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Abstract

Long Chain-of-Thought (CoT) reasoning is piv-
otal for the success of recent reasoning models
but suffers from high computational overhead
and latency. While prior works attempt to com-
press CoT via external compressor, they often
fail to align with the model’s internal reason-
ing dynamics, resulting in the loss of critical
logical steps. This paper presents Compressing
Redundancy in Chain-of-Thought via Intrinsic
Saliency Pruning (CRISP), a framework that
compresses CoT by exploiting the model’s in-
trinsic saliency. Our analysis reveals a distinct
phenomenon: the reasoning termination token
</think> acts as an information anchor, where
its attention pattern effectively demarcates es-
sential reasoning from redundancy. Based on
this finding, we design a policy that utilizes
these intrinsic attention signals to guide atomic
compression operations. In contrast to coarse-
grained pruning strategies, CRISP strategically
distills the reasoning chain to maximize infor-
mation density while preserving logical coher-
ence. Empirical results across various back-
bone models and mathematical datasets demon-
strate that CRISP achieves a 50-60% reduction
in token count without compromising accuracy,
effectively mitigating the efficiency bottleneck
of long-context reasoning. We open-source our
implementation to facilitate further research in
efficient reasoning'.

1 Introduction

The emergence of reasoning-oriented LLMs, rep-
resented by OpenAl ol (Jaech et al., 2024),
DeepSeek-R1 (Guo et al., 2025), QwQ (Renze
and Guven, 2024), and Kimi k1.5 (Team et al.,
2025), marks a significant paradigm shift, demon-
strating superior performance in complex reason-
ing domains. While these models achieve superior
reasoning capabilities by decomposing complex

*Corresponding author.
'Our implementation is available at GitHub.
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Figure 1: Token Efficiency (TE.) vs. Accuracy on
DeepSeek-R1-Distill-Qwen-7B/1.5B. CRISP achieves
the best trade-off, significantly outperforming baselines
in efficiency while maintaining high accuracy.

problems into extensive Chains-of-Thought and
employing iterative verification (Wei et al., 2022),
this approach incurs substantial computational over-
head (Feng et al., 2025; Sui et al., 2025). Such inef-
ficiency renders deployment infeasible in resource-
constrained environments, making it imperative
to develop methods that distill compact reasoning
paths without compromising model fidelity.

To alleviate this computational burden, prevalent
approaches (Xia et al., 2025; Xu et al., 2025b; Yan
et al., 2025) resort to CoT compression, typically
utilizing external proxy models to prune redun-
dancy. However, this reliance on external compres-
sors introduces a fundamental misalignment: these
proxies are agnostic to the source model’s intrinsic
reasoning dynamics. External proxies often mis-
classify essential intermediate steps, particularly
self-corrections, as redundancy, thereby ignoring
their critical role in the source model’s logical conti-
nuity. Consequently, fine-tuning on such mutilated
sequences risks disrupting the coherence of the rea-
soning chain. This limitation motivates two pivotal
research questions: (1) How can we identify piv-
otal reasoning steps solely based on the model’s
intrinsic signals? (2) How can we synthesize a con-
cise yet coherent reasoning chain utilizing these
identified pivots?

In this work, we address these challenges by in-
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vestigating the internal attention mechanisms of
reasoning models. We observe that the </think>
token, serving as the delimiter of the reasoning
phase, acts as a critical information anchor. Our
analysis reveals that during the generation of the fi-
nal answer, the model attends minimally to interme-
diate reasoning steps but maintains high attention
weights on the </think> token. We empirically
demonstrate that the attention pattern at this po-
sition reliably indicates the saliency of preceding
reasoning steps, effectively distinguishing essential
logic from redundancy.

Building upon this observation, we propose
CRISP, a framework that exploits the attention
landscape at the </think> token to steer the com-
pression process. We cast CoT compression as
a search problem defined over a quadruplet of
atomic operators: FUSE, PRUNE, REWRITE, and
KEEP. By employing a reward function that harmo-
nizes step-wise saliency with sequence length, our
method efficiently navigates the reasoning space.
To mitigate the logical discontinuities often intro-
duced by discrete search operations, we further
employ an advanced LLM-based refiner to refine
the retrieved paths. This step effectively restores se-
mantic coherence, yielding compressed chains that
are both concise and logically fluid. Subsequently,
we fine-tune the target model on these refined se-
quences via a multi-task learning objective.

As shown in Figure 1, CRISP achieves a superior
efficiency-accuracy trade-off over strong baselines.
Our framework effectively isolates essential rea-
soning pivots from redundancy, maintaining robust
capabilities even under strict constraints.

To summarize, our main contributions are as
follows:

* We identify that the attention weights at the

</think> token serve as a reliable intrinsic indi-

cator of reasoning step saliency, effectively distin-
guishing essential logic from redundancy without
external proxies.

We propose CRISP, a framework that optimizes

CoT via a greedy search over four atomic oper-

ators (FUSE, PRUNE, REWRITE, KEEP) guided

by intrinsic signals.

* We demonstrate that CRISP offers a superior
trade-off between efficiency and accuracy, signif-
icantly reducing inference overhead without com-
promising the backbone model’s performance.

2 Related Works

Reasoning in Large Language Models Chain-
of-Thought has established itself as a cornerstone
paradigm for Large Language Models (Wang et al.;
Wei et al., 2022), enhancing interpretability and
accuracy by decomposing complex tasks into inter-
mediate reasoning steps (Wang et al., 2022; Zhou
et al., 2022). Subsequent frameworks, such as Tree
of Thoughts (ToT) (Yao et al., 2023) and Program
of Thoughts (PoT) (Chen et al., 2022), have fur-
ther expanded these capabilities. More recently,
models like DeepSeek-R1 (Guo et al., 2025), Kimi
k1.5 (Team et al., 2025) have demonstrated that re-
inforcement learning algorithms (Shao et al., 2024;
Yu et al., 2025; Zheng et al., 2025), coupled with
meticulously designed reward signals, can unlock
even deeper reasoning potential. However, this en-
hanced reasoning capability typically comes at the
cost of excessive token generation and significant
computational overhead (Sui et al., 2025; Chiang
and Lee, 2024). Consequently, a growing body of
research is shifting focus toward efficient reasoning,
aiming to compress the CoT process and achieve
an optimal trade-off between model performance
and inference latency.

Chain-of-Thought Compression To mitigate in-
ference latency, recent research seeks to compress
CoT outputs without compromising reasoning ef-
ficacy (Cui et al., 2025; Wang et al., 2025; Qiao
et al., 2025). Initial efforts utilizing prompt en-
gineering strategies (Xu et al., 2025a; Han et al.,
2025) attempt to constrain sequence length via ex-
plicit instructions, yet often struggle with granular
control and adherence to constraints, leading to
potential degradation in generation quality. Rein-
forcement learning frameworks (Aggarwal and
Welleck, 2025; Luo et al., 2025) explicitly incen-
tivize brevity by incorporating length penalties into
the reward function. However, this paradigm en-
tails significant computational overhead and ex-
hibits acute sensitivity to reward shaping, often
leading to optimization instability. Concurrently,
supervised fine-tuning paradigms (Xia et al., 2025;
Yan et al., 2025; Xu et al., 2025b) aim to distill con-
cise reasoning by pruning redundant steps. How-
ever, these methods typically utilize auxiliary mod-
els as external compressors to condense trajecto-
ries. This dependency creates a misalignment, as
the external compression logic often diverges from
the target model’s intrinsic generation dynamics.
Distinguishing itself from approaches that depend
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Figure 2: Visualization of layer-wise attention dynamics in DeepSeek-R1-Distill-Qwen7B.The heatmaps depict
layer-wise attention distributions during inference. While shallow layers exhibit uniform attention across the context,
deep layers reveal the </think> token functioning as a semantic anchor, progressively aggregating information
from the reasoning chain to guide final answer generation.

on extrinsic constraints or offline heuristics, our
method leverages the model’s intrinsic attention
mechanisms to guide adaptive CoT compression,
ensuring that efficiency is derived directly from the
instance-specific reasoning process.

3 </think> as the Information Anchor

Unlike prior approaches that rely on external com-
pressors to condense CoT, our objective is to deter-
mine whether the model intrinsically distinguishes
the contribution of specific steps toward the final
answer. To investigate the inherent attention pat-
terns governing this interaction, we visualize the
layer-wise attention maps of DeepSeek-R1-Distill-
Qwen7B on GSMS8K samples, as illustrated in Fig-
ure 2. Motivated by the hypothesis that specific to-
kens function as informational anchors (Wang et al.,
2023; Li et al., 2025), our analysis focuses on the
temporal dynamics of the <think> and </think>
tokens, which delimit the reasoning boundaries.

Our visualization reveals that while attention dis-
tribution remains relatively uniform in early layers,
the </think> token progressively functions as a
semantic anchor in deeper layers, aggregating in-
formation from the preceding reasoning chain. Cru-
cially, during the generation of the final answer, the
model predominantly attends to the representation
at the </think> position, while direct attention
to the raw reasoning chain diminishes. Consis-
tent with findings in (Choi et al., 2025), steps that
make high contributions to the solution retain high
attention scores specifically within the </think>
token’s attention column, suggesting that the model
compresses the reasoning history into this single
token state. Full attention profiles across all lay-
ers for both the 1.5B and 7B scales are detailed
in Appendix D.4.
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Figure 3: Validation of anchor-guided redundancy
identification. Pruning reasoning steps with high at-
tention to the </think> anchor precipitates a sharp PPL
spike, whereas removing low-attention steps results in a
significantly more gradual increase.

To empirically validate the role of </think> as
a proxy for identifying information redundancy, we
conducted a stepwise pruning experiment on the
GSMS8K and MATH-500 datasets, as detailed in
Figure 3. We selectively pruned reasoning steps
corresponding to the lowest, highest, and random
attention scores registered at the </think> anchor,
measuring the subsequent impact on the Perplexity
(PPL) (Jelinek et al., 1977) of the final answer. Our
empirical results demonstrate that pruning steps
with high attention scores induces a sharp spike in
PPL, suggesting these steps encode critical informa-
tion. Conversely, pruning low-attention steps leads
to only a marginal PPL increase, while random
pruning results in an intermediate performance
degradation. This empirical insight serves as the
foundational premise for our proposed framework,
CRISP, which leverages these intrinsic attention
signals to guide efficient and adaptive chain-of-
thought compression.

4 CRISP: Compressing Redundancy via
Intrinsic Saliency Pruning

Building upon the identification of the </think>
token as an informational anchor, we propose
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Figure 4: Overview of the CRISP framework. The process comprises: (1) CoT-Generation, eliciting raw
reasoning trajectories from the source model; (2) Critical Reasoning Paths Search, which evaluates step salience
via attention scores and distills chains using dynamic operators (KEEP, FUSE, PRUNE, REWRITE) followed by
generative refinement; and (3) Finetuning and Inference, employing these refined, high-density trajectories as

supervision for efficient reasoning generation.

CRISP (Figure 4), a framework designed to distill
efficient reasoning paths from the model’s internal
attention dynamics.

Unlike prevailing compression strategies often
rely on external language models for step evalu-
ation, introducing the value misalignment high-
lighted in Section 2. In contrast, CRISP shifts from
extrinsic supervision to endogenous self-selection.
We formulate CoT compression as a structured
search governed by intrinsic attention dynamics.
By utilizing four atomic operators (KEEP, PRUNE,
REWRITE, and FUSE), our framework iteratively
constructs a critical reasoning skeleton. Subse-
quently, an auxiliary model serves as a linguis-
tic refiner to restore syntactic coherence without
compromising logical substance. This decoupled
design ensures that the compressed CoT retains
the target model’s inherent reasoning fidelity while
achieving textual fluency.

4.1 Original CoT Generation

Let My denote the target Large Language Model
parameterized by 6. Given an input query x and
a reasoning instruction Z, the model generates a
response sequence comprising a reasoning chain
Rorig and a subsequent final answer y. We formu-
late this joint generation process as sampling from
the model’s posterior distribution:

(Rorigvy) ~ P@(Tvy ’ I‘,I) (1)

Here, Rorig = {71,72,...,rL} consists of L dis-
crete reasoning steps. This sequence encapsulates
the comprehensive yet potentially redundant in-
ference process that precipitates the final answer
Y. Rorig serves as the foundational input for our
framework, providing the raw trace from which the
essential reasoning signal is distilled.

4.2 Critical Reasoning Step Search and
Compression

Given the raw reasoning trajectory R generated
by the model, our objective is to distill a compact
reasoning skeleton that preserves logical fidelity.
We begin by decomposing Roig into L discrete
steps, Rorig = {71,72, ..., 7L}, using the standard
double newline \n\n delimiter. To evaluate the util-
ity of each step without relying on external supervi-
sion, we leverage the intrinsic attention dynamics
anchored to the </think> token (as detailed in Sec-
tion 3). Since </think> marks the transition from
reasoning to the final answer, its attention distribu-
tion naturally highlights the antecedent steps most
critical to the prediction. Formally, we quantify
the endogenous contribution .S; of step r; by aggre-
gating the attention weights from </think> to all
tokens ¢; within that step:

Ni, Ny

D3N T Apu(</think> ;) (2)

|T1|terl 1 h=1
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Step-wise Attention Distribution in Chain-of-Thought Reasoning
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Figure 5: Step-wise Attention Distribution in Chain-
of-Thought. The normalized scores .S; exhibit a non-
uniform distribution, highlighting that critical informa-
tion is localized in a few key steps.

Condition Allowed Actions (A;)
Sim(Clast, ?”i) > Tsim FUSE

Si < Tiow PRUNE, REWRITE
Tiow < Si < Thigh REWRITE

Si > Thigh KEEP, REWRITE

Table 1: Mapping of state conditions to the set of al-
lowed actions A(S;). The conditions depend on the
score .S; thresholds and semantic similarity.

Figure 5 visualizes the distribution of these atten-
tion scores. The plot demonstrates that not all steps
hold high salience relative to the input query and
the final solution; rather, only a limited subset of
the trajectory offers significant contributions to the
inference process. However, relying solely on
static threshold-based filtration of \S; is insufficient,
as it risks severing critical logical dependencies or
retaining redundant, low-density segments. To nav-
igate the trade-off between conciseness and infor-
mation fidelity, we formulate CoT compression as
a structured greedy search. We process the original
reasoning trajectory Rorig = {71,...,7L} sequen-
tially. At each step ¢, given the partial compressed
chain constructed thus far, denoted as C, we select
the optimal operator to process the current step r;.

To adaptively mitigate inter-step redundancy and
intra-step verbosity, we introduce a dynamic action
space A;. This space comprises non-parametric
operators (PRUNE, KEEP), which either discard
or preserve the step, and generative operators
(REWRITE, FUSE), which leverage an LLM to syn-
thesize concise or merged representations. The
admissible actions are constrained by a sequential
protocol detailed in Table 1. Initially, the mecha-
nism assesses semantic redundancy; steps exhibit-
ing high similarity to the context tail Cj,g are pro-
cessed via FUSE to consolidate information. Subse-
quently, for non-redundant steps, the action space
is stratified by the salience score .S;: low-salience
steps are candidates for PRUNE or REWRITE, inter-

mediate steps are exclusively refined via REWRITE,
while high-salience steps are eligible for either
KEEP or REWRITE. This structured filtering ef-
fectively narrows the search space before reward
evaluation.

To select the optimal operator from the allowed
set .A;, we employ a reward function that balances
the gain in answer likelihood against sequence
length. For a candidate action a, the reward is
calculated as:

R(a) =log PG(y | z,C® a(ri)) (3)
—log Py(y | #,C) — B - Len(a(r;))

Here, the first term quantifies the marginal improve-
ment in the model’s likelihood of predicting the
correct answer y given the action, while the sec-
ond term imposes a length penalty controlled by
the hyperparameter 3. We apply a greedy strategy
to iteratively select the action maximizing R(a),
appending the result to C to construct the final rea-
soning skeleton R’. The complete pseudocode for
this procedure is detailed in Appendix B.1.

4.3 Distilled CoT Refinement

While the greedy search effectively distills a logical
skeleton R’, the discrete application of operators
can induce syntactic fragmentation or minor logical
gaps. To restore textual coherence, we employ a
generative refiner M. to reconstruct the final
trajectory. The refinement process is formulated
as:

7—\JICRISP = Mreﬁne(xa Rom‘g; R/) (4)

Conditioned on the input query x and the origi-
nal CoT R4, the refiner restores semantic coher-
ence to Rcrisp, smoothing disjointed transitions
while strictly preserving the underlying logical sub-
stance. This ensures that Rcrysp attains linguistic
fluency without compromising the fidelity of the
compressed reasoning path.

4.4 Multi-Task Fine-Tuning and Inference

Following (Yan et al., 2025), we employ a multi-
task fine-tuning strategy governed by a special con-
trol token x (denoted as <|compressed|>). To
incorporate this control signal, we construct the
input z¢omp for compressed samples by appending
K to the query x, wrapped in [EOS] markers:

Zeomp = * @ [EOS]K[EOS] ®))

Let the target sequence y = Rcrisp denote the
compressed reasoning path. We optimize the
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GSMSK MATH-500 AMC23 Average

Method

Acc. 1 Tok. | TE.T Acc.?T Tok.] TE.T Acc.t Tok.| TE.1T Acc.? Tok.] TE.7T

Model: DeepSeek-R1-Distill-Qwen-1.5B
Original 81.6 1669 4.89 782 3515 222 60.0 5265 1.14 733 3483 2.10
Truncation 734 1311 560 674 2629 256 50.0 3258 153 63.6 2399 2.65
CoD 70.7 677 1044 786 2879 273 60.0 4462 134 69.8 2673 2.61
TALE 68.7 752 9.3 742 3257 228 625 4812 1.19 68.5 2940 2.31
TokenSkip 729 1682 433 668 3841 1.74 50.0 5202 096 632 4295 1.77
A*-Thought 679 978 695 544 2015 270 425 2528 1.68 550 1840 2.99
CRISP (Ours) 80.6 587 13.73 75.0 1813 4.14 60.0 2607 230 719 1669 4.31
Model: DeepSeek-R1-Distill-Qwen-7B

Original 90.8 1376 6.60 874 3053 286 725 4483 1.62 83.6 2971 281
Truncation 84.5 1191 7.09 768 2419 3.17 650 3035 214 754 2215 3.40
CoD 712 279 2552 762 1841 4.14 825 3217 256 76.6 1779 4.31
TALE 679 169 40.20 69.8 2254 3.10 775 4128 1.73 71.7 2253 3.15
TokenSkip 84.7 1212 699 79.2 2636 3.00 725 3676 197 749 2665 2.81
A*-Thought 75.5 663 11.39 530 1286 4.12 375 2160 1.74 553 1370 4.04
CRISP (Ours) 90.1 374 24.09 842 1146 7.35 77.5 2180 3.56 839 1235 6.80

Table 2: Main results on GSM8K, MATH-500, and AMC23. We report Accuracy (Acc.), Average Tokens (Tok.),
and Token Efficiency (TE). Bold and underline denote the best and second-best results, respectively.

model parameters # by minimizing the negative
log-likelihood over the reasoning tokens:

lyl

L=— Zlog Py(yt | Tcomp, Y<t)
t=1

(6)

To preserve general reasoning capabilities and miti-
gate catastrophic forgetting, we mix original trajec-
tories Roig into the training corpus, omitting « for
these instances. During inference, appending the
control sequence [E0OS]x[EOQS] to the query acts as
a steering signal, prompting the model to generate
concise, high-density reasoning paths.

5 Experiments

5.1 Experimental Setup

Models and Training Data. To evaluate the effi-
cacy and scalability of CRISP, we conduct exper-
iments on two distilled reasoning models of vary-
ing scales: DeepSeek-R1-Distill-Qwen-1.5B and
DeepSeek-R1-Distill-Qwen-7B. For the training
corpus, we construct a balanced subset from the
MATH dataset (Hendrycks et al., 2024) via strat-
ified sampling, selecting 500 instances uniformly
from each of the five difficulty levels to yield a total
of 2,500 samples. We strictly filter these instances

to ensure that the ground-truth answer is derivable
by the base models and that the maximum sequence
length does not exceed 8,192 tokens. Crucially, we
leverage the CRISP framework to generate model-
specific compression targets rather than employing
a unified dataset; this ensures that the supervision
signal remains faithful to each model’s intrinsic
saliency, thereby minimizing distribution shifts.

Evaluation Benchmarks. We evaluate our
method on three benchmarks spanning varying dif-
ficulty levels: GSM8K (Cobbe et al., 2021) for
grade-school math, MATH-500 (Hendrycks et al.,
2024) for comprehensive problem solving, and
AMC23 (AMC, 2025) for competition-level rea-
soning (see Appendix C.2 for details). Following
standard protocols (Guo et al., 2025), we adopt a
consistent decoding strategy with temperature 0.6
and top-p 0.95. To accommodate extended reason-
ing trajectories, we set the maximum generation
length to 4,096 tokens for GSM8K and expand it to
8,192 tokens for the more complex MATH-500 and
AMC?23 datasets. Further implementation details
are provided in Appendix C.3.

Metrics. To comprehensively evaluate the trade-
off between reasoning capability and computa-
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tional overhead, we report three metrics: Accu-
racy (Acc.), which validates the answer against
the ground truth; Tokens (Tok.), denoting the aver-
age length of the generated reasoning trajectories;
and Token Efficiency (TE.). Following (Yan et al.,
2025), Token Efficiency is defined as:

Acc

E = 100 7
Length . ™

This composite metric captures the accuracy-per-
token utility, with higher values indicating more
efficient reasoning.

Implementation Details. We adopt a unified op-
timization framework for the proposed model and
most baselines, training for 3 epochs with a peak
learning rate of 1 x 10~ and a warm-up ratio of 0.1.
For the hyperparameters specific to our method, we
set the balance coefficient 5 to 0.005 (as in Eq. 4).
The attention thresholds 77,4, and 7;,,, are empiri-
cally determined based on the top 30% and bottom
20% quantiles of the attention distribution, respec-
tively. Additionally, we leverage SimCSE (Gao
et al., 2021) as the backbone for semantic similar-
ity measurement, setting the similarity threshold
Tsim t0 0.7. Further details regarding the hardware
infrastructure and computational costs are provided
in Appendix C.3.

5.2 Baselines

To validate the effectiveness of CRISP, we bench-
mark it against a diverse set of redundancy-
reduction methods:

* Truncation: A baseline method that applies a
hard cutoff at a fixed token length, forcing ter-
mination strictly based on the token count rather
than semantic completion.

¢ Chain-of-Draft (CoD) (Xu et al., 2025a): A
prompting strategy mimicking human draft-
ing, which constrains the model to generate
information-dense, minimalist reasoning phrases
instead of verbose sentences.

* TALE (Han et al., 2025): A length-constrained
prompting baseline that explicitly instructs the
model to reason within a strict token budget via
natural language system prompts.

* TokenSkip (Xia et al., 2025): A fine-tuning
baseline that employs prompt compression tech-
niques LLMLingua2(Pan et al., 2024) to distill
supervision data, enabling the model to learn
information-dense reasoning patterns from the
pruned CoT trajectories.

100 19.2249.1

KEEP{,
80 { 1022347
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20
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Figure 6: Characterization of CRISP compression.
Left: Distribution of atomic operations favoring abstrac-
tive synthesis. Right: (a) Reasoning steps decrease
by 62.4%, while (b) average step length increases by
22.5%, reflecting the consolidation of fragmented logi-
cal chains into information-dense units.

* A*-Thought (Xu et al., 2025b): A search-based
compression framework that treats reasoning
compression as a pathfinding problem. It em-
ploys an A* search algorithm guided by a bidi-
rectional importance scoring mechanism to iden-
tify the optimal subset of reasoning tokens that
preserves the deductive chain.

5.3 Results and Analysis

CRISP achieves a better trade-off between com-
pression and performance. Table 2 compares
CRISP with the backbone models and representa-
tive baselines. Overall, CRISP achieves a favorable
balance between reasoning accuracy and inference
efficiency. On the 7B benchmark, CRISP achieves
an average accuracy of 83.9%, slightly exceeding
the original model’s 83.6%, while reducing token
consumption by over 58% (1235 vs. 2971 tokens).
This results in a Token Efficiency (TE) of 6.80,
significantly outperforming both the original base-
line and other compression methods. In compari-
son, prompt reduction methods such as TALE and
CoD show a notable drop in accuracy, whereas
finetuning approaches like TokenSkip yield lim-
ited efficiency gains. We also observe consistent
performance on the 1.5B scale. Notably, on the
AMC?23 dataset with the 7B model, CRISP outper-
forms the original model by a clear margin (77.5%
vs. 72.5%). This finding suggests that CRISP ef-
fectively filters out redundant reasoning steps that
may introduce noise in language models, thereby
serving as a mechanism for reasoning refinement.

How does CRISP optimize the trade-off between
compression and performance? We dissect the
efficiency gains by analyzing the atomic operations
in Figure 6. The distribution characterizes an ab-
stractive compression paradigm: REWRITE oper-
ations dominate (57.2%), while KEEP actions are
negligible (3.2%). This underscores that CRISP
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Method Acc. T Tok. | TE. 1
Model: DeepSeek-RI1-Distill-Qwen-1.5B
Original 78.2 3515 222
A*-Thought 54.4 2015 2.70
CRISP (w/o Refinement) 57.6 2265 2.54
CRISP (Full) 75.0 1813 4.14
Model: DeepSeek-R1-Distill-Qwen-7B
Original 87.4 3053 2.86
A*-Thought 53.0 1286 4.12
CRISP (w/o Refinement) 70.6 1588 4.45
CRISP (Full) 84.2 1146 7.35

Table 3: Ablation study on MATH-500. “w/o Refine-
ment” indicates the version with only Reasoning Search.
Bold denotes the best results among inference-efficient
methods (excluding Original).

actively synthesizes information to maximize se-
mantic density rather than merely performing ex-
tractive pruning. Crucially, this synthesis facili-
tates a "step-wise consolidation": we observe a
sharp reduction in reasoning steps (162.4%) along-
side a moderate increase in average step length
(122.5%). This suggests that CRISP leverages
FUSE (18.2%) and REWRITE to collapse frag-
mented logical chains into fewer, high-information
reasoning units, streamlining the logical topology
while preserving critical evidence.

Ablation Study. We evaluate the isolated contri-
butions of the core components within CRISP on
the MATH-500 benchmark across both 1.5B and
7B parameter scales. As presented in Table 3, the
heuristic pruning employed by A*-Thought results
in severe performance degradation. In contrast,
our reward-guided search preserves the logical
backbone more effectively but still suffers from
linguistic fragmentation. The Output Refinement
module proves critical across both model sizes as it
restores semantic coherence. This process recovers
accuracy to 75.0% for the 1.5B model and 84.2%
for the 7B model, retaining over 95% of the original
performance in both cases. Additionally, the refine-
ment stage functions as a secondary compressor
by synthesizing disjointed steps. This mechanism
reduces token counts to 1813 for the 1.5B model
and 1146 for the 7B model, thereby significantly
boosting Token Efficiency. These consistent results
confirm that coupling topological search with
semantic reconstruction is indispensable for max-
imizing efficiency regardless of model capacity.

Impact of CRISP on Reasoning Efficiency. To
empirically validate the inference efficiency of

°

—— Ours (Avg: 15.0)
——- Original (Avg: 69.0)

©

Rate (%)
>

— Ours
-~ Original
Efficiency Gain

Cumulative Accuracy
s o & o o =
2

] 2,
0.02 N A ”,
ANAN
y RS
S

N,
e \\LA\l

va
0 10 20 30 40 50 60 70 80 o
Reasoning Steps

10 20 30 40 50 60 70 80
Reasoning Steps

DeepSeek-R1-Qwen7B Performance on MATH-500 Dataset

Figure 7: Efficiency Analysis on MATH-500. (Left)
Distribution of reasoning steps for correct responses.
CRISP significantly compresses the average trajectory
length from 69.0 to 15.0. (Right) Cumulative accuracy
as a function of steps. The shaded region illustrates
the efficiency gain, indicating that CRISP achieves 80%
accuracy using ~36 fewer steps than the baseline.

CRISP, we analyze the reasoning trajectories of the
CRISP-tuned DeepSeek-R1-Distill-Qwen7B com-
pared to the original backbone on MATH-500. By
isolating trajectories that lead to correct answers,
we decouple efficiency from accuracy. As illus-
trated in Figure 7 (Left), our method induces a
significant distributional shift toward shorter trajec-
tories, demonstrating a tendency for more concise
reasoning. Quantitatively, Figure 7 (Right) high-
lights that to maintain 80% accuracy, the CRISP-
tuned model requires approximately 36 fewer steps
than the baseline. This confirms that CRISP ef-
fectively mitigates the "overthinking" phenomenon
without performance degradation. For a compre-
hensive analysis covering both 1.5B and 7B model
scales across additional datasets, please refer to
Appendix D.2.

6 Conclusion

In this work, we investigate the internal mechanics
of R1-series reasoning models, identifying that the
reasoning termination token (</think>) functions
as a critical information anchor. The attention pat-
terns at this specific position effectively delineate
core reasoning trajectories from redundant cogni-
tive computations. Leveraging this insight, we pro-
pose CRISP, a framework that steers thought com-
pression via attention-guided search. By optimiz-
ing a reward objective that balances answer fidelity
with token consumption, and subsequently apply-
ing generative refinement for semantic and logical
repair, CRISP successfully distills high-density rea-
soning paths. Extensive experiments demonstrate
that models fine-tuned on data synthesized using
the CRISP method achieve significant reductions
in response length while maintaining robust reason-
ing performance, offering a scalable solution for
efficient LLM deployment.
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Limitations

Despite the reasoning efficiency demonstrated by
CRISP, we acknowledge three primary limitations
in our current work. First, our evaluation focuses
primarily on mathematical benchmarks character-
ized by structured logic. The extent to which this
reward-guided topological optimization general-
izes to open-ended tasks or domains with subjective
criteria remains to be investigated. Second, despite
the reduced inference cost, the data construction
phase incurs significant computational overhead
due to iterative search. This offline complexity
may present a bottleneck for scaling to extensive
datasets. Finally, the effectiveness of the reason-
ing search is contingent upon the fidelity of reward
signals. In specialized or low-resource domains
lacking reliable verifiers, the risk of suboptimal
path selection could attenuate the quality of the
compressed reasoning chains.
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A Detailed Problem Setup

Given a dataset D = {(z,y)} consisting of in-
put queries x and ground-truth answers y, a large
language model M initially generates a verbose
reasoning chain R to derive the answer. We de-
note the length of this reasoning chain as | R|.Our
objective is to construct a compressed reasoning
chain R derived from R, such that |R| < |R|. We
then fine-tune the model M on the compressed
data (z, R, ) to internalize the efficient reasoning
pattern. The optimization goal is to find the optimal
parameters 6 that minimize the prediction loss on
the compressed chains:

mein E(ij)ND [ﬁ(Me(Z’, R), y)

where £ denotes the loss function. By solving this
optimization problem, we aim to obtain a model
that retains the high reasoning performance of the
original verbose model while significantly reducing
the computational cost in terms of token usage.

B More Implementation Details of CRISP

This appendix details the algorithmic implementa-
tion of CRISP. While the complete workflow en-
compasses the initial CoT generation and the subse-
quent fine-tuning phase, the core of our methodol-
ogy lies in the intermediate compression algorithm.
This central component operates via a two-stage

pipeline. It begins with a greedy search for the crit-
ical reasoning path utilizing four atomic primitives
(FUSE, PRUNE, REWRITE, and KEEP), followed
by a refinement phase that synthesizes the final
compressed trajectory. We present the formal al-
gorithmic description and specific implementation
nuances below.

B.1 Details of Critical Reasoning Paths
Search and Compression

Formally, we model the compression process as
a sequential decision-making problem. To avoid
the computational intractability of an exhaustive
search, we implement a Heuristic Gating Mech-
anism that dynamically prunes the action space
A; for each step r;. This mechanism utilizes
token-level attention distributions to identify low-
contribution steps (triggering PRUNE/REWRITE)
and employs a SImCSE (Gao et al., 2021) encoder
to detect semantic redundancy (triggering FUSE).
The optimal action is then determined by maximiz-
ing a joint scoring Reward:

R(a) =log Py(y | ,C @ a(r;))

8
—log Py(y | «,C) — 3 - Len(a(r;)) ®

which explicitly balances the trade-off between pre-
diction fidelity (log-likelihood gain) and efficiency
(token reduction). The complete execution logic is
formalized in Algorithm 1. To ensure reproducibil-
ity, we provide the specific instruction templates
used for the REWRITE and FUSE operations. These
prompts are designed to enforce strict conciseness
constraints while preserving logical fidelity. The
exact prompt specifications are detailed in Table 6.

B.2 Details of Distilled CoT Refinement

While the greedy search algorithm effectively ex-
tracts the critical reasoning backbone, the resulting
compressed sequence R’ frequently exhibits syn-
tactic fragmentation and abrupt logical transitions.
Direct training on such disjointed text may com-
promise the linguistic coherence of the reasoning
model. To mitigate this, we introduce a Reference-
Conditioned Restoration phase to recover logical
fluency while maintaining the structural concise-
ness of the search result.

Formally, we employ DeepSeek-V3 (Liu et al.,
2024) to synthesize a refined trajectory Rcrisp. We
formulate this process as maximizing the condi-
tional probability P(Rcrisp | x, R', R), where the
generation is conditioned on the joint context of

39365



the query x, the distilled chain R’, and the original
chain R. This input configuration is critical: condi-
tioning on R’ imposes efficiency constraints, while
the inclusion of R provides a semantic reference.
This dual conditioning enables the model to bridge
coherence gaps in R’ by reconstructing necessary
connective logic and arithmetic details without re-
verting to the original verbosity. Consequently, the
restoration process ensures that Rcrisp maintains
high reasoning fidelity with respect to the original
logic while strictly adhering to the compression
objectives. The specific prompt template used for
this restoration process is detailed in Table 7.

B.3 Details of Multi-Task Finetuning and
Inference

To achieve the multi-task fine-tuning objective, we
construct training instances in two distinct formats,
conditioned on a control signal x (instantiated as
<|compressed|>). This dual-task setup allows the
model to learn the conditional distribution of com-
pressed reasoning paths while retaining its original
reasoning capabilities within a unified parameter
space. Table 4 details the specific input templates
used. Notably, for the compression task, the control
signal is encapsulated by [EOS] delimiters to es-
tablish a clear boundary between the query context
and the steering instruction. During inference, the
model’s generation behavior is modulated by the in-
put structure: appending the control suffix triggers
the compressed reasoning mode, whereas provid-
ing the raw query prompts the model to generate
the original reasoning path.

C Details about Experiments

C.1 Training Datasets

To construct the training corpus, we curate a bal-
anced subset from the training split of the MATH
dataset. Adhering to the generation protocols of
(Guo et al., 2025), we synthesize the initial reason-
ing chains using the base model with temperature
T = 0.6 and sampling top-p = 0.95, utilizing the
standard prompt template defined in Table 4. We
enforce a correctness constraint by filtering out tra-
jectories that fail to yield the ground-truth answer.
From the valid pool, we apply stratified sampling
to select 500 instances uniformly from each of the
five difficulty levels, resulting in a total of 2,500
samples. These validated sequences constitute our
original verbose reasoning chains, denoted as Rig.

Task Type Input Prompt Construction
Input:
{Question}

Standard Please reason step by step, and
put your final answer within
\boxed{}.
— Target: <think> {Original CoT}
Input:
{Question}

Compressed  p1oase reason step by step, and
put your final answer within

\boxed{}[E0S]1<|compressed|>[EOS]
— Target: <think> {CRISP CoT} ...

Table 4: Input formatting protocols for multi-task
fine-tuning. We directly append the specific control
suffix to the reasoning prompt for the compressed track,
enabling the model to distinguish between the two gen-
eration modes.

C.2 Evaluation Datasets

Our evaluation protocol encompasses three bench-
marks representing a broad spectrum of reasoning
complexity. We begin with GSM8K (Cobbe et al.,
2021), utilizing the official test set to assess the
model’s proficiency in basic multi-step arithmetic
and logical reasoning. To evaluate performance
on more rigorous competition-level mathematics,
we employ MATH-500, a representative test subset
of the challenging MATH benchmark (Hendrycks
et al., 2024) covering diverse subjects such as al-
gebra, geometry, and calculus. Finally, to test the
model’s robustness to out-of-distribution tasks and
unseen problems, we introduce AMC23 (AMC,
2025), a dataset comprised of questions from the
2023 American Mathematics Competitions (AMC
10/12). This diverse suite ensures a comprehen-
sive assessment of the model’s ability to maintain
reasoning fidelity across varying difficulty levels
under the compression constraints.

C.3 Implementation Details

Training Configuration. Following the data
construction phase, we perform multi-task full-
parameter fine-tuning on both the 1.5B and 7B
variants of the DeepSeek-R1-Distill series. We uti-
lize the LLaMA-Factory framework (Zheng et al.,
2024) for efficient training. To accommodate mem-
ory constraints while maximizing throughput, we
employ different DeepSpeed optimization strate-
gies: ZeRO-Stage 2 for the 1.5B model and ZeRO-
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Stage 3 (Offload) for the 7B model (Rasley et al.,
2020). We maintain a global effective batch size
of 32 across all experiments using gradient accu-
mulation. The models are trained for 3 epochs
with the AdamW optimizer, a constant learning
rate of 1 x 107, and a maximum sequence length
of 8,192 tokens. All training runs are conducted in
bfloat16 precision to ensure numerical stability.

Inference and Evaluation. For efficient evalu-
ation, we deploy the fine-tuned models using the
vLLM engine (Kwon et al., 2023). Following the
recommended protocols from Guo et al. (2025),
we adopt a sampling strategy with temperature
T = 0.6 and nucleus sampling top-p = 0.95. To
align with the varying complexity of the evalua-
tion benchmarks, we set the maximum generation
length to 4,096 tokens for GSMS8K, and extend it
to 8,192 tokens for more demanding datasets such
as MATH-500, AMC23.

Hardware Infrastructure. Our experimental in-
frastructure comprises two distinct server nodes,
equipped with 4 x NVIDIA L20 and 4 x NVIDIA
RTX 3090 GPUs, respectively. All models are im-
plemented in PyTorch.

C.4 Implementation Details of Baselines

To ensure reproducibility and fair comparison, we
detail the specific input formulations and training
configurations for the baseline methods. Table 5
provides a unified view of the exact input prompts
used for CoD (Xu et al., 2025a), TALE (Han et al.,
2025), A*Thought (Xu et al., 2025b) and Token-
Skip (Xia et al., 2025). While CoD and TALE rely
primarily on prompt engineering to induce brevity,
TokenSkip and A*Thought involve specific training
procedures, which we detail below.

Details for TokenSKkip. Following the official
implementation, we employ LLMLingua2 (Pan
et al., 2024) to perform token-level compression
on the source data. Crucially, to strictly align the
experimental setting, we randomly subsample the
compressed data to match the exact training set size
of our method. In strict adherence to the original
training protocols, we utilize Low-Rank Adapta-
tion (Huetal., 2022) for fine-tuning with a learning
rate of 5 x 10~°. During inference, we set the com-
pression ratio control parameter v = 0.7 to guide
the generation length.

Details for A*Thought. For the A*Thought
baseline, we adhere to the original algorithmic
search framework. We utilize GPT-2 (Radford

et al., 2019) as the scorer model and employ the
backbone model itself as the validator. Both the
training and search phases are conducted using
the hyperparameters recommended in the official
repository.

D Extended Experimental Results and
Analysis

D.1 Performance Evaluation under Strict
Resource Constraints

While previous experiments have established that
the CRISP framework effectively reduces the
length of Chain-of-Thought without significantly
compromising model capabilities, it is crucial
to investigate its viability in strictly resource-
constrained scenarios. In this subsection, we focus
on CRISP’s performance and token efficiency un-
der tighter computational budgets and severe gen-
eration limits.

Following the evaluation protocols established
by A*Thought (Xu et al., 2025b), we assess our
method on backbone models of varying scales
(1.5B and 7B). We simulate low-resource environ-
ments by imposing strict maximum token genera-
tion limits of 1024, and 2048, respectively. The de-
tailed results across various datasets are presented
in 8 and 9.

The empirical results demonstrate CRISP’s effec-
tiveness across different Large Language Models.
Notably, CRISP consistently achieves the highest
Token Efficiency scores under all budget conditions
compared to baselines. This consistent superiority
strongly validates the robustness and efficacy of the
CRISP method in the CoT compression process,
confirming its practical utility even when deploy-
ment resources are severely limited.

D.2 Extended Analysis of Reasoning
Trajectory

Complementing the discussion in Section 5.3,
Figure 8 presents the comprehensive reasoning
step distributions and cumulative accuracy curves
across all evaluated configurations (Qwen-1.5B and
Qwen-7B on both GSM8K and MATH-500).
These results corroborate the findings presented
in the main text, demonstrating that the efficiency
gains of CRISP are robust across different model
scales and task complexities. As illustrated, the
distributional shift towards shorter trajectories is
consistent across all settings. Furthermore, the cu-
mulative accuracy analysis confirms that to attain
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Figure 8: Reasoning step distribution and cumulative accuracy analysis across different models and datasets.
(a)-(d) show results for Qwen-1.5B on GSMSK, Qwen-1.5B on MATH-500, Qwen-7B on GSM8K, and Qwen-7B on
MATH-500, respectively. For each configuration, the left subplot displays the density distribution of reasoning steps
for correct samples, while the right subplot shows the cumulative accuracy curves. The figures reveal significant
distributional shifts in trajectory length, with the CRISP-tuned models requiring approximately 10-15 fewer steps to
achieve 80% cumulative accuracy compared to the original models.

equivalent accuracy levels, the proposed method
requires significantly fewer steps. Specifically, a
reduction of approximately 25-40 steps is consis-
tently observed across all experimental scenarios.

D.3 Case Study of CRISP

To intuitively illustrate the transformation process
from the Original CoT to our Compressed CoT, we
present a detailed case study in Table 10. Draw-
ing from the GSM8K dataset, this example con-
trasts the raw, full-length CoT (Left) with our pro-
cessed reasoning path (Right). Specifically, the left
column visualizes how the four atomic operations
(FUSE, PRUNE, REWRITE, KEEP) are employed
to identify the key reasoning path. This is followed
by a final optimization stage where an external
LLM refines the semantic coherence and logical
integrity of the condensed chain.

D.4 Comprehensive Visualization and
Analysis of Attention Dynamics

To provide a comprehensive view of the model’s
internal mechanics, this section extends the anal-
ysis presented in the main text by visualizing
the complete layer-wise attention maps for both
the DeepSeek-R1-Distill-Qwen-1.5B (Figure 9)
and the 7B variant (Figure 10). These visualiza-
tions are obtained by averaging the attention scores
across all heads within each layer, providing a rep-

resentative view of how information is processed
as it passes through the network.

Across both model scales, we observe a con-
sistent transition in attention patterns as the depth
increases. In the initial layers, attention is rela-
tively diffuse, with the model attending broadly to
the input tokens and the generated reasoning chain.
This suggests that the early stages of processing
are primarily concerned with local context and the
immediate sequence structure.

As the hidden states progress into the middle
and deeper layers, a distinct shift occurs: the at-
tention becomes increasingly concentrated on the
</think> token. This vertical concentration indi-
cates that the model begins to treat the boundary
token as a primary site for information aggrega-
tion. Specifically, during the generation of the final
answer, the attention scores for the </think> posi-
tion remain high, while direct attention to the pre-
ceding reasoning steps gradually diminishes. This
observation holds for both the 1.5B and 7B mod-
els, effectively demonstrating that the use of the
</think> token as a semantic anchor is a robust
behavior across different parameter scales within
the distilled R1 series.
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Algorithm 1: Critical Reasoning Paths Search

Input :Query z, Verbose Chain R = {r1,...,rn}, Model M, Efficiency weight 3, Thresholds 7
Output : Compressed Chain C
// 1. Pre-computation Phase
1 Compute step-wise attention scores S = {s1, ..., sn } for the original chain using M;
2 Initialize compressed chain C < 0;
// 2. Sequential Greedy Search
3 fort <+ 1to N do

4 Let r; be the current step and s; € S its attention score;

// Heuristic Gating: Determine Allowed Action Space A;
5 if not IsEmpty(C) and Sim(Ciqst,74¢) > Tsim then
6 \ A; < {FUSE} ; // Merge semantically similar steps
7 else if s; < 70, then
8 | At {PRUNE, REWRITE} ; // Skip or Condense low-info steps
9 else if s; < Thign then
10 | At {REWRITE} ; // Condense medium-info steps
1 else
12 | At < {KEEP,REWRITE} ; // Preserve critical logic

// Action Selection: Joint Optimization of Fidelity and Efficiency
13 a” 4 argmax,¢ 4, (Alog P(ylz,C®a(r:)) —5 - Len(a(m)));

———
Prediction Fidelity Gain Token Cost

// State Update

14 C « Update(C,a",r:);

15 return C

Method Input Prompt Construction

Input:
Standard / A*Thought {Question}
Please reason step by step, and put your final answer within \boxed{}.

Input:

{Question}

CoD (Xu et al., 2025b) Plgase reason step by step, and put your final answer within \bo%ed{}.
Think step by step, but only keep a minimum draft for each thinking step,
with 5 words at most.

Input:

TALE (Han et al., 2025) {Question}
Let’s think step by step and use less than 4096 tokens.

Input:

{Question}
Please reason step by step, and put your final answer within
\boxed{}[EOS]{Ratio}[EOS]

TokenSKkip (Xia et al., 2025)

Input:

{Question}
Please reason step by step, and put your final answer within
\boxed{}[EO0S]<|compressed|>[EOS]

CRISP (Ours)

Table 5: The exact input prompt templates used for the baselines and our method. Note that TALE replaces the
standard instruction with a length-constrained prompt, whereas CoD, TokenSkip, and CRISP append specific
constraints or control tokens to the standard instruction. The control suffix for our method is highlighted in bold.

39369



Primitive

Prompt Template

REWRITE

[System Message]

You are an expert at condensing reasoning steps. Your task is to rewrite the given reasoning step to be
more concise while preserving all essential information and logical flow.

Rules:

1. Keep all key facts, numbers, and logical connections.
2. Remove redundant phrases and verbose expressions.
3. Maintain the mathematical or logical correctness.

4. Output ONLY the condensed step, no explanations.

[User Message]

Compress this reasoning step as short as possible:
<step> {Original Step} </step>
Compressed:

FUSE

[System Message]

You are an expert at merging reasoning steps. Your task is to combine two consecutive reasoning steps
into a single, coherent step while preserving all essential information.

Rules:

1. Preserve all key facts, numbers, and calculations.

2. Maintain logical flow and correctness.

3. Remove redundant information that appears in both steps.

4. The merged step should be shorter than the sum of both steps.
5. Output ONLY the merged step, no explanations.

[User Message]

Merge these two steps into one step as short as possible:
Step 1: {Step 1}

Step 2: {Step 2}

Merged:

Table 6: Prompt templates used for Atomic Operations. We utilize structured system instructions to enforce
strict constraints on information retention and output brevity. The {. . .} placeholders denote the dynamic input
content from the reasoning chain.

Role Content Specification

System  You are an expert mathematical editor. Your task is to refine a rough reasoning draft. Restore logical continuity
and mathematical accuracy. Match the Original CoT’s exact tone, formatting, and style.

User ### Question

{Input Query}

### Original CoT (ONLY for Reference)
{Original Verbose Chain}

### Rough Draft (To Refine)
{Compressed Output from Search}

#i# Instruction

Refine the Rough Draft to ensure mathematical coherence and logical flow.
1. Fill in missing algebraic manipulations and arithmetic calculations.

2. Match the style and formatting of the Original CoT.

3. Output ONLY the refined reasoning text.

4. Ensure the calculations lead correctly to the final answer.

#i# Refined Rough Solution:

Table 7: The full prompt template used in the Reference-Conditioned Restoration phase. The prompt is structured
to condition the teacher model on three inputs: the query, the semantic reference (Original CoT), and the structural
target (Distilled CoT), ensuring the output is both fluent and concise.
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GSMSK MATH-500 AMC23 Average

Method
Acc. 1 Tok. ] TE.?T Acc.?T Tok.| TE.t1 Acc.?T Tok.|] TE.?T Acc.t Tok.| TE.t
Model: DeepSeek-R1-Distill-Qwen-1.5B (Budget: 1024)
Original 534 910 586 22.0 1007 2.18 10.0 1023 098 285 980 2091
CoD 67.5 472 1430 36.8 926 397 125 997 125 389 798 4.87
TALE 56.3 454 1241 228 944 242 175 995 176 322 798 4.04
TokenSkip 546 822 6.64 296 958 3.09 100 1003 1.00 314 928 3.38

A*-Thought 63.1 638 989 362 758 478 150 960 156 38.1 785 4.85
CRISP (Ours) 781 431 18.12 558 765 7.29 525 927 566 621 708 8.77

Model: DeepSeek-R1-Distill-Qwen-7B (Budget: 1024)

Original 584 897 651 228 1002 228 175 1020 1.72 329 973 338
CoD 728 262 2778 46.6 775 601 225 925 243 473 654 723
TALE 70.7 160 4421 346 684 506 125 962 130 393 602 653
TokenSkip 715 747 957 384 933 412 325 957 340 475 879 5.40

A*-Thought 71.6 564 1269 416 653 637 175 694 252 436 637 6.84
CRISP (Ours) 89.2 369 24.18 66.2 715 926 425 873 487 66.0 652 10.12

Table 8: Performance comparison under a strict token budget of 1024 tokens. We report Accuracy (Acc.), Average
Tokens (Tok.), and Token Efficiency (TE). Bold and underline denote the best and second-best results, respectively.

GSMSK MATH-500 AMC23 Average

Method

Acc. 1 Tok. | TE.T Acc.? Tok.] TE.T Acc.t Tok.| TE.1T Acc.? Tok.] TE. T

Model: DeepSeek-R1-Distill-Qwen-1.5B (Budget: 2048)

Original 712 1310 543 454 1754 259 325 1913 1.70 49.7 1659 3.00
CoD 71.3 576 1239 59.2 1468 4.03 350 1812 193 552 1285 4.30
TALE 643 645 997 474 1599 296 275 1806 1.52 464 1350 3.44
TokenSkip 674 1206 559 486 1633 298 275 1756 1.57 47.8 1532 3.12

A*-Thought 66.5 779 854 480 1102 436 225 1309 1.72 457 1063 4.30
CRISP (Ours) 79.5 482 16.50 68.0 1057 6.43 50.0 1311 3.81 658 950 6.93

Model: DeepSeek-R1-Distill-Qwen-7B (Budget: 2048)

Original 83.6 1178 7.09 528 1713 3.08 40.0 1854 2.16 588 1582 3.72
CoD 72.0 275 26.16 61.2 1087 563 475 1575 3.02 602 979 6.15
TALE 69.0 164 42.07 498 1099 453 425 1654 257 538 972 553
TokenSkip 829 942 880 604 1437 420 475 1615 294 63.6 1331 4.78

A*-Thought 748 620 12.06 484 804 6.02 250 1040 240 494 821 6.02
CRISP (Ours) 899 369 2437 78.0 895 872 65.0 1275 510 77.6 846 9.17

Table 9: Performance comparison under a token budget of 2048 tokens. We report Accuracy (Acc.), Average
Tokens (Tok.), and Token Efficiency (TE). Bold and underline denote the best and second-best results, respectively.
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Original CoT (Annotated with Search Actions)

‘ Evolution of Reasoning (Compressed — Refined)

Question: What is the positive difference between the sum of % and é and the
product of % and £?

[REWRITE] Alright, so I need to find the positive difference between the sum
of 1/2 and 1/3 and the product of 1/2 and 1/3. Hmm, okay, let’s break this
down step by step. I think I should first figure out what the sum is and then the
product, and then subtract one from the other. But wait, the question says the
positive difference, so maybe I need to make sure the result is positive, just in
case the subtraction goes the other way. Let me write this down to visualize it
better.

[REWRITE] First, let’s calculate the sum of 1/2 and 1/3. T remember that to
add fractions, they need to have the same denominator. The denominators here
are 2 and 3. The least common denominator for 2 and 3 is 6. So I can convert
both fractions to have 6 as the denominator.

[REWRITE] Now, the problem asks for the positive difference between the
sum and the product. So, I think that means I need to subtract the product from
the sum and then take the positive value of that result. Let me write that down:
positive difference = Isum - productl.

[PRUNE] So, plugging in the values I found: sum is 5/6 and product is 1/6.
Therefore, the difference is 5/6 - 1/6. Again, since the denominators are the
same, I can subtract the numerators directly. 5 minus 1 is 4, so the difference is
4/6.

[PRUNE] Wait, 4/6 can be simplified, right? Both 4 and 6 are divisible by 2. So,
dividing numerator and denominator by 2, we get 2/3. Therefore, the positive
difference is 2/3.

[REWRITE] Let me just double-check my steps to make sure I didn’t make a
mistake. First, adding 1/2 and 1/3: converted to sixths, got 3/6 and 2/6, added
to 5/6. Then, multiplying 1/2 and 1/3: 1/6. Then subtracting 1/6 from 5/6 gives
4/6, which simplifies to 2/3. Seems solid.

[REWRITE] Hmm, another way to think about it: maybe I should write it out
as an equation. Let me define S as the sum and P as the product.

[REWRITE] S = 1/2 + 1/3
P=(1/2) * (1/3)

Difference = IS - Pl
[REWRITE] Calculating S:
172 + 1/3 = (3/6) + (2/6) = 5/6

[REWRITE] Difference:
15/6 - 1/61 = 14/6] = 4/6 = 2/3

[REWRITE] Yep, that’s consistent with what I did before. So, I think 2/3 is
the correct answer. Just to make sure, let me think about the operations again.
Sum is bigger than the product because both fractions are less than 1, so their
product will be smaller than either of them. So, subtracting the product from
the sum should give a positive number, which it does, 2/3. So, that makes sense.

[REWRITE] I don’t think I made any calculation errors here. The steps all
follow logically, and I've double-checked them. So, I'm confident that the
positive difference is 2/3.

[KEEP] **Final Answer**

2

The positive difference is

1. Compressed Output (Post-Search)
(Result of executing search actions)

Find the positive difference between (1/2 + 1/3) and (1/2 x 1/3).

To add 1/2 and 1/3, find a common denominator of 6, converting them to 3/6 and
2/6, then add the numerators to get 5/6; then find their product by multiplying
the numerators (1 x 1=1) and denominators (2 X 3=6) to get 1/6.

Positive difference = Isum - productl.

Adding 1/2 and 1/3 gives 5/6. Multiplying them gives 1/6. Subtracting 1/6 from
5/6 yields 4/6, which simplifies to 2/3.

Define S as the sum and P as the product.

S =1/2 + 1/3, P = (1/2)*(1/3), Difference = IS - PI

S=1/2+1/3=3/6+2/6 =5/6, and P = (1/2)*(1/3) = 1/6.

15/6 - 1/61 = 4/6 = 2/3

Since the sum exceeds the product, the positive difference is 2/3.

The positive difference is 2/3.

2
**Final Answer** The positive difference is .

| Refinement Step |

2. Final Refined CoT (Training Target)
Alright, so I need to find the positive difference between the sum of 4 and %

2
and the product of % and % Let’s break this down step by step.
First, I’ll compute the sum:

1 n 1

2 3
To add these fractions, I need a common denominator. The least common
multiple of 2 and 3 is 6.

1 1x1 1
3 2x3 6

Now, the problem asks for the positive difference between the sum and the
product. That means I need

[sum — product] .

Substituting the values:

Let me double-check: Since % > é, the difference is already positive, so the
absolute value doesn’t change the result. Thus, the positive difference is %

Final Answer
2
3

Table 10: Case study illustrating the complete compression and refinement pipeline. The left column displays the
original CoT annotated with our four discrete actions: REWRITE abstracts the core intent from conversational fillers

(Step 0);

synthesizes fragmented arithmetic details into a single dense step (Steps 2—-3); PRUNE eliminates

redundant intermediate derivations from the chain (Steps 5-6); and KEEP preserves valid original steps without
modification. The right column shows the transition from the compressed (high-density but disjointed) state to the

final refined CoT (coherent and structured).
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Figure 9: Full layer-wise attention maps for DeepSeek-R1-Distill-Qwen-1.5B on a representative GSM8SK
sample. Each subplot represents one layer (averaged across all heads). The prominent vertical column emerging in

the middle and deep layers corresponds to the </think> token, acting as a site for information aggregation.
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Figure 10: Full layer-wise attention maps for DeepSeek-R1-Distill-Qwen-7B. Similar to the 1.5B variant, the
model exhibits a systematic transition from diffuse attention to concentrated attention at the </think> token position

as depth increases, reinforcing its role as a semantic anchor for the preceding reasoning chain.
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