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Abstract

Self-training has emerged as a promising di-
rection for autonomously improving large lan-
guage models (LLMs). Existing approaches
typically adopt a generate-and-filter paradigm
based on rejection sampling, which could suf-
fer from inefficiency and low-quality reasoning
paths. Towards this end, this paper proposes
a novel framework named Geometric Data
Selection with Strategic Prospecting (GALA) for
LLM self-training. The core of our GALA is to
identify diverse and informative samples from
redundant data and exploit them more strate-
gically. In particular, our proposed GALA first
conducts clustering on latent sentence embed-
dings and then selects an anchor sample from
each cluster based on the geometric distance
to reduce data redundancy. To further exploit
these samples, we conduct strategic brainstorm-
ing and reflection for high-quality reasoning
trajectory prospecting. In addition, we intro-
duce a lightweight dynamic validation module
to validate the reliability of mini-batches to en-
sure the overall quality of the data. Extensive
experiments on various benchmarks validate
the effectiveness of the proposed GALA against
several competing baselines.

1 Introduction

The capacity for self-improvement is a crucial
frontier in the evolution of large language models
(LLMSs) (Zhang et al., 2025a; Kumar et al., 2025),
promising a path toward autonomous systems (Liu
et al., 2023) that can enhance their capabilities with
minimal human oversight. By requesting mod-
els to generate their own training data (Rosenberg
et al., 2005; Luo et al., 2023, 2024),self-training
has proven particularly effective in domains with
verifiable outcomes, e.g., mathematical reasoning,
where the correctness of a solution provides a clear
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signal for reinforcement. With numerous generated
solutions and selectively training on the successful
ones, LL.Ms can iteratively refine their problem-
solving skills and reasoning abilities.

Currently, data selection and active learn-
ing (Sener and Savarese, 2017; Nguyen et al.,
2022) approaches have been extended to LLM self-
training (Xiao et al., 2026; Su et al., 2026; Sun
et al., 2025a). These approaches usually rely on an
automatic data generating process. For example,
LIMO (Ye et al., 2025; Li et al., 2025) develops a
high-quality dataset to improve the data efficiency
of LLM post-training. However, these approaches
typically focus on static dataset design, which ne-
glects the dynamic nature of LLM self-training.
Towards this end, an effective framework that can
generate a high-quality data stream for LLM self-
training is highly anticipated.

The majority of approaches in this line follow
a generate-and-filter paradigm, which is often im-
plemented via rejection sampling (Zelikman et al.,
2022; Singh et al., 2023; Luong et al., 2024). To
be specific, given a question, we require LLMs to
generate a range of reasoning paths, and then re-
tain only those that match the ground-truth answer.
However, these approaches would generate seman-
tically equivalent paths with binary reward signals,
resulting in diminishing returns during LLM self-
evolution (Du et al., 2024; Zhu et al., 2025). In
addition, the generated correct solution could col-
lapse with a limited number of dominant patterns,
implying the lack of path diversity and instructional
depth expected during post-training. Furthermore,
the current data selection paradigm usually relies
on offline evaluation (Wang et al., 2022; Singh
et al., 2023), which could be out-of-date during the
post-training process.

To address these challenges, we propose a new
approach named GALA, which adopts a "curate-
smarter” paradigm to enhance LLM self-training.
The core idea of our proposed GALA is to introduce
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a holistic pipeline where three important stages
are integrated to handle the aforementioned bottle-
necks. In particular, GALA first introduces princi-
pled geometric subset selection, which optimizes
both redundancy and diversity to enhance data ef-
ficiency of LLM self-training. In addition, GALA
enhances instructional depth and strategic variety
during solution generation, which maximizes the
utility of limited samples. Finally, we introduce a
lightweight dynamic validation filter, which further
mitigates potential noise with fine-grained feed-
back. Our experimental results on the benchmark
datasets validate that our GALA can achieve compet-
ing performance with much higher data efficiency.

In sumary, our contributions can be summarized
as follows:

® We propose an approach named GALA, which
explores geometric relationships in the hidden
space using clustering and anchoring to optimize
the redundancy for LLM self-training.

@ Our GALA utilizes a "curate-smarter” paradigm,
which combines strategy brainstorming with re-
flection to make the best of selected samples.

® Extensive experiments on multiple benchmarks
show that (1) our GALA can achieve accuracy com-
parable to full-data baselines; and (2) our GALA
completes self-training over much fewer training
samples, validating its strong data-efficiency.

2 Problem Setup and Motivation

Let pg be a large language model (LLM) parameter-
ized by 6. Our goal is to enhance the mathematical
reasoning capabilities of py through an iterative
self-training process. We begin with a seed dataset
Dseed = {(7i,y:)}},, where each z; is a mathe-
matical problem and y; is its corresponding ground
truth final answer. The objective is to enable the
model to generate a correct intermediate reasoning
path r; that logically connects z; to y;.

2.1 The Naive Self-Training Loop

Standard self-training approaches (Zelikman et al.,
2022; Singh et al., 2023; Luong et al., 2024) are
typically based on rejection sampling, which fol-
lows a straightforward generate-and-filter proce-
dure. This process can be considered as the naive
self-training loop, which serves as our baseline.
In particular, we start from a candidate generation
process, where for each problem x; € Dgeeq, the
model py is prompted to generate a large set of K

candidate reasoning paths denoted as R;:

R; = {f@k}f:l, where

ik ~ po(- | T3).
ey
Then, in the verification and filtering stage, each
generated path 7; ;. is evaluated by a verification
function V(7,y) € {0,1}. The function returns
1 if the path successfully yields the ground truth
answer y. All correctly verified paths are then

collected to form a new training dataset Dipip:

Dirain = {(sz‘, i) |(Zi,¥i) € Dsceds

Tik € Riy V(Fig, yi) = 1}-
)

Finally, the parameters of the model are updated
through fine-tuning, which involves performing su-
pervised fine-tuning (SFT) on the collected dataset
Dirain- This is achieved by minimizing the negative
log-likelihood loss:

Hnew <— arg mGiDESFT(‘9§ Dtrain)a

where  Lspr = — E(y, 1)y 08 Po (7 | 2)]-

3)

This loop is repeated iteratively in self-training by
using the updated model 6,y for the next step.

2.2 Core Challenges: Redundancy and Lack
of Diversity

Note that the naive self-training loop is highly in-
efficient and often results in a suboptimal train-
ing dataset (Du et al., 2024; Zhu et al., 2025)
due to two primary shortcomings as follows. Let
E : s — e € R? be a function that maps any
sample sentence s to a semantic vector embedding
e.

Data Redundancy. The original generation pro-
cess often produces a range of reasoning paths that
are syntactically different but semantically equiva-
lent (Wang et al., 2026). We define the redundancy
of a dataset D as the average pairwise cosine simi-
larity of the sample embeddings:

I(D) & s T ol Bl
i#]

“)
Intuitively, a high redundancy 7 (D) indicates that
the dataset contains similar logic in different words,
which leads to inefficiency and redundancy during
self-training.
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Figure 1: An overview of our data-efficient self-training framework GALA. The framework engineers a high-
quality training set from a large raw dataset via a three-stage pipeline: (1) Efficient Subset Selection, where
a geometric subset selection method identifies a diverse, non-redundant core set. (2) Strategic Trajectory Ex-
ploration, where strategic augmentation enhances the core set with high-quality reasoning paths. (3) Dynamic
Validation, where a lightweight dynamic filter ensures the integrity of the final training data.

Lack of Strategic Diversity and Instructional
Depth. Existing methods utilize the ground truth
answers for filtering, which does not guarantee a
strategically diverse dataset (Zelikman et al., 2022;
Sachdeva et al., 2024). In this case, the model may
learn to solve problems using only a few dominant
reasoning patterns. To quantify and enhance the di-
versity of a dataset D, we utilize a metric based on
the generalized variance of its embeddings, which
measures the volume occupied by sample sentences
in the semantic space. Specifically, the diversity
score H (D) is measured using the stabilized log-
determinant of the covariance matrix (Peng et al.,
2015):

H(D) = Indet (Cov({E(s) | s € D}) + €I),

(&)
where €l is a small ridge term ensuring positive-
definiteness. The underlying rationale for this
metric is geometric. In particular, this determi-
nant is proportional to the squared volume of the
parallelepiped spanned by the embedding vectors.
Maximizing H (D) forces the selection of samples
that are dissimilar to one another. If two samples
become collinear, the spanned volume collapses,
and the metric penalizes the set. To further en-
hance numerical robustness, all embeddings are
unit-normalized prior to computation, mitigating
sensitivity to absolute scale.

Note that H (D) addresses geometric redundancy
and we separately handle the qualitative issue of
instructional depth, where solutions are correct but
superficial. As this requires semantic refinement

rather than geometric selection, it is primarily tack-
led in our exploration module (Section 3.3).

Directly maximizing #(D) via determinantal
point processes (DPPs) incurs O(n3 ) cost (Kulesza
and Taskar, 2012). Therefore, we leverage the
Law of Total Variance to obtain an efficient ap-
proximation. For any partition of the data into
C clusters, the total covariance decomposes as
Yiotal = 2w + 2, where Xy and X g denote
the within- and between-cluster covariance, respec-
tively. Since K-Means minimizes tr(Xyy), it im-
plicitly maximizes tr(Xpg) for a fixed Xioa. By
selecting anchor points that approximate these clus-
ter centroids, our subset typically inherits this opti-
mized between-cluster dispersion, thereby approx-
imately optimizing det(Cov) and thus H (D). We
would like to utilize this motivation to design our
GALA.

3 The Proposed GALA

3.1 Framework Overview

To address the core challenges of data inefficiency
and quality degradation inherent in naive self-
training, we propose a novel self-training approach
named GALA, which replaces the standard fine-
tuning loop with a holistic pipeline. Instead of
training on a pre-filtered dataset (Li et al., 2025;
Xiao et al., 2026), the proposed GALA integrates
data curation directly into the training process. In
particular, we design a three-stage procedure that
dynamically generates an optimal data distribution
for the parameter updating. The algorithm first
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selects a core set of high-impact training samples,
then expands this set by exploring and synthesiz-
ing new reasoning trajectories, and finally monitors
the resulting mini-batches in real-time before ap-
plying the gradient update. This unified pipeline
ensures that the learning process is accompanied
by a high-quality data stream.

3.2 Establishing the Strategic Scaffold
(Geometric Selection)

The primary challenge in LLM self-training is iden-
tifying a compact and strategically diverse sub-
set (Sener and Savarese, 2017; Allen-Zhu and Li,
2023) of samples from a large yet redundant pool.
To solve this, we introduce a subset selection frame-
work to identify a subset of samples whose seman-
tic embeddings are maximally spread out. This en-
sures that subsequent gradient updates are informed
by diverse reasoning strategies, optimizing (D)
as defined in Equation 5. To solve this efficiently
within the training loop, we employ a clustering-
based module, which identifies distinct clusters of
reasoning strategies (Luo et al., 2025; Lin et al.,
2025b; Li et al., 2026; Zhao et al., 2025) and se-
lects a high-quality example from each to represent
the primary directions for LLM self-training.

Identifying Semantic Directions via Clustering.
Here, we transform each sample along with the
generated reasoning paths into a vector represen-
tation using an embedding function E(-), i.e., the
all-mpnet-base-v2 sentence-transformer (Reimers
and Gurevych, 2019). When it comes to large-scale
datasets, our module acts as an efficient selection
strategy, which can reduce the calculation complex-
ity. We then apply a standard clustering algorithm
(e.g., K-Means) to partition the embeddings into C
distinct clusters. This acts as a powerful heuristic
to identify diverse groups of learning signals. By
selecting one representative from each spatially
distinct cluster, we ensure the samples guiding
the model update are not semantically redundant,
which facilitates a high-diversity parameter update
measured by H.

Selecting Valid Representatives via Anchor
Points. Centroids (e;) represent the average in-
tent of a cluster but are synthetic vectors with no
textual semantics. Intuitively, training on a cen-
troid would be like trying to learn from a blurry
average of different math solutions. Instead, GALA
selects the anchor point, i.e., the real data point em-
bedding e} within the cluster that is closest to the

centroid (Diaz-Rodriguez, 2025). This selection is
formalized as:

*

ej = arg min [lex — &2,
1 6
where éj:—Ze. ©)
|Sjl

This ensures the model learns from human-readable
logic while still capturing the core strategic direc-
tion of the cluster. In summary, our procedure is
guided by the efficient max-volume approximation
derived in Section 2.2, outputing the selected sub-
set Dijeer guided by both redundancy optimization
(J) and diversity optimization (H).

3.3 Strategic Trajectory Exploration

While the selected sample set Dgyer is diverse, its
limited size may lead to insufficient guidance. To
enrich the learning signal, GALA shifts from passive
selection to active exploration (Nayab et al., 2024;
Yang et al., 2025; Lu et al., 2024), enhancing each
anchor point for high-quality reasoning. Intuitively,
this module focuses on enhanced reasoning with
the diversity of strategies and instructional depth.

Strategy Brainstorming. To encourage explo-
ration of the solution space, we first prompt the
LLM to act as an expert and brainstorm several so-
lution strategies for a given problem (Chang and Li,
2025; Chen et al., 2025). For each proposed strat-
egy, our model would generate a full step-by-step
solution. For instance, in the Melinda dice problem,
LLMs would conduct structured set-based reason-
ing via the Principle of Inclusion-Exclusion. We
also include prompts to ensure the quality of solu-
tions. Finally, each generated path is strategically
unique and serves as a high-quality supervision
signal.

Reflection. To mitigate the error propagation in
self-training (Pan et al., 2023; Yang et al., 2024),
we utilize a reflection mechanism (Agrawal et al.,
2025). Here, the input is several potentially noisy
solutions, and our reflection module aims to distill
the underlying logic and then regenerate a final so-
lution. Through this process, we effectively correct
common failure modes such as incomplete case-
work. For example, the LLM might initially fail by
ignoring reverse dice rolls (e.g., counting (1,2) but
missing (2,1)) in certain problem. Through our re-
flection mechanism, our proposed GALA identifies
this logical gap and generates an enhanced rea-
soning path that explicitly handles different rolls,
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Figure 2: An illustration of strategic trajectory exploration and batch gating in our GALA framework. Given a
selected question from the filtered set, we first utilize strategy brainstorming to generate multiple solutions. These
potentially noisy solutions then go through an ensemble reflection process to distill the correct underlying logic
and regenerate a new higher-quality enhanced solution. Finally, the generated and enhanced reasoning paths are
dynamically evaluated by the quality scoring function Q(r), which combines a plausibility score and a heuristic

score to effectively filter out flawed logic and incomplete

ensuring the depth and clarity of the reasoning pro-
cess.

The resulting set D,,; makes up a strategically
dense training corpus where each problem is
supported by multiple deeply-reasoned trajectories.
To ensure only high-quality data reaches the
gradient update, D,y is passed to the Dynamic
Batch Gating module described next.

3.4 Dynamic Batch Gating and Fine-tuning

In this module, we aim to address the challenge of
inefficient validation by integrating a quality con-
trol mechanism (Pan et al., 2025) directly into the
fine-tuning process. This module replaces the con-
ventional offline evaluation with a real-time mini-
batch gating mechanism that provides immediate
feedback. This gating mechanism ensures that the
gradient update of parameters is calculated only on
high-utility data, preventing parameter corruption
from low-quality or noisy synthetic data generated
in the exploration module.

The gating mechanism is controlled by a quality
scoring function, i.e., Q(r), which is a composite
score balancing heuristic signals with model-based

structures.

evaluation:
Q(r) = wp - Sp(r) + (1 —wp) - Sp(r), (D)

where wy, € [0, 1] is a weighting hyperparameter.
The two-component score include the following:
Heuristic Score (S, (7)): A lightweight function
that evaluates intrinsic properties (Jennings et al.,
2024) of a reasoning path (e.g., length, presence of
refusal phrases, numerical stability) without model
inference.

Plausibility Score (S, ()): The log-probability of
the reasoning path r assigned by the current state
of the model (the teacher model for this iteration).
Intuitively, S, (r) acts as a sanity check. In detail,
if a reasoning path is nonsensical, the model’s own
internal probability for those tokens will be low,
even if the final answer is correct. Through this, we
prevent the model from learning flawed shortcuts
that do not generalize. (Baral et al., 2009; Zhou
et al., 2025).

This composite score allows for a robust real-
time assessment of each sample. During training,
the augmented data D, is partitioned into mini-
batches {B1,Ba,...,By}. The algorithm only
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Table 1: Performance comparison in terms of accuracy (%) on the GSM8K, MATH, MMLU-PRO(MATH) and
ASDIV datasets. The best results under SFT and DPO are shown in bold. Strong increase (> 0.5%) over baselines
are underlined. Overall performance is averaged on test benchmarks.

Setting LLaMA-3.2-1B LLaMA-3.1-8B

GSMS8K (%) MATH(%) MMLU-PRO(%) ASDIV(%) AVG(%) GSM8K(%) MATH(%) MMLU-PRO(%) ASDIV(%) AVG(%)
Default 40.0 19.9 9.1 54.5 309 | 842 40.0 49.4 81.1 63.7
SFT
Full Data 49.1 24.0 10.5 55.8 34.9 84.6 403 49.7 82.6 64.3
+Random Sampling 49,001 18.197 10,4101 53.2120 327422 84.3103 39.7100 493104 80.3173 63.4109
+Uncertainty Sampling |  49.20 18.61°4 9.4111 524134 324129 842104 40.0'03 49.6'01 81.4112 63.8109
+GALA (Ours) 49.5104 245105 10.6/" 55.610 35.1102 847101 406103 50609 833107 64.8105
+EAST 4927101 242102 10.7102 56.0102 35.0101 84.4102 40.3 49,8101 82.8102 64.3
+EAST+GALA (Ours) 49,4103 244104 1109 56.2104 35.3104 84.6 40.7104 50912 83.5'09 64.9100
DPO
Full Data 49.0 20.1 10.6 53.5 333 84.4 41.0 49.7 81.4 64.1
+Random Sampling 48.8102 18.4+17 11.2100 543108 330101 83.2112 40.110 485112 80.8+0 63.209
+Uncertainty Sampling |~ 48.7/07 18.1420 10.5401 53,1404 32.6'07 84,5101 39.9411 482419 80.80:0 63.4407
+GALA (Ours) 49.1701 20.2101 11.3107 54,3108 337104 84.7103 40.9'01 49,8101 82.0'0¢ 64.4103
+EAST 48.8/02 20.3102 10.8102 53.8103 334101 84.4 41,1701 498101 81.5101 64.2101
+EAST+GALA (Ours) 49.0 20.5"0¢ 114108 544100 33.8109 847103 41.2102 49,9102 822108 64.5104

proceeds with the gradient computation and param-
eter update for a given mini-batch B; if it passes
the quality gate as:

V‘j YR =r ®

reB;

Update with B; if

This dynamic gating process is computationally
efficient and effectively prevents harmful data from
degrading the performance. The final parameter up-
date for our GALA includes minimizing the loss ob-
jective only on the union of accepted mini-batches,
ie., D;;,. We also implement DPO (Rafailov et al.,
2023) in our experiments.

4 Experiments

To rigorously evaluate the efficacy of our proposed
GALA, we conduct a comprehensive set of experi-
ments to evaluate assess its performance and data
efficiency. We compare our proposed GALA against
a range of competing baselines on standard math-
ematical reasoning benchmarks. Furthermore, we
perform detailed ablation studies to measure the
contribution of each component in our pipeline and
analyze our data generated by the proposed GALA.

4.1 Experimental Setup

Models. We evaluate our proposed GALA on two
representative open-source large language models
from the Llama family (Dubey et al., 2024): Llama-
3.1-8B-Instruct and Llama-3.2-1B-Instruct.

Datasets. We adopt several widely used
mathematical reasoning benchmarks includ-
ing GSMS8K (Cobbe et al.,, 2021), MATH

dataset (Hendrycks et al., 2021), MMLU-Pro-
MATH (Wang et al., 2024) and ASDiv (Miao et al.,

2020) for self-training and validation. Their details
can be found in the Appendix.

Baselines. We compare our proposed approach
GALA, against three series of baselines to demon-
strate its effectiveness: (1) a full-data reference
baseline, which involves fine-tuning on the entire
set of verified generated reasoning paths (Diin) as
described in Section 2.1; (2) data selection base-
lines, including Random Sampling, a classic active
learning strategy via Uncertainty Sampling (select-
ing data with the lowest model probability; Nguyen
et al., 2022; Liu and Li, 2023), and a heuristic-
based pipeline from NeMo Curator (Jennings et al.,
2024); and (3) a state-of-the-art data weighting
baseline EAST (Wang et al., 2025b).

Implementation Details. All models are trained
using the AdamW optimizer with bf16 precision for
computational efficiency. For the larger Liama-3.1-
8B-Instruct model, we employ the popular Low-
Rank Adaptation (LoRA) (Hu et al., 2022) to make
fine-tuning more memory-efficient. All experi-
ments are conducted on 4x NVIDIA A800. The
initial data generation template follows the pipeline
of EAST (Wang et al., 2025b). To ensure statisti-
cal robustness, we report the mean accuracy over
three separate runs, each using a different random
seed. In practice, we determine 7 by running a
pilot evaluation on each dataset and setting it to the
median quality score of the samples to provides a
dataset-adaptive threshold.

4.2 Performance Comparison

The compared performance of different approaches
on the benchmark datasets can be found in Table 1.
From the results, we have the following observa-
tion. Firstly, our proposed GALA greatly improves
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Table 2: Ablation study (SFT Results) on the GSM8K
and MATH test set using Llama-3.1-8B.

Configuration GSMS8K (%) MATH (%)
GALA (Full Pipeline) 84.7 40.6
GALA w/o Clustering 84.4103 40.5°01
GALA w/o Augmentation 84304 39.6+10
GALA w/o Validation 84.3104 39.8408

data efficiency while maintaining competitive ac-
curacy. In particular, for Llama-3.1-8B on SFT,
GALA essentially matches the accuracy of the Full
Data baseline while using much less training data.
Secondly, when reducing the sample size using
random sampling and uncertainty sampling, the
performance on the benchmark would generally
drop, validating that data is the core of LLM post-
training. Thirdly, we can observe that our proposed
GALA outperforms a range of competing baselines
such as random sampling and uncertainty sampling
with the same sample size, which validates the
superiority of our proposed GALA. The potential
reason is that our strategy trajectory exploration
module can make the best of the limited samples
with high-quality reasoning paths.

Table 3: Ablation study (DPO Results) on the GSM8K
and MATH test set using Llama-3.1-8B.

Configuration GSMS8K (%) MATH (%)
GALA (Full Pipeline) 84.7 40.9
GALA w/o Clustering 84.510° 40,5104
GALA w/o Augmentation 84.3404 40.1408
GALA w/o Validation 84.5102 40.2407

4.3 Ablation Studies

To validate the contribution of different compo-
nents within the proposed GALA, we then include
extensive ablation studies. In particular, we system-
atically remove one component at a time and ob-
serve the impact on final performance. The model
variants include (1) GALA w/o Clustering, which
removes the clustering process and anchor point
selection; (2) GALA w/o Augmentation, which re-
moves the strategy brainstorming and reflection;
and (3) GALA w/o Validation, which removes the
final real-time quality gate.

The results can be found in Table 2 and Ta-
ble 3. From the results, we have the following
observations as follows. First, GALA w/o Clustering
performs worse than the full model, which vali-
dates the superiority of our clustering-based selec-
tion. Second, our full model outperforms GALA w/o

Table 4: The compared clarity in different methods.

Methods Teacher Clarity Score (1-5)
Llama-3.1-8B-Instruct 4.5
+ GALA (SFT) 4.7
+ GALA (DPO) 4.8

Augmentation, which demonstrates the effective-
ness of our strategic trajectory exploration module.
Thirdly, removing our real-time quality gate would
result in a decrease in performance, which validates
that our gating mechanism to mitigate the potential
low-quality data for better performance.

4.4 Further Analysis

Here, we provide further evidence ana analysis to
support our claims regarding our module design.

» Efficiency Analysis. In the context of self-
training, each selected sample for self-training
can be considered labeled data. Therefore, GALA
demonstrates superior label efficiency with limited
data. To validate this, we report the accuracy and
number of training samples in Figure 3. From the
results, we can observe that our proposed GALA
reaches competing performance with a fraction of
the data required by the full-data baseline. In par-
ticular, our proposed GALA achieves a target per-
formance level with a dataset of a very limited
number of samples, whereas the naive baseline
requires fine-tuning on the full set of samples to
approach similar performance, indicating a huge
improvement in label efficiency.

» Data Quality Analysis. In this part, we study
the data clarity of different methods. The compared
results can be found in Table 4. From the results,
we can observe that our proposed GALA produces
better solutions with higher clarity scores compared
with the baseline.

» Data Diversity Analysis. Our strategy brain-
storming module uses Strategy Brainstorming to
ensure each solution path is strategically unique.
We aim to validate the effectiveness of this strat-
egy. The evaluation is performed across different
datasets. For each problem, the model generates 12
outputs, and the final score is the average of the per-
problem Self-BLEU (Zhu et al., 2018) scores. We
report the results in Table 5. From the results, we
can observe that the synthetic data curated by GALA
exhibits a significantly lower score in SELF-BLEU
compared to Naive QA synthetic (Lewis et al.,
2021) and Paraphrase (Allen-Zhu and Li, 2023).
This confirms that our strategy successfully gener-
ates a diverse dataset to facilitate post-training.
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set. Our GALA demonstrates competitive performance with fewer samples compared to both baselines.

Table 5: Evaluation of output diversity using the Self-
BLEU score on synthetic data using Llama-3.1-8B. A
lower Self-BLEU score indicates better diversity.

Self-BLEU (Lower is better)

Lt MATH GSMS8K MMLU-PRO-MATH
Naive QA (Baseline) 0.72 0.77 0.69
Paraphrase 0.74 0.82 0.73
GALA (Ours) 0.67 074 0.63

5 Related Work

5.1 Self-Instruct Large Language Models

LLM self-training has become a popular direc-
tion for enhancing model capabilities. Recent
work (Wang et al., 2022) demonstrates that a model
could use its own generations filtered by certain
criteria to enhance its instruction following abili-
ties (Mondorf and Plank, 2024; Truhn et al., 2023;
Mirzadeh et al., 2024). One line to solve the prob-
lem is to generate positive examples that match
the ground truth for fine-tuning. (Zelikman et al.,
2022; Singh et al., 2023; Luong et al., 2024). In
addition, several works incorporate negative sam-
ples (Sun et al., 2024; Saeidi et al., 2024; Zhong
et al., 2024; Ivison et al., 2024) and meta reinforce-
ment learning (Qu et al., 2025; Sun et al., 2025b;
Zuo et al., 2025) into the fine-tuning process. In
this work, we propose a new approach named GALA
for LLM self-training.

5.2 Data-Efficient LLM Training

Data-efficient LLM training has received extensive
attention recently due to its ability to handle se-
rious data challenges (Ye et al., 2025; Li et al.,
2025). Several works have shown that the quality
of the training data is critical to the performance of
LLMs (Liet al., 2024; Sachdeva et al., 2024; Zhang
et al., 2025b). Furthermore, a range of researchers
have extended data selection approaches (Sener
and Savarese, 2017; Nguyen et al., 2022; Xia et al.,
2025) into solving supervised fine-tuning and rein-
forcement learning (Freitas and Curry, 2016; Lam-
bert et al., 2024; Seedat et al., 2024; Zhang et al.,
2026; Lin et al., 2025a; Ding et al., 2024; Wang
et al., 2025b). On this basis, test-time reinforce-
ment learning aims to make the best of unlabeled
data for unsupervised learning, which saves the bur-
dens of human annotation (Wang et al., 2025a; Zuo
et al., 2025). In comparison to these works, our
proposed GALA combines geometric data selection
with strategic prospecting, which achieves compet-
ing performance with limited training samples.

6 Conclusion

In this work, we introduce GALA for LLM self-
training. Our GALA aims to address the critical
challenges of data redundancy and low strategic
diversity in self-training methods for LLMs. Our
experiments on various benchmarks demonstrate
that GALA achieves superior performance while sig-
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nificantly improving data efficiency compared to
standard baselines. In future work, we aim to ex-
tend our proposed GALA to more real-world applica-
tions, such as medical and geographic foundation
models.

Limitations

Despite the promising efficiency and performance
gains, one limitation of our work is our data en-
hancement strategy. In particular, our data enhance-
ment strategy still risks introducing noise through
brainstorming. Concurrently, our mini-batch vali-
dation can be noisy. Future work should focus on
guiding reasoning depth using a reward model to
further improve LLM self-training.
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A Training Dataset Details

We used widely used mathematical reasoning
benchmarks such as for training and validation.

* MATH (Hendrycks et al., 2021): This dataset
contains 12,500 competition-level problems
from sources such as AMC and AIME, span-
ning seven mathematical subjects and five dif-
ficulty levels. We use the full training set and
test set for training and evaluation.

* GSMSK (Cobbe et al., 2021): GSMSK is
a dataset of 8,500 grade-school math word
questions collected by human problem writers.
We use the full training set and test set for
training and evaluation.

* MMLU-Pro-MATH (Wang et al., 2024):
MMLU-Pro-MATH is the math subset of
MMLU-Pro dataset for data enhancement.
MMLU-Pro dataset features 12,000 complex
questions spanning various disciplines, includ-
ing 1,356 mathematical problems. We ran-
domly sample 400 problems for training and
use the rest for evaluation.

* ASDiv (Miao et al., 2020): ASDiv dataset
features 2,305 complex mathematical ques-
tions. We randomly sample 230 problems for
training and use the rest for evaluation.

B Prompt Examples

This appendix provides concrete examples of the
prompt templates used for the data augmentation
strategies described in Section 3.3 and Teacher
Clarity Score Prompt.
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Prompt Example for Multi-Strategy Solution Generation

Part A: Strategy Brainstorming Prompt

Instruction:

You are a creative and experienced mathematics teacher. For the problem below, your task is to first brainstorm diverse reasonable strategies for solving it.
Do NOT solve the problem yet. For each strategy, provide a name and a brief description of its core logic.

Problem:

{{problem_text}}

Part B: Guided Demonstration Prompt (using one of the brainstormed strategies)

Instruction:

You are a helpful Al assistant. Please solve the problem below by strictly following the specific strategy provided. Show your reasoning and calculations
step-by-step.

Problem:

{{problem_text}}

Strategy to use:

{{strategy_text}}

Prompt Example for Reflective Enhancement

Part A: Ensemble Reflection Prompt

Instruction:

You are a logical analyst. Below are three different attempts to solve the same problem. Some may contain errors or be inefficient. Your task is to analyze
all three, identify the most effective and correct logical steps, and produce a concise summary of the optimal solution strategy. Do not solve the problem
yet.

Problem:

{{problem_text}}

Solution Attempt 1:

{{solution_1_text}}

Solution Attempt 2:

{{solution_2_text}}

Solution Attempt 3:

{{solution_3_text}}

Your Summary of the Core Logic:

Part B: Guided Regeneration Prompt

Instruction:

Now, using only the "Core Logic" you just summarized, provide the final, correct, and clear step-by-step solution to the problem.
Problem:

{{problem_text}}

Core Logic Summary:

{{summary_from_part_a}}

Final Enhanced Solution:

Evaluation Prompt: Teacher Clarity Score (1.0-5.0 with Decimals)

Role:

You are a Senior Pedagogical Consultant and Mathematics Educator. Your task is to perform a fine-grained, blind evaluation of the "Teacher Clarity" of a
provided solution for a Grade School Math problem.

Instruction:

Evaluate the pedagogical effectiveness of the solution. You are required to provide a decimal score to capture subtle differences in clarity. Assess the
solution based on three weighted dimensions: (1) Logical Scaffolding (40%): The flow and transition between steps. (2) Explanatory Depth (40%):
The clarity of the "why" behind each calculation. (3) Accessibility (20%): Use of student-friendly language and intuitive framing.

Scoring Anchors (Reference Levels):

1.0 (Very Poor): Fragments of logic; mathematically misleading; no pedagogical value.

2.0 (Poor): A raw list of numbers/operations with minimal context; high cognitive load.

3.0 (Acceptable): Technically sound step-by-step solution; functional but mechanical.

4.0 (Good): Clear structure with purposeful explanations and transitional phrasing.

5.0 (Masterful): Flawless pedagogical flow; anticipates confusion; exceptionally intuitive.
Decimal Scoring Logic:

Start from an integer anchor and adjust by 4-0.1 to 0.9 based on minor strengths or weaknesses.

Required Output Format:
[Teacher Clarity Score]: <A decimal value between 1.0 and 5.0>

Problem:
{{problem_text}}
. J
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