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Abstract

Although Large Language Models (LLMs)
have made remarkable progress, current pref-
erence optimization methods still struggle to
align directional consistency while preserving
reasoning diversity. To address this limitation,
we propose Directional-Groupwise Preference
Optimization (DGPO), a lightweight frame-
work that aggregates supervision signals at the
group level and explicitly models direction-
aware alignment through multi-candidate com-
parisons. DGPO organizes forward and reverse
question-answer instances into structured sets
and optimizes a margin-based likelihood ob-
jective that separates coherent reasoning paths
from inconsistent alternatives. This group-
wise formulation captures richer relative in-
formation than pairwise objectives and rein-
forces consistency across diverse reasoning
pathways. Empirical results show that our con-
structed reverse data yields a 3.2% average
improvement across five benchmarks, while
DGPO further delivers consistent gains across
multiple datasets and model families, achiev-
ing average accuracy improvements of up to
3.6%. Our code and data are available at
https://github.com/Demi-deng2/DGPO.

1 Introduction

Large Language Models (LLMs) have demon-
strated impressive capabilities across diverse lan-
guage and reasoning tasks (OpenAl, 2023; Touvron
et al., 2023; Li et al., 2025). However, aligning
these models to reason faithfully and follow in-
tended problem semantics remains a key challenge.
Most existing alignment efforts focus primarily on
forward reasoning, where conclusions are derived
step by step from given premises—for example,
computing the arithmetic mean of all three-digit
palindromes (see Figure 1). In contrast, reverse
reasoning, such as inferring the total sum from the
given mean and count of palindromes, has received
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far less attention. Human cognition is inherently
bidirectional: in problem solving, planning, or theo-
rem proving, people routinely combine forward de-
duction with backward inference (Al-Ajlan, 2015;
Newell et al., 1972; Jara-Ettinger, 2019). This mo-
tivates the integration of reverse reasoning as a
complementary element, essential for achieving
more robust and generalizable alignment in LLMs.

Recent work explores reverse supervision as a
complement to forward reasoning. MathGenie (Lu
et al., 2024) employs back-translation from solu-
tions to generate new problems, while Reverse
Thinking (Chen et al., 2024) demonstrates that
paired forward and backward exemplars enhance
commonsense reasoning. Optimization-focused
studies such as OptiBench (Yang et al., 2024) ex-
tend reverse supervision across linear and non-
linear settings, with ReSocratic applying back-
translation of demonstrations. Deng et al. (2025)
explicitly trains on inverted reasoning trajecto-
ries, enabling models to learn bidirectional reason-
ing patterns rather than relying solely on forward
chains. Broader paradigms further highlight this
trend: Reason-from-Future (Xu et al., 2025) al-
ternates between forward and backward chains to
improve math accuracy; backward reconstruction
aids causal hypothesis testing (Ranaldi et al., 2025);
and reverse exemplars strengthen reasoning (Deb
et al., 2024; Wang et al., 2025).

Despite recent advances, existing reverse-
supervision methods rarely specify how models
should internalize directional signals. Reverse ex-
emplars distilled from teacher models are used
without explicit directional cues, limiting models’
ability to capture richer alignment signals. This
challenge is further compounded by the Reversal
Curse (Berglund et al., 2023), which shows that
transformers often fail to generalize under task in-
version due to unstable entity binding, even when
trained on large-scale inverted data. Architectural
remedies such as the Joint-Embedding Predictive
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Architecture (Wang and Sun, 2025) mitigate this
via additional memory components, but their re-
liance on strong inductive biases and structural
modifications limits scalability. Moreover, most ap-
proaches emphasize a single correct solution while
overlooking the diversity of valid reasoning paths,
reducing models’ ability to generalize across dis-
tinct reasoning trajectories. These observations call
for alignment strategies that jointly model direc-
tional consistency and reasoning diversity within a
unified framework.

We address these challenges with Directional-
Groupwise Preference Optimization (DGPO), a
framework that builds on a high-quality dataset
by generating both forward and reverse supervi-
sion, organizing them into structured groups, and
optimizing a margin-based likelihood objective.
DGPO regulates group preferences through direc-
tional consistency, while its groupwise formula-
tion further encourages diversity across reason-
ing paths. This design effectively distinguishes
inconsistent reasoning from coherent alternatives,
thereby strengthening the overall alignment signal.
Our main contributions are summarized as follows.

* Data Augmentation: Starting from 817 cu-
rated problems in the LIMO dataset (Ye et al.,
2025), we construct groups that contain both
forward and reverse instances, with each prob-
lem represented by three alternative solution
paths in each direction. Distillation on the
reverse solutions yields an average accuracy
improvement of 3.2% over the base model.

Directional-Groupwise Optimization: We
introduce DGPO, which organizes forward
and reverse supervision into structured groups
and optimizes a margin-based likelihood ob-
jective. This groupwise formulation enforces
directional consistency while naturally incor-
porating diverse reasoning paths.

Empirical Evaluation: DGPO achieves con-
sistent accuracy gains of 1%-3.6% across di-
verse benchmarks. Additional experiments
analyze how scaling the number of reverse
groups affects alignment performance.

2 Related Work

Data-Efficient Reverse Supervision. Research
has increasingly examined reverse reasoning as
a complement to forward supervision, highlight-
ing its data efficiency and potential for enhancing

model alignment and reasoning diversity (see Ap-
pendix 8.1 for further discussion). MathGenie (Lu
et al., 2024) generates new problems via solution-
to-question back-translation, and RevThink (Chen
et al., 2024) distills paired forward—backward ex-
emplars. Deng et al. (2025) trains on inverted rea-
soning trajectories, enabling models to learn bidi-
rectional reasoning patterns. Verification-oriented
methods such as FOBAR (Jiang et al., 2024) and
RCoT (Xue et al., 2023) adopt reverse formula-
tions for self-checking, while R? (Xi et al., 2024)
introduces a reverse curriculum in reinforcement
learning. OptiBench (Yang et al., 2024) and its
ReSocratic synthesis strategy construct problems
by reversing from solutions. Additional directions
include causal hypothesis testing through backward
reasoning (Ranaldi et al., 2025), reverse-style ab-
ductive inference (Deb et al., 2024), and reverse
exemplars for few-shot prompting and geometry
reasoning (Deng et al., 2024; Wang et al., 2025).
Despite the demonstrated potential of reverse data,
its contribution to LLM alignment remains insuffi-
ciently studied, particularly in enhancing diversity
across reasoning pathways.

Direct Preference Optimization Variants. Di-
rect Preference Optimization (DPO) (Rafailov
et al., 2023) aligns language models through a
closed-form preference objective, avoiding explicit
reward-model fitting and unstable online reinforce-
ment learning. Subsequent variants modify ei-
ther the calibration strategy or the margin struc-
ture: KTO (Ethayarajh et al., 2024) reframes align-
ment with prospect-theoretic gains and losses, (-
DPO (Wu et al., 2024) replaces a fixed inverse-
temperature with a dynamic 3, and SimPO (Meng
et al., 2024) removes the reference model through
a normalized reward surrogate. Despite these ad-
vances, existing DPO variants remain fundamen-
tally pairwise and do not explicitly model whether
multiple candidate solutions are directionally co-
herent with the same problem instance.

Group Relative Policy Optimization (Shao
et al., 2024) enhances alignment by operating at
the group level, where aggregating multiple outputs
provides more diverse preference signals and im-
proves generalization. Several extensions build on
this idea: TreeRPO (Yang et al., 2025b) improves
GRPO by replacing sparse trajectory-level rewards
with tree-sampled, step-level dense rewards, en-
abling more fine-grained optimization of interme-
diate reasoning steps; Posterior-GRPO (Fan et al.,
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Figure 1: An overview of the DGPO training framework. The process begins with forward problems (z f), each of
which can be paired with a reverse question (z,.) formulated in the opposite reasoning direction. A teacher model
then produces multiple candidate solutions for each problem type ({ys;};_; for x; and {y,;}3_, for z,). The
solutions are subsequently structured into direction-consistent (G*) and direction-divergent (G ™) groups, wherein
consistency is determined by matching a prompt’s directionality with its corresponding solutions (e.g., xy with
{ysi}3_1). DGPO is trained on this structured supervision, incorporating directional modeling and uncertainty-based

regulation to enhance alignment stability.

2025) conditions on successful outcomes to mit-
igate reward hacking and provide more reliable
supervision; and DARS (Yang et al., 2025¢) im-
proves GRPO by correcting its bias via difficulty-
adaptive rollout sampling and large-batch training
to enhance both Pass@K and Pass@1 reasoning
performance. Task-oriented refinements include
GRPO-LEAD (Zhang and Zuo, 2025), which ap-
plies difficulty- and length-aware scaling to encour-
age concise mathematical reasoning, and noise-
aware variants such as S-GRPO (Shen et al., 2025),
which use advantage reweighting to improve robust-
ness under imperfect supervision. Despite these ad-
vances, applications of group-based optimization
to directional alignment remain scarce. This mo-
tivates our direction-aware extension, which con-
structs group-level supervision and leverages inter-
nal model judgments to enforce forward-reverse
consistency while adaptively modulating update
strength based on directional signals.

3 Methodology

We present Directional-Groupwise Preference Op-
timization (DGPO), a training framework that ag-
gregates supervision signals at the group level (see
Figure 1). Starting from an original forward prob-
lem, the teacher model constructs its reverse coun-

terpart and generates distinct solution paths for
both directions, forming a coherent-direction group
(G™) and a direction-inconsistent group (G ™) (Sec-
tion 3.1). The student model is then trained under
DGPO, where Section 3.2 introduces directional
consistency modeling, and Section 3.3 defines the
groupwise training objective.

3.1 Directional Group Data Construction

We begin with the 817 curated problems, de-
noted as forward problems z, from the LIMO
dataset (Ye et al., 2025), whose small scale and
careful curation make it well-suited for studying
reasoning alignment. For each xy, the teacher
model (DeepSeek V3 (Liu et al., 2024)) generates
a corresponding reverse question x,., as illustrated
in Figure 1. Subsequently, Qwen3-32B (Yang
et al., 2025a) solves both forward and reverse ques-
tions, producing three distinct forward solutions
({ys:}3_,) and three reverse solutions ({yyi}5_;),
each with complete reasoning traces and final an-
swers. To ensure reliability for downstream train-
ing, every solution is verified by Qwen3-8B: if an
answer is judged incorrect, the corresponding re-
verse problem is resubmitted to Qwen3-32B until
a correct solution is obtained.

Based on this pipeline, we organize the data
into directional groups for DGPO training. For
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each prompt z, we construct a set of preferred,
direction-consistent solutions, G* (), and a set of
dispreferred, direction-divergent solutions, G~ ().
Specifically, for a forward prompt x ¢, the preferred
set is composed of its corresponding forward solu-
tions, G (xs) = {ys:}3_,, while the dispreferred
set contains the solutions generated for its reverse
counterpart, G~ () = {y,i}3_,. Conversely, for
a reverse prompt ., the preferred set consists of
its validated reverse solutions, G*(x,.) = {ym-}?:l,
and the dispreferred set is formed from the solu-
tions of the original forward problem, G~ (z,) =
{yi}?_,. This bidirectional grouping strategy ex-
plicitly encodes the desired reasoning direction-
ality, providing the structured preference signals
required for DGPO training. The complete prompt
templates and data collection configurations are
detailed in Appendix 8.3.

3.2 Modeling Directional Consistency

Having constructed bidirectional groups of forward
and reverse solutions, we train the model to discern
directionally coherent reasoning from inconsistent
alternatives. Each prompt includes multiple can-
didate responses, comprising direction-consistent
solutions and reverse-problem solutions that ap-
pear off-target within the current reasoning context.
Since these candidates reflect varying degrees of
directional consistency, we introduce a confidence-
aware mechanism that estimates directional align-
ment together with an associated uncertainty signal.

3.2.1 Consistency Estimation

For each prompt-solution pair (x,y), we process
the concatenated sequence (z;y) using the pol-
icy model 7y to obtain a hidden representation
he(z,y). This representation is fed into a small
projection head that predicts the parameters (v, 3)
of a Beta distribution. This distribution models the
uncertainty in our estimate of the probability that
solution y is directionally consistent with prompt .
We denote the resulting Beta-parameterized consis-
tency distribution as:

Q(d ’ x?l/) = Beta(a(w,y),ﬂ(x,y)),

where a(z,y) > 0and B(x,y) > 0 are the positive
outputs of the projection head. The mean of this dis-
tribution, d(z,y) = E[d] = a/(a + [3), represents
the estimated probability that the solution y is direc-
tionally consistent with the prompt . The variance,
o%(z,y) = Varld] = a/[(a + B)*(a + B+ 1),
quantifies the uncertainty proxy in this estimate. To

stabilize training, we prevent gradients from flow-
ing from the consistency head back to the policy en-
coder’s hidden states hy(x, y) using a stop-gradient
operation.

3.2.2 Variance-Aware Aggregation

The estimated consistency and uncertainty are used
to compute a weighted influence for each solu-
tion during group aggregation. While the frame-
work theoretically supports multiple formulations
for combining these signals, our implementation
adopts a numerically stable variant where variance
penalties are directly incorporated into the prefer-
ence scores rather than the weights.

For each solution, we define the preference score
as the length-normalized log-probability under the
policy:

|y

1
Doy | z) = leogm(yﬁx,yq), 1)
t=1

where |y| denotes the number of tokens in the re-
sponse y. We compute the log-probability over
response tokens only. This length normalization
prevents systematic bias towards longer responses.

The pre-activation scores for the preferred and
dispreferred groups are computed by combining
the policy’s likelihood, the estimated consistency,
and an uncertainty penalty:

z,y) = Tono(y | ) + logd(z,y) — o*(z,y),

u” (2,y) = T Doy | 2) +log(1 — d(x,y)) — o*(x,y),
2
where Tywin, Tlose > 0 are temperature parame-
ters. This formulation rewards solutions with high
likelihood (Ay), high predicted directional consis-
tency (logd(z,y) or log(1l — d(z,y))), and low
estimated uncertainty (as directly penalized by the
variance term —a2(z, y)).

+(

3.3 DGPO Training Objective

The pre-activation scores for all solutions in a group
are aggregated to form group-level scores using a
temperature-scaled log-sum-exp operation:

Af (2) = Twinlog > exp (u'(z,9)), (3)
yeGT(z)

A;(J:) = Tlose l0g Z exp (U_($,y)) . @
yeg— (x)

The core training objective is a contrastive loss
that encourages a margin between the aggregated
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score of the preferred group and that of the dispre-
ferred group:

£06r0(0,0) = ~E [log 0 (Amasgin (45 () — 45 ()]

&)
where Apargin > 0 is a scaling factor and o is the
logistic sigmoid function.

To mitigate model overconfidence and stabilize
the training of the consistency head, we intro-
duce two regularization terms. The first is a di-
rectional KL divergence penalty that incorporates
prior knowledge of group structure by discouraging
deviations from group-specific prior distributions:

Rir = AaEey [I(y € G7) - KL (q || p+)

fyeg)-KLig|p)], @

where ¢ = ¢(- | z,y) denotes the learned con-
sistency distribution, I(-) is the indicator function,
and p4 and p_ are asymmetric Beta priors corre-
sponding to the preferred and dispreferred groups,
respectively. These priors are chosen such that p
is biased toward 1, encouraging high consistency
estimates for G+, while p_ is biased toward 0, fa-
voring low consistency estimates for G~.

The second is an optional penalty on the average
predictive uncertainty across all candidate solutions
for a prompt:

1

Rear = \EPE

AE: | > APy, D
Y

€G(z)

where G(x) = G (x) UG~ (z) denotes the full set
of candidate solutions for prompt x.

The complete objective function minimized dur-
ing training is:

j(G, ¢) = LDGPO(ea d)) + Rkr + Rvar-  (8)

The parameters of the policy model 6 and the
consistency head ¢ are optimized jointly to mini-
mize the objective 7. We employ the AdamW op-
timizer with standard practices, including gradient
clipping and a cosine learning rate decay schedule.
The base training procedure is summarized in Al-
gorithm 1. The algorithm processes minibatches
of prompts, and for each prompt, it computes the
group aggregates and updates the model parame-
ters. For specific implementation details, including
hyperparameters and model configurations, we re-
fer the reader to Section 8.2.

Algorithm 1 DGPO Training
1: Input:
sistency

Minibatch B, policy g,
head gy, hyperparameters
A (grp)

Twins Tloses Akl Avar

con-

2: Output: Updated parameters 6, ¢

3: for each prompt x € B do

4 Retrieve Gt (z) and G~ (z)

5: for eachy € G (z) UG (x) do

6: Compute hy(z,y)

7: Obtain d(z,y), o*(x,y) from g,

8: Compute Ag(y | ) via Eq. (1)

9: Form u™ (x,y),u™ (x,y) via Eq. (2)
10: end for
11: Aggregate A/ (z), A, (z) via Egs. (3)-(4)
12: Compute Lpgpo(x) via Eq. (5)
13: Compute Rkr,(z) via Eq. (6)
14: Compute Ryar () via Eq. (7)
15: end for
16: J <+ %},‘ > zesllpapo(z) + Rku(z) +

Ryar()]

17: Update 6 < 0 —nVypJ
18: Update ¢ <— ¢ —nVyJ
19: return 6, ¢

When each group G (x) and G~ (z) contains
only one response, Egs. (3)—(5) collapse to the
familiar pairwise contrastive objective, showing
that DGPO can be viewed as a groupwise ex-
tension of conventional preference optimization.
When multiple responses are available, the log-
sum-exp aggregation in Egs. (3) and (4) acts
as a smooth surrogate for selecting the higher-
scoring responses from each group, allowing sev-
eral candidates to contribute without introducing
the discontinuity of a hard maximum. Finally, the
Beta-parameterized consistency head provides a
confidence-aware mechanism for modulating each
response before group aggregation, so DGPO fa-
vors responses that are not only likely under the
policy but also more aligned with the intended rea-
soning direction.

4 Experiments

4.1 Experimental Setup

Training Configuration. All experiments are im-
plemented using the SWIFT framework (Zhao et al.,
2024). We first perform supervised fine-tuning
(SFT) for 3 epochs with a learning rate of 1 x 107
and a maximum sequence length of 11,000 tokens.
Subsequently, DGPO training is conducted for 2
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epochs with learning rates ranging from 1 x 1076
to 3 x 1075 and a maximum sequence length of
1,000 tokens. All models are trained in bfloat16
precision on four NVIDIA A6000 GPUs (48GB
each). Additional training details are provided in
Appendix 8.5.

Evaluation. We employ five distinct benchmarks
to thoroughly assess the reasoning alignment per-
formance, covering both in-distribution perfor-
mance and generalization capabilities. The Ope-
nAl Math 500 dataset (Lightman et al., 2023;
Hendrycks et al., 2021a) is adopted as an in-domain
benchmark, as it closely aligns with the algebraic,
geometric, and symbolic reasoning characteristics
present in LIMO. AIME-25 (Committee, 2025)
is considered a near-domain benchmark, sharing
a competition-style format with LIMO while ex-
hibiting differences in problem distribution and
year-specific variations. To further evaluate gen-
eralization, we incorporate three out-of-domain
benchmarks: GPQA (Rein et al., 2024), which
assesses graduate-level scientific and conceptual
reasoning; Gaokao MathQA (GMQ) (Zhang et al.,
2023), comprising high-school level mathematical
word problems; and Leaderboard Math: Math Ge-
ometry Hard (LMGH) (Hendrycks et al., 2021b),
a curated set of challenging geometry problems.
Collectively, these benchmarks encompass diverse
domains, difficulty levels, and problem types, pro-
viding a comprehensive evaluation framework for
reasoning alignment.

Our evaluation reports the pass@1 accuracy in
a zero-shot chain-of-thought setting. We gener-
ate reasoning paths using greedy sampling, setting
the maximum output length to 16,000 tokens for
AIME-25 and 10,000 tokens for the other bench-
marks to prevent truncation. The evaluation pro-
cess follows the standard Im-eval-harness (Gao
et al., 2024), leveraging its rule-based matching
system that incorporates canonicalized string nor-
malization and numerical equivalence verification.
This consistent protocol guarantees an objective
and fully reproducible evaluation across the diverse
set of reasoning benchmarks.

4.2 Effectiveness of Group Data and DGPO

Before evaluating the effectiveness of DGPO,
we first examine the quality and behavioral im-
pact of the constructed reverse data through su-
pervised fine-tuning (SFT). Experiments are con-
ducted mainly on Qwen3-1.7B-Base. We distill

models on the forward (LIMO) and reverse datasets
independently, as well as on their mixed combina-
tions, except for the 3Mixed setting, each contain-
ing problems with exactly one verified reasoning
path. As shown in Table 1 and Appendix 8.6, the
reverse subset data demonstrates comparable qual-
ity to the original forward LIMO data. For the
Qwen3-1.7B-Base, SFT with reverse data achieves
an average accuracy of 25.2%, slightly higher than
forward-only SFT (24.2%), confirming that the re-
verse counterparts provide meaningful and learn-
able supervision.

However, directly mixing forward and reverse
data results in weaker performance compared to
single-direction SFT. The Mixed setting drops to
24.1%, and increasing the ratio of reverse data in
the 3Mixed setting further reduces performance
to 23.1%. This suggests that naive data blending
introduces interference between opposite reason-
ing directions rather than synergy. A similar pat-
tern appears for the Qwen3-1.7B model (see Ap-
pendix 8.6), where distillation on reverse subsets or
mixed data causes noticeable drops across bench-
marks. While the constructed groupwise data de-
rived from forward and reverse subsets is of high
quality, these results reveal that naive joint train-
ing across opposite directions introduces conflicts.
This shows the need for an alignment methodology
that can effectively leverage groupwise supervision
while preserving the diversity of directional reason-
ing.

We evaluate DGPO on three model founda-
tions: Qwen3-1.7B-Base, SFT model trained on
the 3Mixed subsets, and Qwen3-1.7B combining
forward and reverse data. DGPO is trained on
1,634 groupwise preference instances, where each
forward and reverse counterpart form directional
contrasted groups, enforcing consistency between
preferred and dispreferred reasoning directions. As
shown in Table 1, DGPO delivers consistent perfor-
mance improvements across all model families. On
Qwen3-1.7B-Base, DGPO improves the average
accuracy from 22.0% to 24.7%, confirming that
groupwise optimization provides alignment ben-
efits beyond direct fine-tuning. When applied to
the mixed-direction SFT model (3Mixed), DGPO
further strengthens results by 2.2% and clearly out-
performs vanilla DPO, demonstrating its effective-
ness in mitigating inconsistencies introduced by
multi-directional training.

For Qwen3-1.7B reported in Table 4, DGPO im-
proves the average accuracy from 27.5% to 30.9%,
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Table 1: Performance comparison of DGPO across two model families: Qwen3-1.7B-Base and SFT models trained
on mixed forward-reverse data followed by DGPO. We also compare different SFT dataset configurations, where
1Mixed denotes equal-size blending of forward (LIMO) and reverse data, and 3Mixed triples the reverse portion.
None denotes the official pretrained model without any additional fine-tuning or preference optimization. The best
result is highlighted in bold, and the second best is underlined.

Base Model Training Strategy AIME-25 GPQA Math500 GMQ LMGH Avg. Acc.
Qwen3-1.7B-Base None 0% 28.3% 458% 33.6% 2.3% 22%
Qwen3-1.7B-Base  SFT (LIMO) 0% 27.8% 472% 34.8% 11.4% 24.2%
Qwen3-1.7B-Base SFT (Reverse) 33% 29.8% 46.2% 33.6% 12.9% 25.2%
Qwen3-1.7B-Base  SFT (1Mixed) 0% 29.3% 46.2% 35.3% 9.9% 24.1%
Qwen3-1.7B-Base SFT (3Mixed) 0% 27.3% 432% 33.9% 11.3% 23.1%
SFT (3Mixed) Vanilla DPO 0% 27.8% 39.2% 30.3% 4.5% 20.4%
SFT (3Mixed) DGPO (Ours) 6.7% 30.3% 43.6% 33.6% 12.1% 25.3%
Qwen3-1.7B-Base DGPO (Ours) 10% 28.8% 46.6 % 35% 3.0% 24.7%

Table 2: Performance comparison of DGPO and other DPO variants on Qwen3-1.7B-Base. The best result in each

metric is highlighted in bold.

Base Model DPO Variant AIME-25 GPQA Math500 GMQ LMGH Avg. Acc.
Qwen3-1.7B-Base  3-DPO 0% 27.3% 47.6% 35.6% 3.8% 22.9%
Qwen3-1.7B-Base  y-DPO 0% 28.3% 45.6% 35.0% 1.5% 22.1%
Qwen3-1.7B-Base  SimPO 0% 27.8% 47.0% 33.3% 3.0% 22.2%
Qwen3-1.7B-Base Ours 10.0% 28.8% 46.6% 35.0% 3.0% 24.7 %

with substantial gains on AIME-25 and GPQA,
indicating stronger generalization to near and out-
of-distribution tasks. However, a slight decline
on Math 500 suggests a modest trade-off for in-
distribution performance as the model learns to
balance broader reasoning consistency. These re-
sults demonstrate that DGPO effectively integrates
groupwise supervision across reasoning directions
and strengthens alignment even on highly opti-
mized models. To further validate the robustness
and reliability of our results, we repeat each DGPO
experiment three times with different random seeds
and report the mean accuracy and standard devia-
tion across runs in Table 6.

As shown in Table 2, DGPO achieves the
strongest average accuracy on Qwen3-1.7B-Base.
Compared with 5-DPO (Wu et al., 2024) and ~-
DPO (Sun et al., 2025), DGPO consistently im-
proves AIME-25 while remaining competitive on
GPQA and GMQ, indicating that modeling di-
rectional consistency at the group level yields
a more reliable alignment signal than dynami-
cally rescaling pairwise margins alone. Compared
with SimPO (Meng et al., 2024), DGPO also im-
proves out-of-domain generalization on GPQA
and maintains a stronger balance across bench-

marks, suggesting that removing the reference
model is insufficient without explicitly separating
direction-consistent from direction-divergent rea-
soning paths.

Table 3 presents a detailed ablation analysis of
the core components in DGPO. The base config-
uration (Ours) integrates both the variance regu-
larization term R, and a differentiable posterior
head that explicitly models directional consistency
within each group. When the posterior head is
removed, the training reduces to an offline GRPO-
style objective, where preference scores within
each group are computed solely from the aver-
aged log probabilities log mg(y|z) and combined
through a smooth maximum operation, without
explicitly modeling directional alignment or un-
certainty. Even though this simplified variant still
brings moderate improvements, the overall gains
are clearly smaller than those achieved by the full
DGPO framework, with the most evident declines
observed on AIME-25.

In contrast, removing the variance regulariza-
tion term R, leads to a moderate performance
decrease of 1.8%, while removing the posterior
head results in reductions of 2.9%. These findings
suggest that penalizing predictive uncertainty helps
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Table 3: Ablation study on different training settings. Ours employs variance regularization R,, and a differentiable
posterior head. We ablate these components by removing the variance regularization (w/o R,,) and by disabling
the differentiable posterior (w/o Posterior). Percentages with | indicate the average performance drop relative to
Ours. None denotes the official model without further fine-tuning or alignment training. The best results within

each base model family are highlighted in bold.

Base Model Setting AIME-25 GPQA Math500 GMQ LMGH Avg. Acc.
None 0% 28.3% 45.8% 33.6% 2.3% 22%

Qwen3-1.7B-Base Ours 10% 28.8% 46.6% 35% 3.0% 24.7%
’ w/0 Ryar 33% 28.8% 46.8% 32.5% 3.0% 22.9%(1.8%)

w/o Posterior 0% 27.8% 45% 33.0% 3.0% 21.8%(2.9%.)

Table 4: Effect of the number of reverse problem groups on model performance. Number indicates the group
configuration: 0 denotes the pretrained model without additional training, 2 corresponds to the LIMO forward set
paired with one reverse group, 3 with two, and 4 with three. Within each base model family, the best result is shown
in bold and the second-best is underlined. An upward arrow (1) indicates the relative improvement in average

accuracy over the base model.

Base Model Number AIME-25 GPQA Math500 GMQ LMGH Avg. Acc.
0 0% 28.3% 458% 33.6%  2.3% 22%

2 10% 28.8% 46.6%  35%  3.0% 24.7%Q2.7%%)

Qwen3-1.7B-Base 3 33%  29.8% 47.0% 339%  3.8% 23.6%(1.6%7)
4 671% 293%  47.8% 356%  45%  23.9%(1.9%7)

0 133%  29.8% 47.6% 362%  10.6% 27.5%

Owen3-1.7B 2 267%  32.3% 46% 365%  12.9% 30.9% (3.4%7)
' 3 200% 34.8%  480% 362% 167% 31.1%(3.6%7)

4 233%  32.8% 46.6% 3%  13.6% 30.7%(3.2%7)

stabilize groupwise optimization and that direc-
tional consistency modeling provides informative
signals for distinguishing coherent from divergent
reasoning patterns. Both uncertainty regularization
and explicit directional modeling are key compo-
nents contributing to DGPO’s stable and robust
improvements over standard groupwise contrastive
training.

4.3 Scaling Effects of Reverse Group
Augmentation

To examine how the quantity of reverse problem
groups influences alignment, we systematically
vary the number of reverse sets paired with each
forward exemplar. Each forward problem in the
LIMO dataset can be paired with multiple reverse
questions generated by DeepSeek V3, where each
problem (forward or reverse) is accompanied by
three native solutions produced by Qwen3-32B (see
Appendix 8.3 for data construction details). For
DGPO training, the preferred group G*(x) for a
given problem z consists of its direction-consistent
solutions, while for the scaling experiment, the
dispreferred group G~ () is formed by selecting

direction-divergent solutions drawn from unrelated
or mismatched problem instances. This design
enables a controlled investigation of group-level
augmentation while maintaining consistent super-
vision quality.

As shown in Table 4, the effect of increasing re-
verse groups exhibits distinct trends across model
families. For Qwen3-1.7B-Base, moderate aug-
mentation enhances alignment, but adding more
groups leads to progressively smaller gains. Per-
formance peaks when introducing a single reverse
group, suggesting that mild directional diversifica-
tion most effectively strengthens the model’s rea-
soning alignment. However, further augmentation
leads to a slight decline, implying that excessive
directional mixing introduces representational in-
terference and hinders stable generalization. This
consistent decline in performance indicates that
low-capacity base models struggle to accommo-
date increasingly diverse directional signals.

In contrast, the Qwen3-1.7B model exhibits a
more stable and scalable improvement trend. Per-
formance increases steadily with additional reverse
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groups, reaching a peak of 31.1% when two re-
verse groups are included. Most of the gains come
from GPQA, Math 500, and LMGH, implying that
expanding reverse-group data particularly strength-
ens reasoning generalization. When the number
of reverse groups increases further, only modest
gains are observed on GMQ and LMGH, while the
overall performance falls slightly below that of the
two-group configuration, indicating that the bene-
fits of additional augmentation are limited. Taken
together, these results indicate that while expanding
the number of reverse groups yields measurable im-
provements in reasoning alignment, the gains grad-
ually saturate rather than continue to scale with
data size.

5 Conclusion

This paper introduces DGPO, a framework that
models directional consistency while preserv-
ing intra-group diversity. Built on curated for-
ward-reverse exemplars, it constructs structured
groups capturing coherent and contrastive reason-
ing behaviors for finer alignment. Empirical re-
sults demonstrate that DGPO consistently improves
alignment across multiple model families, achiev-
ing accuracy gains of 2.2%-3.6%. Ablation stud-
ies confirm that both uncertainty regularization
and direction-aware modeling are beneficial, as
removing either leads to a 1.8%-3.6% reduction
in average accuracy. Scaling analyses further re-
veal that moderate reverse-group augmentation en-
hances alignment robustness, whereas excessive
augmentation yields diminishing returns due to
over-diversification. Overall, DGPO offers a data-
efficient approach that balances directional consis-
tency and reasoning diversity across domains.

6 Limitations

While the proposed DGPO framework benefits
from the bidirectional data construction that ex-
plicitly introduces forward-reverse reasoning pairs,
our dataset generation pipeline is not entirely free
from imperfection. Although the solutions are ver-
ified for correctness by a model, the constructed
problems themselves are not strictly validated for
logical or semantic reversibility. Consequently, a
portion of the reverse problems may not represent
true inverses of their forward counterparts, and
some may even lack well-defined answers under
the intended reasoning direction. Despite this limi-
tation, DGPO remains robust in practice: its group-

wise contrastive formulation and uncertainty-aware
modeling effectively mitigate the influence of such
imperfect data, leading to stable optimization and
consistent performance gains.
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8 Appendix

8.1 Additional Related Work

Data Quality Over Scale in Reasoning Align-
ment. A recurring finding in reasoning align-
ment is that supervision quality and structural di-
versity often matter more than sheer scale. Less
is More for Reasoning (LIMO) (Ye et al., 2025)
demonstrates that as few as 817 carefully curated
exemplars can yield substantial gains in reason-
ing performance and generalization. Compara-
ble observations arise in efficiency-oriented scal-
ing (Muennighoff et al., 2025), where smaller
models achieve performance on par with much
larger ones when supported by high-quality ex-
emplars. At the inference level, diversification
techniques such as Self-Consistency (Wang et al.,
2022), Tree-of-Thoughts (Yao et al., 2023a), Graph-
of-Thoughts (Besta et al., 2024), and Atom-of-
Thoughts (Teng et al., 2025), together with tool-
augmented approaches like ReAct (Yao et al.,
2023b), Toolformer (Schick et al., 2023), and
PAL (Gao et al., 2023), further demonstrate that
aggregating diverse reasoning trajectories enhances
robustness. On the training side, methods such as
self-distillation (Zelikman et al., 2022), verifier-
based filtering (Cobbe et al., 2021), Self-Play train-
ing instances synthesis (Liang et al., 2025) and
feedback-driven frameworks including Constitu-
tional Al (Bai et al., 2022; Ouyang et al., 2022)
show that structured supervision can substitute for
brute-force scaling. Nevertheless, most existing
approaches remain confined to forward-only super-
vision, rely heavily on powerful teacher models,
or incur substantial costs for filtering high-quality
data.

8.2 Implementation in Experiments

Hidden Representation. For each concatenated
sequence (x;y), the hidden state corresponding to
the last non-padding token in the final transformer
layer is extracted as hy(x,y), identified via the at-
tention mask. A stop-gradient operation is applied
to the posterior features in all experiments to pre-
vent gradient flow in subsequent computations.
Posterior Head. A linear projection layer maps
the hidden state to two parameters («, [3) for each
response. A softplus activation ensures the positiv-
ity of these parameters, forming a Beta posterior
distribution ¢(d | x,y) = Beta(a, 8). The mean
d(x,y) = a/(a + B) and variance 0?(z,y) =
afB/[(a+ B)*(a + B + 1)] are derived from this

distribution.

Preference Score. The preference score is de-
fined as the length-normalized log-probability of
the response tokens under the policy model, ex-
pressed as Ag(y | z) = ‘—;' log mg(y | ). Notably,
no reference model is employed in this setup, and
thus no log-ratio term is included.

Variance-Informed Score Aggregation. Un-
certainty is directly incorporated into the scoring
mechanism through the pre-activation terms:

ut = Tv;i}lAg +logd — co?,
u = TlgsleAg +log(l1—d) — co?,
with 7win = 0.8, Tlose = 1.2, and ¢ = 1.0. These
per-response scores are aggregated at the group
level using a temperature-scaled log-sum-exp oper-

ation:
+ +
Ay = Twin log Z et
yegt

Ay = Tigse log Z ev .
yeG—

Group Gating. In the experimental implementa-
tion, a gated margin is applied to modulate group-
level scores:

1
gwin($) = W Z d(xay)v

yegt

glose(:E) = |g1| Z (1 - d(l‘,y))

yegG—

A gated margin is then constructed as

M9($) = (A;r - A;) + ’7[1Og Gwin — log glose]a

with v = 1.0. The contrastive loss is formulated as
—log 0(Amargin Mp(x)), where Apargin > 0 is the
logistic scaling factor.

KL Regularization. A directional Beta prior is
applied to regularize the posterior: Beta(2,1) for
winning responses (y € G1), encouraging d — 1,
and Beta(1, 2) for losing responses (y € G~), en-
couraging d — 0. The strength of the KL diver-
gence penalty is controlled by a coefficient Ay.

Variance Penalty. An additional penalty term,
weighted by a coefficient )\E,ig;;p ), is applied to the
average posterior variance o2. When variance is
already integrated into the score aggregation, this
standalone penalty is reduced by an order of mag-
nitude to prevent excessive regularization.
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Beta Prior Parameters for Directional KL
Penalty

The directional KL divergence penalty Rkr, de-
fined in Equation 6 utilizes asymmetric Beta distri-
butions as informative priors. The specific parame-
ter choices are as follows:

* Preferred group prior (p;): We use
Beta(2, 1) for the preferred group G*. This
distribution has amode at (2 —1)/(2+ 1 —
2) = 1 and mean 2/3 =~ 0.67, placing strong
probability mass near 1 to encourage high con-
sistency estimates.

 Dispreferred group prior (p_): We use
Beta(1,2) for the dispreferred group G~.
This distribution has a mode at (1 — 1)/(1 +
2 —2) = 0 and mean 1/3 ~ 0.33, concen-
trating probability density near O to favor low
consistency estimates.

The KL divergence KL(q || p) measures the
information loss when using prior p to approxi-
mate the posterior estimate ¢. By minimizing this
divergence with the asymmetric priors described
above, the estimator is regularized to produce val-
ues aligned with our domain knowledge: consis-
tently high for preferred solutions and consistently
low for dispreferred ones. This contrasts with a
uniform Beta(1, 1) prior, which provides no direc-
tional guidance.

The weighting coefficient Ay controls the
strength of this regularization and is typically set to
1.0 unless otherwise specified in ablation studies.

8.3 Prompt Templates and Generation
Settings

We use the following decoding and sampling pa-
rameters throughout data generation:

"messages”: messages,
"think_budget”: 8192,
"max_tokens": 2048,
"temperature”: 0.6,
"top_p": 0.95,
"top_k": 30,
"stream”: False,

The first template is used in the main experi-
ments to generate reverse reasoning problems.

"role_definition”:

"You are an AI model tasked with generating a
reflective thinking exercise.

Given the following question and answer:"

- Question: {question}
- Answer: {answer}

"instructions”:

"Your task is to reverse the roles of the
question and answer.

Transform the answer into a question that
is thought-provoking and encourages deeper
reflection.

Similarly, convert the original question into

a statement that serves as an insightful
answer.
Ensure that the new question remains

reasonable and stimulates further inquiry,
while the new answer is right to the question.”

"expected_output”:
- New Question:
- New Answer:

The second template elicits step-by-step reason-
ing and final answers from Qwen3-32B, serving as
a basis for high-quality reasoning examples.

"role_definition”:

"You are an AI model that is designed to
generate solutions to a given question.

All numerical answers must be explicitly
marked with \boxed{}."

- Question: {question}

"instructions”:
"Ensure your answer is absolutely correct and
standard."”

"expected_output”:

Presents the complete and concise answer.

If the answer contains only one numerical
value, it must be marked in the form of
\boxed{}.

The third template is used to fact-check model-
generated answers. It focuses on analytical verifica-
tion, encouraging explicit reasoning and a concise
binary verdict on correctness.

You are a meticulous fact-checking assistant.
1. Carefully reason through the model’s answer
to the given question.

2. Use relevant knowledge, logical reasoning,
or explicit calculations to support your
analysis.

3. After reaching a conclusion, output exactly
two clean lines as follows:

- JUDGE: <yes|no>

(’yes’ if the model’s verdict is factually
correct, ’no’ otherwise.)

Question:

{question}

Model verdict (yes/no):
{model’s answer}

39399



The fourth template aims to construct reverse
reasoning problems derived from verified forward
examples.

You are an expert mathematical problem
designer.

Given:

Original Problem:

{question}

Original Answer:

{model’s answer}

Your task:

Create 3 reverse problems inspired by this
original problem.

Each reverse problem must:

1. Be fully specified with no hidden or missing
conditions.

2. Have exactly one unique correct answer,
supported by clear reasoning for uniqueness.
3. Be meaningfully connected to the
original problem by inverting knowns and
unknowns, modifying parameters, or extending
constraints.

Return four problems in the
structured format:

Problem 1

- Statement:

- Answer:

Problem 2

- Statement:

- Answer:

Problem 3

- Statement:

- Answer:

following

8.4 Multi-run Robustness of DGPO

Examples of Reverse Problem Construction
To illustrate how reverse problems are constructed
from original forward problems, we provide below
one representative case.

Original problem: Find the arithmetic mean of
all three-digit palindromes (numbers that read the
same forward and backward

Original answer: 550.

Reverse problems:

1. Given that the arithmetic mean of all three-
digit palindromes is 550, find their total sum.

2. There are 90 three-digit palindromes in total.
Find the remainder when the largest three-
digit palindrome (999) is divided by this num-
ber.

3. How many three-digit palindromes cannot be
expressed as the arithmetic mean of two other
distinct three-digit palindromes?

These examples demonstrate how reverse super-
vision is systematically constructed: each reverse

problem maintains a close semantic link to the orig-
inal forward problem while introducing a new per-
spective (e.g., altering the unknown, parameteriz-
ing radii, or changing tangency relations).

To assess stability, we repeat DGPO training
three times for each base model family (Qwen3-
1.7B-Base, SFT(Mixed), and Qwen3-1.7B), report-
ing mean accuracy and standard deviation across
runs. Results are shown in Table 6. The small
variance across runs suggests that DGPO yields
consistent gains independent of random initializa-
tion and training noise.

8.5 Implication Details

We implement all experiments within the SWIFT
framework (Zhao et al., 2024). Supervised fine-
tuning (SFT) is performed on the Qwen3-1.7B-
Base model using the standard SWIFT framework,
trained for 3 epochs with a learning rate of 1 x 107>,
DGPO is implemented by extending the frame-
work with a custom DGPO module that augments
the groupwise objective with posterior modulation.
Training is performed for 2 epochs with a learn-
ing rate of 3 x 1076 for Qwen3-1.7B-Base and
1 x 10~° for Qwen3-1.7B, per-device batch size
1, and gradient accumulation 1 (global batch size
of 4). All experiments employ DeepSpeed ZeRO-
3 (Rajbhandari et al., 2020) in bfloat16 precision
for memory efficiency, running on 4 xRTX A6000
(48GB) GPUs. For SFT, the maximum sequence
length is set to 11,000 tokens to capture the full rea-
soning traces distilled from the teacher model. For
DGPO training, we compare three initialization set-
tings: (1) continuing from the SFT-distilled model,
(2) training directly on Qwen3-1.7B-Base, and (3)
training directly on Qwen3-1.7B. Depending on
the dataset, training takes between one and four
hours. In all DGPO cases, the maximum sequence
length is capped at 1,000 tokens to balance long-
form coverage with the computational feasibility
of preference optimization.

8.6 Reverse Data Quality Details

Reverse Data Distillation. Table 5 reports the
performance of SFT models trained on three re-
verse subsets constructed from bidirectional data.
Across benchmarks, models distilled on reverse
data achieve accuracy levels comparable to those
obtained with the forward-only LIMO dataset, indi-
cating that the generated reverse problems maintain
a similar level of supervision quality. However, for
RL-aligned backbones, performance declines con-
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Table 5: Reverse Data Quality Evaluation.

Dataset Base Model AIME-25 GPQA Math500 GMQ LMGH Avg. Acc.
Subset 1 Qwen3-1.7B-Base 3.3% 29.8% 46.2% 33.6% 12.9% 25.2%
Subset 2 Qwen3-1.7B-Base 6.7% 29.3% 46.6% 33.6% 10.2% 25.3%
Subset 3 Qwen3-1.7B-Base 3.3% 28.3% 48.2% 353%  7.5% 24.5%
Subset 1 Qwen3-1.7B 6.7% 27.3% 34.8% 325%  5.2% 21.3%
Subset 2 Qwen3-1.7B 3.3% 25.3% 32.2% 36.6%  4.5% 20.4%
Subset 3 Qwen3-1.7B 6.7% 29.3% 40.2% 31.3% 53% 22.6%

Table 6: Statistical experiment information of DGPO averaged over three independent runs.

Base Model AIME-25

GPQA

LMGH

Math 500 GMQ

6.7% £ 11.1%
25.6% + 4.7%

Qwen3-1.7B-Base
Qwen3-1.7B (Official)

28.6% + 0.7%
31.6% + 0.6%

3.5% + 0.5%
13.7% + 2.8%

35.2% + 0.2%
36.3% + 0.6%

47.5% £ 1.0%
46.9% + 1.6%

sistently across all benchmarks, suggesting that
additional distillation on reverse data may interfere
with previously optimized reward-aligned behav-
iors. These findings indicate that while reverse
supervision offers strong groupwise learning sig-
nals that benefit base models, its advantages do not
seamlessly extend to RL-aligned ones. Incorporat-
ing directional objectives into the reinforcement
alignment process calls for further exploration to
fully harness the potential of group-level reverse
data.

8.7 Qualitative Comparison with DPO

Variants

To further illustrate the difference between DGPO
and pairwise preference baselines, we include the
qualitative case study added during rebuttal. The
task asks: Find the sum of all integer bases b > 9
for which 17y is a divisor of 97p.

DGPO answer chain. DGPO first converts the
base-b expressions into their base-10 forms, then
derives the divisibility condition that b + 7 must
divide 9b+ 7, which is equivalent to requiring b+ 7
to divide 56. It finally filters the valid divisors by
the base constraint b > 9, subtracts 7 from each
admissible divisor, and sums the resulting bases.

Vanilla DPO answer chain. Vanilla DPO identi-
fies the divisibility condition and lists the divisors
of 56 correctly, but it fails in the final filtering step.
In particular, it retains invalid candidates such as
16, 25, and 36, which do not satisfy the full divisi-
bility requirement, leading to an incorrect final set
of bases.

Base-model answer chain. The unaligned
Qwen3-1.7B-Base model identifies the initial con-
dition and simplifies the expression, but it also
keeps invalid bases that violate the constraint b > 9,
ultimately producing an incorrect total of 275.

This example highlights the qualitative advan-
tage of DGPO: the groupwise directional signal
does not merely identify the right algebraic con-
dition, but also helps the model preserve the final
consistency check needed to rule out superficially
plausible yet invalid solutions.
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