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Abstract

We study the reasoning behavior of large lan-
guage models (LLMs) under limited computa-
tion budgets. In such settings, producing useful
partial solutions quickly is often more practical
than exhaustive reasoning, which incurs high
inference costs. Many real-world tasks, such as
trip planning, require models to deliver the best
possible output within a fixed reasoning budget.
We introduce an anytime reasoning framework
and the Anytime Index, a metric that quantifies
how effectively solution quality improves as
reasoning tokens increase. To further enhance
efficiency, we propose an inference-time self-
improvement method using LLM-synthesized
preference data, where models learn from their
own reasoning comparisons to produce better
intermediate solutions. Experiments on Natu-
ralPlan (Trip), AIME, and GPQA datasets show
consistent gains across Grok-3, GPT-oss, GPT-
4.1/40, and LLaMA models, improving both
reasoning quality and efficiency under budget
constraints.

1 Introduction

Many real-world planning and decision-making
tasks face strict compute or latency budgets. In
these settings, even partial solutions can provide
immediate utility (e.g., a feasible but incomplete
trip plan), while additional computation can further
refine them. This motivates anytime reasoning,
in which intermediate outputs improve in quality
as more reasoning tokens are generated (Qi et al.,
2025): a concept formalized in classic Al through
anytime algorithms (Zilberstein, 1996; Dean and
Boddy, 1988; Hansen and Zilberstein, 2001).
Modern LLMs have shown strong reasoning ca-
pabilities through Chain-of-Thought (CoT) (Wei
et al., 2022; Chowdhery et al., 2023), Tree-
of-Thoughts (Yao et al.,, 2023), and Self-
Refine (Madaan et al., 2023), yet these methods
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Figure 1: Overview of our anytime reasoning evaluation
framework. The model generates N CoT traces, each
truncated at token budgets b; to evaluate intermediate
solution quality @;. Final solutions are derived from
full reasoning traces.

assume unrestricted computation and evaluate only
final answer quality. Recent work has begun
exploring reasoning efficiency via test-time scal-
ing (Muennighoff et al., 2025), early exit strate-
gies (Yang et al., 2025), and token-length con-
trol (Han et al., 2024), but these approaches tar-
get final performance and offer no principled way
to evaluate or improve the trajectory of reasoning
quality. Budget-aware techniques like BRPO (Qi
et al., 2025) and mode selectors (Fang et al., 2025)
optimize when to stop thinking, but not how to
think better under constraints.

To fill this gap, we propose a framework for
evaluating anytime reasoning in LLMs. We intro-
duce the Anytime Index, a metric that quantifies a
model’s quality-per-token tradeoff across multiple
reasoning budgets, capturing not just final accu-
racy but the efficiency of reasoning over time. We
apply this framework across diverse model fami-
lies, including Grok-3, GPT-oss, GPT-4.1/40, and
LLaMA-3.3, to systematically compare their rea-
soning efficiency under budget constraints.

To improve anytime reasoning, we further pro-
pose Preference Data Prompting (PDP), an
inference-time self-improvement method using
LLM-generated preference data. The model gen-
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erates alternative reasoning traces at fixed token
budgets, identifies those leading to higher-quality
intermediate solutions, and reuses the resulting
preference pairs as in-context examples. We eval-
uate on NaturalPlan (Zheng et al., 2024) for struc-
tured planning, AIME2024 for math reasoning, and
GPQA-Diamond (Rein et al., 2023) for scientific
QA, showing consistent gains in both Anytime In-
dex and task performance over strong CoT base-
lines.
Our contributions are three-fold:

* An evaluation framework for anytime reason-
ing in LLMs, using the Anytime Index to
quantify reasoning efficiency under token bud-
gets.

* A scalable inference-time self-improvement
method that leverages LLM-generated prefer-
ence data without human supervision.

* Empirical evidence of improved intermediate
and final solution quality across structured
planning, math, and scientific QA.

2 Anytime Reasoning Evaluation
Framework

2.1 Evaluation Pipeline

The framework is illustrated in Figure 1. For each
task input, we use Chain-of-Thought (CoT) prompt-
ing (Wei et al., 2022) to sample N full reason-
ing traces per model, up to a global maximum
of 4,096 tokens for NaturalPlan and 16,384 to-
kens for AIME and GPQA. Each trace includes
the model’s intermediate reasoning steps and fi-
nal answer. We define a series of token bud-
get checkpoints b1, b, . . ., b,, where each b; cor-
responds to the number of reasoning tokens ob-
served. For NaturalPlan, we use budgets b; €
{100, 200, . ..,800}; for AIME and GPQA, b; €
{200, 300, . ..,1600}.!

For each checkpoint b;, we truncate the CoT
trace to retain only the first b; reasoning tokens,
discarding the remainder. We then re-prompt
the model to generate a final answer (e.g., a trip
itinerary or math solution) using only the trun-
cated reasoning prefix as context. This simulates
real-world scenarios where reasoning may be in-
terrupted early, for instance, due to latency limits
or token budgets, and the model must produce its

"Budget ranges are adapted to each domain’s typical rea-
soning length.

best answer from partial computation. By freezing
the reasoning at each b; and evaluating the result-
ing output, we can directly measure how solution
quality evolves as the reasoning budget increases.

To ensure robust evaluation, we sample N CoT
traces per input, capturing variance from stochastic
decoding. For each trace and budget b;, we com-
pute a task-specific quality score ();: Constraint
Satisfaction Rate (CSR) for planning tasks, which
measures the fraction of satisfied constraints, and
accuracy for math and scientific QA tasks. Full
metric definitions are provided in Section 4.3. We
report performance at each budget b; as the average
quality score across all sampled traces, yielding a
stable estimate of model performance across the
full range of reasoning budgets.

2.2 Anytime Index

To summarize a model’s overall efficiency under
budget constraints, we propose the Anytime In-
dex, inspired by area-under-curve (AUC) metrics
in optimization (Qi et al., 2025). It is defined as:

T-1 Qi +Q7
=1 3 (b1 —by)

(bT - bl) : Qmax ’

ey
where ()j = max;<; (); denotes the best score
achieved up to budget b;, and Qmax is the global
upper bound across all methods. The numerator
computes the area under the quality curve using the
trapezoidal rule, while the denominator normalizes
by the budget range and the best achievable score,
yielding a value in [0, 1].

Intuitively, the Anytime Index captures how
quickly a model approaches high-quality solutions
as the token budget increases. Two methods may
achieve similar final performance at the largest
budget, yet differ substantially in their trajecto-
ries: a model that reaches high quality early will
score higher than one that lags at smaller budgets
and only improves near the end. The metric thus
distinguishes “fast-thinking” models from “slow-
thinking” ones under budget-aware evaluation. A
detailed discussion of the additional insights pro-
vided by the Anytime Index is given in Section A.

Anytime Index =

3 LLM-Generated Preference Data
Prompting

To improve anytime reasoning under limited to-
ken budgets, we introduce a lightweight, inference-
time self-improvement method that leverages LLM-
generated preference data. The core idea is to teach
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Model Method NaturalPlan (Trip) AIME 2024 GPQA Overall
Final Avg Anytime | Final Avg Anytime | Final Avg Anytime | Final Avg Anytime
Base 747 66.8 68.4 24.0 11.0 69.8 63.5 63.5 56.2 47.1 47.6
Grok-3 LEAP 87.9 176.8 79.1 22.8 120 11.9 693 634 63.4 60.0 50.7 51.5

PDP(+) 89.8 76.6 78.9 25.0
PDP 90.2 76.0 78.1 24.9

12.6

11.5 70.3 63.7 63.8 61.7 50.7 51.4
12.3 69.7 64.3 64.4 61.6 51.0 51.6

Base 81.5 768 84.7 80.6
LEAP 90.2 84.7 85.4 86.7
PDP(+) 857 854 87.6 83.3
PDP 90.7 85.6 89.7 100.0

Grok-3-mini

75.2
719
79.0
86.0 87.1 989 892 89.3 96.5 86.9 88.7

80.9 99.3 904 90.6 87.1 80.8 85.4
81.7 95.7 90.0 90.6 909 84.2 85.9
82.0 969 859 85.8 88.6 834 85.1

Base 36.7 379 459 32.0
LEAP 46.1 38.3 45.2 30.2
PDP(+) 80.3 76.8 78.4 30.2
PDP 79.5 76.7 78.3 38.9

GPT-o0ss-120B

439

41.7

54.4 443 515 63.8 3777 444 54.7
49.8 36.8 479 63.6 3777 422 529
46.5 50.6 544 62.5 537 56.7 62.5
52.9 694 66.2 66.2 62.6 61.5 65.8

Base 51.5 464 47.7 16.5
LEAP 36.1 33.6 37.8 9.8

40.4 284 435 58.2 32.1 375 48.8
337 21.0 36.8 56.7 22.3 320 42.7

GPT-0s5-20B
088 PDP(+) 58.6 453 473 | 139 289 386 | 342 473 582 | 356 405 480
PDP 556 475 508 | 177 406 | 60.7 564 607 | 447 443 507

Base 694 682 696 | 28 72 | 509 577 617 | 410 434 462

— LEAP 746 708 722 | 102 95 | 477 582 637 | 442 455 485
: PDP(+) 766 707 719 | 12 66 | 529 572 623 | 436 438 469
PDP 763 702 714 | 77 520 | 694 662 671 | 511 468 479

Base 557 551 570 | 38 43 | 528 530 547 | 374 370 387

GPTdo LEAP 441 490 524 | 37 50 | 564 520 531 | 347 347 368

PDP(+) 66.2 60.9 62.3 24
PDP 62.8 58.7 60.2 5.1

4.4 59.0 524 53.0 425 387 39.9
43 65.3 54.8 54.9 444 389 39.8

Base 715 73.6 74.1 17.1
LEAP 762 74.6 78.4 33.7
PDP(+) 81.0 76.6 79.1 24.1
PDP 82.0 78.2 80.2 22.3

Llama-3.3-70B

23.6

24.6
25.3

28.7 393 464 52.5 42.6 479 51.8
26.3 42.8 447 52.0 50.9 47.0 522
28.6 454 473 52.8 50.2 495 53.3
29.0 48.1 479 52.4 50.8 50.5 53.9

Table 1: Experiment results across three benchmarks: trip planning (NaturalPlan), math reasoning (AIME 2024),
and scientific QA (GPQA). We report final and average CSR for NaturalPlan, accuracy for AIME and GPQA, and
the Anytime Index for each method. “Overall” columns show macro-averages across the three datasets. Best results

per backbone model are in bold.

the model to produce higher-quality intermediate
reasoning traces by exposing it to contrastive exam-
ples: pairs of good and poor reasoning samples at
the same token budget, generated and evaluated by
the model itself. The method requires no additional
supervision or fine-tuning.

Our approach is grounded in the principle that
a strong anytime reasoner should maximize the
Anytime Index (Section 2), reaching high-quality
solutions as early as possible rather than only at
the maximum budget. Inspired by recent work on
the self-improvement capabilities of LLMs (Huang
et al., 2022; Madaan et al., 2023; Yao, 2024), we
incorporate these contrastive pairs directly into the
input prompt to guide the model’s reasoning at
inference time. We describe the preference data

generation pipeline and prompting strategy below.

3.1 Preference Data Generation

Our method builds on the evaluation setup from
Section 2.1. For each task input, we sample a large
pool of N = 64 CoT reasoning traces using the
base model. Each trace is truncated at each prede-
fined token budget checkpoint b;, and the model
is re-prompted to generate a final answer from the
truncated prefix. The resulting output is scored us-
ing task-specific metrics (CSR for planning, accu-
racy for math and scientific QA), yielding a quality
score ; for every trace-budget pair.

At each budget b;, we rank all traces by their
Q; scores and construct preference pairs: each pair
consists of a preferred trace (higher ();) and a re-
jected trace (lower ();) truncated to the same length.
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Fixing the budget is critical, as it ensures that the
contrast reflects differences in reasoning quality,
not reasoning length. The model learns from how
the preferred trace reasons within the same token
budget, rather than simply benefiting from addi-
tional tokens. These budget-specific preference
pairs form the core of our self-generated training
signal, which we incorporate as in-context exam-
ples during inference (Section 3). Example prefer-
ence pairs are shown in Appendix B.1.

3.2 Preference Data Prompting

After generating preference pairs, we incorporate
them as in-context examples to guide the model’s
reasoning during inference. For each dataset, we se-
lect the preference pair with the largest quality gap
at each token budget b;, yielding one contrastive ex-
ample per budget checkpoint (eight for NaturalPlan,
and similarly for AIME and GPQA).

Each in-context example presents a preferred rea-
soning trace alongside its quality score, contrasted
with a rejected trace that yields a lower-quality so-
lution under the same budget. Crucially, we omit
the intermediate solutions (e.g., the generated trip
plan or math answer) from the prompt, so that the
model learns from the contrastive reasoning pat-
terns rather than imitating surface-level outputs.
By seeing what distinguishes effective reasoning
from ineffective reasoning at each budget level, the
model is guided toward producing higher-quality
intermediate traces during inference. An example
prompt is shown in Appendix B. We note that Pref-
erence Data Prompting incurs minimal additional
computational cost, since the preference pairs are
generated once offline and reused across all infer-
ence runs. A detailed cost analysis is provided
in Section B.5, and the connection between the
Anytime Index and Preference Data Prompting is
discussed in Section B.6.

4 Experiments

4.1 Datasets

We evaluate anytime reasoning across three do-
mains where solution quality can meaningfully
evolve with additional computation.  Natu-
ralPlan (Zheng et al., 2024) poses structured trip
planning tasks, where intermediate solutions corre-
spond to partially feasible itineraries evaluated via
Constraint Satisfaction Rate (CSR). AIME 2024
requires multi-step mathematical reasoning, where
partial progress toward a solution can be assessed

at each budget checkpoint. GPQA-Diamond (Rein
et al., 2023) targets expert-level scientific ques-
tion answering, demanding sustained, knowledge-
intensive reasoning across multiple inference steps.
Together, these datasets span planning, mathemati-
cal, and scientific reasoning, providing a compre-
hensive testbed for budget-aware anytime evalua-
tion. Further dataset details are provided in Ap-
pendix E.

4.2 Models

We evaluate both reasoning-specialized and
general-purpose LLMs. Reasoning models include
Grok-3 and Grok-3-mini (xAl, 2025), GPT-oss-
120B and GPT-0ss-20B (OpenAl, 2025). General-
purpose models include GPT-4.1, GPT-40, and
Llama-3.3-70B (Meta, 2024). Each model is eval-
uated with four prompting strategies: (1) Base:
Standard Chain-of-Thought (CoT) prompting (Wei
et al., 2022); (2) LEAP: In-context principle learn-
ing from mistakes (Zhang et al., 2024), which di-
agnoses errors on a few examples, distills explicit
reasoning principles, and applies both during in-
ference; (3) PDP(+): An ablation of our method
that uses only high-quality reasoning traces as in-
context examples, omitting the rejected traces from
preference pairs; (4) PDP: Our full Preference
Data Prompting method, using self-generated con-
trastive preference pairs to guide inference-time
reasoning (Section 3).

4.3 Evaluation Metrics

We use Constraint Satisfaction Rate (CSR) for Nat-
uralPlan?, and standard accuracy for AIME and
GPQA.

For NaturalPlan, CSR measures the fraction of
structured constraints (e.g., number of cities, total
trip length, duration per city) satisfied by a model-
generated itinerary. Constraints are extracted and
verified automatically using a rule-based checker,
validated in Section D. CSR provides a graded mea-
sure of solution quality well-suited to anytime eval-
uation. For AIME and GPQA, accuracy evaluates
whether the model’s answer exactly matches the
gold solution; while binary per instance, it yields
a smooth signal when averaged across traces and
instances.

At each token budget b;, the corresponding CSR
or accuracy score serves as (; when computing
the Anytime Index (Section 2.2). In addition to

2See Section C for a discussion of why we do not use the
exact-match metric proposed by Zheng et al. (2024).
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the Anytime Index, we report two complementary
statistics: the final score at the maximum bud-
get, and the average score across all budget check-
points.

4.4 Results

We now evaluate two questions: whether cur-
rent LLMs exhibit effective anytime reasoning be-
havior, and whether Preference Data Prompting
(PDP) improves their reasoning efficiency under
token constraints. Table 1 reports final score, aver-
age score, and Anytime Index across NaturalPlan
(Trip), AIME 2024, and GPQA for all seven mod-
els and four prompting strategies.

Overall performance and model-specific trends.
Across all three benchmarks, Preference Data
Prompting (PDP) consistently improves anytime
reasoning performance relative to standard CoT
prompting. When averaged across datasets (Over-
all columns in Table 1), PDP achieves the high-
est Anytime Index for all reasoning-specialized
models as well as Llama-3.3-70B. These gains
are primarily driven by higher-quality intermediate
reasoning traces, reflected in improved CSR/ac-
curacy at early and mid-range token budgets. In
most cases, stronger intermediate performance also
carries through to better final scores at the maxi-
mum budget. For general-purpose models (GPT-
4.1 and GPT-40), PDP consistently improves over
CoT but does not always achieve the best Anytime
Index among all prompting strategies. This pattern
suggests that PDP is most effective when models
can reliably distinguish between higher- and lower-
quality reasoning traces: a capacity that is stronger
in reasoning-specialized models. This observation
aligns with prior work showing that stronger rea-
soners benefit more from self-generated preference
signals (Pang et al., 2024; Chen et al., 2024). Ex-
ample performance curves illustrating these trends
are shown in Figure 3.

The role of contrastive preference supervision.
To isolate the effect of contrastive supervision, we
compare PDP against PDP(+), an ablation that uses
only high-quality reasoning traces as in-context ex-
amples. PDP(+) consistently improves over CoT,
confirming that exposure to strong reasoning tra-
jectories is beneficial on its own. However, the
full PDP method, which includes both preferred
and rejected traces, yields stronger anytime behav-
ior. Across the 21 model-dataset settings, PDP
achieves a higher Anytime Index than PDP(+)

in the majority of cases and also improves aver-
age CSR/accuracy more consistently. The gap is
most pronounced for reasoning-specialized models,
where PDP substantially outperforms PDP(+) on
both average scores and Anytime Index. These re-
sults demonstrate that the contrastive signal, show-
ing the model what to avoid, not just what to emu-
late, provides meaningful additional guidance be-
yond exposure to good examples alone.

Comparison with learning-from-mistakes
baselines. We also compare PDP against
LEAP (Zhang et al., 2024), a strong baseline that
learns explicit principles from model-generated
mistakes. While LEAP often outperforms vanilla
CoT, particularly on NaturalPlan and AIME,
PDP consistently matches or surpasses LEAP on
the Anytime Index. As shown in Table 1, PDP
achieves a higher overall Anytime Index than
LEAP across six out of seven models, and it also
demonstrates superior average CSR/accuracy in
all cases. This advantage is most notable for
models with strong reasoning capabilities, where
PDP improves overall final CSR/accuracy by
17.6%, average CSR/accuracy by 11.4%, and the
Anytime Index by 7.9. These results highlight
that preference-based contrastive supervision
more effectively guides intermediate reasoning
under limited token budgets, outperforming
in-context learning from principles derived from
model-generated mistakes.

5 Conclusion

We introduced the Anytime Index, a metric for
evaluating quality-per-token efficiency in LLM
reasoning under budget constraints, and proposed
Preference Data Prompting, an inference-time self-
improvement method that uses LLM-synthesized
preference data to guide reasoning toward higher-
quality intermediate outputs without human super-
vision. Experiments on structured planning, math
reasoning, and scientific QA show consistent gains
in both task performance and Anytime Index across
model families. In future work, we plan to investi-
gate how anytime reasoning behavior can be inter-
nalized during training through preference-driven
fine-tuning.

6 Limitations

While our work introduces a novel framework
for evaluating and improving anytime reasoning
in LLMs, several limitations remain. First, our
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experiments focus primarily on the trip planning
domain using the NaturalPlan dataset. Although
this domain is well-suited for evaluating struc-
tured, constraint-based reasoning under budget con-
straints, future work should validate the framework
on a broader set of tasks, including open-ended
domains such as code generation.

Second, we primarily compare standard Chain-
of-Thought prompting with our proposed pref-
erence data prompting. While sufficient for
demonstrating the utility of the Anytime Index,
we do not exhaustively benchmark against other
prompting strategies (e.g., Tree-of-Thoughts, Self-
Consistency, etc.) Expanding our evaluation to
include a wider range of reasoning methods would
provide deeper insights into the relative strengths
of different approaches under budget constraints.

Finally, our self-improvement method is limited
to inference-time prompting with LLM-generated
preference pairs. While effective, this leaves open
the opportunity to train models explicitly for bet-
ter anytime behavior using preference-driven fine-
tuning methods such as Direct Preference Opti-
mization (DPO). If prompting already yields mean-
ingful gains, integrating preference supervision
into the training loop could further improve budget-
aware reasoning and close the self-improvement
cycle.
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A Novel Insights for Anytime Index

A.1 What does Anytime Index measure
conceptually?

The Anytime Index is a summary of a model’s
entire anytime performance profile, i.e., how its
expected solution quality changes as the token
budget increases. This follows the classical view
of anytime algorithms (Zilberstein, 1996), where
one characterizes an algorithm by its performance
curve (quality vs. time) and often summarizes that
curve via an expectation or utility over time. In
our context, the Anytime Index makes explicit how
quickly a method approaches high quality: whether
it is “fast-thinking” (reaches high CSR early and
then plateaus) or “slow-thinking” (stays weak un-
til very large budgets). Two methods can have
very similar Final CSR but quite different Anytime
Index values if one achieves good quality much
earlier; this is exactly the distinction we care about
for judging good anytime reasoners.

In our setting: 1) The curve is CSR (or task
accuracy) as a function of token budget (b) (e.g.,
100-800, 200-1600, depending on the task and
model); 2) Anytime Index is essentially the area
under this curve, normalized to [0,1]. This is analo-
gous to how AUC-ROC summarizes classifier per-
formance across all thresholds rather than focusing
on a single operating point. Intuitively, Anytime
Index answers the question: “If I do not know in
advance exactly how many tokens I will be allowed
(e.g., interruption, latency budget, dynamic stop-
ping), how good is this model on average over the
whole budget range?” By contrast, Final CSR only
reports quality at one point (the largest budget) and
cannot distinguish methods that reach that quality
quickly from those that only get there at the very
end.

A.2  Why can rankings coincide, but the
metric is still useful?

It is true that, for the experiments reported in the
main table, the ordering of prompting methods and
models by Anytime Index and by Final CSR is
largely consistent. This outcome is not surprising:
1) The methods that perform better at the largest
budget also tend to be better (or at least not much
worse) at intermediate budgets; 2) The budget span
on NaturalPlan is relatively narrow (e.g., 100-800
tokens), so methods that are clearly better at 800
tokens generally perform better across the entire
small range as well.

A.3 Scenario where Anytime Index provides
strictly more nuanced insights than other
metrics.

While our main results emphasize that PDP im-
proves both Final CSR and Anytime Index, the
metric is particularly informative in the following
concrete scenario: Similar final CSR, different
“speed” of reasoning. Consider Figure 2a, both
baseline CoT and PDP achieve Final CSR ~ 0.95
at 800 tokens. PDP reaches 0.9 CSR already at 350
tokens and then slowly improves, while baseline
CoT stays near 0.83—0.85 CSR until it jumps up at
500-600 tokens, then: Final CSR would say PDP
~ baseline CoT; however, Anytime Index is higher
for PDP, indicating that PDP makes Grok3-mini a
better anytime reasoner under variable budgets.

We will highlight specific pairs of methods
where AnyIndex reveals a larger gap than Final
CSR suggests (e.g., methods whose Final CSR is
close but whose early- and mid-budget behavior
differs markedly). Hence, Anytime Index is not in-
troduced to produce a different ranking in our par-
ticular tables, but to (i) align LLM-based reasoning
with the classical analysis of anytime algorithms,
(ii) provide a robust, budget-agnostic summary of
performance over the whole budget range, and (iii)
enable future work to distinguish methods that have
similar final quality but very different anytime be-
havior.

B Preference Data Prompting Details

For NaturalPlan, we synthesize preference pairs
for each model using the five few-shot examples
provided by the dataset, which we use to construct
in-context learning (ICL) prompts. Specifically, we
sample NV = 64 CoT traces per example and apply
the pipeline described in Section 3.1 to generate
preference pairs used in Preference Data Prompt-
ing. For AIME and GPQA, we similarly create
preference data by randomly sampling 5 and 30
validation examples, respectively. For each sam-
pled example, we generate N = 32 CoT traces and
construct preference pairs using the same method.
An illustrative preference pair from each dataset
and the corresponding prompting template are pro-
vided below.

B.1 Example Preference Pair from
NaturalPlan

We present example preference pairs generated by
GPT-OSS-20B at the 100-token budget checkpoint.
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The preferred reasoning trace yields a solution with ~ B.2.1 Example question in AIME
100% constraint satisfaction, while the rejected

trace achieves 0%, failing to account for overlap-

ping days between travel and stay.

Let b > 2 be an integer. Call a positive integer m b-eautiful if
it has exactly two digits when expressed in base b, and these two

B.l.l EXample taSk in NatllalPlan digits sum to \/n. For example, 81 is 13-eautiful because

You plan to visit 6 European cities for 18 days in total. You only =0y anl G43= Vel

take direct flights to commute between cities. You plan to stay in

Bucharest for 5 days. From day 6 to day 10, there is a annual show Find the least integer b > 2 for which there are more than ten
you want to attend in Bucharest. You would like to visit Prague for b-eautiful integers.
2 days. You want to spend 2 days in Budapest. You plan to stay in

Split for 5 days. You plan to stay in Tallinn for 4 days. You have

to attend a workshop in Tallinn between day 1 and day 4. You plan

to stay in Dublin for 5 days. During day 10 and day 14, you have to

attend a conference in Dublin.

Here are the cities that have direct flights:

Prague and Budapest, Tallinn and Prague, Bucharest and Dublin,

Budapest and Bucharest, Prague and Bucharest, Prague and Split, Dublin

and Split, Tallinn and Dublin, Budapest and Dublin, Prague and Dublin.

Find a trip plan of visiting the cities for 18 days by taking direct

flights to commute between them.

B.2.2 Preferred reasoning trace at the

) 1200-token budget checkpoint
B.1.2 Preferred reasoning trace at the

100-token budget checkpoint

Sentences contributing to effective reasoning are

highlighted in green. Sentences contributing to effective reasoning are

highlighted in blue.

analysisWe need schedule 18 days total. Cities: Bucharest 5 days

(including show day6-10). Tallinn 4 days workshop dayl-4. Dublin 5

days (conference day10-14). Prague 2 days. Budapest 2 days. Split 5

days. Total days sum =5+4+5+2+2+5=23 exceeds 18, so must overlap some

stays? Actually you can be in city and attend events overlapping with

stay counts. Must allocate days exactly as durations but maybe some

cities visited partially? In examples durations equal stay days. Here analysisWe need count of n with representation two digits in base b:

total exceeds so need ordering with overlapping constraints? maybe n=axb+cwith0<c<b, 1< a<b-—1 (since two digits,

some cities can be visited same day as flight? In examples they leading digit nonzero). Condition: a + ¢ = y/n. So \/n must be
an integer; let \/n = k. Then n = k2. Also n = ab —+ ¢ with
a+c = k. So we need to find k& such that k2 expressed in base
b has digits a, c satisfying a + ¢ = k. We have a = |_k2/bj and

B.1.3 Rejected reasoning trace at the c=k>modbuwith 1 <a<b—1,0<c<b.
. Thus we need k such that |kZ/b]+ (k% mod b) = k. Let k? = ab+c,
100-token budget checkpoint so a= (k2 —c)/b.
Equation: (k2 —c¢)/b+c =k = (k2 +c(b—1))/b = k —
. . . . 2 —
Sentences contributing to poor reasoning are high- 7 shello= 1) = R o
. . Thus ¢(b — 1) = k(b — k) and so ¢ = ——5—= with 0 < c < b.
hghted mn red- So for each k we require (b — 1) | k(b — k). Let d = b — 1.
Then ¢ = @ must be an integer, and a = k — ¢ must satisfy

1<a<b-1.
Since n:k2<b2,we have 1 < k < d.

analysisWe need schedule 18 days total. Constraints: Bucharest =
Thus we need k such that (b — 1) | k(b — k), i.e., d | k(b — k).

5 days total, with show day6-10 (so must be in Bucharest those K
days). Prague 2 days, Budapest 2 days, Split 5 days, Tallinn 4 days Since b = d + 1, k(b — k) = k(1 — k) (mod d); .There.f‘ore. d ‘
(workshop day1-4 must be in Tallinn). Dublin 5 days, with conference k(1 —k) <= k(k—1) =0 (mod d). So the condition simplifies
day10-14 must be in Dublin. tod | k(k—1).

Hence we count k for which k(k — 1) is a multiple of d. For each

We need to fit timeline. Start dayl in Tallinn for 4 days prime power p© | d, k =0 or 1 (mod p®). By CRT, the total number

(day1-4). Then need to be in Bucharest day6-10, so must travel of solutions is 2¢(%)  where w(d) is the number of distinct prime
before day6. Also Dublin conference day10-14, overlapping with factors of d.

Bucharest show day6-10. Day1@ both places can’t. Need transition: We need 2" > 10, so r > 4. The smallest d = b — 1 with four
maybe leave Bucharest dayl1@ to Dublin arriving day1@, but conference distinct primes is 2-3-5-7 = 210, so d = 210 and b = 211.

starts day10, so need be in Dublin day1@. So Bucharest stay must be
day5-9? Show is day6-1@ inclusive, but if we leave day1@ early maybe
still attend? Show day6-10 inclusive, need be there through day1@.
Conflict. So maybe order different: go to Dublin first, conference
day10-14, then Bucharest day6-10 can’t after. Overlap impossible.
Need overlapping days? maybe we can split

B.2 Example Preference Pair from AIME
B.2.3 Rejected reasoning trace at the

We present example preference pairs generated by 1200-token budget checkpoint
GPT-OSS-120B at the 1200-token budget check-

point. The preferred reasoning trace generates a

correct solution, while the rejected trace generates

an incorrect solution, imposed by a subtle but fatal ~ Sentences contributing to poor reasoning are high-
logic error. lighted in red.
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analysisWe need count numbers n with two digits in base b: n = axb+c
where a,c are digits 0 < ¢ < b, 1 < a < b (since two-digit, leading
digit nonzero). Sum a + ¢ = y/n. So y/n integer = n is perfect
square. Let n = k2. Then k = a+c. Alson =ab+c = k2. So we
have ab + ¢ = (a + ¢)2.

We have 0 < c<b—-1,1<a<b-1.

Let’s rearrange: ab + ¢ = a? + 2ac + 2 = bring terms: ab =
a2+2ac+c —c=a2+2ac+c(c— 1). So

ab = a2 + 2ac + c(c — 1).

Solve for b: b = (a? + 2ac + c(c — 1)) /a = a + 2¢ + c(c — 1) /a.
Since b integer, a must divide c(c — 1). Let’s denote d = c(c — 1).
Then b = a + 2¢c + d/a.

We need b > max(a, c)+? Actually b is base, must be > max(a,c),
i.e., b > max(a,c). Since digits less than b, condition satisfied
automatically if b > a,c.

We need count of (a,c) producing same b? For a given b, we count
solutions (a,c) with 1 < a<b—-1, 0<c<b-—1, and b =
a+ 2c + d/a (integer). Equivalent to a divides d.

Let’s brute think: For each a, choose ¢ where m = c(c —1)/a. Then

b = a + 2c + m. This determines b. So for each (a,c) we get a b.

We want b such that many (a,c) map to same b.
So need collisions. Let’s compute small b maybe 2,3...
need larger.
We could think of equation: b = a + 2c + ¢(c — 1)/a.
Define t = c. Then b = a + 2t + (¢(t — 1))/a.
For given b, we look for integer a dividing ¢(¢t — 1) and satisfying
this equality.
We can attempt to find many solutions by choosing ¢ such that many
divisors a produce same b? But b depends on a.
Probably the minimal b is 7? Let’s try quick enumeration mental maybe
b =57

. (lengthy enumeration attempt) ...
So only one for b = 5. Need > 10 = larger.
Probably b = 10? Let’s approximate count roughly equals number of
divisors? Might be around b? Need > 10,

but likely

B.3 Example Preference Pair from GPQA

We present example preference pairs generated by

analysisWe need identify X: equimolar mixture of two liquids that
decolorize bromine water = they are alkenes (or phenols). No
conjugated double bonds. So likely two alkenes reacting with Br2.
Heated with Pt causes disproportionation to Y: mixture of two other
liquids not decolorizing bromine => alkanes. Disproportionation of
alkenes over Pt gives alkanes (hydrogenation) but also maybe cracking?
Actually Pt at high temp causes hydrogen transfer: 2 alkenes -> one
alkane more substituted, one alkene less? But result Y does not
decolorize, so both are alkanes. Hydrogenation of X and Y gives same
hydrocarbon Z, hydrogen mass fraction 14.28% -> compute formula.
Let Z be CpHy,. Massh H = m/(12n + m) - 100 = 14.28. Solve
approx: try m = 6, m = 14? mol weight = 86, H% =16.3 too high.
n =8, m=18: 15.8. n = 10, m = 22: 15.5. Need 14.28 -> maybe
n = 12, m = 26: 15.3. lower. try n = 14, m = 30: 15.15. Need
lower. maybe m = 4, m = 10: 17.2. Hmm. Could be benzene? CgHg:
7.7% no. Maybe cyclohexane CgHig: 12/84 = 14.29%. Yes! So Z =
cyclohexane.

So Y mixture contains cyclohexane as constituent. The other liquid
perhaps also? Y is two liquids, both alkanes, one is cyclohexane, the
other likely something else from disproportionation of X. Starting X
are two alkenes equimolar that hydrogenate to cyclohexane = both must
be CgHip isomers (cyclohexene-type). Two alkenes that hydrogenate
to cyclohexane: could be 1-hexene and cyclohexene? But 1-hexene
gives hexane, not cyclohexane. Need both give cyclohexane after
Pt disproportionation? Actually Pt heated causes alkene to undergo
isomerization and disproportionation: two alkenes give one alkane
with longer chain and one alkene shorter. Eventually both become
cyclohexane after hydrogenation. Likely X are cyclohexene (CgH10)
and methylcyclopentene? Both CgHjig. Two isomeric cyclohexenes?
They are liquids, decolorize Br2, no conjugated. Both CgHjg, so
total H = 10 + 10 = 20. But options include 18, 22, 16, 12. Maybe
X are cyclopentene Cs Hg and 1-hexene CgH1o (both decolorize?).
But total H =20 not listed.

Consider that after disproportionation, Y are cyclohexane (CgHi2)
and another alkane not decolorizing, maybe benzene? No.

Maybe X are two alkenes C3Hg and CpsHg totals H=14 not option.
Check options, likely 22?7 maybe

B.3.3 Rejected reasoning trace at the

800-token budget checkpoint

Sentences contributing to poor reasoning are high-

GPT-OSS-120B at the 800-token budget check-
point. The preferred reasoning trace selects the
correct option, while the rejected trace opts for an
incorrect option, resulting from incorrect assump-

tions and key constraint violations.

B.3.1 Example question in GPQA

If an equimolar mixture X of two liquids, which decolorizes bromine
water, is treated with platinum when heated, then an equimolar mixture
Y of two other liquids is formed as a result of disproportionation,
which does not decolorize bromine water. Hydrogenation of both mixture
X and mixture Y in the presence of platinum under rather severe
conditions gives only one substance, a certain hydrocarbon Z (mass
fraction of hydrogen is 14.28%), which is a constituent of mixture Y
and widely used as a solvent. Substance Z does not react further with
hydrogen. There are no conjugated multiple bonds in the molecules of
the compounds of mixture X.

Indicate the total number of hydrogen atoms in two liquids of mixture
X.

A
B.
C. 16
D

B.3.2 Preferred reasoning trace at the

800-token budget checkpoint

lighted in red.

analysisWe need identify X: equimolar mixture of two liquids that
decolorize bromine water (so they have C=C double bonds). No
conjugated multiple bonds. They undergo disproportionation on Pt
heated giving Y: mixture of two other liquids that does NOT decolorize
bromine water (so saturated). Hydrogenation of both X and Y under
severe conditions gives only one substance Z, hydrocarbon with H mass
fraction 14.28% = H mass/M = 0.1428. Let M = molecular weight,
Hmass = (n)/M = 0.1428 => n = 0.1428 M. For hydrocarbon Cy H,,
M = 12z + y. So y/(12x + y) = 0.1428. Solve approximate: try
xz =3, y~ 6 giving C3Hg. But C3Hg is unsaturated and Z “does
not react further with hydrogen,” so this violates the condition.
Next try = = 4, giving y = 8 » C4Hg. But CyHg is also an
alkene and cannot be Z.

Concluding Z might be C3Hg or C4Hg contradicts the requirement that
Z is a fully saturated solvent.

Then “Z does not react further with hydrogen” -+ saturated - maybe
cyclohexane? They compute CgHio: 12/84 = 0.1429 matches. So Z =
cyclohexane. Good.

So Y mixture contains cyclohexane and another liquid.
Disproportionation of alkenes on Pt yields alkanes? Starting X are two
alkenes equimolar that decolorize bromine water, no conjugated double
bonds, so likely 1-hexene and 2-hexene? But need total H atoms in
two liquids of mixture X. Each molecule formula? Disproportionation
(alkene coupling?) On Pt heated, alkenes undergo disproportionation:
2RCH = CHs — RCHy — CH3R + RCH = CH2? Actually
yields alkane and alkene? Might produce mixture Y of two liquids
not decolorizing bromine: likely cyclohexane and butane? But these
products do not follow from the given reaction mechanism, and the
chain lengths do not match the required hydrogenation product.
Starting X could be 1-hexene and 2-hexene (both CgHjo). Total H
per molecule =12 each => 24 H atoms. But 1-hexene hydrogenates to
hexane, not cyclohexane, contradicting earlier conclusions.

Not match. Maybe X are C4 Hg (butenes) total H = 16 total matches
option C. But C4Hg hydrogenates to butane, not cyclohexane, so this
is chemically impossible.

B.4 Prompt used for Preference Data

Prompting

Below, we present the prompt template used for
Preference Data Prompting. Each in-context exam-
ple includes the task query, a preferred (good) rea-
soning trace, and a rejected (bad) reasoning trace.
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We provide one example pair for each token budget
checkpoint. Below is an example prompt we used
for NaturalPlan (Trip), in which case each interme-
diate solution quality is evaluated with CSR:

Here are examples showing the difference between GOOD and POOR
reasoning approaches under different progress checkpoints. You
should follow the GOOD reasoning approach to reason step by step.
[Scoring] CSR = (# satisfied constraints) / (total constraints).
[Examples @ Token Budgets]

— Pair (@ Token Budget 100 tokens) —
Question: [EXAMPLE_QUERY]

¢ GOOD REASONING (HIGHER CSR)[CSR=0.8]: [PREFERRED_TRACE] Why
GOOD: - Satisfaction Rate: 80.0% - Satisfied: 8/10 constraints

* POOR REASONING (Lower CSR) [CSR=0.2]: [REJECTED_TRACE] Why
POOR:- Satisfaction Rate: 20.0% - Satisfied: 2/10 constraints

— Pair (@ Token Budget 200 tokens) —
.. (omitted preference pairs at budget 200-800 tokens)

Now, please follow the GOOD reasoning traces in the examples to reason
step by step to solve the target problem: [TARGET_QUERY]

B.5 The computational cost of Preference
Data Prompting

PDP does not inherently require a large pool of
reasoning traces. PDP uses multiple CoT traces
per example to construct preference pairs, but the
number of traces (N) is a tunable hyperparameter,
not a fixed requirement. In our experiments on
NaturalPlan, we chose (N = 64) to capture broader
variation in traces and obtain more informative pref-
erence pairs, but much smaller values of (N) (e.g.,
8-16) are also possible if compute is limited. Im-
portantly, trace generation and pair selection are
one-time, offline steps per model—dataset setting.
Once this pool of traces is generated and preference
pairs are constructed, the same data is reused for
all PDP runs and all budget settings.

PDP does not require running on the entire
dataset or having a ‘“‘complete’” dataset to ex-
tract ICL examples. In our experiments for Nat-
uralPlan, we rely only on the five few-shot ex-
amples provided by the benchmark and use them
to extract example pairs and construct ICL-style
prompts. We do not require a complete training
dataset or any additional labeled data beyond these
standard few-shot examples. In other domains (e.g.
math reasoning), one could similarly use a small
set of seed samples (e.g. randomly sample 5 sam-
ples from MATH) to generate traces and preference
pairs. PDP is compatible with low-data regimes
and does not depend on large-scale data.

B.6 The connection between Anytime Index
and Preference Data Prompting

Anytime Index is an evaluation construct: it sum-
marizes the entire quality—budget curve (CSR/ac-
curacy vs. token budget) into a single scalar, in
the spirit of performance profiles for anytime al-
gorithms or AUC over trade-off curves in classical
evaluation. PDP is a training / prompting construct:
it is designed to reshape that quality—budget curve,
making the model achieve higher CSR earlier and
more consistently across budgets.

Anytime Index effectively measures the (normal-
ized) area under the quality-vs-budget curve over
a fixed budget range. A method that: 1) achieves
high CSR only at the very largest budget but stays
low elsewhere will have a relatively low Anytime
Index; 2) achieves moderate-to-high CSR across
many budgets, especially early ones, will have a
higher Anylndex, even if the final CSR is similar.
PDP is designed to favor the second type of behav-
ior. We construct preference pairs at fixed budgets
(b_i): for each (b_i), we compare reasoning traces
that lead to higher vs. lower CSR under that same
budget. The model performs in-context learning
to prefer reasoning patterns that yield higher CSR
at each (b_i), not just at the maximum budget. Be-
cause we do this across all token budgets, PDP
encourages trajectories that are consistently good
across the whole budget range, which is precisely
what leads to a larger Anytime Index.

In summary, Anytime Index and PDP are not
two unrelated contributions: Anytime Index pro-
vides the formal objective for budget-aware any-
time evaluation, and PDP is specifically designed
to improve Anytime Index.

C Details of the Evaluation Metric of
NaturalPlan (Trip)

In the trip planning domain in NaturalPlan, there
are often many itineraries that are fully valid but do
not match the single reference plan in NaturalPlan.
Exact Match (EM), by construction, only counts a
solution as correct if it matches the ground-truth
itinerary exactly (including order, city sequence,
and phrasing). In our experiments, we observe
numerous cases where: the model’s itinerary sat-
isfies 100% of the constraints (CSR = 1.0), but
differs in benign ways from the reference (e.g., a
different but feasible city order, or alternative use
of valid flight edges), and EM therefore assigns
a score of 0. For anytime reasoning, this is prob-
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lematic: two itineraries that are equally valid (CSR
= 1.0) are treated as different by EM, making it
hard to measure improvements in solution quality.
Additionally, our core contribution is an evaluation
framework for how solution quality improves as
reasoning tokens increase. CSR provides a mea-
sure of partial progress (e.g., 6/10 — 8/10 — 10/10
constraints satisfied) and thus yields meaningful
intermediate scores at every token budget.

D Constraint Satisfaction Checker
Validation

We randomly sampled 100 queries from the val-
idation set we constructed from the NaturalPlan
(Trip) dataset. For each query, we used GPT-4.1
to generate a trip itinerary, resulting in 100 model
outputs. Then, for each output itinerary, we ran
our automatic constraint checker to compute the
constraint satisfaction rate (CSR) and to explicitly
list which constraints were satisfied vs. unsatis-
fied for each query. Next, two of the lead authors
jointly inspected all 100 cases through discussion,
comparing the checker’s reported CSR and satis-
fied/unsatisfied constraints against a careful man-
ual assessment for each itinerary. In 95 out of
100 cases, the checker’s output was exactly correct
(both the overall CSR and the breakdown of sat-
isfied vs. unsatisfied constraints). The remaining
5 cases involved minor discrepancies (e.g., wrong
interpretations of constraints). We consider the con-
straint checker accurate and reliable for large-scale
evaluation.

E Detailed Dataset Descriptions and
Hyper-parameter Configurations

The NaturalPlan dataset (Zheng et al., 2024) con-
tains three task types: trip planning, meeting plan-
ning, and calendar scheduling. We focus on the
trip planning task, which poses the most complex
reasoning challenges. It consists of 1,600 instances,
which we split evenly into validation and test sets.
The validation set is used for tuning hyperparame-
ters, including the number of sampled CoT traces
(IV), token budget checkpoints (b;), and generation
length limits.

For the evaluation pipeline, we use N = 3
to simulate diverse but efficient reasoning traces.
For preference data generation, we increase the
sampling to N = 64 to capture broader trace
variation. We define token budget checkpoints at
b; € 100,200, 300, 400, 500, 600, 700, 800, align-

ing with typical CoT lengths across models. The
maximum token limits for generating both CoT
traces and solutions are set to 4,096 tokens.

We also experimented with different decoding
settings and found that temperature = 0.7, top-
p = 1, and top-k = 1 yielded the most stable
results. Additionally, we incorporate the five-shot
examples provided in NaturalPlan as part of the
input when constructing preference data for each
model.

F Qualitative analysis of results in
NaturalPlan

Figure 2 plots constraint satisfaction rate (CSR)
curves for Grok-3, GPT-4.1, and GPT-40, compar-
ing baseline CoT prompting with our Preference
Data Prompting (PDP) approach. Across all mod-
els, PDP matches baseline performance at lower
token budgets (e.g., 100, 200, 300), but begins to
outperform CoT at later checkpoints. This trend
underscores PDP’s advantage in producing higher-
quality solutions as more reasoning tokens become
available.

Notably, Grok-3 benefits the most from PDP,
surpassing the baseline CoT starting at the second
token budget checkpoint (200 tokens). This sug-
gests that reasoning-specialized models like Grok-3
are especially adept at leveraging preference data
for self-improvement, resulting in stronger anytime
reasoning performance under our PDP approach.

For GPT-4.1 and GPT-40, the performance trend
reveals a key distinction. The smaller variants of
GPT-4.1 and GPT-40 exhibit continued improve-
ment even beyond the final token budget check-
point (800 tokens), whereas the larger models
plateau. This indicates greater potential for im-
provement in smaller models and suggests that our
approach can be particularly effective in helping
them develop stronger anytime reasoning capabil-
ities. Notably, the performance of GPT-40 shows
a non-monotonic trend: as reasoning length in-
creases, performance peaks at a medium budget
and then slightly decreases. This decline is due to
two main factors: (1) longer traces lead to drift and
self-revision, where initial valid plans are altered
and sometimes introduce inconsistencies that vio-
late previously satisfied constraints, and (2) longer
reasoning provides more opportunities for small
errors that accumulate, reducing the fraction of sat-
isfied constraints. These effects are visible in GPT-
40’s CSR curve, where performance diminishes
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slightly at larger token budgets. Our framework
is designed to surface such non-monotonic behav-
iors, highlighting that more reasoning is not always
better and that the quality of intermediate steps is
crucial for final performance.
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Figure 2: The Constraint Satisfaction Rate evaluated
at different token budget checkpoints across different
model families: Grok-3, GPT-4.1, and GPT-40. Pref-
erence Data Prompting (dotted line) makes the models
better anytime reasoners.
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Figure 3: The accuracy (on AIME and GPQA) and con-
straint satisfaction rate (on NaturalPlan) evaluated at
different token budget checkpoints across different mod-
els: Grok-3, Grok-3-mini, and GPT-4.1. Compared to
other prompting techniques, Preference Data Prompting
(red line) makes the models better anytime reasoners.
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