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Abstract

Fine-tuning large language models (LLMs) us-
ing standard first-order (FO) optimization often
drives training toward sharp, poorly general-
izing minima. Conversely, zeroth-order (ZO)
methods offer stronger exploratory behavior
without relying on explicit gradients, yet suffer
from slow convergence. More critically, our
analysis reveals that in generative tasks, the
vast output and search space significantly am-
plify estimation variance, rendering ZO meth-
ods both noisy and inefficient. To address these
challenges, we propose Hi-ZFO (Hierarchical
Zeroth- and First-Order optimization), a hybrid
framework designed to synergize the precision
of FO gradients with the exploratory capability
of ZO estimation. Hi-ZFO adaptively partitions
the model through layer-wise importance pro-
filing, applying precise FO updates to critical
layers while leveraging ZO optimization for
less sensitive ones. Notably, ZO in Hi-ZFO is
not merely a memory-saving surrogate; it is in-
tentionally introduced as a source of "beneficial
stochasticity" to help the model escape the lo-
cal minima where pure FO optimization tends
to stagnate. Validated across diverse genera-
tive, mathematical, and code reasoning tasks,
Hi-ZFO consistently achieves superior perfor-
mance while significantly reducing the train-
ing time. These results demonstrate the effec-
tiveness of hierarchical hybrid optimization for
LLM fine-tuning.

1 Introduction

Fine-tuning has become the prevailing paradigm
for adapting large language models to special-
ized downstream tasks (Yang et al., 2025, 2024b;
OpenAl, 2023). The current standard relies on
first-order (FO) gradient-based optimizers such as
Adam (Kingma and Ba, 2015), which are favored
for their rapid convergence and precise parameter
updates. Despite their success, these deterministic
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Figure 1: Performance degradation of pure ZO optimiza-
tion on generation tasks. ZO methods (MeZO) exhibit
a pronounced performance collapse as the output and
search space expand, while Hi-ZFO remains stable and
achieves substantially higher performance.

methods face fundamental limitations within high-
dimensional, non-convex loss landscapes. Specif-
ically, they tend to converge toward local minima
and often lack the exploratory capacity required
to escape such suboptimal regions (Keskar et al.,
2017). Convergence to these local optima results
in poor generalization capability and high model
instability.

Zeroth-order (ZO) optimization (Spall, 1992)
presents a compelling alternative to traditional ap-
proaches by estimating gradients via function-value
perturbations instead of analytical backpropaga-
tion. By bypassing explicit gradients, ZO meth-
ods introduce a degree of inherent stochasticity
that facilitates broader exploration of the parameter
space, potentially allowing the optimizer to escape
the local minima that often entrap first-order (FO)
methods. However, the effectiveness of pure ZO
optimization is constrained by the curse of dimen-
sionality. Because the variance of gradient estima-
tors scales linearly with the number of parameters
(Duchi et al., 2015), these methods frequently suf-
fer from slow convergence and instability when ap-
plied to large language models. Our empirical anal-
ysis reveals a critical limitation, namely that ZO
optimization deteriorates significantly as the com-
plexity of the output space increases. While pure
7.0 methods like MeZO (Malladi et al., 2023) and
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hybrid strategies such as Addax (Li et al., 2025),
which applies first-order (FO) gradients to long se-
quences and ZO to short ones, perform reasonably
on simple classification tasks, they experience a
pronounced performance collapse in generative set-
tings (see Fig. 1). In these scenarios, the vast search
space of token sequences significantly amplifies es-
timation variance. This noise renders ZO updates
both inefficient and erratic, eventually driving the
optimization toward suboptimal regions. Conse-
quently, a fundamental challenge arises because
FO methods provide precision but lack sufficient
exploration, while ZO methods encourage explo-
ration but fail to maintain stability and efficiency
in complex generative tasks.

To bridge this gap, we propose Hi-ZFO (Hierar-
chical Zeroth- and First-Order optimization), which
is a hybrid framework designed to synergize the
precision of FO with the exploration of ZO. Rather
than viewing them as competing alternatives, Hi-
ZFO leverages their complementarity by adopting
the Importance-Guided Tensor Selection strategy
from (Huang et al., 2024). Specifically, building on
this paradigm, we formulate parameter partitioning
as a cost-aware optimization problem and utilize
Dynamic Programming (DP) to identify the param-
eter subset that maximizes sensitivity importance
within a fixed computational budget.

The hierarchical design yields a principled al-
location of optimization regimes, whereby high-
importance tensors, typically located in upper lay-
ers, receive precise FO updates to ensure stability.
Meanwhile, the computation-heavy bottom layers,
which are traditionally frozen to save costs, are ac-
tivated via ZO optimization. By replacing static
freezing with stochastic ZO adaptation, Hi-ZFO
transforms these layers into a source of "beneficial
stochasticity." This mechanism serves a dual pur-
pose, as it drastically reduces memory overhead
by avoiding full backpropagation while simultane-
ously perturbing the optimization trajectory enough
to escape the local minima where pure FO methods
often stagnate. Consequently, Hi-ZFO achieves a
rare synergy by combining enhanced generalization
through improved landscape exploration with sig-
nificant reductions in memory footprint and train-
ing time. We summarize our primary contributions
as follows.

* We identify the cause of ZO optimization
failure in generative tasks, attributing it to
the high estimation variance that is signif-

icantly amplified by the expansive output
search space.

* We propose Hi-ZFO, a hierarchical framework
that integrates an importance-based selection
mechanism to strategically balance FO and
Z0 updates, thereby synergizing gradient pre-
cision with beneficial stochastic exploration.

» Extensive evaluations demonstrate that Hi-
ZFO consistently outperforms competitive
baselines while simultaneously achieving sub-
stantial reductions in memory overhead and
accelerating convergence.

2 Related Work

Zeroth-Order and Hybrid Optimization. Zeroth-
order (ZO) methods like MeZO (Malladi et al.,
2023) enable memory-efficient fine-tuning but of-
ten face dimensionality-induced instability in gen-
erative tasks. Although kernel-based (Mi et al.,
2025) and quantized (Zhou et al., 2025) variants
attempt to mitigate gradient variance, estimation
noise remains a significant bottleneck. Hybrid ap-
proaches such as Addax (Li et al., 2025) combine
FO and ZO updates, yet such methods typically
rely on static heuristics like sequence length. Re-
cent work such as LoHO (Chen et al., 2025a) also
explores assigning FO updates to upper layers and
Z0 updates to lower layers, but uses heuristic al-
location rules. In contrast, Hi-ZFO formulates the
split as a cost-aware optimization problem and uses
sensitivity-guided tensor selection to maximize util-
ity under a strict FLOPs budget, while explicitly
leveraging ZO as a source of beneficial stochastic-
ity for complex reasoning and generation tasks.

Parameter Efficiency and Adaptive Selection.
Parameter-efficient fine-tuning (PEFT) (Hu et al.,
2022; Li and Liang, 2021; Houlsby et al., 2019)
and adaptive selection methods (Huang et al., 2024)
reduce memory overhead by freezing substantial
portions of the model backbone. Our work extends
the conventional update-or-freeze dichotomy by re-
purposing inactive layers as sources of beneficial
stochasticity via ZO optimization. By dynamically
partitioning parameters, the proposed framework
maintains gradient precision in critical layers while
leveraging ZO updates to facilitate exploration in
the remainder. A detailed literature review is pro-
vided in Appendix B.
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Figure 2: Overview of the Hi-ZFO framework. (a) Partitioning: Splitting © based on sensitivity and cost. (b)
Dual-Stream Forward: Evaluating Lro and £z via in-place perturbation. (c) Reset & Update: Restoring Ozo using

fixed seeds for coordinated FO/ZO updates.

3 Method

3.1 Overview

Hi-ZFO is a hybrid framework that synergizes First-
Order and Zeroth-Order optimization to maximize
parameter efficiency under constrained computa-
tional resources. As illustrated in Figure 2, the
proposed methodology utilizes a FLOPs-aware cri-
terion to estimate parameter importance, which
facilitates the partitioning of model parameters into
two distinct sets, ©@ o and © zo. The optimization
process is executed through two coupled streams,
whereby a standard stream provides accurate gra-
dient signals for critical parameters while a Per-
turbed Stream drives exploration-based updates for
computation-intensive non-critical layers.

3.2 Cost-Aware Parameter Partitioning

To optimize resource allocation, we adopt the se-
lection framework established by GreenTrainer
(Huang et al., 2024), which evaluates the utility
of the parameters based on the sensitivity of the
loss relative to the cost of backpropagation. Be-
cause lower layers require full error propagation,
they incur significantly higher FLOPs than upper-
layer counterparts. Following the methodology of
(Huang et al., 2024), we utilize Dynamic Program-
ming (DP) to identify a parameter subset (O o)
that maximizes cumulative sensitivity within a
fixed FLOPs budget, with mathematical details pro-
vided in Appendix C. Importantly, this partition
is not fixed once for the entire run: at the begin-

ning of each training epoch, Hi-ZFO re-estimates
tensor importance and re-solves the DP allocation,
thereby adapting the FO/ZO split to evolving pa-
rameter sensitivity during fine-tuning.

While the DP solution typically prioritizes FO
updates for upper layers, Hi-ZFO departs from the
static freezing approach of GreenTrainer by assign-
ing computation-intensive bottom layers to Zeroth-
Order optimization (O z0). Since ZO updates rely
solely on forward passes, such high-cost layers
can be adapted without the prohibitive overhead of
backpropagation. This transition effectively repur-
poses the cost-saving mechanism of GreenTrainer
into a source of beneficial exploration, allowing
the model to adapt low-level representations while
maintaining overall computational efficiency.

3.3 Dual-Stream Forward Propagation

Upon completion of parameter partitioning, the
optimization procedure executes a sequential dual-
stream forward propagation for each input batch x.
The process begins by generating a set of perturbed
parameters ©',, = Oz + eu through a random
noise vector u ~ N(0,I) scaled by a smoothing
parameter .

The dual-stream execution involves two consec-
utive stages. Initially, the standard stream pro-
cesses the input using unperturbed parameters
(Oro,0z0) to obtain the baseline loss Lo
M(z;0r0,070). Such a pass facilitates the ex-
traction of essential first-order gradient signals for
Oro and establishes a clean reference for sub-
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sequent estimation. Subsequently, the perturbed
stream performs a second forward pass using unper-
turbed FO parameters alongside perturbed ZO pa-
rameters to yield the post-perturbation loss Lz =
M(z;O©F0,0",,). The resulting loss value quan-
tifies the sensitivity of the loss landscape to struc-
tured perturbations within the © 7z subspace.

3.4 Hybrid Optimization

Hi-ZFO utilizes a loss-level coupling to unify FO
and ZO optimization within a single objective func-
tion, Liotal = Lro + aLz0, where the hyperpa-
rameter « regulates the contribution of the explo-
ration signal.

Under this unified objective, parameters within
O o undergo standard backpropagation according
to the update rule

0ro < 0ro — NroVepo Liotal- (D

Integrating the perturbed loss into L4 explicitly
conditions FO optimization on variations within
Oz0. Such a mechanism prevents upper layers
from disregarding shifts in lower layers and en-
courages the development of solutions robust to
representation changes.

Simultaneously, parameters in Oz¢ utilize a gra-
dient estimator derived from the finite difference be-
tween the standard and perturbed streams. To min-
imize memory overhead, we perform an in-place
perturbation by fixing a random seed s to sample
the vector u and setting @’ZO +— Oz0 + eu. Im-
mediately after evaluating the perturbed loss Lz0,
the original parameters are recovered in-place by
regenerating the same u via the fixed seed s and
computing Ozo < 0, — eu. By leveraging Lro
as a baseline, the descent direction is calculated as:

. Lz0—Lro
gz0 = ——————u.

2
The resulting gradient estimate is subsequently ap-
plied to the restored original parameters Ozg via
the expression:

©z0 <+ O©7z0 — Nz0&70- 3)

Through such coordinated updates and in-place
recovery, Hi-ZFO ensures that FO precision and
Z0 exploration operate in a mutually aware manner,
ultimately stabilizing the optimization trajectory
in complex generative landscapes. The detailed
algorithm is presented in Algorithm 1.

Algorithm 1 Hi-ZFO Optimization Algorithm

Require: Parameters ©; Dataset D; FLOPs bud-
get B; Rates nro, 1170; Scalars €, o; Random
seed s.

Ensure: Optimized ©%.

1: for epoch = 1to E do
2:  Partitioning: Recompute sensitivity I and
cost C}, for all tensors.
3:  Solve DP to partition © — Opp and Oz
s.t. cost < .
. for batch (z,y) in D do
5: Lro + E(ac, y; OFo, @ZO)
: Sample u ~ AN(0,I) via seed s and set
@/ZO + Ozo + eu.
L70 + L(x,y; Oro, O54)

8: O70 @/ZO — €eu

: Update Opo (via Backpropagation):
10: Liotal <+ Lro + aLzo
11: OF0 + Or0 — MFo Ve Liotal
12: Update Oz (via Gradient Estimation):
13: 870 + Fo—froy
14: ©z0 + Oz0 — 170820

15: return Opp U Oz

3.5 Theoretical Justification

To validate the stability of Hi-ZFO, we ana-
lyze its convergence properties under standard L-
smoothness and bounded variance assumptions.
The detailed mathematical derivation is provided
in Appendix D.

Theorem 3.1 (Convergence of Hi-ZFO). Let A =
L(0g) — L* denote the initial optimality gap and
»2 = 012;0 + 0420%0 represent the composite vari-
ance. By setting the learning rate n = % and the

Z0 smoothing parameter y = \/d;ﬁ’ the mini-

mum expected squared gradient norm is bounded
by:

AA + 2L
vT

dzo

Consequently, as T' — oo, the algorithm achieves
the standard non-convex convergence rate:

in E[|VL(#)|? <
emin | ElIVL@)IT <

)

. ) 1
i ENL@P <0 ().

The convergence behavior is driven by two com-
ponents. The O(1/v/T) term arises from the
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stochastic variance and optimization gap, confirm-
ing that Hi-ZFO matches the asymptotic rate of
standard first-order methods. The O(dzo/T) term
corresponds to the squared smoothing bias, denoted
as 20, in the derivation (see Appendix D), where
8, o< u?d%g. Crucially, this bias term scales lin-
early with the partial dimension dzo rather than
the full parameter dimension d.

4 Experiments

4.1 Experimental Setup

Models and Tasks. We evaluate Hi-ZFO on a com-
prehensive suite of LLMs, including OPT (Zhang
et al., 2022), BLOOM (Scao et al., 2022), Qwen2
(Yang et al., 2024a), and Qwen?2.5-Instruct (Yang
et al., 2024b). The assessment spans standard NLP
benchmarks, specifically abstractive summariza-
tion on SciTLDR (Cachola et al., 2020) and Di-
alogSum (Chen et al., 2021b) alongside generative
QA on WebQuestions (Berant et al., 2013). Fur-
thermore, we evaluate complex reasoning capabili-
ties on GSM8K (Cobbe et al., 2021), HumanEval
(Chen et al., 2021a), and the Math500 (Hendrycks
et al., 2021). Such an evaluation focuses exclu-
sively on generative tasks to avoid the metric infla-
tion often observed in simple classification.

Baselines. We evaluate Hi-ZFO against a com-
prehensive suite of baselines, including standard
first-order (FO) methods and parameter-efficient
fine-tuning (PEFT) techniques such as LoRA (Hu
et al., 2022), GreenTrainer (GT-0.7) (Huang et al.,
2024), and Prefix-Tuning (Li and Liang, 2021). We
also compare it with zeroth-order (ZO) methods
like MeZO (Malladi et al., 2023) and hybrid frame-
works including Bilevel-ZOFO (Shirkavand et al.,
2025) , LoHO (Chen et al., 2025a) and Addax (Li
et al., 2025). Since Addax uses a length-based
heuristic that often degenerates to FO optimization
in long-sequence generative settings, we provide
an additional comparison on summarization tasks
in Appendix A.5. Detailed formal definitions for
all baselines are provided in Appendix A.1.

4.2 Implementation Details

Experiments conducted on NVIDIA H100 and H20
GPUs utilize the AdamW optimizer with decoupled
learning rates of 2 x 10> for FO and 2 x 1076
for ZO updates. Hyperparameters for reasoning
tasks strictly follow the configurations established
in Bilevel-ZOFO (Shirkavand et al., 2025), while
standard NLP tasks align with the batch and se-

quence constraints of GreenTrainer (Huang et al.,
2024) to ensure a fair comparison. In addition, €
is set to 0.001 and « to 0.1. All values are the av-
erage of three independent experimental runs. At
the beginning of each epoch, we recompute tensor
importance and re-run DP to refresh the FO/ZO
partition. Relative to standard FO training, Hi-ZFO
adds one extra forward pass per step for the per-
turbed stream, but avoids the expensive backward
propagation through the tensors assigned to © 2o,
which substantially offsets this overhead in practice.
Detailed training configurations and the utilized
prompt templates are provided in Appendix A.2
and Appendix A.3, respectively.

4.3 Model Performance

Table 1 provides a detailed comparison of train-
ing costs and downstream performance between
Hi-ZFO and several prominent baselines, including
Full Fine-Tuning (Full FT), various PEFT meth-
ods, and mixed-gradient approaches across three
distinct LLM architectures. The reported met-
rics demonstrate that Hi-ZFO consistently achieves
state-of-the-art results, surpassing both Full FT and
competitive baselines such as Bilevel-ZOFO and
GT-0.7 in most experimental settings. On the Di-
alogSum task using BLOOMZ-3B, for instance,
Hi-ZFO obtains a ROUGE-1 score of 38.9, which
markedly outperforms the scores of 34.1 and 36.0
achieved by Full FT and Bilevel-ZOFO, respec-
tively.

Furthermore, Hi-ZFO demonstrates supe-
rior time efficiency compared to other high-
performance methodologies.  Such a speed
advantage originates from the rapid convergence
of the proposed framework, which reaches peak
performance within only three training epochs.
In contrast, baseline methods typically require
five epochs to converge under their standard
configurations, with further training for Hi-ZFO
often leading to overfitting. Consequently, the
proposed approach substantially reduces com-
putational wall-clock time, such as decreasing
the duration from 1.20 hours for Full FT to 0.49
hours on Qwen2.5/SciTLDR. As shown in Table 1,
Hi-ZFO also consistently outperforms closely
related hybrid baselines. On OPT-2.7B, Hi-ZFO
improves over the recent LoHO (Chen et al,
2025a), raising SciTLDR ROUGE-1 from 32.5
to 35.6 and WebQuestion accuracy from 29.3%
to 32.4%. By maintaining a memory footprint
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# Model SciTLDR DialogSum WebQuestion
& Method

Mem. (GB)  Time (h) R1/R2/RL  Mem. (GB)  Time (h) R1/R2/RL  Mem. (GB)  Time (h)  Acc.
OPT-2.7B
Full FT 55.1 092 32.9/14.9/27.1 55.1 5.5 23.6/9.5/18.8 54.3 0.72 29.1
FT-Top2 29.9 0.61 9.1/4.0/7.6 327 3.8 20.8/7.9/17.5 26.4 0.52 23.8
Prefix-T 31.7 0.58 7.6/0.4/6.1 34.0 3.7 13.4/3.3/10.9 27.5 0.62 25.1
LoRA 29.8 0.59  28.2/12.1/21.0 35.6 3.6 23.8/9.5/18.8 25.1 0.5 20.0
MeZO 13.5 2.50 6.2/1.5/5.8 13.5 12.5 10.5/2.1/8.4 13.2 1.80 12.4
Bilevel-ZOFO 49.5 0.55  33.2/15.1/27.4 49.5 3.5 24.1/9.8/19.2 48.8 0.45 29.9
LoHO 52.5 0.68  32.5/14.8/26.8 525 4.1 23.6/9.6/18.9 50.1 0.53 293
GT-0.7 53.0 0.68  33.1/15.2/27.6 53.0 39 23.4/9.5/18.8 51.7 0.42 30.2
Hi-ZFO 45.1 042  35.6/16.7/29.1 45.1 2.5 26.7/11.0/21.4 352 033 324
BLOOMZ-3B
Full FT 68.2 1.0 28.3/12.1/22.5 68.2 6.5  34.1/13.8/27.4 60.9 0.91 21.7
FT-Top2 29.7 0.75 23.7/8.8/18.8 30.8 4.6 22.1/8.5/17.8 27.6 0.62 18.1
Prefix-T 33.6 0.68 6.5/2.2/5.5 36.7 4.2 29.6/9.4/24.9 29.6 0.72 15.2
LoRA 29.2 0.69  27.4/11.7/21.8 32.1 43 35.4/14.3/28.6 24.8 0.51 17.4
MeZO 14.8 2.80 5.1/1.2/45 14.8 14.2 12.1/3.5/9.8 14.2 2.10 10.5
Bilevel-ZOFO 54.5 0.85  28.4/12.3/22.6 54.5 52 36.0/14.1/29.5 55.2 0.75 22.6
LoHO 64.5 0.88  27.8/11.9/22.1 64.5 53  35.5/13.8/29.0 57.2 0.76 22.1
GT-0.7 57.8 0.74  28.0/12.2/22.4 55.5 4.3 36.4/13.7/29.2 51.2 0.65 22.7
Hi-ZFO 479 0.53  29.8/13.1/23.2 479 3.2 38.9/15.9/31.5 46.2 0.41 249
Qwen2.5-3B-Instruct
Full FT 65.4 1.20 22.1/6.7/117.4 65.4 7.1 21.2/7.2/18.0 60.7 0.96 27.6
FT-Top2 335 0.93 16.6/3.4/13.2 335 59 20.9/6.9/17.8 29.4 0.72 23.7
Prefix-T 31.4 0.88 20.6/6.8/15.6 31.4 6.2 18.4/5.7/115.5 28.7 0.79 26.7
LoRA 25.6 0.65 21.7/7.4/16.5 25.6 53 22.4/8.6/18.4 23.1 0.62 27.1
MeZO 14.5 3.50 4.2/0.8/3.5 14.5 16.5 8.5/1.9/6.2 14.0 2.50 14.2
Bilevel-ZOFO 58.2 0.95 23.5/8.8/18.5 58.2 5.8 22.6/8.9/18.5 55.4 0.82 29.5
LoHO 60.2 1.12 23.0/8.5/18.1 60.2 6.1 22.1/8.5/18.0 57.7 0.91 29.0
GT-0.7 51.3 0.84 23.6/8.7/18.6 51.3 6.1 22.9/8.9/18.9 47.3 0.78 29.8
Hi-ZFO 46.3 049  26.4/10.6/20.5 46.3 42  24.7/10.5/19.8 42.5 047 321

Table 1: Performance comparison of different LLMs on SciTLDR, DialogSum, and WebQuestion.

lower than Full FT and more efficient than existing
mixed-gradient approaches, Hi-ZFO strikes an
optimal balance between resource consumption
and model accuracy.

4.4 Performance on Mathematical Reasoning
and Coding Tasks.

Evaluation on reasoning and coding benchmarks
using Qwen2-7B reveals a distinct advantage for
Hi-ZFO, as detailed in Table 2. Notably, the
pure Zeroth-Order baseline (MeZO) collapses on
GSMBSK, falling from a zero-shot score of 0.420
to 0.329. Such performance degradation highlights
the necessity of gradient guidance for complex
reasoning, a requirement Hi-ZFO meets with ex-
ceptional robustness. Specifically, the proposed
framework outperforms Full Fine-Tuning (FT) on
both GSM8K (0.810 vs. 0.773) and HumanEval
(0.564 vs. 0.505), while also surpassing the mixed-
gradient baseline Bilevel-ZOFO (0.543). Although
Full FT maintains a marginal lead on Math500
(0.370 vs. 0.350), Hi-ZFO remains competitive and
significantly exceeds parameter-efficient methods
like LoRA (0.280). The empirical results suggest
that the hierarchical strategy acts as an effective reg-
ularizer, preserving intrinsic reasoning capabilities

more successfully than unconstrained parameter
updates.

5 Analysis

5.1 Scalability and Efficiency across Model
Sizes

Table 3 provides a comprehensive assessment of
scalability across model sizes ranging from 350M
to 13B parameters. The empirical results consis-
tently indicate that Hi-ZFO achieves a superior
trade-off between computational efficiency and
downstream accuracy compared to both Full Fine-
Tuning and specialized baselines. A significant per-
formance discrepancy emerges when comparing
Hi-ZFO to GreenTrainer (GT-0.7), which under-
scores the fundamental constraints of static param-
eter freezing. While GT-0.7 minimizes costs by
entirely bypassing non-critical parameters, such
an approach restricts the model’s ability to un-
dergo necessary representation shifts during adap-
tation. In contrast, Hi-ZFO reactivates these layers
through low-cost zeroth-order updates to recover
substantial performance, as evidenced by the 2.8%
improvement on the OPT-13B WebQuestions task
where Hi-ZFO reaches 35.9% relative to the 33.1%
obtained by GT-0.7. Crucially, the observed gains
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Method GSMSK (Acc) Math500 (Acc) HumanEval (pass@1)
Zero-shot 0.420 0.180 0.476
FT (Full Fine-Tuning) 0.773 0.370 0.505
LoRA 0.727 0.280 0.518
GT-0.7 0.743 0.320 0.513
MeZO 0.329 0.050 0.110
Bilevel-ZOFO 0.762 0.310 0.543
Hi-ZFO 0.810 0.350 0.564

Table 2: Performance comparison of Qwen2-7B on mathematical and coding tasks. We report Accuracy for GSM8K

and Math500, and pass@1 for HumanEval.

in accuracy are achieved without increasing train-
ing latency. Hi-ZFO records lower wall-clock time
than GT-0.7 across all experimental settings, specif-
ically reducing the duration for OPT-13B on Sc-
iTLDR from 3.97 to 2.47 hours. We further extend
the evaluation to OPT-30B in Appendix A.4, where
Hi-ZFO achieves 37.7% accuracy on WebQues-
tion and 38.4 ROUGE-1 on SciTLDR, consistently
outperforming all baselines.

5.2 Impact of FLOPs-based Update Ratio (p).

We further investigate the trade-off between com-
putational budget and downstream performance by
varying the FLOPs-based update ratio p from 0.2 to
0.8, as detailed in Table 4. The results highlight a
critical balance between resource consumption and
model accuracy. As expected, increasing p results
in a monotonic rise in training cost; for the OPT-
2.7B model, raising p from 0.2 to 0.8 more than
doubles the training time (1.62h to 3.67h) and ex-
pands memory usage from 19.7 GB to 53.0 GB. In
terms of performance, we observe an “inverted-U”
trajectory. At low ratios (p < 0.3), the model suf-
fers from underfitting due to insufficient parameter
updates, yielding negligible scores. Performance
improves sharply as more computationally signif-
icant parameters are included, reaching a peak at
p = 0.6, where OPT-1.3B and OPT-2.7B achieve
optimal ROUGE-1 scores of 27.7 and 26.7, respec-
tively. Crucially, increasing p beyond this point
yields diminishing returns; at p = 0.7, accuracy
notably degrades (e.g., OPT-1.3B drops to 24.2)
while memory overhead surges by approximately
50% (21.2 GB to 32.8 GB). This indicates that up-
dating the top 60% of parameters based on FLOPs
density captures the essential semantic information
required for fine-tuning, while higher ratios intro-
duce unnecessary redundancy and resource costs.
Consequently, we adopt p = 0.6 as the optimal
configuration for our method.

Impact of ZO Learning Rate Ratio (nz0/Mr0)
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Figure 4: We evaluate the ROUGE-1 score on the Di-
alogSum dataset. Hi-ZFO achieves peak performance
ata =0.1.

5.3 Impact of ZO Learning Rate Ratio

To optimize the synergy between first-order (FO)
and zeroth-order (ZO) updates, we investigate the
sensitivity of the learning rate ratio r = 1zo0/nro,
as depicted in Figure 3. The results reveal a clear
distinction between a Stable Region and an Unsta-
ble Region. Performance peaks (Score: 26.7) at
a conservative ratio of » = 0.1, suggesting that
the ZO component functions best as a subtle aux-
iliary signal. While the model maintains stabil-
ity within the range r € [0.1, 0.5], exceeding this
threshold precipitates a sharp decline; at » = 0.7,
the score plummets to 14.2. This collapse indi-
cates that the magnitude of ZO updates must be
strictly constrained relative to FO updates. When
nzo 1s too large, the stochastic nature of zeroth-
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# Params SciTLDR DialogSum WebQuestion
& Method
etho Mem. (GB)  Time (h) R1I/R2/RL  Mem. (GB)  Time (h) R1/R2/RL  Mem. (GB)  Time (h)  Acc.
OPT-350M
Full FT 124 0.15  30.9/13.9/25.7 124 0.92 23.2/9.0/18.5 84 0.18 227
LoRA 9.8 0.10  25.9/10.8/20.3 9.8 0.65 21.5/7.7/17.3 4.8 0.08 7.5
GT-0.7 11.8 0.12  30.6/13.5/25.0 11.8 0.66 24.2/9.3/19.3 8.0 0.13  20.6
Hi-ZFO 9.7 0.09  32.3/14.6/26.3 9.7 0.5 25.2/10.5/20.6 5.8 0.06 21.8
OPT-1.3B
Full FT 329 046  32.1/14.3/26.4 329 2.9  25.4/10.3/20.2 282 037 275
LoRA 19.1 0.31 28.1/11.9/22.0 19.1 1.9 24.6/9.9/19.4 14.6 0.24 15.6
GT-0.7 31.7 034 31.2/14.2/25.8 31.7 2.0 23.4/9.5/18.8 26.5 025 280
Hi-ZFO 212 0.2 32.8/14.7/26.9 212 1.2 27.7/12.6/22.4 234 0.17 302
OPT-2.7B
Full FT 55.1 092 32.9/14.9/27.1 55.1 5.5 23.6/9.5/18.8 54.3 072 29.1
LoRA 29.8 0.59  28.2/12.1/21.0 35.6 3.6 23.8/9.5/18.8 25.1 05 200
GT-0.7 53.0 0.68  33.1/15.2/27.6 53.0 3.9 23.4/9.5/18.8 51.7 042 302
Hi-ZFO 45.1 042  35.6/16.7/29.1 45.1 25 26.7/11.0/21.4 352 033 324
OPT-6.7B
Full FT 153.2 232 33.9/16.1/28.9 153.2 105 25.6/11.3/20.7 138.3 2.1 314
LoRA 72.5 1.3 28.4/12.3/22.7 72.5 8.1  24.9/10.2/19.4 69.7 1.3 227
GT-0.7 121.7 1.4 33.1/15.3/27.7 121.7 8.8  26.8/11.2/21.8 104.3 1.5 327
Hi-ZFO 110.8 1.1 35.8/16.9/29.4 104.3 7.1 27.9/11.9/24.3 99.6 1.0 3438
OPT-13B
Full FT 326.3 5.01  33.1/14.9/27.6 326.3 257 26.5/10.9/21.0 298.7 495 328
LoRA 175.6 296  30.7/13.6/25.2 175.6 182 26.9/11.3/21.7 124.5 2.51 259
GT-0.7 276.3 397  33.9/15.8/28.2 276.3 224 27.2/10.5/23.7 188.9 2.88 331
Hi-ZFO 210.6 247 36.1/17.2/29.6 210.6 15.4 28.5/12.4/24.9 158.4 2.11 359
Table 3: Impact of LLM’s model size.
PT-1.3B PT-2.7B
Method o 3 o
Time (h) Mem (GB) R1/R2/RL Time (h) Mem (GB) R1/R2/RL

p-0.2 0.81 10.9 0.0/0.0/0.0 1.62 19.7 11.7/1.2/8.8

p-0.3 0.81 10.9 4.5/0.1/3.4 1.67 19.7 14.3/2.0/10.4

p-0.4 0.92 12.7 12.9/3.0/11.1 1.86 224 16.7/5.2/14.5

p-0.5 1.02 19.4 20.8/6.7/16.3 2.12 34.1 24.5/10.6/20.5

p-0.6 1.20 21.2 27.7/12.6/22.4 2.50 45.1 26.7/11.0/21.4

p-0.7 1.54 32.8 24.2/9.8/19.3 3.14 53.0 24.2/9.8/19.1

p-0.8 1.71 32.8 24.9/10.1/19.7 3.67 53.0 25.0/10.3/19.7

Table 4: Performance and efficiency comparison of different pruning ratios on DialogSum.

order estimates tends to disrupt the precise trajec-
tory guided by first-order gradients. Consequently,
we fix 7 = 0.1 to balance exploration with stability.

5.4 Sensitivity analysis of the ZO-Loss weight
Q.

To assess the impact of the Zeroth-Order (ZO) reg-
ularization term and identify an optimal weighting
factor o, we conduct a comprehensive ablation and
sensitivity analysis, with the findings summarized
in Table 5 and Figure 4. The results in Table 5 high-
light the indispensability of the ZO loss, as setting
a = 0 reduces Hi-ZFO to a standard first-order
baseline and results in systematic performance at-
tenuation across all evaluated architectures. For
instance, removing the ZO component decreases
the ROUGE-1 score from 35.6 to 32.5 on OPT-
2.7B for the SciTLDR task and from 38.9 to 36.1
on BLOOM-3B for DialogSum. This consistent

drop provides direct empirical evidence that the
Z0O-induced stochastic component is not merely
a memory-saving surrogate, but a beneficial opti-
mization signal that helps the model avoid poorer
local solutions. The sensitivity analysis further
characterizes a concave, inverted U-shaped relation-
ship between o and model performance. Accuracy
improves as « increases from zero, reaching a peak
at o« = 0.1 with a ROUGE-1 score of 26.7, which
substantially outperforms the 23.1 achieved by the
first-order baseline. Notably, Hi-ZFO demonstrates
significant robustness toward variations in «, evi-
denced by the fact that the performance at « = 0.4
remains superior to the pure first-order baseline.
Such resilience indicates that the ZO regularization
term provides a stable training signal, where the
integration of zeroth-order exploration yields con-
sistent benefits over standard fine-tuning regardless
of non-optimal weighting.
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Method OPT-2.7B BLOOM-3B
SciTLDR DialogSum WebQuestion SciTLDR DialogSum WebQuestion
R1/R2/RL R1/R2/RL Acc. R1/R2/RL R1/R2/RL Acc.
Hi-ZFO 35.6/16.7/29.1  26.7/11.0/21.4 324 29.8/13.1/23.2  38.9/15.9/31.5 24.9
Without ZO Loss ~ 32.5/15.0/27.2  23.1/9.2/18.8 30.2 27.5/11.3/22.1  36.1/13.2/29.4 23.3

Table 5: Sensitivity analysis of the hyperparameter o (ZO-Loss weight) on OPT-2.7B and BLOOM-3B.

6 Conclusion

In this work, we presented Hi-ZFOQ, a hybrid op-
timization framework designed to harmonize the
precision of first-order (FO) updates with the ex-
ploratory capacity of zeroth-order (ZO) estimation.
By implementing a cost-aware parameter partition-
ing strategy, the proposed framework redefines the
utility of ZO optimization, transforming it into
a source of structured stochasticity that comple-
ments FO learning instead of serving merely as
a memory-efficient surrogate. Such a synergy ef-
fectively mitigates the overfitting tendencies often
associated with full fine-tuning while simultane-
ously circumventing the convergence instability
typical of pure ZO approaches. Empirical evalua-
tions across generative, mathematical, and coding
benchmarks demonstrate that Hi-ZFO consistently
outperforms both full fine-tuning and established
Z0 baselines, achieving superior generalization
alongside significantly reduced training latency and
memory overhead.

Limitations

Although Hi-ZFO demonstrates significant im-
provements in efficiency and generalization, sev-
eral avenues for future research remain.

The area for potential advancement involves
the temporal dynamics of optimization. Our cur-
rent implementation already refreshes tensor im-
portance and re-solves the DP partition at the begin-
ning of each epoch, which provides a lightweight
form of adaptivity during fine-tuning. Neverthe-
less, this schedule is still relatively coarse. A
finer-grained mechanism that updates partition
boundaries or modulates the FO/Z0 balance within
an epoch could potentially track loss-landscape
changes more precisely and further improve con-
vergence.

A second limitation concerns methodological ex-
tensibility, as empirical validation is presently con-
fined to the supervised fine-tuning (SFT) paradigm.
With the increasing ascendance of human-centric
alignment, the interaction between the proposed
dual-stream optimization strategy and preference-

based learning frameworks, such as Direct Prefer-
ence Optimization (DPO), warrants further investi-
gation.
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A Detailed Experimental Settings

A.1 Baselines Descriptions

We compare our proposed method with the follow-
ing baselines:

 Full FT: Standard full-parameter fine-tuning.

* FT-Top2: A partial fine-tuning strategy that
updates only the top two transformer layers
while freezing the rest.

* LoRA (Hu et al., 2022): Low-Rank Adapta-
tion that injects trainable rank-decomposition
matrices into transformer layers.

* Prefix-T (Li and Liang, 2021): Prefix-Tuning,
which optimizes continuous task-specific vec-
tors prepended to the keys and values of the
attention heads.

* GreenTrainer (Huang et al., 2024): A cost-
aware fine-tuning framework that formulates
tensor selection as a constrained optimization
problem. It identifies the subset of parameters
that maximizes sensitivity gain under a fixed
FLOPs budget.

* MeZO (Malladi et al., 2023): The pure zeroth-
order optimization method.

¢ Bilevel-ZOFO (Shirkavand et al., 2025): A
hybrid framework employing a double-loop
optimization strategy.

* Addax (Li et al., 2025): A heuristic hybrid
method that switches between FO and ZO
optimization according to sequence length.

* LoHO (Chen et al., 2025a): A recent hybrid
method that applies FO and ZO updates to dif-
ferent layer groups using heuristic allocation
rules.

A.2 Training Duration and Efficiency

Following the standard protocol from GreenTrainer
(Huang et al., 2024), we configure all baseline mod-
els with a learning rate of 2 x 107> and batch sizes
of either 4 or 32. For our proposed Hi-ZFO, we
limit the training duration to 3 epochs, as empiri-
cal results indicated that excessive training epochs
led to overfitting. Despite this reduced duration,
Hi-ZFO exhibits superior data efficiency, achieving
competitive or superior performance compared to
the baselines.

Method SciTLDR WebQuestion
R1/R2/RL Acc.

Full FT  35.2/16.5/29.0 33.8

LoRA 32.6/14.2/26.5 27.3

GT-0.7 34.6/15.8/28.5 353

Hi-ZFO  38.4/18.1/31.2 37.7

Table 6: Performance on OPT-30B.

Regarding computational overhead, Hi-ZFO in-
troduces two sources of additional cost: the DP
partitioning step and the dual-stream forward mech-
anism. The DP step is re-executed once per epoch
at the tensor/layer level, incurring negligible over-
head (0.05h for OPT-2.7B, 0.06h for BLOOM-3B).
The dual-stream design adds one extra forward pass
per step for the ZO perturbation, but this cost is
substantially offset by avoiding backward propa-
gation through ©zp. All reported training times
already include these overheads.

A.3 Prompt Templates

To ensure fair comparison, we use specific input
formatting for each task:

* Reasoning & Coding (GSM8K, MATH, Hu-
manEval):

Question: {0} \n Answer: {A}

* QA (WebQuestions):
question:
{a} </s>

{g} </s> answer:

e Summarization (SciTLDR, DialogSum):
[source seq.] TL;DR:

A4 OPT-30B Scalability

Table 6 reports the performance of Hi-ZFO on OPT-
30B. Hi-ZFO consistently outperforms all base-
lines on both tasks.

A.5 Additional Results

Table 7 reports the comparison with Addax across
OPT, BLOOM, and Qwen2.5 on generative sum-
marization tasks.

B Extended Related Work

B.1 Advanced Zeroth-Order Methods

Beyond the seminal MeZO (Malladi et al., 2023),
several works have addressed ZO limitations. Ker-
Z0OO0 (Mi et al., 2025) introduces kernel-informed
estimators to reduce gradient variance. Others inte-
grate ZO with low-rank structures (e.g., LoORA) to
constrain the search space (Chen et al., 2025b; Jin
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Model Method SciTLDR  DialogSum
ROUGE-1 ROUGE-1
Full FT 329 23.6
OPT-2.7B Addax 9.8 8.3
Hi-ZFO 35.6 26.7
Full FT 28.3 34.1
BLOOM-3B  Addax 10.2 11.5
Hi-ZFO 29.8 38.9
Full FT 22.1 21.2
Qwen2.5-3B  Addax 8.5 9.1
Hi-ZFO 26.4 24.7

Table 7: Comparison with Addax across OPT, BLOOM,
and Qwen2.5 on generative summarization tasks.

et al., 2024). Specialized frameworks like QuZO
(Zhou et al., 2025) adapt ZO for quantized mod-
els. Despite these advances in estimator design,
pure ZO methods often struggle with optimization
stability in high-dimensional generative tasks.

B.2 Heuristic Hybrid Strategies

Hybrid optimization aims to balance FO preci-
sion and ZO efficiency. Early benchmarks (Zhang
et al., 2024) explored simple block-wise update
schemes. More complex methods like Bilevel-
ZOFO (Shirkavand et al., 2025) use gradient fusion
for meta-training. Addax (Li et al., 2025) proposes
a length-based heuristic, applying FO to long se-
quences and ZO to short ones. However, these
methods often fail to address the intrinsic sensitiv-
ity of different model parameters, relying instead
on external data attributes or fixed architectural
patterns.

C Details of Tensor Importance
Evaluation and Selection

C.1 Mathematical Formulation of Tensor
Importance

The importance of a tensor is estimated as the sum-
mation of the importance values of its constituent
weights. Since model weights are updated to mini-
mize training loss, the importance of a weight up-
date in a given iteration can be evaluated by the po-
tential increase in loss, AL = L(w) — L(w+ Aw),
if the update were reversed. Given that computing
AL for every weight is computationally expensive,
we estimate the importance of all weights simulta-
neously by smoothing the reversal operation and
calculating gradients with respect to the updates.
Let a multiplicative vector ¢ € [0,1]* denote
the reversal operation for all M weights. The loss

gradient is expressed as

OL(w+ cO Aw)
oc ©
— Aw OL(u)
u u=w
+cOAw

where © denotes element-wise multiplication.
When ¢ = 0, the resulting expression provides an
importance vector across all weights. Because the
loss gradient is parameterized by the entire weight
set, the weight importance calculated in this man-
ner implicitly incorporates the impact of weight
dependencies. Consequently, the importance I, of
a tensor k is calculated as

_ (k) 0L
Iy=—) Au P (7

To improve numerical stability during the tensor
selection process, especially when training encoun-
ters high variance, all tensor importance values
are scaled by their maximum amplitude to prevent
potential overflow.

C.2 Subproblem Decomposition in Dynamic
Programming

Since the tensor selection problem is a nonlinear in-
teger programming problem and thus NP-hard, we
utilize Dynamic Programming (DP) to identify an
approximate solution. The problem is decomposed
into a series of subproblems, P[k,t], which seek
to maximize the cumulative importance of selected
tensors among the top & layers under a backpropa-
gation FLOPs constraint £. The layers are indexed
starting from the one closest to the output.

The solution to each subproblem P[k, ] is de-
rived from previously solved smaller subproblems
through a defined recurrence relation. If tensor k&
is not selected, the value of P[k, t] is equivalent to
P[k — 1,t]. Alternatively, if tensor k is selected,
the required FLOPs budget must account for both
the update of tensor k and the propagation of acti-
vation gradients from the nearest selected tensor k.
This requirement is represented by the recurrence
equation

k—1
At = tgy, + ijk tay,- (8)

Because the optimal k. is unknown in advance, the
algorithm backtraces through the subproblem space
to explore all possible values of k.. The optimal
solution for P[k, t] is identified as the one yielding
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the highest cumulative importance. This process
continues until the global problem P[N, T',y] is
resolved. The overall time complexity of the DP ap-
proach is O(N?T't,;), which is efficient for typical
large language model configurations.

D Detailed Theoretical Proofs

In this section, we provide the detailed mathemati-
cal derivation for the convergence analysis of the
Hi-ZFO algorithm.

D.1 Notations and Problem Setup

We consider the minimization of a non-convex ob-
jective function £(6), where the parameter vector
0 € RY s partitioned into lower layers 070 €
R%70 and upper layers fpo € R0, The total
parameter vector is 0 = [0,,0},] .

The update rule at iteration ¢ is given by:

Opy1 = 0; — vy, )

where 7 > 0 is the learning rate. The gradient
estimator vector vy is constructed as:

a‘gZO,t
Vi = |: :| )

10
8Fo,t (10)

where:

* gro, 18 the stochastic First-Order (FO) gradi-
ent estimator for the upper layers.

* 870, is the Zeroth-Order (ZO) gradient es-
timator for the lower layers, computed using
coordinate-wise smoothing or random vector
Gaussian smoothing with smoothing parame-
ter u.

* a > 0 is a weighting coefficient balancing the
updates.

To rigorously analyze the convergence, we
define the effective total gradient that the al-
gorithm aims to approximate as G(0;) =
[aVg,0L, Voro L] T. We assume the loss scaling
aligns such that v; is a valid estimator for the de-
scent direction of L.

D.2 Assumptions

Assumption D.1 (L-Smoothness). The loss func-
tion £(6) is L-smooth, i.e., differentiable and there
exists a constant L > 0 such that for all 6,6’ € R%:

L(0") < L(6) + (VL(B),0 — 6)

L (11)
+ 5\\9’ — 0.

Assumption D.2 (First-Order Variance). The FO
gradient estimator is unbiased and has bounded
variance:

]E[gFO,t] = v@poﬁ(at)7
Ellgro.: — Voro L0:)|°] < oFo-

(12)
(13)
Assumption D.3 (Zeroth-Order Properties). The
Z0 gradient estimator g0 ; (generated via Gaus-

sian smoothing with parameter x and dimension
dzo) satisfies:

IE[&20.¢] — Vo,0L00)]* < 3, (14)
E[llgzo.t)?] < 2(dzo + 1)[|Va,, L(0:)]?

+0%0, (15)

where 6, = O(u?d%,) is the bias and 0%, is the
sampling variance.
D.3 Convergence Analysis
Lemma D.4 (One-step Descent). Under Assump-
tion D.1, the iteration satisfies:
Be[L(0141)] < L(0r) — nE[(VL(6r), vi)]
+ TEt[HVtHQ],

where B[] denotes the expectation conditioned on

0s.

D.3.1 Derivation of the Bound

Let VL; be the full gradient. We analyze
(VL(6;),E[vs]). Focusing on the ZO bias (as-
suming o ~ 1 for simplicity):

<V£t,Et [Vt]>
= ||VL||? + (VL Ee[vi] — VL)

= [IVL? + (Vo0 L1, Elgz0.4) — Vo, Lt)-
(17)

Using (x,y) > —3|x[|> = 3|ly]*:
1
(VL Ee[ve]) > [|[VL* - §”V(9205t”2

1.
- §”E[gZO] - vt‘)zoﬁtuz'
(18)

Substituting the bias bound (Eq. 14):
1 9 1
<v£taEt[VtD Z §”V£tH — §6N (19)

Note: We used |[VL||? — ||V z0L|* > 4|V L|2
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We bound Ef[[ve[’] = o’E[lgzol? +
E[||grol?]. Using Assumptions D.2 and D.3:

Ei[||ve]|”] < o® (2(dzo + 1) Vo, LI + 0%0)
+ (HVHFoﬁH2 + U%O)
< C VLG + 22, (20)

where C; = max(2a%(dzo + 1),1) and X2 =

2 _2 2
a“0y6 + 0ko-

Substitute Eq. equation (18) and equation (20)
into Lemma D.4:

1 1
Bt < £i—n (FI9217 - 35,)

I 2
+ (Gl VP +22)
= L= 2(1— LnCy) | VL
Ln’
2

+ géu i) Q1)

1 1.
Assume n < 3rc;» 50 1—-ILnCy > 5

L 2
EolLent] < Li—TIVL+20,+ =152 (22)
Rearranging to isolate the gradient norm:

4
HV’CtH2 < E(ﬁt — Et[£t+1]) + 25M + 2LT}E2

(23)
Summing over £ = 0...7T — 1 and taking expecta-
tion:

T-1

4
E[[|[VL(0)|?] <=
2 EIVE@I < o1

+ 276, + 2LTn%>.
Dividing by T":

T-1
1 oy _ 4(Lo — L7) 2
_ <L M 7 7 .
0 ;E[HVQH ] < T +25,+2Ln%
(25)

Setting n = % and p = ﬁ (recall 6, o
;ﬂdQZO), we get:

mtinJE[HVE(Gt)HQ] <0 <1 (26)

)

This concludes the proof.
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