points" : [ "Y" , "B" , "X" , "A" , 

"P" , "C" ],
"lines" : [
"line Y P X" ,
"line B P A" ,
"line P C"

],
"circles" : [
" \ \ odot P lieson B Y C A X"

],
"semantics" : [
"m \ \ angle YPB = 3x" ,
"m \ \ angle YPC = 3x - 3" ,
"m \ \ angle APC = 2x+15"

]
}

{
"points" : [ "J" , "K" , "M", "L" ],
"lines" : [
"line J L" ,
"line M L" ,
"line K M J" ,
"line K L"

],
"semantics" : [
"ML \ \ perp KJ on M" ,
"JL \ \ perp KL on L" ,
"JM = 5" ,
"JL = y" ,
"KL = z" ,
"KM = 20" ,
"LM = x"

]
}

Figure 13: Representative plane geometry samples from the GDP-29K dataset.
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Plane Geometry

{
"points" : [ "A" , "B" , "C" , "D" , "E" , 
"F" , "G" , "H"],
"lines" : [
"line C D E F" ,
"line A E G" ,
"line B D H"

],
"semantics" : [
"BH \ \ parallel AG" ,
"m \ \ angle HDC = x - 8" ,
"m \ \ angle AEF = 120"

]
}

Plane Geometry

{
"points" : [ "A" , "B" , "C" , "D" ],
"lines" : [
"line A C" ,
"line A D" ,
"line C D"

],
"semantics" : [
"CB = 28" ,
"DC = BA = 57" ,
"AD = 54" ,
"m \ \ angle ACD = 41" ,
"m \ \ angle CAB = x+20"

]
}

Figure 14: Representative plane geometry samples from the GDP-29K dataset.
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ConePyramid

"structure": [
"cone P-OA"

],
"points": [

"P", "A", "B", "C", "D", "O"
],

"lines": [
"line P A",
"line P B",
"line P O",
"line P D",
"line P C",
"line O D",
"line A O C B",
"line C D"

],
"planes": [

"plane O D C",
"plane P A O B C",
"plane P O D",
"plane P D C"

],
"circles": [

"\\odot O lieson A D B"
]

"structure": [
"pyramid P-ABCD"

],
"points": [

"P","A","B","C","D","O","E"],
"lines": [

"line A B", line B C",
"line C D", "line D A",
"line P A", "line P B",
"line P C", "line P E D",
"line P O", "line A O C",
"line E A", "line E C",
"line B O D"

],
"planes": [

"plane A B C D O",
"plane P A B",
"plane P B C",
"plane P C D E",
"plane P E D A",
"plane P A O C",
"plane E A O C",
"plane P E D O B"

]

Figure 15: Representative solid geometry samples from the GDP-29K dataset.

29897



CylinderFrustum

"structure": [
"Cylinder AD-BC"

],
"points": [

"A", "B", "C", "D",
"O_{1}", "O_{2}", "M", "N"

],
"lines": [

"line O_{2} O_{1}", 
"line D O_{2} C",
"line A O_{1} B", "line A M",
"line B M", "line D A",
"line C N B", "line A C",
"line M C", "line M N"

],
"circles": [

"\\odot O_{1} lieson A B M",
"\\odot O_{2} lieson D C"

],
"planes": [

"plane O_{2} C D",
"plane O_{1} A B M",
"plane A B C D",
"plane A M C",
"plane M B N C"

]

"structure": [
"Frustum ABC-A_{1}B_{1}C_{1}"

],
"points": [

"A", "B", "C", 
"A_{1}", "B_{1}", "C_{1}",
"M", "N"

],
"lines": [

"line A N B", "line B M C",
"line A C", "line A_{1} B_{1}",
"line B_{1} C_{1}", 
"line A_{1} C_{1}",
"line A A_{1}", "line B B_{1}",
"line C C_{1}", "line A_{1} N",
"line A M", "line C_{1} M"

],
"planes": [

"plane A N B M C",
"plane A_{1} B_{1} C_{1}",
"plane A N B B_{1} A_{1}",
"plane B M C C_{1} B_{1}",
"plane A C C_{1} A_{1}"

]

Figure 16: Representative solid geometry samples from the GDP-29K dataset.
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PrismCube

"structure": [
"Prism A_{1}B_{1}C_{1}-ABC“

],
"points": [

"A_{1}", "B_{1}", "C_{1}",
"A", "B", "C", "D", "E", "F", "H", "G"],

"lines": [
"line A_{1} B_{1}", "line B_{1} C_{1}",
"line C_{1} A_{1}", "line A B",
"line B F C", "line C A",
"line A_{1} D A", "line B_{1} E B",
"line C_{1} G H C", "line A F",
"line D F", "line D H",
"line H F", "line C_{1} E",
"line G B"

],
"planes": [

"plane A_{1} B_{1} C_{1}",
"plane A B F C",
"plane A_{1} B_{1} E B A D",
"plane B_{1} C_{1} G H C F B E",
"plane C_{1} A_{1} D A C H G",
"plane D H F",
"plane D F A"

]

"structure": ["Cube ABCD-
A_{1}B_{1}C_{1}D_{1}"],

"points": [
"A", "B", "C", "D",
"A_{1}", "B_{1}", "C_{1}", "D_{1}",
"M", "N", "E", "F"],

"lines": [
"line A M D", "line D N C",
"line A B", "line B C",
"line A_{1} B_{1}", 
"line B_{1} C_{1}",
"line C_{1} D_{1}", "line D_{1} A_{1}",
"line A A_{1}", "line B B_{1}",
"line C C_{1}", "line D D_{1}",
"line A_{1} C_{1}", "line A C",
"line A_{1} E", "line C_{1} E",
"line M E", "line D_{1} M",
"line D_{1} N", "line M F N"],

"planes": [
"plane A B E C N D M F",
"plane A_{1} B_{1} C_{1} D_{1}",
"plane A B B_{1} A_{1}",
"plane B C C_{1} B_{1}",
"plane C N D D_{1} C_{1}",
"plane D M A A_{1} D_{1}",
"plane D_{1} M N",
"plane A C C_{1} A_{1}",
"plane A_{1} C_{1} E",
"plane C_{1} D_{1} M E"]

Figure 17: Representative solid geometry samples from the GDP-29K dataset.
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SpheriodFrustumCone

"structure": [
"Spheriod O-ABCP"

],
"points": [

"C", "O", "A", "B", "N", "P", "D"
],

"lines": [
"line C A",
"line C B",
"line A B",
"line O A",
"line A N",
"line A P",
"line A D",
"line B D",
"line P B",
"line O N P"

],
"planes": [

"plane C A B",
"plane A B D N",
"plane P A B",
"plane P A O N"

],
"circles": [

"\\odot N lieson A B D",
"\\odot O"

]

"structure": [
"FrustumCone AD-BC"

],
"points": [

"A", "B", "C", "D", "E"
],

"lines": [
"line A B",
"line D C",
"line D E",
"line E C",
"line A D",
"line B C",
"line A E",
"line A C"

],
"circles": [

"\\odot # lieson A B",
"\\odot # lieson D E C"

],
"planes": [

"plane D E C",
"plane A B C D",
"plane A E C",
"plane A D E"

]

Figure 18: Representative solid geometry samples from the GDP-29K dataset.
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Question:
Find FH if ABC DEF, BG is an
altitude of ABC , EH is an altitude of

DEF, BG = 3, BF = 4, FC = 2, and CE
= 1.

Choices:
A. 1.5
B. 2.0
C. 2.5
D. 2.598

Ground Truth: D

Result of GPT-5.2 on PGPS9K sample

“ points “:[…],
“ lines “:[…],
“ semantics “:[
“ AC ⊥GB on G “
“ BE ⊥AB on B “
“ FD ⊥HE on H “
“ BE ⊥DE on E “
“ FC = 2 “
“ EC = 1 “
“ BF = 4 “
“ BG = 3 “]

Additional Parsed Information:

Original Answer
Step 1: Since ABC DEF with correspondence A D; B E; C F, the side       
BC corresponds to EF, and altitudes to corresponding sides scale the same way.
Step 2: From the base line: BC = BF + FC = 4 + 2 = 6, EF = EC + CF = 1 + 2 = 3; 
So the similarity scale factor from ABC to DEF is 

Step 3: Given the altitude BG = 3 in ABC, the corresponding altitude in DEF is

Step 4: Thus FH (the altitude segment to DE , labeled H) has length 1.5.
Answer: A

Parsed_inference_output(Included Additional Parsed Information)
Step 1: Since ABC DEF with correspondence A D; B E; C F, we have

Step 2: From the diagram/data: BF = 4; FC = 2; CE = 1. Thus BC = BF + FC = 4 + 2 = 
6, EF = EC + CF = 1 + 2 = 3; So the similarity scale factor from ABC to DEF is 

Step 3: Altitude scale the same way, hence

Step 4: In the right EHF, HF is the altitude to hypotenuse DE, so HF⊥DE, and EF
is a leg. Thus

Answer: D

✔

Figure 19: Qualitative comparison between Direct Inference and our method (+ Ours) on PGPS9K. Our formal
parsing provides precise symbolic grounding that rectifies reasoning errors.
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Question:
ABCD is a square. Find the value of x.

Choices:
A. 3.6
B. 9.0
C. 18.0
D. 90.0

Ground Truth: C

Result of GPT-5.2 on PGPS9K sample

“points “:[“A“, “B“, “C“, “D“],
“lines “:[“line A B“,
“line A D“,
“line D C“,
“line B C“,
“line A C“],
“semantics “:[
“AC = 18 “
“m \\angle ABC = 5x “]

Additional Parsed Information:

Original Answer
Step 1: In a square, each corner angle is 90°, The diagonal AC bisects the right angle at 
A, so the angle between the diagonal and a side is 45°. 
Step 2: Thus 5x°= 45° x = 9.0
Answer: B

Parsed_inference_output (Included Additional Parsed Information)
Step 1: Since ABCD is a square, every interior angle is 90°.
Step 2: Thus ∠ABC = 90°= 5x° x = 18.0
Answer: C ✔

Perceptual error

Figure 20: Qualitative comparison between Direct Inference and our method (+ Ours) on PGPS9K. Our formal
parsing provides precise symbolic grounding that rectifies reasoning errors.
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Question:
The HIJK is circumscribed about the circle.
Find x

Choices:
A. 1.923
B. 5.0
C. 13.0
D. 21.0

Ground Truth: C

Result of GPT-5.2 on PGPS9K sample

“points “:[…],
“lines “:[“line H S I“,
“line I T J“,
“line K U J“,
“line H R K“],
“semantics “:[
“ IS = KR = 5“
“ HR = JU = 13“
“ JT = x“]

Additional Parsed Information:

Original Answer
Step 1: Because HIJK is circumscribed about a circle, tangent segments from the same 
vertex are equal. Label the tangency points so that: From I: IS = IT = 5; From K: KR = 
KU = 5; From H: HS = HR; From J: JT = JU
Step 2: Given HK = HR + RK = HR + 5 = 13, so HR = 8. Hence HS = 8.
Step 3: Now the whole top side: HI = HS + SI = 8 + 5 = 13. For the bottom side: KJ =
KU + UJ = 5 + 13 = 18 UJ = 13
Step 4: Since JU = JT, we get JT = 13. Right side: IJ = IT + TJ = 5 + 13 = 18. So x = 18.
Among the choices, the only matching option(by intended setup) is D. 21.0? But the 
computed value is x = 18 (not listed)

Parsed_inference_output (Included Additional Parsed Information)
Step 1: Because HIJK is circumscribed about a circle, tangent segments from the same
vertex are equal. From the diagram: From I: IS = IT.
Step 2: Given IS = 5, so IT = 5.
Step 3: From J: JU = JT. Given JU = 13, so JT = x = 13.
Answer: C ✔

Perceptual error

Figure 21: Qualitative comparison between Direct Inference and our method (+ Ours) on PGPS9K. Our formal
parsing provides precise symbolic grounding that rectifies reasoning errors.
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