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Abstract

We revisit continual pre-training for large lan-
guage models and argue that progress now
depends less on scaling parameters than on
scaling the right structure. We introduce
SCALE, a width upscaling architecture that
inserts lightweight expansions into linear mod-
ules while freezing all pre-trained parameters,
preserving residual and attention topologies
and increasing capacity without perturbing the
base model’s original functionality. SCALE
follows two principles: Persistent Preservation,
which maintains the base model’s behavior via
preservation-oriented initialization and freez-
ing of the pre-trained weights, and Collabora-
tive Adaptation, which trains only selected ex-
pansion components to acquire new knowledge
with minimal interference. We instantiate these
ideas as SCALE-Preserve (preservation-first),
SCALE-Adapt (adaptation-first), and SCALE-
Route, an optional routing extension that per-
forms token-level routing between preserva-
tion and adaptation heads. On a controlled
synthetic biography benchmark, SCALE re-
duces the severe forgetting seen in depth ex-
pansion while still learning new knowledge.
In continual pre-training on a Korean corpus,
SCALE variants forget less on English evalua-
tions and achieve competitive gains on Korean
benchmarks, yielding the best overall stability-
plasticity trade-off. We further analyze when
preservation holds provably and why combin-
ing preservation and adaptation stabilizes opti-
mization relative to standard continual learning.

1 Introduction

The era of effortless gains from brute-force scal-
ing of large language models (LLMs) is nearing
its end. Recent discussions suggest that further
progress will come from scaling the right structure,
not merely parameters or data, while preserving ac-
quired knowledge (Sutskever, 2024; LeCun, 2025).
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Figure 1: Continual biography learning.
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Figure 2: Performance landscape.

This shifts attention to strategic architectural ex-
pansion for continual pre-training (CPT): adding
capacity while preserving the pre-trained knowl-
edge base. Classical continual learning (CL), such
as regularization, replay, and parameter isolation,
improves retention but typically does not add new
capacity (Kirkpatrick et al., 2017; Rolnick et al.,
2019). By contrast, function-preserving transfor-
mations such as Net2Net (Chen et al., 2015) show
that expansion can increase capacity without dis-
rupting the original function; however, depth up-
scaling such as LLaMA Pro (Wu et al., 2024) can
still perturb representations and trigger forgetting
during CPT.

We propose SCALE (upScaled ContinuAl
LEarning), a width-upscaling architecture that in-
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serts lightweight expansions into linear modules
while freezing all pre-trained parameters. SCALE
increases capacity in decoder-style LLMs without
changing residual topology or attention structure.
Figure 1 shows that depth-upscaled LLaMA Pro
suffers severe forgetting on continual biography
learning , whereas width-upscaled SCALE pre-
serves prior knowledge significantly better while
adapting to new knowledge. In CPT on a Korean
dataset, Figure 2 shows lower English-forgetting
perplexity and competitive Korean learning per-
plexity across baselines, including LLaMA Pro and
Freeze (Zheng et al., 2025), indicating a superior
stability-plasticity balance.

SCALE is built on two complementary prin-
ciples: @ Persistent Preservation and @ Col-
laborative Adaptation. Persistent Preservation
maintains the original function during training
via preservation-oriented initialization and freez-
ing patterns. Collaborative Adaptation trains
only selected expansion blocks (e.g., upper lay-
ers or specific modules) to acquire new domain
knowledge with minimal interference. Empiri-
cally, preservation-first settings strongly resist for-
getting, while collaborative settings improve adapt-
ability; together they define a controllable stability-
plasticity frontier.

Based on these principles, we introduce SCALE-
Preserve (preservation-first), SCALE-Adapt
(adaptation-first), and SCALE-Route, a routing ex-
tension that performs token-level routing between
preservation and adaptation paths. Because adap-
tation can override preservation, SCALE-Route
exposes both behaviors in a single forward pass
and selects the more relevant logits per token. We
also derive a tighter convergence bound for routing-
based CL than for standard CL, supporting the ob-
served stability-plasticity gains.

Key Contributions

1. Width Upscaling Architecture. We propose
SCALE, which freezes all pre-trained param-
eters and adds lightweight expansions inside
linear modules, preserving base knowledge
while adding adaptive capacity (Section 3).

2. Principles with Evidence. We formalize Per-
sistent Preservation and Collaborative Adap-
tation, supported by theory and preliminary
studies (Section 3).

3. Width-Upscaled Learning Methods. We intro-
duce SCALE-Preserve, SCALE-Adapt, and

SCALE-Route; SCALE-Route performs
token-level routing between preservation and
adaptation paths and admits a tighter conver-
gence bound than standard CL (Section 4).

4. Empirical Validation. Across continual bi-
ography learning and Korean CPT, SCALE
reduces English-side forgetting while main-
taining competitive Korean gains; SCALE-
Route achieves the best stability—plasticity
trade-off among evaluated baselines (FFT,
LoRA, Freeze, LLaMA Pro) (Section 5).

2 Related Work

Continual Learning Continual learning (CL)
adapts models to sequential tasks while mitigat-
ing catastrophic forgetting. Representative ap-
proaches include regularization (Kirkpatrick et al.,
2017; Zenke et al., 2017; Aljundi et al., 2018), re-
play (Rolnick et al., 2019; Shin et al., 2017; Sun
et al., 2019), and parameter isolation (Rusu et al.,
2016; Li and Liang, 2021; Hu et al., 2022; Zhang
et al., 2023). With the rise of LLMs, CL research
has shifted toward preserving extensive pre-trained
knowledge while incorporating new linguistic or
domain-specific knowledge. Yet methods devel-
oped for smaller models or narrow tasks often do
not transfer cleanly to LLMs due to computational
and privacy constraints. Recent studies thus high-
light parameter-efficient fine-tuning,(PEFT) and
architectural extensions that allocate additional ca-
pacity for adaptation, enabling LLMs to retain gen-
eral knowledge and improve in multilingual or spe-
cialized domains.

Upscaled Learning Model upscaling expands a
pre-trained LLM to increase capacity while retain-
ing performance. Depth upscaling adds layers (e.g.,
SOLAR (Kim et al., 2023), LLaMA Pro (Wuetal.,
2024)) via duplication/interleaving followed by
continual pre-training. Width upscaling increases
hidden dimension or attention heads, often using
function-preserving transformations (Chen et al.,
2015, 2021). Several methods initialize larger mod-
els from smaller ones to reduce training overhead,
spanning width upscaling (Shen et al., 2022; Yao
etal., 2023; Samragh et al., 2024) and related depth-
upscaling schemes. From a continual learning per-
spective, ELLE (Qin et al., 2022) and LOIRE (Han
et al., 2025) use function-preserving depth and
width upscaling to reduce catastrophic forgetting
while incorporating new domain knowledge.
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Figure 3: Overview of SCALE architecture.

3 Proposed Architecture: SCALE

In this section, we introduce the width upscaling
architecture SCALE and support its design with
empirical evidence and theoretical analysis. We
first give an overview in Section 3.1, then present
two principles: © Persistent Preservation and @
Collaborative Adaptation. Under Persistent Preser-
vation (Section 3.2), SCALE zero-initializes and
freezes W'2 so that the original function remains
intact throughout training. Under Collaborative
Adaptation (Section 3.3), SCALE selectively trains
expansion blocks to acquire new knowledge while
minimizing interference with prior knowledge.

3.1 Overview of SCALE Architecture

Figure 3 shows an overview of the proposed width
upscaling SCALE architecture. For decoder lay-
ers in Figure 3(a), we upscale the width of the
input hidden state as well as the dimensions of the
Multi-Head Attention (MHA) and Feed Forward
Network (FFN), thus upscaling the width of the out-
put hidden state. As illustrated in Figure 3(d), all
matrix multiplications W X in the MHA and FFN
are expanded to their upscaled ones, formulated as:

w w2 X
]

W21
where W12, W2l and W22 denote the upscaled
weight matrix blocks and X"“P denotes the up-

scaled part of the input. In particular, for MHA,
this upscaling involves increasing the number of
attention heads while keeping the head dimension
fixed. In other words, with W being the query, key,
and value projection matrices, the upscaled outputs

W21X + W22Xup

produce query/key/value representations for the
new heads. Consequently, SCALE requires MHA
weight matrices to be expanded so that the number
of rows increases by an integer multiple of the head
dimension. For embedding and output projection
matrices, we upscale them as:

W;

ki W),

VVz'n = |: ] ) Wout — [Wout out

3.2 Design Principle 1: Persistent Preservation

Persistent Preservation prevents forgetting by keep-
ing the original function W X unchanged through-
out training via a blockwise initialization-and-
freeze scheme. The key requirement is to zero-
initialize and freeze W2, We further initialize
W2l and W22 to mimic W and W '2, respec-
tively, to start from a well-conditioned expansion.

Initialization and Freeze of W'2 To isolate
function preservation, we compare depth upscaling
(LLaMA Pro) and width upscaling (SCALE) by
tracking how representation forgetting translates
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Figure 4: Comparison of depth and width upscaling from the perspective of how (a) representation forgetting
causes (b) forgetting perplexity of pre-trained English knowledge across steps for new domain adaptation.

into forgetting perplexity on pre-trained English
knowledge' (Figure 4). Width(Preserve) zero-
initializes and freezes W2 in all layers, while
the remaining upscaled weights are randomly ini-
tialized and trainable. Width(Adapt) is identical,
except W2 is trainable in all layers, making it
non-preserving.

Figure 4a measures representation forgetting via
cosine similarity between the last-layer outputs
at step 0 and later steps (we compare only the
original hidden-state part since depth upscaling
does not widen it). As designed, Width(Preserve)
never forgets the original function W X, whereas
Depth(LLaMA Pro) drops sharply around step
1000 and struggles to recover. This gap reflects
how much of the original computation is preserved:
with zero-initialized frozen W'2, width upscal-
ing keeps W X intact, while depth upscaling per-
turbs it immediately due to the inserted trainable
layers. In contrast, Width(Adapt) forgets gradu-
ally and yields slightly higher forgetting perplex-
ity than Width(Preserve), yet remains far below
Depth(LLaMA Pro) (Figure 4b).

Theorem 3.1 formalizes this behavior: setting
W12 = 0 in every layer is necessary to pre-
serve the original function, which is achieved by
zero-initialization. Moreover, the contrast between
Width(Preserve) and Width(Adapt) indicates that
freezing W2, in addition to zero-initialization, is
required for Persistent Preservation.

Theorem 3.1. Width-upscaled network with W}
set to O preserves the original function for all layers
1<¢< L.

Proof. We defer the proof to Appendix B. O

'In this section, we perform CPT on FineWeb2 Korean
data subset with Llama-3.2-1B as the base model of SCALE.

Initialization of W?2! and W22 Figure 5 com-
pares initialization pairs for W?2! and W?2: 0
(zero), RND (random; (He et al., 2015)), and SVD
(dimension-reduced SVD of W, as in LESA (Yang
et al., 2025)). All pairs show near-perfect preserva-
tion on English (Figure 5a), confirming that W?2!
and W22 do not affect function preservation. In
contrast, Korean adaptation follows a clear order-
ing (Figure 5b): 0,RND < RND,0 < 0,SVD <
SVD,0. We therefore adopt SVD,0 as the default
for W21 and W22, consistent with Corollary 3.2.

Corollary 3.2. W2 and W2 can be initialized
to other than 0 for new task adaptation without
disrupting the original function because ng and
W£22 are irrelevant to the function preservation.

3.3 Design Principle 2: Collaborative
Adaptation

Collaborative Adaptation enables SCALE to ac-
quire new-domain knowledge by training only se-
lected upscaled blocks. We explore which layers
and modules to train for effective collaboration.

Collaborative Layers Freezing W2 (for Persis-
tent Preservation) cleanly decouples X and X"“P,
but this also limits learning capacity. To character-
ize controlled collaboration, we keep W12 zero-
initialized and allow W2 to be trainable only in
upper layers, while preserving W12 in lower layers.
Let Ly, denote the number of lower layers whose
W12 blocks remain function-preserving (frozen).
Figure 6 shows a clear forgetting—learning trade-
off as Ly, varies, with forgetting increasing expo-
nentially as Ly, decreases. Proposition 3.3 and
Corollary 3.4 support this trend.

Proposition 3.3. The accumulated output shift of
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Figure 5: Comparison of initialization pairs for W?2! and W22, Each method pair is separated by a comma.
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the width-upscaled residual network with function-
preserving lower layers 1 < ¢ < Ly, and non-
preserving upper layers Ly, < { < L is bounded
by Eq. (18).

|xir -t <

148\ B
(L= Lyt + ) (152) 67
(2)

where XLUP denotes updated output of width-

upscaled residual network as defined by Defini-
tion C.3 and dy, and 6y, denotes upper bound
of norm of upscaled weight matrix for function-
preserving lower layers and non-preserving upper
layers, respectively, under Assumption C.5.

Proof. We defer the proof to Appendix C. O

Corollary 3.4. Forgetting increases exponentially
with decreasing L gy, the number of function pre-
serving Wzl2 blocks in lower layers 1 < { < Ly,

Collaborative Modules Beyond layer choice, we
compare where to collaborate within a layer. With
function-preserving lower half layers (L, = L/2),
we train for one epoch while making W'? train-
able only in the MHA or the FFN, enabling module-
specific collaboration. Figure 7 shows that forget-
ting perplexity scales near-linearly with the average
norm of the upscaled weights in both cases. How-
ever, FFN collaboration incurs much larger forget-
ting (its intermediate dimension is large), and the
converged perplexity remains far above the base-
line (e.g., ~10.4 for LLaMA-3.2-1B), making it an
undesirable choice. In contrast, MHA-only collab-
oration converges with a smaller error bound and
only a slight perplexity increase, suggesting MHA
as the preferred collaborative module.

4 Proposed Learning Methods

The two principles above naturally yield comple-
mentary learning methods for upscaled continual
learning: preservation-first and adaptation-first.
Since neither alone is universally optimal, we also
combine their strengths to mitigate the stability—
plasticity trade-off (Figure 6). Concretely, we pro-
pose three learning methods: @ SCALE-Preserve,
@ SCALE-Adapt, and ® SCALE-Route.
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o SCALE-Preserve is preservation-first: for
all ¢, W}? is initialized to O and kept frozen,
yielding Eq. (3),

upr A up
Zpreserve - ZPTESE”‘UG + Zpreserve (3)

where Z = W, X, and Z*? = W, ! X;”
denote output logits for original and upscaled

part, respectively.

o SCALE-Adapt is adaptation-first: for all ¢,
W2 is initialized to O but made trainable,
yielding Eq. (4).

Z([z]dltjpt = Zadapt + Zggapt “

» SCALE-Route combines both behaviors via
token-level routing, aiming to maximize
preservation and adaptation simultaneously
and thus mitigate the trade-off in Figure 6.
Since the key difference between SCALE-
Preserve and SCALE-Adapt is whether
W12 is trainable, SCALE-Route selects
computation paths by comparing their log-
its. Specifically, it uses cosine similarity as
a router with threshold t (Eq. (5)); we fix
T = 0.5 as a robust default across settings.
If Zyreserve and Zgqq,: agree (high cosine
similarity), we route to SCALE-Preserve;
otherwise we route to SCALE-Adapt to ex-
ploit adaptation opportunities. We approxi-
mate Zpreserve by (Zpreserve+zadapt)/2 due
to better trainability of Z,4,y¢. Finally, be-
cause SCALE-Adapt can reproduce SCALE-
Preserve whenever W2 effectively evalu-
ates to 0, both logits can be obtained within
a single forward pass with only slight extra

computation.
Zpreseme =+ Zadapt Zup
2 + preserve
zur 4 .
route if COS(ZpTeSET’UE7 Zadapt) >T
zur ” otherwise
&)

Theorem 4.1 provides an analysis that supports
the superiority of SCALE-Route.

Theorem 4.1. Routing-based Continual Learning
with logit routing admits a tighter convergence
bound than standard Continual Learning by gating
interference updates.

Proof. The proof is deferred to Appendix D. [

S Experiments

5.1 Experimental Setup

The Biography Dataset We reproduce the con-
trolled experiment in (Zheng et al., 2025) to com-
pare forgetting across continual learning meth-
ods, focusing on SCALE-Route. The Biography
Dataset® contains 200,000 synthetic individuals
with a name and six attributes (birthday, birth city,
university, major, company name, company city),
split into pre-training and fine-tuning data. Fol-
lowing (Zheng et al., 2025), we use three stages:
pre-train on the first 100,000 individuals, fine-tune
QA on the first 50,000 (Task 0), then apply an up-
scaling method and fine-tune QA on 20,000 unseen
individuals (Task 1). During Task 1, we monitor
Task 0 degradation using hard first-token accuracy
(whether the top-predicted first token is correct).

We utilize the Pythia-160M (Biderman et al.,
2023) architecture as our backbone model. For
SCALE-Route, we upscale both the hidden di-
mension and the FeedForward dimension by 128,
and train W2 only for the last 12th layer. In or-
der to match the number of trainable parameters in
SCALE-Route, LLaMA Pro expands the number
of layers from 12 to 16. We note that LLaMA Pro
relies on the LLaMA architecture, where the out-
put weight matrices are zero-initialized in the ex-
panded block to preserve the output from the initial
model. In contrast, since Pythia adopts a GPT-
NeoX (Andonian et al., 2023) architecture, a differ-
ent set of the output weight matrices should be
zero-initialized. We use the same hyperparam-
eter settings as in (Zheng et al., 2025), except
that, during Task 1 learning, SCALE-Route and
LLaMA Pro are trained with an increased learning
rate of 5 x 1075, which is ten times larger than the
original setting. This modification is necessary be-
cause both methods freeze a substantial portion of
the parameters, and therefore an increased learning
rate is required to ensure performance on Task 1.
The experiments are executed on an NVIDIA H100
80GB GPU.

Continual Pre-training In order to investigate
forgetting phenomena, we constrain the training
data to the Korean subset of FineWeb2 (Penedo
et al., 2025), a 60-billion-token Korean web data
filtered from Common Crawl. We deliberately ex-
clude data from other domains, since the presence
of English corpus can induce data-replay effects,

“https://github.com/zzz47zzz/spurious-forgetting
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which in turn hinder a precise comparison among
upscaling methods.

For each method, we initialize our base model
with LLaMA3.2-1B and perform continual pre-
training on the Korean dataset for one epoch, using
a batch size of 512, a sequence length of 8192, and
a linear learning rate schedule with a warm-up ra-
tio of 6%. Our SCALE methods upscale both the
hidden dimension and the FeedForward dimension
by 256 and 1024, respectively. We note that the
base model is configured with a head dimension of
64 and uses the Grouped-Query Attention(GQA)
with 4 KV projections, and therefore upscaling the
hidden dimension by 256 represents a minimal up-
scaling. For SCALE-Adapt and SCALE-Route,
we choose Ly, = 3. We also manually config-
ure the hyperparameters of LLaMA Pro and LoORA
to match the number of trainable parameters in
SCALE methods. We expand the number of layers
from 16 to 20 for LLaMA Pro, and use a rank of
256 and target all weight matrices in the MHA and
FFN for LORA. Freeze (Zheng et al., 2025) refers
to freezing all components in the bottom three lay-
ers of the model, including the input embedding
layer.

Finally, we set different learning rates due to
the trade-off between learning and forgetting: 1 x
1075 for FFT, LoRA and Freeze, 2 x 10~ for
LLaMA Pro, and 1 x 1073 for SCALE. We ad-
just the learning rate individually for each experi-
ment to achieve comparable learning performance,
allowing us to fairly compare model’s forgetting
under similar learning conditions. Compared to
FFT, upscaling methods employ higher learning
rates because only newly added parameters are up-
dated, requiring larger updates to achieve sufficient
adaptation. In particular, SCALE requires an even
larger learning rate than LLaMA Pro, as its strong
function-preserving property suppresses early rep-
resentation changes. All experiments are executed
on 8 NVIDIA H100 80GB GPUs.

5.2 Results and Analysis

The Biography Dataset Results For the Biog-
raphy Dataset experiment, we present the accu-
racy for Task O and Task 1 during Task 1 learn-
ing in Figure 8. We observe that for FFT and
LLaMA Pro, the accuracy for Task 0 sharply drops
to approximately 15% only after 200 steps, whereas
for SCALE-Route it remains at 100% throughout
the first 4000 steps of Task 1 learning. Furthermore,
for SCALE-Route the final accuracy for Task 0 is

36.9% which is much higher compared to FFT and
LLaMA Pro, highlighting its robustness against
forgetting.

Another notable observation is that in Figure 8c,
the accuracy curves of SCALE-Route for Task 0
and Task 1 gradually decrease and increase, respec-
tively, showing smooth transitions without drops or
spikes during Task 1 learning. This indicates that
by varying the number of collaborative layers, the
trade-off between forgetting and learning can be
controlled in our architecture-based method, rather
than a data replay-based method, aligning it with
its learning objective.

Continual Pre-Training Results We first ana-
lyze the perplexity on 30K samples of FineWeb-
Edu and on the test split of the Korean subset of
FineWeb2. As shown in Figure 9b, the perplexity
on the Korean test data is almost identical across
all methods except SCALE-Preserve, which is
consistent with our intended design. In contrast,
Figure 9a shows that our SCALE methods achieve
lower perplexity on the English test data than the
other methods. Compared to LLaMA Pro, SCALE
shows a smaller increase in perplexity on the En-
glish test data in the early stage of training, and
therefore it can be regarded as a more stable ap-
proach for Continual Pre-Training. We also ob-
serve that the perplexity gap between SCALE-
Preserve and SCALE-Adapt arises more from
learning than from forgetting, which suggests that
training W2 more strongly affects learning than
forgetting.

Furthermore, we evaluate our SCALE methods
on the English and Korean benchmarks. Evalua-
tions are conducted using Eleuther Al Language
Model Evaluation Harness and in a zero shot set-
ting. Due to the lack of instruction-following capa-
bility of pre-trained models, we select only a very
limited set of Korean benchmarks, KoBEST (Jang
et al., 2022), for evaluation. The results are pre-
sented in Table 1. We find that all SCALE methods
preserve the original capabilities on English bench-
marks, outperforming other methods. Although
SCALE-Route obtains some improvement on the
Korean benchmarks, it achieves only marginal im-
provement compared to FFT and LORA. However,
as SCALE-Adapt and SCALE-Route outperform
SCALE-Preserve on the Korean benchmarks, ex-
panding the training scope of W2 could yield
further improvements while preserving the original
capabilities.
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Figure 9: Performance comparison of upscaling methods trained on FineWeb2 Korean subset for one epoch.

Model English Korean

ARC HellaSwag MMLU TruthfulQA Winogrande Avg. KB BoolQ KB COPA KB HellaSwag  Avg.
Llama-3.2-1B 36.60 63.66 36.76 37.73 60.93 47.14 49.86 53.00 50.60 51.15
FFT 32.68 57.32 26.01 38.82 59.12 42.79 52.14 65.30 54.20 57.21
LoRA 32.85 57.17 25.76 38.99 58.17 42.59 51.85 64.90 55.00 57.25
LLaMA Pro 34.22 60.61 34.42 36.20 57.30 44.55 51.42 63.20 52.80 55.81
Freeze 31.23 56.59 26.43 38.67 59.27 42.44 50.50 60.10 53.40 54.67
SCALE-Preserve 36.52 62.75 33.79 37.89 59.51 46.09 52.42 57.60 49.40 53.14
SCALE-Adapt 34.81 61.85 35.22 38.25 60.62 46.15 50.36 63.10 51.80 55.09
SCALE-Route 35.84 61.72 36.31 37.50 61.09 46.49 51.50 63.80 51.20 55.50

Table 1: Performance comparison of upscaling methods trained on FineWeb2 Korean subset for one epoch.

6 Conclusion

This work presented SCALE, an architectural ex-
pansion recipe for stable continual pre-training
without altering a model’s computation graph. By
widening linear submodules while freezing original
parameters, SCALE adds capacity without chang-
ing the learned function; Persistent Preservation
and Collaborative Adaptation define a stability—
plasticity trade-off, with collaboration best placed
in upper-layer attention when stability matters.

We instantiate these principles with three vari-
ants: SCALE-Preserve for maximal stability,
SCALE-Adapt for maximal plasticity via broad
collaboration, and SCALE-Route, which routes
tokens between preservation and adaptation paths

via a similarity criterion with little overhead.

Width upscaling outperforms depth expansion
on the biography task, yielding higher retention
with competitive adaptation. In continual pre-
training on Korean web data, SCALE variants re-
duce forgetting on English evaluations while match-
ing Korean learning, and SCALE-Route achieves
the best stability—plasticity balance. Our theory
explains preservation under initialization/freezing
and why routing improves convergence.

Future work includes larger backbones and
longer horizons, adaptive collaboration and rout-
ing, and integration with parameter-efficient tuning,
retrieval, and broader multilingual/domain CPT, po-
sitioning width-upscaled continual learning beyond
brute-force scaling.
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7 Limitations

Our study primarily evaluates SCALE in con-
trolled continual settings (e.g., a synthetic biog-
raphy stream and a Korean-domain continual pre-
training setup), so results may not fully general-
ize to broader task mixtures or instruction-tuned
regimes; nonetheless, the method is simple to apply
(freezing the base and training only expansion mod-
ules) and consistently improves stability—plasticity
trade-offs within the tested scope. Potential risks
include (i) added parameters and routing logic in-
creasing compute/memory and operational com-
plexity, (ii) sensitivity to design choices such as
expansion size and routing thresholds that may re-
quire modest tuning, and (iii) unmeasured shifts
in safety-relevant behaviors (e.g., bias/toxicity, pri-
vacy leakage, or unintended capability changes)
that should be assessed with standard alignment
and red-teaming evaluations prior to deployment.
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A Width Upscaling

We consider a simplified decoder model that re-
tains residual connections while omitting modules
such as MHA (multi-head attention) or FFN (feed-
forward networks). This abstraction enables us to
concentrate on the dynamics of residual layers, par-
ticularly their roles in balancing preservation and
adaptation of representations. Such model reduc-
tion is consistent with a broader line of theoretical
work that introduces simplifications to isolate core
mechanisms, as highlighted in Remark A.1

Remark A.1. Theoretical analysis of the full Trans-
former architecture is notoriously challenging due
to the intricate interaction of its components. Re-
cent studies have therefore adopted simplified
settings, such as single-layer or shallow Trans-
formers (Li et al., 2023), restricted weight struc-
tures (Boix-Adsera et al., 2023), and attention-free
or linearized variants (Ahn et al., 2023; Zhai et al.,
2021), to obtain tractable insights. Our focus on
a residual-only decoder follows this tradition, mo-
tivated by growing evidence that residual connec-
tions form the backbone of stable signal propa-
gation and representation transport in Transform-
ers (He et al., 2023; Qin et al., 2025; Deb and Ogun-
funmi, 2025)

Definition A.2. (Residual Network)

X, 2EWe+ D)Xy (1<E<L) (6)

where each /-th layer outputs hidden states X, €
R? and has a weight matrix W, € R%? X de-
notes embedding input, and I € R4*? denotes the
identity matrix.

Next, we upscale the width of the residual net-
work, as defined in Definition A.3. It follows
general formulations in upscaled learning litera-
ture (Du et al., 2024; Shen et al., 2022; Samragh
et al., 2024).

Definition A.3. (Residual Network with Width Up-
scaling)

x/PE Wit + 1V x{ (1<e<L)
(7)
where X, (0 < ¢ < L) is upscaled on dimen-
sion of width to X{F £ [;fp] € R(@+dup)
¢
, Wy(1<¢< L) is upscaled accordingly to
wir = [ W

W€21 Wi22:| S R(d+dup)x(d+dup)’

and I is also upscaled to IV £ [

R(d+dup) X (d+dup) .

I 0
o I%

B Function-Preserving Width Upscaling

Function preservation serves as a foundational
principle in model upscaling (Shen et al., 2022;
Wang et al., 2023; Yao et al., 2023; Samragh et al.,
2024; Qin et al., 2022; Han et al., 2025), aiming
to ensure that the functional behavior of the model
remains unchanged despite architectural modifica-
tions.

Formally, F' denotes the original function (e.g.,
an end-to-end function or just a layer), taking X as
the input (e.g., input tokens or input hidden states).
By transforming or expanding F'(X ), we can up-
scale ' : X - YtoF : X xU =Y xV.
Then, the objective of function preservation is to
satisfy Eq. (8).

VX, 7y (F(X,U)) = F(X) (®)

where 7y denotes a projection function to Y. That
is, F'is preserved in F.

This formulation enables model upscaling by
allowing new knowledge to be learned, while en-
suring that the original knowledge remains unfor-
gotten.

To satisfy function preservation in the width-
upscaled residual network in Definition A.3, it is
the simplest to set We12 to 0 for all layers 1 < £ <
L, as defined in Definition B.1.

Definition B.1. (Residual Network with Function-
Preserving Width Upscaling).

xupa (| We O
¢ W€2 1 W;Q

] + IUP>XE_€ )
Theorem 3.1. Width-upscaled network with W >
set to O preserves the original function X, =
(Wy+ 1) X1 forall layers 1 < ¢ < L.
Proof. From Eq. (7), we can express the orig-
inal function as F(X,—1) = (W,y+1)X,
and its width-upscaled function as F (X ZU_ I;) =
Wﬁ +1 ngz Xg,1
Wi it 3
W2 of F(XY1) to 0, it can be easily shown
by Eq. (10) that Eq. (9) satisfies function preserva-
tion because for all X tV_ }; , there exists a projection

} . By setting
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function my (F (X)) = F(X,—4).
(W, +1 0 X,
UPy _ ’ —1

F(Xe) = | Wt oW +Iup] [X;fl]

] (We+ 1) Xy

= _‘;‘/}21)(271 + (W€22 + Iup)X;fl

| F(Xy-1)

= W£21Xg 1 + (W22 —I—IUP)X ?

(10)

From the recursion of layers in Eq (10), func-
tion preservation of the end-to-end network is also
satisfied. 0
Corollary 3.2. W2! and W}?? can be initialized
to other than 0 for new task adaptation without
disrupting the original function because Wgzl and
Wg22 values are irrelevant to the function preser-
vation.

Proof. Immediate from the proof of Theorem 3.1.
0

C Forgetting Analysis

In this section, we analyze forgetting from the per-
spective of accumulated output shift. First of all,
we make the following assumptions, as in many
other relevant studies (Zheng et al., 2025; Wang,
2021; Nguyen and Salazar, 2019; Black et al.,
2022).

Assumption C.1. (Small Weight Norm). For ev-
ery layer /, the norm of its upscaled weight ma-
trix is bounded by a small constant § > 0, i.e.,
W < 0.

Assumption C.2. (Small Gradient Norm). For
every layer ¢, the norm of its upscaled gradient
matrix is bounded by a small constant € > 0, i.e.,
AW < e

Definition C.3. (Updated Output of Width-
Upscaled Residual Network) By updating the up-
scaled weight matrix WZUP in Eq. (7) to WEUP =
WZUP + AWEUP , the corresponding updated out-
put is defined as Eq. (11).

X7 E WP+ AW+ 1IVE) X ()

Based on Assumptions C.1 and C.2, we ana-
lyze the output shift bound of the width upscal-
ing from Definition A.3 in Proposition C.4 and
extend it to the function-preserving width upscal-
ing from Definition B.1 in Proposition 3.3. Note
that this is also an extension of Proposition 4.9
from Freeze (Zheng et al., 2025).

Proposition C.4. The accumulated output shift for
all layers 1 < £ < L of the residual network with
width upscaling is bounded by Eq. (12).

| %57 = xP7|| < pe+ 0 | xE7| a2)

Proof. We begin by deriving accumulated output
in Eq. (13) and accumulated output after a learn-
ing step in Eq. (14) from recursion of Eq. (7) and
Eq. (11), respectively.

L
X{P =T[W/P +1"F)Xx§" (13)
=1

L
H(WZUP +AWEUP +IUP)X[()]P
/=1

XyP =
(14)

By taking difference between Eq. (13) and
Eq. (14), we have Eq. (15).

L
XIU:P _XgP _ (H(W[UP‘FAWKUP‘FIUP)
(=1
L
H WUP+IUP Xé]P
(=1

(15)

By assuming enough small AW/F as in As-

sumption C.2 and approximating the difference to
first-order terms, we have Eq. (16).

v UP UP
XL _XL

L L
~ ZAW}”’ H(W,ﬁ”’ +1)x{J*
=1 k£l

(16)

From the submultiplicative property, the norm
of Eq. (16) can be bounded as Eq. (17)

|xE7 = xP7| < per+ 0 x5 a7y

|
Next, we analyze the accumulated output shift
bound of the width-upscaled residual network
with function-preserving lower layers and non-
preserving upper layers. A function-preserving
layer has frozen W2 which is zero-initialized and
a non-preserving layer has trainable W12, If the
original function is preserved for Ly, lower layers,
the L — Ly, upper layers may contribute to forget-
ting, while allowing greater learning opportunities.
With this intuition and Assumption C.5, we extend
Proposition C.4 to Proposition 3.3.
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Assumption C.5. (Smaller Function-Preserving
Weight Norm than Non-Preserving Weight Norm).
For function-preserving lower layers 1 < £ < Ly,
the norm of its upscaled weight matrix is bounded
by a small constant d7, > 0, i.e., HWEUPH < dfp.
On the other hand, for non-preserving upper layers
Ly, < £ < L, the norm of its upscaled weight
matrix is bounded by a small constant ¢,,, > 0,
i.e., WKUPH < Opp. Now, we assume that 7, <
Snp since W12 is frozen as zero-initialized for &,
while W2 is trainable for Onp-

Proposition 3.3. The accumulated output shift of
the width-upscaled residual network with function-
preserving lower layers 1 < ¢ < Ly, and non-
preserving upper layers Ly, < { < L is bounded
by Eq. (18).

X - x| <

(14 \
(1= Lyplet+ ) (152 ) X8
(18)

where X g P denotes updated output of width-
upscaled residual network as defined by Defini-
tion C.3 and ¢y, and J,, denotes upper bound
of norm of upscaled weight matrix for function-
preserving lower layers and non-preserving upper
layers, respectively, under Assumption C.5.

Proof. By taking difference between Eq. (13) and
Eq. (14) for Ly, +1 < ¢ < L, we have Eq. (19).

L
x{r-xyt = J[ WP +awf"+1")
é=pr+1

L
- I ow"+1"7) ) xif
(=Lpp+1
(19)
By assuming enough small AWEUP as in As-
sumption C.2 and approximating the difference to
first-order terms, we have Eq. (20).

v UP UP
XL _XL
L L
~ UP
~ > awir ]
(=Lsp+1 k=L p+1,k#E
L L
_ UP
= > awfr ]

(=Lyp+1 k=L fp+1,k0

(Wi'" + D) XE]

(WP 4 1)

pr
H(WEUP + 1) X"
/=1

(20)

From the submultiplicative property, the norm
of Eq. (20) can be bounded as Eq. (21)

X x| <

(148 \
(L= Leti+ 0., (52 ) 7 xE)
(21)

Note that, since d f, < 6, from Assumption C.5,
the forgetting bound increases exponentially with
decreasing L r,,. Atits extremes, forgetting happens
the most (Eq. (21) degenerates to Eq. (17)) if no
layer preserves the original function, i.e., Ly, = 0,
whereas the forgetting bound becomes 0 if every
layer preserves the original function, i.e., Ly, = L.

This completes the proof. U
Corollary 3.4. Forgetting increases exponentially
with decreasing L gy, the number of function pre-
serving Wé12 blocks in lower layers 1 < { < Ly,
Proof. Immediate from Proposition 3.3. (I

D Convergence Analysis

In this section, we analyze convergence of
standard Continual Learning (CL) and Routing-
based Continual Learning induced by logit
routing. Following common CL analyses,
we bound the task-to-global weight divergence
wat —w H via the task-to-global gradient diver-
gence | VF (w) — VF(w)|.

D.1 Objectives with Logit Routing

Single shared parameters and a coordinate par-
tition. Let w denote the single trainable param-
eter vector. We use a coordinate partition w =
(1, ¢), where ¢ denotes the interference coordi-
nates (e.g., blocks such as W12) and 1) denotes the
remaining coordinates. This is only a notational
partition of one shared w.

Adapt vs. Preserve logits. For an input x, define:

* Adapt logits: Z 4(w;x).
* Preserve logits:
ZP(W;X) = ZA((@Z},O);X)v (22)

i.e., the same computation with the interfer-
ence coordinates masked to O.

Logit router (stop-gradient / fixed router).
Given a threshold 7, define a binary routing de-
cision r(x) € {0, 1}. To enable standard smooth
optimization analysis, we treat the router as fixed
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with respect to w during optimization (e.g., com-
puted from a detached forward pass or from a snap-
shot w and held constant):

r(x) = ]I[cos(Zp(v_v; X), Z(W;x)) < T],
(23)
where 7(x) = 0 indicates routing to preserve and

r(x) = 1 indicates routing to adapt.

Task objectives. Let £L(Z,y) be the per-sample
loss (e.g., negative log-likelihood). The standard
(adapt-only) task objective is

1
W Z | K(ZA(W§ X), y)-
(x,y)eD?
The routed task objective is

z; 3 ((1—T(X))£(ZP(W;X)7ZI)

(x,y)€D?

Fi(w) £ (24)

Fjlw) &

+ r(x) £(Za(W;X), )
(25)

Virtual global
UlgiSNDi . Define

1

objectives. Let D¢

> L(Za(wix),y),

(x,y)eDC

F 2 o S

o] (x,y)GDG(a = 7(x)) £(Zp(wiX)y)

+ r(x) L(Z 4(w; x), y))
(26)
D.2 Training Dynamics and a Generic
Divergence Recursion

For either method (A or R), we consider gradient
descent updates on task ¢:

wiEw | —pVF(w_ ), t>1, (27
initialized at the task start by WO = W’T 1. The
virtual global iterate is

wi S wiy —nVEC(wWE ), =1 (28)

initialized at w§’ = w, with (F, F%) chosen con-
sistently (either (Fy, F'{) or (Fi, F$)).

Lemma D.1 (One-step task-to-global weight diver-

gence bound). Assume FC is 3-smooth. Then for

either method,

—wi'l| < (1 +08)|wiy
+0|[VF (W)

—WtGAH 4
— VFYwi_))].
(29)

wi

Proof. From Eq. (27) and Eq. (28),
wi— Wl =W
—n(VE'(W;_1)

- Wi, (30)
- VF G<WtG—1))'
Add and subtract VF(wi_,), apply triangle in-
equality, and use S-smoothness:
HVFG(WLQ - VFG(WtCiﬂH < 5““’%71 - W£1H-
€1y
Substituting yields Eq. (29). ]
Thus, it suffices to compare the task-to-global
gradient divergence ||VF'(w) — VFC(w)]|| be-
tween standard CL and routing-based CL.

D.3 Assumptions for Routed Optimization

Assumption D.2 (Smoothness under a fixed router).
For every task i, the objectives F'i, F'{ are con-
vex and (3-smooth. For routed objectives, F}%, Fg
are convex and /-smooth when the router 7(X) is
treated as fixed (Assumption D.3).

Assumption D.3 (Fixed router (stop-gradient)).
During optimization, 7(x) is treated as fixed with
respect to w (e.g., computed from a detached for-
ward pass or from a snapshot w and held constant
for the updates being analyzed).

Assumption D.4 (Bounded interference gradients).
There exists G4 > 0 such that for all w and all

(%, 9),
qugﬁ(ZA(W X )H < Gy.
Assumption D.5 (Router stability). Define

pi = Py yypilr(x) = 1], 32)
PG = P yyper(x) = 1].

Assume p; < ppax < 1 and |p;
1.

— pc| < gp forall

Assumption D.6 (Conditional divergence not am-
plified on ¢). For all w and all tasks ¢,

|VoFi(w|r=1)—VsFS(w|r=1)
< [V Fa(w) = VoF§ (W],
(33)
where F'(w | » = 1) denotes the objective re-
stricted to samples satisfying r(x) = 1.

Assumption D.7 (No increase of divergence on ).
For all w and all tasks ¢,

[V FR(w) = Vy g ()|

(34)
< HvszA w) — VyF§ (w)]].
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D.4 Interference-Gradient Gating by Logit
Routing

Lemma D.8 (Preservation logits have zero
¢-gradient). For all (x,y) and all w = (¢, ¢),

V¢£(Zp(W;X),y) =0.
Consequently, under Assumption D.3,
B L yeni (%) VoL(Za(w;x),y).
(35
Proof. By Eq. (22), Zp(w;x) does not depend

on ¢, hence its ¢-gradient is zero. Differentiating
Eq. (25) with a fixed router yields Eq. (35). O

Lemma D.9 (Contraction of task-to-global diver-
gence on ¢). Under Assumptions D.3—D.6 and D.4—
D.5, for all w,

Vo Fhp(w) =

|V FR(W) V¢FR w)l
< Pmax HWFA —VoF§(w)||  (36)
+ Ede,.
Proof. Let g(x,y; W) £ VoL(Z4(W;X),y). By
Lemma D.8,
Vo FhR(W) = Epi[r(x)g(x, y; w)], 37
vd’Fg(W) = EDG [T(X)g(xa Yy, w )]
Write each as p - E[g | r = 1]:
VeFh(w) =piEpilg | 7 =1], %)
VoFR (W) =peEpclg | r=1].
Then
|VoFi — VoFg ||
<pilEpilg | r=1] =Epclg | r =1]|| (39)
+ |pi — pal| |Epclg | r = 1]]|.

By Assumption D4, |Epclg | r=1]|] < Gy,
so the second term is bounded by ¢,G, using
Assumption D.5. For the first term, note that
Epilg | r = 1] = VuFi(w | r = 1) and simi-
larly for DE. Assumption D.6 and p; < ppax yield
Eq. (36). 0

D.5 Main Theorem: Routed Convergence
Bound

Theorem 4.1. Under Assumptions D.3-D.7 (and
router stability condition Eq. (45)), Routing-based
Continual Learning with logit routing admits a no-
worse (and typically tighter) bound on the task-
to-global weight divergence than standard Contin-
ual Learning, by gating interference-coordinate
updates.

Proof. Fix any w = (1, ¢) and define the task-to-
global gradient divergences

Au(w) £ ||VFy(w
Ar(w) & HVFR

Since 1) and gb form a coordinate partition of w, the
squared norm decomposes as

Ap(w)?
= |[VyFh(w) = VeFE W)’
+ (| Vo Fly(w) — Vo FS (W)
By Assumption D.7, the v)-term satisfies
Vo Pk = Vo bRl < [|VuFa - Vo g

—VF§(w w)||,

(40)
— VEFS(w w)l|.

(41)

By Lemma D.9, the ¢-term satisfies
< Pmax || Vo Fh = VoF|| + £5Go

Therefore, for all w,

AR(wW)? < ||V Fi(w) — VyFS (w)|?

2

+ (pmax HV¢FA W) - v(Z?FA (W)H + €PG¢) .
(43)

Next, note that the adapt-only divergence also

decomposes:

Au(w)?
= |VoEAw) = VuES )" @)
+ [[VsEa(w) = VoES ()"

Hence, whenever the router is stable enough that

£pGo < (1= pmax) || Vo Fa(w) = Vo F§ (W),
(45)

we have

Pmax @ + €pGg < a for a= HV¢FA — V¢F§H,
(46)

and thus Eq. (43) implies Ag(w) < A 4(w). More-
over, if the inequality in Eq. (45) is strict and a > 0,
then Ar(w) < Ax(w).

Finally, apply Lemma D.1. Both methods satisfy
the recursion

[wi —wf|| < (1 —wi [+ Aw_y),
(47)
with A = A4 for standard CL and A = Ag for
routing-based CL. Under the condition in Eq. (45),
the driving term Ag(w:_,) is no larger (and typi-
cally smaller) than A 4 (w!_,), yielding a no-worse
(and typically tighter) upper bound on Hwi —wé H
after unrolling the recursion.
This completes the proof. (]

+nB)||wi_,
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