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Abstract

Muon has recently shown promising results in
LLM training. In this work, we study how to
further improve Muon. We argue that Muon’s or-
thogonalized update rule suppresses the emer-
gence of heavy-tailed weight spectra and over-
emphasizes the training along noise-dominated
directions. Motivated by the Heavy-Tailed
Self-Regularization (HT-SR) theory, we pro-
pose HTMuon. HTMuon preserves Muon’s ability
to capture parameter interdependencies while
producing heavier-tailed updates and induc-
ing heavier-tailed weight spectra. Experiments
on LLM pretraining and image classification
show that HTMuon consistently improves per-
formance over state-of-the-art baselines and
can also serve as a plug-in on top of existing
Muon variants. For example, on LLaMA pre-
training on the C4 dataset, HTMuon reduces per-
plexity by up to 0.98 compared to Muon. We
further theoretically show that HTMuon corre-
sponds to steepest descent under the Schatten-q
norm constraint and provide convergence anal-
ysis in smooth non-convex settings. The im-
plementation of HTMuon is available at https:
//github.com/TDCSZ327/HTmuon.

1 Introduction

Optimizers play a central role in training Large
language models (LLMs). A well-designed opti-
mizer can help LLMs learn more effectively from
large-scale datasets (Semenov et al., 2025), leading
not only to lower training loss but also to improved
generalization (Foret et al., 2020; Kaddour et al.,
2022). Over the decades, optimizers have often
been developed from a vector-based view, where
gradients are treated as flattened vectors during
updates. Within this framework, Adam (Kingma,
2014) and AdamW (Loshchilov and Hutter, 2017)
have become the default choices for training LLMs
(Groeneveld et al., 2024; OLMo et al., 2024). A
key reason is that they incorporate first- and second-
order moment information in an element-wise man-

*Equal contribution.

ner, allowing them to adapt to the different statisti-
cal patterns (e.g., local geometry of the loss land-
scape) across individual coordinates. However, an
overly element-wise update scheme often ignores
interdependencies among coordinates (e.g., geo-
metric correlations among parameters), which can
limit the effectiveness of the optimizer. Although
recent work (Zhou et al., 2023; Liu et al., 2024b;
Zhang et al., 2024b; Wang et al., 2025a) has gone
beyond Adam and its variants by using layer-wise
or module-wise learning rates to capture parame-
ters’ relationships, whether these adjustments are
sufficient to capture the complex coupling across
these parameters remains to be seen.

Recently, Muon (Jordan et al., 2024) has been pro-
posed as a representative matrix-based optimizer*.
Building on earlier matrix-based optimizers such as
AdaGrad (Duchi et al., 2011) and Shampoo (Gupta
et al., 2018), Muon performs preconditioning on
the momentum matrix, and its update can be inter-
preted as an orthogonalization step, which effec-
tively captures geometry interdependencies among
parameters. Moreover, the orthogonalization up-
date can be viewed as the steepest descent under
the Schatten−∞ norm constraint (Bernstein and
Newhouse, 2024; Pethick et al., 2025), which leads
to a competitive convergence rate and improved
stability (Shen et al., 2025; Chen et al., 2025; Ma
et al., 2026). Muon has shown promising results
(Liu et al., 2025a; Shah et al., 2025; Wen et al.,
2025; Wang et al., 2025b) and has been adopted
in large-scale LLM training, including Moonshot’s
Kimi K2 (Team et al., 2025) and GLM-4.5 (Zeng
et al., 2025).

However, some studies have found that the im-
proved performance of Muon is inversely propor-
tional to the model scale and the number of train-
ing steps (Wen et al., 2025; Semenov et al., 2025).
The orthogonalization step in Muon update sets all

*Matrix-based optimizers use matrix-valued precondition-
ers, which can better capture geometry-induced dependencies
among different parameters.
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singular values of the momentum matrix to one,
which means it assigns the same weight to each
singular-vector direction of the updates. Although
this may help Muon decrease the loss faster in the
early phase of training (Shen et al., 2025), it is
well known that directions associated with small
singular values tend to be more noise-dominated
(Sharma et al., 2023; Chen et al., 2024; Liu et al.,
2025d; Defilippis et al., 2025). In Section 2.2, we
conduct experiments to show that using uniform
weights on all singular vector directions may be
suboptimal.

More importantly, the orthogonalization step
makes the spectrum of the momentum update ma-
trix light-tailed. This, in turn, makes the spectrum
of learned weight matrices light-tailed. Here, the
spectrum refers to the empirical spectral density
(ESD) of the weight matrices. However, a line of
work by Martin and Mahoney (2021); Martin et al.
(2021) shows that well-trained neural networks—
namely, networks that have extracted strong corre-
lations in their weights through learning from data—
tend to have heavy-tailed ESDs in their weight ma-
trices (Kothapalli et al., 2025; Hodgkinson et al.,
2025). Within a reasonable range, the degree of
heavy-tailedness is strongly correlated with model
quality (Martin et al., 2021). Motivated by these
observations, they proposed the Heavy-Tailed Self-
Regularization theory (HT-SR), which has been
supported by extensive empirical studies and fur-
ther theoretical analyses (Yang et al., 2023; Martin
and Hinrichs, 2025; Defilippis et al., 2025). In
Section 2.3, we empirically show that the Muon op-
timizer leads to a less heavy-tailed weight ESD,
and it performs worse than variants of Muon that
induce more heavy-tailed spectra. Based on this,
we claim that the Muon update rule, which sets all
singular values of the momentum matrix to one,
limits the final quality that the model can achieve.

Motivated by this observation, we propose a
matrix-based optimizer HTMuon. HTMuon aims to
make Muon’s momentum update more heavy-tailed,
which can lead to more heavy-tailed weight ESDs,
while preserving Muon’s advantage in capturing in-
terdependencies among parameters. The design of
HTMuon is simple: we raise the singular values of
the momentum matrix to the power of p, where
p ∈ (0, 1). See Algorithm 1. Setting p = 1 re-
duces the method to SGDM (Sutskever et al., 2013),
whose updates are independent across parameters.
In contrast, p = 0 recovers Muon, which, as dis-
cussed earlier, leads to less heavy-tailed updates.
Therefore, we choose p ∈ (0, 1) in HTMuon to main-

tain the matrix-based ability to model parameter
coupling, while producing updates that are more
heavy-tailed than those of Muon. Unless otherwise
specified, we use p = 0.125 for HTMuon through-
out. We discuss the specific choice of p in Sec-
tion 4.7. To evaluate the empirical performance
of HTMuon, we study a range of models and tasks,
including training LLaMA models (Touvron et al.,
2023) on the C4 dataset, GPT-2 models on the
OpenWebText dataset and training image classifi-
cation models using the ResNet (He et al., 2016)
and ViT (Dosovitskiy, 2020) architectures. All
of these tasks are standard and have been widely
used in prior literature (He et al., 2025; Zhao et al.,
2024; Yuan et al., 2024). We compare HTMuon
against commonly used baseline optimizers such
as Adam, Muon, Cautious (Liang et al., 2024),
GaLore (Zhao et al., 2024), Sophia (Liu et al.,
2024a), Mars (Yuan et al., 2024), SOAP (Vyas et al.,
2024), COSMOS (Liu et al., 2025b), and show that
HTMuon not only achieves superior performance but
can also serve as a plug-in module on top of ex-
isting Muon variants like NorMuon (Li et al., 2025),
AdaMuon (Si et al., 2025) to further improve test
performance. Moreover, our analysis reveals that
HTMuon produces update and weight matrices that
are more heavy-tailed than those of Muon during
training, consistent with prior work on HT-SR the-
ory. Finally, we present theoretical results showing
that HTMuon is equivalent to the steepest-descent
method under the Schatten−q norm constraint, gen-
eralizing Muon’s equivalence to steepest descent un-
der a Schatten−∞ norm constraint, this provides
a matrix-version of pbSGD (Zhou et al., 2020) and
also places HTMuon within the linear minimization
oracle framework (Pethick et al., 2025; Bernstein
and Newhouse, 2024). We also provide a conver-
gence analysis, showing that HTMuon matches the
sample complexity upper bound of Muon and SGDM
in smooth non-convex settings.

To summarize, the main contributions of our
work are the following:

• We argue that Muon’s orthogonalized update
rule biases updates toward noise-dominated
directions and suppresses the emergence of
heavy-tailed ESDs in the model’s weight ma-
trices, thereby limiting generalization perfor-
mance according to HT-SR theory.

• We propose HTMuon, an optimizer that makes
Muon updates more heavy-tailed while preserv-
ing Muon’s strength in modeling parameter
interdependence. We demonstrate HTMuon’s
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effectiveness in improving performance on
both LLM pretraining and image classifica-
tion tasks relative to state-of-the-art optimiz-
ers including Cautious (Liang et al., 2024),
Mars (Yuan et al., 2024), SOAP (Vyas et al.,
2024), NorMuon (Li et al., 2025), AdaMuon
(Si et al., 2025), COSMOS (Liu et al., 2025b),
etc. For example, HTMuon reduces perplex-
ity by 0.92 compared to Muon when training
LLaMA-60M on the C4 dataset, and by 0.98
when training LLaMA-135M on C4. More-
over, HTMuon can be used as an add-on method
in combination with existing Muon variants to
achieve further improvements. We also design
two accelerated implementations of HTMuon.
Using these implementations, we show that
HTMuon outperforms Muon on LLaMA-1B,
highlighting its potential for training large-
scale models.

• We present theoretical results analyzing
HTMuon. Specifically, we show that it is equiv-
alent to steepest descent under a Schatten−q
norm constraint, and we provide a conver-
gence analysis demonstrating that HTMuon
matches the sample-complexity upper bounds
of Muon and SGDM in nonconvex smooth set-
tings. These results support HTMuon’s compet-
itive convergence rate and improved training
stability.

2 Motivation for HTMuon

In this section, we first briefly introduce HT-SR
theory and then use two examples to motivate the
importance of heavy-tailed spectra for the design
of HTMuon.

2.1 Background on HT-SR Theory
The HT-SR theory (Martin and Mahoney, 2021;
Martin et al., 2021) offers a principled lens for ana-
lyzing the ESD of neural network weight matrices.
Empirically, well-trained models tend to exhibit
more heavy-tailed ESDs, and the degree of heavy-
tailedness correlates with training quality. Based
on prior work (Martin and Mahoney, 2021; Zhou
et al., 2023), heavy-tailedness is quantified by fit-
ting a power law (PL) to the ESD and using the
resulting PL exponent α as the metric.

Given a network with L layers and weight ma-
trices {Wl}Ll=1of shape n × m, we compute the
ESD by extracting the eigenvalues of the corre-
lation matrix Xl = W⊤

l Wl for each module.
We fit a power law (PL) to the ESD in the form
p(λ) ∝ λ−α, λmin < λ < λmax, where p(λ)

denotes the eigenvalue density within the specified
range. The PL exponent α serves as a proxy for
the degree of heavy-tailedness, smaller α indicates
a more heavy-tailed weight ESD, and more heavy-
tailed spectra are often associated with better model
quality.

2.2 Unit Singular Values May Be Suboptimal

In this subsection, we introduce an intriguing em-
pirical finding: for Muon implementation, the nu-
merically accelerated version by Newton Schulz,
which we call Muon_NS (see Algorithm 3) can out-
perform the theoretically exact implementation
Muon_SVD (see Algorithm 4).

The theoretical Muon update in Algorithm 4 has
a similar form to polar decomposition: Ot =

UtV
⊤
t = (MtM

⊤
t )−

1
2Mt. This is equivalent to

setting all singular values of the momentum matrix
Mt to one. In practice, however, computing Ut

and Vt exactly via SVD is expensive, so Muon uses a
Newton_Schulz iteration (Higham and Schreiber,
1990) to approximate Ot. In Figure 1, we train
LLaMA-60M and LLaMA-135M on C4 dataset
using Muon_SVD and Muon_NS, with identical hy-
perparameters for each model. Figure 1c visual-
izes the singular-value distributions of the Muon
update matrix at different training steps. Although
the Newton-Schulz iteration closely approximates
the "all-ones" singular spectrum, many singular
values still deviate noticeably from one. Mean-
while, as shown in Figure 1a, Muon_NS outperforms
Muon_SVD on both LLaMA-60M and LLaMA-
135M. This suggests that keeping the same weight
for all singular-vector directions throughout train-
ing may not be the most helpful. In particular, di-
rections associated with smaller singular values
are often more noise-dominated (Sharma et al.,
2023; Wang et al., 2023; Chen et al., 2024; Liu
et al., 2025d; Defilippis et al., 2025); enforcing ex-
actly equal weights across all directions yields a
light-tailed update, which can make late-stage train-
ing more sensitive to noise and limit model capac-
ity. In contrast, due to the polynomial used in the
Newton-Schulz steps, Muon_NS implicitly assigns
smaller weights to noise-dominated singular-vector
directions, which improves performance. This ob-
servation also supports the motivation for making
Muon updates more heavy-tailed.

2.3 From Updates to Weights: Muon Produces
Lighter-Tailed Weight Spectra

In this section, we show that Muon’s orthogonal-
ization update makes weight matrices ESDs less
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Figure 1: Muon_NS vs. Muon_SVD on C4 dataset. (a) Validation perplexity for LLaMA-60M/135M trained: Muon_NS
consistently achieves lower perplexity than Muon_SVD. Both Learning rates for 60M is 0.03 and for 135M is 0.02.
(b)(c) Spectra of update matrices at steps 1/9000/19000 shown in different colors: Muon_SVD enforces an exactly
"all-ones" spectrum in the update matrices; Muon_NS stays close to one but retains noticeable deviations, implicitly
down-weighting noise-dominated singular-vector directions and correlating with improved performance.

heavy-tailed, which, based on HT-SR theory, may
limit the model performance.

We train LLaMA-60M and LLaMA-135M on
the C4 dataset using Muon_NS and COSMOS, a vari-
ant of Muon (Liu et al., 2025b). In Figure 2, we
visualize the average fitted PL exponent ᾱ for the
trained LLaMA models across layers under the two
optimizers. We find that ᾱ across layers is higher
for Muon, indicating that Muon makes the weight
ESD less heavy-tailed. We further observe that
Muon yields higher perplexity (PPL) than COSMOS
on both models. Based on HT-SR theory, this indi-
cates that Muon’s orthogonalized update rule may
limit the model’s final quality, which motivates us
to make Muon update more heavy-tailed, leading to
more heavy-tailed weight matrices.
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Figure 2: (a)Average PL ᾱ of weight ESDs for LLaMA-
60M and LLaMA-135M trained on C4 with Muon and
COSMOS. Muon yields a higher mean ᾱ, indicating less
heavy-tailed spectra than COSMOS; (b) COSMOS outper-
forms Muon for LLaMA-60M and LLaMA-135M mod-
els on C4 datatset.

3 Methodology

In this section, we introduce our method HTMuon.
Our design goal is to preserve Muon’s ability to
capture parameter interdependencies while making
its updates more heavy-tailed, which in turn leads

to more heavy-tailed weight ESDs. We put HTMuon
in Algorithm 1. HTMuon is similar to Muon, and the
only difference is that we consider a different power
transform of the momentum matrix’s singular p
in line 7. It is easy to know that when p = 1,
HTMuon reduces to SGDM. SGDM can be viewed as
a vector-based optimizer and has limited ability
to capture interdependencies among parameters.
When p = 0, HTMuon reduces to Muon; as discussed
in Section 2.3, this update makes weight-matrix
ESDs less heavy-tailed.

We therefore propose HTMuon with p ∈ (0, 1).
We believe HTMuon helps mitigate the design limi-
tations of Muon and SGDM: On the one hand, in this
regime, HTMuon remains a matrix-based optimizer
and thus retains the ability to capture parameter
interdependencies. On the other hand, HTMuon up-
dates are more heavy-tailed than Muon updates, and
we illustrate this with a simple example: suppose
that during training, the singular values of the mo-
mentum matrix Mt follow sk = s1k

−s, where s1
is the largest singular value of Mt. By Lemma 3.1,
the PL exponent α of the HTMuon update matrix Ot

is 1 + 1
2sp , it is easy to find that when p → 0, the

α will increase, this means HTMuon update is more
heavy-tailed than Muon’s, which will in turn lead to
more heavy-tailed weight ESDs.

Lemma 3.1 (Proof in Appendix B.3) Suppose
the singular values of matrix W ∈ Rn×m follow
sk = s1k

−s, 1 ≤ k ≤ m, we have PL exponent α
of W satisfies α = 1 + 1

2s .

4 Experiments

In this section, we evaluate HTMuon on various pre-
training tasks, and compare it with state-of-the-art
pretraining optimizers, including Adam (Kingma,
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Algorithm 1 HTMuon

1: Input: Initial weights W0 ∈ Rm×n, loss func-
tion L, learning rate η, momentum parameter
β, weight decay λ, power p ∈ (0, 1).

2: Initialize M0 ∈ Rm×n ← 0
3: for t = 1, 2, . . . do
4: Gt ← ∇WL(Wt)
5: Mt ← βMt−1 + (1− β)Gt

6: Ut,Σt,V
⊤
t ← SVD(Mt)

7: Ot ← UtΣ
p
tV

⊤
t

8: s←
√

max
(
1, mn

)

9: Wt+1 ←Wt − ηλWt − ηsOt

10: end for

2014), AdamW (Loshchilov and Hutter, 2017), SGDM
(Sutskever et al., 2013), NorMuon (Li et al., 2025),
AdaMuon (Si et al., 2025), Cautious (Liang et al.,
2024), GaLore (Zhao et al., 2024), Sophia (Liu
et al., 2024a), Mars (Yuan et al., 2024), SOAP (Vyas
et al., 2024), COSMOS (Liu et al., 2025b). We pro-
vide detailed definitions of these optimizers in Ap-
pendix E. Unless otherwise specified, all Muon re-
sults in our experiments use the Muon_NS imple-
mentation. We demonstrate that HTMuon achieves
superior performance than these optimizers across
all datasets. In addition, we show that HTMuon can
be used as an add-on method to combine with ex-
isting Muon variant optimizers to achieve further
improvements. Furthermore, to reduce the over-
head of SVD in HTMuon, we design two acceleration
schemes that significantly cut the computational
cost while still outperforming Muon. To ensure a
fair comparison, we reproduce all results of the
baseline methods with the codebases provided in
previous papers.

4.1 Experimental Setup

Tasks. We conduct experiments on various pre-
training tasks, including: 1) LLM Pretraining,
in which we pretrain LLaMA-family models on
the C4 dataset (Raffel et al., 2020), GPT-2 fam-
ily models on the OpenWebText dataset (Gokaslan
and Cohen, 2019). 2) Image Classification, where
we train ResNet models on the CIFAR-100 and
CIFAR-10 datasets (Krizhevsky and Hinton, 2009)
and train ViT-tiny on the ImageNet-1K dataset
(Deng et al., 2009).
Models. For LLM pretraining, we evaluate HTMuon
on LLaMA-60M, LLaMA-135M, LLaMA-350M,
LLaMA-1B (Touvron et al., 2023) and GPT-2 small
(125M) (Radford et al., 2019). For image classifica-
tion, we use ResNet18, ResNet50 (He et al., 2016)

Table 1: Comparison with dominant Pretraining Opti-
mizers on LLaMA Models of Varying Sizes on the C4
dataset. Lower perplexity indicates better performance.
Detailed hyperparameters are provides in Table 18, 19
and 20 in Appendix D.

LLaMa-60M LLaMa-135M LLaMa-350M

Adam 32.21 23.01 17.11
AdamW 31.85 23.33 16.96
Muon 28.80 22.23 16.81
HTMuon 27.88 21.25 16.79

and ViT-tiny (Dosovitskiy, 2020).
Unless otherwise specified, we use p = 0.125

for HTMuon throughout. We discuss the specific
choice of p in Section 4.7. All baseline methods
and HTMuon are carefully tuned for a fair compari-
son. For detailed hyperparameter settings, please
refer to Appendix D.

4.2 LLM Pretraining

In this section, we evaluate HTMuon against sev-
eral baseline optimizers on C4 and OpenWebText
datasets.

HTMuon consistently outperforms Muon. In Ta-
ble 1, We find that HTMuon consistently outper-
forms Muon across three model scales (60M, 135M,
and 350M) on C4 dataset. In particular, on LLaMA-
60M, HTMuon achieves a PPL that is 0.92 lower
than Muon and 4.33 lower than Adam; on LLaMA-
135M, HTMuon is 0.98 lower than Muon and 2.08
lower than AdamW. In Table 2, we show that on
GPT-2 small, HTMuon achieves a PPL that is 0.26
lower than Muon and 2.99 lower than AdamW. In Fig-
ure 8 in Appendix C, we provide the training loss
curves of HTMuon and Muon. These results suggest
that HTMuon’s update rule effectively mitigates the
limitations of Muon updates.

HTMuon consistently outperforms other variants
of Muon. In Figure 3, we find that HTMuon con-
sistently outperforms Muon variant optimizers like
AdaMuon and NorMuon. Specifically, on LLaMA-
60M, our PPL is 0.29 lower than that of NorMuon,
the strongest baseline after HTMuon; on LLaMA-
135M, we outperform NorMuon by 0.74 PPL and
AdaMuon by 1.18 PPL. Moreover, we observe that
combining HTMuon with NorMuon yields further
gains, reducing PPL by an additional 0.33 on
LLaMA-60M and 0.14 on LLaMA-135M.

HTMuon consistently outperforms state-of-the-art
pretraining optimizers. In Figure 4, we com-
pare HTMuon with state-of-the-art optimizers on
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Table 2: Comparison with dominant Pretraining Opti-
mizers on GPT-2 small on the OpenWebText dataset.
Lower perplexity indicates better performance. Hyper-
parameter settings are provided in Appendix D.

AdamW Muon HTMuon

GPT-2 small 25.19 22.46 22.20

Muon HTMuon AdaMuon NorMuon HTMuon+NorMuon
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Figure 3: Comparison with Muon variant optimizers on
LLaMA-60M and 135M on C4 dataset. All optimizers
are carefully tuned via grid search; detailed results and
hyperparameter settings are provided in Table 7 and 19
in Appendix C and D.

LLaMA-60M and LLaMA-135M. HTMuon consis-
tently outperforms all competing methods at both
scales. For example, compared to COSMOS (the
second-best method), HTMuon effectively reduces
PPL by 1.07 on LLaMA-60M and by 1.04 on
LLaMA-135M. In Appendix C, we include more
recent optimizers, including GaLore and Sophia.

Muon HTMuon Cautious MARS SOAP COSMOS
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Figure 4: Comparison with state-of-the-art pretraining
optimizers on LLaMA-60M and 135M on C4 dataset.
All optimizers are carefully tuned via grid search; de-
tailed results and hyperparameter settings are provided
in Table 7 and 19 in Appendix C and D.

4.3 Image Classification
In this section, we compare HTMuon against several
baseline optimizers on CIFAR and ImageNet-1K
datasets.

In Table 3, we find that, when training ResNet18
and ResNet50 on CIFAR-10 and CIFAR-100,
HTMuon consistently achieves higher accuracy than
SGDM, Muon, and NorMuon. For example, relative
to Muon, HTMuon improves accuracy by up to 0.31
% on CIFAR-100 and up to 0.24 % on CIFAR-10.
Moreover, on CIFAR-100, combining HTMuon with

Table 3: Results on CIFAR-100 and CIFAR-10 dataset.
Higher accuracy indicates better performance.

CIFAR-100 CIFAR-10

Optimizer ResNet18 ResNet50 ResNet18 ResNet50

SGDM 77.82 78.57 95.15 95.16
Muon 77.95 79.85 95.39 95.97
NorMuon 77.82 79.78 95.57 96.03
HTMuon 78.24 80.16 95.63 96.13
HTMuon + NorMuon 78.51 80.22 95.40 96.04

Table 4: Results on ImageNet-1K. Hyperparameter set-
tings are provided in Appendix D.

Adam Muon HTMuon

ViT-Tiny 67.67 71.02 71.16

NorMuon further improves the accuracy of both
ResNet18 and ResNet50. In Table 4, we show
that HTMuon also outperforms Muon and Adam when
training ViT-tiny on ImageNet-1K.

4.4 More Efficient Implementations of HTMuon

In this section, to reduce the overhead introduced
by SVD in HTMuon, we consider two acceleration
strategies:

(i) Apply HTMuon every fixed number of train-
ing steps and use Muon otherwise. In Figure 5a
and 5c, we evaluate applying HTMuon on LLaMA-
60M and LLaMA-135M every 5, 10, and 25 steps.
Compared to using HTMuon at every step, this strat-
egy greatly reduces runtime overhead, making it
competitive with Muon, while still outperforming
Muon. We also observe that smaller intervals lead
to better performance, further supporting the effec-
tiveness of our optimizer.

Based on these findings, we train LLaMA-1B on
C4 using HTMuon with interval = 5. As shown in
Table 5, HTMuon still outperforms Muon, highlight-
ing its potential for large-scale training.

(ii) Replace the SVD with a numerical itera-
tive method for faster computation. In Al-
gorithm 1, We note that the HTMuon update
Ot = UtΣ

p
tV

⊤
t admits the factorization Ot =

(UtV
⊤
t ) (VtΣ

p
tV

⊤
t ). For the UtV

⊤
t part, this is

Muon’s update; we can consider Newton-Schulz
with 5 steps. To compute VtΣ

p
tV

⊤
t efficiently,

we apply the NS_root routine to M⊤
t Mt in Al-

gorithm 6, since M⊤
t Mt = VtΣ

2
tV

⊤
t , we have

VtΣ
p
tV

⊤
t = (M⊤

t Mt)
p
2 . Accordingly, NS_root

uses Newton-Schulz iterations to approximate ma-
trix square roots and applies successive square-root
operations for [1 − log2 p] rounds. Combining
these two, we obtain HTMuon_NS in Algorithm 5.
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Table 5: We train LLaMA-1B with interval= 5 on C4.
Hyperparameter settings are provided in Table 20 in
Appendix D.

Adam AdamW Muon HTMuon

LLaMA-1B 15.22 15.11 14.33 14.17

In Figure 5b and 5d, comparing HTMuon_NS with
HTMuon with interval= 1, we find HTMuon_NS sub-
stantially reduces runtime overhead, while only
slightly increases PPL. We also apply HTMuon_NS
on LLaMA-60M and LLaMA-135M every 5, 10,
and 25 steps. We find that this further reduces
runtime overhead while still maintaining better
performance than Muon, for example, HTMuon_NS
(interval = 5) achieves 0.59 s/step compared to
Muon’s 0.51 s/step in Table 9(which only introduces
a minor increase in overhead), Table 8 shows that
HTMuon_NS (interval = 5) still outperforms Muon
by 0.38 PPL.

We also evaluate HTMuon + NorMuon with dif-
ferent intervals. As observed earlier, using larger
intervals reduces runtime overhead while still out-
performing NorMuon. Please refer to Figure 9 in
Appendix C.

Besides reporting per-step runtime overhead,
we also report the wall-clock time for Muon,
HTMuon and HTMuon_NS with intervals. We sum-
marize the PPL and wall-clock time of Muon,
HTMuon, HTMuon_NS, HTMuon (Interval = 5), and
HTMuon_NS (Interval = 5) in the Table 10 in Ap-
pendix C. We also give the FLOPs analysis for
Muon and HTMuon_NS in Appendix C. Please refer
to more discussions in Appendix C.3.

4.5 Weight Spectrum Analysis

HTMuon successfully produces more heavy-tailed
weight matrices. In Figure 6, we fit the layer-
wise PL α for models trained with Muon and
HTMuon. Across both LLaMA and ResNet models,
we find that HTMuon yields smaller α than Muon for
most layers, leading to a lower average ᾱ. Mean-
while, HTMuon achieves better performance, consis-
tent with the HT-SR observation that better-trained
models tend to have lower α. For more PL α plots,
please refer to Figure 10a and 10b in Appendix C.

Additional generalization metrics. In Figure 11
in Appendix C, we visualize the layer-wise spec-
tral norm and Frobenius norm for LLaMA models
trained with Muon and HTMuon. We find that, for
these models, HTMuon consistently yields smaller
norms than Muon. This is consistent with prior find-
ings (Miyato et al., 2018) that smaller spectral and

Frobenius norms are often associated with better
generalization.

4.6 Downstream Tasks

To further evaluate HTMuon’s applicability to
broader NLP scenarios, in this section, we eval-
uate LLaMA-1B model trained with HTMuon on
7 commonsense tasks using the lm_eval_harness
framework. For all tasks we use the default prompt
and perform zero-shot evaluation.

As shown in the Table 6, HTMuon achieves the
best test accuracy for 4 out of 7 commonsense
tasks, and achieves the best average score across 7
tasks, significantly outperforming the second best
optimizer (Muon) by 1.05. This demonstrates the
effectiveness of HTMuon on wider NLP scenarios.

4.7 Ablation Study

Varying different p. Since p is an additional hy-
perparameter introduced by HTMuon, we perform a
grid search over p on LLaMA models in Figure 7.
We find that p = 0.125 is a good choice, which
is why we use p = 0.125 in most experiments. In
Appendix C.4.2, we discuss more about the hyper-
parameter sensitivity for p, we show that although
introducing p adds a tuning dimension and add hy-
perparameter search burden, p = 0.125 generalizes
well across tasks and architectures and often can
be optimal or near-optimal across tasks and archi-
tectures. We suggest that p = 0.125 can serve as a
recommended default for other tasks.

Varying learning rates. In Figure 12, we visu-
alize performance across learning-rate grids for
LLaMA models on C4 and ResNet models on CI-
FAR datasets. We find that, over most learning
rates, HTMuon consistently outperforms Muon and
NorMuon, demonstrating the stability of HTMuon.
For more details, please refer to Table 11, 12 and 13
in Appendix C.

Varying different ways to make Muon update
more heavy-tailed. To better prove making Muon
update more heavy-tailed can improve perfor-
mance, we design another optimizer HTMuon_HT in
Algorithm 7. Specifically, at each step, HTMuon_HT
directly replaces the singular values of the momen-
tum matrix with a heavy-tailed sequence {i−α}mi=1.
As shown in Table 17, although HTMuon_HT is not
as strong as HTMuon, it still outperforms Muon on
LLaMA models. This shows that merely inducing
a heavy-tailed spectrum already yields non-trival
gains, and our algorithm HTMuon further show that
heavy tail spectral correction on top of preserved
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Figure 5: we evaluate applying HTMuon and HTMuon_NS on LLaMA-60M and LLaMA-135M every 1, 5, 10, and
25 steps. We report the average per-step runtime overhead for all methods. Detailed results and hyperparameter
settings are provided in Table 8 and 9 in Appendix C.
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Figure 6: Layer-wise PL α for LLaMA and ResNet model weights trained with Muon and HTMuon. All models
used for visualization are trained using each optimizer’s best-performing hyperparameter configuration. For
hyperparameter configurations, please refer to Appendix D.

Table 6: Zero-shot evaluation results (↑) on seven commonsense reasoning benchmarks for the LLaMA-1B model
pretrained with different methods.

Optimizer ARC-c ARC-e PIQA Hellaswag OBQA Winogrande BOOLQ Avg.

Adam 21.93 31.27 65.18 27.49 17.40 53.83 62.17 39.90
AdamW 21.16 32.37 64.25 27.29 17.80 52.49 62.23 39.66
Muon 20.56 32.66 65.13 31.53 17.00 51.22 62.14 40.03
HTMuon 22.18 33.16 66.59 33.76 17.20 52.72 61.93 41.08

HTMuon HTMuon+NorMuon

0 0.1 0.125 0.2 0.25
p

27

28

29

30

Pe
rp

le
xi

ty
 (

↓)

(a) LLaMA-60M

0 0.1 0.125 0.2 0.25
p

21.0

21.5

22.0

22.5

(b) LLaMA-135M

Figure 7: We conduct grid search on p. We find
p = 0.125 is a strong choice. Note that p = 0 re-
duces to Muon. Detailed results provided in Table 14 in
Appendix D.

spectral information is more effective, we put more
discussion about the performance improvement at-
tribution in Appendix C.4.3. In Figure 10c and 10d,
we visualize the layer-wise PL α for HTMuon_HT,
and as intended, it yields lower α than Muon across

layers.

5 Theoretical Analysis

In this section, we provide theoretical understand-
ings of HTMuon.

Notation. For a vector v, we denote its l2 norm
as ∥v∥2. For a matrix A,B ∈ Rm×n, we de-
note its spectral norm as ∥A∥, Frobenius norm
as ∥A∥F, nuclear norm as ∥A∥∗, where ∥A∥∗ =∑r

i=1 σi. Here, {σi}ri=1 are singular values. For
p > 1, we denote Schatten−p norm as ∥A∥p,

where ∥A∥p = (
∑r

i=1 σ
p
i )

1
p . We use ⟨A,B⟩ to

denote the inner product between A and B, i.e.,
⟨A,B⟩ = Tr

(
A⊤B

)
.

5.1 Update Under the Schatten−q Norm
Constraint

We are here to provide a view of Schatten norm
constrained optimization for HTMuon. To determine
the descent direction at step t, we formulate the
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update as the following constrained minimization
problem:

min
∆W∈Rm×n

f(Wt +∆W ) (1)

subject to ∥∆W ∥q ≤ δ

where ∥ · ∥q denotes the Schatten−q norm. When
we employ the first-order approximation for our
optimization objective

f(Wt +∆W ) ≈ f(Wt) + Tr(∇f(Wt)
⊤∆W )

(2)
It is straightforward to derive that optimizing this
approximation is equivalent to the following objec-
tive:

max
∆W

Tr(G̃t
⊤
∆W ) (3)

subject to ∥∆W ∥q ≤ δ,

where G̃t = −∇f(Wt) denotes the negative gra-
dient.

Theorem 5.1 Let G̃t = UΣV ⊤ be the SVD of
the negative gradient G̃t = −∇f(Wt), where
Σ = diag(σ1, . . . , σr). Let p be the conjugate
exponent of q, satisfying 1/p′ + 1/q = 1. The ex-
plicit solution ∆W ∗ to the optimization problem 3
is given by:

∆W ∗ = δ
1

∥G̃t∥p
′/q

p′

UΣp′−1V ⊤, (4)

where Σp′−1 = diag(σp′−1
1 , . . . , σp′−1

r ).

We put proof in Appendix B.1. Based on The-
orem 5.1, when q ∈ (2,∞), p′ ∈ (1, 2), we can
assume p = p′ − 1 and find the ∆W ∗ is exactly
the update by HTMuon, which means HTMuon is
equivalent to steepest descent under a Schatten−q
norm constraint. It is well known that Muon
can be viewed as the steepest descent under the
Schatten−∞ norm constraint (Bernstein and New-
house, 2024; Pethick et al., 2025), so HTMuon gener-
alizes Muon’s equivalence to steepest descent under
a Schatten−∞ norm constraint and this will also
benefit training (Davis and Drusvyatskiy, 2025).

5.2 Convergence Analysis
Here we give the convergence analysis under a
smooth non-convex setting for finding ϵ-stationary
points, i.e. ∥∇f(W )∥∗ ≤ ϵ. We consider the
following stochastic optimization problem:

min
W∈Rm×n

f(W ) = Eξ[f(W ; ξ)], (5)

where ξ is stochastic noise. We denote f∗ =
infW f(W ), r = min{m,n}. We assume f∗ >
−∞.

For ease of theoretical analysis, we rewrite
HTMuon in a stochastic setting and present it in Al-
gorithm 2.

We assume f is an L Frobenius norm Lipchitz
smooth function. We assume that ∇f(W ; ξ) is an
unbiased stochastic estimator of the true gradient
∇f(W ) and has a bounded variance. We also
assume that Mt’s singular values are bounded by
l. We give assumptions in Appendix B.2, some
assumptions and definitions are adapted from Shen
et al. (2025).

Theorem 5.2 (HTMuon) Under Assumptions B.3,
B.4 and B.5, if we apply HTMuon in Algorithm 2 with
adaptive learning rate ηt =

⟨Mt,ρ(Mt)⟩
L∥ρ(Mt)∥2F

, ρ(Mt) =

UtΣ
p
tV

⊤
t , η = max{ηt}Tt=1, batch size B = T

and β = 1√
T

, ∆ = f(W0)− f∗, we have

1

T

T∑

t=1

E
[
∥∇f(Wt)∥21+p

]
≤ 2Lr

1
s

1− ε′

(
1− ε′

L
+

1

Lε′

)

[2σ
T

+
4σ2

T 3
+

4rl
2
qL2η2

T

]
+

2Lr
1
s

1− ε′
∆

T
,

where s = 1+p
1−p and 0 < ε′ < 1.

We put proof in Appendix B.2. Based on The-
orem 5.2 and Definition B.6, when B = T , the
sample complexity upper bound is O(ϵ−4), which
matches Muon’s sample complexity in Appendix
Theorem B.8 and SGDM’s sample complexity in Gar-
rigos and Gower (2023); Arjevani et al. (2023).

6 Conclusion

In this work, motivated by HT-SR theory, we intro-
duce HTMuon optimizer. HTMuon maintains Muon’s
capacity to model parameter interdependencies,
while yielding more heavy-tailed updates and pro-
moting more heavy-tailed weight spectra. It deliv-
ers consistent gains in accuracy and training stabil-
ity on LLM pretraining and image classification,
and can be seamlessly integrated into existing Muon
variants. To reduce the SVD overhead in HTMuon,
we introduce two acceleration implementations that
further lower runtime cost while still outperforming
Muon. Finally, we establish a theoretical connec-
tion to steepest descent under a Schatten-q norm
constraint and provide convergence analysis for
smooth non-convex settings.
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Limitations

Despite achieving improvements in LLM pretrain-
ing and image classification, HTMuon has some
potential limitations. Due to limited computa-
tional resources, we have not evaluated HTMuon
on larger models than 1B or larger-scale datasets;
we leave this to future work. In addition, HTMuon
and HTMuon_NS incur slightly higher per-step run-
time overhead than Muon. While using HTMuon with
larger update intervals can reduce this cost, achiev-
ing stronger performance typically requires more
frequent HTMuon updates, which increases the over-
all runtime. Exploring better numerical methods to
accelerate HTMuon is also part of future work.
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A Related Work

Pretraining Optimizers. A strong optimizer is
critical for successful LLM training(Zhang et al.,
2024a, 2025). For a long time, Adam (Kingma,
2014) and AdamW (Loshchilov and Hutter, 2017)
have been the dominant choices. In recent years, a
number of methods have emerged that build on the
Adam family: some focus on reducing gradient vari-
ance (e.g., MARS (Yuan et al., 2024) and Cautious
(Liang et al., 2024)), while others target memory ef-
ficiency (e.g., Lion (Chen et al., 2023), Adam-mini
(Zhang et al., 2024b) and GaLore (Zhao et al.,
2024)). However, these Adam variants remain
vector-based optimizers and have difficulty cap-
turing interdependencies among parameters. Some
works (Zhou et al., 2023; Wang et al., 2025a) ex-
tend Adam by using layer- or module-wise learning
rates to capture relationships among parameters
at a coarse level. Recently, Muon (Jordan et al.,
2024) has been proposed as a representative matrix-
based optimizer. It uses the momentum matrix as
a preconditioner, which better captures interdepen-
dencies among parameters and improves training
stability. Muon has shown promising results in LLM
training (Shah et al., 2025; Liu et al., 2025a; Wen
et al., 2025). Following this line, several Muon vari-
ants have emerged, including NorMuon (Li et al.,
2025) and AdaMuon (Si et al., 2025).

Heavy-tailed Phenomenon. Heavy tailed weight
spectrum in machine learning have been observed
and studied in various forms. Among the most
prominent empirical findings are a series of works
by Martin and Mahoney (2021); Martin et al.
(2021), which propose the HT-SR theory for deep
neural networks. They observe that well-trained
networks often exhibit heavy-tailed spectra in their
weight matrices, and the degree of heavy-tailedness
is strongly correlated with model quality. Further-
more, they quantify this behavior via power-law
fits to the ESDs of weight matrices. From a theo-
retical perspective, a number of studies (Simsekli
et al., 2020; Hodgkinson et al., 2022; Simon et al.,
2023; Dandi et al., 2024; Kothapalli et al., 2025;
Defilippis et al., 2025; Deng et al., 2026) have
used tools such as stochastic differential equations,
random matrix theory, eigenlearning framework,
and approximate message passing to characterize
power-law behavior in weight ESDs and its strong
connections to generalization bounds and test loss.
Empirically, treating HT-SR theory as a diagnos-
tic tool, subsequent work has explored layer-wise
hyperparameter scheduling (Liu et al., 2024b; He

et al., 2025; Zhou et al., 2023) and layer-wise prun-
ing (Lu et al., 2024; Hu et al., 2025) based on the
power-law fit to improve training performance and
efficiency. Similarly, Liu et al. (2025c) use spectral
analysis of layer-wise representations to identify
change-point layers whose top principal compo-
nents undergo significant shifts, connecting spec-
tral properties to layer criticality during fine-tuning.
In this work, motivated by HT-SR theory, we use
HTMuon to make Muon updates more heavy-tailed
to improve training.

B Proofs

Notation. For a vector v, we denote its l2 norm
as ∥v∥2. For a matrix A,B ∈ Rm×n, we de-
note its spectral norm as ∥A∥, Frobenius norm
as ∥A∥F, nuclear norm as ∥A∥∗, where ∥A∥∗ =∑r

i=1 σi, here {σi}ri=1 are singular values, for
p > 1, Schatten−p norm as ∥A∥p, where ∥A∥p =
(
∑r

i=1 σ
p
i )

1
p . We denote ⟨A,B⟩ = Tr

(
A⊤B

)
.

B.1 Update Under the Schatten−q Norm
Constraint

Lemma B.1 (Von Neumann trace inequality)
For matrix A ∈ Rm×n, let σi(A) denote
the i-th largest singular value of A, and let
r = min(m,n). Then for any A,B ∈ Rm×n, we
have

⟨A,B⟩ = Tr
(
A⊤B

)
≤

r∑

i=1

σi(A)σi(B).

Theorem B.2 Let G̃t = UΣV ⊤ be the SVD of
the negative gradient G̃t = −∇f(Wt), where
Σ = diag(σ1, . . . , σr). Let p be the conjugate
exponent of q, satisfying 1/p′ + 1/q = 1. The ex-
plicit solution ∆W ∗ to the optimization problem 3
is given by:

∆W ∗ = δ
1

∥G̃t∥p
′/q

p′

UΣp′−1V ⊤, (6)

where Σp′−1 = diag(σp′−1
1 , . . . , σp′−1

r ).

Proof. First, by invoking Von Neumann’s trace
inequality, we have the upper bound

Tr(G̃t
⊤
∆W ) ≤

∑

i

σi(G̃t)σi(∆W )

The equality holds if and only if ∆W shares the
same left and right singular vectors as G̃t. Thus,
the optimal ∆W must take the form:

∆W = UΛV ⊤, where Λ = diag(λ1, . . . , λr).
(7)
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Here, λi ≥ 0 represents the singular values of ∆W .
The problem reduces to maximizing

∑
i σiλi sub-

ject to ∥λ∥q ≤ δ. By Hölder’s inequality, we have
the upper bound:

∑

i

σiλi ≤ ∥σ∥p′∥λ∥q ≤ ∥σ∥p′δ. (8)

Equality is achieved if and only if λq
i ∝ σp′

i , which
implies:

λi = cσ
p′/q
i , (9)

for some constant c ≥ 0. Using the conjugate
property 1/p′ + 1/q = 1, the exponent simplifies
to:

p′

q
= p′

(
1− 1

p′

)
= p′ − 1. (10)

Substituting this back yields the optimal singular
values:

λi = c · σp′−1
i , (11)

where c is a normalization constant. To determine c,
we substitute these values into the active constraint
∥∆W ∥q = δ:

(∑

i

(cσp′−1
i )q

)1/q

= c

(∑

i

σ
(p′−1)q
i

)1/q

= δ.

(12)
Using the algebraic relation (p′ − 1)q = p′, the
term involving singular values simplifies to the
Schatten−p′ norm of G̃t. Solving for c, we ob-
tain:

c∥G̃t∥p
′/q

p′ = δ =⇒ c =
δ

∥G̃t∥p
′/q

p′

. (13)

Substituting c back into the expression ∆W =
UΛV ⊤ yields the stated closed-form solution. □

B.2 Convergence Analysis
We consider the following stochastic optimization
problem:

min
W∈Rm×n

f(W ) = Eξ[f(W ; ξ)],

where ξ is stochastic noise. We denote f∗ =
infW f(W ), r = min{m,n}. We assume f∗ >
−∞.

Assumption B.3 (F-norm Lipschitz smooth )
Define f : Rm×n → R is L Frobenius norm
Lipschitz smooth if for any W ,W ′ ∈ Rm×n, we
have

∥∇f(W )−∇f(W ′)∥F ≤ L∥W −W ′∥F.

Assumption B.4 (Bounded variance) We as-
sume ∇f(W ; ξ) is an unbiased stochastic
estimator of the true gradient ∇f(W ) and has a
bounded variance, i.e.

E[∇f(W ; ξ)] = ∇f(W ),

E∥∇f(W ; ξ)−∇f(W )∥2F] ≤ σ2.

Assumption B.5 (Bounded singular value) We
assume the largest singular value σmax(Mt) ≤ l.

Definition B.6 We say W is an ϵ-nuclear norm
stationary point of f if ∥∇f(W )∥∗ ≤ ϵ.

We give the convergence analysis under a
smooth non-convex setting for finding ϵ-stationary
points, i.e. ∥∇f(x)∥∗ ≤ ϵ.

To better understand the proof, we give a stochas-
tic version of HTMuon in Algorithm 2 for conver-
gence analysis.

Algorithm 2 HTMuon_Stochastic

1: Input: Initial weights W0 ∈ Rm×n, loss func-
tion L, learning rate ηt, momentum parameter
β, batch size B, power p ∈ (0, 1).

2: Initialize M0 ∈ Rm×n ← 0
3: for t = 1, 2, . . . do
4: Sample batch {ξt,i}Bi=1 uniformly
5: Gt =

1
B

∑B
i=1∇WL (Wt; ξt,i)

6: Mt ← βMt−1 + (1− β)Gt

7: Ut,Σt,V
⊤
t ← SVD(Mt)

8: Ot ← UtΣ
p
tV

⊤
t

9: Wt+1 ←Wt − ηtOt

10: end for

Lemma B.7 For t = 0, 1, · · · , T,Mt and Wt are
generated by Algorithm 2. Consider that M0 =
G0,Mt = βMt−1 + (1 − β)Gt, under Assump-
tions B.3 and B.4, if we assume η = max{ηt}Tt=1,
under Assumption B.5, we have

E∥∇f(Wt)−Mt∥F ≤√
1− β

1 + β

σ√
B

+
βtσ√
B

+

√
rlpβLη

1− β
,

where Gt =
1
B

∑B
i=1∇f(Wt; ξt,i) and B is batch

size.

Proof. We define C0 = ∇f(W0),Ct =
βCt−1 + (1 − β)∇f(Wt) = (1 −
β)
∑t

i=1 β
t−i∇f(Wi) + βt∇f(W0), under

36518



Assumptions B.3 and B.4 we note that

E[∥∇f(Wt −Ct)∥F]
=E[∥∇f(Wt)− (βCt−1 + (1− β)∇f(Wt))∥F]
=E[β∥∇f(Wt −Ct−1)∥F]
≤E
[
β∥∇f(Wt−1 −Ct−1)∥F

]

+E
[
β∥∇f(Wt−1))−∇f(Wt))∥F

]

≤E
[
β∥∇f(Wt−1 −Ct−1)∥F

]

+E
[
βL∥Wt−1 −Wt∥F

]

≤E
[
β∥∇f(Wt−1 −Ct−1)∥F

]

+E
[
βLη∥Ut−1Σ

p
t−1V

⊤
t−1∥F

]

≤E
[
β∥∇f(Wt−1 −Ct−1)∥F + βLη

√
rlp
]

≤βt∥∇f(W0)−C0∥F +
t∑

i=1

βiLη
√
rlp

≤
√
rlpβLη

1− β
.

And follow the same proof in Section B.1 in
Shen et al. (2025), we have

E[∥Ct −Mt∥F] ≤
√

1− β

1 + β

σ√
B

+ βt σ√
B
.

So we have

E∥∇f(Wt)−Mt∥F
≤E[∥∇f(Wt −Ct)∥F] + E[∥Ct −Mt∥F]

≤
√

1− β

1 + β

σ√
B

+
βtσ√
B

+

√
rlpβLη

1− β

□
Theorem B.8 (Muon (Shen et al., 2025)) Under
Assumptions B.3 and B.4, if we apply Muon with
ηt = η, then

1

T

T−1∑

t=0

E
[
∥∇f(Wt)∥∗

]
≤ E

[
f(W0)− f(WT )

]

Tη

+
Lrη

2
+

2σ
√
r(1− β)√

B(1 + β)
+

2βσ
√
r

(1− β)T
√
B

+
2rηβL

1− β
.

Where B is batch size. Denote ∆ = f(W0) −
f∗. If we set B = 1, η =

√
(1−β)∆
rTL , 1 − β =

min
{√

L∆
σ
√
T
, 1
}

, then

1

T

T−1∑

t=0

E
[
∥∇f(Wt)∥∗

]
≤

O

(
4

√
r2L∆σ2

T
+

√
rL∆

T
+

√
rσ2

√
L∆T

)
.

Thus, Muon can find an ϵ-nuclear norm stationary
point of f with a complexity of O(r2Lσ2∆ϵ−4).

Theorem B.9 (HTMuon: Theorem 5.2) Under
Assumptions B.3, B.4 and B.5, if we apply
HTMuon in Algorithm 2 with adaptive learning rate
ηt =

⟨Mt,ρ(Mt)⟩
L∥ρ(Mt)∥2F

, ρ(Mt) = UtΣ
p
tV

⊤
t and batch

size B = T , then

1

T

T∑

t=1

E
[
∥∇f(Wt)∥21+p

]
≤ 2Lr

1
s

1− ε′

(
1− ε′

L
+

1

Lε′

)

[2(1− β)σ

B(1 + β)
+

2β2σ2

(1− β2)BT
+

2rl2pβ2L2η2

(1− β)2
]

+
4Lr

1
s

1− ε′

[
f(W0)− f(WT )

]

T
.

Where s = 1+p
1−p and 0 < ε′ < 1. Furthermore, if

we define β = 1√
T

, ∆ = f(W0) − f∗, thus we
have

1

T

T∑

t=1

E
[
∥∇f(Wt)∥21+p

]
≤ 2Lr

1
s

1− ε′

(
1− ε′

L
+

1

Lε′

)

[2σ
T

+
4σ2

T
+

4rl2pL2η2

T

]
+

4Lr
1
s

1− ε′
∆

T
.

Proof. Consider Mt = UtΣtV
⊤
t , we first define

ρ(Mt) = UtΣ
p
tV

⊤
t . By Assumption B.3, we

have

E
[
f(Wt)− f(Wt+1)

]

≥ E
[
ηt⟨∇f(Wt), ρ(Mt)⟩ −

Lη2t
2
∥ρ(Mt)∥2F

]

≥ E
[
ηt⟨Mt, ρ(Mt)⟩ −

Lη2t
2
∥ρ(Mt)∥2F

− ηt⟨Mt −∇f(Wt), ρ(Mt)⟩
]
.

Here we consider adaptive learning rate ηt =
⟨Mt,ρ(Mt)⟩
L∥ρ(Mt)∥2F

> 0, thus

E
[
f(Wt)− f(Wt+1)

]

≥ E
[(⟨Mt, ρ(Mt)⟩2

L∥ρ(Mt)∥2F
− ⟨Mt, ρ(Mt)⟩2

2L∥ρ(Mt)∥2F

)

− ηt∥Mt −∇f(Wt)∥F∥ρ(Mt)∥F
]

≥ E
[(⟨Mt, ρ(Mt)⟩2

L∥ρ(Mt)∥2F
− ⟨Mt, ρ(Mt)⟩2

2L∥ρ(Mt)∥2F

)

− ⟨Mt, ρ(Mt)⟩
L∥ρ(Mt)∥F

∥Mt −∇f(Wt)∥F
]
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By 2ab ≤ ε′a2 + b2

ε′ , where 0 < ε′ < 1, we have

E
[
f(Wt)− f(Wt+1)

]

≥ E
[⟨Mt, ρ(Mt)⟩2
L∥ρ(Mt)∥2F

− ⟨Mt, ρ(Mt)⟩2
2L∥ρ(Mt)∥2F

− ε′

2L

⟨Mt, ρ(Mt)⟩2
∥ρ(Mt)∥2F

− 1

2Lε′
∥Mt −∇f(Wt)∥2F

]

≥ E
[1− ε′

2L

⟨Mt, ρ(Mt)⟩2
∥ρ(Mt)∥2F

− ∥Mt −∇f(Wt)∥2F
2Lε′

]

By Holder’s Inequality, for p ∈ (0, 1) and we set
s = 1+p

1−p and m = 1+p
2p , we have

∥ρ(Mt)∥2F =
r∑

i=1

σ2p
i ≤ r

1
s

(
r∑

i=1

(σ2p
i )m

) 1
m

≤ r
1
s

(
r∑

i=1

σ1+p
i

) 2p
p+1

.

Thus we have

⟨Mt, ρ(Mt)⟩2
∥ρ(Mt)∥2F

≥

(∑r
i=1 σ

1+p
i

)2

r
1
s

(∑r
i=1 σ

1+p
i

) 2p
p+1

=
∥Mt∥21+p

r
1
s

.

Hence, we have

E
[
f(Wt)− f(Wt+1)

]
≥

E
[1− ε′

2Lr
1
s

∥Mt∥21+p −
∥Mt −∇f(Wt)∥2F

2Lε′
]
.

By Lemma B.7, we let η = max{ηt}Tt=1, we
have

E∥∇f(Wt)−Mt∥2F

≤
(√

1− β

1 + β

σ√
B

+
βtσ√
B

+

√
rlpβLη

1− β

)2

≤ 2(1− β)σ

B(1 + β)
+

2β2tσ2

B
+

2rl2pβ2L2η2

(1− β)2

Thus we have

E
[1− ε′

2Lr
1
s

∥∇f(Wt)∥21+p

]

≤ E
[1− ε′

Lr
1
s

∥∇f(Wt)−Mt∥21+p

]

+ E
[1− ε′

Lr
1
s

∥Mt∥21+p

]

≤ E
[1− ε′

L
∥∇f(Wt)−Mt∥2F

]

+ E
[1− ε′

Lr
1
s

∥Mt∥21+p

]

≤ E
[(1− ε′

L
+

1

Lε′

)
∥∇f(Wt)−Mt∥2F

+ f(Wt)− f(Wt+1)
]

Thus we have

1

T

T∑

t=1

E
[
∥∇f(Wt)∥21+p

]
≤

1

T

T∑

t=1

E
[ 2Lr 1

s

1− ε′

(
1− ε′

L
+

1

Lε′

)
∥∇f(Wt)−Mt∥2F

]

+
2Lr

1
s

1− ε′

[
f(W0)− f(WT )

]

T

≤ 2Lr
1
s

1− ε′

(
1− ε′

L
+

1

Lε′

)

×
[2(1− β)σ

B(1 + β)
+

2β2σ2

(1− β2)BT
+

2rl2pβ2L2η2

(1− β)2
]

+
2Lr

1
s

1− ε′

[
f(W0)− f(WT )

]

T

We define B = T, β = 1√
T

, ∆ = f(W0) − f∗,
thus we have

1

T

T∑

t=1

E
[
∥∇f(Wt)∥21+p

]
≤ 2Lr

1
s

1− ε′

(
1− ε′

L
+

1

Lε′

)

[2σ
T

+
2σ2

(1− β2)T 3
+

2rl2pL2η2

T (1− β)2
]
+

2Lr
1
s

1− ε′
∆

T
.

When β = 1√
T

, it is easy to get 1− β ≥ 1
2 , thus

we have

1

T

T∑

t=1

E
[
∥∇f(Wt)∥21+p

]
≤ 2Lr

1
s

1− ε′

(
1− ε′

L
+

1

Lε′

)

[2σ
T

+
4σ2

T 3
+

4rl2pL2η2

T

]
+

2Lr
1
s

1− ε′
∆

T
.

Based on Theorem 5.2 and Definition B.6, when
B = T , the sample complexity upper bound is

36520



O(ϵ−4), which matches Muon’s sample complexity
in Theorem B.8 and (Chang et al., 2025) and SGDM’s
sample complexity in Garrigos and Gower (2023);
Arjevani et al. (2023). . □

B.3 Lemma for PL exponent α
Lemma B.10 Suppose the singular values of ma-
trix W ∈ Rn×m follow sk = s1k

−s, 1 ≤ k ≤ n,
we have PL exponent α of W satisfies α = 1+ 1

2s .

Proof. Since we have sk = s1k
−s, 1 ≤ k ≤ n,

which means eigenvalues λk = λ1k
−2s, 1 ≤ k ≤

n. Here we suppose Λ is a random variable dis-
tributed according to the empirical distribution
from these eigenvalues, we can see that the dis-
tribution function takes the following form:

P(Λ > λ1k
−2s) =

k

n
.

By changing variables λ1k
−s = λ, we get the

cumulative distribution function of Λ:

P(Λ > λ) ∼ λ− 1
2s .

After that, we take the derivative with respect to
λ, and we get the ESD:

p(λ) ∼ λ−( 1
2s

+1).

So we have α = 1 + 1
2s . □

C More Experimental Details

In this section, we present more experimental de-
tails.

C.1 Muon and HTMuon Algorithms
In Algorithm 3 and 4, we give the implementations
of Muon_NS and Muon_SVD. Muon_NS corresponds
to the commonly used five-step Newton Schulz
implementation of Muon, whereas Muon_SVD repre-
sents the theoretically exact SVD-based implemen-
tation. Empirically, we find that due to the numeri-
cal approximation in Muon_NS, the singular values
of the update matrix do not always equal 1 exactly.
Such deviations may suppress weights along noise-
dominated eigenvector directions, which could ex-
plain why Muon_NS performs better than Muon_SVD
in practice.

In Algorithm 5, we give the implementations of
HTMuon_NS. As discussed in Section 4.4, we note
that the HTMuon update Ot = UtΣ

p
tV

⊤
t admits the

factorization

Ot = (UtV
⊤
t ) (VtΣ

p
tV

⊤
t ).

For UtV
⊤
t part, this is Muon’s update, we can con-

sider Newton-Schulz with 5 steps. To compute
the symmetric factor VtΣ

p
tV

⊤
t efficiently, we ap-

ply the NS_root routine to M⊤
t Mt in Algorithm 6,

since
M⊤

t Mt = VtΣ
2
tV

⊤
t ,

we have VtΣ
p
tV

⊤
t = (M⊤

t Mt)
p
2 . Accordingly,

NS_root uses NewtonSchulz iterations to approx-
imate matrix square roots and applies successive
square-root operations for [1− log2 p] rounds.

C.2 Training Loss Curve

In Figure 8, we show the smoothed training loss
curves for LLaMA-60M and LLaMA-135M on
C4 dataset. We find in the later stages of training,
HTMuon consistently achieves a noticeably lower
training loss than Muon, demonstrating the effec-
tiveness and training stability.

C.3 More Experiments Results

In Table 7, we conduct evaluations on LLaMA-
60M and LLaMA-135M on the C4 datatset, com-
paring HTMuon with multiple Muon-variant opti-
mizers as well as other state-of-the-art optimiz-
ers. HTMuon consistently achieves the best re-
sults. Furthermore, combining HTMuon with other
Muon-variant optimizers will achieve better perfor-
mance. Detailed hyperparameters are reported in
Appendix D.

In Table 8 and 9, we report the perplexity and av-
erage per-step runtime for HTMuon, HTMuon_NS, and
HTMuon+NorMuon under different update intervals.
We measure per-step runtime on 4 NVIDIA A6000
GPUs. We find that increasing the interval sub-
stantially reduces the average overhead of HTMuon,
while it still outperforms Muon. Under the same in-
terval, HTMuon_NS further reduces the average over-
head and also remains better than Muon. Similarly,
for HTMuon+NorMuon, larger intervals make its av-
erage overhead approach that of NorMuon, while
consistently outperforming NorMuon. For more vi-
sualizations, please refer to Figure 5 and 9.

Besides reporting per-step runtime overhead, we
also report the wall-clock time for Muon, HTMuon
and HTMuon_NS with intervals. To better report
wall-clock time, we rerun training on NVIDIA
RTX PRO 6000 GPUs: LLaMA-60M on C4 us-
ing 2 GPUs, and LLaMA-135M on C4 using 4
GPUs. We use the optimal hyperparameter settings
reported in the Table 19. We summarize the PPL
and wall-clock time of Muon, HTMuon, HTMuon_NS,
HTMuon (Interval = 5), and HTMuon_NS (Interval
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Figure 8: Training loss curves for LLaMA-60M and LLaMA-135M. Learning rate for both models and optimizers
is 0.03. Both curves are smoothed via a simple moving average (uniform weights, window = 50).

Table 7: We evaluate HTMuon on LLaMA-60M and LLaMA-135M, comparing it against several Muon variant
optimizers and other state-of-the-art optimizers. Red indicates the best value, and blue denotes the second-best
value. We find that HTMuon consistently outperforms these baselines. More hyperparameter details are provided in
Appendix D.

Muon HTMuon NorMuon HTMuon+NorMuon AdaMuon MARS SOAP Cautious COSMOS GaLore Sophia

LLaMa-60M 28.80 27.88 28.17 27.55 28.67 29.13 28.96 29.71 28.62 34.26 34.02
LLaMa-135M 22.23 21.25 21.99 21.11 22.43 22.42 22.43 23.15 22.15 25.11 25.63
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Figure 9: we evaluate applying HTMuon+ NorMuon on LLaMA-60M and LLaMA-135M every 1, 5, 10, and 25 steps
(while other steps applying NorMuon) . We report the average per-step runtime overhead for all methods. Detailed
results and hyperparameter settings are provided in Table 8 and 9 in Appendix D.

= 5) in the Table 10. We observe that for LLaMA-
60M, HTMuon_NS (Interval = 5) achieves only a
∼6% additional overhead yet outperforms Muon
by 0.34 PPL. Moreover, the time for HTMuon_NS
(Interval = 5) to reach 28.84 PPL is 0.64 hour, com-
pared to 0.67 hour for Muon. For LLaMA-135M,
HTMuon_NS (Interval = 5) incurs only ∼11% addi-
tional overhead while outperforming Muon by 0.25
PPL; it reaches 22.27 PPL in 1.32 hour, compared
to 1.40 hour for Muon.

We also give the FLOPs analysis for Muon and
HTMuon_NS. We consider initial weights W0 ∈
Rm×n.

• FLOPs analysis for Muon(Algorithm 3):

FMuon = 20mnr +O(mn).

• FLOPs analysis for HTMuon_NS(Algorithm 5):

FHTMuon_NS

= 20mnr + 4mn2 + 6LTn3 +O(n2),

where r = min(m,n), L =
[
log2

(
2
p

)]
and

T=ns_steps in Algorithm 5.

Compared to Muon, the additional FLOPs in
HTMuon_NS mainly come from the Newton–Schulz
iterations used for the fractional power approxima-
tion.
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Table 8: We report the exact PPL obtained when training LLaMA-60M and LLaMA-135M using HTMuon,
HTMuon_NS, and HTMuon+NorMuon under different update intervals. For Muon and NorMuon, interval updates are not
applicable; therefore, we only report their PPL after training.

LLaMA-60M LLaMA-135M

Optimizer 1 5 10 25 1 5 10 25

Muon 28.80 22.23
HTMuon 27.88 28.36 28.58 28.64 21.25 22.01 22.13 22.20
HTMuon_NS 28.03 28.42 28.67 28.74 21.35 22.05 22.14 22.20
NorMuon 28.17 21.99
HTMuon+NorMuon 27.55 27.85 28.01 28.12 21.11 21.61 21.81 21.95

Table 9: We report the average per-step runtime overhead obtained when training LLaMA-60M and LLaMA-135M
using HTMuon, HTMuon_NS, and HTMuon+NorMuon under different update intervals. We measure per-step runtime
on 4 NVIDIA A6000 GPUs. For Muon and NorMuon, interval updates are not applicable; therefore, we only report
average per-step runtime overhead.

LLaMA-60M LLaMA-135M

Optimizer 1 5 10 25 1 5 10 25

Muon 0.51 0.59
HTMuon 1.26 0.67 0.61 0.54 1.70 0.82 0.70 0.63
HTMuon_NS 0.66 0.59 0.56 0.54 0.92 0.68 0.64 0.63
NorMuon 0.54 0.60
HTMuon+NorMuon 1.27 0.70 0.64 0.59 1.78 0.86 0.81 0.72

We find that although HTMuon could take
longer than Muon, the substantial gains achieved
through heavy-tailed spectral correction suggest
that HTMuon captures the correct inductive bias for
learning. Furthermore, we believe that efficient
variants such as HTMuon_NS with interval-based
updates provide a strong balance between perfor-
mance and efficiency.

In Figure 10a, 10b, we visualize the layer-wise
PL exponent α for ResNet18 on CIFAR-100 and
CIFAR-10 dataset to further support that HTMuon
makes the updated matrices more heavy-tailed than
Muon.

C.4 More Ablation Study

C.4.1 Varying learning rates
In Figure 12, Table 11, 12 and 13, we conduct learn-
ing grid search on LLaMA and ResNet models,
our experiments show that for most learning rates,
HTMuon outperforms Muon and NorMuon, which ex-
hibits our method’s effectiveness and robustness.

C.4.2 Varying different p
In table 14, we give the exact results for ablation
study on p in Figure 7, we test multiple values of
p on LLaMA-60M and LLaMA-135M on the C4

dataset, and find that p = 0.125 is a robust choice.
We therefore use p = 0.125 in most experiments.

Here we discuss more about hyperparameter sen-
sitivity for p. Although introducing p adds a tuning
dimension and add hyperparameter search burden,
also we only do grid search on LLaMA models to
obtain the optimal p = 0.125, we will clarify that
p = 0.125 can serve as a recommended default for
other tasks.

• p = 0.125 generalizes well across tasks
and architectures. In our paper, we also use
p = 0.125 for HTMuon when training GPT-2
small on OpenWebText dataset, ResNet-18
and ResNet-50 on CIFAR datasets, Tables 2,
12and 13 in our paper show that HTMuon con-
sistently outperforms Muon.

• p = 0.125 is often optimal or near-optimal
across tasks and architectures. To explore
whether p = 0.125 is also close to optimal on
other tasks, we performed grid searches over
p on the CIFAR and OpenWebText datasets in
Table 15 and 16. We find that on CIFAR−10,
p = 0.125 achieves the best performance
for both ResNet-18 and ResNet-50, and on
OpenWebText, p=0.125 also yields the best
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Table 10: We report the perplexity and wall-clock time of when training LLaMA-60M and LLaMA-135M using
Muon, HTMuon, HTMuon_NS, HTMuon(Interval=5), HTMuon_NS(Interval=5). We measure wall-clock time on 4 NVIDIA
RTX PRO 6000 GPUs.

LLaMA-60M LLaMA-135M

Optimizer PPL Time(hour) PPL Time(hour)

Muon 28.84 0.67 22.27 1.40
HTMuon_NS(Interval=5) 28.50 0.71 22.02 1.55
HTMuon(Interval=5) 28.36 1.02 22.04 2.40
HTMuon_NS 28.06 0.87 21.36 2.17
HTMuon 27.87 2.46 21.24 6.57
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Figure 10: (a)(b): Layer-wise PL α for ResNet-18 model weight ESDs on CIFAR-100 and CIFAR-10 trained with
Muon and HTMuon. (c)(d): Layer-wise PL α for LLaMA model weight ESDs trained with Muon and HTMuon_HT. All
models used for visualization are trained using each optimizer’s best-performing hyperparameter configuration. For
hyperparameter configurations, please refer to Appendix D.
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Figure 11: Layer-wise spectral norm and frobenius norm for LLaMA model weights trained with Muon and HTMuon.
All models used for visualization are trained using each optimizer’s best-performing hyperparameter configuration.
For hyperparameter configurations, please refer to Appendix D.

result for GPT-2 small. While on CIFAR-100
a larger value (e.g., p = 0.2) can perform
slightly better, this does not change our over-
all conclusion that p=0.125 is a strong and
practical recommended default.

C.4.3 Varying different ways to make Muon
update more heavy-tailed

In Algorithm 7, we explore another way
HTMuon_HT to make Muon updates more heavy-
tailed , which directly replaces the momentum ma-
trix’s singular values with a pre-specified heavy-
tailed distribution. We use α = 0.25 in Algo-
rithm 7 for experiments. In Table 17, we find that,
although HTMuon_HT is not as strong as HTMuon,
it consistently outperforms Muon. In Figure 10c
and 10d, we visualize the layer-wise PL exponent α
for LLaMA-60M and LLaMA-135M, and observe

that HTMuon_HT also yields consistently smaller α
than Muon across layers. This suggests that the pro-
posed heavy-tailed spectral correction can indeed
improve Muon.

Since some readers maybe confused that the per-
formance improvement attribution of our method
HTMuon is from inducing heavy tails or preserving
singular value information. Here we discuss more
about the performance improvement attribution for
our algorithm HTMuon based on HTMuon_HT. Our
motivation for heavy-tail spectral correction is that
Muon enforces unit singular values for update ma-
trices. This induces a light-tailed spectrum and can
over-emphasize noise-dominated directions, which
may limit performance. Guided by HT-SR theory,
we therefore consider heavy-tailed spectral correc-
tion. We study two ways of introducing heavy-
tailed spectra: HTMuon_HT(which merely induces
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Figure 12: We conduct learning-rate grid searches for Muon, NorMuon, HTMuon, and HTMuon+NorMuon across various
datasets and architectures, including LLaMA models on C4 and ResNet models on CIFAR-100 and CIFAR-10. We
find that HTMuon outperforms Muon and NorMuon across most learning rates, demonstrating the effectiveness and
robustness of our method.

heavy tails) and HTMuon(which introduces heavy
tail spectral correction on top of preserved spec-
tral information). Below, we discuss the benefits
of merely inducing heavy tails versus preserving
singular value information.

• Merely inducing a heavy-tailed spectrum
already yields non-trivial gains. Our
HTMuon_HT ablation enforces a rigid, pre-
specified heavy-tailed spectral distribution.
In Table 12 of our paper, although this de-
sign discards the data-driven singular-value
structure, HTMuon_HT still outperforms Muon
in perplexity by 0.28 on LLaMA-60M and
by 0.58 on LLaMA-135M. We would like to
kindly emphasize that this is not "poor perfor-
mance." First, Muon is a strong baseline: in
Table 1, Muon outperforms the widely used
Adam/AdamW by up to 3.21 PPL on LLaMA-
60M and 135M. Under such a strong base-
line, simply replacing the spectrum with a pre-
defined heavy-tailed distribution that ignores
data information yet still yields gains provides
direct evidence that heavy-tail correction it-
self is effective. Second, the improvement of
HTMuon_HT is not insignificant: as suggested

by Table 2 in (Liu et al., 2025b) and (He et al.,
2025) and Figure 2 in (Wen et al., 2025), af-
ter carefully tune the hyperparameters of the
baselines on LLaMA/C4, an improvement of
≥ 0.2 PPL over Muon is generally regarded as
non-negligible. For example, COSMOS outper-
forms Muon by 0.15 PPL for LLaMA-135M
in (Liu et al., 2025b) and AlphaDecay out-
performs Adam by 0.11 PPL for LLaMA-1B
in (He et al., 2025). Therefore, these results
strongly indicate that merely inducing heavy-
tail correction is already useful. Moreover,
in Figure 1 of our motivating experiment, we
observe that Muon_NS outperforms Muon_SVD,
this further suggests that strictly enforcing a
light-tailed, unit-singular-value spectrum may
be overly restrictive, and that relaxing it via
heavy-tail correction can be beneficial.

• Heavy tail spectral correction on top of pre-
served spectral information is more effec-
tive. We acknowledge that the data-driven
spectral information encoded in singular val-
ues is important, as it reflects meaningful
structure learned from data. Our method
HTMuon therefore performs heavy-tail spec-
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Table 11: Detailed results for learning rate grid search on C4. Red indicates the best value, and blue denotes the
second-best value.

LLaMA-60M LLaMA-135M

Optimizer 0.01 0.02 0.03 0.04 0.01 0.02 0.02 0.04

Muon 28.80 28.99 28.88 29.93 22.23 22.51 22.59 23.73
NorMuon 28.63 28.59 28.17 29.07 21.99 22.17 22.06 22.76
HTMuon 28.48 28.75 27.88 30.22 22.95 21.96 21.25 21.92
HTMuon+NorMuon 30.14 28.63 27.55 28.03 22.71 21.82 21.11 21.76

Table 12: Detailed results for learning rate grid search on CIFAR-100. Red indicates the best value, and blue denotes
the second-best value.

ResNet18 ResNet50

Optimizer 0.015 0.02 0.025 0.03 0.015 0.02 0.025 0.03

Muon 77.10 77.16 77.95 77.53 79.15 79.41 79.67 79.85
NorMuon 76.75 77.82 77.64 77.63 79.13 79.78 79.74 79.61
HTMuon 77.18 77.65 78.24 78.21 79.55 80.03 80.16 80.07
HTMuon+NorMuon 77.51 77.78 78.51 78.02 79.60 80.03 79.93 80.22

tral correction based on the current spec-
tral information: specifically, we raise sin-
gular values to the power p (as motivated by
Lemma 3.1) to give the spectrum a heavier
tail than Muon’s unit-spectrum, without dis-
carding the learned geometry. This combina-
tion preserves directional information while
attenuating noise-dominated directions more
than signal-aligned ones compared to Muon,
leading to stronger gains than using a rigid,
pre-specified heavy-tailed spectrum alone.

D Detailed Hyperparameters

Since in practice our Muon is a hybrid
MuonwithAdamW variant(Jordan et al., 2024),
we use the same hyperparameter settings as AdamW
for the small subset of parameters updated with
AdamW.

D.1 Hyperparameter settings for LLM
pretraining

For the C4 task, we adopt the LLaMA architecture
specifications listed in Table 18 to ensure repro-
ducibility and consistency with prior work. All
model variants are trained with a uniform max-
imum sequence length of 256, a batch size of
512, and an aggregate of 13K tokens per batch.
For LLaMA-60M, we run all experiments on two
NVIDIA L40 GPUs or two NVIDIA A6000 GPUs
without gradient accumulation; for LLaMA-135M,

we run all experiments on four NVIDIA L40 GPUs
or four NVIDIA A6000 GPUs without gradient
accumulation; for LLaMA-350M, we run all exper-
iments on four NVIDIA RTX PRO 6000 Blackwell
without gradient accumulation; for LLaMA-1B,
we run all experiments on four NVIDIA RTX PRO
6000 Blackwell with gradient accumulation.

For the OpenWebText task, we consider a uni-
form maximum sequence length of 1024 , a batch
size of 480 and 10000 iterations for GPT-2 small.
we run all experiments on four NVIDIA RTX PRO
6000 Blackwell with gradient accumulation=8. We
do learning rate grid search on {0.02, 0.03, 0.04,
0.05, 0.06, 0.07, 0.08, 0.09, 0.1} for Muon and
HTMuon, we set learning rate= 6e − 4 for AdamW.
We consider weight decay= 0.1 for all optimizers.

We apply p = 0.125 for all LLM pretraining ex-
periments. In our experiments, we apply Muon
updates to the embedding and output layers dur-
ing training. For more detailed hyperparameter
settings, please refer to Table 19 and 20.

D.2 Hyperparameter settings for Image
classification

For training on CIFAR datasets, we set batch size
= 512 and we set p = 0.125. We run all the
experiments on one NVIDIA L40 GPU. For more
detailed hyperparameter settings, please refer to
Table 21 and 22.

For training on ImageNet-1K datasets, we set
batch size = 1024 and we set p = 0.03125. We
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Table 13: Detailed results for learning rate grid search on CIFAR-10. Red indicates the best value, and blue denotes
the second-best value.

ResNet18 ResNet50

Optimizer 0.01 0.015 0.02 0.025 0.01 0.015 0.02 0.025

Muon 95.10 95.39 95.25 95.36 95.8 95.90 95.97 95.90
NorMuon 95.30 95.35 95.57 95.24 95.74 96.03 95.91 95.75
HTMuon 95.27 95.23 95.63 95.39 96.13 95.84 96.07 95.86
HTMuon+NorMuon 95.36 95.25 95.40 95.17 96.02 95.85 96.04 95.97

Table 14: Detailed results for ablation study on p on C4 dataset. Red indicates the best value, and blue denotes the
second-best value.

LLaMA-60M LLaMA-135M

Optimizer 0 0.1 0.125 0.2 0.25 0 0.1 0.125 0.2 0.25

HTMuon 28.80 27.91 27.88 28.56 29.97 22.23 21.33 21.25 21.66 22.43
HTMuon+NorMuon 28.17 27.48 27.55 28.15 29.54 21.99 21.21 21.11 21.33 22.1

run all the experiments on one NVIDIA RTX PRO
6000 Blackwell. We set learning rate for {0.003,
0.004, 0.005} for Adam, Muon, HTMuon.

E Baseline Optimizers

In this section, we provide the algorithms for all
optimizers evaluated in our study. We adopt the
following notation: wt denotes the model parame-
ters at step t, gt the corresponding gradient, η the
learning rate, λ the weight decay, β1 and β2 the mo-
ment decay rates, ϵ a numerical stability constant,
gnorm the gradient norm, and m and v the first and
second moments, respectively. All operations are
element-wise unless stated otherwise.
NorMuon (Li et al., 2025): A Muon-based optimizer
that applies normalized and orthogonalized gradi-
ent updates with shape-aware scaling. We put the
implementations in Algorithm 8.
AdaMuon (Si et al., 2025): An adaptive variant of
Muon that incorporates second-moment information
into orthogonalized updates. We put the implemen-
tations in Algorithm 9.
MARS (Yuan et al., 2024): A momentum-based adap-
tive optimizer included as a representative adaptive
baseline. We put the implementations in Algo-
rithm 10.
SOAP (Vyas et al., 2024): An optimizer that ap-
plies stochastic orthogonalization or projection to
gradient updates. We put the implementations in
Algorithm 11.
Cautious (Liang et al., 2024): An optimizer that
modifies update application in a conservative man-
ner based on gradient information. We put the

implementations in Algorithm 12.
COSMOS (Liu et al., 2025b): An optimizer that in-
corporates geometry-aware scaling into its parame-
ter updates. We put the implementations in Algo-
rithm 13.
GaLore (Zhao et al., 2024): A memory-efficient op-
timizer that performs low-rank gradient projection
to reduce optimizer-state and update costs, enabling
large-model training under limited GPU memory.
We put the implementations in Algorithm 14.
Sophia (Liu et al., 2024a): : A second-order op-
timizer that uses a Hessian-based (diagonal) cur-
vature estimate to precondition gradients and ap-
plies clipped updates for stability and efficiency in
large-scale training. We put the implementations
in Algorithm 15.
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Table 15: Detailed results for ablation study on p for HTMuon on CIFAR datasets. Red indicates the best value.

ResNet18 ResNet50

Dataset 0 0.1 0.125 0.2 0.25 0 0.1 0.125 0.2 0.25

CIFAR-10 95.39 95.14 95.63 95.46 95.49 95.97 95.88 95.95 95.95 95.95
CIFAR-100 77.95 77.65 78.24 78.58 78.32 79.67 79.40 80.16 80.30 80.27

Table 16: Detailed results for ablation study on p for HTMuon on OpenWebText dataset. Red indicates the best value.

Optimizer 0 0.1 0.125 0.2 0.25

HTMuon 22.46 22.40 22.20 22.49 22.83

Table 17: Detailed results for HTMuon_HT. Red indicates the best value, and blue denotes the second-best value. We
use α = 0.25 and learning rate = 0.03 in Algorithm 7 for experiments.

Muon HTMuon NorMuon HTMuon+NorMuon HTMuon_HT HTMuon_HT+NorMuon

LLaMa-60M 28.8 27.88 28.17 27.55 28.52 28.02
LLaMa-135M 22.23 21.25 21.99 21.11 21.65 21.26

Table 18: Hyperparameters of LLaMA models.

Params Hidden Intermediate Heads Blocks Steps Data amount Batch Size

60M 512 1376 8 8 10K 1B 512
135M 768 2048 12 12 20K 2B 512
350M 1024 2736 16 24 60K 6B 512
1B 2048 5461 32 24 90K 9B 512

Table 19: Hyperparameters for LLaMA-60M and LLaMA-135M On C4 Dataset. The boldfaced values denote the
optimal hyperparameters.

LLaMA-60M LLaMA-135M

Optimizer LR WD LR WD

Adam 1e-3 1e-5 1e-3 1e-5
AdamW 1e-3 0.1 1e-3 0.1
Muon {0.01,0.02,0.03,0.04} 0.1 {0.01,0.02,0.03,0.04} 0.1
NorMuon {0.01,0.02, 0.03,0.04} 0.1 {0.01,0.02,0.03,0.04} 0.1
AdaMuon {6e-4, 1e-3, 5e-3, 1e-2} 0.1 { 1e-3, 5e-3, 1e-2, 2e-2} 0.1
MARS {1e-3, 2e-3, 3e-3, 4e-3} 0.1 {1e-3, 2e-3, 3e-3, 4e-3} 0.1
SOAP {2e-3, 3e-3, 4e-3} 0.01 { 2e-3, 3e-3, 4e-3} 0.01
Cautious {1e-3, 2e-3, 3e-3, 4e-3} 0 {1e-3, 2e-3, 3e-3, 4e-3} 0
COSMOS {1e-3, 2e-3, 3e-3, 4e-3} 0.1 {1e-3, 2e-3, 3e-3, 4e-3} 0.1
GaLore {5e-3, 1e-2, 2e-2, 3e-2, 4e-2} 0 {5e-3, 1e-2, 2e-2, 3e-2, 4e-2} 0
Sophia {1e-4, 2e-4,3e-4, 4e-4, 5e-4, 6e-4} 0.1 {1e-4, 2e-4,3e-4, 4e-4, 5e-4, 6e-4} 0.1
HTMuon {0.01,0.02,0.03,0.04} 0.1 {0.01,0.02,0.03,0.04} 0.1
HTMuon+NorMuon {0.01,0.02,0.03,0.04} 0.1 {0.01,0.02,0.03,0.04} 0.1
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Table 20: Hyperparameters for LLaMA-350M and LLaMA-1B On C4 Dataset. The boldfaced values denote the
optimal hyperparameters.

LLaMA-350M LLaMA-1B

Optimizer LR WD LR WD

Adam 1e-3 1e-5 6e-4 1e-6
AdamW 1e-3 0.1 6e-4 0.1
Muon {0.0025, 0.005,0.01,0.015} 0.1 {0.005,0.01} 0.1
HTMuon {0.0025, 0.005,0.01,0.015} 0.1 {0.005,0.01} 0.1

Table 21: Hyperparameters for ResNet18 and ResNet50 On CIFAR-100 Dataset. The boldfaced values denote the
optimal hyperparameters.

ResNet18 ResNet50

Optimizer LR WD LR WD

SGDM {0.1,0.2,0.3,0.4} 5e-4 {0.1,0.2,0.3,0.4} 5e-4
Muon {0.015,0.02,0.025,0.03} 0.1 {0.015,0.02,0.025,0.03} 0.1
NorMuon {0.015,0.02,0.025,0.03} 0.1 {0.015,0.02,0.025,0.03} 0.1
HTMuon {0.015,0.02,0.025,0.03} 0.1 {0.015,0.02,0.025,0.03} 0.1
HTMuon+NorMuon {0.015,0.02,0.025,0.03} 0.1 {0.015,0.02, 0.025, 0.03} 0.1

Table 22: Hyperparameters for ResNet18 and ResNet50 On CIFAR-10 Dataset. The boldfaced values denote the
optimal hyperparameters.

ResNet18 ResNet50

Optimizer LR WD LR WD

SGDM {0.1,0.2,0.3,0.4} 5e-4 {0.1,0.2,0.3,0.4} 5e-4
Muon {0.01,0.015,0.02,0.025} 0.1 {0.01,0.015,0.02,0.025} 0.1
NorMuon {0.01,0.015,0.02,0.025} 0.1 {0.01,0.015,0.02,0.025} 0.1
HTMuon {0.01,0.015,0.02,0.025} 0.1 {0.01,0.015,0.02,0.025} 0.1
HTMuon+NorMuon {0.01,0.015,0.02,0.025} 0.1 {0.01,0.015,0.02,0.025} 0.1

Algorithm 3 Muon

1: Input: Initial weights W0 ∈ Rm×n, loss function L, learning rate η, momentum parameter β, weight
decay λ.

2: Initialize M0 ∈ Rm×n ← 0
3: for t = 1, 2, . . . do
4: Gt ← ∇WL(Wt)
5: Mt ← βMt−1 + (1− β)Gt

6: Ot ← NewtonSchulz5(Mt)

7: s←
√

max
(
1, mn

)

8: Wt+1 ←Wt − ηλWt − ηsOt

9: end for
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Algorithm 4 Muon_SVD

1: Input: Initial weights W0 ∈ Rm×n, loss function L, learning rate η, momentum parameter β, weight
decay λ.

2: Initialize M0 ∈ Rm×n ← 0
3: for t = 1, 2, . . . do
4: Gt ← ∇WL(Wt)
5: Mt ← βMt−1 + (1− β)Gt

6: Ut,Σt,V
⊤
t ← SVD(Mt)

7: Ot ← UtV
⊤
t

8: s←
√

max
(
1, mn

)

9: Wt+1 ←Wt − ηλWt − ηsOt

10: end for

Algorithm 5 HTMuon_NS

1: Input: Initial weights W0 ∈ Rm×n, loss function L, learning rate η, momentum parameter β, weight
decay λ, power p.

2: Initialize M0 ∈ Rm×n ← 0
3: for t = 1, 2, . . . do
4: Gt ← ∇WL(Wt)
5: Mt ← βMt−1 + (1− β)Gt

6: O′
t ← NS5(Mt)

7: O′′
t ← NS_2p_root(M⊤

t Mt)
8: Ot ← O′

tO
′′
t

9: s←
√

max
(
1, mn

)

10: Wt+1 ←Wt − ηλWt − ηsOt

11: end for

Algorithm 6 NS_root

1: Input: Positive definite matrix Xn×n, small constant ε, power p, ns_steps T .
2: for t = 1, 2, . . . , [log2

2
p ] do

3: α← ∥X∥F
4: X ← X

∥X∥F+ε

5: Y ←X,Z ← I
6: for i = 1, 2, . . . , T do
7: Q← 3.0I −ZY
8: Y ← 0.5Y Q
9: Z ← 0.5QZ

10: end for
11: X ← √αY , X ← X+X⊤

2 + ϵI
12: end for
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Algorithm 7 HTMuon_HT

1: Input: Initial weights W0 ∈ Rm×n, loss function L, learning rate η, momentum parameter β, weight
decay λ, power α.

2: Initialize M0 ∈ Rm×n ← 0
3: for t = 1, 2, . . . do
4: Gt ← ∇WL(Wt)
5: Mt ← βMt−1 + (1− β)Gt

6: Ut,Σt,Vt
⊤ ← SVD(Mt)

7: Σtii ← i−α

8: Ot ← UtΣtVt
⊤

9: s←
√

max
(
1, mn

)

10: Wt+1 ←Wt − ηλWt − ηsOt

11: end for

Algorithm 8 NorMuon

1: Input: Initial weights W0 ∈ Rm×n, loss function L, learning rate η, momentum parameters (β1, β2),
perturbation parameter ε, weight decay λ.

2: Initialize momentum M0 ∈ Rm×n ← 0, second moment v0 ∈ Rm ← 0
3: for t = 1, 2, . . . do
4: Gt ← ∇WL(Wt)
5: Mt ← β1Mt−1 + (1− β1)Gt

6: Ot ← NS5(Mt)
7: vt ← β2vt−1 + (1− β2)meancols(Ot ⊙Ot)
8: Vt ← ExpandRows(vt) (Vt ∈ Rm×n)
9: Ôt ← Ot ⊘ (

√
Vt + ε)

10: η̂ ← 0.2 η
√
mn
/
∥Ôt∥F

11: Wt+1 ←Wt − ηλWt − η̂ Ôt

12: end for

Algorithm 9 AdaMuon

1: Input: Initial 2D-weights W0 ∈ Rn×m, loss function L, learning rate η, weight decay λ, momentum
β, Newton–Schulz steps T , small constant ε.

2: Output: Updated weights W
3: Initialize first-momentum M0 ← 0, second-momentum V0 ← 0
4: for each iteration t = 1, 2, . . . do
5: Compute gradient: Gt = ∇WtL(Wt)
6: Update first momentum: Mt = β ·Mt−1 +Gt

7: Compute sign-stabilized orthogonal direction: Ot = Newton–Schulz(Sign(Mt), T )
8: Update second momentum: Vt = β ·Vt−1 + (1− β) · (Ot ⊙Ot)
9: Apply second momentum update: Ôt = Ot ⊘ (

√
Vt + ε · 1)

10: RMS-aligned: γt =
0.2·√mn

∥Ôt∥F
11: Update weights: Wt+1 = Wt − η

(
γtÔt + λWt

)

12: end for
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Algorithm 10 MARS

1: Hyperparameters: β1, β2, γ, ϵ, η, λ, gnorm
2: State: m, v, gt−1

3: for t = 1, 2, . . . do
4: ct = gt + γ β1

1−β1
(gt − gt−1)

5: ĉt = ctmax{1, gnorm

∥ct∥2 },
6: mt = β1mt−1 + (1− β1) ĉt
7: vt = β2 vt−1 + (1− β2) ĉ

2
t

8: m̂t =
mt

1−βt
1
, v̂t =

vt
1−βt

2

9: wt+1 = wt − η m̂t√
v̂t+ϵ
− η λwt.

10: end for

Algorithm 11 SOAP

1: Hyperparameters: β1, β2, µ, k, ϵ, block_size, gnorm
2: Partition all parameters into block_size × block_size
3: Update Rules for Each Block:
4: for t = 1, 2, . . . do
5: ĝt = gtmax{1, gnorm

∥gt∥2 }
6: ĝt = QA ĝtQB

7: mt = β1mt−1 + (1− β1) ĝt, vt = β2 vt−1 + (1− β2) ĝ
2
t

8: m̂t =
mt

1−βt
1
, v̂t =

vt
1−βt

2

9: wt+1 = wt − ηt Q
⊤
A

(
m̂t√
v̂t+ϵ

)
Q⊤

B

10: GA = µGA + (1− µ) ĝt ĝ
⊤
t + ϵI, GB = µGB + (1− µ) ĝ⊤t ĝt + ϵI

11: if t mod k = 0 : QA = QR(GAQA), QB = QR(GB QB)
12: end for

Algorithm 12 Cautious

1: Hyperparameters: β1, β2, ϵ, η, λ, gnorm
2: State: m, v
3: for t = 1, 2, . . . do
4: ĝt = gtmax{1, gnorm

∥gt∥2 }
5: mt = β1mt−1 + (1− β1) ĝt
6: vt = β2 vt−1 + (1− β2) ĝ

2
t

7: m̂t =
mt

1−βt
1
, v̂t =

vt
1−βt

2

8: ut =
m̂t√
v̂t+ϵ

, st = I
(
ut · ĝt > 0

)

9: ût =
ut·st

mean(st)
, wt+1 = wt − η ût − η λwt

10: end for
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Algorithm 13 COSMOS

1: For an m× n layer W , the algorithm maintain four matrices: U ∈ Rn×r, S ∈ Rr×r, V ∈ Rm×r, and
M ∈ Rm×n per layer.

2: Input: Learning rate η, combination weight γ, projection rank r ≪ n, momentum parameters
(β1, β2), perturbation parameter ϵ. For simplicity, we omit the initialization.

3: for t = 0, . . . do
4: Sample batchMt

5: Gt ← ∇WϕMt(Wt)
6: Mt ← β1Mt−1 + (1− β1)Gt

7: Ut ← QR
(
β2Ut−1St−1 + (1− β2)G

⊤
t GtUt−1

)

8: St ← U⊤
t

(
β2Ut−1St−1U

⊤
t−1 + (1− β2)G

⊤
t Gt

)
Ut

9: Vt ← β2Vt−1 + (1− β2)(GtUt)⊙ (GtUt)

10: At =

(
MtUt/(1− βt

1)√
(Vt + ϵ)/(1− βt

2)

)
U⊤
t

11: Bt ← NORM

(
NS5

(
Mt −MtUtU

⊤
t

∥Mt −MtUtU⊤
t ∥F

))

12: G̃t ← At + γ ·Bt ·
√
m

13: Wt+1 ←Wt − η · NORM(G̃t) ·
√
m

14: end for
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Algorithm 14 GaLore

1: For an m× n layer W , the algorithm maintains a rank-r subspace projector (left or right, depending
on the shape) and Adam moments in the projected space.

2: Input: Learning rate η, scale factor α, projection rank r, subspace change frequency T , Adam
parameters (β1, β2), numerical constant ϵ. For simplicity, we omit the initialization.

3: for t = 0, 1, . . . do
4: Sample batch Bt
5: Gt ← ∇WϕBt(Wt)
6: if t mod T = 0 then
7: U,Σ, V ← SVD(Gt)
8: if m ≤ n then
9: Pt ← U[:,1:r] {left projector}

10: else
11: Qt ← V[:,1:r] {right projector}
12: end if
13: else
14: if m ≤ n then
15: Pt ← Pt−1 {reuse projector}
16: else
17: Qt ← Qt−1 {reuse projector}
18: end if
19: end if
20: if m ≤ n then
21: Rt ← P⊤

t Gt {project to compact space, Rt ∈ Rr×n}
22: else
23: Rt ← GtQt {project to compact space, Rt ∈ Rm×r}
24: end if
25: UPDATE(Rt) by Adam in the projected space:
26: Mt ← β1Mt−1 + (1− β1)Rt

27: Vt ← β2Vt−1 + (1− β2)(Rt ⊙Rt)
28: M̂t ←Mt/(1− βt+1

1 )

29: V̂t ← Vt/(1− βt+1
2 )

30: Nt ← M̂t/(
√
V̂t + ϵ)

31: if m ≤ n then
32: G̃t ← α · PtNt {project back to original space}
33: else
34: G̃t ← α ·NtQ

⊤
t {project back to original space}

35: end if
36: Wt+1 ←Wt − η · G̃t

37: end for
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Algorithm 15 Sophia

1: Input: Parameters θ1, learning rates {ηt}Tt=1, hyperparameters λ, γ, β1, β2, ϵ, curvature estimator
choice Estimator ∈ {Hutchinson, Gauss-Newton-Bartlett}.

2: Set m0 ← 0, v0 ← 0, and h1−k ← 0.
3: for t = 1, . . . , T do
4: Compute minibatch loss Lt(θt).
5: gt ← ∇Lt(θt).
6: mt ← β1mt−1 + (1− β1) gt.
7: if t mod k = 1 then
8: ĥt ← Estimator(θt).
9: ht ← β2ht−k + (1− β2) ĥt.

10: else
11: ht ← ht−1.
12: end if
13: θt ← θt − ηtλθt {weight decay}
14: θt+1 ← θt − ηt · clip

(
mt

max{γ·ht, ϵ} , 1
)

.
15: end for
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