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Abstract

Chain-of-Thought (CoT) reasoning, while ef-
fective, suffers from an inherent mechanism
flaw: linearity induces overthinking. Con-
strained by sequential generation, models of-
ten produce redundant narration and circular
self-corrections to maintain logical context.
We propose GoT-R1, a framework that funda-
mentally mitigates this by replacing verbose
linear trajectories with high-density reason-
ing graphs. Unlike CoT, GoT-R1 decouples
logic from narration, modeling deliberation as
a structured topology of atomic units. We in-
ternalize this inductive bias via a two-stage
regimen: synthesizing structural data to dis-
till logical skeletons, followed by Group Rel-
ative Policy Optimization (GRPO) to explic-
itly reinforce topological integrity. Extensive
evaluations across mathematical reasoning and
instruction following demonstrate that GoT-R1
consistently outperforms state-of-the-art base-
lines. Crucially, it achieves these gains with
significantly reduced token overhead, demon-
strating that structured reasoning density of-
fers a more robust and parsimonious alter-
native to the recursive verbosity of standard
CoT. The GoT-R1 models are open-sourced on
Hugging Face at: https://huggingface.co/
collections/MYTH-Lab/got-r1.

1 Introduction

The emergence of Large Language Models (LLMs)
has fundamentally redefined artificial intelligence,
transitioning from simple pattern matching to com-
plex cognitive reasoning. A pivotal milestone in
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this evolution was the introduction of Chain-of-
Thought (CoT) prompting (Wei et al., 2022), which
encourages models to externalize reasoning into in-
termediate steps. This paradigm has been further
scaled by state-of-the-art models such as OpenAl
ol (OpenAl, 2024) and DeepSeek-R1 (Guo et al.,
2025), which utilize extended thinking trajectories
to achieve human-level performance on sophisti-
cated mathematical and competitive programming
tasks. By simulating a deliberate "System 2" think-
ing process, CoT has become the de facto standard
for eliciting multi-step logic (Kojima et al., 2022;
Suzgun et al., 2023).

However, the inherent linearity of CoT imposes
constraints on high-dimensional logical tasks and
often induces overthinking. In a sequential deriva-
tion s; — Sa — --- — Sy, a single logical fal-
lacy at any step s; typically propagates through
the remainder of the chain, leading to "cascading
errors" (Dziri et al., 2023; Lyu et al., 2023). To over-
come these limitations, research introduced Tree-
of-Thought (ToT) (Yao et al., 2023) and Graph-of-
Thought (GoT) (Besta et al., 2024; Yao et al., 2024),
which model reasoning as exploratory search. Most
recently, frameworks like Diagram of Thought
(DoT) (Zhang et al., 2024) formalized these as Di-
rected Acyclic Graphs (DAGs), acknowledging that
human cognition is non-linear and requires parallel
processing of sub-problems and recursive integra-
tion of premises (Xia et al., 2025; Guo et al., 2023).

Despite their structural promise, existing reason-
ing frameworks suffer from three critical bottle-
necks. First is the redundant text problem: nodes
often remain narrative-heavy, consisting of verbose
paragraphs that harbor significant linguistic redun-
dancy. Second is the coordination gap: most meth-
ods rely on external controllers or complex prompt-
based role-playing, failing to internalize the graph
structure into the model’s native weights. Third,
these structures lack parsimonious optimization;
without explicit pressure to be concise, graphs of-
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ten become complex "hairballs" that obscure the
minimal sufficient logical path.

In this paper, we propose GoT-R1 (Graph-of-
Thought R1), a novel paradigm that replaces ver-
bose linear sequences with concise, internalized
reasoning graphs. GoT-R1 liberates the model’s
deliberation into a structured graph where each
node is an "atomic" logical primitive, stripped of
conversational fillers. Unlike previous work, GoT-
R1 is natively internalized via a two-stage training
regimen: (1) Automated Structural Data Syn-
thesis, which purifies teacher-generated reasoning
into high-fidelity logical skeletons, and (2) Rein-
forcement Learning via Group Relative Policy
Optimization (GRPO) (Liu et al., 2024). By intro-
ducing a specialized structural reward (Rgrapn) and
a parsimony penalty, we force the model to offload
logical complexity from the language space into
the graph topology, prioritizing thinking density
over writing length.

We evaluate GoT-R1 across benchmarks includ-
ing GSMS8K, TruthfulQA, Winogrande, and IFE-
val, establishing a new Pareto frontier that achieves
state-of-the-art accuracy with significantly lower
token overhead than linear CoT. Our contributions
are three-fold: first, we formalize a high-density
graph reasoning paradigm that decouples logical
structure from narrative generation, shifting the
burden of complexity from linguistic redundant
text to structural topology; second, we introduce a
two-stage training regimen—combining structural
data synthesis with GRPO—that enables models
to internalize topological integrity without dense
human supervision; and finally, we demonstrate
that imposing structural constraints effectively mit-
igates the "overthinking" phenomenon common
in recursive reasoning models, delivering scalable
capabilities that are both computationally parsimo-
nious and logically decisive.

2 Related Work

2.1 Linear Chain-of-Thought Reasoning

The evolution of reasoning in Large Language
Models transitioned from basic prompting to
complex structural modeling with the Chain-of-
Thought paradigm (Wei et al., 2022), which signif-
icantly improved performance on arithmetic and
symbolic tasks (Kojima et al., 2022; Suzgun et al.,
2023). Recent advancements in large-scale rein-
forcement learning (RL) have empowered models
like DeepSeek-R1 (Guo et al., 2025) and OpenAl

ol (OpenAl, 2024) to develop emergent thinking
capabilities through extended trajectories (Zelik-
man et al., 2022, 2024). Modern scaling methods
such as Dynamic Nested Depth (DND) (Chen et al.,
2025) and trajectory optimization frameworks like
SE-Agent (Lin et al., 2025) and PGTS (Li, 2025)
allow models to adaptively allocate computation
or edit their own logic through self-reflection and
recombination (Lin et al., 2025). Some extensions
have further expanded this paradigm into multi-
modal latent spaces (Zhang et al., 2023; He et al.,
2024).

Despite these breakthroughs, the sequential na-
ture of CoT remains a bottleneck, lacking formal
mechanisms for global planning and recursive re-
finement. Fallacies often result in cascading er-
rors that undermine reliability (Lyu et al., 2023;
Valmeekam et al., 2023). Furthermore, linear struc-
tures frequently generate conversational redundant
text that increases computational overhead without
improving logical density. GoT-R1 addresses these
limitations by condensing trajectories into high-
density atomic nodes, thereby clarifying causal de-
pendencies.

2.2 Branching and Exploratory
Tree-of-Thought

Tree-of-Thought (Yao et al., 2023) introduced ex-
ploratory reasoning as a search process over a tree,
enabling strategic planning via backtracking and
look-ahead (Shinn et al., 2023; Hao et al., 2023).
Frameworks like Semantic Similarity-Based Dy-
namic Pruning (SSDP) (Kim et al., 2025) further
optimize tree efficiency by merging redundant log-
ical states into hypernodes, reducing the search
space by up to 90%.

However, trees are architecturally limited and
incapable of logical convergence, where multiple
independent sub-conclusions synthesize into a sin-
gle node (Besta et al., 2024; Ding et al., 2024).
Scientific reasoning often requires merging dis-
parate premises, a requirement trees satisfy only
through redundant sub-tree repetition (Xia et al.,
2025; Besta et al., 2024). Additionally, ToT typ-
ically operates as an external System 2 wrapper,
incurring high latency and relying on prompt-based
coordination rather than internalizing exploratory
logic into the model’s native weights (Yao et al.,
2023; Sumers et al., 2023).
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Figure 1: The GoT-R1 Framework. Left: Non-linear reasoning where the model generates a thought graph within
the <think> block. Top Right: Automated Structural Data Synthesis extracting atomic nodes from teacher CoT.
Bottom Right: Two-Stage Training via SFT for alignment and GRPO for multi-objective optimization (accuracy,

validity, and conciseness).

2.3 Emergence of Graph-Structured
Reasoning

The frontier of reasoning involves modeling
thoughts as directed acyclic graphs, reflecting the
non-linear nature of human cognition (Besta et al.,
2024; Yao et al., 2024; Zhang et al., 2024). Cur-
rent trends shift toward model-native graph gen-
eration, such as DOTS (Yue et al.), where LLMs
are tuned to output atomic action trajectories, in-
ternalizing the planning process and maximizing
the information-to-token ratio (Renze and Guven,
2024; Munkhbat et al., 2025).

GoT-R1 differs by internalizing graph structures
through automated data synthesis and reinforce-
ment learning. Unlike methods relying on conver-
sational traces, we enforce a strict policy of atomic
nodes and explicit edges optimized via Group Rel-
ative Policy Optimization (Liu et al., 2024). By in-
corporating structural rewards and length penalties
inspired by graph generative modeling and process-
based optimization (Stiennon et al., 2020), GoT-R1
bridges the gap between connectionist generation
and symbolic rigor.

3 Methodology

We introduce Graph-of-Thought R1 (GoT-R1), a
framework that shifts LLM reasoning from linear
sequences to a structured graph G = (V| E). As
illustrated in Figure 1, GoT-R1 replaces verbose
narrative with structural precision, enabling non-
linear deliberation through atomic nodes and multi-
directional dependencies.

3.1 Formalization of Reasoning Graphs

We formalize the reasoning process as a dynamic
graph construction task. Given a query @), the rea-
soning trace is defined as G = (V, E), where:

* V ={ny,...,ng} is a set of reasoning nodes.
Each node n; represents an atomic reasoning
unit that encapsulates both a localized sub-
task description and its corresponding logical
derivation (e.g., 7 X 5 = 35) within a struc-
tured boundary.

*» F CV x V represents directed edges for ex-
plicit logical dependencies. An edge (n;,n;)
exists if node n; utilizes the result or context
of a preceding node n; as an input for its own
derivation.

The topology of G is determined by a predeces-
sor mapping function P(n;) = {n; | (n;,n;) €
E}. Unlike the rigid transitions in linear CoT, GoT-
R1 permits |P(n;)| > 1, allowing nodes to aggre-
gate insights from disparate previous steps. This
representation transforms reasoning into a dense
coordinate system of logic (Li et al., 2021), where
complexity is reflected in graph connectivity rather
than text length.

3.2 Automated Structural Data Synthesis

As illustrated in the upper-right portion of Figure 1,
we design an automated pipeline to bridge the
gap between linguistic traces and structured logic.
Specifically, we leverage a teacher model Mt to
extract the latent logical skeleton from verbose CoT
responses, thereby constructing high-quality train-
ing data.
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Node Decomposition and Purification Pipeline
We process raw reasoning trajectories into discrete
functional units {u, ..., u,, }. This stage employs
a teacher-driven extraction pipeline ®, where a
high-capacity teacher model M acts as the struc-
tural orchestrator to map each unit into a purified
node n;:

n; = ®(u;; M) = Distill(u;) ()

where Distill(-) denotes the operation of purg-
ing rhetorical padding and redundant narration.
This pipeline identifies critical cognitive bound-
aries—such as sub-goal transitions—and encapsu-
lates the localized logical derivation into an atomic
node, ensuring high informational density.

Relational Topology Extraction Following de-
composition, My establishes the informational
flow by identifying the minimal sufficient set of
predecessors for each node:

P(n;) ={n; | j < i,is_req(n;, n;; Mr) = True}

2
By abstracting these relationships into edges E, we
construct a high-fidelity dataset Dygigj consisting
of (Q,G, A) triplets, where A is the verifiable fi-
nal answer. This formulation prioritizes structural
connectivity over chronological sequence, ensuring
that A is derived from the non-linear synthesis of
G rather than simple linear extrapolation.

3.3 Training Framework

As illustrated in the lower-right portion of Fig-
ure 1, we employ a two-stage training to enable
autonomous graph coordination during open-ended
inference. The training framework progresses from
format imitation to logical self-evolution. First, the
model undergoes supervised alignment to master
the reasoning graph syntax; subsequently, we ap-
ply reinforcement learning to optimize the model’s
actual reasoning accuracy and structural efficiency.

Supervised Structure Pre-alignment The
model 7 undergoes SFT on Dy;gy to internalize
the GoT-R1 syntax. = We represent training
instances as serialized sequences x = {G, A},
minimizing the following objective:

x|

Lspr(0) = —Ep | Y logmg(ws | 221, Q)| (3)
t=1

This phase ensures the model masters the serial-

ized representation of the graph topology before
reinforcement learning.

Reinforcement Learning via GRPO To enable
autonomous graph coordination during open-ended
inference, the model transitions from supervised
imitation to active exploration via Group Relative
Policy Optimization. Unlike standard Actor-Critic
frameworks, GRPO derives advantage signals from
group-based statistics, significantly reducing the
variance inherent in optimizing non-linear graph
topologies. We define a weighted multi-objective
reward R; for each sampled trajectory G; to cali-
brate accuracy, structural validity, and logical den-
sity:

Ri = wy Rask + w2 Rgraph + w3 Rt — w4 Pen (4)

where Rgy provides a formatting incentive ensur-
ing the presence of required <think> tags and spe-
cific graph boundary identifiers. The coefficients
w1, W, w3, wy balance the competing objectives of
logical correctness and structural parsimony. This
global reward signal is decomposed into the follow-
ing components:

* Task-Centric Utility (Rysx): This reward en-
sures terminal coherence. For deterministic
tasks, a binary score is assigned based on final
answer accuracy. For complex reasoning, we
apply granular step-level credit assignment,
parsing G; to evaluate intermediate nodes ny
against problem constraints.

e Structural Integrity (Rgrapn): This term acts
as a topological governor to ensure the output
adheres to a functional graph schema. It is
composed of three primary metrics: (1) Syn-
tactic Parsability, ensuring the generated struc-
ture is logically decodable; (2) Sparsity Opti-
mization, which applies a penalty to prevent
redundant, fully-connected "hairball" topolo-
gies by maintaining a moderate count of nodes
and edges; and (3) Non-linearity Incentives,
which promote logical branching and recur-
sive back-referencing to prevent the model
from regressing into a monotonic linear chain.

 Efficiency Penalty (Fen): To fulfill the
mandate of high-density thought, we apply
—wy|z|, where |z| is the response sequence
length. This pressures the model to offload
complexity into the graph’s topology rather
than verbose linguistic padding.

The policy 7y is refined by maximizing a clipped
surrogate objective. To ensure stable updates
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within double-column constraints, the objective
Jcrpo is formulated as:

1 M
Jc 0)=— E | min (r;(6)A4,,
oreo(6) = < ; [ min ( s

clip(r;(0),1 — e, 1+ e)Ai)}

where r;(0) = WG(GZ"Q)) is the probability ratio.

T (GilQ
The advantage A; 1s computed by normalizing the

aggregate reward R; within a cohort of M samples:

o Ri —mean({R;}}L))
' Std({Rj}j]Viﬂ

(6)

This iterative process reinforces parsimonious
graph configurations, enabling the model to tran-
sition from narrative-heavy CoT to high-density,
graph-based deliberation.

4 Experiments

4.1 Experimental Setup

Benchmarks. To comprehensively evaluate the

reasoning and general capabilities of GoT-R1, we

conduct evaluations across multiple domains us-
ing the evalscope (Team, 2024) framework. The

model is deployed using v11m (Kwon et al., 2023),

with a maximum sequence length of 8192 tokens

and a temperature setting of 0 during testing. The
benchmarks include:

* Mathematical Reasoning: We report accuracy
on GSMS8K (Cobbe et al., 2021) datasets to as-
sess complex problem-solving abilities.

¢ Instruction Following: We utilize IFEval (Zhou
et al., 2023) to measure the model’s adherence to
constraints.

* General Capabilities: We include Truth-
fulQA (Lin et al., 2022) and Winogrande to
evaluate truthfulness and commonsense reason-
ing.

Baselines. We compare GoT-R1 against a com-

prehensive set of strong open-source reasoning

models. The baselines cover three parameter
scales:

* 4B Parameter Class: We include Hunyuan-4B-
Instruct (Team, 2025a), ERNIE-4.5-21B-A3B-
Thinking (Baidu-ERNIE-Team, 2025), Qwen3-
30B-A3B (Team, 2025¢), and Qwen3-4B.

* 8B Parameter Class: We evaluate against
Hunyuan-7B-Instruct (Team, 2025b), Nemotron-
Cascade-8B-Thinking (Wang et al., 2025),

DeepSeek-R1-Distill-Llama-8B (Guo et al.,
2025), DeepSeek-R1-Distill-Qwen-7B,
OpenR1-Distill-7B  (Face, 2025), GLM-
Z1-9B-0414 (GLM et al., 2024), and Qwen3-8B.
* 14B Parameter Class: The comparison includes
Nemotron-Cascade-14B-Thinking, DeepSeek-
R1-Distill-Qwen-14B, and Qwen3-14B.
Note that we exclude framework-based methods
such as ToT (Yao et al., 2023), GoTs (Besta et al.,
2024), and DoT (Zhang et al., 2024) from the main
comparison table (Table 1) to ensure a controlled
evaluation of native model capabilities across dif-
ferent parameter scales. While these paradigms are
structurally relevant, they typically function as ex-
ternal search wrappers or prompt-based scaffolds
requiring multiple sequential inferences per query,
which fundamentally differs from the single-pass
internalized generation of GoT-R1.

External Reasoning. To quantify the efficiency
and performance superiority of our internalized
topology, we provide a dedicated comparative anal-
ysis in Subsection 4.3. For this focused compari-
son, the baselines are configured as follows: Tree-
of-Thought (Yao et al., 2023) utilizes a Breadth-
First Search (BFS) strategy with a fixed depth of
8 reasoning steps, employing a propose mecha-
nism to generate 3 candidate thoughts per step
which are then scored by a value-based heuristic
evaluator to retain the top-2 candidates per layer;
Graph-of-Thoughts (Besta et al., 2024) follows a
structured Generate-Score-Aggregate pipeline that
parallelizes three independent trajectories, evalu-
ates them through self-judged logical consistency,
and aggregates the two highest-scoring paths into a
synthesized conclusion; and Diagram-of-Thought
(Zhang et al., 2024) adheres to the official prompt
engineering methodology to elicit diagrammatic
reasoning without external search controllers, main-
taining a temperature of 0 to ensure deterministic
logical construction.

Training and Evaluation. We select the Qwen3
(4B, 8B, 14B) series as our base models. All
training and inference experiments are conducted
on a server equipped with 8 x NVIDIA RTX
6000 GPUs. We leverage the verl (Sheng et al.,
2024) library for GRPO implementation and op-
timize the training pipeline for efficiency. De-
tailed configurations regarding data construction
and SFT/GRPO hyperparameters settings are pro-
vided in Appendix A.
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Model GSMSK IFEval TruthfulQA  Winogrande
ode ACC | P-Strict I-Strict P-Loose I-Loose ACC ACC
4B Parameter Class
ERNIE-4.5-21B-A3B-Thinking 75.51 28.93 41.37 30.19 42.28 62.30 66.22
Hunyuan-4B-Instruct 85.44 51.15 62.12 72.54 79.94 54.71 53.67
Qwen3-30B-A3B 91.89 83.44 88.09 86.79 90.71 75.64 84.29
Qwen3-4B 93.78 82.81 87.04 85.32 88.92 66.71 76.01
GoT-R1-4B (Ours) 95.07 85.53 90.53 87.84 92.00 84.70 81.93
8B Parameter Class
Hunyuan-7B-Instruct 82.41 51.36 63.31 7191 80.05 50.06 58.09
Nemotron-Cascade-8B-Thinking 90.30 76.94 82.98 78.62 83.72 70.01 81.85
DeepSeek-R1-Distill-Llama-8B 81.50 33.75 46.61 36.27 48.57 53.61 58.33
DeepSeek-R1-Distill-Qwen-7B 86.35 34.59 46.82 36.48 48.71 48.71 49.41
DeepSeek-R1-0528-Qwen3-8B 78.47 73.17 81.10 77.57 84.03 67.07 74.59
OpenR1-Distill-7B 86.73 23.06 34.31 26.21 38.05 30.11 52.88
GLM-Z1-9B-0414 93.40 32.49 45.28 36.48 49.16 64.99 77.27
Qwen3-8B 94.62 86.37 90.46 89.52 92.94 74.42 80.58
GoT-R1-8B (Ours) 96.74 88.68 92.31 90.57 93.64 84.82 84.77
14B Parameter Class
Nemotron-Cascade-14B-Thinking 89.31 70.65 77.43 73.58 79.14 74.05 83.19
DeepSeek-R1-Distill-Qwen-14B 92.87 38.36 51.12 42.98 54.82 68.05 77.11
Qwen3-14B 96.59 87.84 91.26 91.40 93.82 77.72 86.19
GoT-R1-14B (Ours) 97.19 88.89 92.59 91.40 94.13 85.31 87.69

Table 1: Main Evaluation Results. Comparison of GoT-R1 against state-of-the-art reasoning models across different
parameter scales. ACC denotes accuracy. P and I represent Prompt-level and Instruction-level scores, respectively,
evaluated under Strict and Loose constraints. Bold indicates the best performance in each group, while underline

indicates the second best.

4.2 Main Results

Table 1 presents a comprehensive performance eval-
uation of GoT-R1 across multiple benchmarks, cat-
egorized by parameter scales including 4B, 8B,
and 14B classes. The empirical data reveals
that our graph-based reasoning paradigm consis-
tently achieves superior performance compared to
both standard instruction-tuned models and recent
reasoning-oriented models that rely on linear tra-
jectories.

Precision in Mathematical and Common Sense
Reasoning. GoT-R1 exhibits consistent improve-
ments in mathematical reasoning as measured by
GSMSK. At the 4B scale, GoT-R1-4B reaches an
accuracy of 95.07%, surpassing the base Qwen3-
4B and larger models such as GLM-Z1-9B. This
upward trend continues through the 8B and 14B
classes, with GoT-R1-14B achieving a peak accu-
racy of 97.19%. In common sense reasoning (Wino-
grande), GoT-R1 maintains competitive perfor-
mance across all scales, notably reaching 87.69% at
the 14B scale. These results indicate that the struc-
tural density of the reasoning graph enhances log-

ical precision without compromising the model’s
native common sense capabilities.

Robustness in Complex Instruction Following.
A significant strength of our framework is demon-
strated in the IFEval benchmark, which evaluates
a model’s ability to satisfy strict formatting and
linguistic constraints. GoT-R1 consistently secures
the top performance in both Strict and Loose eval-
uation metrics across all parameter groups. For
instance, GoT-R1-8B achieves an I-Strict score
of 92.31%, substantially outperforming special-
ized reasoning distillates such as DeepSeek-R1-
Distill-Qwen-7B (46.82%) and Nemotron-Cascade-
8B (82.98%). This performance gap suggests that
the multi-directional dependencies within our rea-
soning graphs allow the model to track and fulfill
multiple simultaneous constraints more effectively
than linear Chain-of-Thought approaches.

Enhancement of Factual Reliability. The im-
pact of GoT-R1 is most pronounced in TruthfulQA,
where our model demonstrates a transformative
improvement in factual consistency. In the 8B
category, GoT-R1-8B improves the accuracy from
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Method Accuracy (%) Total Token Cost

ToT 70.81 33,465,008
GoTs 90.67 4,308,170
DoT 51.02 1,529,600
GoT-R1 (Ours) 95.07 632,167

Table 2: Comparison of Internalized and External Rea-
soning on GSM8K.

74.42% (Qwen3-8B) to 84.82%. Similarly, at the
4B scale, our model outperforms the base Qwen3-
4B by nearly 18 percentage points. This sharp
increase suggests that the internalized graph struc-
ture—which facilitates cross-node verification and
explicit logical referencing—effectively mitigates
the cascading hallucinations and narrative drift of-
ten observed in traditional long-form reasoning tra-
jectories.

Scaling Dynamics across Parameter Classes.
The performance advantage of the GoT-R1
paradigm remains stable across all scales. In the 8B
and 14B categories, GoT-R1 achieves comprehen-
sive state-of-the-art results. While the 4B variant is
narrowly outperformed in Winogrande by Qwen3-
30B-A3B—a significantly larger MoE model—it
maintains a highly competitive margin and leads
its own parameter class. These results validate that
internalized graph-based deliberation provides a
scalable enhancement, consistently prioritizing log-
ical density over raw parameter count.

4.3 Internalized vs. External Reasoning

We evaluate GoT-R1 against Tree-of-Thought
(ToT) (Yao et al.,, 2023), Graph-of-Thoughts
(GoTs) (Besta et al., 2024), and Diagram-of-
Thought (DoT) (Zhang et al., 2024) on the GSMSK
dataset, using Qwen3-4B as the unified backbone.
Note that we omit direct comparison with the GoT
framework proposed by Yao et al. (2024), as their
implementation requires task-specific fine-tuning
on multimodal benchmarks, which differs from
our focus on general internalized reasoning density.
This comparison highlights the advantage of inter-
nalizing non-linear dependencies directly into the
model’s weights.

As shown in Table 2, GoT-R1 achieves a supe-
rior accuracy-efficiency frontier. ToT incurs over
52 x the token cost of GoT-R1 while suffering from
error accumulation in its deep search tree. While
GoTs improves efficiency via node aggregation,
it remains constrained by the latency of sequen-
tial inferences. Notably, DoT yields the lowest

Method |SFT Riask Rgraph Pien | GSM8K
Base (Qwen3) | - - - - 93.78
+SFT v oo - -] 9371
+ Riask v v - - 94.31
+ Ryraph v Vv - 943l
GRPO -V VY V| 9075
Full (GoT-RD)| v v v v | 9507
Qwen3 + CoT |CoT v - - | 9310

Table 3: Step-wise Ablation Matrix. Comparison of
GoT-R1 components. Evaluation on Qwen3-4B. (R;qsk:
Task Reward, RRy,qpn: Graph Structural Reward, Pc,,:
Length Penalty).

accuracy (51.02%), suggesting that purely prompt-
based diagrammatic reasoning lacks robustness on
smaller-scale models without explicit alignment.

In contrast, GoT-R1 attains the highest accuracy
(95.07%) using only 1.8% of ToT’s token budget.
This confirms that internalizing graph-structured
deliberation via GRPO effectively eliminates the or-
chestration latency and verbiage overhead inherent
in external search-based or complex prompting-
based scaffolding.

4.4 Ablation Study

To validate the effectiveness of the components
within the GoT-R1 framework and assess its scal-
ability, we conduct a dual-track analysis: a pro-
gressive ablation study on the 4B variant and a
cross-scale training dynamic evaluation across 4B,
8B, and 14B models.

Component-wise Contribution. As detailed in
Table 3, we evaluate the incremental impact of
structural SFT alignment, Task Reward (Rqsk),
Graph Structural Reward (Rgqpn), and Length
Penalty (P,). The initial SFT phase establishes
the foundational syntax for graph-based reason-
ing, though it results in a marginal fluctuation in
GSMSK performance (Row 2) as the model adapts
to the new structural constraints. The subsequent
introduction of R;,s. via GRPO (Row 3) success-
fully restores and elevates reasoning accuracy to
94.31%. While the addition of Ry.qpn (Row 4)
maintains this accuracy, it serves to stabilize the
internal topological integrity of the reasoning units.
The full GoT-R1 configuration (Row 6) achieves
the peak performance of 95.07% by integrating the
length penalty Pj.,,, which forces the model to com-
press its reasoning into the most efficient logical
nodes. Notably, GoT-R1 significantly outperforms
the standard CoT baseline (Row 7) under identical
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Figure 2: GRPO Training Dynamics across Scales. Left:
Average Reward Score showing the evolution of task
performance. Right: Actor KL Divergence monitoring
the structural alignment stability.

Model: GoT-R1
(284 tokens)

Model: Qwen3
(1114 tokens)

Figure 3: Attention Map Comparison. A visualization
of log-scaled attention intensity in the final layer.

reward and data settings. This gap confirms that
our gains stem from the architectural advantage of
reasoning graphs rather than mere data exposure.
Furthermore, we report a new ablation on the role
of SFT initialization. Removing the SFT stage and
applying GRPO directly to the base model (Row
5) results in a GSM8K score of 90.75% . This un-
derperforms both the standard CoT baseline and
the full model, highlighting the SFT stage’s criti-
cal role in mitigating exploration difficulties and
stabilizing graph structure generation.

Scalability and Stability. The training dynam-
ics in Figure 2 further highlight the robustness
of our framework. The Average Reward Score
(left) shows a monotonic and stable increase across
all parameter scales, with the 14B model (purple
line) demonstrating a significantly higher perfor-
mance ceiling and faster learning curve compared
to smaller variants. Simultaneously, the Actor KL
Divergence (right) remains well-constrained (typ-
ically < 0.02), ensuring that GoT-R1 internalizes
complex graph topologies without suffering from
catastrophic forgetting or policy collapse. This
synergy between structural rewards and parameter
scale validates that graph-based "mental modeling"
is an emergent capability that scales effectively
with model size.

4.5 Attention Topology and Logical Density

Beyond macroscopic performance metrics, we fur-
ther investigate the internal deliberation process of
GoT-R1 through a comparative analysis of atten-
tion mechanisms. The attention maps in Figure 3
reveal a fundamental shift from the standard diag-
onal attention pattern of Qwen3 to the structured,
non-linear topology of GoT-R1. While Qwen3 con-
sumes 1,114 tokens with attention strictly concen-
trated along the main diagonal, GoT-R1 achieves
the same logical outcome in only 284 tokens—a
75% reduction in sequence length that highlights
its significantly higher logical density. The GoT-
R1 matrix exhibits prominent off-diagonal hotspots
within the <think> block, indicating that the model
performs precise "structural hopping" to retrieve
distant prerequisite nodes across the prompt bound-
ary without being distracted by intermediate nar-
rative noise. The concrete logical instantiation
of these attention hotspots is further illustrated
through the input-output pairs in the Appendix B
case study.

Furthermore, the "block-like" activations in GoT-
R1 visually encapsulate the generation of distinct
atomic reasoning nodes defined in our methodol-
ogy. Unlike the monotonic information flow in
standard models, GoT-R1 maintains sustained an-
choring on the Prompt Boundary while utilizing
sparse, high-intensity edges to aggregate insights
from multiple disparate steps simultaneously. This
visual evidence confirms that GoT-R1 successfully
internalizes a graph-based reasoning paradigm, em-
powering the model with the modularity and recur-
sive back-referencing necessary to solve complex
competitive benchmarks.

4.6 Inference Stability and Token Efficiency

The transition from redundant linear sequences
to dense graph-based reasoning not only clarifies
logic but also fundamentally enhances inference
stability. To quantify this, we analyze the distribu-
tion of reasoning tokens—comprised of the think-
ing process and the terminal answer sequence—
across all parameter scales. As illustrated in Figure
4, the empirical data reveals that GoT-R1 virtu-
ally eliminates the length-limit failures that plague
standard models. In high-complexity tasks such as
IFEval, standard models frequently struggle with
recursive rambling in their narrative phase, whereas
GoT-R1 maintains its entire trajectory within man-
ageable bounds by offloading logical complexity
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into its distilled graph topology.

A critical observation is the dramatic compres-
sion of the thinking trajectory compared to base
models. For instance, on the IFEval benchmark
at the 4B scale, the base model consumes an aver-
age of 1,533 tokens, whereas GoT-R1-4B achieves
superior instruction-following accuracy while uti-
lizing only 924 tokens. Similarly, at the 8B scale
for GSMS8K, GoT-R1 reduces the total reasoning
overhead from 1,445 tokens to 345 tokens, repre-
senting a significant reduction in computational
cost without compromising the necessary answer
length. This trend is consistent across the 14B class,
where GoT-R1-14B maintains high performance
with substantially fewer thinking tokens than its
counterparts.

The bottom panels of Figure 4 further high-
light this robustness regarding failed generations.
While standard models exhibit significant failure
counts due to context overflow or narrative drift—
peaking at 35 failed generations for the 4B model
on IFEval—GoT-R1 consistently maintains a near-
zero or significantly lower failure rate. For exam-
ple, GoT-R1-8B reduces GSMS8K failures from 17
to 0 and IFEval failures from 23 to 1. This suggests
that the structural inductive bias and the parsimony
penalty successfully prioritize logical density over
narrative volume. The consistent performance gap
across all scales confirms that GoT-R1 provides a
scalable solution for efficient System 2 deliberation,
ensuring both high fidelity and structural stability
under constrained computational budgets.

5 Conclusion

In this work, we presented GoT-R1, a framework
that internalizes high-density reasoning graphs to
replace linear, verbose trajectories. By decom-
posing deliberation into atomic nodes and multi-
directional dependencies, GoT-R1 effectively miti-
gates redundant text overhead, overthinking and
cascading errors. Empirical evaluations across
diverse benchmarks—including GSMS8K, IFE-
val, TruthfulQA, and Winogrande—demonstrate
that GoT-R1 achieves state-of-the-art performance
across 4B, 8B, and 14B scales while consum-
ing significantly fewer tokens and virtually elim-
inating length-limit failures. Our results under-
score that topological integrity and logical preci-
sion—rather than linguistic length—are the true
drivers of efficient System 2 intelligence. This
paradigm shift provides a scalable path for devel-
oping next-generation models capable of deep, par-
simonious, and reliable structured deliberation.

Limitations

Despite its gains, GoT-R1 has limitations. Cur-
rently validated on a single architecture, future
work will extend it to other major model families
and MoE structures to verify cross-architectural ro-
bustness. Additionally, while our evaluation covers
math, facts, and instruction following, the frame-
work’s efficacy in specialized or multimodal do-
mains remains to be explored. We aim to expand
GoT-R1 to complex coding tasks and autonomous
agentic workflows, while refining structural re-
wards to accommodate increasingly dynamic rea-
soning topologies.
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A Implementation Details

A.1 Data Construction

To empower the model with graph-structured rea-
soning capabilities, we utilize a distilled dataset,
which is systematically annotated by DeepSeek-
v3.2 (DeepSeek-Al, 2025) and GPT-5.1 (OpenAl,
2025). Specifically, we construct a high-quality
reasoning corpus of 15k samples. The data syn-
thesis process involves a specialized teacher-driven
pipeline that parses raw linguistic traces into struc-
tured logic at low cost.

To ensure structural consistency, we adopt Mer-
maid syntax to serialize reasoning graphs G =
(V, E)) into machine-interpretable, token-efficient
sequences that preserve topological rigor.

As illustrated in Figure 5 and Figure 6 , our
synthesis methodology is operationalized through
a two-stage prompt coordination:

1. Node Decomposition and Purification:
DeepSeek-v3.2 acts as a Reasoning Logic Or-
chestrator M to deconstruct verbose trajec-
tories into atomic, high-density nodes, purg-
ing all rhetorical padding (see Figure 5).

2. Relational Topology Extraction: M (GPT-
5.1) subsequently functions as a Topological
Graph Architect to identify the minimal suffi-
cient set of logical dependencies, establishing
the non-linear edges that form the final rea-
soning graph (see Figure 6).

# Role

You are a Reasoning Logic Orchestrator. Your goal is to deconstruct verbose Chain-of-Thought (CoT)
trajectories into a sequence of atomic, high-density reasoning nodes.

# Task

Identify critical cognitive boundaries (sub-goal transitions) and encapsulate each localized logical
derivation. Remove all rhetorical padding, self-questioning, and redundant narration.

# Input Data

straints
. **Atomic Unit:

I need to multiply

Tden

# Output Format (JSON)
1

Atomic derivation 1},
Atomic derivation 2"}

Figure 5: Node Purification Prompt. The instruction set
for DeepSeek-v3.2 and GPT-5.1 to deconstruct verbose
trajectories into atomic reasoning units, stripping rhetor-
ical padding.

This pipeline results in a compact, topology-rich
training corpus, denoted as Dgor, Where logical
complexity is offloaded from natural language into
a dense coordinate system of graph nodes.

# Role
You are a Topological Graph Architect. Your task is to establish the non-linear informational flow
between purified reasoning nodes.

# Task
For each node, identify which previous nodes provide the necessary context or results required for its
derivation. This is a dependency mapping, not a chronological list.

# Input Da

# Rules for Edge Extraction (is_req = True)
1. **Minimal Sufficiencyx*: Onl

2. *xLogical Convergencex: Mul

3. **Non-linearityx*

# Output Format (JSON)
{

“graph_rationale": "Briefly explain why these specific dependencies form a non-linear graph."

Figure 6: Topology Extraction Prompt. The specialized
prompt designed to identify minimal sufficient logical
dependencies and construct non-linear graph edges.

A.2 Training Configuration

Our training pipeline for GoT-R1 consists of two
phases: Structural Supervised Fine-Tuning (SFT)
and Group Relative Policy Optimization (GRPO),
implemented using PyTorch and the verl library.

Phase 1: Structural SFT In this stage, we align
the base models with the graph-based reasoning
format through full parameter fine-tuning.

* Training Objective: The model is trained to
minimize the standard cross-entropy loss over
the serialized graph and answer sequences, en-
suring the internalizing of the GoT-R1 syntax.

* Hyperparameters: We perform full-
parameter updates for 1 epoch with a global
batch size of 128 (achieved via gradient
accumulation). The learning rate is set to a
more conservative 2 x 1075 with a cosine
decay schedule and a warmup ratio of 0.05.

* Sequence Length: A maximum sequence
length of 8,192 tokens is utilized to provide
sufficient context for complex, multi-node rea-
soning graphs and to avoid truncation of the
structural dependencies.

Phase 2: GRPO Optimization Following the
structural pre-alignment, we apply full-parameter
Group Relative Policy Optimization to further en-
hance reasoning accuracy and enforce structural
validity.

* Training Schedule: The optimization is con-
ducted for exactly 165 steps with a group size
of M = 5 per query. This compact train-
ing budget is sufficient for the model to inter-
nalize the structural rewards, leveraging the
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strong topological foundation established dur-
ing SFT.

* Configuration: We perform updates on all
model parameters with a learning rate of
1x 107 and a cosine decay schedule. To man-
age the memory overhead of full-parameter
RL, we employ ZeRO-3 and gradient check-
pointing.

Optimization Objective: The KL-divergence
coefficient ( is fixed at 0.04. The total re-
ward R is a weighted sum of task accuracy
Riask, structural integrity Rgraph, and a length
penalty P, encouraging the generation of
dense, parsimonious reasoning graphs.

L]

Reward Weighting: We set the reward coef-
ficients as w; = 0.1 for Rk, wo = 0.1 for
Rgraph, and w3 = 0.1 for Ry, with a penalty
coefficient wy = 0.05 applied to Fe,. This
configuration prioritizes logical correctness
while ensuring the mandatory use of <think>
tags and parsimonious graph structures.

B Case Study

Table 4 compares Standard CoT and GoT-R1 on a
4B model, illustrating their fundamentally different
cognitive trajectories in solving the animal arm
count problem.

Narrative Redundancy vs. Structural Precision
The Standard CoT trajectory is characterized by
severe "redundant text overhead". As shown in the
left column, the model engages in repetitive self-
questioning and conversational filler (e.g., "Wait,
is a seastar the same as a starfish? Let me
check that."), resulting in a verbose narrative that
obscures the core mathematical logic. In con-
trast, GoT-R1 (right column) bypasses linguistic
padding by generating an internalized reasoning
graph of the problem into atomic nodes. Each
node—such as node C ("Calculate starfish arms:
7x5 = 35") and node D ("Seastar arms: 14")—rep-
resents a purified logical kernel, stripped of rhetori-
cal noise.

Non-linear Synthesis and Reference The
Graph Representation in Figure 1 (visualized in
the case study) highlights GoT-R1’s ability to per-
form logical convergence. While the CoT model
must maintain all preceding information in a lin-
ear, memory-intensive buffer, GoT-R1 explicitly

maps dependencies via edges. For instance, the fi-
nal summation node (E) simultaneously aggregates
outputs from disparate branches (C and D), demon-
strating a dense coordinate system of logic where
information is reused without redundant narration.

Inference Efficiency Consistent with our empiri-
cal findings in Section 4.6, this case study exempli-
fies the substantial reduction in token overhead ob-
served in GoT-R1. By offloading logical complex-
ity into the graph topology rather than verbose ex-
planation, GoT-R1-4B arrives at the correct termi-
nal answer ("49") with significantly higher logical
density. This visual evidence confirms that our Par-
simony Penalty effectively encourages the model to
internalize a modular "mental map," ensuring that
even smaller parameter scales can achieve break-
throughs in reasoning precision.
See Appendix C for more visualizations.

C Visualization of Internalized Reasoning
Graphs

As discussed in the main text, our model gener-
ates structured thinking processes tailored to the
specific demands of different tasks. We provide a
comprehensive visualization of these internalized
reasoning graphs in Table 5, which highlights the
model’s cognitive adaptability.

Based on the graphs presented in Table 5, we
observe several distinct reasoning behaviors:

* Mathematical Reasoning (GSMS8K): As
shown in the first column of Table 5, the graph
illustrates a decompositional approach, break-
ing down the problem into starfish and seastar
arm counts before the final summation.

* Instruction Following (IFEval): The reason-
ing graph reflects a strict adherence to con-
straints, mapping out the learning steps while
ensuring the output aligns with the requested
terminal sentence.

e Factual Evaluation (TruthfulQA): The
model constructs a verification path to eval-
uate multiple options (A, B, and C) against
internal knowledge, as visualized in the third
column of the table.

* Logical Commonsense (Winogrande): The
graph demonstrates a comparative logic, eval-
uating the roles of different subjects (e.g.,
Sarah vs. Maria) to resolve contextual am-
biguity.
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Question

Carly collected 7 starfish with 5 arms each and one seastar with 14 arms. How many arms do the animals

she collected have in total?

Method

Standard CoT (Chain-of-Thought)

GoT-R1 (Ours)

Reasoning

Okay, let’s see. Carly collected some starfish and a seastar. The
question is asking how many arms all these animals have in total.
Alright, let me break it down step by step. First, the problem says
she collected 7 starfish, each with 5 arms. So, I need to calculate
the total number of arms from the starfish. If each starfish has
5 arms, then for 7 starfish, it would be 7 multiplied by 5. Let
me do that math. 7 times 5 is 35. So, the starfish contribute 35
arms in total. Then, there’s one seastar with 14 arms. Wait, is a
seastar the same as a starfish? Hmm, I think they are different.
Wait, no, actually, 1 think seastar is another name for starfish.
Maybe that’s a trick in the question? But the problem mentions
both starfish and seastar. Maybe they are different? Or maybe it’s
just using different names for the same thing. Let me check that.
Wait, actually, in biology, starfish are a type of seastar. So, maybe
the problem is using different terms for the same animal. But in
this case, the problem says she collected 7 starfish with 5 arms
each and one seastar with 14 arms. So, maybe they are different?
Or maybe it’s just a way to say that one of them is a seastar with
more arms. Maybe the problem is just using different names for
different animals. But I need to go with the information given. So,
regardless of the names, the problem says 7 starfish with 5 arms
each, and one seastar with 14 arms. So, the seastar is a separate
animal with 14 arms. So, I need to add the arms from the starfish
and the arms from the seastar. So, the starfish contribute 7 * 5 =
35 arms. The seastar has 14 arms. So, total arms would be 35 +
14. Let me add those numbers. 35 + 14 is 49. So, the total number
of arms is 49. Wait, but let me make sure I didn’t make a mistake.
Let me check again. 7 starfish, each with 5 arms. 7*5 is indeed 35.
Then the seastar is 14 arms. 35 + 14 is 49. Yeah, that seems right.
But just to be thorough, maybe I should check if the seastar is a
different animal. If a seastar is a different animal, maybe it’s not a
starfish. But in the problem, it’s stated that she collected 7 starfish
and one seastar. So, maybe they are different. But the problem says
"starfish with 5 arms each" and "seastar with 14 arms". So, maybe
the seastar is a different species with more arms. So, the total is
35 + 14 = 49. That seems correct. Alternatively, if the seastar is
a starfish, but with 14 arms, then maybe the problem is trying to
trick me into thinking that the seastar is a starfish, but since it’s
a different animal, but the problem says "she collected 7 starfish
with 5 arms each and one seastar with 14 arms". So, the seastar is
a separate animal. So, adding them both. So, 35 + 14 = 49. So,
the answer is 49. I think that’s right. Let me just check once more.
7%5is 35. 35 + 14 is 49. Yep. So, the total number of arms is 49.

Final Answer The total number of arms is .

graph TD

Start["Start: Problem"] —> A["Carly collected 7 starfish with 5
arms each"]

Start —> B["Carly collected 1 seastar with 14 arms"]

A — C["Calculate starfish arms: 7 * 5 = 35"]

B — D["Seastar arms: 14"]

C —> E["Sum starfish arms and seastar arms: 35 + 14"]

D—>E

E —> F["Total arms = 49"]

F — End["End: Answer"]

Graph Representation

Start: Problem
|

e \

Carly collected 7 starfish
with 5 arms each

-

Calculate starfish arms: 7 *

Carly collected 1 seastar
with 14 arms

Seastar arms: 14

5=35

.

seastar arms: 35 + 14

l

Total arms = 49

_—

End: Answer

Sum starfish arms and ‘

Final Answer

To determine the total number of arms that Carly collected, we
need to calculate the arms from each type of animal separately and
then sum them.

Step 1: Calculate the arms from the starfish
Carly collected 7 starfish, and each starfish has 5 arms. So, the
total number of arms from the starfish is:

7x5=35

Step 2: Add the arms from the seastar
Carly also collected 1 seastar, and this seastar has 14 arms. So,
the total number of arms from the seastar is:

14

Step 3: Add both totals
Now, we add the arms from the starfish and the seastar:

35+ 14 =49

Final Answer
The total number of arms that Carly collected is:

Carly collected 7 starfish, each with 5 arms. The total arms from
the starfish is:
7 x5 =35

She also collected 1 seastar with 14 arms. Adding the seastar’s
arms:

35+ 14 =49

Thus, the total number of arms from all collected animals is:

Table 4: Case Study: Reasoning comparison and GoT-R1’s graph-based thought structure.
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GSMSK (Math)

Start: Problem

i

Carly collected 7 starfish
with 5 arms each

Carly collected 1 seastar
with 14 arms

l

Calculate starfish arms: 7 *
5=35

S

Seastar arms: 14

Sum starfish arms and
seastar arms: 35 + 14

Total arms = 49

= EE

End: Answer

IFEval (Instruction)

Truthful QA (Fact)

Start: Evaluate question
and options

Recall: Excessive coffee

for kids L

el | P

A: Trouble sleeping

~

B: Stunt growth |

Evaluate: Myth - no |
scientific evidence. |

Evaluate: Common
knowledge - caffeine
disrupts sleep

‘ C: Prevent growing taller ‘

Evaluate: Similar to 8 -
myth

Conclusion: A s accurate ‘ Conclusion: B s incorrect

S =g | 0

T Decision: Select option A

End: Output ANSWER: A

Winogrande (Logic)

‘ Start: Fill blank in sentence

l

Sarah better surgeon than
Maria

l

Who gets easier cases?

-

Alternative: Worse surgeon
gets easier cases?

‘ Better surgeon likely gets
gf e Contradicts ‘much better ‘
easier cases

= B

‘ Sarah gets easier cases ‘

S

Answer: Sarah (A)

Table 5: Visualization of internalized reasoning graphs generated by GoT-R1 across four distinct benchmarks,
illustrating the structured logic derived for each domain.
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