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Abstract

Reinforcement learning (RL) has emerged as
a powerful framework for improving the rea-
soning capabilities of large language mod-
els (LLMs). However, most existing RL
approaches rely on sparse outcome rewards,
which fail to credit correct intermediate steps in
partially successful solutions. Process reward
models (PRMs) offer fine-grained step-level
supervision, but their scores are often noisy
and difficult to evaluate. As a result, recent
PRM benchmarks focus on a more objective
capability: detecting the first incorrect step in
a reasoning path. However, this evaluation tar-
get is misaligned with how PRMs are typically
used in RL, where their step-wise scores are
treated as raw rewards to maximize. To bridge
this gap, we propose Verifiable Prefix Policy
Optimization (VPPO), which uses PRMs only
to localize the first error during RL. Given an
incorrect rollout, VPPO partitions the trajectory
into a verified correct prefix and an erroneous
suffix based on the first error, rewarding the for-
mer while applying targeted penalties only after
the detected mistake. This design yields sta-
ble, interpretable learning signals and improves
credit assignment. Across multiple reasoning
benchmarks, VPPO consistently outperforms
sparse-reward RL and prior PRM-guided base-
lines on both Pass@1 and Pass @K.

1 Introduction

Eliciting complex, multi-step reasoning from large
language models (LLMs) remains a fundamental
challenge. Current reinforcement learning (RL)
methods such as GRPO (Shao et al., 2024) mostly
rely on sparse, binary outcome rewards (i.e., suc-
cess or failure at the final answer), which creates
a severe credit assignment problem by discarding
all intermediate progress when the final answer is
incorrect. Process Reward Models (PRMs) were
introduced to address this gap by evaluating each
intermediate step (Lightman et al., 2023). How-
ever, when used within RL, they introduce a new

bottleneck of reward signal quality. Most exist-
ing PRM-based methods (Wang et al., 2024; Setlur
et al., 2024; Gao et al., 2024; Cui et al., 2025a; Zou
et al., 2025) treat the PRM score as a step-wise
reward and optimize the cumulative return over the
entire trajectory. In practice, process rewards are
often highly biased (Zheng et al., 2025a; Zhang
et al., 2025b), and it is intrinsically difficult to inter-
pret whether a given score is good or bad because
ground-truth step-wise scores are rarely well de-
fined. By contrast, current benchmarks for PRMs
(Zheng et al., 2024; Song et al., 2025a) typically
focus on a more objective task: finding the first in-
correct step. This metric admits clear ground truth
and enables training PRMs that can accurately lo-
calize the first error. These observations naturally
raise the question: Can we rely solely on informa-
tion about the first incorrect step of a response to
enhance LLM reasoning in RL?

We begin by showing that the portion of a failed
trajectory before its first error is often valuable. We
define the good prefix as the sequence of correct rea-
soning steps up to (but not including) the first error.
In Figure 1, we analyze 3,000 randomly sampled
incorrect rollouts collected during training. We find
that 88% of incorrect responses contain at least one
correct step, and that, on average, the good prefix
constitutes 34% of the full reasoning trajectory. To
assess the usefulness of these good prefixes, we
conduct a preliminary study on AIME25. For each
question, we first sample 32 complete responses, re-
tain only the incorrect ones, and extract their good
prefixes. We then sample 32 continuations condi-
tioned on each extracted good prefix. We find 8 out
of 30 questions for which the model initially fails
across all 32 attempts, yet at least one extracted
good prefix yields a correct solution among its 32
sampled continuations. This result suggests that,
for difficult problems, failure often arises not from
a lack of underlying knowledge, but from the de-
railment of an otherwise valid reasoning trajectory
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Figure 1: Distribution of Correct Steps before the
First Error in Incorrect Responses. Among incorrect
trajectories, 88% contain at least one correct step before
the first error. We define the correct-step ratio as the
number of steps before the first incorrect step divided
by the total number of steps; the average correct-step
ratio is 34%.

(see Appendix B for details). Overall, these find-
ings highlight that failed trajectories often contain
substantial correct structure, and that preserving
this structure can meaningfully improve success.

Motivated by these observations, we propose
to repurpose PRMs in RL solely as first-error
detectors and introduce Verifiable Prefix Policy
Optimization (VPPO), a new RL framework that
utilizes a PRM to identify the first incorrect step
in an incorrect response, thereby partitioning the
trajectory into a good prefix and an incorrect suf-
fix. VPPO then assigns reward to the final token
of the good prefix before the first incorrect step.
Since first-error detection is well supported by cur-
rent benchmarks such as ProcessBench (Zheng
et al., 2024), this simple shaping scheme provides
a reliable dense reward signal: it preserves and
reinforces good prefixes while specifically penaliz-
ing incorrect continuations. We show that VPPO
mitigates key exploration—exploitation failures of
sparse, outcome-only rewards and prevents gradi-
ent vanishing in the sparse-reward regime when all
sampled rollouts are incorrect. Empirically, VPPO
improves both precision (Pass@1) and coverage
(Pass@K) on several reasoning benchmarks, con-
sistently outperforming sparse-reward methods and
prior PRM-guided approaches.

Our work relates to multiple existing research
lines. By rewarding high-quality intermediate steps
that the model already produces, our approach
is closely connected to subgoal rewards in goal-
oriented reinforcement learning (Ng et al., 1999;
Huang et al., 2017; Paul et al., 2019; Jurgenson

et al., 2020; Okudo and Yamada, 2021; Ibrahim
et al., 2024), where partial progress toward a goal
is explicitly incentivized to ease credit assignment.
In LLM reasoning, the good prefix can be viewed
as a sequence of achieved subgoals along a chain
of thought, and rewarding it provides a similarly
shaped learning signal. Our method is also related
to hint-augmented reasoning (Liu et al., 2025b;
Zhang et al., 2025a; Huang et al., 2025b), which
appends expert-generated initial steps after a ques-
tion to guide generation of small models. In our
approach, the good prefix plays the role of a self-
generated hint, and preserving it with additional
reward can further speed learning. Additional re-
lated work is discussed in Appendix A.

2 Preliminary

We view each model response at both token and
step level. A response o is a token sequence
0o = (01,02,...,0) with length |o|. For any
token sequence o, we use LT(0) to denote the
last token of sequence o. We also segment o into
M, contiguous steps 0 = (s1, S2, ..., S, ) Where
each step s,, is itself a subsequence of tokens
Sm = (Otm70tm+17"'70tm+l_1)7 1 =1 <
ty < -+ < tym,+1 = |o| + 1. Thus every step
is a block of consecutive tokens, and the union of
all steps recovers the full token sequence.

2.1 Group Relative Policy Optimization
(GRPO)

For a given question ¢, a policy LLM my_,
generates a group of G complete responses
{o'(q),...,0%(q)}. We also simplify o'(q) to
o' for i € [G] when the given question is
clear or unimportant. For each response o' =
(0%, ,0f0i|) where every entry is a token, we
define 0%, = (o%,---,0!_;) and the reward for
every token ¢ € [|o’] is defined as

r(q, 0L, 0f) = {1 o' is correct and o; = LT(0)

0 otherwise

€))
In other words, only the last token of a correct
response receive 1 reward, all other tokens receive O
reward. To calculate the advantage A; +(q) of token
t in response o' for question ¢, GRPO leverage
standard Monte-Carlo estimation such that

Ai(q) = {1

o' is correct

0 otherwise
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To stabilize training, GRPO utilize group-level nor-
malization by first calculating the average token-
advantage for every response. For every i € [G],

o' is correct

1
Ai(a) {0 otherwise

|O'L| Z
The normalized advantage is then calculated

through Eq. (2).

Aiu(q)
Std(Al(q), e

~

Aii(q) = — mean(Ay(q), .-, Ac(q)

Ac(q))

2

For a given batch b and the set of questions Qj,
in b, with the advantage estimates in Eq. (2), we
optimize the policy via the clipped surrogate ob-
jective in Eq. (3), where 01.6(q) ~ moa(- | ),
ri,t(e) _ 7r9(01|qa01<t)

—t2<t/_"and € is a fixed clip hyper-
Toug (OL10:0%,) b hyp
prameter.

|0*(q)]

\Qb\ Z

q€Qp

G
z 1‘07’ ‘ i=1

t=1

clip(r;(0),1 —€, 1 +¢) 121\

3)

2.2 Current Methods to Enhance GRPO with
Process Supervision

One limitation of GRPO is that it only leverages the
final sparse reward to provide update signal, mak-
ing it hard to distinguish the quality of responses
that have the same correctness label. To provide
fine-grained signal, previous works tried to utilize
an external process reward model to provide the
assessment of step-level quality. We next describe
two prior methods that, like ours, directly use an
external process reward model to guide RL without
any online reward-model training, and we adopt
them as our baselines.

2.2.1 Algorithm in (Zou et al., 2025).

For a given question ¢ and a reasoning response
o = (s1, -+ ,sm,) where s1.57, denote M, steps
in the reasoning path o. Zou et al. utilizes a pro-
cess reward model rpy to score every step and get
Torm (45 S<m, Sm) for every step m € [M,]. To-
gether with the final correctness reward 7o (g, 0),
which is 1 if o is correct otherwise is 0, the final
reward of a response o for question q is defined as

rmix(Qu 0) = 3 2%0:1 rprm(Q73<ma Sm) + (1 -

Mo,

min{ri,t(@f/l\i,t(@

A)reorr(q, 0), Where A is a hyperparameter to con-
trol the mixture rate.

This reward rpix combine the average process
value and the correctness label, which is also only
given to the last token of response o. Thus, for a
question ¢ and a group of responses {0, - -- , 0%},
the Monte-Carlo advantage estimation for token
t in response o' is A"*(q) = rmix(g,0"). Fol-
lowing the normalization of GRPO, the token-
average advantage of response o' is AMX(q) =
H%_ S Af‘;x( ) = rmix(q, 0), and the final esti-
mated advantage is

Ag‘ti"(q) — mean(AP*(q), ... ,Arcn;i"(q))

AT (g) =

std(ATX(g), ..., AmX(q))

“

The estimated advantage in Eq. (4) is then used in
loss Eq. (3) for policy update.

2.2.2 Algorithm in (Chen et al., 2025a).

For a given question ¢ and a reasoning response
o= (81, -+ ,8n,) where sq.p, denote M, steps
in the reasoning path. Chen et al. utilizes a large
external generative models to find the first incorrect
step in a incorrect response. Assuming an incorrect
response o has M, steps and the first G, steps are
correct, Chen et al. defines RTS(0) = %‘; as the
fraction of correct steps in an incorrect response.
With this value, the final reward is defined as

1 ois correct
Trts(‘]a O) = 1

otherwise
1+ exp (BRTS(0) + v)

where [ and ~y are two hyperparameters. With this
reward scheme, the incorrect response with more
correct steps receive higher reward. Similar to (Zou
et al., 2025), this reward rys is also only given to the
last token of response o, thus, for a question g and
a group of response {o',--- , 0%}, the the Monte-
Carlo advantage estimation for token ¢ in response
ol is Af(9) = rusly, 0%). Following the nor-
malization of GRPO, the token- average advantage
of response o' is A™(q) = ZZ AN (g) =

T1s(q, 0'). The final estimated advantage is
Em(q) _ Aﬁfi((l) —mean(A(q), ..., A% (q))
it std(AT(q), . .., A%(q))
)

The estimated advantage in Eq. (5) is then used
in loss Eq. (3) for policy update.
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3 Methods

Zou et al. and Chen et al. incorporate process
supervision by collapsing step-level signals into a
single response-level scalar applied only at the final
token. As a result, all tokens in a response share
the same advantage, blurring the learning signal
because in an incorrect sample, correct early steps
and erroneous later steps receive identical credit.
Ideally, the correct prefix should be rewarded more
than the incorrect suffix. Our method builds on
this insight to overcome this limitation of prior
approaches.

Through the process reward model, we can find
the first incorrect step, and all steps before it are
defined as the good prefix. For a question ¢ and
its incorrect response o, we use GP(q,0) to de-
note the good prefix of o. Then, we construct a
token sequence RP(q, 0) C Pref (GP(q, 0)) to as-
sign additional reward, where Pref(-) denotes the
set of all token-level prefixes of a sequence. In
other word, RP(q, o) is a valid prefix of GP(q, 0);
we refer to it as the reward prefix. One natural
choice is RP(q,0) = GP(q, 0) but we will show
in Section 4 that other choices can lead to better
performance. Assume o = (01, -+ ,0),|), We de-
fine oy = (01, -+ ,0;—1) and the reward for every
token ¢t € [|o]] is defined as

1 ois correct and o; =LT(0)

__J a oisincorrect
T(CL O<t, Ot> —

0 otherwise

(6)
where 0 < o < 1 is a hyperparameter controlling
how many rewards should be given to good pre-
fix of incorrect samples. Compared to the reward
scheme in GRPO (Eq. (3)), our reward function
defined in Eq. (6) only introduces an additional o
reward to the last token of RP (¢, 0), ensuring cor-
rect steps are well-preserved. With reward scheme
in Eq. (6), for a question ¢ and a group of response
{o!,---,0%}, the the Monte-Carlo advantage esti-

mation for token ¢ in response o’ becomes
1 o' is correct
Ai+(q) = { a o' isincorrect and o} € RP(q,0")

0 otherwise

We define the average advantage of response o' as

|of] 1 o' is correct
Az‘(Q):fl» g Ai(@)=1 a|RP(q,0")|
o' =" o A" otherwise
= of

and 0, =LT (RP (q,0))

Since now the advantage is not binary and the
standard deviation could have extreme large value
in some cases, we remove the standard deviation in
the normalization and only substract the mean of
advantage. This leads to Eq. (7). Ablation study on
standard deviation is provided in Appendix H.

Ais(g) = Ais(g) — mean(As(q), ., Ac(q))
)

We also found that for relatively high-capability
model (e.g. instruct-finetuned models), it is better
to introduce a RELU operator on the advantage
for good prefix to ensure they always have non-
negative advantage, leading to

max{A;(¢)—mean(A;(q),...,Aq(q)),0}

. o' is incorrect and 0! € RP(q,0")

Air(g)= A;1(q) — mean(A:1(q), ..., Ac(q))

otherwise
(®)

The advantage estimates defined in Eq. (7) and
Eq. (8) are subsequently incorporated into the
policy-gradient loss in Eq. (3). Our approach is
able to leverage opportunities for both exploration
and exploitation that standard sparse-reward meth-
ods systematically miss. Two illustrative examples
are provided in Figure 2 and Figure 3.

In the exploration scenario (Figure 2), two roll-
outs with different prefixes are observed, denoting
as Rollout 1 (with Step la, Step 2a, and a final
correct answer) and Rollout 2 (with Step 1b, Step
2b, Step 3b, and a final incorrect answer). Step
3c denotes an unsampled continuation after Step
2b that would lead to a correct answer. Figure 2a
depicts the sparse-reward setting, where the termi-
nal reward R is given only at the end of Rollout 1
and Rollout 2, and the corresponding token-level
advantages Adv are shown beside each step (for
our method, we use Eq. (8) as an example, where
good prefixes do not receive negative advantage).
Under sparse rewards, every step in Rollout 1 is
encouraged and every step in Rollout 2 is discour-
aged. However, in Rollout 2, both Step 1b and
Step 2b are in fact good steps that could lead to a
correct answer via the (unsampled) Step 3c. With
our reward scheme Eq. (6), since Step 3b is the
first incorrect step in Rollout 2, Step 1b and Step
2b are identified as a good prefix and receive an
additional reward « at the end of Step 2b (as shown
in Figure 2b). Consequently, Step 10 and Step 2b
are encouraged, while the truly incorrect Step 3b
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Figure 2: Exploration Example Comparison. When
two rollouts have different prefix, sparse reward only
encourages the sampled correct path but our reward
scheme enhances the likelihood for more correct paths.

is discouraged. Discouraging Step 3b reduces its
log-likelihood and redistributes probability mass
to alternative continuations after Step 2b, implic-
itly increasing the probability of another correct
path [Step 1b, Step 2b, Step 3c]. Compared with
sparse reward, our method increases the diversity
of the correct output because it leads to the likeli-
hood increase of both Rollout 1 and another correct
path [Step 1b, Step 2b, Step 3c]) while sparse re-
wards only increase the likelihood of Rollout 1.
Appendix E.1 shows a case study related to this ex-
ploration scenario. In summary, when the sampled
rollouts reflect different solution strategies, reward-
ing the good prefix helps preserve incorrect yet
promising attempts. By penalizing only the truly
incorrect steps, exploration becomes targeted on
the subtree rooted at the good prefix, encouraging
the model to recover a correct continuation, even if
it corresponds to a solution strategy entirely differ-
ent from the sampled correct responses. In contrast,
sparse outcome rewards discard these partially cor-
rect trajectories and instead tend to over-sharpen
the policy around the sampled correct solutions.

In the exploitation scenario (Figure 3), the nota-
tion is consistent with Figure 2. The two observed
rollouts are Rollout 1 (containing Step 1, Step 2,
Step 3a, and a final correct answer) and Rollout
2 (containing Step 1, Step 2, Step 3b, and a final
incorrect answer). These rollouts share the same
prefix (Step 1, Step 2). Under sparse rewards (Fig-
ure 3a), Steps 1 and 2 are encouraged by Rollout
1 but discouraged by Rollout 2, creating gradient
conflict. Under our reward scheme (Eq. (6)), since
Step 30 is the first incorrect step in Rollout 2, Steps
1 and 2 are identified as good prefix and receive
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Figure 3: Exploitation Example Comparison. When
two rollouts have similar prefix but different answers,
sparse reward have conflict signal on the shared prefix
but our reward scheme can accurately enhance the cor-
rect sample.

reward « at the end of Step 2 (see Figure 3b). Thus,
Steps 1 and 2 are consistently encouraged under
both rollouts, while only the incorrect Step 3b is
discouraged. This alignment strengthens the like-
lihood increase of the correct Rollout 1 compared
with sparse-reward methods. See Appendix E.2
for a case study. In summary, when the sampled
rollouts share similar early steps that makes mean-
ingful progress, but their later continuations diverge
and produce different final answers, rewarding the
good prefix fully leverages these shared correct
steps while penalizing only the incorrect continua-
tion. In contrast, sparse outcome rewards provide
limited learning signal for the strong initial steps
due to gradient conflict, making it harder for the
policy to reliably benefit from them.

Beyond improved exploration and exploitation,
our method can provide informative process re-
ward signals even when all sampled trajectories for
a given question are incorrect. This solves the van-
ishing gradient issue of sparse outcome rewards,
where the policy receives no learning signal if every
sample is wrong. As a result, sparse-reward meth-
ods struggle to learn from hard questions, whereas
our process-supervised signal can substantially ac-
celerate progress on difficult problems. Theoreti-
cally, we study a simple tree-structured reasoning
space in which the correct paths are rare, capturing
the challenge of learning on hard questions. In this
setting, our reward design yields an exponential
improvement in sample complexity over sparse
rewards for learning a near-optimal policy under
standard policy-optimization algorithms. We for-
malize this result in Theorem 1, with the full proof
deferred to Appendix F.
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Theorem 1 (Informal). Consider a H-layer rea-
soning tree with sparse correct paths (i.e. the
question is difficult) where each node denotes a
reasoning step. Under standard policy optimiza-
tion algorithm, let N, ..., and N, ., be the min-
imum sample size to learn a near-optimal policy
with sparse reward scheme Eq. (1) and our reward

scheme Eq. (6) respectively, we have

- (2 .
E [N;;)arse] 2 Q <H> and E [N;ense] S O (H)

where Q and O omits log factors.

4 Experiments

Models and Datasets. = We use open-sourced
Qwen3-4B-Base, Qwen3-8B-Base and Qwen3-4B
(non-thinking) as our base model to finetune. For
training data, we utilize axon-rl MATH training
data'. For the test set, we use AIME-25, AIME-24,
AMC-23 (Li et al., 2024a), MATH-500 (Hendrycks
et al., 2021), Minerva (Lewkowycz et al., 2022),
Olympiadbench(He et al., 2024), Hmmt-feb-2024
and Hmmt-feb-2025 (Balunovié et al., 2025).

Experiment Setup. In our discussion on advan-
tage normalization in Section 3, we can either add
a RELU operator or not. In our experiment, we
found that for base model, it is better to use direct
advantage normalization Eq. (7) without RELU,
while for high-capability mode (e.g. Qwen3-4B),
it is better to use advantage normalization Eq. (8)
with RELU. We attribute this to the ability to gen-
erate high quality prefix for instruct-tuned models,
which should be protected more with RELU to
prevent negative gradient. In the following experi-
ments, we set « = 0.5 for all models, utilize Eq. (7)
advantage normalization for Qwen3-4B-Base and
Qwen3-8B-Base, and Eq. (7) advantage normaliza-
tion for Qwen3-4B. More ablation study is given
in Appendix H.

Baseline Methods. We compare our method with
group relative policy optimization (GRPO) (Shao
et al., 2024), which is the standard method for rein-
forcement learning for language model reasoning.
Besides, we compare with other two methods that
utilize process supervision to enhance RL for rea-
soning as mentioned in Section 2.2. In the follow-
ing discussion, we will denote the method in (Zou
et al., 2025) as Mixed and the method in (Chen

'"https://huggingface.co/datasets/
axon-rl/MATH-1v13to5-8k.

et al., 2025a) as RTS. For Pass@K comparison,
we compare with the Pass@K optimization method
derived in (Chen et al., 2025b), which is denoted
as PassK in the follow-up discussion.

First Incorrect Step Identification To enable
step-level correctness assessment, we prompt the
policy model to explicitly enumerate its reasoning
as “Step 1 ..., “Step 2 ...”, etc. We do not rely on
any initial SFT to enforce this format because the
model can learn to follow this step-enumeration
pattern as training progresses, producing clearly
segmented reasoning traces. We then parse each
response into individual steps and score each step
using a process reward model (PRM) to identify
the first incorrect step. In our implementation, we
use Qwen2.5-Math-PRM-7B (Zhang et al., 2025b),
which outputs a real-valued score per step. Since
our objective is to detect the first incorrect step,
we convert step scores into binary correctness la-
bels via an offline threshold selection procedure on
ProcessBench (Zheng et al., 2024), a benchmark
designed to evaluate PRMs’ ability to localize the
first error. We find that a threshold of 0.8 performs
best: the first step whose PRM score falls below 0.8
is treated as the first incorrect step. More details
on threshold selection is in Appendix D. Note that
using a small discriminative PRM is lightweight;
empirically, this adds only about 1.1 the per-step
runtime compared to standard GRPO.

The Choice of RP in Eq. (6). For a re-
sponse o with token sequence (01,02,...,0)
and step decomposition (s, S2,. .., Spr, ), Where
each step is a contiguous token subsequence
Sm = (0t Oty+1,---,04,,,—1), the PRM op-
erates at the step level and identifies the index
of the first incorrect step Moy € {1,...,M,}
such that sq1,...,sp,,,—1 are labeled correct and
SM,,, 1s the first incorrect step. The standard
good prefix GP(q,0) = (S1,...,5My—1) =
(01,...,0 Mm—l) is the entire token span before
the first incorrect step. To construct reward pre-
fix RP(q,0), one natural choice is RP(q,0) =
GP(q,0) and reward the whole good prefix. We
refer this scheme as simple-prefix approach. How-
ever, directly reward all good steps causes reward
hacking via step inflation (see the “simple prefix”
curve in Figure 5). Since steps are defined purely
by matching the literal marker “Step £”, and all
tokens before the first incorrect step receive addi-
tional reward, the policy can increase its reward
by splitting a semantically large step that contains
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Benchmarks

Algorithm
¢ AIME-2025 AIME-2024 AMC-23 MATH-500 Minerva Olympiadbench Hmmt-feb-2025 Hmmt-feb-2024 Average
Qwen3-4B-Base
Base 5.2 7.7 35.9 58.7 21.6 28.7 1.3 23 20.2
GRPO 11.9 18.3 59.2 823 383 47.5 4.0 8.3 337
Mixed 12.3 14.9 53.1 80.4 385 45.4 35 6.0 31.8
RTS 14.0 17.5 54.1 80.6 36.9 46.4 1.3 8.0 324
Ours (Shorten Prefix) 16.6 194 60.0 83.0 39.1 47.7 6.0 11.0 354
Qwen3-8B-Base
Base 33 6.7 264 49.4 23.7 224 1.0 1.7 16.8
GRPO 17.2 223 63.4 852 41.5 515 5.4 6.4 36.6
Mixed 15.0 16.7 64.5 822 41.7 48.6 5.6 7.9 35.2
RTS 16.3 15.0 62.8 834 395 48.6 43 9.5 35.0
Ours (Shorten Prefix) 18.3 22.7 63.3 86.0 40.4 523 12.9 7.9 38.0
Qwen3-4B (non-think)

Base 18.1 19.5 66.7 825 38.1 513 10.0 10.6 37.1
GRPO 26.0 304 69.2 88.5 40.6 60.0 11.9 16.7 429
Mixed 19.6 20.6 69.1 86.2 40.8 55.9 12.3 13.7 39.8
RTS 223 312 77.6 87.8 413 59.3 11.8 13.7 43.1
Ours (Shorten Prefix) 29.2 31.8 74.5 88.0 41.7 60.6 12.7 19.6 44.8

Table 1: Average@16 Across Methods and Benchmarks. The highest number for each column is bold and our

method outperforms all baselines.

Dynamic of Pass@1 Accuracy on AIME 2025

Dynamic of Pass@1 Accuracy on AIME 2025

Dynamic of Pass@1 Accuracy on AIME 2025

Pass@1 Accuracy
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0.06

Pass@1 Accuracy

0 50 100 200 250 300 0 50

150
Training Steps

(a) Qwen3-4B-Base

1 150
Training Steps

(b) Qwen3-8B-Base

200 250 300 0 50 100 200 250 300

15
Training Steps

(c) Qwen3-4B

Figure 4: Training Dynamics of Test Accuracy on AIME2025. Our method outperform all baselines during

training.

error into many shorter steps. This manipulation
moves substantial content that would otherwise be-
long to the incorrect large step into shorter correct
steps that get positive reward, resulting in overly
fine-grained and verbose intermediate reasoning
that is misaligned with our goal.

=
8

—— Simple Prefix
Shorten Prefix

&

g

N
&

&

s

»

Average Step Number in Reasoning

100 150 200

Training Steps

Figure 5: Training Steps and Reasoning Step Number.
The x-axis shows the training step, and the y-axis reports
the average number of reasoning steps in responses
generated on AIME25, where we sample 16 responses
per question at each training step. Rewarding the simple
prefix substantially increases the reasoning step number
compared with rewarding the shortened prefix.

To counteract step inflation, we introduce a sim-

ple shorten-prefix strategy that trims a small suffix
of the good prefix to assign reward. Let GP(q, 0)
(01,...,04y,, 1) and c(g,0) be a nonnegative
cut length. The shorten prefix strategy considers
RP(q,0) := (01,---,0,, —c(q0)—1)» Which dis-
cards the last ¢(q, o) tokens from the good prefix.
If ¢(q,0) > Mgy — 1, then GPghor(q,0) = 0. In-
tuitively, this creates an unrewarded “buffer” near
the first-error boundary: micro-steps introduced
near the tail of the good prefix largely fall into the
trimmed region and therefore no longer increase the
rewarded tokens. This breaks the direct incentive
to inflate the number of steps and shifts learning
pressure toward improving the quality of earlier
reasoning. In practice, we found that set ¢(q, o) to
the token length of the prompt with question ¢ has
the best performance, and we use it for Figure 5
and the following results. As shown in Figure 5,
shorten prefix substantially reduces the number of
reasoning steps in model outputs, and we will show
it also increase the performance. More discussion
on the choice and effect of R'P is in Appendix G.
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4.1 Main Results

Intuitively, as shown in Section 3, our new reward
scheme take advantage of learning signals that stan-
dard sparse rewards fail to use, thereby improv-
ing both exploitation (Pass@1) and exploration
(Pass@K).

Pass@1 Results. Table 1 reports Average@ 16
on several benchmarks, obtained by sampling 16
responses per question and averaging accuracy.
Across all settings, our method consistently out-
performs both standard GRPO and existing PRM-
enhanced reasoning algorithms. We found that
the simple Mixed method underperforms GRPO,
which is consistent with Ye et al. (2025). For RTS,
Chen et al. (2025a) show gains over GRPO on
high-capacity distilled and instruction-tuned mod-
els; our experiments on Qwen3-4B replicate this
advantage on the instruction-tuned models but re-
veal that RTS falls below GRPO on base models. In
contrast, our VPPO (with the shorten-prefix strat-
egy) not only improves over the sparse-reward base-
line (GRPO) but also consistently surpasses both
Mixed and RTS on base and instruction-tuned
models, demonstrating the robustness of our ap-
proach. Figure 4 further shows test-accuracy train-
ing dynamic on AIME 2025, where our method
dominates the baselines throughout training.

Pass@K Results. The Pass@K metric mea-
sures whether a model can solve a question within
K independent attempts, and thus characterizes
the model’s reasoning boundary under repeated
sampling. To estimate Pass @K, we utilize the un-
biased estimation with low-variance proposed in
(Chen, 2021). Specifically, for a given a question
g, we draw n = 256 samples and if ¢ of them

(%)

are correct, we calculate Pass@K(q) =1 — &

For a dataset Q, the average Pass@K is deﬁged
as Pass@K(Q) = @ >_qco Pass@K(q). Since
we use n = 256 samples per question, we re-
port Pass@K only up to K = 128 to keep the
estimator variance low. The average Pass @K re-
sults on dataset AIME24 and AIME?25 are summa-
rized in Table 2. We can observe that our method
not only has the largest Pass@1, but can increase
Pass@K as well compared with GRPO and other
PRM-enhanced methods. Notably, our method at-
tains comparable Pass@K performance to a ded-
icated Pass@K optimization algorithm (Chen et al.,
2025b) (denote as PassK in Table 2) while achiev-
ing much better Pass@1 value.

Algorithm Pass@K

1 2 4 8 16 32 64 128

Qwen3-4B-Base
Base 6.5 106 156 21.2 268 330 40.1 470
GRPO 154 203 246 288 333 383 440 499
Mixed 124 169 213 257 302 348 40.1 465
Ratio 156 19.0 219 255 300 347 393 444
PassK 122 165 206 249 303 373 458 54.6
Ours 174 230 278 323 369 421 480 534
A (w. GRPO) +2.0 +2.7 +32 435 +3.6 +38 +4.0 435
Qwen3-8B-Base
Base 44 76 123 180 245 314 393 486
GRPO 19.1 236 27.8 322 368 414 468 533
Mixed 160 20.1 242 294 354 416 476 536
Ratio 159 19.6 230 273 327 386 451 512
PassK 18.8 240 294 353 414 465 53.0 567
Ours 20.5 242 285 331 390 459 526 599
A (w. GRPO) +14 +0.6 +0.7 409 +22 +45 +58 +46.6
Qwen3-4B (non-think)

Base 186 242 295 353 420 493 56.6 64.1
GRPO 28.1 346 416 482 542 595 640 68.1
Mixed 203 253 309 378 457 531 59.6 653
Ratio 272 339 404 467 530 594 654 702
PassK 254 323 385 440 498 564 630 6838
Ours 295 359 417 473 534 596 652 70.6
A (w. GRPO) +14 +1.3 +0.1 -09 -08 +0.1 +1.2 425

Table 2: Average Pass@K Values on AIME. The high-
est number for each column is bold, and our method
improves both Pass@1 and Pass@K.

The impact of different choices of a.  In previ-
ous discussions, we fix & = 0.5. In Appendix H,
we test the sensitivity of hyperparameter «, show-
ing that the performance of our algorithm is stable
if v is not too large.

5 Conclusions

We present VPPO, a process-supervised RL
method that turns noisy step-level PRM scores into
a simple, reliable training signal: the location of
the first mistake in a sampled reasoning chain. Us-
ing this mistake boundary, VPPO preserves and
reinforces part of the good prefix, the maximal
correct segment preceding the first error, via an
additional reward, while explicitly penalizing only
the erroneous suffix. This reallocation of learn-
ing signal fixes core failure mode of outcome-only
RL, yielding updates that are both more targeted
and stable. Across reasoning benchmarks, VPPO
consistently improves Pass@1 and Pass @K results,
outperforming sparse-reward baselines and prior
PRM-enhanced methods. Future work could fur-
ther investigate using first-error signals and good
prefixes to help learning. For example, during RL,
we can store good prefixes in a replay buffer and
resample them to train the model to complete from
diverse prefixes, which may improve generaliza-
tion.
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6 Limitation

The method prompts the policy to enumerate rea-
soning as “Step 1...Step 2...”, then defines steps
by matching the literal marker. This creates a vul-
nerability: the model can “inflate” steps (split a
large step into many micro-steps) to increase the
rewarded token mass, causing overly verbose rea-
soning. The proposed shorten-prefix trick miti-
gates this, but the approach still fundamentally
depends on this step format and parsing pipeline.
The shorten-prefix scheme requires choosing a cut
length ¢(q); the paper’s best-performing choice is
setting ¢(q) to the prompt token length, which is
effective empirically but should not be universally
optimal. More deep understanding about the step
inflaction behaviour and more principled method to
tackle it should be further investigated. Moreover,
it is beneficial to run experiments on more diverse
models.
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A Related Works

Reinforcement learning for LLM reasoning with
verifiable rewards. In many LLM reasoning
tasks, the final answer can be readily extracted and
checked against a reference using either rule-based
verifiers (Mu et al., 2024) or LL.M-as-a-judge pro-
tocols (Luong et al., 2024; Li et al., 2024b; Ma
et al., 2025; Xie et al., 2025; Zhao et al., 2025).
This outcome signal naturally serves as a reward
for reinforcement learning, and this paradigm has
proven highly effective for improving reasoning
performance across domains (Lambert et al., 2024;
Gandhi et al., 2024; Zhang et al., 2024; Guo et al.,
2025a; Team et al., 2025). Similar ideas have also
been extended to multi-modal reasoning (Huang
et al., 2025c¢; Li et al., 2025b; Shen et al., 2025; Liu
et al., 2025d,c; Feng et al., 2025).

Despite these successes, standard RL algorithms
face several fundamental challenges in this setting.
First, insufficient exploration can cause policy en-
tropy to collapse rapidly, which may even shrink
the model’s reasoning boundary after RL (Cui et al.,
2025b; Yue et al., 2025). To mitigate this issue, a
line of work augments the reward with a novelty
bonus (often applied at the final token), assign-
ing higher rewards to more unique or uncertain
responses to encourage diversity. Empirically, such
bonuses can expand policy coverage and further
improve performance (Yu et al., 2025a; Cui et al.,
2025b; Liu et al., 2025a; Zhu et al., 2025; Li et al.,
2025a; Dai et al., 2025; Song et al., 2025b; Zhou
et al., 2025; Liang et al., 2025). Second, learn-
ing signals can be extremely sparse on difficult
prompts: when correct solutions are rarely sam-
pled, rewards are frequently zero, yielding weak
or no gradients and slowing progress on hard ques-
tions. Prior work addresses this in multiple ways,
including adding a mid-training stage that instills
meta-behaviors such as reflection or parallel think-
ing to boost high-level reasoning capability and in-
crease the likelihood of generating correct attempts
(Gandhi et al., 2025; Hu et al., 2025; Zheng et al.,
2025b; Huang et al., 2026); and using curriculum
learning to keep the training distribution near an
intermediate difficulty regime where gradient sig-
nal is strongest (Wen et al., 2025; Shi et al., 2025;
Huang et al., 2025a; He et al., 2025; Gao et al.,
2025; Yu et al., 2025b). In our approach, we also
address both exploration and signal sparsity by ex-
plicitly preserving and learning from the correct
prefix of incorrect responses.

Process Supervision for Reasoning. Process su-
pervision has been widely used in reinforcement
learning to provide dense learning signals at in-
termediate steps. In classic RL domains such
as games and robotics, these signals are often
straightforward to design based on measurable task
progress, and dense rewards can substantially accel-
erate learning (Ng et al., 1999; Huang et al., 2017;
Paul et al., 2019; Jurgenson et al., 2020; Okudo
and Yamada, 2021; Ibrahim et al., 2024). In con-
trast, for LLM reasoning, progress at each step is
difficult to formalize, motivating the use of learned
process reward models (PRMs) that score interme-
diate reasoning steps (Lightman et al., 2023). Since
their introduction, PRMs have primarily been used
to improve test-time scaling (Lightman et al., 2023;
Wang et al., 2024; Yang et al., 2024; Luo et al.,,
2024; Yuan et al., 2024; Li and Li, 2024; Yang
et al., 2025; Xiong et al., 2025). However, mul-
tiple works have found it challenging to integrate
PRM signals into reinforcement learning due to
substantial score bias and susceptibility to reward
hacking (Setlur et al., 2024; Gao et al., 2024; Cheng
et al., 2025; Ye et al., 2025). Existing successful
attempts often adopt actor-critic style frameworks
in which the PRM (as a critic) is trained and up-
dated jointly to track the evolving policy model
(Setlur et al., 2024; Kazemnejad et al., 2024; Guo
et al., 2025b; Cui et al., 2025a; Zha et al., 2025).
While effective, these approaches introduce addi-
tional optimization and memory overhead for a
large critic model, and may require extra rollouts
from intermediate states to improve value estima-
tion, increasing training time significantly. Our
approach instead studies how to leverage a well-
trained PRM that is fixed during training, avoiding
the optimization and memory overhead of jointly
learning a critic model. To mitigate reward hack-
ing, rather than directly optimizing uncalibrated
per-step PRM scores, we use the PRM scores to
localize the first incorrect step in a reasoning trace.
This produces a discrete supervision signal with
an unambiguous ground truth. Moreover, the lo-
calization accuracy can be assessed with dedicated
benchmarks (Zheng et al., 2024; Song et al., 2025a),
which enables offline threshold selection for each
PRM to maximize error-detection reliability. Using
this first-error signal effectively, our method out-
performs prior approaches that apply a fixed PRM
during reinforcement learning training (Zou et al.,
2025; Chen et al., 2025a).
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B Experiment Details about Figure 1

To get Figure 1, we collect all incorrect rollouts
with step-enumeration pattern during the training
process of Qwen3-4B-Base in the first three epoch
and randomly select 3000 samples. To find the first
incorrect step, we utilize Qwen2.5-Math-PRM-7B
which outputs a real-valued score per step. Since
our objective is to detect the first incorrect step, we
convert step scores into binary correctness labels
threshold 0.8: the first step whose PRM score falls
below 0.8 is treated as the first incorrect step. As
shown in Table 5, this threshold can reliably detect
the first incorrect step. To further validate the detec-
tion accuracy, we randomly sample 300 responses
and check whether the first error found by PRM
matches the result of GPT-o1, with prompt given
in the end of Appendix B. The results are given in
Table 3, in which we exclude 6 samples where the
output of GPT-o01 is not successfully parsed. From
Table 3, we know that PRM estimation is more
conservative compared to GPT-o1, indicating that
the length of good prefix is probably even more
than our evaluation.

Table 3: Accuracy on PRM compared with GPT-o1.
“Match”, “Less”, and “More” indicate that the predicted
index of the first incorrect step is equal to, smaller than,
and larger than the predicted incorrect step of GPT-o1,
respectively. “Fail” means the PRM does not detect any
incorrect step.

Match Less More Fail

Type
Ratio(%)

60.3 250 93 33

To probe how useful these correct prefixes are,
Figure 6 analyzes AIME2S5 that contains 30 ques-
tions using Qwen3-4B-Base trained after 3 epochs.
For each question, we first sample 32 full responses
to compute standard Pass @32, then focus on incor-
rect responses and extract good prefixes, defined
as the sequence of correct reasoning steps up to
(but not including) the first error. We define Pre-
fix Pass@32 for a question to be 1 if there exists
at least one such good prefix for which, when we
restart from this prefix and sample 32 continuations,
at least one continuation yields the correct final an-
swer; otherwise it is 0. Empirically, we observe
that eight questions have Pass@32 = 0 while Prefix
Pass@32 = 1, none of the original 32 full responses
solve the problem, yet some continuation from a
good prefix does, whereas only a single question

has Pass@32 = 1 but Prefix Pass@32 = 0. These
results show that good prefixes in incorrect samples
can be systematically exploited to obtain correct
solutions that naive outcome-only sampling fails to
produce, and that such intermediate supervision is
largely ignored by standard RL objectives.

Pass@32 vs Prefix Pass@32 on AIME25

12
10
1
o 8 .
@ [
@ 6 3
© QO
o
0 - 4
2
1
0 1

Prefix Pass@32

Figure 6: Good Steps in Incorrect Responses Can
Lead to Correct Answers. We compare Pass@32 with
Prefix Pass@32, which is 1 if any correct prefix from an
incorrect response yields at least one correct continua-
tion among 32 samples. Eight questions have Pass@32
= (0 but Prefix Pass@32 = 1, while only one shows the
opposite pattern.

Prompt for GPT-o1 to find the first incor-
rect step

Given a question with its ground-truth answer
and a reasoning that lead to incorrect answer,
determine which step the reasoning process
makes the first mistake.

Your output should be "Step X" where X is
the step number (for example, if the third step
in the reasoning process is the first mistake,
your output should be "Step 3").

Question:

{question}

Ground-truth answer:

{reference}

Incorrect reasoning process:
{response}
Output:

C Implementation Details

Algorithm in (Zou et al., 2025). They utilize a
process reward model which can output the score
of every step. For a given reasoning trajectory
(x,y1,- -+ ,ym) where y;.; denote H steps in the
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reasoning path and let y., = (z,y1, " , Yn—1)-
(Zou et al., 2025) utilizes a process reward model
7 to score every step and get 7(y<p, yp,) for every
h € [H]. Together with the final correctness reward
Teorr» the final reward of a response y for prompt x
is defined as rfiny(z,y) = % Z,Ijzl r(Y<n, yn) +
(1 = B)reore(z, y). This reward is then used to com-
pute the standard GRPO advantage and utilize loss
Eq. (3) for policy update. We choosde 8 = 0.8
which has the best performance according to (Zou
et al., 2025).

Algorithm in (Chen et al., 2025a). They use
a large external models to find the first incorrect
step in a incorrect step, assuming a response ¥y has
s(y) steps and the first m(y) steps are correct, this

method define RTS(y) = T:é/y))

sample, the reward is defined as

and for incorrect

1
I+exp(BRTS(y)+7)
where /3 and ~y are two hyperparameters”. For cor-

rect response, the reward is always 1. Using this
reward scheme, they also the compute standard
GRPO advantage and utilize loss Eq. (3) for policy
update.

We utilize OpenRLHF(Hu et al., 2024) to im-
plement our algorithm and the hyperparameters
are shown in Table 4. For Qwen3-4B-Base and
Qwen3-4B, every training spend roughly 384 GPU-
hours. For Qwen3-8B-Base, every training spend
768 GPU-hours.

Table 4: Hyperparameters used in OpenRLHF training.

Hyperparameter Value
micro_train_batch_size 1
train_batch_size 256
micro_rollout_batch_size 8
rollout_batch_size 128
n_samples_per_prompt 8
generate_max_len 4096
actor_learning_rate 5x 1077
init_kl_coef 0
eps_clip 0.2
temperature 1.0
num_episodes 5

For evaluation, we set the sample temperature to
be 0.6.

The authors do not explicitly mention their chosen value
in their paper and we ask them through email to know that
they choose 8 = —10 and v = 20

D Implementation Details

D.1 Prompts

We use prompt

System Prompt

You are a helpful assistant, Please solve the
problem step by step and follow this layout:
Step 1: ...

(blank line)

Step 2: ...

(blank line)

At the end, output the final answer using the
exact format: \boxed{your_answer}.

D.2 PRM Score on ProcessBench

We use Qwen2.5-7B-MATH-PRM to identify the
first incorrect step in a given response. Since
Qwen2.5-7B-MATH-PRM outputs a score for ev-
ery step, we need to select a threshold and define
the predicted first incorrect step as the first step
whose score falls below this threshold. To select a
suitable threshold, we evaluate the model on Pro-
cessBench (Zheng et al., 2024), which provides
reasoning trajectories annotated with the ground-
truth index of the first incorrect step.

During training, we only query the PRM for
responses whose final answer is incorrect. Accord-
ingly, for our analysis on ProcessBench, we restrict
attention to trajectories whose final answer is in-
correct, yielding 1700 samples. On this subset, we
measure the performance of Qwen2.5-7B-MATH-
PRM under different thresholds; the results are
reported in Table 5. We observe that Qwen2.5-7B-
MATH-PRM tends to assign relatively high scores,
so larger thresholds (up to 0.8) lead to higher accu-
racy in detecting the first incorrect step.

Our primary goal is to reward the correct prefix
of the reasoning process. Consequently, it is benign
if the PRM predicts the first incorrect step earlier
than the true one (i.e., a smaller step index): in
this case we still only reward steps that are in fact
correct. In contrast, if the PRM predicts the first
incorrect step later than the true one (i.e., a larger
step index), then some truly incorrect steps would
be mistakenly rewarded, which can hinder policy
optimization. Another safe failure mode is when
the PRM does not identify any incorrect step for
an incorrect response; in this case we assign zero
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reward to all tokens, ensuring that the incorrect step
is not positively reinforced.

Therefore, the only harmful misspecification for
learning is when the predicted first incorrect step
index is larger than the ground-truth index. This
corresponds to the “More” row in Table 5. The
last row, “Not More”, reports the probability that
the predicted index is not larger than the ground
truth (including exact matches, earlier detections,
and failures to detect any incorrect step), i.e., the
probability that the additional PRM signal is non-
harmful. We see that, with an appropriately chosen
threshold, in over 90% of the cases the PRM pro-
vides a reliable signal. Balancing overall accuracy
and the Not More rate, we set the threshold to 0.8
in all our experiments.

Table 5: Accuracy on ProcessBench for different
PRM thresholds. “Match”, “Less”, and “More” in-
dicate that the predicted index of the first incorrect step
is equal to, smaller than, and larger than the ground-
truth index, respectively. “Fail” means the PRM does
not detect any incorrect step. “Not More” is the pro-
portion of cases where the predicted index is not larger
than the ground truth, i.e., where the PRM signal is non-
harmful. All entries are ratios (%).

Threshold 05 06 07 08 09
Match 61.3 63.7 63.1 63.2 585
Less 11.2 149 20.1 250 344
More 14.6 120 102 7.3 45
Fail 129 95 6.6 45 27
Not More 854 88.0 89.8 92.7 95.5

E Case Studies

E.1 Exploration Example

In this section, we present a case study correspond-
ing to the exploration example in Section 3. For
the same question, we observe two rollouts: one
correct and one incorrect, which follow different
reasoning paths. The incorrect rollout contains sev-
eral correct steps before making its first mistake;
the first incorrect step, as identified by the PRM, is
highlighted in red.

e —cosx—x

Find the value of L = lim,_,o p

Rollout 1 (Correct)

To find the value of L = lim,_,q =522

we will use L’Hopital’s rule. L’Hopital’s rule
states that if the limit of the quotient of two
functions results in an indeterminate form
such as 8 or >, then the limit of the quo-
tient is equal to the limit of the quotient of
their derivatives.

Step 1: Evaluate the limit directly. Let’s plug
inz =0:

eo—cosO—Oil—l
02 0

This is an indeterminate form, so we can apply
L’Hopital’s rule.

Step 2: Apply L'Hopital’s rule. We need to
differentiate the numerator and the denomina-
tor separately and then take the limit again.
The derivative of the numerator, e* —cos z—x,
is:

d xT xT :
— (e —cosx —x) =e¢€ sinx — 1.
7 ) +
The derivative of the denominator, z:2, is:
d
—(x*) = 2x.
dm( )

So the limit becomes:

e +sinz —1
2x '

L = lim

z—0
Step 3: Evaluate the new limit. Now let’s

plugin z = O:

e +sin0-1 140-1 0
2-0 0

0
Again, we have an indeterminate form, so we
need to apply L’Hopital’s rule once more.
Step 4: Apply L’Hopital’s rule again. Dif-
ferentiate the numerator and the denomina-
tor again: The derivative of the numerator,
e +sinx — 1, 1s:

dzx

(e +sinx — 1) = € 4 cos x.
The derivative of the denominator, 2z, is:

d
—(2z) = 2.
7 (22)
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So the limit now is:

e 4+ cosx
2

L = lim
r—0

Step S: Evaluate the limit. Now let’s plug in
x = 0:

60+cosO_1+1_2

2o
2 2 2

Therefore, the value of L is:

1]

To find the value of L = lim,_,g ©=%52=2

we can use Taylor series expansion.

Step 1: Recall the Taylor series expansions
for e” and cos z around z = 0. Step 1: Recall
the Taylor series expansions for ¢ and cos x
around x = 0.

Step 2: The Taylor series expansion of e
around x = 0 is:

r_q z? 3
ef=ltat ot to

Step 3: The Taylor series expansion of cos z
around x = 0 is:

2 $4

cosT = —5—1—4!

Step 4: Substitute these expansions into the
limit expression:

L = lim
x—0
1 22 2%y g2yt L
(Itz+5+5+ - )-0-F+7F )—z
2
T

Step 5: Simplify the expression by combining
like terms:

:1;2—&—%4-%4-"'

L = lim 5
T

z—0

Step 6: Cancel out all terms except the one
containing 2:

L = lim

z—0

1 1 x
+5+§—|—--'

Step 7: Take the limit as = approaches 0:

1 1 3
+2! +2 2

E.2 Exploitation Example

In this section, we present a case study for the
exploitation example in Section 3. For the same
question, we observe two rollouts, one correct and
one incorrect, that share similar initial steps but di-
verge midway through the reasoning. The incorrect
rollout contains several correct steps that closely
match those in the correct rollout before its first
mistake; this first incorrect step, as identified by
the PRM, is highlighted in red.

Let p(z) be the second degree polynomial
such that p(1) = 1, p(2) = 3, and p(3) = 2.
Then p(p(x)) = x has four real solutions.
Find the only such solution which is not an
integer.

Rollout 1 (Correct)

To solve for the polynomial p(z) of the sec-
ond degree such that p(1) = 1, p(2) = 3, and
p(3) = 2, we start by expressing p(x) in the
general form of a quadratic polynomial:

p(z) = azx® 4 bz + c.

We need to determine the coefficients a, b,
and c using the given conditions.

Step 1: Set up the system of equations From
the given conditions, we have: 1. p(1)
a(1)2+b(1)+c=a+b+c=12.p(2) =
a(2)2+b(2)+c=4a+2b+c=33.p(3) =
a(3)2+b(3)+c = 9a+3b+c = 2 This gives
us the following system of linear equations:

a+b+c=1
4a+2b+c=3
9a+3b+c=2

Step 2: Solve the system of equations First,
subtract the first equation from the second
equation:

(4a+2b+c)—(a+b+c)=3-1
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3a+b=2 (Equation 4)

Next, subtract the second equation from the
third equation:

(9a+3b+c)—(4a+2b+c)=2-3

5a+b=—1 (Equation 5)

Now, we have a new system of two equations
with two variables:

3a+b=2
S5a+b=-1

Subtract Equation 4 from Equation 5:

(5a+b)—(Ba+b)=-1-2

2a = —3
a/—_§
2

Step 3: Find b Substitute a = —% back into
Equation 4:

Step 4: Find ¢ Substitute ¢ = —3 and b = 3
back into the first equation:
3 13

_ 4= =1
2+ 5 +c

Step 5: Write the polynomial p(x) Now we
have the coefficients:

Thus, the polynomial is:

3 13
p(z) = —§$2 T 4
Step 6: Verify p(p(x)) = x We need to find

p(p(x)) and set it equal to x:

pp(@)) = p (—2# .. 4)

Lety = p(z) = =322 + £z — 4. Then:

3, 13
= —— _— —4
p(y) =5y + 5y

Substitute y = —322 + £z — 4 into p(y):

3 13
D (—2:L’2 ol DL 4>

3/ 3, 13 2

3/ 3, 13
= [ == —x—4) -4
+2< 290—1—235 >

This is quite complex, so let’s instead solve
p(p(x)) = z directly by finding the roots of
the polynomial equation.

Step 7: Solve p(p(z)) = x We need to find
the roots of the equation p(p(z)) = . This
is a quartic equation, and we know it has four
real solutions. We are asked to find the non-
integer solution. Given the complexity, we
can use numerical methods or graphing to
find the roots. However, we can also use the
fact that the polynomial p(x) is quadratic and
symmetric around its vertex.

Step 8: Find the roots We can use the
quadratic formula to find the roots of p(z) =
X

3, 13
_— _— —4:
2:v+2x x
3 11
—5562"‘?.77—4:0

Multiply through by 2 to clear the fractions:
—32% + 11z —8=0

322 — 11z +8=0

Using the quadratic formula =z =
—b+vb2—4dac.
2a :

11 + /121 — 96
xr =
6




11 +£v25
rT=—F"
6
11+£5
xr =
6
This gives us two solutions:
, 168
6 3
6
r=-=1
6

The non-integer solution is:

8
3

To solve for the polynomial p(z) of the sec-
ond degree such that p(1) = 1, p(2) = 3, and
p(3) = 2, we start by expressing p(x) in the
general form of a quadratic polynomial:

p(x) = ax® 4+ bx + c.

We need to determine the coefficients a, b,
and c using the given conditions.

Step 1: Set up the system of equations From
the given conditions, we have: 1. p(l) =
a(1)2+b(1)+c=a+b+c=12.p2) =
a(2)?2+b(2)+c=4a+2b+c=33.p(3) =
a(3)2+b(3)+c = 9a+3b+c = 2 This gives
us the following system of linear equations:

a+b+c=1
4da+2b+c=3
9a+3b+c=2

Step 2: Solve the system of equations First,
subtract the first equation from the second
equation:

(4a+2b+c)—(a+b+c)=3-1

3a+b=2 (Equation 4)

Next, subtract the second equation from the
third equation:

(9a+3b+c)—(4da+2b+c)=2-3

5a+ b= —1 (Equation 5)

Rollout 2
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Now, we have a new system of two equations
with two variables:

3a+b=2
5a+b=-1

Subtract Equation 4 from Equation 5:

(ba+b)—Ba+b)=-1-2

2a = —3
3
a=—=
2

Step 3: Find b Substitute a = —% into equa-

tion 4:
3 § +b=2
5 =

13
2

Step 4: Find ¢ Substitute a = —3 and b =
into the first equation:

b

—§+L3+c—1
2 2 -

10
?—{—Czl

5+c=1
c=1-5
c=—4
Step 5: Write the polynomial p(x)

3.2, 13
2 2

4.

p(x)
Step 6: Verify p(p(z)) = = We need to find
p(p(x)) and set it equal to x:
4) |

3 13
o) =p (~5a" + -

Lety = —%xQ + %x — 4. Then:

3 . 13
—§y2 + ?y — 4.

p(y)




Substitute y back:

3 13
D <2x2 + 2T 4)

+§ (—21’24—1231'—4) —4.
This is complex, so we use the fact that p(z)
is a quadratic polynomial and p(p(z)) = x
implies that p(x) is its own inverse up to some
transformation. We need to find the roots of
p(p(z)) —x =0.

Step 7: Solve p(p(z)) = x Given the com-
plexity, we can use numerical methods or
graphing to find the roots. However, we
know that p(x) is a quadratic polynomial, and
p(p(x)) = z will have four real solutions.
We need to find the non-integer solution. By
solving the polynomial equations or using nu-
merical methods, we find that the non-integer
solution is:

9
3
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F Proof of Theorem 1

We consider a tree-structure Markov Decision Process with layer H as a simplified model for reasoning
task. The question g is the root node, and every node denote an action. For any action sequence
acp = (ay,--- ,ap—1) till step h, the current state is [q, a~p,| defined as the concatenation of the question
and observed actions so far. Given a randomized policy 7, the learner chooses ay, ~ 7(+|[q, a<p]), and
the state is deterministically transit to [q, a<p+1] = [q, a<p, ap]. We assume at every state, there are only
possible two actions and there is a unique correct trajectory [a}, a3, - - - , aj;] that leads to the correct final
answer. We restate Theorem 1 as follows.

Theorem 1. Given a reasoning tree defined above, using standard policy optimization algorithm with
learning rate 7 and uniform initailization, for any € € (0, 1), let Nparse (€) and N, () be the minimum

sample size to learn an e-optimal policy under sparse reward scheme Eq. (1) and our reward scheme
Eq. (6) respectively, where an e-optimal policy 7 ensures P, [0 is correct] > 1 — e. We have

H

2 H H
* > - * < = -
E [quarse(e)] = Q <7’]H> and E [Ndense(e)] = @ <,,7a log c )

where (2 and O only hide universal constants.

Proof. For a given question ¢ as the root, we take a sample at every round and get a reasoning chain
o= (a1, - ,ap), we consider standard policy update with KL regularization such that for any episode ¢,
any layer h and any previous action sequence o = (ay,- - ,ap_1), we have

moalanlo,aca)) = avgma { (7. Qe g0l an)) = LKL (7 (llgaca) o (losacal) |
which has closed-form solution
mes1(anl [, a<nl) o mi(anl g a<n)) exp (nQe(la, acul,an)) ©)

where we set @t([q, ap),ap) to be the standard Monte-Carlo estimation for prefix [q, a~| and step ay,.
Specifically, assume we have a rollout [g,a}, - - -, afq] at time t, if the last action atH has correct answer,
then Q;([q, a’,], a},) = 1 for every h € [H], and Q¢([q,a’_,],a},) = 0 forany a’_, # a’, and a}, # a},.
If the last action a/? has incorrect answer, then

« For sparse reward setting, Q¢ ([¢, a<n], an) = 0 for any h and ay,.

 For our process supervision approach, the good prefix in this scheme are the action sequence
that can lead to correct answer. Since we assume the correct sequence is unique on this tree,
we assume this sequence as [g,a}, - - - ,a};]. In our reward scheme, given rollout [g,a!,--- ,a%;],
let hy = maxy¢(p {h cab, = aj,,Vh' < h} be the largest step number that the current rollout
coincides with the correct sequence. From our reward scheme defined in Eq. (6) and set the good
prefix as [al,- - -, azt*], we have an additional reward « that is given to the end of afb;. Thus, the

Monte-Carlo estimated Q;([q, a<p],an) = aif h < h¥ and Q;([q, a<p],an) = 0 when h > h?.

By induction, Eq. (9) has the following equivalent form

Tev1(an|[q, a<n]) o< mo(an|[q, a<n]) exp (772 Qx(lg: a<nl, ah)) (10)

k=1

where 7 is the initial policy which is uniformly random as we assumed.
Lower Bound for Sparse Reward Setting. From the update rule above, the policy is only updated
when the correct path is samlped and every action in this correct path is updated. Let N; be the number of
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correct samples observed before round ¢, Eq. (10) only has update for the action in the correct path

exp (77 et Qrla, a%y), aZ))
exp (0 Shey Qulla ), 03)) +exp (nShey Qular aty ), an)
exp (0 Y5, Qulla,a%). 7))

exp (0 Shey Qulla ), 03)) +exp (nShey Qular a2y, an)

exp (nVy)
exp (nNVy) + 1
_ 1
~ 14exp (—nNy)

T (ahllg, aZp]) =

Since a correct sample can be observed if and only if a policy takes the right action at every layer, we
have the probability of getting a correct sample from 74y is

" H
1

Py i t) = h ) y =

o~ (018 correct) hl_[lﬂtﬂ(ah“q aZyl) (1+exp(—77Nt)>

To ensure Py, , (0is correct) > 1 — €, it is equivalent to ensure

1

1 = 1
>]l—eeN,>-In| ——m
<1+exp(—77Nt)) - t_n 0 1)%—1
—€

Let c(e) = % In (111> , and 7; be the round that the ¢-th correct sample is observed and 79 = 0.

—
(1—e) H

To ensure Pyr,,, (0is correct) > 1 — ¢, at least we need 7.(.) samples. Let W; = 7;11 — 7;, we

have 7, = Zf;ll W; = 71341 — 7; for any ¢ > 1. Since policy is not updated between 7; and 7;41,

W; ~ Geom (7,) conditioned on history. Thus, for any ¢ > 1, we have

E[r] =E [i Wi] = iﬂa (W3] = i P ! =2 (L+exp (=)™

o~y (o is correct)

0=1
H
_ 2Hl — exp (—"20)
H
1 —exp (—777)

2H+1 nHe
> 1-— —
- nH ( eXp( 2 >)
1—e*<zforx>0)

Since

We have

Bt =5 )2 G (1o (559)) 20 (5 (- ()7)) 22 (i)




Upper Bound with Process Supervision. Different from the sparse reward setting where the policy
can only get update when the full correct path [a}, a3, - - - ,a};] is sampled. In our scheme, a process
reward model can identify the good prefix in a path that can lead to the correct answer and give this good
prefix with o reward. Thus, even if the rollout is incorrect, the action in this path that matches the unique
correct trajectory will be preserved, accelerating the identification of the correct path.

We will prove the sample complexity by induction for layers. The base case holds trivially because
the learner starts from the root node with probability 1. For any round ¢, define F; as the history of
action and observation before t. Assume for any round ¢ > t;_, we have m([a],- - ,a}_,]lq) =
2 m(a|lg,a%,]) > 1 — 8. Consider the reward scheme Eq. (6) and policy update rule Eq. (10),
we have

exp (Y5, Qulla,a%). 7))
exp (0 Shey Qe[ %y, 03)) +exp (nShey Qularaty ), an)
exp (n iy Qulla. aZy). a7)

exp (0 Shey Qulla %y, 03)) +exp (nShey Qular aty ), an)

exp (n (Nt + othh))
exp (n (N¢ + aNJ')) + 1
1
~ 1+exp(—n (N +aN}))

T (ahllg, aZp]) =

where we use IN; to denote the observed samples with correct answer till time ¢ and N} is the observed
incorrect samples that contain [a], - - - ,a}_,] till time ¢. We have the following equivalent conditions

€ 1 € 1

1
mri(apllg,asy]) > 1— = & Zl—H@)Nt—l—aNchEln —

H " 1+exp(—n(N: + aN}))

(1—&)#

Let ¢(€) = n% In %_1 , to ensure m;41(a}|[g,a%,]) > 1 — §, it is sufficient to have NJ* —
- H
N} > (e). Define tj, = min{t | N = N]! > ¢/(¢)}. From the inductive hypothesis, we have that

forany ¢ > ty_1, m([af, -+ ,af_]lg) > 1 — L&, thus,
(e
E [th —tho1 | Fop_,] < 1() < 4 (e)

Therefore, for each h, given 7, | ([a{, coay 4] q) > 1-— LHW, it suffices to collect at most

4¢’ additional samples in expectation to reach m, ([a,...,a}] | ¢) > 1 — 2. By induction over
h =1,...,H, the total expected number of samples needed to achieve m;([a},...,a}]|¢) > 1 —e€is
bounded by

H H
ty < 4Hd (e) = O(log ) ,
no €

which yields the claimed upper bound E [V}, .. (€)] < (77% log %)
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G The Choice of RP in Eq. (6)

In this section, we discuss the choice of reward pre-
fix R'P. For completeness, we restate several no-
tations and definition again. For a response o with
token-level decomposition (01,02, ...,0|,) and
step-level decomposition (s, S2, .. ., Sar, ), Where
each step s,, is itself a subsequence of tokens
Sm = (Ot Oty41s--10s1—1), 1 = 11 <
to < .-+ < ty,4+1 = |o| + 1, the process reward
model operates at the step-level and identifies the
first incorrect step. Let Mey € {1,...,M,} de-
note the index of the first incorrect step, so that
81, .-, 8M...—1 are labeled correct and sy, . is the
first incorrect step. The good prefix GP(q, 0)
(8155 8Mepe—1) = (01,.., 08y, —1). We con-
sider two approahces for R'P below.

Simple Prefix: A natural definition of the reward
prefix RP is every token before the first incorrect
step. In this case, RP(q,0) = GP(q,0). Using
this simple-prefix selection, we plug RP(q, o) into
our reward scheme in Eq. (6) with o = 0.5 and the
advantage normalization in Eq. (7) to finetune the
Qwen3-4B-Base model. We report the resulting
Average @16 performance (sampling 16 responses
per question and averaging accuracy across bench-
marks) in Table 6. Although the simple-prefix
choice outperforms both GRPO and prior PRM-
enhanced methods, the gain is limited.

Shorten Prefix: As discussed in Section 4, the
simple prefix scheme can lead to reasoning step
number inflation. To counteract it, we introduce
a simple shorten-prefix strategy that trims a small
suffix from the good prefix region for RP. We
choose a nonnegative cut length ¢(g, 0) and define
RPshort(q,0) := (01,50, —c(g0)-1) 1€, We
discard the last ¢(q, 0) tokens from the simple pre-
fix. If ¢(q,0) > Mey — 1, then GPgport(q,0) = 0.
We refer to this strategy as shorten prefix. We test
three different choice of ¢(q, 0) in Table 6. For
Fixed method, we set ¢(g, 0) = 200 for every ques-
tion, indicating that we remove the last 200 tokens
for every response in every question. For Parial
method, we set ¢(q, 0) = 0.1|o|, which means we
remove the last 0.1|o| tokens for response o, and re-
main the first 90% tokens. For Prompt method, we
set ¢(g, 0) to the the prompt length with question g,
and remove the last ¢(q, 0) tokens from the simple
prefix region. As shown in Figure 5, shorten prefix
(we use the Prompt method for this figure) substan-
tially reduces the number of steps in model outputs

and effectively mitigates the reward-hacking behav-
ior. Moreover, from Table 6, all these shorten prefix
strategies outperform the simple prefix method, in
which Prompt method has the best performance
while Pratial method has least performance im-
provement. Thus, for all our method implementa-
tion except Table 6, we use shorten prefix (Prompt
method).

G.1 Simple and Shorten Prefix Example

In this section, we present case studies comparing
two prefix-rewarding schemes in Eq. (6): setting
GP(q,0) as the whole good prefix (simple-prefix
scheme) or setting GP(q, 0) as the shorten good
prefix (shorten-prefix scheme). More discussion
on these two schemes can be found in Section 4
and Appendix G. When we apply the simple prefix
scheme, the model tends to split each step into short
sentences, causing the number of steps to grow
rapidly. In contrast, when we apply the shortened
prefix strategy without rewarding tail tokens from
the good prefix, the number of steps remains stable
and does not explode.

[ Question |

+ b and g(x)
r)) and h~1(z) =

Suppose that f(z) = az
=3z + 5. If h(z) = f(g(
xz+ 7, finda — b.

Simple Prefix

Step 1: We are given the functions f(z) =
ar +band g(z) = -3z + 5.

Step 2: We need to find the composite func-
tion h(x) = f(g(x)).
Step 3: Substitute g(x) into f(z):

flg(x)) = f(=3z +5)

h(z)

Step 4: Since f(x) = ax + b, we have:
f(=3z+5)=a(-3z+5)+b

Step 5: Simplify the expression:

h(z) = —3ax + 5a + b

Step 6: We are given that h~(z) = = + 7.

Step 7: To find h(x), we need to determine
the inverse of h(x) = —3ax + 5a + b.

Step 8: Let y = h(z) = —3ax + 5a + b.
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Table 6: Average @16 of Different Choice of reward prefix RP in Fq. (6) and Baselines across benchmarks.
Simple Prefix method rewards all tokens before the first incorrect steps while Shorten Prefix method removes a
small suffix from the simple-prefix region, and only reward this shorten part. Shorten Prefix method performs better.

. Benchmarks
Algorithm
AIME-2025 AIME-2024 AMC-23 MATH-500 Minerva Olympiadbench Hmmt-feb-2025 Hmmt-feb-2024 Average
Qwen3-4B-Base
Base 52 7.7 359 58.7 21.6 28.7 13 23 20.2
GRPO 11.9 183 59.2 823 383 415 40 8.3 337
Mixed 123 14.9 53.1 80.4 385 454 35 6.0 3138
RTS 14.0 17.5 54.1 80.6 36.9 46.4 13 8.0 324
Simple Prefix 16.5 17.5 59.8 81.4 37.9 473 6.5 8.1 34.4
Shorten Prefix (Fixed) 154 18.8 59.5 82.7 39.1 48.1 7.1 8.1 34.9
Shorten Prefix (Partial) 14.2 189 59.8 81.6 38.6 478 73 79 345
Shorten Prefix (Prompt)  16.6 194 60.0 83.0 39.1 477 6.0 11.0 354
Step 9: Solve for z in terms of y: Step 19: For this equation to hold for all z,
the coefficients of 2 and the constant terms
y=—3az+5a+b must separately satisfy the equation.
Step 10: Isolate x: Step 20: The coefficient of x on the right-hand
side is 3a + 1, so:
y—ba—b=—3ax
3a+1=0
Step 11: Factor out z: Step 21: Solve for a:
p_oatbd-y 3a+1=0
3a
3a=-—1
Step 12: Therefore, the inverse function o= R
h1(y) is:
Step 22: Substitute a = —+ back into the
_1 5a + b - y . 3
h™(y) = - — constant term equation:
a
—16a+b=0

Step 13: We are given that h=!(z) = x + 7.

Step 14: Equate the two expressions for

h=t(x): ~16 (—é) +b=0

Step 23: Substitute a = —%:

_— =
3a 3 +b=0
Step 15: Multiply both sides by 3a to clear Step 24: Solve for b:
the denominator: 16
b=——
5a+b—x=3a(x+7) $

Step 25: We need to find a — b:
Step 16: Expand the right-hand side:

b 1 < 16>
a—b=——-|—-——
5a +b—x = 3ax + 2la 3 3
. . 1 16
Step 17: Collect all terms involving = on one a—0b= 3t 3
side and constant terms on the other side: 15
a—b=—
5a 4+ b—2la = 3ax + x 3
a—b=
Step 18: Simplify the equation: Step 26: Output the final answer:

—16a+ b= z(3a + 1)
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Shorten Prefix

To solve the problem, let’s follow the steps
systematically.

**Step 1: Express h(x) in terms of x.**
Given:

flx)=ax+b
g(x) =-3x+5
h(z) = f(g9(z))

Substitute g(x) into f(z):

flg(@)) = f(=3z +5)
h(z) =a(-3z+5)+b
h(z)

h(z)

—3axr +5a+b

So, h(x) is a linear function:

h(zx)

—3ax + (5a + b)

*#*Step 2: Find the inverse function h =1 (z).**
Given h~!(z) = z + 7, we can find h(z) by
switching z and h~!(x):

h(h l(z)) ==z
hz+7) ==z

Substitute h(x)
equation:

—3ax + (ba + b) into the

h(z+7)

—3a(z+7) + (5a +b)

—3ax — 2la+ b5a+ b

—3ax — 16a + b
Set this equal to x:
—3ax —16a+b==x

**Step 3: Equate the coefficients.**

For the equation —3ax — 16a+ b = x to hold
for all x, the coefficients of x and the constant
terms must be equal:

1. Coefficient of x:

—3a=1

2. Constant term:

—16a+b=0

1
~16( -2 ) +b=0
( 3>+

16
Z4b=0
3+
16
3

**Step 4: Compute a — b.**

1 16
B R
a-5=—3-(-3)
a—b:—1 16
3 3

15

_p=

“ 3

a—b=>5

**Final Answer:**

H Hyperparameter Sensitivity and
Ablation Study

The impact of different choices of . In pre-
vious discussions, we fix &« = 0.5. To test the
sensitivity of hyperparameter o, we choose o =
0.3,0.5,0.7,0.9 to test the performance difference.
Table 7 and Table 8 show the Average@16 and
Pass@K results for different o. We observe that
the performance is stable when o = 0.3,0.5,0.7
but get performance degeneration when «v increases
to 0.9. This implies that although the good prefix
of incorrect steps worth preserving, weight them
too large compared with the correct answer can
hinder policy optimization.

Ablation on Standard Deviation and RELU
Operator. We also do throughly experiments on
different choice of standard deviation and RELU
operator for advantage estimation.

Recall that for a group of responses
{o',---,0%}, we define the average advan-
tage of response o' as

1 o' is correct

|o*]
1 .
Ai(g)= o] Z Ait(@)=1 a|GP(q,0")|
i=1 |of|
Define R(z) = RELU(z) = max{z,0}. We con-
sider the following four scenario for advantage es-
timation.
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Table 7: Average @16 for Different Choice of o«. Our Method Outperform all Baselines.

. Benchmarks
Algorithm
AIME-2025 AIME-2024 AMC-23 MATH-500 Minerva Olympiadbench Hmmt-feb-2025 Hmmt-feb-2024 Average
Qwen3-4B-Base

Base 52 7.7 359 58.7 21.6 28.7 1.3 2.3 20.2
GRPO 11.9 18.3 59.2 82.3 38.3 47.5 4.0 8.3 33.7
Ours (a = 0.3) 16.9 18.5 60.3 82.3 38.9 47.8 6.0 11.5 353
Ours (a = 0.5) 16.6 194 60.0 83.0 39.1 47.7 6.0 11.0 354
Ours (o = 0.7) 15.0 18.9 60.0 82.8 38.6 48.8 6.9 11.9 354
Ours (o = 0.9) 10.8 18.3 56.4 80.9 38.7 46.3 4.0 8.8 33.0

Table 8: Different o for Average Pass@K Values on AIME 2025 and AIME 2024

Algorithm Pass@K
1 2 4 8 16 32 64 128
Qwen3-4B-Base

Base 6.5 106 156 212 26.8 33.0 40.1 47.0

GRPO 154 203 246 288 333 383 440 499

Ours (¢ =0.3) 184 232 27.0 30.6 348 405 479 554

Ours (¢ =0.5) 174 23.0 27.8 323 369 421 48.0 534

Ours (¢ =0.7) 165 21.6 26.0 305 355 41.1 475 540

Ours (¢ =0.9 139 18.1 229 282 340 403 472 548
w. std/w. RELU (Liu et al., 2025e). Our method uses the shortened-
Ais(q)—mean(A1(q), ..., Ac(q)) preﬁ).c (prompt-based) varl'ant descrl'bed in Ap-
: pendix G. We observe that incorporating the stan-

std (A1(q), .-, Ac(q))

. o' is incorrect and o) € GP(q, 0")

A;t(q)—mean(A;(q), ..., Ac(q))

std (A1(q), - .., Ac(q))
otherwise

w. std/w. 0. RELU

- _ Aii(q)—mean(Ai(q), ...

Ai(q) = ,Ac(q))

std (A1(q), -, Aa(q))
w.0. std/w. RELU

R (4i+(q)—mean(Ai(q), ..., Ac(q)))

dard deviation in advantage normalization can de-
grade performance. This is because our advantage
estimates are non-uniform within a response, and
the across-response standard deviation can become
extremely small, yielding numerically inflated nor-
malized advantages when dividing by it. We also
find a capability-dependent effect of the ReLU op-
erator: for lower-capability models (e.g., Qwen3-
4B-Base and Qwen3-8B-Base), it is preferable to
omit ReL.U and allow negative gradients on the
good prefix when a response group contains many
correct samples; in contrast, for higher-capability
models (e.g., Qwen3-4B), applying ReLLU is bene-

A o' is incorrect and of; € GP(q, 07ﬁcial as it prevents negative gradients on the good

Az‘,t(Q) = Az‘,t(Q) —mean(A1(q),...,Ag(q))

otherwise

w.o. std/w.o. RELU

A;4(q) = Aiy(q) — mean(A;(q), ..., Ag(q))

The results are reported in Table 9. We addi-
tionally include GRPO without standard-deviation
normalization as a baseline, which is also used in

prefix.

I The use of Al

We use large language models to assist writing pre-
processing code and polish writing.
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Table 9: Ablation on Standard Deviation and RELU Operator. The highest number for each column is bold.

. Benchmarks
Algorithm
AIME-2025 AIME-2024 AMC-23 MATH-500 Minerva Olympiadbench Hmmt-feb-2025 Hmmt-feb-2024 Average
Qwen3-4B-Base
Base 52 7.7 359 58.7 21.6 28.7 1.3 2.3 20.2
GRPO 11.9 18.3 59.2 823 38.3 475 4.0 83 33.7
GRPO (w.o. std) 13.7 18.1 57.9 81.8 394 471 6.0 8.1 34.0
Ours (w. std/w. RELU) 15.8 17.7 56.1 81.6 38.1 46.1 5.0 10.4 339
Ours (w. std/w.o. RELU) 17.3 17.3 62.0 82.9 36.7 47.6 6.5 8.3 34.8
Ours (w.o. std/w. RELU) 15.8 17.3 62.8 822 39.1 48.4 5.8 6.3 34.7
Ours (w.o. std/w.o. RELU) 16.6 194 60.0 83.0 39.1 471 6.0 11.0 354
Qwen3-8B-Base
Base 33 6.7 26.4 494 23.7 224 1.0 1.7 16.8
GRPO 17.2 223 63.4 85.2 41.5 51.5 5.4 6.4 36.6
GRPO (w.o. std) 19.2 21.7 62.3 85.2 41.7 51.3 6.7 75 37.0
Ours (w. std/w. RELU) 16.0 17.0 63.8 83.4 40.2 48.6 52 43 34.8
Ours (w. std/w.o. RELU) 15.8 20.2 64.2 84.5 40.2 50.0 5.6 6.7 359
Ours (w.o. std/w. RELU) 19.6 22.7 63.3 85.4 39.8 52.1 7.5 7.3 37.2
Ours (w.o. std/w.o. RELU) 18.3 22.7 63.3 86.0 40.4 52.3 12.9 79 38.0
Qwen3-4B (non-think)
Base 18.1 19.5 66.7 82.5 38.1 51.3 10.0 10.6 37.1
GRPO 26.0 30.4 69.2 88.5 40.6 60.0 11.9 16.7 429
GRPO (w.o. std) 26.4 31.7 72.9 88.3 40.8 60.2 12.5 16.2 43.3
Ours (w. std/w. RELU) 24.8 28.1 72.8 88.3 42.5 58.9 13.1 17.2 432
Ours (w. std/w.o. RELU) 22.3 28.3 74.5 88.3 424 58.9 10.8 15.2 42.6
Ours (w.o. std/w. RELU) 29.2 31.8 74.5 88.0 41.7 60.6 12.7 19.6 44.8
Ours (w.o. std/w.o. RELU) 26.9 29.8 73.1 88.7 42.3 60.2 144 16.5 44.0
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