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Abstract

Existing approaches to increasing the effec-
tive depth of Transformers predominantly
rely on parameter reuse, extending computa-
tion through recursive execution. Under this
paradigm, the network structure remains static
along the training timeline, and additional com-
putational depth is uniformly assigned to en-
tire blocks at the parameter level. This rigidity
across training time and parameter space leads
to substantial computational redundancy during
training. In contrast, we argue that depth alloca-
tion during training should not be a static preset,
but rather a progressively growing structural
process. Our systematic analysis reveals a deep-
to-shallow maturation trajectory across layers,
where high-entropy attention heads play a cru-
cial role in semantic integration. Motivated
by this observation, we introduce the Sparse
Growing Transformer (SGT). SGT is a training-
time sparse depth allocation framework that
progressively extends recurrence from deeper
to shallower layers via targeted attention loop-
ing on informative heads. This mechanism in-
duces structural sparsity by selectively increas-
ing depth only for a small subset of parame-
ters as training evolves. Extensive experiments
across multiple parameter scales demonstrate
that SGT consistently outperforms training-
time static block-level looping baselines un-
der comparable settings, while reducing the
additional training FLOPs overhead from ap-
proximately 16-20% to only 1-3% relative to
a standard Transformer backbone.

1 Introduction

Large language models (LLMs) have demonstrated
exceptional knowledge integration and reasoning
capabilities (OpenAl, 2023; Zhu et al., 2024). This
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Our code is available at https://github.com/YaoChen0203
/Sparse-Growing-Transformer.

success is fundamentally underpinned by the scala-
bility of the Transformer architecture, which sup-
ports substantial expansion in both model width
and, more crucially, network depth (Vaswani et al.,
2017; Kaplan et al., 2020; Hoffmann et al., 2022).
For instance, leading models such as the LLaMA
3 and Qwen 3 series exhibit considerable depth
across different parameter scales, ranging roughly
from 30 to 120 layers (Team, 2024, 2025). Such
depth is essential as it enables the learning of high-
level hierarchical representations and is indispens-
able for the complex abstraction and compositional
reasoning required for challenging tasks (Tenney
et al., 2019; Chen and Zou, 2024). However, this
increasing depth comes with a cost: stacking more
layers inevitably expands the parameter count and
memory footprint, leading to greater GPU memory
consumption and deployment latency (Hsieh et al.,
2023).

To decouple model depth from parameter scale,
recent studies have attempted to introduce recur-
rence into Transformer architectures, extending the
effective computational depth to enable multi-step
latent reasoning without inflating parameters (Fan
et al., 2024; Chen et al., 2025c; Geiping et al.,
2025). However, existing recursive architectures
adopt a training-time static topology and uniformly
apply block-level reuse at the parameter level, lack-
ing fine-grained differentiation of parameter roles
(see Appendix A for a detailed related work dis-
cussion). This rigidity across training time and
parameter space leads to a substantial and unneces-
sary increase in training computational cost. Such
coarse-grained recurrence contrasts with biologi-
cal neural circuits, where autaptic self-connections
emerge selectively within specific neuronal popu-
lations as evolutionarily and developmentally spe-
cialized microcircuit motifs, rather than being uni-
formly instantiated across all neurons (Bacci et al.,
2003; Jiang et al., 2015; Pan et al., 2025). Guided
by this perspective, we introduce a new paradigm
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of Training-Time Structural Sparsity, in which
model depth progressively self-grows during train-
ing through selective allocation of additional com-
putation to fine-grained subsets of parameters.

To instantiate this paradigm during training, we
require a reliable signal to guide structural growth.
Recent studies have revealed a clear division of la-
bor within Transformers: Self-Attention Modules
drive dynamic in-context reasoning, while Feed-
Forward Networks predominantly encode static
statistical regularities (Geva et al., 2021; Olsson
et al., 2022; Chen et al., 2025a). Attention en-
tropy, a metric quantifying the reasoning uncer-
tainty and information content of attention heads,
has been shown to correlate closely with contex-
tual integration capabilities (Zhang et al., 2025b).
Naturally, attention entropy can serve as a criti-
cal indicator. We further investigate the functional
characteristics and training dynamics of attention
entropy. Our analysis reveals two key findings:
(1) Functionally, high-entropy heads act as pivotal
hubs for semantic integration rather than noise;
(2) Dynamically, layers follow a deep-to-shallow
maturation trajectory, where deeper layers differ-
entiate earlier in training while shallower layers
evolve more gradually. Guided by these findings,
we propose the Sparse Growing Transformer
(SGT), a self-growing depth architecture via pro-
gressive attention looping that realizes training-
time structural sparsity. Specifically, SGT estab-
lishes a progressive evolution aligned with the mat-
uration trajectory: recurrence is first activated in
early-differentiating deeper layers and then gradu-
ally extended toward shallower ones, while within
active layers, recursive looping is selectively ap-
plied to high-entropy heads to concentrate compu-
tation on critical semantic units.

Our contributions are summarized as follows:
1) We conduct a systematic analysis of attention
entropy from both functional and dynamic perspec-
tives. Our findings show that high-entropy heads
serve as pivotal hubs for semantic integration, and
that layers follow a depth-dependent evolutionary
trajectory characterized by a deep-to-shallow mat-
uration pattern. 2) We formalize the paradigm of
Training-Time Structural Sparsity and instanti-
ate it through the Sparse Growing Transformer
(SGT), which progressively allocates recurrent
computation to high-entropy heads via fine-grained
structural growth. We further provide a theoreti-
cal analysis demonstrating that concentrating re-
currence on high-entropy components accelerates

convergence. 3) Extensive experiments across mul-
tiple parameter scales demonstrate that SGT consis-
tently outperforms training-time static block-level
looping baselines under comparable settings, while
reducing the additional training FLOPs overhead
from approximately 16-20% to only 1-3% relative
to a standard Transformer backbone.

2 Preliminaries

To facilitate the understanding of the empirical ob-
servations in Section 3 and the formalization of
our proposed method in Section 4, we establish the
notation for the standard attention mechanism and
introduce the definition of attention entropy.

Multi-Head Attention. We formulate the input
hidden states as H € RV*4 where N is the se-
quence length and d is the model dimension. We
focus on the Multi-Head Attention (MHA) module,
which processes H through multiple parallel atten-
tion heads. For the i-th head, the input is projected
into queries QW, keys K (), and values V) us-
ing parameter matrices W(g ), W(Z), T/V‘(,Z ) e Rxdn,
where dj, is the head dimension. The attention
matrix A e RV*N is computed as:

. (@) (g@NT
A = softmax (CH\/IC(ZTL)) ) (1

The output of a single head is then given by pro-
jecting the weighted values:

Attn® () = (ADEWYWE @)

where Wg ) € Rdnxd represents the output projec-
tion matrix of the ¢-th head. The outputs from all
parallel heads are summed and then added to the
input H via a residual connection to produce the
post-attention hidden state Hpos:

Nhead
Hypost = H+ Y Attn@ (H), 3)
=1

where Ny,..q denotes the number of attention heads
per layer. This resulting representation H o i sub-
sequently processed by the Feed-Forward Network.

Attention Entropy. Attention entropy serves as
a metric for quantifying the concentration and un-
certainty of information flow. Considering compu-
tational efficiency and the fact that the final token
aggregates information from the entire preceding
context (Appendix B), we focus on the attention
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entropy of the final token. To eliminate the bias in-
troduced by sequence lengths, we utilize the length-
normalized attention entropy. Formally, for the ¢-th
head, this is defined as:

N
; 1 Z i i
J=1

where log N serves as the length normalization
term, and Ag\l,) j denotes the attention weight in the
i-th head assigned by the N-th token to the j-th
input token, with the resulting metric £ (@) lying
in the interva [0, 1]. Based on this, we further de-
fine the layer-wise attention entropy to capture the
uncertainty of the [-th layer. This is computed
by averaging the normalized entropies across all

Npeaq heads within the [-th layer:

_(l) 1 Nhead (l )
&= Nhead Zz; e ©)

In the following section, we use £ and £V as
the analytical lens to investigate attention entropy,
providing the insights for the design of SGT.

3 Observations

By visualizing attention entropy across representa-
tive open-source models, we observe that attention
entropy is closely correlated with the model ar-
chitecture. Specifically, this correlation manifests
as a universal three-phase progression at the layer
level (Figure 7) and highly consistent head-level
patterns across varying parameter scales with iden-
tical layer-head configurations (Figure 8), estab-
lishing attention entropy as a stable architectural
attribute. Building upon this foundation, we fur-
ther investigate the functional characteristics and
training dynamics of attention entropy.

Observation 1. High-entropy heads serve as
information-dense hubs critical for global rea-
soning. We identified heads in the Qwen3-0.6B
model that consistently exhibit high or low entropy
across 11 diverse tasks, and then examined these
groups (details in Appendix C.3.1). Qualitatively,
low-entropy heads predominantly exhibit attention
sink behavior, focusing on local tokens. In contrast,
high-entropy heads distribute attention selectively
across globally distributed tokens rather than uni-
formly, capturing critical evidence for reasoning
(Figure 1, 12 and 13). Quantitatively, head mask-
ing experiments demonstrate that disabling these
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Figure 1: Visualization of attention heatmap in low-
and high-entropy heads from Qwen3-0.6B. Along the
horizontal axis, tokens highlighted in red denote the
subset that receives the top 50% of the attention from
the final query position (details in Appendix C.3.2).

Layer 2 Layer 7

0.05 A 0.05 A

0.00 4 ———-———| 000 . h—

0 2000 4000 0 2000 4000

Layer 12 Layer 14
0.10 0.10
0.05 A 0.05 4
0 00 T T T 0'00 T T T
0 2000 4000 0 2000 4000

Intra-layer Variance of Head Attention Entropy

Training Steps

Figure 2: Evolution of Intra-layer Variance in Head-
wise Attention Entropy Across Training Steps for Mod-
els Pretrained from Scratch (we visualize four represen-
tative layers; see Figure 14b for detailed results)

high-entropy heads results in the most substantial
performance degradation (Table 7). Based on these
findings, we select high-entropy heads as the tar-
gets for allocating additional computational depth
to facilitate iterative inner thinking.

Observation 2. Attention entropy reveals a deep-
to-shallow maturation trajectory: deeper layers
differentiate early in training, while shallower
layers evolve more gradually. To investigate the
dynamic properties of attention entropy, we train
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Progressive Growth Entropy-Guided Attention Looping
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Figure 3: The Sparse Growing Transformer (SGT) archi-
tecture. It implements Training-Phase Structural Spar-
sity via a deep-to-shallow progressive growth schedule
(Left) and selective high-entropy head looping (Right).

a 573M LLaMA model from scratch and monitor
head-wise attention entropy across all layers (Fig-
ure 14a). We observe a general downward trend
in entropy accompanied by significant discrepancy,
which we quantify using intra-layer entropy vari-
ance (Figure 2 and Figure 14b). Specifically, for
intra-layer entropy variance, deep layers exhibit a
rapid surge followed by a decline, whereas shallow
layers show a steady increase. Interpreting such
variance as a measure of functional differentiation
(Observation 1), we find that deep-layer heads dif-
ferentiate earlier, while shallow-layer heads evolve
over a longer horizon. These depth-dependent evo-
lutionary patterns serve as the primary motivation
for our progressive growth strategy.

4 Method

Building upon our above observations, we pro-
pose the Sparse Growing Transformer (SGT), a
self-growing depth architecture via progressive
attention looping (Figure 3). Specifically, SGT
progressively grows fine-grained recurrent micro-
circuits during training, selectively allocating ad-
ditional depth to high-value parameters within a
block rather than uniformly reapplying entire lay-
ers. This growth unfolds along the deep-to-shallow
maturation trajectory and concentrates computa-
tion on a subset of functional components, thereby
inducing training-time structural sparsity and reduc-
ing substantial pretraining overhead. This section
details the SGT mechanism composed of Entropy-
Guided Attention Looping and Progressive Growth
Training.

4.1 Entropy-Guided Attention Looping

Guided by our Observation 1 that high-entropy
heads serve as information-dense hubs critical for
global reasoning, we identify them as the optimal
candidates for allocating additional computational
depth, rather than indiscriminately applying recur-
rence to entire blocks. Formally, following the
notation in Section 2, we denote the post-attention
hidden state Hyos as H (0), which serves as the ini-
tial state for the looping mechanism. Subsequently,
we apply a selective head-level recursive loop de-
fined by an efficient allocation operator A, which
maps the layer’s attention entropy distribution to
a specific set of active heads S for optimized in-
formation flow. Let S be the set of active heads
designated for looping, and let k£ denote the k-th
loop step. For step k = 1,..., K, the recursive
update is formulated as:

H® = g*D 3" Aetn@(HED). (6)
€S

Specifically, for a given layer, we compute the
length-normalized attention entropy & @) (Eq. 4)
for each head i. The allocation operator A then
identifies the top-h heads exhibiting the highest
entropy to form the active recursive set S:

8 = A({EMY) = argtop ({£D}050) . (1)
h

Upon completion of the grown depth K, the final
state H ) is passed to the Feed-Forward Network.
Notably, we provide a theoretical justification in
Appendix E, demonstrating that applying recursive
processing to high-entropy heads accelerates con-
vergence toward the quasi-stationary state in recur-
sive dynamics. By concentrating computational
resources exclusively on these high-uncertainty
units, this mechanism enables the SGT to form fine-
grained recurrent micro-circuits. The emergence
and expansion of these structures along the train-
ing process are governed by a Progressive Growth
Training strategy.

4.2 Progressive Growth Training

To operationalize this Progressive Growth Training
strategy, we design a progressive growth schedule
that aligns structural evolution with the model’s
intrinsic maturation trajectory (Observation 2). By
activating recurrent micro-circuits gradually over
the training timeline rather than from the outset,
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this design induces temporal sparsity during train-
ing and substantially reduces pretraining computa-
tional overhead.

This progressive growth mechanism is formal-
ized through a growth operator O that updates the
looping configuration along training time. At train-
ing step t, the architectural state is defined as

®t = {ﬁta l;fka {Kl}leﬁt}v (8)

where L; is the set of active looping layers, [; de-
notes the currently growing layer, K] is the current
loop depth for layer [ € £;. The growth operator
O updates ©; based on the attention entropy £

Orrar = O(t,E;0y). 9

Initially, during the Warm-up Phase (t < tstart),
the model trains as a standard Transformer with-
out structural growth. The warm-up period allows
attention entropy to stabilize, providing a reliable
signal for subsequent structural decisions. Upon
entering the Growing Phase (t > tyar), the growth
operator O periodically updates the architectural
state ©; every At steps. At each growth step, all
layers are ranked to form a candidate pool C ac-
cording to their mean attention entropy

C =arg top({g(l)}> : (10)

L

Following the deep-to-shallow maturation trajec-
tory (Observation 2), structural expansion proceeds
in an ordered manner. If the currently growing
layer [* remains among the candidate pool C and
has not reached the maximum depth Ky, its loop
depth is updated as K;» < K;- + 1. Otherwise,
provided that the number of active looping layers
has not yet reached L, a new layer is activated. The
newly selected layer is the deepest eligible candi-
date not yet in L, subject to the constraint that it
lies deeper than the shallowest active looping layer:

F=max{l|leC, ¢ L | <min(Ly) }.
1D
This rule enforces a monotonic deep-to-shallow
expansion, anchoring growth in earlier-stabilized
deeper layers before extending toward shallower
ones, preserving training stability during structural
expansion.

Once the target configuration is reached, the
training enters the Fixed Phase, in which the ar-
chitecture is frozen to allow full parameter con-
vergence. The complete training procedure is pro-

vided in Algorithm 1. Through this staged evo-
lution, computational depth becomes a progres-
sively expanding yet temporally sparse structure,
enabling SGT to gradually form fine-grained recur-
rent micro-circuits aligned with intrinsic entropy
dynamics.

5 Experiments

5.1 Setup

Data. C4 (Raffel et al., 2020) is a large-scale,
cleaned web text corpus widely used for language
model pretraining. We train all model variants on a
20B-tokens subset of C4 and evaluate perplexity on
a validation set constructed from the same corpus.

Training. All experiments are conducted using
the OLMo open-source training framework (Groen-
eveld et al., 2024). We adopt the AdamW optimizer
with a learning rate of 6.0 x 10~* applied to all
parameters. Models are trained with a sequence
length of 4096 and a global batch size of 1024 for
5035 training steps. Training is performed on 8
NVIDIA A100 GPUs with 40 GB of memory each.
All model scales (Table 8) adopt the LLaMA-style
architecture and are pre-trained from scratch under
the same training setup to ensure fair comparison.

Evaluation. Our experimental evaluation as-
sesses model capabilities across a diverse set of
Reasoning & Knowledge tasks. Specifically, We
report accuracy on ARC-Easy (ARC-E) (Clark
et al., 2018), SociallQA (SIQA) (Welbl et al.,
2017a), OpenBookQA (OBQA) (Mihaylov et al.,
2018), SCIQ (Welbl et al., 2017b), WinoGrande
(WG) (Sakaguchi et al., 2021), BasicArithmetic
(Basic Arith) (Brown et al., 2020), Common-
senseQA (CSQA) (Talmor et al., 2019), HellaSwag
(Hella.) (Zellers et al., 2019), and the four subtasks
of MMLU (Hendrycks et al., 2021) (STEM, Social
Sciences, Humanities, and Other).

Baseline. We compare the following methods
across varying model scales. 1) Vanilla: The stan-
dard Transformer architecture without any recur-
rence mechanism, serving as the reference baseline.
2) Block Loop: A baseline implementing block-
level recurrence by iteratively reusing entire Trans-
former blocks. 3) Sparse Growing Transformer
(SGT): Our proposed self-growing depth architec-
ture utilizing entropy-guided attention looping. We
configure it with h = 2, L = 3 and evaluate three
variants with Kn.x € {1,2,3}. To ensure a fair
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‘ FLOPs

Reasoning & Knowledge (1)

Model

| | ARC-E WG SIQA Hella. OBQA CSQA BA MMLU Avg
Vanilla (275M) 42.83 4456 4957 4130 30.89 2740 29.24 2270 2480 33.81
Block Loop 51.50 (+20.24%) 4474  50.36 41.10 31.85 27.60 2948 21.80 2538 34.04
SGT(K=1) 43.46 (1.47%) 45.09 5146 4140 3121 28.00 29.16 24.07 2519 3448
SGT(K=2) 43.88 (+2.45%) 4579 5233 4238 3141 2680 28.75 2447 2545 34.64
SGT(K=3) 44.21 (+3.22%) 46.32 5091 41.81 3143 2740 28.83 2237 2616 34.40
Vanilla (573M) 87.41 47.01 50.35 41.86 3524 29.00 29.24 2403 2637 3539
Block Loop 101.76 (+16.42%) | 48.07 50.19 4227 3611 28.00 30.30 2490 26.68 35.82
SGT(K=1) 88.15 (+0.85%) 45.61 49.64 4222 3536 29.00 31.29 2493 2742 35.68
SGT(K=2) 88.60 (+1.36%) 4737 5020 4247 3542 28.88 28,50 2480 27.10 35.59
SGT(K=3) 88.96 (+1.77%) 50.00 5343 4222 3525 2740 29.89 26.07 27.03 3641
Vanilla (1.2B) 175.76 50.00 50.19 4339 41.02 30.00 31.69 26.60 27.76 37.58
Block Loop 205.65 (+17.01%) | 50.17 5138 4242 41.01 31.00 31.28 25.83 27.01 37.5l1
SGT(K=1) 177.06 (+0.74%) 50.88 51.78 43.50 4030 30.00 31.36 2543 27.65 37.61
SGT(K=2) 177.85 (+1.19%) 51.05 5249 43.14 40.62 31.00 32.11 2533 2752 3791
SGT(K=3) 178.48 (+1.55%) 4930 51.54 43.04 4051 3140 3227 2580 2692 37.60

Table 1: Main experimental results. FLOPs denote the total training compute, measured in units of 10'8. The best

results at each model scale are shown in bold. K denotes K., the upper bound on the loop depth for the selected

loop layers.
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Figure 4: Comparative convergence trajectories of train-
ing perplexity (PPL) versus cumulative training FLOPs
for the 573M model scale.

comparison, for Block Loop, we select the three
layers exhibiting the highest entropy from a vanilla
model pre-trained for ¢, Steps as the fixed loop-
ing layers (more details in Appendix D).

5.2 Main Results

Improvements on Reasoning Tasks. Notably,
SGT achieves particularly pronounced improve-
ments on reasoning-intensive benchmarks. On
tasks such as WG, ARC-E, and CSQA, which re-
quire complex relational integration and multi-step
inference, SGT demonstrates substantial gains of
3.24, 1.93, and 0.99 points, respectively, over the
Block Loop baseline at the 573M scale. Crucially,
SGT achieves these superior results with signif-

icantly higher efficiency: while Block Loop in-
curs a heavy +16.42% computational overhead, our
method (K = 3) surpasses Block Loop’s aver-
age performance by 0.59 points while increasing
FLOPs by only +1.77%, which is approximately
an order of magnitude less additional cost. These
results corroborate that high-entropy heads play a
pivotal role in semantic dependency construction,
and that selectively deepening their computation
enables more thorough inner thinking without the
burden of redundant parameters.

Training Efficiency and Convergence. We eval-
uate training efficiency by comparing the conver-
gence trajectories of different strategies relative to
their computational consumption. As illustrated
in Figure 4, when aligned by equivalent training
FLOPs, SGT consistently maintains a lower train-
ing perplexity compared to both the Vanilla and
Block Loop baselines. Specifically, at a cumulative
compute of 65 x 10'® FLOPs, SGT achieves a PPL
that is 0.48 points lower than the Vanilla baseline.
In contrast, the Block Loop method exhibits higher
perplexity than Vanilla at the same FLOP budget,
indicating computational inefficiency. This demon-
strates that by strategically allocating depth to high-
entropy components, SGT not only improves final
performance but also significantly accelerates con-
vergence efficiency per unit of compute.
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5.3 Ablation Studies
5.3.1 Impact of Loop Components

To evaluate the specific contributions of distinct
model components to iterative refinement, we con-
duct ablation experiments on the 573M model by
applying loop operations at varying depths (Layer
1, 7, and 15). We compare four configurations:
Block Loop, All Head Loop, High-Entropy Head
Loop (top-2 highest), and Low-Entropy Head Loop
(top-2 lowest). In all configurations, the loop oper-
ation is restricted to a single iteration on the desig-
nated layer to isolate component effects. Further
details are provided in Appendix D.2.

Targeted allocation of computational depth to
high-entropy components yields the optimal
efficiency-performance ratio. As shown in Ta-
ble 2, the High-Entropy Head Loop consistently
achieves the most significant PPL reduction across
all tested depths while incurring the smallest in-
crease in FLOPs (+0.38%). Specifically, within
the attention mechanism, looping the top-2 high-
entropy heads significantly outperforms both loop-
ing all heads and looping low-entropy heads. These
empirical findings are further corroborated by our
theoretical analysis in Appendix E, which estab-
lishes that recursive dynamics on high-entropy ma-
trices exhibit faster convergence due to their supe-
rior token-mixing properties.

Block-level recurrence incurs computational re-
dundancy due to a lack of fine-grained param-
eter discrimination. Our results indicate that
attention-level looping consistently outperforms
or matches block-level looping regardless of layer
depth. This empirical finding supports our hypoth-
esis that block-level approaches lack deep insights
into the granular roles of distinct parameters. By
treating the Transformer block as a monolithic
unit, these methods fail to isolate the components
truly effective for iterative refinement. Indiscrim-
inately applying recurrence to the entire block re-
sults in significant computational redundancy with-
out yielding proportional performance gains.

5.3.2 Impact of Growth Direction

Performance Comparison. Guided by Observa-
tion 2, which establishes that deeper layers differ-
entiate and stabilize earlier, we design a Deep-to-
Shallow (D2S) progressive growth strategy (Sec-
tion 4.2). To validate this design choice, we com-
pare our proposed D2S approach against a reversed

Loop Component FLOPs (x10'%) Perplexity |

Vanilla 87.41 23.973
Layer 2

Block Loop 92.20 (+5.48%)  23.560 (-0.413)

Attention Loop
High-Ent. Loop
Low-Ent. Loop

89.01 (+1.83%)
87.74 (+0.38%)
87.74 (+0.38%)

23.503 (-0.470)
23.452 (-0.521)
23.502 (-0.471)

Layer 8

Block Loop

Attention Loop
High-Ent. Loop
Low-Ent. Loop

92.20 (+5.48%)
89.01 (+1.83%)
87.74 (+0.38%)
87.74 (+0.38%)

23.836 (-0.137)
23.537 (-0.436)
23.487 (-0.486)
23.505 (-0.468)

Layer 16

Block Loop

Attention Loop
High-Ent. Loop
Low-Ent. Loop

92.20 (+5.48%)
89.01 (+1.83%)
87.74 (+0.38%)
87.74 (+0.38%)

23.711 (-0.262)
23.711 (-0.262)
23.503 (-0.470)
23.797 (-0.176)

Table 2: Ablation study of different loop components at
varying layer depths. We report total training FLOPs (in
units of 10'®) and perplexity (PPL) on the validation set,
where lower is better. High-Ent. Loop denotes looping
the top-2 highest-entropy heads, while Low-Ent. Loop
denotes looping the top-2 lowest-entropy heads.

Method CSQA SIQA SCIQ MMLUstem Avg
Vanilla 29.24 41.86 71.00 26.28 42.10
S2D 30.39 41.40 71.80 27.40 42.75
D2S (Ours) 31.29 42.22 72.00 28.46 43.49

Table 3: Ablation study on growth direction. Exper-
iments are conducted on the 573M model with SGT
(K = 1) configuration. D2S denotes deep-to-shallow
growth, while S2D represents shallow-to-deep growth.
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Figure 5: Attention entropy dynamics of two heads in
Layer 6 during training, including the warm-up phase
and layer selection phase, for models trained with D2S
and S2D strategies (more visualizations in Figure 15).

Shallow-to-Deep (S2D) variant on the 573M model
with SGT (K = 1) configuration. The only mod-
ification in the S2D variant is the reversal of the
layer selection order during the progressive growth
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Attention Contribution Flow Across Loops
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Figure 6: Attention contribution flow across loops in a high-entropy head (Layer 2, Head 15). Each cell shows the
weighted attention contribution C; = Ay ; - ||V;||2 from the final token to position j, with color intensity indicating
magnitude. Red and blue borders mark tokens with the largest contribution increase and decrease from Loop O to
Loop 2, respectively. Arrows with percentage labels denote inter-loop changes. The visualization shows attention
progressively shifting from syntactic elements toward task-critical and answer-relevant tokens.

Setting | Vanilla Block Loop High-Ent. Loop
1024x1 | 24.21 24.18 (—0.03) 24.16 (—0.05)
1024x2 | 57.38 58.80 (+1.42) 56.62 (—0.76)
1024x3 | 116.94 11948 (4+2.54) 111.66 (—5.28)
1024x4 | 180.70  175.05 (—5.65)  171.90 (—8.80)

Table 4: Long Context Extrapolation Results (PPL).
Setting denotes the sequence length for extrapolation
evaluation. The configurations for High-Ent. Loop and
Block Loop follow the Layer 2 settings in Table 2.

phase. As presented in Table 3, the D2S strategy
consistently outperforms the S2D variant across
all evaluation metrics. This empirical evidence
validates our hypothesis that initiating structural
growth from naturally stable deeper layers is cru-
cial for maximizing the performance of the SGT.

Stability Analysis. To further investigate the un-
derlying causes of this performance disparity, we
analyze the attention entropy dynamics during the
dynamic layer selection phase. We observe that
the S2D strategy exhibits frequent entropy spikes,
defined as abrupt fluctuations across multiple at-
tention heads, indicating severe training instability.
For instance, Layer 6 of the S2D model displays
the most pronounced volatility (Figure 5 and 15).
In contrast, our D2S strategy maintains smooth
entropy dynamics throughout the selection phase.
This confirms that aligning the growth schedule
with the model’s intrinsic maturation trajectory en-
sures training stability, providing a robust founda-

tion for progressive structural expansion.

5.4 Analysis

Allocating computational depth to high-entropy
heads enhances long-context generalization.
To further investigate generalization capabilities,
we conduct long-context extrapolation experiments.
We train models on sequences of length 1024 and
evaluate them on progressively longer sequences
(2048, 3072, and 4096 tokens), representing 2 X,
3%, and 4 x extrapolation relative to training length.
Crucially, these evaluations are conducted directly
on extended sequences without utilizing any po-
sitional embedding extrapolation techniques (e.g.,
YARN (Peng et al., 2024), base-scaling), provid-
ing a strict test of the model’s inherent extrapola-
tion ability. As shown in Table 4, the High-Ent.
Loop consistently outperforms the Vanilla baseline
across all extrapolation settings, reducing PPL by
0.76, 5.28, and 8.80 points at 2%, 3x, and 4x ex-
trapolation, respectively. In comparison, the Block
Loop exhibits degradation at moderate extrapola-
tion levels (2x and 3x), suggesting that indiscrim-
inate block-level recurrence introduces noise that
interferes with length generalization.

High-Entropy Looping Enables Progressive Se-
mantic Focusing. To qualitatively analyze the
latent Inner Thinking mechanism within high-
entropy head looping, we visualize the attention
dynamics of a head (Layer 2, Head 15) selected
from SGT with K = 2 loops. We quantify informa-
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tion flow using Weighted Attention Contribution
Cj = Anj - ||Vj||2, where Ay ; denotes the atten-
tion weight from the final token to position 7, and
||V}l|2 is the value vector norm. This metric cap-
tures each token’s actual contribution to the output
representation. Both Figure 6 and Figure 11 reveal
a consistent refinement process where the SGT it-
eratively focuses its semantic lens. Initially, Loop
0 exhibits scattered attention dispersed across both
task-critical content and general syntactic elements.
The first recurrence (Loop 1) triggers a sharp se-
mantic filtering effect, drastically amplifying focus
on pivotal tokens, such as risk (+337%) and indi-
vidual (+1080%) in the medical context, and atmo-
spheric (+2481%) and carbon (+4442%) in the sci-
entific context, while simultaneously suppressing
broad syntactic words like as, of, and the. By the
second recurrence (Loop 2), the attention further
converges toward answer-relevant positions to fi-
nalize the semantic anchoring. In this stage, key to-
kens like carbon maintain high contributions while
the model further eliminates residual attentional
biases from the surrounding context. The transition
from scattered attention to precise semantic anchor-
ing demonstrates that SGT’s recursive mechanism
enables Inner Thinking by iteratively correcting
initial attentional biases and progressively refining
semantic dependencies.

6 Conclusion

We establish attention entropy as a proxy for
where added depth is valuable and uncover depth-
dependent training dynamics. SGT then progres-
sively loops high-entropy heads, which is theoreti-
cally shown to speed up convergence and empiri-
cally delivers stronger efficiency—performance and
length generalization with interpretable inner think-
ing at minimal extra FLOPs.

Limitations

The primary limitation of this work lies in the
scale of the pre-training experiments. Due to com-
putational resource constraints, our validation of
SGT was conducted on models up to 1.2B parame-
ters. While our analysis reveals consistent entropy
patterns across the studied scales, confirming the
scalability of the SGT framework to substantially
larger foundation models remains an important di-
rection for future work. In addition, we did not
perform a fine-grained exploration of hyperparam-
eter design, which may further improve the effi-

ciency—performance trade-off.
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A Related Work

Depth Expansion and Recurrence. Increasing
effective depth has been widely recognized as a
key factor in enhancing Transformer reasoning ca-
pacity (Petty et al., 2024; Chen and Zou, 2024;
Merrill and Sabharwal, 2024; Saunshi et al., 2025;
Roy et al.,, 2025; Xue and Gao, 2025; Zhang et al.,
2026b; Xue et al., 2026b; Zhang et al., 2026a). On
the recurrence side, recent studies introduce recur-
rence to expand effective depth without increasing
parameter count, showing improvements in implicit
reasoning, input-length generalization, and train-
ing stability (Ng and Wang, 2024; Fan et al., 2024;
Geiping et al., 2025; Gong et al., 2025; Wang et al.,
2025). These approaches primarily adopt block-
level recursion, uniformly reapplying entire layers
or layer groups to expand depth. While such re-
cursive strategies achieve parameter efficiency by
reusing existing weights, they introduce additional
training-time computational overhead due to indis-
criminate depth allocation across parameters, and
leave unexplored which components within a block
may benefit most from deeper recurrence.

Paradigms of Sparsity. A prominent line of work
improves efficiency through input-dependent spar-
sity, where computation is selectively allocated
based on token characteristics (Csordas et al., 2024;
Jin et al., 2024; Wang, 2026). Mixture-of-Experts
(MoE) architectures and head-level routing meth-
ods such as SwitchHead (Csordas et al., 2024) and
Mixture of Heads (Jin et al., 2024) introduce input-
dependent sparsity by routing tokens to distinct
expert FFN parameters or selectively activating
attention heads conditioned on token characteris-
tics. Similarly, recent inner-thinking dynamically
selects which tokens receive additional computa-
tional steps (Chen et al., 2025¢), while structured
stepwise reasoning frameworks decompose com-
plex tasks into explicit multi-stage cognitive pro-
cesses (Ji et al., 2026; Zhang et al., 2025a; Hao
et al., 2026; Yu et al., 2026; Xue et al., 2026a).
These methods, therefore, introduce heterogeneous
execution paths across samples, as computation
varies with input-dependent routing decisions. In
contrast, our work introduces sparsity along a dif-
ferent axis. Rather than dynamically selecting
tokens or experts, we focus on parameter-level
depth allocation and training-time structural spar-
sity. Specifically, SGT progressively grows fine-
grained recurrent micro-circuits during training, se-
lectively allocating additional depth to high-value

parameters within a block. This growth unfolds
along the training timeline and concentrates com-
putation on a subset of functional components,
thereby reducing substantial pretraining overhead.
Since these approaches introduce sparsity along
different dimensions, SGT is orthogonal to input-
dependent routing methods and can be naturally
combined with them to further improve efficiency.
Attention Entropy. Attention entropy, defined as
the Shannon entropy of attention weight distribu-
tions, provides a quantitative measure of how con-
centrated or dispersed a model’s attention is across
input tokens. Zhai et al. (2023) demonstrates that
fluctuations in average attention entropy correlate
with training stability, while Zhang et al. (2025b)
shows its influence on contextual modeling during
reasoning. However, these analyses typically op-
erate at a coarse, model-wide granularity. In the
context of efficiency, HIES (Choi et al., 2025) com-
bines gradient sensitivity with attention entropy to
identify heads for pruning, reporting stable perfor-
mance when removing high-entropy heads. Nev-
ertheless, its validation relies solely on simple sen-
timent classification. For reasoning tasks charac-
terized by complex dependencies, we posit that
high-entropy heads may not be mere noise; instead,
they may capture essential but widely distributed
contextual signals (Xue et al., 2023; He et al., 2025;
Ma et al., 2025) required for global reasoning.

B Attention Entropy Computation and
Rationale

We utilize the attention distribution of the last to-
ken to compute the entropy metric for the following
reasons. First, the final query token is the position
where the model integrates all preceding contextual
information to produce the next-token distribution.
Since next-token prediction is the core training ob-
jective of autoregressive LLMs, the last token of the
input sequence inherently encodes all preceding in-
formation (Muennighoff, 2022; Wang et al., 2024;
Tang and Yang, 2024; Fu et al., 2025a; Nie et al.,
2026), making its attention pattern the most seman-
tically meaningful for characterizing how context
is aggregated. Second, prior work shows that in
decoder-only Transformers, attention entropy tends
to increase smoothly and monotonically along the
sequence without abrupt fluctuations at interme-
diate positions (Zhang et al., 2025b), making the
entropy of the final token a stable summary of the
model’s contextual uncertainty at the end of decod-
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Figure 7: Layer-wise attention entropy across 11 diverse tasks for three open-source models (details in Appendix C.1

and C.2.1).

Algorithm 1 Progressive Growth Training

Require: Model with Niyer layers, training steps 1, growth
start ¢y, window interval At, target number of loop-
ing layers L, the upper bound on the loop depth for
the selected layers K max, the top-L candidate layers per
ranking forming the candidate set C, and the top-h high-
entropy heads forming S; for looping layer [.

: Initialize £ < 0 (set of layers with active looping)

: Initialize K; < O for all layers [ (current loop depth for
layer 1)

o —

3: Initialize I* +— None (currently growing layer)
4: fort =1toT do
5: // Forward pass with entropy-guided looping (Eq. 6)
6: for [ = 1 to Niyer do
7: H® « H+ Y, Attn @ (H)
8: if [ € £ then
9: for k = 1to K; do
10: H® « g*—D 4
Sics, At (H*TY)
11: end for
12: end if
13: H « FFN(H&D)
14: end for
15: /I Progressive growth (Selection Phase)
16: if ¢ > tgar and (t — fga) mod At = 0 then
17: C « argtopy, ({g(l)};\ia{”
18: if I* # None and [* € C and K;» < Kpax then
19: K+ «— K= +1
20: else if || < L then
21: "+ max{l|leC,1¢L, | <min(L)}
22: Si+ + argtop, ({€M})
23: L+ LU{l"}
24: K« +1
25: end if
26: end if
27: end for

ing. Third, this approach significantly reduces com-
putational overhead. By avoiding full-sequence ag-
gregation, we ensure the computational efficiency
required for the effective implementation of the

Benchmarks Avg. Input Length

Mathematical Reasoning

AIME (Balunovi¢ et al., 2025) 160 tokens

MATH-500 (Lightman et al., 2023) 89 tokens

GSMB8K (Cobbe et al., 2021) 78 tokens
General Knowledge QA

MMLU (Hendrycks et al., 2020) 117 tokens
Code Reasoning

HumanEval (Chen, 2021) 165 tokens

Long-Context Retrieval

RULER_NIAH_MK (Hsieh et al., 2024) 3051 tokens

RULER_NIAH_MYV (Hsieh et al., 2024) 3133 tokens
Long-Context Multi-Hop QA

NarrativeQA (Kwiatkowski et al., 2019) 3473 tokens

InfBenchQA (Zhang et al., 2024) 3760 tokens

TriviaQA (Joshi et al., 2017) 3308 tokens

HotpotQA (Yang et al., 2018) 3287 tokens

Table 5: Overview of the 11 diverse reasoning bench-
marks, categorized by task family, used for analyzing
the model’s attention entropy. The tasks span various
domains and sequence lengths.

entropy metric in our proposed method.

C Observational Study Details

C.1 Experimental Setup

We select three representative open-source models:
Qwen3-0.6B-Base, Qwen3.1-1.7B-Base (Team,
2025), and LLaMA3.2-1B-Base (Meta, 2024).
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Model layers heads hidden size intermediate size
Qwen3-0.6B-Base 28 16 1024 3072
LLaMA3.2-1B-Base 16 32 2048 8192
Qwen3-1.7B-Base 28 16 2048 6144

Table 6: Architectural hyperparameters of three repre-
sentative open-source models used in our observational
study of Section 3. heads denotes the number of query
heads.

These models span diverse parameter scales, and
their architectural configurations are detailed in Ta-
ble 6. To minimize task-specific bias, we evaluated
the models across 11 diverse reasoning benchmarks.
These tasks cover a broad range of domains and se-
quence lengths, including Mathematical Reasoning,
General Knowledge QA, Code Reasoning, Long-
Context Retrieval, and Long-Context Multi-Hop
QA (see Table 5). Among these, all long-context
tasks are drawn from HELMET (Yen et al., 2025),
a comprehensive benchmark for long-text reason-
ing ability. For each task, we randomly sample
100 instances; for datasets with many fine-grained
subcategories, such as MMLU and MATH-500,
we sample uniformly across all subtypes to reduce
category bias.

C.2 Intrinsic Structural Patterns of Attention
Entropy

C.2.1 Layer-wise Attention Entropy

We visualize the layer-wise attention entropy, as de-
fined in Equation 5, across 11 diverse tasks on three
representative open-source models. The results

(Figure 7) reveal a highly consistent and cross-task
stable three-phase (I-1I-I1I) entropy progression
across all models: Phase I (shallow layers) shows
a sharp entropy decrease; Phase II (middle layers)
exhibits a gradual rise followed by a steady de-
cline; Phase III (deep layers) presents a renewed
entropy increase before a final decline before to-
ken generation. This robust and task-independent
three-phase progression demonstrates that atten-
tion entropy serves as an intrinsic architectural
characteristic. Notably, similar depth-dependent
functional phases have previously been reported
in interpretability studies (Tenney et al., 2019; Dai
et al., 2022; Fu et al., 2025b; Chen et al., 2025b;
Huang et al., 2026), but primarily through indi-
rect diagnostics such as probing classifiers, neuron-
level interventions, and spectral analyses of repre-
sentation spaces. In contrast, layer-wise attention
entropy provides a direct measurement of attention
uncertainty and contextual focus, offering more
task-agnostic and model-agnostic evidence for such
depth-dependent functional specialization.

C.2.2 Layer-head Attention Entropy Pattern

We visualize the layer-head attention entropy pat-
tern, based on the mean attention entropy com-
puted over all tasks. As shown in Figure 8, the two
Qwen3 models with different parameter scales ex-
hibit strikingly similar layer—head entropy patterns,
despite substantial differences in their hidden sizes
and intermediate sizes. Since the models share
the same number of layers and attention heads
(Table 6), this consistency indicates that attention-
entropy patterns are closely related to architectural

6183



Llama3.2-1B-Base

Layer Index

HAMTNONROOANNIINONDOIOANMINONONO N
NNNNNNNNNNNNNNNNNNNN e

Head Index

Figure 9: Layer—head attention entropy pattern of
LLaMA3.2-1B-Base. The x-axis denotes the head in-
dex, and the y-axis denotes the layer index (details in
Appendix C.1 and C.2.2).

configuration. We also visualize the layer—head
attention entropy patterns of LLaMA3.2-1B, as
shown in Figure 9. Compared with the Qwen3 mod-
els, LLaMA3.2-1B exhibits a different layer—head
entropy pattern.

C.3 Functional Dichotomy of High- and
Low-Entropy Attention Heads

C.3.1 Entropy-based Head Selection

We identify high- and low-entropy heads in the
Qwen3-0.6B model based on their attention en-
tropy across 11 diverse tasks from Table 5. Heads
whose entropy remains consistently above 0.5
across 11 tasks are classified as high-entropy heads,
whereas those consistently below 0.06 across the
same tasks are classified as low-entropy heads. As
shown in Table 7, we use the notation Lx—Hy to
denote the head at layer x and head index y (1-
indexed). The identified high-entropy heads are
L1-H1, L1-H7, L1-H12, and L2-H6, while the low-
entropy heads are L4-H9, L.25-H2, and L28-H4.
We analyze the functional roles of these two groups
from both qualitative and quantitative perspectives.

C.3.2 Qualitative Analysis

We visualize attention patterns on representative
samples from three benchmarks: GSM8K (Fig-
ure 1), MATH-500 (Figure 12), and MMLU (Fig-
ure 13), with consistent qualitative distinctions ob-
served between high- and low-entropy heads across
all datasets. Along the horizontal axis, we highlight
in red the tokens that receive the top 50% of atten-
tion weights from the final query position. While
the top 50% tokens of low-entropy heads remain

o Iy
© =}

o
o

Layer-wise Attention Entropy
o o
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Layer Index
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Figure 10: Layer-wise Attention Entropy at Differ-
ent Training Steps. The horizontal axis represents the
model’s layer index. Each line shows the entropy dis-
tribution recorded at 250-step intervals during the early
stages of training (details in Appendix C.4).

confined to a narrow local neighborhood near the
diagonal, high-entropy heads selectively attend to
tokens that are directly relevant for reasoning, indi-
cating their role in capturing globally meaningful
dependencies.

C3.3

We evaluate how masking different groups of at-
tention heads affects model performance on the
Qwen3-0.6B model across five tasks from Table 5,
with all outputs assessed using GPT-4o0-mini (Ope-
nAl, 2024) as a unified judge model. To control
for randomness, we construct four random-head
baselines sampled from the remaining heads af-
ter excluding both high- and low-entropy heads:
two groups match the high-entropy set in terms of
layer and head count, and the other two match the
low-entropy set. As shown in Table 7, masking
high-entropy heads results in the greatest perfor-
mance degradation relative to the original model
across almost all tasks, with performance collaps-
ing much more severely on reasoning datasets than
on long-context retrieval tasks.

Quantitative Analysis

C.4 Training Dynamics of Attention Entropy

We pre-trained a 575M parameter model from
scratch based on the LLaMA architecture with
Multi-Head Attention (MHA). The model com-
prises 16 layers with 16 attention heads per layer;
detailed configurations are provided in Table 8. The
pre-training was conducted on a corpus of 20B to-
kens for a total of 5,035 steps. To investigate the
dynamic properties of the model, we tracked three
key metrics throughout the training process: the
layer-wise average attention entropy (Equation 5),
the individual attention entropy of all heads within
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. Original | High-Entropy | Low-Entropy Random Heads (Various Seeds)
Mask Settings
Model Heads Heads Set 1 Set 2 Set 3 Set 4
Masked Head LI1-HI1, L1-H7 | L4-H9, L25-H2 | L4-HI, L4-H5 L2-H5,L2-H6 LI1-H9,L4-H8 L2-HS,L10-H15
asked Heads . L1-HI2,L2-H6 | L28-H4  |L4-HI2,121-H8 L2-H8 LI10-H4  L2I-H8 L23-HI12

MATH-500 270 50 2_50 2(})0 24.0 25.9 23.Q

1 81.5% 1 7.4% 1 25.9% L 11.1% 17.4% 114.8%
GSMSK 3.0 ?.0‘ 29.0 37.0 32.0 32.0 27.0

1 781% 1 9.4% 115.6% 0.0 0.0 115.6%
MMLU 505 18,Q 46.0 45.5 47.0 46.0 50.5

1 64.4% 18.9% 19.9% 16.9% 18.9% 0.0¢
NarrativeQA 13.7 : L_Q 14:2 13'6. 12.2 12.6 ]45

119.7% +3.7% 10.7% 1 11.0% 1 8.0% 1 5.8%
NIAH MK 31.0 69.0 80.0 83:0 72.0 74.9 84;9

} 14.8% 1 1.2% T 2.5% 1 11.1% 18.6% 1 3.7%

Table 7: Impact of head masking on Qwen3-0.6B-Base performance across reasoning and long-context tasks.
The Original Model column represents the unmasked model baseline. Mask Settings compare the removal of
High-Entropy heads against Low-Entropy and four groups of Random head baselines. The specific indices of
removed heads are detailed in the Masked Heads row, denoted as Lx-Hy (Layer x, Head y, 1-indexed). Cells
report absolute performance scores and the relative percentage change compared to the Original Model (details in

Appendix C.3.1 and C.3.3).

Model Setting OLMo-275M OLMo-573M OLMo-1.2B

hidden size 768 1024 1536
intermediate size 6144 8192 12288
attention heads 12 16 16
layers 12 16 16

Table 8: Detailed architecture configurations for the
three model scales (275M, 573M, and 1.2B) pre-trained
from scratch in our main experiments. We pre-train
models from scratch at three scales using the OLMo
framework. All models adopt the LLaMA architecture
with Multi-Head Attention (MHA).

each layer (Equation 4), and the intra-layer vari-
ance of head attention entropy.

Regarding the layer-level dynamics, we observe
that during the early training phase, attention en-
tropy decreases universally, while the relative or-
dering of layers remains largely stable with only
minor fluctuations (Figure 10).

Regarding the intra-layer variance, we observe
distinct behaviors across depths: deep layers ex-
hibit a rapid surge followed by a gradual decline,
while shallow layers show a steady, continuous in-
crease. Interpreting attention entropy as a proxy
for head functionality (Observation 1), we consider
the intra-layer entropy variance as a measure of the
degree of functional differentiation among heads.
A higher variance indicates more significant diver-
gence in head roles. Based on this interpretation,
the observed patterns reveal that deep layers un-
dergo rapid functional differentiation during the

early stages of training, whereas shallow layers
differentiate through a slower, more stable pro-
cess. Notably, we observe a clear depth-dependent
trend: the deeper the layer, the earlier it achieves
functional differentiation. In particular, Layer 1
presents a notable exception: it maintains near-
zero entropy variance throughout the entire train-
ing process, with the attention entropy of all heads
consistently approaching 1 (Figure 14). Given this
lack of functional differentiation, we exclude Layer
1 from the candidate pool for our dynamic layer
selection strategy during the progressive growth
training phase.

D Experimental Details and
Supplementary Analysis

D.1 Details of Main Experiments

The Block Loop baseline follows a widely adopted
block-level depth reuse design in prior looped-
depth studies (Zhu et al., 2025; Chen et al., 2025c;
Bae et al., 2025). Its configuration is deliberately
designed to ensure strong and competitive per-
formance rather than serve as a weak reference
point. In particular, the selection of looped layers
is guided by attention entropy rather than random
assignment, following the same principle used in
our proposed method. This ensures that recurrence
is applied to the most information-dense layers,
maintaining methodological consistency and en-
abling a fair comparison between block-level and
head-level depth allocation strategies.

Our primary objective is to validate the feasi-
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Model ARC-E WG SIQA
Vanilla 44.56 49.57 41.30
Block Loop 4474 50.36 41.10
SGT (tsarr = At =500) 4526 5091 41.56
SGT (tsarr = At =250) 45.09 51.46 41.40
SGT (tsarr = At =100) 4544 51.62 41.97

Table 9: Analysis of growth schedule parameters (Zar
and At) for the 275M model.

bility of the training-time sparsity paradigm. We
therefore do not attempt to reproduce the full com-
plexity of existing token-routing loop architec-
tures (Chen et al., 2025¢), as discussed in Related
Work, such methods explore a data-dependent exe-
cution paradigm that is orthogonal to our structural
design focus. For the selective head-level looping
in SGT, we set the number of high-entropy heads
to h = 2, which represents an extremely small
fraction of the total attention heads within a layer.
This deliberately sparse configuration allows us
to evaluate whether substantial reductions in train-
ing FLOPs, achieved by looping only a minimal
subset of high-entropy heads, can match the perfor-
mance of full block-level looping. All results are
reported from single runs, which is standard prac-
tice in large-scale pretraining due to computational
constraints.

D.2 Details of Ablation Experiments

To isolate individual variables and minimize con-
founding effects in our ablation and analysis ex-
periments, we adopted a single-layer configura-
tion. This design enables a clean assessment of
the computational contributions of different block
components across varying loop depths. For the
high-entropy head loop, we used a two-stage selec-
tion procedure: in the first window, we identified
ten high-entropy heads; in the second window, we
selected two heads from this set. The resulting
structure was then frozen for the remainder of train-
ing. The low-entropy head loop follows the same
protocol, with the only difference being that low-
entropy heads are selected.

D.3 Analysis of the Growth Schedule
Parameters

In our main experiments, we configure the pro-
gressive growth schedule with tg,x = 250 and
At = 250. To further examine the sensitivity of
SGT to the growth schedule, we conduct additional
experiments by varying the temporal parameters

Batch \ Model Prefill TPS Decode TPS

Vanilla (275M) 14381.0 127.9
SGT (275M) 13805.7 122.7
) Block Loop (275M) 11504.8 102.3
Vanilla (573M) 10969.2 100.5
SGT (573M) 10718.0 98.2
Block Loop (573M)  9237.2 84.6
Vanilla (275M) 27646.2 245.2
SGT (275M) 26540.4 235.3
) Block Loop (275M) 22117.0 196.1
Vanilla (573M) 3997.6 194.9
SGT (573M) 3906.1 190.4
Block Loop (573M) 3366.4 164.1
Vanilla (275M) 98181.9 928.5
SGT (275M) 94254.6 891.4
4 Block Loop (275M) 78545.5 742.8
Vanilla (573M) 41193.5 384.6
SGT (573M) 40250.1 375.8
Block Loop (573M) 34689.2 323.9

Table 10: Inference throughput comparison (tokens/s)
under different batch sizes. Prefill throughput measures
tokens processed during context encoding (KV cache
construction), while decode throughput measures au-
toregressive token generation speed.

tstarr and At. As shown in Table 9, SGT consis-
tently achieves stable and robust performance im-
provements across different configurations.

D.4 Analysis of Inference Throughput

During inference, SGT assigns additional recur-
rence only to a small subset of attention heads iden-
tified during training as high-entropy components.
Unlike data-dependent dynamic routing architec-
tures that perform token-level or sample-level con-
ditional execution, SGT maintains a static inference
graph in which all samples within a batch follow
the same computation path. This design preserves
dense and regular execution, enabling full GPU
parallelism without introducing branch divergence
or dynamic control overhead.

We evaluate inference throughput on a single
NVIDIA A800 GPU using BF16 precision, with
a maximum prompt length of 128 and a gener-
ation length of 128. To isolate architectural ef-
fects, all methods are implemented natively with-
out specialized operator-level optimizations. As
shown in Table 10, although parameter reuse in-
evitably introduces moderate latency compared to
the vanilla Transformer, SGT consistently achieves
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higher throughput than the Block Loop across all
batch sizes and model scales.

E Theoretical Analysis of High-Entropy
Recursive Convergence

In this section, we provide a theoretical justifica-
tion for why high-entropy heads exhibit superior
convergence properties compared to low-entropy
heads in recursive attention mechanisms. Our anal-
ysis connects the entropy of attention matrices to
the spectral properties of the recursive dynamics,
offering theoretical insight into the experimental
results. We retain the notation from Section 3 and
Section 4 for consistency, while defining new vari-
ables as they appear.

E.1 Convergence Objective and Equilibrium
Analysis

While standard Transformers stack distinct layers
to refine token representations progressively, our
recursive approach performs this refinement within
a shared parameter space. To analyze the efficiency
of this refinement, we view the recursive dynamics
through the lens of implicit depth models.

Quasi-Stationary State. Following the frame-
work of (Bai et al., 2019; Fung et al., 2021), we
analyze convergence toward a quasi-stationary
state H* where the recursive update becomes suffi-
ciently small:

[F(H)|lF < 0, (12)
for some small tolerance ¢ > 0. This formulation
allows us to analyze finite-depth recursive dynam-
ics without requiring exact convergence.

Convergence Error Analysis. We define the er-
ror at iteration k as e*) = H*¥) — H*_ Our theo-
retical goal is to establish that after a finite number
of recursive steps K, high-entropy head selection
achieves a smaller error bound ||e®) || » compared
to low-entropy selections, thereby more efficiently
approximating the quasi-equilibrium.

E.2 Spectral Analysis of Convergence

The key insight underlying our analysis is that
global context integration is fundamentally a foken-
mixing problem. The challenge in recursive re-
finement is achieving consensus across spatially
distributed tokens—this information diffusion pro-
cess is the primary bottleneck for convergence.
Recent spectral analyses of attention mechanisms

(Nait Saada et al., 2025) have demonstrated that the
spectral properties of the attention matrix A (par-
ticularly the distribution of its eigenvalues) domi-
nantly govern signal propagation dynamics through
transformer layers. The connectivity structure en-
coded in A determines how quickly information
flows between tokens, largely independent of the
specific feature-space transformations applied by
Wy and Wo.

Spectral Dominance Approximation. Building
on this spectral perspective, we model the aggre-
gate effect of selected attention heads through their
token-mixing properties. The aggregate recursive
update can be approximated by factoring out an
effective scaling factor ~y that absorbs the contribu-
tions of the projection matrices:

’yAH

FH®) =Y AttnD(HPW) ~ . (13)

i€S

where A is the effective average attention matrix

defined as:
E A
‘5 |
€S

(14)

This factorization separates the token-mixing dy-
namics (captured by A) from feature-space trans-
formations (absorbed into -y), allowing us to focus
our spectral analysis on the attention matrix, which
governs the fundamental convergence rate.

Error Dynamics. We analyze how the error (%)
evolves over iterations. Starting from the recursive
update H*+D = H*) 4 F(H®)) and the quasi-
equilibrium H* ~ H* + F(H*), we obtain:

(B p(et1) _ e

~ ) 4 F(H®) (2

— F(H").

Substituting the spectral approximation from Equa-
tion 13:

eF ) ~ ) 4 A AH®) — A
= ) —i—fyA( H® — H*)  (16)
= (I +~A)e®.

To model the effective mixing strength (accounting
for LayerNorm stabilization and residual connec-
tion balancing), we reparameterize with a normal-
ized coefficient 8 = v/(1 + v) € (0, 1], yielding:

F D ~ (1= B)T + BA)e®

— MW, (a7
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Attention Contribution Flow Across Loops

N
Loop O 0.08 0.16 0.10 D
Loop 1 0.09 0.10
10% % 6
Loop 2 B 0.09

Contribution 1
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Figure 11: Attention contribution flow across loops in a high-entropy head (Layer 2, Head 15). Each cell shows the
weighted attention contribution C; = Ay ; - ||V;||2 from the final token to position j, with color intensity indicating
magnitude. Red and blue borders mark tokens with the largest contribution increase and decrease from Loop O to
Loop 2, respectively. Arrows with percentage labels denote inter-loop changes. The visualization shows attention
progressively shifting from syntactic elements toward task-critical and answer-relevant tokens.

where M = (1 — 3)I + BA is the effective mixing
matrix. Since A is row-stochastic (each row sums
to 1), M is also row-stochastic

Spectral Characterization of Convergence Rate.
The convergence of the error ¢*) = H®*) — F*
is governed by the spectral properties of the mix-
ing matrix M. For the error dynamics e+l —
Me®) | we can bound the error norm by analyz-
ing the eigenvalue structure of M. Since M =
(1 — B)I + BA, the eigenvalues of M are related
to those of A by:

t1=1,...,N.
(18)
Due to the causal mask in decoder-only architec-
tures, A is strictly lower triangular, and thus its
eigenvalues equal its diagonal entries: \;(A)
A;;. For a fixed number of recursive steps K, the
error after K iterations can be bounded using the

spectral norm:

A(M) = (1= B) + BNi(A),

1€ < 15 p )1

N K/2
(Z &-(M)?) 1€
=1

N K/2
- (Z[u - B)+ BAiiP) (BRI
=1 (19)

Expanding the squared terms and noting that the
(1 — )2 contributes uniformly across all eigen-
values, the variation in convergence behavior is
determined by the attention-dependent terms. The
dominant factor for comparing different head selec-

tions is the trace:

N K
(Z Aii) = (Tr(A))~, (20)
=1

where Tr(A) = Zf\; | Aj; is the trace of the at-
tention matrix. This reveals that minimizing the
trace of the attention matrix accelerates conver-
gence. Our theoretical goal is to show that high-
entropy head selection achieves this.

E.3 Connecting Entropy to Trace

We now establish a quantitative connection be-

tween attention entropy and the trace Tr(A).
Lemma 1 (Entropy-Based Bound on Diagonal El-
ements). For the i-th row of a causal attention
matrix A with entropy & = — 37| A;jlog Ayj,
the diagonal element satisfies:

Ay < e Gl 21)

Proof Sketch. Consider the ¢-th row as a proba-
bility distribution over positions {1,...,i}. We
seek to maximize A subject to the constraints
23:1 Aij =1land — Z;’:l Aij log Aij = 61 Ap-
plying the method of Lagrange multipliers, the op-
timal configuration that maximizes the diagonal
weight while maintaining fixed entropy concen-
trates mass on the diagonal and distributes the re-
maining mass uniformly over other positions. Stan-
dard variational calculus yields that the maximum
achievable diagonal weight decays exponentially
with entropy.

Bounding the Trace.
row:

Applying Lemma 1 to each

N N
Tr(A) = Ay <> e 5/ (22)
1=1 1=1
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By first-order Taylor expansion around the mean
attention entropy £ = + 3"V | &, the sum can be
approximated as:

N ' N ) B
Sl EiaN e N =N N (23)

i=1 i=1

Therefore, we obtain:

Tr(A) SN -e ¥/, (24)

where the attention entropy £ directly controls the
convergence rate: higher entropy yields a tighter
bound on Tr(A), leading to accelerated decay of
the error ||| p over K recursive steps. Our the-
oretical analysis establishes that high entropy of
the attention matrix accelerated convergence over
finite recursive steps. This provides the theoret-
ical foundation for entropy-based head selection

strategies.
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Figure 12: Visualization of attention heatmap in low- and high-entropy heads from Qwen3-0.6B, with a sample

from MATH-500. Along the horizontal axis, tokens highlighted in red denote the subset that receives the top 50%
of the attention from the final query position (details in Appendix C.3.1 and C.3.2).
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Figure 13: Visualization of attention heatmap in low- and high-entropy heads from Qwen3-0.6B, with a sample
from MMLU. Along the horizontal axis, tokens highlighted in red denote the subset that receives the top 50% of the
attention from the final query position (details in Appendix C.3.1 and C.3.2).
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Figure 14: (a) Head-wise attention entropy trajectories across all layers during training. Within each layer-
specific subplot, individual curves correspond to distinct attention heads. (b) Intra-layer variance of attention
entropy across heads over the course of training (details in Appendix C.4).
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Figure 15: Attention entropy dynamics of Layer 6 heads during training, including the warm-up phase (steps 0-250)
and layer selection phase (steps 250—1000), for models trained with D2S and S2D strategies in Table 3.
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