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Abstract

While many benchmarks evaluate the reasoning
abilities of Large Language Models (LLMs),
few isolate reasoning as a capability indepen-
dent of domain knowledge. We introduce a new
benchmark for inductive reasoning inspired
by Sound Law Induction (SLI) in historical
linguistics and formulated in a simple multi-
step Programming by Example (PBE) frame-
work. The task requires inducing a cascade of
string rewrite programs that transform inputs
into target outputs. We present PBEBench, a
fully automated evaluation approach that gen-
erates such problems with controllable diffi-
culty and ordering constraints, enabling scal-
able and contamination-resistant evaluation of
sequential inductive reasoning. Using this ap-
proach, we construct three datasets that show a
large gap between models that leverage test-
time compute or long chain-of-thought rea-
soning and those that do not. Although re-
cent models such as GPT-5 and gpt-oss-120b
show promise, solve rates remain below 5% on
hard PBEBench instances with long program
cascades, even under computationally expen-
sive scaling strategies. Finally, we show that
PBEBench scores are more predictive of per-
formance on real SLI than are other inductive
reasoning benchmarks. We release code and
data to support further research.1

1 Introduction

In historical linguistics, explaining how ances-
tral word forms evolve into their modern reflexes
requires positing an ordered sequence of sound
changes. The order is critical: applying a change
too early or too late can eliminate the conditions
that enable other changes, producing incorrect out-
comes. For example, if the change mapping Proto-
Tangkhulic /i/ to /W/ word-finally in Tusom had
preceded the deletion of word-final /N/, the Tusom
word for ‘snail’ (from *liN) would be /li/ rather

1https://github.com/cmu-llab/PBEBench

than the attested /lW/ Linguists say that the sec-
ond rule FEEDS the first because it creates con-
texts where the first can apply. There are three
other ordering-sensitive relations between sound
changes: BLEEDING (A removes contexts for B),
COUNTER-FEEDING (B would feed A if ordered
first), and COUNTER-BLEEDING (B would bleed
A if ordered first). Inferring such interactions has
long been recognized as a core challenge in phono-
logical theory (Kiparsky, 1968, 1971). At an ab-
stract level, Sound Law Induction (SLI) can be
viewed as a programming-by-example task: given
input–output string pairs, the goal is to infer a se-
quence of local rewrite rules whose composition
maps inputs to outputs (Naik et al., 2024, 2025b).
Similar ordering constraints arise in other domains,
such as multi-file code refactoring (Gautam et al.),
where transformations must be applied in a consis-
tent order while reasoning over evolving interme-
diate states under partial observability. Formally,
given inputs ı⃗ (ancestral words or input files) and
corresponding outputs o⃗, the task is to infer any
valid program cascade p⃗, of incremental transfor-
mations that maps ı⃗ to o⃗.

(Naik et al., 2025b, 2024) show that LLMs strug-
gle with SLI, but benefit more from training on
logically consistent synthetic sound laws than on
real sound laws from Index Diachronica. How-
ever, these works do not explain why this is the
case. We hypothesize that the difficulty arises not
from individual rewrite operations, but from in-
ducing sequences of interacting transformations
whose correctness depends on precise ordering
and unobserved intermediate states, explaining
the advantage of structurally consistent synthetic
data. Despite minimal formal machinery, the prob-
lem exhibits rich interaction structure, making it a
natural testbed for multi-step inductive reasoning
and sequential planning in a domain-light setting
(Ma et al., 2024). Moreover, while LLMs may
have encountered string rewriting tasks during pre-
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training, PBEBench instances are randomly gener-
ated with controlled structure, making it unlikely
that pre-training memorization or distributional
biases significantly skew performance. We pro-
pose PBEBench, an automated approach towards
generating such data automatically and scalably.
PBEBench exhibits several desirable properties
missing in existing reasoning benchmarks: (1) it
does not rely on specialized background knowl-
edge (see Section 2); (2) its difficulty emerges
from a simple, formally specified, finite, prob-
lem space of sequential string rewrites; (3) it sup-
ports explicit control of fundamental interaction
patterns—feeding, bleeding, counter-feeding, and
counter-bleeding—studied in historical phonology
(Kiparsky, 1968, 1971) (termed as BFCC relations
here); (4) it is inherently resistant to data contam-
ination and saturation, as new instances with con-
trolled difficulty can be generated scalably; and
(5) it evaluates models on practically and scientif-
ically meaningful induction problems rather than
human–model comparisons.

Our study investigates the following hypotheses:
H1: LLMs struggle with multi-step inductive
reasoning. We benchmark 13 reasoning and 8 non-
reasoning models on three PBEBench datasets to
study reasoning bottlenecks in LLMs. The domain-
light setting suggests that reasoning models should
outperform non-reasoning ones.
H2: Difficulty in our dataset is driven by in-
teraction structure. We hypothesize that while
inducing a single string rewrite is straightforward,
LLMs struggle to compose long cascades, espe-
cially under complex BFCC ordering constraints.
We test this by contrasting increased per-step com-
plexity (via more examples) with longer cascades
and richer BFCC interactions.
H3: Performance on PBEBench predicts perfor-
mance on real SLI. We evaluate all open-source
LLMs on real SLI data and contemporary synthetic
inductive reasoning benchmarks, and compare cor-
relations to identify which benchmarks best predict
real SLI performance.
H4: Scaling the thinking budget is more effec-
tive than increasing the sampling budget. We
compare two scaling strategies: increasing the
thinking budget (maximum sequence length) and
the sampling budget, as described in Section 3.2,
to determine which yields more “bang for the buck”
under a fixed compute budget.

2 Related Work

Programming By Example. Programming by Ex-
ample (PBE) (Gulwani, 2010) is a program synthe-
sis paradigm where programs are inferred from
input–output pairs. Early symbolic approaches
rely on domain-specific languages and constraints:
FlashFill uses a string-transformation DSL (Gul-
wani, 2011), while Syntax-Guided Synthesis (Sy-
GuS) restricts program search via grammars (Alur
et al., 2013). DeepCoder (Balog et al., 2017) learns
function predictions to guide search, and RobustFill
(Devlin et al., 2017) trains sequence-to-sequence
models to directly emit DSL programs. More re-
cently, Large Language Models show few-shot ca-
pability in code generation (Chen et al., 2021a; Guo
et al., 2024) and test case generation (Li and Yuan,
2024), but on traditional PBE, they struggle with
out-of-distribution data and typically improve after
fine-tuning on the target distribution (Li and Ellis,
2024; Naik et al., 2025b).

Inducing Context-Sensitive Grammars in
LLMs. Attempts to induce string-rewrite rules
from data have a long history (Gildea and Juraf-
sky, 1995), with linguistic analyses of their for-
mal properties dating back further Kiparsky (1968,
1971). Naik et al. (2024) show that LLMs can
induce sound laws, extending this to full context-
sensitive program synthesis (Naik et al., 2025b).
However, these works do not provide provably cor-
rect algorithms for detecting feeding and bleeding
relations, which is a unique contribution of this
work (see Appendix B).

Reasoning and Induction Benchmarks. Sev-
eral benchmarks have been proposed to evalu-
ate reasoning and PBE capabilities. Code-centric
suites such as HumanEval and MBPP assess
function generation (Chen et al., 2021a; Austin
et al., 2021), while FlashFill-style datasets tar-
get example-driven string transformations (Gul-
wani, 2011). More recent benchmarks empha-
size software-engineering workflows (Jain et al.,
2025; Zhang et al., 2025; Shao et al., 2025). How-
ever, software engineering tasks often entangle gen-
eral reasoning with domain-specific knowledge (of
tools and libraries), leading to uneven prior ex-
posure and complicating contamination-free eval-
uation. Beyond code, multi-step, system-2, and
mathematical reasoning are explored by HotpotQA,
DROP, BIG-Bench Hard, and GSM8K (Yang et al.,
2018; Dua et al., 2019; Suzgun et al., 2022; Cobbe
et al., 2021). Inductive rule learning and compo-
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sitional generalization are probed via CLUTRR
and SLR (Sinha et al., 2019; Helff et al., 2025),
bAbI and KOR-Bench (Weston et al., 2015; Ma
et al., 2024), and extrapolative splits such as SCAN
and CFQ (Lake and Baroni, 2018; Keysers et al.,
2020); ARC provides a non-language analog (Chol-
let, 2019). In contrast, PBEBench targets multi-
step synthesis of string-rewriting cascades, is eas-
ily scalable and leakage-resistant, and supports dif-
ficulty control through simple generation parame-
ters.

3 Methodology

Our approach comprises two components: (1)
a problem proposer and (2) a problem solver
(Fig. 1a). The proposer is a symbolic system that
generates PBE instances with controllable diffi-
culty and forms the core of our dynamic bench-
marking framework. It scalably produces novel,
contamination-free input, output, and program
triples of controllable difficulty. The solver corre-
sponds to any system under evaluation. We bench-
mark state-of-the-art LLMs on inductive reasoning
using a program reordering, multi-step PBE task,
and additionally evaluate them on human-curated,
low-resource Sound Law Induction (SLI) data.

3.1 Problem Proposer

The symbolic proposer (Fig 1a, top) constructs
data for the multi-step PBE task by sampling in-
puts from a distribution of strings I and a se-
quence of string rewrite programs from a dis-
tribution P . Each program acts as a find-and-
replace function, substituting all occurrences of
a substring α with a substring β (details in Sec-
tion 3.1.2). The proposer applies the sampled cas-
cade of programs p⃗ = ⟨p1, . . . , pm⟩ ∈ P to the
sampled inputs ı⃗ = ⟨i1, . . . , in⟩ ∈ I, producing
outputs o⃗ = ⟨pm(. . . p1(i1)), . . . , pm(. . . p1(in))⟩.
For convenience, we write this transformation as
o⃗ = p⃗(⃗ı). Each dataset instance (Fig 1a, second
from top) is defined by the triplet ⟨⃗ı, p⃗, o⃗⟩, consist-
ing of the inputs, the program cascade, and the
corresponding outputs. In addition, the proposer
records metadata describing interactions between
programs (e.g., BLEEDING, FEEDING), illustrated
in Fig 1b.

The proposer is parameterized by the number of
examples n (|⃗ı| = |o⃗| = n; n = 5 in Fig 1b);
the input alphabet Σ, used to generate both in-
puts and string rewrite programs; the minimum

and maximum input string lengths lmin and lmax

(lmin = 2, lmax = 6 in Fig 1b); the minimum
and maximum cascade lengths Lmin and Lmax

(Lmin ≤ |p⃗| ≤ Lmax; |p⃗| = 4, Lmin = 2,
Lmax = 5 in Fig 1b); the minimum and maximum
substring lengths smin and smax for α and β in the
rewrite programs (smin ≤ |α|, |β| ≤ smax); and
the desired dataset size D. We denote a benchmark
snapshot generated with fixed parameter values as
D(n,Σ, Lmin, Lmax, lmin, lmax, smin, smax, D).

For the program reordering task, we take PBE
instances (Fig 1a, second from top) generated by
the proposer and permute the program sequence
by swapping program pairs that exhibit FEEDING

or BLEEDING interactions. This produces a per-
muted sequence σ(p⃗) and a different output vector
o⃗σ = σ(p⃗)(⃗ı) ̸= o⃗. The goal of the LLM is to
recover the original program sequence p⃗ from the
original inputs ı⃗, original outputs o⃗, and the per-
muted program sequence σ(p⃗), such that p⃗(⃗ı) = o⃗.

3.1.1 Input Sampling
Our input sampling procedure is parameterized
by (n,Σ, lmin, lmax) as defined in Section 3.1.
We build the initial set of input strings i⃗0 =
⟨i01, . . . , i0n⟩ (hwwgdb, jh, . . . wcw in Fig 1b) by
independently sampling each input i0j for 1 ≤
j ≤ n. For each i0j , we first sample its
length from a uniform discrete distribution, |i0j | ∼
Unif{lmin, . . . , lmax}, where |i0j | denotes the
length of the string i0j . We then generate the
string itself by sampling |i0j | characters indepen-
dently with replacement from the alphabet Σ, i.e.,
i0j ∼ Unif(Σ)|i

0
j |.

3.1.2 Program Sampling and Output
Generation

Program sampling is parameterized by
(Σ, Lmin, Lmax, smin, smax). We begin by
programmatically selecting a cascade length L
such that Lmin ≤ L ≤ Lmax (L = 4 in Fig 1b).
Next, we construct a sequence of L programs
p⃗ = ⟨p1, . . . , pL⟩, where each program is of the
form pk = replace(αk, βk). Here, replace has the
same semantics as Python’s built-in replace()
method for strings: the substring αk is replaced
by βk, with the restriction that αk is non-empty.
For example in Fig 1b, the first program c → wa
is parameterized by α1 = c and β1 = wa. To
sample each program pk, we generate αk and βk
independently, following a procedure analogous to
input sampling:
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(a) Proposer–solver architecture (b) Structure of a PBE data instance

Figure 1: Overview of PBEBench. (a) A symbolic proposer generates PBE instances of controllable difficulty, and
a solver attempts to recover the underlying program sequence or ordering. (b) Each instance consists of <⃗ı, p⃗, o⃗>
triples, with program relations encoded by the BFCC DAG and a simplified BF variant that replaces counterfactual
relations with a reversed link.

1. Sample the lengths |αk| and |βk| from a
discrete uniform distribution: |αk|, |βk| ∼
Unif{smin, . . . , smax}

2. Sample αk uniformly from the set of substrings
of length |αk| in the intermediate input vector
ı⃗k−1 = pk−1(. . . p1(⃗ı)) (where Substrs(⃗ık−1)
denotes the set of all substrings of length s
in ı⃗k−1): αk ∼ Unif(Substr|αk|(⃗ık−1)) (note
that ı⃗0 = ı⃗). For example in Fig 1b, for α2,
we had |α2| = 1, thus we would sample uni-
formly from substrings of length one (basically
all characters) present in the intermediate inputs
i⃗1 = ⟨hwwgdb, jh, ahwawb, xuuiib, wwaw⟩.

3. Sample βk as a sequence of |βk| characters, each
drawn independently from the uniform charac-
ter distribution over the alphabet Σ (same as in
Section 3.1.1): βk ∼ Unif(Σ)|βk|

The outputs are then generated by executing the
program cascade p⃗ over the inputs ı⃗ as o⃗ = p⃗(⃗ı)
which as stated above is just recursive application
of the replace programs pk(pk−1(. . . p1(i⃗o)))

3.1.3 Enforcing Complexity Constraints

We control the complexity of cascades of programs
p⃗ using rejection sampling guided by the classi-
fiers developed in Section B. Complexity is bal-
anced along two dimensions: (1) the cascade length
L = |p⃗|, and (2) the relation types present be-
tween programs in p⃗. The second dimension is
encoded as a binary category string per cascade p⃗,
cp⃗ ∈ {0, 1}4. Each digit is a binary indicator denot-

ing the presence or absence of feeding, bleeding,
counter-feeding, and counter-bleeding relations. In-
stances are balanced across all 16 possible category
strings, from cp⃗ = 0000 (no relations present, arbi-
trary ordering possible) to cp⃗ = 1111 (all relations
present, ordering highly constrained).

Computing Instance Complexity. We hypoth-
esize that the difficulty of a PBE problem ⟨⃗ı, p⃗, o⃗⟩
is governed by (1) cascade length and (2) the types
of relations between program pairs in p⃗ (relations
formulated by phonologists and historical linguists;
see Kiparsky (1968, 1971)). One of our key con-
tributions is provably correct, automatic, symbolic
classification of these relations for a given pair of
programs (Appendix B). For a pair of programs
(pi,pj) in p⃗, where pi is applied before pj , the pos-
sible relations are:
Feeding (F(pi, pj)): pi creates substrings that en-
able pj to apply.
Bleeding (B(pi, pj)): pi removes substrings re-
quired by pj .
Counter-Feeding (CF(pi, pj)): pi could have fed
pj , but pj precedes pi.
Counter-Bleeding (CB(pi, pj)): pi could have
bled pj , but pj precedes pi.
No Relation: pi and pj can be ordered arbitrarily.
Counter-relations need not be stored explicitly,
since CF (pi, pj) and CB(pi, pj) are implied if pj
precedes pi and F (pj , pi) and B(pj , pi), respec-
tively. These relations can be visualized using a
Directed Acyclic Graph (DAG), as illustrated in
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Figure 1b. We show both the full DAG with all
relations and a simplified DAG that indirectly en-
codes counter-relations via this symmetry.
Rejection Sampling to Control Complexity. To
enforce balanced complexity, we use rejection sam-
pling. Each PBE instance is first assigned a relation-
type category string cp⃗, and data is generated to
approximate balance across the 24 = 16 categories,
as well as across cascade lengths between Lmin and
Lmax. These constraints can conflict, since short
cascades (e.g., L = 2) rarely realize higher-order
relation types, making some categories unattain-
able. Following prior work on sound law induc-
tion (Naik et al., 2025a), we retain random sam-
pling rather than deterministic generation or re-
trieval to promote diversity and avoid contamina-
tion, at the cost of high rejection rates. We intro-
duce a patience parameter τ , denoting the number
of sampling steps under both constraints; once τ
(= 100,000) is exceeded, we also accept instances
satisfying just one constraint. Early experiments
prioritized relation-type balance, but later analysis
(Appendix F.7, F.8) identified cascade length as a
stronger predictor of difficulty, leading us to relax
relation-type constraints after excceeding τ steps.
We show the effect of varying τ on relation-type
balance and generation efficiency (Appendix F.6).

3.2 Problem Solver

Prompting Strategy: Once a benchmark snap-
shot D is generated, we evaluate each LLM M
by prompting it for multi-step PBE (second from
bottom in Fig 1a; prompt in Appendix D.3.1) and
program reordering (bottom in Fig 1a; prompt in
Appendix D.3.2).
For multi-step PBE, the prompt enforces the fol-
lowing constraints: each program must be a Python
replace function; both arguments αk and βk must
be strings with |αk|, |βk| ≤ smax; αk must be non-
empty; the cascade may contain at most Lmax pro-
grams (matching the longest ground-truth cascade);
and outputs must follow a strict Markdown format
for reliable extraction. If a predicted cascade ˆ⃗p
exceeds Lmax programs, only the first Lmax are
evaluated; violations of any other constraint result
in replacement with an identity program pI , which
leaves inputs unchanged. Given ˆ⃗p, predicted out-
puts are computed as ˆ⃗o = ˆ⃗p(⃗ı). Details of program
extraction from LLM responses are provided in
Appendix D.2.
For the program reordering task, the prompt de-
fines BLEEDING and FEEDING relations, provides

the ground-truth program cascade along with the
inputs and outputs, and instructs the LLM to output
only a fenced JSON block containing a permutation
of indices (e.g., [2, 1, 3]) that recovers the original
program order. This task evaluates the model’s abil-
ity to reason about ordering constraints induced by
BFCC relations between programs.
Scaling Solution Search. We investigate two
solution-search scaling strategies, motivated by ev-
idence of reasoning collapse and out-of-token fail-
ures in (Shojaee et al., 2025) and subsequent dis-
cussion (Lawsen, 2025): (1) sampling-budget (Li
and Ellis, 2024) and (2) test-time thinking-budget
scaling (Muennighoff et al., 2025). In the first,
the LLM produces K candidate solutions, and any
candidate consistent with the input–output exam-
ples is accepted; if none succeed, we select the
candidate with the highest edit-similarity reward
(Section 4.3). In the second, inspired by (Muen-
nighoff et al., 2025), we vary a thinking budget of
N tokens. However, because gpt-oss-120b does not
reliably respect this constraint, even when forced
to emit chain-of-thought termination tokens (Ap-
pendix E.3), we instead control the overall maxi-
mum sequence length.

4 Experiments

4.1 Dataset Creation

Using the problem proposer described in Sec-
tion 3.1, we construct three synthetic benchmarks.
PBEBench-Lite: A simplified dataset with cas-
cades of length 2 to 5 and 5 input–output pairs
per instance, synthesized as D(n = 5,Σ =
Σlite, Lmin = 2, Lmax = 5, lmin = 2, lmax =
6, smin = 1, smax = 3, D = 1008), with exactly
63 examples per relation category. The alphabet is
restricted Σlite = {a, . . . , k, u, v, w, x, y, z} (low-
ercase letters excluding l–t).
PBEBench-Lite-Perm: A program reordering
dataset with 919 instances created from PBEBench-
Lite using the swapping strategy (Section 3.1).
PBEBench: a larger dataset with 50 input-
output pairs per instance, synthesized as D(n =
50,Σ, Lmin = 2, Lmax = 20, lmin = 2, lmax =
6, smin = 1, smax = 3, D = 1216), with 64
instances for each cascade length. Here Σ =
{a, . . . , z, A, . . . , Z} (full alphabet in both cases).
Real-SLI: We also evaluate all open-source LLMs
on real SLI data drawn from 6 proto–attested
language pairs, described in more detail in Ap-
pendix C.3. To assess the predictive power of
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PBEBench for SLI performance, we additionally
compare it against other inductive reasoning bench-
marks, including CLUTRR (Sinha et al., 2019)
and SLR-Bench (Helff et al., 2025). Some other
datasets generated for some ablations are described
in Appendix C.2.

4.2 Models Evaluated

We evaluate a broad range of state-of-the-art LLMs
spanning multiple model families and architectures.
We cover models from leading developers includ-
ing OpenAI (GPT, o-series, gpt-oss), Anthropic
(Claude series), Google (Gemini), Qwen (Qwen2.5,
Qwen3, QwQ), DeepSeek (R1-Distill-Qwen), Mis-
tral (Codestral). The models differ in scale, rea-
soning specialization (thinking vs. non-thinking),
architectural choices (dense vs. MoE), and source
availability (open vs. closed). A full list of models
with their attributes is provided in Table 4, covering
the breadth of model families and capabilities.

4.3 Evaluation Metrics

For the multi-step PBE task, since a given input
vector ı⃗ may be mapped to the output vector o⃗ by
multiple program cascades p⃗, we evaluate model
predictions using metrics based on functional equiv-
alence, following prior work in programming by
example (Li and Ellis, 2024) and historical linguis-
tics (Hoenigswald, 1960). We execute the model-
generated cascade ˆ⃗p on the inputs and compare the
predicted outputs ˆ⃗o = ˆ⃗p(⃗ı) with o⃗.

We use two main metrics: a coarse-grained solve
rate (Pass@1) and a fine-grained normalized edit
similarity (Edit_Sim):

pass@1 =
1

|D|
∑

o⃗,⃗ı∈D
1 ˆ⃗p(⃗ı)=o⃗

Edit_Sim =
1

|D|
∑

o⃗,⃗ı∈D
1− dist(ˆ⃗p(⃗ı), o⃗)

dist(⃗ı, o⃗)
,

where dist denotes the summed Levenshtein edit
distance over corresponding strings. We addition-
ally report the Valid_Rate, the proportion of gen-
erated programs that satisfy all prompt constraints
and Complexity that sums up the length of the
substrings αk and βk in the model predicted pro-
gram cascade and averages it across PBE instances.
For the program reordering task, we evaluate accu-
racy (Acc) by applying the predicted permutation
σ̂ to the permuted program sequence and checking
whether σ̂(σ(p⃗))(⃗ı) = o⃗ (Section C.4). We also

report unique accuracy on instances with a single
valid solution.

Model Acc UAcc

Codestral-22B 34.3 51.2
Qwen2.5-32B-Instruct 31 39.3
Qwen2.5-Coder-32B-Instruct 34.7 49.6
Qwen3-32B 36 43
Qwen3-Coder-30B-A3B-Instruct ■ 44.1 63.2
DeepSeek-R1-Distill-Qwen-32B ★ 75.5 92.1
Qwen3-30B-A3B ★■ 68 91.3
QwQ-32B ★ 74.9 94.6
Qwen3-32B (with CoT) ★ 77.9 93.8
gpt-oss-20b ★■ 86.3 92.6
gpt-oss-120b ★■ 97.5 98.8

Claude-4-Sonnet ✸ 80.2 91.3
Claude-4.5-Sonnet ✸ 85.1 92.1
Claude-4-Sonnet (Thinking) ★✸ 91.6 97.5
Claude-4.5-Sonnet (Thinking) ★✸ 97.5 99.2
o3-mini ★✸ 63.4 83.7
o4-mini ★✸ 80.2 97.5
Gemini 2.5 Flash ★✸ 92.8 89.7
GPT-5 ★✸ 99.7 99.6

Table 1: PBEBench-Lite Program Reordering: We
compute accuracy (Acc) based on functional correct-
ness of the unscrambled program sequence on the full
data and the unique solution subset (UAcc). ■ indicates
a mixture-of-experts (or MoE) model. ★ indicates a
reasoning model. ✸ indicates unknown architecture.

5 Results

5.1 PBEBench-Lite Performance

Table 2 reports Pass@1, Edit_Sim, Valid_Rate
(expressed as percentages), and Complexity for
all models (Section 4.2). Hyperparameters used in
model evaluations are listed in Table 8. Claude-4
Opus (Thinking) was evaluated on only 20% of
the data due to high API costs (run costs are re-
ported in Appendix D.6). Reasoning models, both
open and closed-source, consistently outperform
non-reasoning models, with a larger gap among
open-source models. The top-performing mod-
els are gpt-oss-120b (open) and GPT-5 (closed).
Surprisingly, Qwen3-30B-A3B and o3-mini pro-
duce the simplest programs yet perform poorly,
suggesting underthinking, while Claude-4-Sonnet
and Qwen3-32B without CoT produce the most
complex programs, indicative of overthinking. The
ground-truth programs have a mean complexity
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Model Pass@1 Edit Sim Complexity Valid Rate

Codestral-22B 1.1 -1.1 15.4 82.5
Qwen2.5-32B-Instruct 3 12.5 12.5 82.9
Qwen2.5-Coder-32B-Instruct 4.1 18.8 12.67 68.9
Qwen3-32B 1.8 9.6 14.89 76.5
Qwen3-Coder-30B-A3B-Instruct ■ 3.8 8.6 3.25 81.3
DeepSeek-R1-Distill-Qwen-32B ★ 22.4 34.9 7.43 87.1
Qwen3-30B-A3B ★■ 28.9 33.6 4 99.1
QwQ-32B ★ 36 40.9 4.72 94.9
Qwen3-32B (with CoT) ★ 41.9 50.3 6.57 96.8
gpt-oss-20b ★■ 40.6 46.2 6.96 99
gpt-oss-120b ★■ 62.5 69.9 10.93 92.5

Claude-3.5-Sonnet ✸ 18.5 44.3 11.87 82.1
Claude-3.7-Sonnet ✸ 23.2 50 12.05 84.1
Claude-4-Sonnet ✸ 29.7 58.7 13.35 77.2
Claude-3.7-Sonnet (Thinking) ★✸ 36.6 61.5 12.94 0.819
Claude-4-Sonnet (Thinking) ★✸ 35.8 60.8 13.71 78.2
Claude-4-Opus (Thinking) ★✸ 53.9 75.2 13.44 85.6
o3-mini ★✸ 19.6 19.8 1.65 99.5
o4-mini ★✸ 36.3 37.4 4.08 97.3
Gemini 2.5 Flash ★✸ 58.6 65.6 8.36 79
GPT-5 ★✸ 72.4 76.5 10.58 92.9

Table 2: PBEBench-Lite Performance: We compute the Pass@1 and Edit_Sim as the coarse and fine-grained
evaluation, respectively, for each model. ■ indicates a mixture-of-experts (or MoE) model. ★ indicates a reasoning
model. ✸ indicates unknown architecture. * indicates evaluated on 20% of the dataset due to cost.

of 11.63, indicating that even the best-performing
models, GPT-5 and gpt-oss-120b, generate sim-
pler programs than the ground truth. Factorial
analysis of QwQ-32B and GPT-5 identifies cas-
cade length as the strongest negative predictor of
Pass@1. We further find that feeding and bleed-
ing decrease Pass@1, whereas counter-feeding and
counter-bleeding have no significant effect (Ap-
pendix F.7). Finally, confusion-matrix analyses
of predicted versus ground-truth cascade lengths
and relation types (Appendix F.10, F.11) show that
models favor simpler cascades with fewer relations
and programs, typically succeeding only when a
functionally equivalent solution exists.

5.2 PBEBench-Lite-Perm Performance

Table 1 reports Acc and UAcc for the PBEBench-
Lite-Perm program reordering dataset. We could
not run Claude-3.5-Sonnet and Claude-3.7-Sonnet
due to deprecation, and Claude-4-Opus due to bud-
get constraints, and therefore evaluate Claude-4.5-
Sonnet with and without reasoning. While LLMs
may sometimes bypass BFCC relations, this task

requires explicit reasoning to recover correct or-
dering, with the unique-solution subset admitting
only one valid order. Using PBEBench-Lite with
short cascades (2–5) allows some models to enu-
merate all orderings, simplifying the task relative
to full multi-step PBE. GPT-5 nearly solves the
task with 99.7% accuracy, whereas Qwen2.5-32B-
Instruct performs worst at 31%. Logistic regression
analysis (Table 17) reveals that LLMs predictably
struggle more with longer cascades and counter re-
lations, like COUNTER-FEEDING. Finally, UAcc is
generally higher than Acc, explained by the fact
that 182 of 242 unique-solution instances have
cascade length 2, where random guessing already
yields 50% accuracy. We also present a qualitative
analysis of the various solution strategies adopted
by the evaluated models in Appendix F.9.

5.3 PBEBench Performance

We evaluate the strongest open and closed-source
models (gpt-oss-120b and GPT-5) on PBEBench
across cascade lengths ranging from 2 to 30. GPT-5
consistently outperforms gpt-oss-120b, maintain-
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ing non-trivial Pass@1 at longer cascades where
gpt-oss-120b performance collapses. At length 20,
GPT-5 achieves moderate accuracy with a small
sampling budget, while gpt-oss-120b drops to near-
zero performance even with larger budgets. Perfor-
mance declines monotonically with cascade length
for both models, revealing clear reasoning limits.
Trends across lengths are summarized in Fig. 2a
and Fig. 2b. A regression analysis further confirms
cascade length as a dominant negative predictor of
success, with the presence of specific BFCC rela-
tions associated with failure or success. Full results
and analyses are deferred to Appendix F.1.

5.4 Ablations and Scaling

We perform ablations using PBEBench-Lite and its
variant PBEBench-Lite-MoreEg (Appendix C.2) to
analyze the effects of just increasing input-output
examples on the gpt-oss models. Increasing the
number of examples per PBE instance results in a
slight reduction in performance. We also analyze
the effect of the scaling strategies: sampling budget
and thinking budget on GPT-5 and gpt-oss-120b
on the harder PBEBench data. We observe consis-
tent scaling behavior for both models, with rapid
initial gains from increased compute, followed by
diminishing returns and “hitting a wall” for longer
ground truth cascades. Detailed quantitative results,
scaling curves, and variance analyses are provided
in Appendix F.2.

5.5 Real SLI Performance

We evaluate all open-source models on real SLI
data (Appendix C.3), with results in Table 13.
We additionally report performance on CLUTRR
(Sinha et al., 2019) and SLR-Bench (Helff et al.,
2025) in Appendix F.3. Motivated by our hypothe-
sis that SLI is bottlenecked by multi-step inductive
reasoning (Section 1), we measure Pearson rank
correlations between model rankings on real SLI
and those induced by PBEBench-Lite, CLUTRR,
and SLR-Bench (Table 14). PBEBench-Lite shows
the strongest correlation with real SLI (r = 0.8273,
p = 0.001677), followed closely by SLR-Bench
(r = 0.8091, p = 0.002559). However, SLR-
Bench is sensitive to Prolog coding proficiency,
with Codestral-22B achieving high syntax scores
but weak overall performance relative to Qwen
models, whose reasoning is stronger despite poorer
Prolog syntax (Table 11). By relying on Python,
PBEBench reduces syntax bottlenecks that would
otherwise underestimate inductive capability.

(a) gpt-oss-120b (sampling budget: 32, max sequence length:
16384, cascade: 2-20)

(b) GPT-5 (sampling budget: 4, max completion tokens:
65536, reasoning (medium), cascade: 20, 25, 30)

Figure 2: Performance across Cascade Lengths on
PBEBench: Pass@1 for gpt-oss-120b and GPT-5 for
various ground truth cascade lengths, a key difficulty
measure, shows where inductive reasoning fails and
problems become nearly unsolvable despite high com-
pute budgets.

6 Discussion

After analyzing the results, we address all the hy-
potheses in Section 1. H1: LLMs struggle with
multi-step inductive reasoning. As discussed in
Section 5.1, we see non-reasoning LLMs strug-
gle to solve even simple multi-step PBE problems,
and most open-source reasoning models outper-
form closed-source non-reasoning ones. Addition-
ally, even the best performing reasoning models,
GPT-5 and gpt-oss-120b, break when evaluated
on the hard PBEBench data (Section 5.3) despite
inference-time scaling strategies (Section 5.4). H2:
Difficulty in our dataset is driven by interaction
structure.: We find that increasing per-step diffi-
culty by adding more examples has little effect on
performance (Section 5.4). In contrast, factorial
and logistic regression analyses (Sections 5.1,5.3)
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and performance degradation on longer cascades in
PBEBench (Figs. 2a,2b) show that LLMs struggle
primarily with long cascades and complex BFCC
interactions. Moreover, many models, including
reasoning LLMs, fail to recover the correct pro-
gram order in PBEBench-Lite-Perm even when
given the correct shuffled programs for cascades of
length 2 to 5, indicating that task difficulty arises
from interactions within the cascade rather than
individual steps. H3: Performance on PBEBench
predicts performance on real SLI: As discussed
in Section 5.5, even the simpler PBEBench-Lite
has higher correlation with the model rankings on
the real SLI data compared to CLUTRR and SLR-
Bench, indicating the predictive power of our ap-
proach. H4: Scaling the thinking budget is more
effective than increasing the sampling budget. A
direct comparison for gpt-oss-120b shows that in-
creasing sequence length with sufficient sampling
is more time and cost-efficient than increasing sam-
pling budget alone, as it reduces wasted attempts
from unterminated chains of thought.

Computational complexity and symbolic solvers.
A key question is whether PBEBench instances
are inherently hard or simply poorly matched to
current models. Under a naive enumeration view,
the search space grows exponentially with cascade
length. Each rewrite rule selects substrings over an
alphabet Σ (e.g., of length 1–3), yielding O(|Σ|k)
possibilities per side and O(|Σ|2k) candidate rules.
A cascade of length L therefore induces a hypothe-
sis space of size O(|Σ|2kL), which is exponential
in L. While this is not a formal hardness proof, it
highlights that exhaustive search quickly becomes
intractable as cascade length increases. Unlike clas-
sical program synthesis settings such as FlashFill,
our benchmark does not assume invertibility or
structural constraints that enable dynamic program-
ming or polynomial-time synthesis. Rule inter-
actions are order-sensitive and do not decompose
into independent subproblems, limiting the appli-
cability of DP formulations. Constraint-based or
symbolic solvers could, in principle, enumerate and
verify candidate cascades, but absent a strong prun-
ing structure, they still operate over an exponential
search space. This positions PBEBench in a regime
where both neural and symbolic methods require
non-trivial search strategies.

LLMs as heuristic search and solution multiplic-
ity. Given the combinatorial nature of the task,
we do not view LLMs as complete solvers, but

rather as heuristic proposal mechanisms that im-
pose structure on the search space, motivating hy-
brid neuro-symbolic approaches. We also note that
valid cascades are not necessarily unique, as mul-
tiple programs may satisfy the same input-output
examples. Importantly, the source of multiplic-
ity differs across settings. In the full PBEBench
task, both the set of programs and their ordering
are unknown, leading to a large (and potentially
unbounded) space of valid solutions. In contrast,
PBEBench-Lite-Perm isolates ordering by provid-
ing the correct set of programs and requiring only
recovery of a valid permutation under BFCC con-
straints. In this restricted setting, if a cascade has
length n and k rules participate in BFCC con-
straints, the number of valid orderings is upper
bounded by (n− k + 1)!, since constrained rules
must preserve relative order while the remaining
blocks can be permuted. For PBEBench-Lite-Perm
(n ≤ 5 with at least one BFCC constraint), this
yields at most 4! = 24 solutions, which is mod-
est and could be enumerated. Despite this, per-
formance still degrades with cascade length and
counter-relations, indicating that interaction struc-
ture, rather than solution multiplicity, is the primary
source of difficulty.

7 Conclusion and Future Work

We show that the proposed benchmark is challeng-
ing for many models, especially non-reasoning
LLMs, because despite simple individual PBE
steps, its sequential structure and BFCC-induced
ordering constraints create emergent complexity
that requires long chains of thought at test time. In-
creasing cascade length or interaction complexity
breaks even the strongest reasoning models, includ-
ing GPT-5 and gpt-oss-120b. It is also practically
meaningful: PBEBench-Lite performance best pre-
dicts real SLI performance, suggesting that LLMs’
difficulty with multi-step inductive reasoning partly
explains their poor real-world SLI results. In future
work, we plan to synthesize progressively harder
training data using PBEBench and explore hybrid
neuro-symbolic data generation.
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Limitations

Despite the contributions of this work, several limi-
tations remain:
1. We primarily evaluate the strongest open and

closed-source models on PBEBench. Due to
time and compute constraints, we don’t exten-
sively benchmark weaker models; however, re-
sults on PBEBench-Lite indicate that such mod-
els consistently underperform relative to gpt-oss-
120b and GPT-5, especially on longer cascades.

2. Owing to budget and time constraints, evalua-
tions on CLUTRR, SLR-Bench, and real SLI
data are limited to open-source models.

3. For PBEBench-Lite, PBEBench-Lite-MoreEg,
CLUTRR, and SLR-Bench, we use a single sam-
ple per problem (sampling budget of 1), which
may underestimate performance under larger
sampling budgets.

4. For real SLI, we simplify the task by chunking
cases with more than 200 examples into subsets
of 50, relaxing program constraints by allowing
longer cascades and larger substring rewrites.
While this could enable degenerate solutions,
most models still perform poorly even with in-
creased thinking and sampling budgets.

5. Due to cost, GPT-5 is evaluated only on the
most challenging cascade lengths and with lim-
ited sampling budgets, restricting comprehen-
sive analysis across settings.

6. The random sampling procedure cannot per-
fectly balance constraints such as relation types
and cascade lengths, particularly for long cas-
cades where valid examples are rare, leading to
high rejection rates and exhaustion of the pa-
tience parameter τ . Future work could explore
more efficient sampling strategies.

7. In PBEBench, individual programs modify rel-
atively few examples on average, which is
less representative of real sound law induction,
where rules often apply to many words simulta-
neously.

Ethics Statement

Our work introduces a provably correct, fully auto-
mated, and scalable pipeline for generating multi-
step Programming by Example (PBE) problems,
enabling the evaluation of inductive reasoning in
Large Language Models without human supervi-

sion. As no human subjects are involved (apart
from the individuals who contributed the published
data for the SLI task), we do not anticipate ethi-
cal concerns. Moreover, since the dataset focuses
solely on assessing abstract inductive reasoning
in LLMs, it is unlikely to be misused for harmful
purposes.
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The Appendix is organized as follows:
1. Appendix A discusses steps taken to ensure re-

producibility.
2. Appendix B provides the theory and proofs for

the relation type classifiers used to control the
distribution.

3. Appendix C details the benchmark and metrics,
including licensing, statistics, and related infor-
mation.

4. Appendix D gives additional methodological
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censing, run costs, algorithm pseudocode, snap-
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budget.
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A Reproducibility Statement

To facilitate the reproduction of our results, we
thoroughly document all components of our work.
The BFCC relation types, their detectors (Algo-
rithm 2), and proofs of correctness are presented
in Appendix B. The rejection-sampling-based data
generation process is both described (Section 3.1)
and formally specified (Algorithm 1). Additionally,
the algorithm for the feeding-bleeding swap per-
mutation for creating the program reordering data
is documented in Algorithm 3. Detailed statistics
and parameters for all generated datasets appear
in Section 4.1 and Appendix C.2. Our prompting
and program extraction strategy, including scaling
techniques, is reported in Section 3.2, while the
prompt template is provided in Appendix D.3, and
inference parameters for each model are given in
Appendix E.2. For closed-source models, we use
specific dated snapshots/checkpoints of models as
recorded in Appendix D.7 to aid with reproducibil-
ity. To estimate the amount of variance between
runs/experiments, we do a small controlled exper-
iment for gpt-oss-120b (Table 26), and compute
k-fold average for GPT-5 (Appendix D.8) The eval-
uation procedure and metrics are described in Sec-
tion 4.3 and Section 3.2.

B Theoretical Framework

This section provides the proof of correctness of
our proposed method for automatically classify-
ing the type of relation between any pair of string-
rewrite programs, which is one of our novel contri-
butions.

We propose the function feeds(·, ·) (equation 1),
which classifies pairs of rules as feeding or not
feeding.

where Pref(s), Suff(s), and Substr(s) are the
multisets of prefixes, suffixes, and substrings of s,
respectively.

Definition B.1 (Feeding). Feeding is a relation
between pairs of rules pi = si → ti and pj =

sj → tj , such that ∃s, t ∈ Σ∗ such that s
pi−→ t

and t includes a string w that meets the structural
description of pj but is not present in s.

Definition B.2 (Bleeding). Bleeding is a relation
between pairs of rules pi = si → ti and pj =

sj → tj , such that ∃s, t′ ∈ Σ∗ such that si
pi−→ ti

and si includes a string w that meets the structural
description of pj but is not present in ti.

Definition B.3 (Substr). Substr(s) denotes the
multiset of substrings of s, counting multiple occu-
rances separately.

Lemma 1: If feeds(pi, pj) then pi feeds pj .

Proof. Given u, v, o, si, ti, sj , tj ∈ Σ∗, si
pi−→ ti,

and sj
pj−→ tj there are four types of transforma-

tions of u by applying pi that will yield v such that
sj ⊑ v (where ⊑ indicates “is a substring of”). (1)
Deletion. Assume that ti = ε. ∃wx ∈ Σ+ such
that wsix

pi−→ xw. If sj = xw then pi feeds pj .
(2) Containment. ti ⊑ sj ∧ ti ̸⊑ si, ∃w, x ∈ Σ+

such that w
pi−→ x∧sj ⊑ x∧sj ̸⊑ x. (3) Subsump-

tion. Assume that sj ∈ Substr(ti) \ Substr(si).
Given si

pi−→ ti, ti will always contain instances of
sj not present in si, entailing that pi feeds pj . (4)
Completion. Assume that ti = uo and sj = ov
(so that o is a suffix of ti and a prefix of sj).
siov

pi−→ tiov = uov = usj , entailing that pi
feeds pj (as with ti = ou and sj = vo, mutatis
mutandis).

Lemma 2: If ¬feeds(pi, pj) then
pi does not feed pj

Proof. Given si, ti, sj , tju ∈ Σ∗, assume for the
sake of contradiction two rewrite rules si

pi−→ ti
and sj

t−→j such that pi feeds pj but si, ti, and
sj do not satisfy any of the following conditions:
Deletion. si ̸= ε ∨ sj ̸= wx∀w, x ∈ Σ+, Con-
tainment. t¬ ⊑ sj ∨ ti ⊑ si Subsumption. sj
does not occur in ti except where it occurs in si.
Completion. ̸ ∃u, o, v such that(ti = ou ∧ sj =
vo) ∨ ti = uo ∧ sj = ov. Either ti is a non-empty
string neither containing nor being contained by sj
and sharing no prefix or suffix with sj or replac-
ing si with ti derives no instances of sj . The first
case must be false, since the conditions exhaust the
transformations that could yield a string contain-
ing sj . The second case must be false, because it
contradicts the definition of feeding.

Theorem 3 (Feeding): A rule si → ti feeds a rule
sj → tj iff feeds(si → ti, sj → tj)

Proof. Given two rules pi = si → ti and sj → tj ,
Lemma 1 proves by enumerating cases that each of
the conditions defined for feed(pi, pj) are sufficient
for establishing that pi feeds pj . Lemma 2 proves
by enumerating cases than pi does not feed pj if
none of these conditions are satisfied.
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feeds(si → ti, sj → tj) =





⊤ ti = ε ∧ |sj | > 1

⊤ ti ∈ Substr(sj) ∧ ti /∈ Substr(si)

⊤ tj ∈ (Substr(ti) \ Substr(si))
⊤ Pref(ti) \ Substr(si) ∩ Suff(sj) ̸= ∅
⊤ Suff(ti) \ Substr(si) ∩ Pref(sj) ̸= ∅
⊥ otherwise

(1)

Theorem 4 (Bleeding): A rule pi = si → ti
bleeds a rule pj = sj → tj iff feeds(ti → si, sj →
tj)

Proof. if ∃u, v ∈ Σ∗, u
ti→si−−−→ v such that sj ⊑

v∧sj ̸⊑ u, it follows that mapping si
pi−→ ti bleeds

pj (where sj
pj−→ tj).

C Benchmark Details

In this section, we discuss issues such as licens-
ing and the distributional statistics of all the data
snapshots created and used in our work.

C.1 Licensing

We create a provably correct, fully automated,
and scalable pipeline for generating multi-step
Programming by Example (PBE) problems, en-
abling the evaluation of inductive reasoning in
LLMs. We plan to release all the benchmark snap-
shots (PBEBench-Lite, PBEBench-Lite-MoreEg,
PBEBench, PBEBench (25, 30)) under the CC BY-
SA 4.0 license. Additionally, we produce code that
allows you to generate more snapshots, which we
also release under the MIT license.

C.2 Benchmark Statistics

We report the distributional statistics (like distri-
bution of ground truth cascade lengths or relation
types) of all the benchmark snapshots used in this
paper below:

PBEBench-Lite: We generate a relation type
balanced dataset with 1008 instances, 5 exam-
ples per PBE problem, and 63 instances per re-
lation type category with cascade lengths rang-
ing from 2 to 5. The alphabet spans Σlite =
{a, . . . , k, u, v, w, x, y, z}, each input example
contains 2 to 6 letters, and each rule has 1-3 char-
acters on either side of the replace function. The
distribution of cascades and relation types is shown
in Fig. 3 and Fig. 4.

PBEBench-Lite-MoreEg: We generate a re-
lation type balanced dataset with 240 instances,
50 examples per PBE problem and 15 instances
per relation type category with cascade lengths
ranging from 1 to 5. The alphabet spans Σlite =
{a, . . . , k, u, v, w, x, y, z}, each input example
contains 2 to 6 letters and each rule has 1-3 char-
acters on either side of the replace function. The
distribution of cascades and relation types is shown
in Fig. 5 and Fig. 6.

PBEBench: We generate a cascade balanced
dataset with 1216 instances, 50 examples per PBE
problem, and 64 instances per cascade length rang-
ing from 2 to 20. The alphabet spans Σ =
{a, . . . , z, A, . . . , Z}, each input example contains
2 to 6 letters and each rule has 1-3 characters on
either side of the replace function. The distribution
of cascades and relation types is shown in Fig. 7
and Fig. 8.

PBEBench (25, 30): We generate a cascade
balanced dataset with 128 instances, 50 examples
per PBE problem, and 64 instances per cascade
for cascade length of 25 and 30. The alphabet
spans Σ = {a, . . . , z, A, . . . , Z}, each input exam-
ple contains 2 to 6 letters and each rule has 1-3
characters on either side of the replace function.
The distribution of cascades and relation types is
shown in Fig. 9 and Fig. 10.

C.3 Real SLI Benchmark

We construct a benchmark of 21 instances derived
from real SLI data, covering 6 proto-language
and attested-language pairs: prototangkhulic-
huishu, austronesian-hawaiian, austronesian-niue,
austronesian-tongan, austronesian-rarotongan, and
austronesian-samoan. Our data is derived from
(Naik et al., 2025a, 2024) original datasets. Each
instance consists of 50 example input and out-
put pairs and uses the same prompt template as
the multi-step PBE task prompt employed for all
synthetic datasets described above. However, the
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prompt constraints permit program cascades of up
to 50 programs, the sizes of αk and βk can be up
to 5, and each LLM is allotted 32 solution attempts
(sampling budget) per PBE instance to better re-
flect the real-world complexity of low-resource SLI.
We do note a limitation of these assumptions, as
for some language pairs, such as prototangkhulic-
huishu, certain input words are shorter than 5 char-
acters, and in principle an LLM could exploit this
by constructing a single string rewrite rule that re-
places the entire input word with the target output
word. Nevertheless, despite this potential for gam-
ing, the results indicate that most LLMs struggle
with the task, and even the best-performing gpt-
oss-120B model achieves a Pass@1 of only 0.33,
despite a sampling budget of 32.

C.4 Metrics Details
For the multi-step PBE task, since a given list of
inputs (⃗ı) could be transformed into the outputs (o⃗)
by multiple program cascades p⃗, we utilize metrics
based on functional equivalence. This is in line
with programming by example literature (Li and
Ellis, 2024) and historical linguistics (Hoenigswald,
1960).

Concretely, we execute the model-generated so-
lution ˆ⃗p on the inputs, treating the input-output
pairs as test cases. We then compare the predicted
outputs ˆ⃗o = ˆ⃗p(⃗ı) with the ground-truth outputs o⃗
at two different levels of granularity: (1) coarse-
grained evaluation, corresponding to solve rate
(Pass@1), and (2) fine-grained evaluation, corre-
sponding to normalized edit similarity (Edit_Sim).

Both metrics perform element-wise comparisons
on the strings in the output vectors:
Coarse-grained Metric (Pass@1): This metric cor-
responds to Pass@1 as introduced in (Chen et al.,
2021b).

pass@1 =
1

|D|
∑

o⃗,⃗ı∈D
1 ˆ⃗p(⃗ı)=o⃗

Here 1 ˆ⃗p(⃗ı)=o⃗
is an indicator variable which equals

1 when ˆ⃗p(⃗ı) = o⃗ and 0 otherwise.
Fine-grained Metric (Edit_Sim): This metric is
identical to the Reward@1 metric used by (Naik
et al., 2025b).

Edit_Sim =
1

|D|
∑

o⃗,⃗ı∈D
1− dist(ˆ⃗p(⃗ı), o⃗)

dist(⃗ı, o⃗)

Here dist denotes the total Levenshtein edit dis-
tance, summed across the corresponding strings in

the predicted and ground-truth output vectors.
In addition to these performance metrics, we

evaluate the proportion of programs generated by
an LLM that are valid, meaning they satisfy all
constraints specified in the prompt (see Section 3.2).
We refer to this metric as the Valid_Rate.

Finally, for the program reordering task, given a
model-predicted permutation σ̂, we apply it to the
originally permuted program sequence σ(p⃗) and
evaluate whether it correctly recovers the original
outputs. Specifically, we execute σ̂(σ(p⃗)) on the
inputs and check whether σ̂(σ(p⃗))(⃗ı) = o⃗.

For some instances, we explicitly construct the
problem such that there exists only a single unique
solution, in which case the inverse permutation
σ̂ = σ−1 is the only correct answer. The evaluation
metric used is accuracy (Acc), defined analogously
to Pass@1:

Acc =
1

|D|
∑

o⃗,⃗ı∈D
1σ̂(σ(p⃗))(⃗ı)=o⃗

We additionally report unique accuracy, defined as
the accuracy computed over the subset of instances
with a single valid solution. In the PBEBench-Lite-
Perm dataset, this subset consists of 242 instances.

Figure 3: Cascade length distribution for PBEBench-
Lite.

Figure 4: Relation type distribution for PBEBench-Lite.

15
8891



Figure 5: Cascade length distribution for PBEBench-
Lite-MoreEg.

Figure 6: Relation type distribution for PBEBench-Lite-
MoreEg.

Figure 7: Cascade length distribution for PBEBench.

Figure 8: Relation type distribution for PBEBench.

Figure 9: Cascade length distribution for PBEBench
(25, 30).

Figure 10: Relation type distribution for PBEBench (25,
30).

D Method Details

This section provides additional details on the prob-
lem proposer and problem solver to support repro-
ducibility. Specifically, it covers:
• Problem proposer: the algorithm used for data

generation.
• Problem solver: the prompt template for infer-

ence, the models used in our work (including de-
tails, licensing, and snapshots for closed-source
models, as well as costs of running them), and
the K-Fold analysis employed to efficiently sim-
ulate different sampling budgets with expensive
closed-source models like GPT-5 while reducing
variance.

D.1 Algorithm Pseudocode

This section formally expresses the pseudocode/-
logic behind the data generation algorithm pro-
posed in our work, breaking it down into the rejec-
tion sampling subroutine (Algorithm 1) and the re-
lation type classification subroutine (Algorithm 2),
respectively.
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D.2 Program Extraction
To extract the program cascade from LLM predic-
tions, we apply the following rules. If the LLM
fails to produce a valid, extractable Python code
block, or produces a null response due to unter-
minated chain of thought (as observed in gpt-oss
models), we mark the corresponding case as a null
response and replace the prediction with an identity
program like replace("x", "x") for evaluation.
For cases where a valid response is produced, we
account for the fact that we evaluate a wide range of
LLMs, including reasoning models that may gener-
ate intermediate programs and subsequently refine
or improve them through reflection. Accordingly,
we evaluate both the first and the last Python code
blocks produced by the model. For the remaining
valid cases, if a predicted program cascade ˆ⃗p con-
tains more than Lmax programs, we retain only
the first Lmax programs for evaluation. If the pre-
dicted program violates any other constraint, it is
replaced by an identity program pI , which leaves
the inputs unchanged. Given the predicted cascade
ˆ⃗p, we compute the predicted outputs as ˆ⃗o = ˆ⃗p(⃗ı).
Table 3 reports performance on PBEBench-Lite for
both the first and last code blocks. We observe
that, for most models, the last code block yields
superior performance. Therefore, in Table 2 in
the main paper, as well as in any table where it is
not explicitly specified otherwise, we report results
corresponding to the last code block by default.

Algorithm 1 Rejection Sampling for BFCC
Dataset Generation
Require: Target size n; cascade bounds

[ℓmin, ℓmax]; patience τ
Require: Input sampler pI : generates k random

strings from vocabulary Σ
Require: Cascade sampler pP(· | X, ℓ): gener-

ates ℓ programs where each replace(a, b) has a
sampled from substrings of X and b sampled
from Σ

Ensure: Dataset D balanced over 16 BFCC cate-
gories

1: Initialize quotas qc ← ⌊n/16⌋ for all c ∈
{0, 1}4

2: InitializeD ← ∅, seen signatures S ← ∅, steps
t← 0

3: while |D| < n do
4: t← t+ 1
5: Sample length ℓ ∼

Uniform{ℓmin, . . . , ℓmax}
6: Sample inputs X = {x1, . . . , xk} ∼ pI
7: Sample cascade π = (f1, . . . , fℓ) ∼ pP(· |

X, ℓ)
8: π̂ ← []; Y ← X
9: for each program f ∈ π do

10: if f changes at least one element in Y
then

11: π̂ ← π̂ · f ; Y ← f(Y )
12: end if
13: end for
14: if |π̂| < ℓmin or Y = X then
15: continue ▷ Reject: insufficient

transformation
16: end if
17: σ ← (X,Y, π̂, |π̂|)
18: if σ ∈ S then
19: continue ▷ Reject: duplicate
20: end if
21: c← ClassifyBFCC(π̂)
22: if t < τ and qc > 0 then ▷ Before

patience: enforce quotas
23: D ← D ∪ {(X, π̂, Y, c)}
24: qc ← qc − 1; S ← S ∪ {σ}
25: else if t ≥ τ then ▷ After patience: accept

any valid instance
26: D ← D ∪ {(X, π̂, Y, c)}
27: S ← S ∪ {σ}
28: end if
29: end while
30: return D
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Model First Code Block Last Code Block

Pass@1 Edit Sim Valid Rate Pass@1 Edit Sim Valid Rate

Codestral-22B 0.0109 -0.0130 0.8280 0.0109 -0.0107 0.8254
Qwen2.5-32B-Instruct 0.0298 0.1232 0.8265 0.0298 0.1252 0.8288
Qwen2.5Coder-32B-Instruct 0.0397 0.1836 0.6883 0.0407 0.1884 0.6890
Qwen3-32B 0.0179 0.0964 0.7645 0.0179 0.0964 0.7645
Qwen3-Coder-30B-A3B-Instruct ■ 0.0377 0.0857 0.8048 0.0377 0.0864 0.8134
DeepSeek-R1-Distill-Qwen-32B ★ 0.2242 0.3486 0.8709 0.2242 0.3486 0.8709
Qwen3-30B-A3B ★■ 0.2887 0.3360 0.9905 0.2887 0.3360 0.9905
QwQ-32B ★ 0.3591 0.4072 0.9500 0.3601 0.4092 0.9493
Qwen3-32B (with CoT) ★ 0.3938 0.4803 0.9182 0.4187 0.5026 0.9676
gpt-oss-20b ★■ 0.4058 0.4619 0.9900 0.4058 0.4619 0.9900
gpt-oss-120b ★■ 0.6250 0.6985 0.9254 0.6250 0.6985 0.9254

Claude-3.5-Sonnet 0.1845 0.4430 0.8208 0.1845 0.4434 0.8209
Claude-3.7-Sonnet 0.2212 0.4825 0.8409 0.2321 0.4996 0.8409
Claude-4 Sonnet 0.2956 0.5832 0.7720 0.2966 0.5870 0.7719
Claude-3.7-Sonnet (Thinking) ★ 0.3343 0.5953 0.8127 0.3661 0.6154 0.8192
Claude-4 Sonnet (Thinking) ★ 0.3571 0.6085 0.7788 0.3581 0.6079 0.7821
Claude-4 Opus (Thinking)* ★ 0.5389 0.7497 0.8577 0.5389 0.7521 0.8561
o3-mini ★ 0.5278 0.5954 0.9179 0.5278 0.5954 0.9179
o4-mini ★ 0.6329 0.6907 0.9153 0.6329 0.6907 0.9153
Gemini 2.5 Flash ★ 0.5833 0.6533 0.7911 0.5863 0.6562 0.7901
GPT-5 ★ 0.7242 0.7645 0.9286 0.7242 0.7645 0.9286

Table 3: PBEBench-Lite Performance: We compute the Pass@1 and Edit_Sim as the coarse and fine-grained
evaluation, respectively, for each model. ■ indicates mixture-of-experts (or MoE) model. ★ indicates a reasoning
model. * indicates evaluated on 20% of the dataset due to cost.

Algorithm 2 BFCC Classification
1: function CLASSIFYBFCC(cascade π̂ =

[replace(a1, b1), . . . , replace(am, bm)])
2: Initialize category vector

(cF , cB, cCF , cCB)← (0, 0, 0, 0)
3: for each ordered pair (i, j) where i ̸= j do
4: if program i feeds program j then ▷ bi

creates instances of aj
5: Set cF ← 1 if i < j; set cCF ← 1

if i > j
6: end if
7: if program i bleeds program j then ▷

ai removes instances of aj
8: Set cB ← 1 if i < j; set cCB ← 1

if i > j
9: end if

10: end for
11: return (cF , cB, cCF , cCB)
12: end function
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Algorithm 3 FB-Swap Permutation Heuristic

FB. “FB” refers to feeding (F ) and bleeding
(B) relations between programs (Algorithm 2).
Execution. APPLYPROGRAMS(X,π) applies
the programs in π left-to-right to each string in
X .

1: function FINDFBSWAP(X, π̂, Y, EFB)
Require: Cascade π̂ = [f0, . . . , fm−1] and out-

puts Y = APPLYPROGRAMS(X, π̂)
Require: FB edges EFB is a list of triples (i, r, j)

with r ∈ {F,B}
Ensure: A permutation ρ and permuted cascade

π̂ρ such that APPLYPROGRAMS(X, π̂ρ) ̸= Y ,
or ∅ if none found

2: m← |π̂|
3: S ← ∅ ▷ unordered index pairs already

tried
4: for each edge (i, r, j) ∈ EFB do
5: p← (min(i, j),max(i, j))
6: if p ∈ S then
7: continue ▷ avoid trying the same

swap twice
8: end if
9: S ← S ∪ {p}

10: ρ← [0, 1, . . . ,m− 1] ▷ identity
permutation over program positions

11: swap ρi and ρj ▷ single transposition
12: π̂ρ ← [fρ0 , . . . , fρm−1 ]
13: if APPLYPROGRAMS(X, π̂ρ) ̸= Y

then
14: return (ρ, π̂ρ) ▷ first FB-related

swap that changes outputs
15: end if
16: end for
17: return ∅
18: end function
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Multi-Step PBE Prompt

Follow the instructions below to solve the code completion task:
We will provide the input corpus and corresponding output corpus. Each element in the corpus is a
string, and the output is transformed from the corresponding input using an ordered sequence of
“replace” programs. You need to find the correctly constructed and ordered sequence of “replace”
programs to transform the entire input corpus into the output corpus. Note that the programs can
interact with each other in a way that reduces or increases the number of times they are applied on
a given input based on where they are ordered in the sequence. This makes it very important to
apply them in the correct order.
The programs should be written using only the Python replace function. For example, for a pro-
gram that replaces all occurrences of “ab” with “bc” it should be written as: replace('ab', 'bc')
Here is an example of the full task:

### Inputs
["abc", "ebc", "aba"]

### Outputs
["edc", "edc", "aba"]

### Program Sequence
```python
["replace('bc','dc')", "replace('ad','ed')"]
```

While generating the program sequence, you need to abide by the following restrictions:

1. Each program in the sequence should have the form replace(A, B), where A and B are both
strings.

2. Both argument strings A and B in replace(A, B) should have length ≤ {program_length}.
A must have length ≥ 1, while B may be empty (i.e., "").

3. The maximum number of programs in a sequence is {program_num}.

4. You should only consider the Python replace function for specifying programs (each program
is a Python replace function). You cannot use any other Python modules or functions.

5. Strictly follow the markdown style convention while presenting your final program sequence,
and make sure to enclose it in the ```python markdown style code block.

Now, please generate the sequence of programs corresponding to the following input corpus and
output corpus:

### Inputs
{inputs_list}

### Outputs
{outputs_list}

### Program Sequence
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D.3 Prompt Templates

D.3.1 Multi-step PBE Task
We show the prompt template used for the multi-
step PBE task above (Multi-Step PBE Prompt).
This prompt includes the exact instructions and
examples given to the LLMs.

D.3.2 Program Reordering Task
We show the prompt template used for the pro-
gram reodering task below (Program Reordering
Prompt). This prompt includes the exact instruc-
tions and examples given to all the LLMs for per-
forming this task.

D.4 Model Selection Details

Table 4 details all the models chosen for our bench-
mark and their various attributes to ensure we eval-
uate a diverse and representative set of LLMs to
evaluate which of them excel at inductive reason-
ing.

D.5 Licenses for Evaluated Models

We list the licenses used for each evaluated open
and closed source models in Table 5.

D.6 Costs for Experiment Runs

We document the costs of the expensive experi-
ments carried out for closed source models in Ta-
ble 6.

D.7 Snapshots used for closed source models

We document the Snapshots used for closed source
models Table 7.

D.8 K-Fold analysis for GPT-5

We observed a variance of up to 10% in Pass@1 for
GPT-5. To account for this variance, we report the
aggregated score over all available samples when
computing Pass@1 values. For instance, in the
sampling experiment for GPT-5 shown in Fig. 12a,
we perform 8 independent runs and compute the
average score over all possible k-run combinations,
yielding scores for sampling budgets 1 ≤ k ≤ 8.

E Experimental Details

In this section, we provide additional experimental
details, including the computational environment
and the inference and sampling parameters used
for all the LLMs evaluated in our work. We also
briefly discuss the strategies explored to achieve
finer-grained control over the thinking budget of

gpt-oss-120b for scaling experiments. These strate-
gies were ultimately unsuccessful due to gpt-oss-
120b’s test-time behavior, leading us to instead
study the effect of varying the maximum sequence
length directly.

E.1 Computational Enviornment

We conduct experiments on a Linux server
equipped with NVIDIA A100 80GB GPUs (Am-
pere architecture), CUDA 12.9, and driver version
575.51.03. Each job had access to 100 GB of CPU
memory and up to 16 CPU cores. The GPU alloca-
tion varied with model size with gpt-oss-120b and
most 32B models requiring 2 A100 GPUs. The ex-
periments on PBEBench-Lite took multiple hours,
while each cascade on PBEBench took nearly 8
hours for sampling budget of 32 and 16384 max
sequence length, prompting use to parallely run
multiple cascades across several GPUs. We used
vLLM for inference of all the open weight models
and multi-threading for inference of closed source
models like GPT-5 to speed up all inference experi-
ments.

E.2 Inference/Sampling Parameters

We show the sampling parameters used for all the
models in Table 8. The max tokens are the total out-
put tokens the model can generate (including think-
ing tokens), while the thinking budget(s) captures
only the chain-of-thought or reasoning related to-
kens. The top-p is the cumulative probability cutoff
used for nucleus sampling, while the temperature
is for controlling the degree of randomness in the
sampling. We report the max tokens and thinking
tokens wherever possible based on the providers
(for some models you can only control the total to-
kens, while for some you can only control thinking
tokens). For some models like Gemini 2.5 Flash
Preview, the model has a mode where it first rea-
sons about how much thinking is required based
on how complex it determines the problem to be.
We use this setting for the experiments in Table 2.
However, we also do experiments comparing the
effect of varying token budgets (2048, 4096, 8192)
for QwQ and Gemini 2.5 Flash Preview, hence we
highlight the default setting used for Table 2 for
these models in bold.

E.3 CoT Truncation experiment details

For gpt-oss-120b, we attempt to reduce the model’s
thinking budget and introduce it as a parameter
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Model Name Reasoning Citation Parameters MoE Source

QwQ-32B Yes Team (2025b) 32B No Closed
DeepSeek-R1-Distill-Qwen-32B Yes DeepSeek-AI (2025) 32B No Closed
o3-mini Yes OpenAI (2024) – No Closed
o4-mini Yes OpenAI (2025) – No Closed
Qwen3-30B-A3B (Thinking) Yes Team (2025a) 30B Yes Open
Qwen3-32B Yes Team (2025a) 32B No Open
Gemini 2.5 Flash Yes Comanici et al. (2025) – No Closed
Claude-3.7-Sonnet Yes Anthropic (2025) – No Closed
Claude-4 Sonnet (Thinking) Yes Anthropic (2025b) – No Closed
Claude-4 Opus (Thinking) Yes Anthropic (2025a) – No Closed
gpt-oss-20b Yes OpenAI (2025) 20B No Open
gpt-oss-120b Yes OpenAI (2025) 120B No Open
GPT-5 (Thinking) Yes OpenAI (2025) – No Closed
Qwen2.5-32B-Instruct No Team (2024) 32B No Open
Claude-3.5-Sonnet No Anthropic (2024) – No Closed
GPT-5 (Non-Thinking) No OpenAI (2025) – No Closed
Codestral-22B No AI (2024) 22B No Open
Qwen2.5Coder-32B-Instruct No Team (2024) 32B No Open
Qwen3-Coder-30B-A3B-Instruct No Team (2025a) 30B Yes Open

Table 4: Model Selection: This table details the characteristics of the models benchmarked on PBEBench-Lite.
The columns discuss cover the model name, reasoning ability, citation, parameter count, architecture style (MoE vs
Dense), and open/closed soruce nature of the chosen models to showcase the diversity of the evaluated models.

Model License

Codestral-22B Mistral Non-Production License (MNPL)
Qwen2.5-32B-Instruct Apache 2.0
Qwen2.5Coder-32B-Instruct Apache 2.0
Qwen3-32B Apache 2.0
Qwen3-Coder-30B-A3B-Instruct Apache 2.0
QwQ-32B Apache 2.0
Qwen3-32B Apache 2.0
Qwen3-30B-A3B Apache 2.0
Qwen3-Coder-30B-A3B-Instruct Apache 2.0
DeepSeek-R1-Distill-Qwen-32B MIT
o3-mini API (OpenAI EULA)
o4-mini API (OpenAI EULA)
GPT-5 API (OpenAI EULA)
gpt-oss-20b Apache 2.0
gpt-oss-120b Apache 2.0
Gemini 2.5 Flash Preview 04-17 API (Google EULA)
Claude-3.5-Sonnet API (Anthropic EULA)
Claude-3.7-Sonnet API (Anthropic EULA)
Claude-4-Sonnet API (Anthropic EULA)
Claude-4-Opus API (Anthropic EULA)

Table 5: Licenses for open and closed source models.

independent of max tokens. To achieve this, we run two inferences:
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Model Experiment Cost

Claude-4.1-Opus PBE-Bench Lite Performance $40 (20% of dataset)
GPT-5 Cascade Length Experiment $190
GPT-5 Sampling Experiment $165
GPT-5 CoT Experiment $50
GPT-5 PBE-Bench Lite Performance $50
Claude Sonnet Thinking 3.7 PBE-Bench Lite Performance $30
Claude Sonnet Thinking 4 PBE-Bench Lite Performance $30
o3-mini PBE-Bench Lite Performance $65
o4-mini PBE-Bench Lite Performance $65

Table 6: Documented costs for select experiment runs.

Model Snapshot

o3-mini o3-mini-2025-01-31
o4-mini o4-mini-2025-04-16
Claude 3.5 Sonnet claude-3-5-sonnet-20241022
Claude 3.7 Sonnet claude-3-7-sonnet-20250219
Claude 4 Sonnet claude-sonnet-4-20250514
Claude 4.1 Opus claude-opus-4-1-20250805
GPT-5 gpt-5-2025-08-07
Gemini 2.5 gemini-2.5-flash

Table 7: Exact snapshots used for closed source models.

1. In the first pass, we set max tokens equal to
the desired thinking budget. We then check
whether the Chain-of-Thought Truncation to-
ken appears in the response.

2. If it does not appear, we run a second infer-
ence, appending the following string as assis-
tant context to the model’s input:

early_stop_instruction = "Considering the
thinking token budget, I will not generate
any more reasoning tokens, and provide the
final answer `.\n"

In the second generation, however, the model
begins with “We need to produce final answer” and
then continues reasoning as usual, ignoring our
instruction.

In variations, we appended
THINKING_END_TOKEN, and <FI-
NAL_OUTPUT_START_TOKEN> to the
early_stop_instruction, but observed the same
behavior. We also tried placing a modified
version of early_stop_instruction in the user
role instead of the assistant role, again without
effect. Finally, we reduced max tokens to 300 in
the second generation. This did not prompt the

model to produce a final answer either; instead,
It significantly increased the rate of null outputs,
rising from 11% to 77%. We therefore conclude
that for gpt-oss-120b, it is not possible to enforce
the truncation of the chain-of-thought budget
independently of the total output token budget.

F Additional Results

This section presents some additional detailed re-
sults over the PBEBench-Lite and PBEBench, and
PBEBench (25, 30) snapshots, such as the detailed
tables for the performance vs ground truth cascade
length, scaling ablations, etc. We also report re-
sults on related inductive reasoning benchmarks as
well as on real SLI data. It also contains the results
of analyzing the effect of changing the number
of examples (PBEBench-Lite-MoreEg snapshot).
It also contains the results of logistic regression
analysis on factors affecting instance difficulty on
PBEBench with gpt-oss-120b and factorial analy-
sis on reasoning-capable models, as well as some
representative models on PBEBench-Lite. Finally,
we also present results for two types of confusion
matrices that visualize the distributional differences
between cascade lengths and relation types of the
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Model Max Tokens Top P Temperature Thinking Budget(s)

Codestral-22B 2048 0.95 0.7 -
Qwen2.5-32B-Instruct 512 0.95 0.7 -
Qwen2.5Coder-32B-Instruct 512 0.95 0.7 -
QwQ-32B 8192 0.95 0.7 -
Qwen/Qwen3-32B (with CoT) 8192 0.95 0.7 -
Qwen/Qwen3-32B 8192 0.95 0.7 -
Qwen3-30B-A3B 8192 0.95 0.7 -
DeepSeek-R1-Distill-Qwen-32B 8192 0.95 0.7 -
o3-mini 8192 - - reasoning_effort="medium"
o4-mini 8192 - - reasoning_effort="medium"
Gemini 2.5 Flash dynamic 0.95 0.7 dynamic
Claude-3.5-Sonnet 8192 0.95 0.7 -
Claude-3.7-Sonnet 10000 0.95 0.7 -
Claude-3.7-Sonnet (Thinking) 10000 0.95 1 (default) 2048
gpt-oss-20b 8192 0.95 0.7 -
gpt-oss-120b 8192 0.95 0.7 -
GPT-5 8192 - - reasoning_effort="medium"
Claude-4 sonnet 8192 0.95 0.7 -
Claude-4 sonnet (Thinking) 8192 0.95 1 (default) 2048
Claude-4 opus (Thinking) (20% of dataset) 8192 0.95 1 (default) 2048
Qwen/Qwen3-Coder-30B-A3B-Instruct 2048 0.95 0.7 -

Table 8: Sampling parameters used for inference across all models runs. “Max tokens” refers to the total number of
tokens (output + thinking tokens) for models that support it. "Top-p" controls nucleus sampling. "Temperature" sets
the randomness of token selection. "Thinking budget" is the number of thinking tokens, applicable only to models
that support this feature. GPT-5, o3-mini, and o4-mini support "reasoning_effort" parameter, which is a qualitative
measure of "Thinking Budget". These models also do not support temperature and top_p parameters.

ground truth and predicted cascades.

F.1 PBEBench Performance Details
We evaluate gpt-oss-120b and GPT-5 on
PBEBench, which includes cascades of length
2–20 and harder snapshots of length 25 and
30. On cascades of length 2–20, gpt-oss-120b
achieves Pass@1 of 0.67, average Edit_Sim of
0.95, and Valid_Rate of 0.96, with per-cascade
Pass@1 reported in Table 20. GPT-5 substantially
outperforms gpt-oss-120b, achieving Pass@1 of
0.94 on cascades of length 10 with a single sample
(vs. 0.84 with 32 samples for gpt-oss-120b) and
0.44 on cascades of length 20 with 4 samples (vs.
0.05 with 32 samples). Since GPT-5 maintains
meaningful performance at length 20, unlike
gpt-oss-120b which collapses to 5%, we further
evaluate GPT-5 on cascades of length 20, 25, and
30, where it averages Pass@1 of 0.175 (Table 22).
Performance trends are shown in Fig. 2a and
Fig. 2b.

Both models follow the scaling strategies de-
scribed in Section 3.2. gpt-oss-120b uses a sam-
pling budget of 32 with maximum sequence length
16384, while GPT-5 uses a sampling budget of 4,

a completion limit of 65536 tokens, and moderate
reasoning effort. Performance drops sharply with
increasing cascade length: gpt-oss-120b falls to
roughly 50% and 5% at lengths 15 and 20, while
GPT-5 falls to 14% and 5% at lengths 25 and
30. A logistic regression on gpt-oss-120b iden-
tifies cascade length as a strong negative predic-
tor of Pass@1, with feeding, counter-feeding, and
counter-bleeding predicting failure, and bleeding
associated with success (Table 19).

F.2 Ablation Details
We evaluate gpt-oss-20b and gpt-oss-120b on the
PBEBench-Lite-MoreEg snapshot, with results re-
ported in Table 21. Performance is similar to
or slightly worse than PBEBench-Lite. To ana-
lyze this effect, we compute the fraction of exam-
ples modified by each program: 1.56/5 (31%) for
PBEBench-Lite and 7.07/50 (14%) for PBEBench-
Lite-MoreEg. Although more examples are modi-
fied in absolute terms, the relative signal per exam-
ple is weaker. However, the overall conclusion is
that the effect of scaling input-output examples per
PBE step from 5 to 50 (10x) is still relatively minor.
However, after a certain point, the LLM is expected
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(a) Pass@1 vs Sampling Budget (max seq len: 16384)

(b) Pass@1 vs Max Seq Len (sampling budget: 32)

Figure 11: Effect of Scaling Strategies on PBEBench
(gpt-oss-120b): Comparison of successive sampling
and increased thinking budgets (via max sequence
length) on PBEBench instances with ground-truth cas-
cades of length 10, the most complex balanced subset,
unsolved yet nearly solvable under greater scaling, al-
lowing a meaningful strategy comparison.

to hit a hard wall, as experiments with real SLI data,
where we attempted to have 20 examples per PBE
step, led to models like gpt-oss-120b giving up and
providing empty responses.

We further study scaling with respect to sam-
pling budget and maximum sequence length. For
gpt-oss-120b, results are shown in Fig. 11a and
Fig. 11b. For GPT-5, corresponding results are
shown in Fig. 12a and Fig. 12b, with k-fold averag-
ing used to control variance (Section D.8). Across
all settings, we observe rapid initial gains followed
by diminishing returns and eventual saturation. In-
terestingly, for the more head-on comparison done
for gpt-oss-120b, we see that scaling the max se-
quence length (or thinking budget) once you have
a high enough sampling budget is more time effi-
cient and cheaper. This stems from the fact that a

(a) Pass@1 vs Sampling Budget (reasoning (med), max com-
pletion tokens: 65536)

(b) Pass@1 vs Max Completion Tokens (sampling budget: 1)

Figure 12: Effect of Scaling Strategies on PBEBench
(GPT-5): Comparison of successive sampling and larger
thinking budgets (via max completion tokens and rea-
soning effort) on PBEBench with ground-truth cascade
lengths 20 and 10 respectively. Cascade 20 is used for
the sampling budget experiment as we observe high
Pass@1 (0.938) for cascade 10 with just 1 sample, in the
max completion tokens scaling experiment.

high sampling budget is more wasteful if the LLM
is token-bound per attempt, as a lot of attempts
fail to terminate the chain-of-thought and lead to
unhelpful null responses.

F.3 Other Inductive Reasoning Benchmarks

We evaluate all open-source models on two addi-
tional inductive reasoning benchmarks: CLUTRR
(Sinha et al., 2019) and SLR-Bench (Helff et al.,
2025).

CLUTRR is a well-established NLU benchmark
that requires LLMs to read a short story, extract
relationships between characters, and answer a kin-
ship query about a target pair. The answer space
consists of a small, fixed set of kinship relations,
making the task a multi-class classification prob-
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lem. Successfully solving CLUTRR requires both
accurate extraction of relational facts and correct
inference over the underlying logical rules gov-
erning kinship. The dataset is constructed semi-
automatically from a kinship knowledge base via
four steps: random kinship graph generation, tar-
get fact (relation) sampling, backward chaining,
and natural language realization. CLUTRR also
explicitly probes robustness and generalization by
injecting distracting facts into the stories, includ-
ing supporting, irrelevant, disconnected, and noisy
facts. Following prior work, we concatenate all six
test sets introduced in the original paper to form a
combined evaluation set of 3,977 instances. While
the original CLUTRR work involves supervised
training, we instead evaluate models in a zero-shot
question answering setting using a fixed prompt
(CLUTRR Prompt). Results on the combined test set
are reported in Table 9. We report standard kinship
prediction accuracy, along with additional metrics
for gpt-oss models, including non-null accuracy
and the number of null predictions. Null outputs
arise when the chain of thought fails to terminate
within the specified maximum sequence length, typ-
ically due to overthinking. To further analyze this
behavior, we vary both the reasoning effort and
maximum sequence length for these models and
report the corresponding performance. Overall,
LLMs perform poorly on CLUTRR, likely due to
the presence of distractor facts and the absence
of training or explicit graph-based representations
for tracking relations. In contrast to PBEBench,
however, performance differences across models
are relatively small, with a narrower gap between
reasoning and non-reasoning models. This trend
is also reflected in the limited performance varia-
tion across different reasoning effort settings for
gpt-oss models, and in the degradation observed at
high reasoning effort, where increased null predic-
tions from unterminated chains of thought reduce
accuracy. Finally, to ensure comparability with
PBEBench-Lite, we restrict each model to a single
attempt per instance.

SLR-Bench is a large-scale, automatically gen-
erated benchmark for logical inductive reasoning,
constructed using a fully automated framework that
synthesizes prompts, validation programs, and la-
tent rules without any human annotation. It com-
prises 19k tasks organized into a curriculum of in-
creasing relational, arithmetic, and recursive com-
plexity, enabling fine-grained evaluation of logical
inference capabilities in LLMs. The benchmark

includes validation programs, and the solutions
produced by the LLMs are expressed as Prolog
code, which is subsequently evaluated by a sym-
bolic judge that executes the validation program
over the LLM generated solution. In the original
work, the curriculum is used for training and is
shown to provide benefits on the SLR-Bench test
set as well as on other general reasoning bench-
marks. However, to remain consistent with our ex-
perimental setting, we perform a purely zero-shot
evaluation on the combined test set, which includes
the basic, easy, medium, and hard tiers, yielding
a dataset of 1000 instances. We report all metrics
introduced by the original authors, including ac-
curacy (Acc), partial score (PS), and syntax score
(SS), which correspond respectively to the fraction
of instances that are fully solved, the average frac-
tion of examples correctly classified (analogous
to test cases passed), and the fraction of instances
for which a syntactically valid Prolog program is
produced. We use the exact prompts provided in
the dataset, rather than creating our own templates,
in order to ensure faithful and directly compara-
ble evaluation. The aggregate results are shown in
Table 11, while a breakdown by curriculum tier is
provided in Table 12. Overall, the results follow a
trend similar to that observed on CLUTRR, where
reasoning-oriented models generally outperform
non-reasoning models, although the performance
gap is smaller than CLUTRR. Among all evaluated
models, gpt-oss-120b with medium reasoning ef-
fort achieves the best performance, reaching 52.5%
accuracy. Also consistent with CLUTRR, we ob-
serve that performance for both gpt-oss models
peaks at medium reasoning effort and subsequently
declines, primarily due to an increase in null out-
puts caused by unterminated chains-of-thought as-
sociated with overthinking. A key complicating
factor relative to CLUTRR and PBEBench-Lite is
the inherent difficulty of producing syntactically
valid Prolog programs. Several models, includ-
ing QwQ-32B, Qwen3-32B, and gpt-oss-20b with
medium reasoning effort, achieve overall scores
around 50%, indicating substantial difficulty in gen-
erating syntactically correct code; in the case of
gpt-oss-20b, this behavior is largely explained by
a higher proportion of null outputs. In contrast,
coder-oriented models such as Codestral-22B
and Qwen2.5-Coder-32B-Instruct, as well as
Qwen2.5-32B-Instruct, excel at producing syn-
tactically valid programs, achieving nearly 100%
syntax scores despite comparatively weak overall
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CLUTRR Prompt

You will be given a story containing characters whose names appear in square brackets, such as
"[James]". After reading the story, you must identify the kinship relation between two characters.

When answering:

• Respond with only the kinship term, with no explanation and no extra words.

• Your answer must be one of the following options: aunt, brother, daughter, daughter-in-law,
father, father-in-law, granddaughter, grandfather, grandmother, grandson, mother, mother-in-
law, nephew, niece, sister, son, son-in-law, uncle.

• Do not use any text outside these options.

• Give just the final relation.

Example Story: [Kristin] and her son [Justin] went to visit her mother [Carol] on a nice Sunday
afternoon. They went out for a movie together and had a good time.

Example Question: How is Carol related to Justin?

Example Answer: grandmother

Now do the same for the story and question below:

Story: {story}

Question: {question}

Answer:

Model Max Seq Len Acc Non Null Acc Nulls

Codestral-22B 2048 3.72 3.72 0
Qwen/Qwen2.5-32B-Instruct 8192 34.98 34.98 0
Qwen/Qwen2.5-Coder-32B-Instruct 8192 26.88 26.88 0
Qwen/QwQ-32B 8192 52.07 52.07 0
Qwen/Qwen3-32B (with CoT) 8192 51.62 51.62 0
Qwen/Qwen3-32B 8192 22.53 22.53 0
Qwen/Qwen3-30B-A3B 8192 51.47 51.47 0
DeepSeek-R1-Distill-Qwen-32B 8192 47.67 47.67 0
gpt-oss-20B (low) 8192 42.59 42.59 0
gpt-oss-20B (medium) 8192 52.5 54.53 148

gpt-oss-20B (high)
8192 45.64 60.76 990

16384 50.64 60.04 621
32768 53.1 58.46 330

gpt-oss-120B (low) 8192 47.55 47.55 0
gpt-oss-120B (medium) 8192 57.53 57.53 0

gpt-oss-120B (high)
8192 51.72 63.43 631

16384 57.98 61.81 246
Qwen/Qwen3-Coder-30B-A3B-Instruct 8192 26.4 26.4 0

Table 9: CLUTRR Performance: We compute the kinship relation type prediction accuracy (Acc) as well as
non-null accuracy (Non Null Acc) which excludes null predictions and the number of null predictions (Nulls). We
also try increased max sequence length and vary reasoning effort for the gpt-oss models.
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Model Max Seq Len
Gen Train234 Gen Train23 Rob Clean Rob Disc Rob Irr Rob Sup

Acc NNAcc Acc NNAcc Acc NNAcc Acc NNAcc Acc NNAcc Acc NNAcc

Codestral-22B 2048 3.72 3.72 4.71 4.71 0.22 0.22 2.25 2.25 3.6 3.6 6.26 6.26
Qwen/Qwen2.5-32B-Instruct 8192 42.08 42.08 45.03 45.03 21.25 21.25 25.39 25.39 23.42 23.42 27.29 27.29
Qwen/Qwen2.5-Coder-32B-Instruct 8192 35.02 35.02 36.47 36.47 14.54 14.54 19.33 19.33 11.26 11.26 18.57 18.57
Qwen/QwQ-32B 8192 61.26 61.26 63.61 63.61 41.39 41.39 38.88 38.88 37.61 37.61 39.15 39.15
Qwen/Qwen3-32B (with CoT) 8192 60.78 60.78 63.26 63.26 37.81 37.81 41.12 41.12 37.39 37.39 38.7 38.7
Qwen/Qwen3-32B 8192 27.1 27.1 27.4 27.4 13.87 13.87 15.06 15.06 16.67 16.67 21.25 21.25
Qwen/Qwen3-30B-A3B 8192 61.07 61.07 61.95 61.95 37.58 37.58 41.12 41.12 37.84 37.84 39.82 39.82
DeepSeek-R1-Distill-Qwen-32B 8192 55.92 55.92 59.16 59.16 36.02 36.02 35.51 35.51 34.23 34.23 36.02 36.02
gpt-oss-20B (low) 8192 46.09 46.09 46.95 46.95 36.69 36.69 41.8 41.8 36.04 36.04 36.47 36.47
gpt-oss-20B (medium) 8192 61.55 65.68 62.04 66.51 40.27 40.27 44.49 44.59 39.19 39.46 40.27 40.36

gpt-oss-20B (high)
8192 48.28 77.73 54.36 80.08 40.27 45.11 41.12 49.06 35.59 40.51 36.91 41.67

16384 56.49 76.19 59.77 77.14 44.07 46.03 45.39 48.56 36.4 38.28 40 41.72
32768 61.35 71.6 63.53 73.17 44.07 44.57 46.52 47.37 39.19 40 40.94 41.59

gpt-oss-120B (low) 8192 50 50 52.53 52.53 46.31 46.31 45.17 45.17 39.19 39.19 40.94 40.94
gpt-oss-120B (medium) 8192 66.22 66.22 69.28 69.28 48.99 48.99 46.74 46.74 40.09 40.09 43.62 43.62

gpt-oss-120B (high)
8192 59.64 82.45 61.43 82.05 44.74 47.62 44.72 48.77 35.14 39.8 38.7 42.51

16384 68.51 76.46 71.03 78.04 45.86 46.17 47.42 48.28 38.74 40 41.61 42.47
Qwen/Qwen3-Coder-30B-A3B-Instruct 8192 28.63 28.63 27.4 27.4 21.92 21.92 24.49 24.49 26.8 26.8 24.61 24.61

Table 10: CLUTRR Performance Test Splits: We show the kinship relation type prediction accuracy (Acc) as well
as non-null accuracy (NNAcc) for all the test splits within CLUTRR.

task performance. Finally, for fairness and con-
sistency, we use sequence lengths comparable to
those employed for CLUTRR and PBEBench-Lite,
and we allow a single attempt per instance for each
LLM.

F.4 Effect of More Examples
Table 21 illustrates the effect of varying the num-
ber of examples per PBE instance while keeping
other factors, such as cascade distribution and re-
lation type balance, constant using the PBEBench-
Lite-MoreEg snapshot. The results for gpt-oss-20b
and gpt-oss-120b show largely similar performance
for gpt-oss-20b, but a decrease for gpt-oss-120b.
This suggests that increasing the number of ex-
amples can sometimes make the task harder for
LLMs, which is counterintuitive, as more exam-
ples would ideally simplify the task. Analysis
of the average number of changes per program
reveals that PBEBench-Lite has fewer absolute
changes (1.56 words out of 5 on average) com-
pared to PBEBench-Lite-MoreEg (7.07 words out
of 50 on average). However, the relative number of
changes is lower in PBEBench-Lite-MoreEg (14%
vs. higher in PBEBench-Lite), indicating lower in-
formation density, which may explain why the task
becomes harder despite having more examples.

F.5 Real SLI Results
We evaluate open-source LLMs on the real SLI
dataset using Pass@1, Edit_Sim, and Valid Rate,
with results reported in Table 13. Evaluation is
performed on 21 PBE instances under substantially
relaxed decoding constraints to estimate an upper
bound on model performance. Specifically, we use

a maximum sequence length four times larger than
the corresponding PBEBench-Lite settings and a
sampling budget of 32 attempts per instance. Mod-
els are additionally allowed to generate cascades
of up to length 50, with each rewrite rule permit-
ting α and β substrings in the replace(α, β) of
up to five characters. Despite these concessions,
all evaluated models struggle on real SLI. Only
the gpt-oss family, and DeepSeek-R1-Distill-Qwen
and Qwen3-32B with chain-of-thought prompting
achieve Pass@1 of 10% or higher. Among them,
gpt-oss-120b performs the best, reaching a Pass@1
of 33%.

F.6 Efficiency of Problem Proposer

For each desired ground-truth cascade length, our
data generation procedure is designed to yield a bal-
anced distribution across relation type categories,
where each category is represented by a binary vec-
tor. Let U denote the ideal uniform distribution
over all categories, and let Q denote the empirical
distribution obtained from the generated data. To
quantify the deviation of Q from the ideal U , we
use the Kullback–Leibler (KL) divergence:

DKL(U ||Q)=
∑

x
U(x) log

U(x)

Q(x)

where x ranges over all relation type categories.
By construction, DKL(U ||Q) ≥ 0 and equals zero
only when Q = U . We also apply smoothing
for categories where zero instances are observed in
the empirical distribution (missing categories) to
prevent the divergence from shooting up to infinity
for these cases.
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Model Acc PS SS Nulls

Codestral-22B 15.5 59.99 99.2 0
Qwen/Qwen2.5-32B-Instruct 27.3 72.1 99.8 0
Qwen/Qwen2.5-Coder-32B-Instruct 28.4 71.01 99.9 0
Qwen/QwQ-32B 43.5 44.66 45.6 0
Qwen/Qwen3-32B (with CoT) 44.4 46.49 47.8 0
Qwen/Qwen3-32B 32.4 71.8 99 0
Qwen/Qwen3-30B-A3B 41.7 49.77 61.1 0
DeepSeek-R1-Distill-Qwen-32B 43.2 59.9 85.6 0
gpt-oss-20B (low) 36 57.6 76.5 0
gpt-oss-20B (medium) 44.4 49.91 52.6 468
gpt-oss-20B (high) 40.2 40.68 41 589
gpt-oss-120B (low) 43.2 76.75 99.1 0
gpt-oss-120B (medium) 52.5 67.47 81.4 175
gpt-oss-120B (high) 47.2 47.29 47.3 524
Qwen/Qwen3-Coder-30B-A3B-Instruct 26.5 53.98 73.3 0

Table 11: SLR-Bench Performance: We compute the accuracy (fraction of cases successfully solved) (Acc), partial
score (average number of examples correctly classified) (PS), SS (fraction of syntactically correct programs) and the
number of null predictions (Nulls). We use the same max sequence length per model as CLUTRR.

Model
Basic Easy Medium Hard

Acc PS SS Acc PS SS Acc PS SS Acc PS SS

Codestral-22B 58.8 58.8 100 2.4 2.4 99.6 0.8 0.8 99.6 0 0 97.6
Qwen/Qwen2.5-32B-Instruct 90.8 90.8 100 15.6 15.6 100 1.2 1.2 99.6 1.6 1.6 99.6
Qwen/Qwen2.5-Coder-32B-Instruct 92.4 92.4 100 19.6 19.6 100 1.2 1.2 100 0.4 0.4 99.6
Qwen/QwQ-32B 96 96 96.8 62.8 62.8 63.2 9.6 9.6 12.8 5.6 5.6 9.6
Qwen/Qwen3-32B (with CoT) 94 94 94 69.2 69.2 74 11.2 11.2 14.4 3.2 3.2 8.8
Qwen/Qwen3-32B 92.8 92.8 100 35.2 35.2 100 1.2 1.2 97.2 0.4 0.4 98.8
Qwen/Qwen3-30B-A3B 99.6 99.6 100 61.6 61.6 80 5.2 5.2 27.6 0.4 0.4 36.8
DeepSeek-R1-Distill-Qwen-32B 99.2 99.2 100 63.6 63.6 88.8 8.8 8.8 70.4 1.2 1.2 83.2
gpt-oss-20B (low) 93.6 93.6 100 47.2 47.2 84.4 2.8 2.8 54 0.4 0.4 67.6
gpt-oss-20B (medium) 96.8 96.8 100 70 70 77.6 8.4 8.4 23.6 2.4 2.4 9.2
gpt-oss-20B (high) 96 96 98.4 59.2 59.2 60 5.2 5.2 5.2 0.4 0.4 0.4
gpt-oss-120B (low) 96.8 96.8 100 67.6 67.6 100 5.6 5.6 99.6 2.8 2.8 96.8
gpt-oss-120B (medium) 98 98 99.6 87.6 87.6 96.8 19.6 19.6 58.8 4.8 4.8 70.4
gpt-oss-120B (high) 98.8 98.8 98.8 75.2 75.2 75.6 12.4 12.4 12.4 2.4 2.4 2.4
Qwen/Qwen3-Coder-30B-A3B-Instruct 88.4 88.4 94 16 16 66.4 0.8 0.8 68.4 0.8 0.8 64.4

Table 12: SLR-Bench Performance Test Splits: We compute the accuracy (fraction of cases successfully solved)
(Acc), partial score (average number of examples correctly classified) (PS), and SS (fraction of syntactically correct
programs) for each split/curriculum tier of the test set.

Our data generation algorithm (the problem pro-
poser) employs rejection sampling to enforce bal-
ance across categories. Initially, each sampled
datapoint is accepted only if it maintains near-
uniform coverage across categories. As sampling
progresses, however, this constraint becomes in-
creasingly difficult to satisfy, and the efficiency of
rejection sampling deteriorates due to a growing
rejection rate. To mitigate this, we introduce a
patience parameter that limits the number of con-

strained steps. Once the patience threshold (e.g.,
100000) is exhausted, the algorithm relaxes the
balancing constraint and accepts datapoints uncon-
ditionally. This enables continued large-scale data
generation, though at the cost of increased diver-
gence DKL(U ||Q) from the uniform distribution.
Importantly, this relaxation applies only to category
balancing: the cascade length constraints remain
strictly enforced, and each generated program must
still achieve the target ground-truth cascade length
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Model Max Seq Len
First Code Block Last Code Block

Pass@1 Edit Sim Valid Rate Pass@1 Edit Sim Valid Rate

Codestral-22B 8192 0 31 81 0 31 81
Qwen2.5-32B-Instruct 8192 0 32 88 0 32 88
Qwen2.5Coder-32B-Instruct 8192 0 31 82 0 33 80
QwQ-32B 32768 5 63 94 5 63 94
Qwen/Qwen3-32B (with CoT) 32768 10 60 97 10 60 97
Qwen/Qwen3-32B 8192 5 60 79 5 60 79
Qwen3-30B-A3B 32768 5 9 97 5 9 97
DeepSeek-R1-Distill-Qwen-32B 32768 10 51 95 10 51 95
gpt-oss-20B (high) 32768 24 82 88 24 82 88
gpt-oss-120B (high) 32768 33 86 88 33 86 88
Qwen/Qwen3-Coder-30B-A3B-Instruct 8192 5 23 87 5 20 96

Table 13: Real SLI Performance: We evaluate all open source LLMs using the same metrics and prompts as
PBEBench-Lite. Each LLM is given 32 attempts to solve the 21 PBE instances and each instance contains 50
input-output examples.

Dataset r p

CLUTRR 0.6364 0.035287
SLR-Bench 0.8091 0.002559
PBEBench-Lite 0.8273 0.001677

Table 14: Benchmark Ranking Correlations: Spear-
man rank correlations between open-source model rank-
ings induced by inductive reasoning benchmarks and
real SLI performance. For PBEBench-Lite and real
SLI, rankings we use Pass@1 as the primary metric
with Edit_Sim as a tie breaker. For CLUTRR, Acc and
NNAcc are used, while for SLR-Bench, Acc and Partial
Score serve as the primary and tie-breaking metrics, re-
spectively.

and modify at least one example.
We visualize the efficiency of our data genera-

tion process for different values of the patience pa-
rameter τ—100,000; 250,000; 500,000; 750,000;
and 1,000,000—across cascade lengths 5, 10, 15,
20, and 25, annotating each point with the KL
divergence from the desired uniform distribution
over all 16 relation type categories. Points with
zero divergence (perfectly balanced distribution)
are marked in green, while others are marked in red.
The plots of efficiency versus patience for each cas-
cade length are shown in Fig. 13–17. In all plots,
the y-axis represents percentage efficiency (so 1
corresponds to 1% or 0.01). For cascade lengths 5
and 10, patience has little effect since perfect KL is
always achievable; variations reflect random fluc-
tuations across runs. For cascade lengths 15–25,
perfect KL is no longer guaranteed and patience
begins to influence efficiency. As expected, effi-
ciency generally decreases with higher patience

Figure 13: Efficiency vs Patience: Efficiency of the
rejection sampling process for generating ground truth
cascades of length 5 for various values of the patience
parameter. The KL divergence from the ideal balanced
distrbution is annotated per point with zero correspond-
ing to achieving a perfectly balanced distribution.

due to discarding more examples. For lengths 15
and 25, slightly lower KL can be achieved with
greater patience, while for length 20, KL remains
unchanged, indicating diminishing returns: higher
patience does not necessarily reduce divergence
from uniform distribution. These results motivate
selecting a reasonable, but not excessive, patience
value.
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Figure 14: Efficiency vs Patience: Efficiency of the
rejection sampling process for generating ground truth
cascades of length 10 for various values of the patience
parameter. The KL divergence from the ideal balanced
distrbution is annotated per point with zero correspond-
ing to achieving a perfectly balanced distribution.

Figure 15: Efficiency vs Patience: Efficiency of the
rejection sampling process for generating ground truth
cascades of length 15 for various values of the patience
parameter. The KL divergence from the ideal balanced
distrbution is annotated per point with zero correspond-
ing to achieving a perfectly balanced distribution.

Figure 16: Efficiency vs Patience: Efficiency of the
rejection sampling process for generating ground truth
cascades of length 20 for various values of the patience
parameter. The KL divergence from the ideal balanced
distrbution is annotated per point with zero correspond-
ing to achieving a perfectly balanced distribution.

Figure 17: Efficiency vs Patience: Efficiency of the
rejection sampling process for generating ground truth
cascades of length 25 for various values of the patience
parameter. The KL divergence from the ideal balanced
distrbution is annotated per point with zero correspond-
ing to achieving a perfectly balanced distribution.
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Program Ordering Prompt

You are solving a program ordering puzzle. Given input-output string pairs and a scrambled list
of string replacement programs, your goal is to determine the correct execution order.

## Background

Each program performs a Python string replacement: replace("A", "B") replaces all occurrences
of "A" with "B".

Why order matters:

• Feeding: One program creates substrings that another program can match.
Example: replace("a","bc") followed by replace("bc","x").

• Bleeding: One program removes substrings that another program would have matched.
Example: replace("ab","x") followed by replace("a","y").

## Your Task

**Inputs:** {inputs}

**Outputs:** {outputs}

**Scrambled Programs** (indices 0 to {n_minus_1}):
{programs_formatted}

Find the ordering [i0, i1, ..., i_{n_minus_1}] such that applying programs in that order
transforms each input to its corresponding output.

## Approach

1. Trace through what each program does

2. Identify potential feeding/bleeding interactions

3. Reason about which programs must come before others

4. Verify your ordering produces the expected outputs

## Output Format

Provide your final answer as a JSON array of indices:

```json
[i0, i1, i2, ...]
```

Your ordering must be a permutation of [0, 1, ..., {n_minus_1}].
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F.7 Factorial Analysis

We conduct a factorial analysis to answer the fol-
lowing questions:

F.7.1 Effect of Long Chain of Thought
Reasoning

We analyzed the effect of long chain-of-thought
(LCoT) reasoning by selecting three models where
it can be toggled on or off (Qwen3-32B, Claude-
3.7-Sonnet, and Claude-4-Sonnet) on PBEBench-
Lite (1008 instances) to evaluate its benefits. In-
dependent variables included model_id (Qwen,
Claude-3.7, or Claude-4), reasoning (LCoT en-
abled or not), cascade_len (ground-truth cas-
cade length), and the presence of BFCC rela-
tions: feeding, bleeding, counter-feeding,
and counter-bleeding. The dependent variable
was binary Pass@1 (passing) per instance.

We fit a binary logistic regression model
with model_id, reasoning, feeding, bleeding,
counter-feeding, and counter-bleeding as
nominal predictors, and cascade_len as a numeric
covariate. All pairwise interaction terms were in-
cluded. The Deviance goodness-of-fit test was non-
significant, χ2(6019) = 5398.5, p = 1.0, indi-
cating adequate model fit. The model explained
24.53% of the variance in passing (R2

adj). Wald
tests for main effects and significant interactions
are summarized in Table 15.

F.7.2 Analysis of Models of Varying
Capabilities

We analyzed what makes PBEBench-Lite in-
stances difficult for three representative mod-
els of different capabilities. Independent vari-
ables included cascade_len (ground-truth cas-
cade length) and the presence of BFCC rela-
tions: feeding, bleeding, counter-feeding,
and counter-bleeding. The dependent variable
was binary Pass@1 (passing). All models were fit
with binary logistic regression, including all pair-
wise interaction terms. Results are summarized
below.

Codestral-22B (weakest model). For Codestral-
22B, only the effect of cascade_len was signifi-
cant. Passing was less likely as the cascade length
increased. Other predictors showed no detectable
effects.

QwQ-32B (moderately good model). For
QwQ-32B, the model fit the data adequately,
χ2(996) = 1946.72, p = .129. The model ex-
plained 19.71% of variance (R2

adj). Wald tests are

summarized in Table 16. Cascade length, feeding,
and bleeding all significantly reduced the probabil-
ity of passing, while counter-feeding and counter-
bleeding showed no effects. An interaction re-
vealed that the joint presence of feeding and bleed-
ing was less detrimental than either alone.

GPT-5 (strongest model). For GPT-5, the
model fit the data adequately, χ2(996) = 982.16,
p = .617. The model explained 17.28% of vari-
ance (R2

adj). Wald tests are summarized in Table 18.
Cascade length, feeding, and bleeding significantly
reduced passing. Counter-feeding and counter-
bleeding had no main effects, but an interaction
showed that bleeding reduced passing only when
counter-bleeding was absent.

F.8 Logistic Regression Analysis
We conduct a logistic regression analysis on
gpt-oss-120b predictions on PBEBench for cas-
cades of length 2 to 20, on the following fac-
tors influencing difficulty: ground-truth cascade
length (cascade_len), the presence of BFCC re-
lations: feeding, bleeding, counter_feeding,
and counter_bleeding. The dependent variable
was binary Pass@1 (passing) per instance. The
logistic regression analysis reveals that all the ana-
lyzed factors have a statistically significant impact
on the success or passing, with feeding, counter
feeding, and cascade length having strong negative
effects, with cascade length having the strongest
impact. However, bleeding has a slight positive
effect, and counter-bleeding has a very weak neg-
ative effect. This indicates that the presence of
bleeding can make the problems easier to solve,
while counter bleeding only has a small effect on
increasing hardness.

F.9 Qualitative Analysis of Program
Reordering Performance

We present a qualitative analysis of reasoning strate-
gies employed by large language models on a pro-
gram reordering task grounded in phonological rule
ordering. Through examination of model responses
across systems with visible chain-of-thought, we
identify two distinct reasoning paradigms: (1)
template-based constraint reasoning that explic-
itly models feeding/bleeding interactions between
rules, and (2) exhaustive enumeration via brute-
force permutation testing with forward simula-
tion. Models employing constraint-based reason-
ing (e.g., Codestral-22B) correctly identify feeding
relationships but often derive incorrect ordering
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Term df χ2 p Interpretation

Total model 28 1027.68 .000 Deviance R^2 (adj) = 24.53%

cascade_len 1 415.35 .000
Passing is less likely as
cascade_len increases

model_id 2 128.02 .000
The two sonnet models have
a higher pass rate than Qwen

reasoning 1 18.70 .000
Reasoning models are more
likely to pass

feeding 1 15.69 .000
Feeding reduces probability
of passing

bleeding 1 36.10 .000
Bleeding reduces probability
of passing

counter-feeding 1 21.37 .000
Counter-feeding reduces
probability of passing

counter-bleeding 1 4.67 .031
Counter-bleeding increases
probability of passing

model_id × reasoning 2 189.59 .000

For reasoning models, Qwen
has a higher probability of
passing than the two Sonnet
models, which are not different
from each other. For
non-reasoning models, Claude 4
is better than Clause 3.7, which
is better than Qwen.

feeding × bleeding 1 33.17 .000

Adding either feeding or bleeding
reduces the probability of a pass,
but both together is better than
just feeding. Just bleeding is not
worse than having both and not
better than just feeding.

bleeding × counter-bleeding 1 30.86 .000
With counter-bleeding, bleeding
loses its effect on probability
of a pass.

Table 15: Reasoning Manipulation Analysis on PBEBench-Lite: Wald test results for main effects and significant
interactions in the logistic regression predicting passing.

constraints—stating “Program A feeds Program B”
but concluding A must precede B, the opposite of
correct inference. Meanwhile, enumeration-based
approaches (e.g., QwQ-32B, DeepSeek-R1) exhibit
combinatorial collapse as problem size increases:
response length grows from roughly 7,000 to about
28,000 characters while accuracy drops from nearly
90% to around 40% as the search space expands
from 2 to 120 permutations. Notably, models rarely
reference counterfeeding or counterbleeding de-
spite these interactions being critical to the hardest
instances. These findings reveal systematic gaps in
how LLMs translate domain knowledge into valid
constraint satisfaction and highlight the limitations

of brute-force search for combinatorial reasoning
tasks.

F.10 Confusion Matrices for Cascade Lengths

We analyze the length of model-predicted cascades
against the ground truth cascades to analyze if the
models tend to find more or fewer rules than the
ground truth cascade for both successful/passing
(Pass@1 = 1) and failure cases. The results on the
PBEBench-Lite dataset across all models for suc-
cessful cases are shown in Fig 19 and Fig. 20. The
plots reveal that for successful cases, the models
tend to largely find solutions of the correct length
for shorter cascades, but for longer ground truth
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Term df χ2 p Interpretation

Total model 11 197.43 .000 Deviance R^2 (adj) = 19.71%

cascade_len 1 114.54 .000
Passing is less likely as
cascade_len increases

feeding 1 5.74 .017
Feeding reduces the
probability of a pass

bleeding 1 7.37 .007
Bleeding reduces the
probability of a pass

counter-feeding 1 .22 .637 No effect
counter-bleeding 1 .47 .495 No effect

feeding × bleeding 1 10.03 .002

Though bleeding or feeding
alone reduce the probability
of a pass, if they are both
present, they do not.

Table 16: QwQ-32B Analysis on PBEBench-Lite: Wald test results for main effects and significant interactions in
the logistic regression predicting passing.

Term Coefficient Interpretation

cascade_length -0.521
Strongest predictor.
Longer = harder.

counterfeeding -0.291 Hardest relation.
counterbleeding -0.068 Moderate difficulty.

bleeding -0.034
Small negative
effect.

feeding -0.004 Negligible effect.

Table 17: Difficulty Analysis of PBEBench-Lite-
Perm: Logistic regression coefficients for factors af-
fecting the difficulty of program reordering and inter-
pretation of the values.

Figure 18: Pass@1 vs Max Completion Tokens (sam-
pling budget: 1): Variation of Pass@1 vs Max Comple-
tion Tokens for various reasoning modes ranging from
minimal, low, medium, to high.

cascades, they tend to find fewer solutions in gen-
eral, but can surprisingly find shorter solutions as
well. For failure scenarios, we note a bigger spread
and almost see more cases of the LLMs generat-
ing longer programs than the ground truth. This
might indicate that for the more complex cases,
the LLMs tend to overthink and end up generating
more complex cascades that don’t work. We also
see a large fraction of invalid programs, with this
fraction growing more and more for longer ground
truth cascades (more complex cases).

F.11 Confusion Matrices for BFCC Relations

We analyze the types of relations present in the
model-generated program cascades and compare
them against the ground truth relations and visual-
ize the results via confusion matrices. The results
are on the PBEBench-Lite dataset across all models
and separated by whether the model succeeds or
fails (based on Pass@1). We normalize each row
(fraction of predicted cases for each possible rela-
tion type for a given ground truth type) and show
the overall results for successful cases in Fig. 23
and failure cases in Fig. 24. While the per-model re-
sults for success cases and failure cases span from
Fig 25 to Fig 30. We also plot a simplified version
of the confusion matrix that looks at each relation
at a time and analyze true positives, false posi-
tives, false negatives and true negatives spearately
for each relation type for both passing (Fig. 21)
and non-passing cases (Fig. 22) aggregated across
all the models. These show an interesting pattern
where for successful cases for almost all relation
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Term df χ2 p Interpretation

Total model 11 158.16 .000 Deviance R^2 (adj) = 17.28%

cascade_len 1 63.76 .000
Passing is less likely as
cascade_len increases

feeding 1 9.48 .002
Feeding reduces the
probability of a pass

bleeding 1 4.95 .026
Bleeding reduces the
probability of a pass

counter-feeding 1 1.16 .282 No effect
counter-bleeding 1 .54 .464 No effect

bleeding × counter-bleeding 1 8.50 .004
Bleeding only reduces
probability of a pass if
counter-bleeding is not present

Table 18: GPT-5 Analysis on PBEBench-Lite: Wald test results for main effects and significant interactions in the
logistic regression predicting passing.

Term Coefficient p

intercept 2.152 0
feeding -0.254 4.77e-19
bleeding 0.134 2.92e-6
counter_feeding -0.176 6.27e-10
counter_bleeding -0.08 0.005
cascade_len -0.347 0

Table 19: Logistic Regression Difficulty Analysis of
gpt-oss-120b on PBEBench: Model predictions were
analyzed with a sampling budget of 32 and maximum se-
quence length of 16,384. Each attempt across the 1,216
instances was treated as a datapoint, yielding 38,912
datapoints in total.

types have relatively high false negative rates but it
is especially bad for feeding (72% false negatives)
and counter-feeding (62%) showing that even when
the models can solve cases with ground truth cas-
cades having these relation types they are highly
biased against generating them. Interetingly we
also see low false positives for the success/passing
cases which is consistent with the tendencies of
these models to try and not predict cascades that
incorporate BFCC relations and the false positive
rate is highest for feeding the hardest relation type.
Finally for failure cases we note that there is a
high false negative rate for every relation type rang-
ing between 75% to 80%, consistent with the fact
that the evaluated models try to avoid predicting
BFCC relations and perhaps for cases where they
are needed to find a correct solution, they fail to
find one.

Cascade
Length

Pass@1

First Code Block Last Code Block

2 1 1
3 1 1
4 0.9688 0.9688
5 1 1
6 0.9688 0.9688
7 0.9688 0.9688
8 0.9688 0.9688
9 0.8438 0.8438

10 0.8438 0.8438
11 0.875 0.875
12 0.7656 0.7656
13 0.6719 0.6719
14 0.4531 0.4531
15 0.5 0.5
16 0.3906 0.3906
17 0.2812 0.2812
18 0.1719 0.1719
19 0.0781 0.0781
20 0.0469 0.0469

Table 20: Performance across Cascade Lengths (gpt-
oss-120b): Variation of the performance of gpt-oss-
120b across cascades of length 2-20 with sampling bud-
get of 32 and max sequence length of 16384.

G Use of AI Assistants

We made limited use of AI assistants during
the preparation of this manuscript, primarily for
rephrasing, paraphrasing, and performing gram-
matical and stylistic checks. All technical content,
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Model First Code Block Last Code Block

Pass@1 Edit Sim Valid Rate Pass@1 Edit Sim Valid Rate

gpt-oss-20b ★■ 0.3958 0.4662 0.9748 0.3958 0.4662 0.9748
gpt-oss-120b ★■ 0.5542 0.7018 0.9211 0.5542 0.7018 0.9211

Table 21: PBEBench-Lite-MoreEg Performance: We compute the Pass@1 and edit similarity as the coarse and
fine-grained evaluation, respectively, for each model. ■- indicates mixture-of-experts (or MoE) model and ★-
indicates reasoning on for model.

Cascade Length Sampling Budget Pass@1

20

1 0.1543
2 0.2416
3 0.2974
4 0.3377

25

1 0.0547
2 0.0911
3 0.1172
4 0.1406

30

1 0.0117
2 0.0234
3 0.0351
4 0.0469

Table 22: Performance across Cascade Lengths (GPT-
5): Variation of the performance of GPT-5 across
cascades with sampling budget ranging from 1 to 4,
medium reasoning effort and 65536 max completion to-
kens (which includes both reasoning and output tokens).

analysis, and conclusions are solely those of the
authors.

Figure 19: Cascade Length Confusion Matrix for
Success (All Models PBEBench-Lite): Confusion ma-
trix showing the distribution of cascade lengths in the
model prediction vs ground truth. 0 length on the pre-
dicted side corresponds to cases where the model fails
to generate a valid cascade at all. The results are aver-
aged across all models on PBEBench-Lite, and failure
denotes Pass@1 = 0 with a sampling budget of 1.
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Sample Budget First Code Block Last Code Block

1 0.1543 0.1543
2 0.2416 0.2416
3 0.2974 0.2974
4 0.3377 0.3377
5 0.3694 0.3694
6 0.3956 0.3956
7 0.418 0.418
8 0.4375 0.4375

Table 23: Performance across sampling budget (GPT-5): Variation of the performance of GPT-5 with sampling
budget for cascade length of 20 for medium reasoning effort and 65536 max completion tokens.

Max
Completion
Tokens

Reasoning
Effort

Avg
Tokens
Used

Pass@1
Null

Responses (%)

Non null
Correct

Responses (%)

Non null
Incorrect

Responses (%)

512 minimal 194 0 0 0 100
1024 low 1024 0 100 0 0
2048 low 2046 0.0156 98.4 1.56 0
4096 low 3909 0.1719 72 17.19 10.81
4096 medium 4096 0 100 0 0
8192 low 5041 0.6094 3.1 60.94 35.96
8192 medium 7726 0.3906 61 39 0
16384 medium 9738 0.8125 4.7 81.25 14.05
16384 high 13358 0.6875 23 68.75 8.2
32768 high 14045 0.9219 0 92.19 7.81
65536 high 14549 0.9375 0 93.75 6.25

Table 24: Performance across reasoning efforts and max completion tokens (GPT-5): Variation of the perfor-
mance of GPT-5 with reasoning effort and max completion tokens for cascade length of 10, and sampling budget of
1.

Sampling
Budget

First Code Block Last Code Block
Nulls

Pass@1 Edit Sim Valid Rate Pass@1 Edit Sim Valid Rate

1 0.25 0.7084 0.9776 0.25 0.7084 0.9776 1
2 0.5 0.7931 0.9752 0.5 0.7931 0.9752 1
4 0.6094 0.9081 0.983 0.6094 0.9081 0.983 5
8 0.7344 0.9477 0.9588 0.7344 0.9477 0.9588 4
12 0.7812 0.9619 0.9684 0.7812 0.9619 0.9684 10
16 0.8281 0.9679 0.9706 0.8281 0.9679 0.9706 11
20 0.8594 0.9691 0.9788 0.8594 0.9691 0.9788 26
24 0.7969 0.9725 0.9638 0.7969 0.9725 0.9638 3
28 0.8438 0.9644 0.9797 0.8438 0.9644 0.9797 12
32 0.8438 0.9739 0.9806 0.8438 0.9739 0.9806 20
64 0.9062 0.9808 0.9855 0.9062 0.9808 0.9855 27

Table 25: Performance across sampling budget (gpt-oss-120b): gpt-oss-120b performance with sampling budget
for max sequence length of 16384 on the 64 PBEBench instances with ground-truth cascade length 10. The nulls
column counts cases (out of Sampling Budget× 32) where the chain of thought fails to terminate within the max
sequence length.
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Sampling
Budget

First Code Block Last Code Block
Nulls

Pass@1 Edit Sim Valid Rate Pass@1 Edit Sim Valid Rate

32 0.8438 0.9739 0.9806 0.8438 0.9739 0.9806 20
32 0.8594 0.9716 0.9814 0.8594 0.9716 0.9814 16
32 0.8281 0.9772 0.9745 0.8281 0.9772 0.9745 32

Table 26: Performance variance per run (gpt-oss-120b): We analyze the variance exhibited by gpt-oss-120b
across all the metrics for a given run. We conduct this experiment on the 64 instances corresponding to cascade
length 10 which is also used for all the scaling experiments and use a sampling budget of 32 and max sequence
length of 16384, the same parameters used for evaluation of gpt-oss-120b on PBEBench. The nulls column counts
cases (out of Sampling Budget × 32) where the chain of thought fails to terminate within the max sequence
length.

Max Seq
Length

First Code Block Last Code Block
Nulls

Pass@1 Edit Sim Valid Rate Pass@1 Edit Sim Valid Rate

2048 0 0.0141 1 0 0.0141 1 2043
3840 0.2812 0.5479 0.9717 0.2727 0.4099 1 1799
5632 0.625 0.8447 0.9724 0.625 0.8447 0.9724 1212
7424 0.7656 0.9473 0.9705 0.7656 0.9473 0.9705 607
9216 0.8594 0.9631 0.9875 0.8594 0.9631 0.9875 305
12800 0.875 0.9706 0.9788 0.875 0.9706 0.9788 80
14592 0.875 0.9748 0.9825 0.875 0.9748 0.9825 28
16384 0.8438 0.9739 0.9806 0.8438 0.9739 0.9806 20
32768 0.9219 0.9819 0.9838 0.9219 0.9819 0.9838 0
65536 0.9062 0.9755 0.9838 0.9062 0.9755 0.9838 0

Table 27: Performance across max sequence length (gpt-oss-120b): gpt-oss-120b performance with max sequence
length at sampling budget 32 on the 64 PBEBench instances with ground-truth cascade length 10. The null column
counts cases (out of 64× 32 = 2048) where the chain of thought fails to terminate within the sequence limit.
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Figure 20: Cascade Length Confusion Matrix for
Failure (All Models PBEBench-Lite): Confusion ma-
trix showing the distribution of cascade lengths in the
model prediction vs ground truth. 0 length on the pre-
dicted side corresponds to cases where the model fails
to generate a valid cascade at all. The results are aver-
aged across all models on PBEBench-Lite, and failure
denotes Pass@1 = 0 with a sampling budget of 1.

Figure 21: Simplified Relation Type Confusion Ma-
trix for Success (All Models PBEBench-Lite): Con-
fusion matrix showing the distribution of relation types
in the model prediction vs ground truth. INVALID cate-
gory indicates cases where the model fails to generate a
valid cascade at all. The results are averaged across all
models on PBEBench-Lite, and success denotes Pass@1
= 1 with a sampling budget of 1.

Figure 22: Simplified Relation Type Confusion Ma-
trix for Failure (All Models PBEBench-Lite): Confu-
sion matrix showing the distribution of relation types in
the model prediction vs ground truth. INVALID cate-
gory indicates cases where the model fails to generate a
valid cascade at all. The results are averaged across all
models on PBEBench-Lite, and failure denotes Pass@1
= 0 with a sampling budget of 1.

Figure 23: Relation Type Confusion Matrix for Suc-
cess (All Models PBEBench-Lite): Confusion matrix
showing the distribution of relation types in the model
prediction vs ground truth. INVALID category indicates
cases where the model fails to generate a valid cascade
at all. The results are averaged across all models on
PBEBench-Lite, and success denotes Pass@1 = 1 with
a sampling budget of 1.
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Figure 24: Relation Type Confusion Matrix for Fail-
ure (All Models PBEBench-Lite): Confusion matrix
showing the distribution of relation types in the model
prediction vs ground truth. INVALID category indicates
cases where the model fails to generate a valid cascade
at all. The results are averaged across all models on
PBEBench-Lite, and failure denotes Pass@1 = 0 with a
sampling budget of 1.

Figure 25: Relation Type Confusion Matrix for Suc-
cess (GPT-5 PBEBench-Lite): Confusion matrix show-
ing the distribution of relation types in the model pre-
diction vs ground truth. INVALID category indicates
cases where the model fails to generate a valid cascade
at all. The results are for GPT-5 on PBEBench-Lite, and
success denotes Pass@1 = 1 with a sampling budget of
1.

Figure 26: Relation Type Confusion Matrix for Fail-
ure (GPT-5 PBEBench-Lite): Confusion matrix show-
ing the distribution of relation types in the model pre-
diction vs ground truth. INVALID category indicates
cases where the model fails to generate a valid cascade
at all. The results are for GPT-5 on PBEBench-Lite, and
failure denotes Pass@1 = 0 with a sampling budget of
1.

Figure 27: Relation Type Confusion Matrix for Suc-
cess (gpt-oss-120b PBEBench-Lite): Confusion matrix
showing the distribution of relation types in the model
prediction vs ground truth. INVALID category indicates
cases where the model fails to generate a valid cascade
at all. The results are for gpt-oss-120b on PBEBench-
Lite, and success denotes Pass@1 = 1 with a sampling
budget of 1.
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Figure 28: Relation Type Confusion Matrix for Fail-
ure (gpt-oss-120b PBEBench-Lite): Confusion matrix
showing the distribution of relation types in the model
prediction vs ground truth. INVALID category indicates
cases where the model fails to generate a valid cascade
at all. The results are for gpt-oss-120b on PBEBench-
Lite, and failure denotes Pass@1 = 0 with a sampling
budget of 1.

Figure 29: Relation Type Confusion Matrix for Fail-
ure (gpt-oss-120b PBEBench-Lite): Confusion matrix
showing the distribution of relation types in the model
prediction vs ground truth. INVALID category indicates
cases where the model fails to generate a valid cascade
at all. The results are for gpt-oss-120b on PBEBench-
Lite, and failure denotes Pass@1 = 0 with a sampling
budget of 1.

Figure 30: Relation Type Confusion Matrix for Suc-
cess (gpt-oss-120b PBEBench-Lite): Confusion matrix
showing the distribution of relation types in the model
prediction vs ground truth. INVALID category indicates
cases where the model fails to generate a valid cascade
at all. The results are for gpt-oss-120b on PBEBench-
Lite, and success denotes Pass@1 = 1 with a sampling
budget of 1.
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