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Abstract

Low-rank adaptation (LoRA) is a widely used
strategy for efficient fine-tuning of large lan-
guage models (LLMs), but its strictly linear
structure fundamentally limits expressive ca-
pacity. The bilinear formulation of weight
updates captures only first-order dependen-
cies between low-rank factors, restricting the
modeling of nonlinear and higher-order pa-
rameter interactions. In this paper, we pro-
pose Polynomial Expansion Rank Adaptation
(PERA), a novel method that introduces struc-
tured polynomial expansion directly into the
low-rank factor space. By expanding each low-
rank factor to synthesize high-order interaction
terms before composition, PERA transforms
the adaptation space into a polynomial mani-
fold capable of modeling richer nonlinear cou-
pling without increasing rank or inference cost.
We provide theoretical analysis demonstrating
that PERA offers enhanced expressive capac-
ity and more effective feature utilization com-
pare to existing linear adaptation approaches.
Empirically, PERA consistently outperforms
state-of-the-art methods across diverse bench-
marks. Notably, our experiments show that
incorporating high-order nonlinear compo-
nents—particularly square terms—is crucial
for enhancing expressive capacity and main-
taining strong and robust performance under
various rank settings. Our code is available at
https://github.com/zhangwenhao6/PERA

1 Introduction

Large language models (Brown et al., 2020;
Ouyang et al., 2022; Touvron et al., 2023b)
(LLMs) are typically trained on large-scale general-
domain datasets using the next-token predic-
tion objective (Brown et al., 2020), and ex-
hibit remarkable generalization capabilities across
a wide range of natural language processing
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Figure 1: Comparison of Training Losses between First-
Order and High-Order Terms.

tasks (Thirunavukarasu et al., 2023; Ruiz et al.,
2023). However, as model sizes continue to grow
and downstream tasks become increasingly diverse,
the computational and memory costs associated
with full fine-tuning have risen dramatically (Tou-
vron et al., 2023a; Jiang et al., 2023), thereby con-
straining the widespread deployment of LLMs.

To address this challenge, parameter-efficient
fine-tuning (PEFT) (Houlsby et al., 2019; Liu
et al., 2021; Lialin et al., 2023) has emerged as
an effective paradigm that adapts LLMs by intro-
ducing a small number of task-specific parame-
ters while keeping the backbone weights frozen.
Among various PEFT methods, low-rank adapta-
tion (LoRA) (Hu et al., 2022) achieves strong effi-
ciency by restricting weight updates to a low-rank
subspace. Nevertheless, LoRA’s strictly bilinear
update form ∆W = BA inherently restricts the
expressivity of the adaptation, as it captures only
first-order linear dependencies between the low-
rank factors, restricting its ability to model multi-
dimensional or high-order dependencies (Liu et al.,
2023; Jiang et al., 2024; Zhuang et al., 2024). To
partially mitigate this, HiRA (Huang et al., 2025)
introduces Hadamard modulation with pretrained
weights, enriching multi-dimensional representa-
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tion. However, its update mechanism remains fun-
damentally linear with respect to trainable param-
eters and depends on external weight coupling,
thus offering limited ability to model intrinsic high-
order relations.

From the perspective of function approxima-
tion, there exists a fundamental difference in ex-
pressive capacity within function space between
a first-order linear function f(x) = c + c1x and
a polynomial function with higher-order terms
f(x) = c + c1x + c2x

2 + · · · + cnx
n, as illus-

trated in Fig. 1. This directly leads to significant
differences in fitting accuracy, convergence speed,
and training loss between the two. If the traditional
LoRA mapping is viewed as a first-order linear
approximation of weight updates, its limitation in
expressive capacity becomes immediately evident.

Motivated by these observation, we investi-
gate whether the expressive capacity of low-rank
adaptation can be enhanced by introducing ex-
plicit high-order feature interactions and struc-
tured nonlinearity directly within the low-rank
factor space—without increasing rank or depend-
ing on external modulation. Drawing inspiration
from classical polynomial feature expansion (Kuhn
and Johnson, 2019; Galli, 2020; Ozdemir, 2022),
which systematically constructs higher-order fea-
ture terms from base representations, we propose
Polynomial Expansion Rank Adaptation (PERA).

Unlike traditional methods that perform polyno-
mial expansion in the feature space, PERA applies
a structured polynomial mapping directly within
the parameter space of low-rank factors. Specif-
ically, before composition, each low-rank matrix
is expanded along its column dimension to gener-
ate higher-order parameter interaction terms. This
operation constructs a polynomial manifold in the
adaptation space, enabling ∆W to capture richer
nonlinear coupling relationships among adaptation
directions. Empirical analyses demonstrate faster
convergence and reduced training loss. Further-
more, our theoretical results indicate that this for-
mulation significantly enhances both the expressive
capacity of adaptation and the efficiency of feature
utilization. Notably, we implement higher-order
interaction terms via matrix concatenation rather
than sequential matrix addition. As a result, no
additional inference overhead is introduced, while
preserving the modular efficiency of LoRA.

Our contributions can be summarized as follows:

• We propose PERA that introduces polynomial

expansion within the parameter space of low-
rank factors. PERA explicitly models high-
order interactions and structured nonlinearity
among adaptation directions, enhancing rep-
resentational expressivity without increasing
rank or parameter cost.

• We theoretically show that parameter-space
polynomial expansion improves both the ex-
pressive capacity and feature utilization effi-
ciency of low-rank adaptation, offering a prin-
cipled explanation for its stronger representa-
tion power.

• We empirically demonstrate that, compared to
other PEFT methods, our approach maintains
a computational and memory footprint close
to stan-dard LoRA and achieves lower training
loss.

2 Related Work

Parameter Efficient Fine-Tuning. Parameter-
efficient fine-tuning (PEFT) aims to substantially
reduce the number of trainable parameters while
maintaining model performance and efficiency. To
this end, researchers have explored a variety of ap-
proaches. For instance, Adapter (Hu et al., 2023)
inserted lightweight feed-forward network mod-
ules into Transformer (Vaswani et al., 2017) layers
and updates only these newly introduced parame-
ters for downstream adaptation. Prefix-tuning (Li
and Liang, 2021) learned continuous prefix vec-
tors that encode task-specific information and steer
the model toward generating task-relevant outputs.
Prompt-tuning (Lester et al., 2021) further sim-
plified this paradigm by optimizing only the em-
bedding representations of input prompts, thereby
effectively activating the model’s capabilities on
downstream tasks. Despite their strong perfor-
mance, these methods typically introduce addi-
tional computational overhead during inference.

Low-Rank Adaptation (LoRA). LoRA (Hu
et al., 2022) leverages the observation that weight
updates in pretrained models have low intrinsic
rank. It introduces two trainable low-rank matrices,
A and B, into linear layers to approximate task-
specific updates without altering the architecture
or adding inference latency. Given a pretrained
weight W0, the adapted weight is defined as:

W ′ = W0 +∆W = W0 +
α

r
BA, (1)
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Figure 2: The architecture comparison between LoRA and PERA. By applying the polynomial expansion technique,
PERA synthesizes new high-order feature terms from the original r feature terms in the low-rank matrices, including
r square feature terms and C(r, 2) crossed feature terms.

where α is a scaling factor and r denotes the rank,
with r ≪ min{m,n}. During fine-tuning, the pre-
trained weights W0 remain frozen, and the model is
adapted by optimizing the low-rank matrices A and
B. Building upon LoRA, DoRA(Liu et al., 2024)
decomposed the weight updates into magnitude
and directional components, applying normaliza-
tion and scaling to each singular column of W ′.
Similarly, DeLoRA (Bini et al., 2025) performed
normalization within the internal r-dimensional
space of each low-rank matrix. To learn high-rank
weight updates, MoRA(Jiang et al., 2024) com-
pressed, transformed, and decompressed the input
to enable high-rank adaptation, while HiRA(Huang
et al., 2025) increased the maximum achievable
rank by applying the Hadamard product between
the updated weights ∆W and the original weights
W .

Unlike HiRA and LoRA, PERA employs poly-
nomial expansion to generate explicit high-order
feature terms from low-rank factors. This de-
sign enhances nonlinear expressivity and cross-
dimensional interactions while maintaining LoRA’s
efficiency and zero inference overhead.

3 Methodology

3.1 Preliminaries: Polynomial Expansion

Polynomial expansion (Kuhn and Johnson, 2019;
Galli, 2020; Ozdemir, 2022) is a commonly used
technique in feature engineering, primarily em-

ployed to generate synthetic features from origi-
nal representations when feature dimensionality is
limited.

Formally, consider a matrix B ∈ Rm×r

whose column vectors are denoted as B =
[b1,b2, · · · ,br], where each bi ∈ Rm. We de-
fine a k-th order polynomial expansion operation
as Polyk(B), which constructs all possible k-order
polynomial combinations among the columns of B.
For computational efficiency, we typically adopt
the 2-order polynomial expansion, formula as:

Poly2(B) = [bi,bi ⊙ bj | 1 ≤ i ≤ j ≤ r] (2)

where ⊙ denotes element-wise multiplication
(Hadamard product). The expanded feature set can
be written as B̂ = [B;Bsquare;Bcross], consisting
of r original features, r square features and C(r, 2)
pairwise cross features:

B = {bi | 1 ≤ i ≤ r} ,
Bsquare = {bi ⊙ bj | 1 ≤ i = j ≤ r} ,
Bcross = {bi ⊙ bj | 1 ≤ i < j ≤ r }

This expansion maps the original low-rank space
Rr to a higher dimensional space R2r+C(r,2).

To further enhance representation capacity, we
extend this formulation by introducing a Hadamard-
based polynomial expansion. Similarly, consider
a matrix A ∈ Rr×n whose row vectors are rep-
resented as A = [a1,a2, · · · ,ar]T , where each
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ai ∈ Rn. We define the Hadamard-based polyno-
mial expansion as:

Poly2H(A) =

[ai, hij(ai ⊙ aj) | 1 ≤ i ≤ j ≤ r]T . (3)

Accordingly, this expansion can be defined as Â =
[A;Asquare;Across]

T :

A = {ai | 1 ≤ i ≤ r} ,
Asquare = {hij(ai ⊙ aj) | 1 ≤ i = j ≤ r} ,
Across = {hij(ai ⊙ aj) | 1 ≤ i < j ≤ r }

here, h = {hij | 1 ≤ i ≤ j ≤ r} is learnable
coefficients initialized to zero for stability. This
initialization strategy ensures smooth optimization
while allowing the model to gradually incorporate
nonlinear contributions from high-order features.

3.2 PERA Architecture
We propose PERA, a simple yet effective PEFT
method that introduces polynomial expansion into
the low-rank adaptation space. Inspired by poly-
nomial techniques in feature engineering, PERA
enhances the expressive power of weight updates
by enabling explicit high-order interactions among
low-rank factors—without increasing the nominal
rank. Following the LoRA framework, we decom-
pose the weight update into two trainable low-rank
matrices B ∈ Rm×r and A ∈ Rr×n, initialized
with a Gaussian distribution and zero values, re-
spectively. Then, we apply structured polynomial
mappings to these matrices: For B, we perform a
standard polynomial expansion Poly2(B) (Eq. 2).
For A, we employ the Hadamard-based polynomial
expansion Poly2H(A) (Eq. 3) to ensure stability dur-
ing optimization. The resulting parameter update
is defined as:

∆W = B̂Â = Poly2(B)Poly2H(A), (4)

where, Poly2(B) ∈ Rm×(2r+C(r,2)) denotes the
expanded matrix obtained by applying polyno-
mial expansion to the low-rank matrix B, and
Poly2H(A) ∈ R(2r+C(r,2))×n represents the matrix
produced by applying the Hadamard-based polyno-
mial expansion to the low-rank matrix A.

We integrate the frozen pretrained weight W0

with the adapted hidden representation. Specifi-
cally, for a linear layer with forward computation
h = W0x, where x ∈ Rn denotes the input repre-
sentation, PERA modifies its forward computation

as follows:

h = W ′x

= W0x+ Poly2(B)Poly2H(A)x.
(5)

Notably, during backpropagation, gradients are
computed only with respect to the low-rank ma-
trices A and B, along with the Hadamard vector h.
As a result, compared to the LoRA, PERA does not
introduce significant additional parameter overhead
while substantially improving expressive capacity.

3.3 Analysis of PERA
3.3.1 Rank Analysis
LoRA and its variants construct the weight up-
date ∆W as the product of two low-rank matrices,
which inherently limits the maximum achievable
rank of the updated weight. Let the pretrained
weight matrix be W0 ∈ Rm×n with rank r0, where
r0 ≤ min(m,n). According to Eq. 1 and basic
properties of matrix rank, the rank of the updated
weight W ′ = W0 +∆W satisfies:

Rank(W ′) ≤ r0 + r. (6)

This implies that the low-rank structure of ∆W re-
stricts the rank growth of W ′, potentially limiting
the expressiveness of the adapted model. In con-
trast, PERA applies polynomial expansion to the
low-rank factors, resulting in an expanded factor
dimension of 2r + C(r, 2)(Eq. 5). Consequently,
the rank of the adapted weight in PERA is upper-
bounded by:

Rank(W ′) ≤ r0 + (2r + C(r, 2)). (7)

Compared with Eq. 6, PERA substantially in-
creases the theoretical upper bound on the rank
of the adapted weight matrix, thereby enlarging
the space of feasible updates and enabling more
expressive adaptation under the PEFT framework.
A detailed proof is provided in Appendix A.1.

3.3.2 Feature Utilization Analysis
Another key difference between PERA and LoRA
lies in the expressive form of the weight update.
In LoRA, the update matrix is constructed as the
product of two low-rank matrices B ∈ Rm×r and
A ∈ Rr×n. By representing B and A in terms of
their rank-one components: B = [b1,b2, · · · ,br],
the LoRA update can be expressed as:

∆W = BA =

r∑

i=1

bia
T
i , (8)
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which is a linear combination of rank-one matrices.
In contrast, PERA enriches the low-rank update

by introducing polynomial feature expansions on
the low-rank factors. Specifically, PERA incorpo-
rates both square feature terms and pairwise cross
terms through polynomial expansion of B and a
Hadamard-based polynomial expansion of A. As a
result, the update matrix in PERA can be expressed
as:

∆W = Poly2(B)Poly2H(A)

=
r∑

i=1

bia
T
i

+
r∑

1≤i=j

hij(bi ⊙ bj)(a
T
i ⊙ aTj )

+
r∑

1≤i<j

hij(bi ⊙ bj)(a
T
i ⊙ aTj ).

(9)

Comparing Eq. 8 and Eq. 9, we observe that PERA
explicitly augments the linear low-rank update with
square and cross feature terms, introducing struc-
tured high-order nonlinear components into ∆W .
This enriched formulation enables more diverse
feature utilization and substantially enhances the
expressive capacity of the adaptation, while pre-
serving the factorized structure of low-rank updates.
A detailed theoretical analysis is provided in Ap-
pendix A.2.

3.3.3 Relation between LoRA and PERA.
We further observe that LoRA can be regarded as a
special case of PERA. Concretely, PERA follows
the same initialization strategy as LoRA, where the
two low-rank matrices A and B are initialized with
a Gaussian distribution and zero values. Based on
Eq. 8 and Eq. 9, when the Hadamard vector h is
initialized to zero values and kept frozen during
training, denoted as {frozen(hij = 0) | 1 ≤ i ≤
j ≤ r}, PERA becomes equivalent to LoRA.

Furthermore, when only the cross coefficients
are initialized to zero values and kept frozen, rep-
resented as {frozen(hij) = 0) | 1 ≤ i < j ≤ r},
PERA becomes a LoRA variant that introduces
only high-order square feature terms:

∆W = Poly2(B)Poly2H(A)

=

r∑

i=1

bia
T
i

+
r∑

1≤i=j

hij(bi ⊙ bj)(a
T
i ⊙ aTj ).

(10)

Similarly, when only the square coefficients are
initialized to zero values and kept frozen, denoted
as {frozen(hij = 0) | 1 ≤ i = j ≤ r}, PERA
becomes a LoRA variant that incorporates high-
order cross feature terms:

∆W = Poly2(B)Poly2H(A)

=
r∑

i=1

bia
T
i

+
r∑

1≤i<j

hij(bi ⊙ bj)(a
T
i ⊙ aTj ).

(11)

A detailed analysis of the impact of LoRA and its
high-order variant can be found in Section 5.4

4 Experiment

In this section, we conduct a systematic evalua-
tion of the PERA across multiple tasks, including
commonsense reasoning, natural language under-
standing(NLU). ALL experiments are conducted
on NVIDIA RTX 5090 GPUs.

4.1 Commonsense Reasoning

Models and Datasets. We fine-tune LLaMA2-
7B (Touvron et al., 2023a) and LLaMA3-
8B (Grattafiori et al., 2024) models on the common-
sense170K dataset (Hu et al., 2023). This dataset in-
tegrates eight commonsense reasoning benchmarks,
including BoolQ (Clark et al., 2019), PIQA (Bisk
et al., 2020), SIQA (Sap et al., 2019), HellaSwag
(Zellers et al., 2019), WinoGrande (Sakaguchi et al.,
2021), ARC-c and ARC-e (Clark et al., 2018), and
OBQA (Mihaylov et al., 2018).

Implementation Details. To ensure a fair com-
parison, we strictly follow the experimental setup
described in (Huang et al., 2025). Specifically,
when fine-tuning the LLaMA series models, we ad-
just only the learning rate to 1e − 4, while keeping
all other hyperparameters identical in (Huang et al.,
2025). For final evaluation, we select the check-
point that achieves the best performance on the
validation set. Detailed training hyperparameters
can be found in the Appendix B.2.

Main Results. As shown in Table 1, PERA con-
sistently demonstrates stable and superior perfor-
mance across all eight commonsense reasoning
tasks on both LLaMA2-7B and LLaMA3-8B. On
LLaMA2-7B, PERA achieves an average accuracy
of 82.61%, outperforming LoRA (77.61%) by 5%.
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Model Method #Params (%) BoolQ PIQA SIQA ARC-c ARC-e OBQA HellaS WinoG Avg.

ChatGPT - - 73.10 85.40 68.50 79.90 89.80 74.80 78.50 66.10 77.01

Llama-2-7B

Prompt Tuning 0.0012 55.93 12.35 30.50 6.06 8.63 9.40 6.91 40.57 21.29
P-Tuning 0.7428 58.75 36.02 0.20 0.17 1.98 0.80 0.01 0.00 12.24
LoRA (r = 32) 0.8256 69.80 79.90 79.50 64.70 79.80 81.00 83.60 82.60 77.61
DoRA (r = 32) 0.8256 71.80 83.70 76.00 68.20 83.70 82.40 89.10 82.60 79.69
MoRA (r = 32) 0.8241 72.17 80.79 79.53 71.42 85.31 81.20 29.09 80.19 72.46
HiRA (r = 32) 0.8256 71.22 83.35 79.53 73.81 86.74 84.60 88.12 83.98 81.42
PERA (r = 16) 0.4148 71.83 85.31 80.35 73.55 88.55 85.40 88.66 87.13 82.61
PERA (r = 32) 0.8268 73.70 84.39 79.53 73.29 87.79 83.20 88.98 86.27 82.14

Llama-3-8B

Prompt Tuning 0.0010 56.85 45.05 36.13 31.57 32.74 29.20 14.01 50.12 36.96
P-Tuning 0.6240 59.97 11.64 8.19 7.42 8.63 9.60 1.77 37.65 18.11
LoRA (r = 16) 0.3513 72.30 86.70 79.30 75.70 87.70 82.80 93.50 84.80 82.80
LoRA (r = 32) 0.7002 70.80 85.20 79.90 71.20 84.20 79.00 91.70 84.30 80.79
DoRA (r = 32) 0.7002 74.60 89.30 79.90 80.40 90.50 85.80 95.50 85.60 85.20
MoRA (r = 32) 0.6997 74.28 87.43 80.71 79.61 91.16 85.60 43.53 86.74 78.63
HiRA (r = 16) 0.3513 73.85 89.12 81.06 82.59 93.06 87.40 94.85 86.74 86.08
HiRA (r = 32) 0.7002 75.40 89.70 81.15 82.90 93.27 88.32 95.36 87.70 86.72
PERA (r = 16) 0.3515 76.15 88.57 83.16 83.62 93.73 88.60 95.94 89.27 87.38
PERA (r = 32) 0.7012 75.54 89.83 81.58 83.53 93.56 88.40 95.61 88.95 87.12

Qwen2.5-7B
LoRA (r = 16) 0.3541 60.00 73.60 70.00 71.70 85.90 74.40 78.60 75.80 73.80
HiRA (r = 16) 0.3541 69.00 88.30 80.80 88.70 95.40 88.00 92.30 81.00 85.40
PERA (r = 16) 0.3543 73.06 89.61 82.04 88.91 96.17 91.80 95.38 89.34 88.29

Table 1: Accuracy(%) comparison of LLaMA model with various fine-tuned methods on commonsense reasoning
datasets. Results of all baseline methods are taken from (Wu et al., 2024b; Huang et al., 2025). The best performance
within each LLM is indicated in bold, while the second best performance is highlighted in underline.

On LLaMA3-8B, PERA reaches 87.38%, surpass-
ing the best baseline method HiRA. These results
suggest that PERA provides a more expressive and
effective adaptation mechanism for complex rea-
soning tasks.

Notably, PERA maintains its performance ad-
vantages even under extremely low-rank settings.
For instance, with rank r = 4, PERA achieves
average accuracies of 81.57% and 87.01%, which
are close to its best performance at r = 16. This
robustness under strict parameter constraints indi-
cates that PERA can effectively exploit low-rank
parameters to construct richer adaptation represen-
tations, leading to superior performance compared
to conventional low-rank adaptation methods.

4.2 Natural Language Understanding

Models and Datasets. We evaluate the effective-
ness of PERA for adapting small language models
by fine-tuning the RoBERTa-base model (Zhuang
et al., 2021) on the GLUE (General Language Un-
derstanding Evaluation) benchmark (Wang et al.,
2018). The GLUE benchmark is widely used to
assess natural language understanding capabilities
and comprises a diverse set of tasks, including nat-
ural language inference, sentiment classification
and textual entailment. We conduct experiment on
six datasets from the GLUE benchmark: SST-2,
MRPC, CoLA, QNLI, RTE, and STS-B. Follow-
ing the experimental setup of (Wu et al., 2024a,c;

Bini et al., 2025), we randomly split the validation
set into two subsets using a pre-defined seed: one
subset for model hyperparameter selection and the
other is reserved for final performance evaluation.
Detailed statistics for each dataset are provided in
Appendix B.1

Implementation Details. We follow the exper-
imental setup used in (Wu et al., 2024a,c; Bini
et al., 2025) to ensure fair comparison across vari-
ous methods. To maintain a consistent number of
trainable parameters among different approaches,
we fine-tune only the query (Q) and value (V) pro-
jection layers in the attention modules and fix the
rank to r = 8 for all datasets. ALL reported results
are averaged over five runs with different random
seeds. Additional implementation and hyperparam-
eter details can be found in Appendix B.2

Main Results. Table 2 reports the NLU results on
six benchmark datasets using different RoBERTa
models. PERA consistently outperforms all ex-
isting PEFT methods across every evaluated con-
figuration. Notably, under the same rank setting
(r = 8), PERA achieves average accuracy gains
of 1.70% and 0.83% over LoRA on RoBERTa-
base and RoBERTa-large, respectively. Moreover,
on the RoBERTa-large model, PERA delivers the
best performance on all six datasets, demonstrat-
ing its strong generalization and the effectiveness
of high-order nonlinear feature modeling even in
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Model Method #Param SST-2 MRPC CoLA QNLI RTE STS-B Avg.

RoBERTa-base

FFT 125M 94.40 87.90 62.40 92.50 78.30 90.60 84.40

RED 0.02M 93.90 89.20 61.00 90.70 78.00 90.40 83.90
LoRA 0.3M 93.90 88.70 59.70 92.60 75.30 90.30 83.40
HiRA 0.3M 94.22 89.53 60.30 92.39 74.68 89.58 83.45
DeLoRA 0.3M 94.10 89.00 63.60 92.80 77.10 90.90 84.60
PERA 0.3M 94.13 89.71 64.80 92.94 77.84 91.13 85.10

RoBERTa-large

FFT 355M 96.00 91.70 68.20 93.80 85.80 92.60 88.00

RED 0.05M 96.00 90.30 68.10 93.50 86.20 91.30 87.60
LoRA 0.8M 96.00 89.80 65.50 94.70 86.30 91.70 87.30
PERA 0.8M 96.24 90.78 68.40 94.89 86.47 91.98 88.13

Table 2: Comparisons of different methods finetuning RoBERTa-base and RoBERTa-large on GLUE benchmark.
Results of all baselines are taken from (Bini et al., 2025; Wu et al., 2024c) except HiRA. The best performance
within each LLM is indicated in bold, while the second best performance is highlighted in underline.
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Figure 3: Accuracy(%) comparison with the rank r
increases on LLaMA3-8B model. The detailed results
are provided in Appendix C.1

high-capacity models.

5 Understanding the PERA

5.1 Impact on the Number of Rank

We conduct a systematic study to investigate how
the parameter rank r influences model performance
across multiple commonsense reasoning tasks. In
the experiments, we vary only the value of r while
keeping all other hyperparameters fixed and eval-
uate the LLaMA3-8B model using the average ac-
curacy as the evaluation metric. The results, as
shown in Figure 3, reveal several important ob-
servations: First, even under extremely low-rank
settings (r = 2 and r = 4), PERA achieves strong
performance, with average accuracy of 86.91% and
87.01%. This indicates that PERA can effectively
leverage low-rank parameters to construct high-
order interaction terms, thereby enriching adapta-
tion representations. Second, as the rank increases
from 2 to 16, performance improves substantially,
with the average accuracy rising from 86.91% to

87.38%, which corresponds to the best observed
result. These observations suggest that PERA can
achieve performance comparable to high-resource
configurations even in low-resource settings. This
rank robustness can be attributed primarily to the
polynomial expansion mechanism, which effec-
tively increases the maximum achievable rank of
updated weights and enables high-order interac-
tions within the low-rank space, thereby enhancing
the expressive capacity of the model.

Placement #Params(%) Avg.

QKV, UD 0.3513 87.38
QKV 0.1176 87.02
UD 0.2345 86.91
QK 0.0849 85.25
QV 0.0849 86.70
Q 0.0522 84.83
K 0.0326 83.53
V 0.0326 86.19

Table 3: Average accuracy (%) comparison of different
modules on various tasks with LLaMA3-8B model.

5.2 Impact on Placement in Transformers

In this section, we analyze the effect of applying
PERA to different weight modules within the Trans-
former architecture. Each module is denoted by
its first letter: (Q)uery, (K)ey, (V)alue, (U)p, and
(D)own. As shown in Table 3, the experimental re-
sults show that applying PERA jointly to both the
QKV and UD layers yields the best performance,
which is consistent with the structure recommended
by LoRA. In contrast, restricting PERA to a single
module leads to a degradation in overall perfor-
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Figure 4: Average accuracy under different pruning
ratios of Commonsense170K with LLaMA3-8B model.

mance. Furthermore, adapting the QKV layers con-
sistently outperforms adapting only the UD layers.
The detailed results can be found in Appendix C.2

Method ∆W Avg.

LoRA Eq. 8 82.80
LoRA + square-only Eq. 10 87.48
LoRA + cross-only Eq. 11 86.83
PERA Eq. 9 87.38

Table 4: Ablation of PERA innovations on the common-
sense reasoning tasks. We show how different compo-
nents affect performance from LoRA (Hu et al., 2022)
with the LLaMA3-8B model.

5.3 Impact on Low Resources
To evaluate the performance of PERA under low-
resource conditions, we partition the common-
sense170k dataset and randomly sample 10%, 20%,
50% and 80% of the data for experimentation. Fig-
ure 4 illustrates the relationship between train-
ing dataset pruning ratio and average accuracy,
with detailed numerical results reported in the Ap-
pendix C.3. The results demonstrate that even
when trained on only 10% of the dataset, PERA
achieves an average accuracy of 83.07%, surpass-
ing LoRA (82.80%) trained on the full common-
sense170K dataset. Moreover, as the number of
training datasets increases, the performance gap
between PERA and LoRA widens, highlighting its
data efficiency in low-resource settings.

5.4 Impact on Different High-Order
Components with LoRA

Since LoRA can be viewed as a special case of
PERA under specific initialization, we further ex-

amine the individual effects of introducing high-
order square and cross feature terms. The standard
LoRA formulation is shown in Eq. 8, while the
square-only and cross-only variants are defined in
Eq. 10 and Eq. 11, respectively. PERA (Eq. 9) can
thus be regarded as a generalized LoRA variant
that jointly incorporates both types of high-order
terms. The result is shown in Table 4.

Experiments on commonsense reasoning tasks
using LLaMA3-8B (rank = 16) show that incor-
porating either square (87.48%) or cross (86.83%)
terms notably improves performance over LoRA
(82.80%). Among them, the square feature expan-
sion yields the largest gain, highlighting its impor-
tance in enhancing model expressivity. Combining
both high-order terms (PERA) yields a comparable
improvement (87.38%), suggesting that excessive
interaction modeling may introduce redundancy.
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Figure 5: The interaction strength matrix of LoRA and
PERA. We quantify the combined influence of each
feature dimension on the output, not just the individual
influence.

5.5 Feature Interaction Strength Analysis

We compare our method with LoRA using the
Hessian-based Interaction Strength Matrix. Specif-
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Method
Training Inference

Memory Speed Memory Speed

LoRA 18.70GB 12h 27m 19.50GB 9m30s
DoRA 19.58GB 22h 07m 19.94GB 23m40s
HiRA 18.72GB 14h 02m 19.58GB 20m45s
PERA 19.12GB 13h 30m 19.70GB 14m53s

Table 5: Comparison of training and inference efficiency
across methods.

ically, for the model output f(h), we compute the
absolute second-order partial derivatives with re-
spect to the hidden representation:

Sij = Eh

[∣∣∣∣
∂2f(h)

∂hi∂hj

∣∣∣∣
]
. (12)

As shown in Figure 5, we randomly select the slices
of a small set of hidden states. Our method yields
a higher global interaction strength compared to
LoRA, indicating a more expressive modeling of
high-order feature coupling.

5.6 Memory and Speed Analysis

To provide a more comparison on training and
inference cost, we compare PERA with LoRA,
DoRA, and HiRA under identical settings (Com-
monsense170K, rank=4, batch size=16, LLaMA2-
7B, 3 epochs and evaluating on BoolQ dataset) on
the same single RTX5090 32G GPU. We report
peak memory usage and total training time. The
results are summarized in Table 5.

PERA implements higher-order interaction
terms via matrix concatenation rather than sequen-
tial matrix additions, which avoids additional for-
ward passes and limits computational overhead.
Overall, the results indicate that PERA maintains a
computational and memory footprint close to stan-
dard LoRA and remain substantially more efficient
than DoRA.

6 Conclusion

We introduce PERA, a polynomial expan-
sion–based low-rank adaptation method that en-
ables higher-order parameter interactions while pre-
serving efficiency. Our analysis and experiments
highlight the importance of high-order nonlinear
components, especially square terms, in improv-
ing the expressive capacity of low-rank fine-tuning.
These results indicate that structured modeling
of higher-order parameter relationships offers a

promising direction for more expressive and effi-
cient adaptation.

7 Limitations

In this work, we primarily evaluate PERA on com-
monsense reasoning tasks and GLUE benchmarks
using LLaMA and RoBERTa models. While these
results demonstrate the effectiveness of PERA in
language understanding and reasoning scenarios,
the current evaluation does not cover other do-
mains that may require different forms of adap-
tation. In particular, tasks such as arithmetic rea-
soning or multimodal generation (e.g., image gen-
eration) may exhibit distinct characteristics and
challenges. Exploring the applicability and effec-
tiveness of PERA in these domains remains an
important direction for future work.

8 Ethics Statement

This work introduces PERA, a parameter-efficient
fine-tuning method that operates entirely in the
parameter space of pretrained language models.
The research does not involve the collection or
annotation of new data, human subjects, or user-
generated content. All datasets used in our experi-
ments are publicly available and widely adopted in
prior PEFT studies. The proposed method aims to
improve model expressivity and efficiency without
altering model behavior or generating new textual
content. Therefore, it poses no additional ethical
or societal risks beyond standard fine-tuning tech-
niques. We encourage responsible use of PEFT
methods, particularly regarding dataset bias and
downstream deployment contexts.
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A Analysis Proof

A.1 Rank Analysis
LoRA. The weight update matrix ∆W can be decomposed into the product of two low-rank matrices
A ∈ Rr×n and B ∈ Rm×r. Given a pretrained weight matrix W0 ∈ Rm×n with rank r0, the rank of the
final weight matrix W ′ with LoRA satisfies the following relationship:

Rank(W ′) = Rank(W0 +∆W ) = Rank(W0 +BA).

According to the properties of rank in a matrix, the upper bound of LoRA can be expressed as follows:

Rank(W0 +BA) ≤ Rank(W0) + Rank(BA)

≤ Rank(W0) + min(Rank(B),Rank(A))

≤ r0 + r.

PERA. PERA first applies the polynomial expansion to the low-rank matrix B ∈ Rm×r to obtain a
high-rank matrix B̂ ∈ Rm×(2r+C(r,2)). Meanwhile, the polynomial expansion with Hadamard product is
applied to the low-rank matrix A ∈ Rr×n to generate a high-rank matrix Â ∈ R(2r+C(r,2))×n. The weight
update matrix can be decomposed as the product of these two high-rank matrices. The rank of the final
weight matrix W ′ with PERA satisfies the following relationship:

Rank(W ′) = Rank(W0 +∆W ) = Rank
(
W0 + Poly2(B) Poly2H(A)

)
.

According to the properties of rank in a matrix, the upper bound of PERA can be expressed as follows:

Rank
(
W0 + Poly2(B) Poly2H(A)

)
≤ Rank(W0) + Rank

(
Poly2(B) Poly2H(A)

)

≤ Rank(W0) + min
(
Rank

(
Poly2(B)

)
,Rank

(
Poly2H(A)

))

≤ r0 + (2r + C(r, 2)).

A.2 Feature Utilization Analysis
LoRA. In LoRA, the weight update matrix is constructed by the product of two low-rank matrices
B ∈ Rm×r and A ∈ Rr×n:

∆W = BA.

The low-rank matrices B and A can be represented in terms of column and row vectors, respectively:

B = [bi | 1 ≤ i ≤ r ] ;

A = [ai | 1 ≤ i ≤ r ]T ,

where each bi ∈ Rm corresponds to a column vector in B and each ai ∈ Rn corresponds to a row vector
in A. Therefore, the weight update matrix ∆W of LoRA can be expressed as:

∆W = BA =
r∑

i=1

bia
T
i .

PERA. PERA decomposes the weight update matrix into the product of two high-rank matrices,
B̂ ∈ Rm×(2r+C(r,2)) and Â ∈ R(2r+C(r,2))×n:

∆W = B̂Â = Poly2(B)Poly2H(A)

The low-rank matrices B̂ and Â can be represented in terms of column and row vectors, respectively:

Poly2(B) =




bi;
bi ⊙ bj ;
bi ⊙ bj

∣∣∣∣∣∣

1 ≤ i ≤ r;
1 ≤ i = j ≤ r;
1 ≤ i < j ≤ r


 .
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Poly2H(A) =




ai;
hij(ai ⊙ aj);
hij(ai ⊙ aj)

∣∣∣∣∣∣

1 ≤ i ≤ r;
1 ≤ i = j ≤ r;
1 ≤ i < j ≤ r



T

.

Therefore, the weight update matrix ∆W of PERA can be expressed as:

∆W = Poly2(B)Poly2H(A)

=

r∑

i=1

bia
T
i +

r∑

1≤i=j

hij(bi ⊙ bj)(a
T
i ⊙ aTj ) +

r∑

1≤i<j

hij(bi ⊙ bj)(a
T
i ⊙ aTj ).

A.3 Proof of PERA’s Expressive Power
In this section, we give the details proof of the expressive power of HiRA in comparison to LoRA. We
begin by introducing the Eckart-Young-Mirsky Theorem (Eckart and Young, 1936), which provides the
optimal low-rank approximation of a matrix. We will refer to this theorem as Lemma 1.

Lemma 1 (Eckart-Young-Mirsky Theorem). The best rank-r approximation of a matrix W in the
spectral norm is given by the (r + 1)-th largest singular value, i.e.,

min
Rank(Ŵ )≤r

∥W − Ŵ∥2 = σr+1(W ).

Theorem 1 (The Expressive Power of PERA). Let Ē denote the optimal parameter update. The PERA
update is defined as:

∆WPERA = BA+∆Wsquare +∆Wcross,

Where

• Rank(BA) ≤ r,

• Rank(∆Wsquare) ≤ r,

• Rank(∆Wcross) ≤ C(r, 2).

Then the following bound holds:

min
∆W∈SPERA

∥∆W − Ē∥2 ≤ σ2r+C(r,2)+1(Ē),

Where
SPERA = BA+∆Wsquare +∆Wcross.

Proof. Since

rank(∆WPERA) ≤ rank(BA) + rank(∆Wsquare) + rank(∆Wcross) ≤ 2r + C(r, 2)

The PERA hypothesis space is contained in the set of matrices with rank at most 2r + C(r, 2). Applying
Lemma 1 yields

min
∆W∈SPERA

∥∆W − Ē∥2 ≤ σ2r+C(c,2)+1(Ē).

Comparison with LoRA. For LoRA,

rank(∆WLoRA) ≤ r,

Which implies
min

∆WLoRA
∥∆W − Ē∥2 = σr+1(Ē).

Since singular values are non-increasing

σ2r+C(r,2)+1(Ē) ≤ σr+1(Ē),

Which establishes that PERA admits a strictly larger approximation space in terms of rank-constrained
spectral approximation.
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B Experimental Details

B.1 Datasets
Commonsense170K. This dataset integrates
eight widely used benchmarks for commonsense
reasoning:

• BoolQ (Clark et al., 2019): This dataset con-
sists of 15,942 naturally occurring yes/no
questions collected from unprompted and un-
constrained settings.

• PIQA (Bisk et al., 2020): A multiple-choice
dataset focused on physical commonsense rea-
soning, where each example presents a ques-
tion with two possible solutions.

• SIQA (Sap et al., 2019): This dataset con-
tains multiple-choice questions designed to
evaluate a model’s ability to reason about the
social and pragmatic implications of everyday
events.

• HellaSwag (Zellers et al., 2019): A common-
sense natural language inference benchmark
in which models must select the most plausi-
ble ending given a contextual prompt.

• WinoGrande (Sakaguchi et al., 2021): A fill-
in-the-blank task with two candidate answers,
aimed at assessing commonsense reasoning
and coreference resolution.

• ARC-e and ARC-c (Clark et al., 2018): The
Easy and Challenge subsets of the ARC
benchmark, consisting of grade-school-level
multiple-choice science questions. Notably,
the Challenge set includes questions that are
difficult for both retrieval-based and word co-
occurrence-based methods.

• OBQA (Mihaylov et al., 2018): A dataset
of elementary-level multiple-choice science
questions that require multi-step reasoning,
integration of external commonsense knowl-
edge, and rich text comprehension.

GLUE. The General Language Understanding
Evaluation (GLUE) benchmark (Wang et al., 2018)
comprises a collection of datasets designed to evalu-
ate diverse natural language understanding capabil-
ities. These include CoLA (Warstadt et al., 2019),
SST-2 (Socher et al., 2013), MRPC (Dolan and
Brockett, 2005), QQP, STS-B (Cer et al., 2017),
MNLI (Williams et al., 2018), QNLI (Demszky

et al., 2018), and RTE (Haim et al., 2006). In our
experiments, we evaluate PERA on six representa-
tive datasets from the GLUE benchmark. For fair
comparison, we follow the same dataset splits as
in (Wu et al., 2024c; Bini et al., 2025). Specifically,
if a validation set contains more than 2,000 sam-
ples, we randomly sample 1,000 examples to form
a validation subset and use the remaining samples
as the test set. The sizes of the training, validation,
and test sets for all datasets are reported in Table 6.

HyperParameters LLaMA2-7B LLaMA3-8B

Rank r 16 32 16 32
α 16 32 16 32
Dropout 0.05
Optimizer AdamW
LR 1e-4
LR Scheduler Linear
Batch Size 16
Warmup Steps 100
Epochs 3
Where Q, K, V, Up, Down

Table 6: The hyperparameters for PERA on the com-
monsense reasoning tasks.

B.2 Hyperparameters

Commonsense Reasoning. Table 7 presents the
hyperparameter configurations used when fine-
tuning the LLaMA2-7B and LLaMA3-8B mod-
els with PERA on the commonsense reasoning.
To ensure fair comparisons among LoRA, DoRA,
MoRA, and HiRA, we follow the experimental
setup in (Huang et al., 2025) and maintain the same
or comparable numbers of trainable parameters.

GLUE. Following (Bini et al., 2025), we use the
new validation set to fine-tune the hyperparame-
ters on random seed 42. Then, we select the best
hyperparameters to evaluate test performance for
seeds 42, 43, 44, 45, 46. For each training run,
we use checkpointing to save the best training run
and evaluate with that. For all experiments, we use
a max sequence length of 512. For all hyperpa-
rameters, we run a small grid search. The detailed
hyperparameters are reported in Table 8.

C Detailed Experimental Results

C.1 Different Rank Setting

Table 9 illustrates the impact of the parameter
rank r on model performance across multiple com-
monsense reasoning tasks when fine-tuning the
LLaMA3-8B model.
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Splits Sizes SST-2 MRPC CoLA QNLI RTE STS-B

Training Set 67K 3.7K 8.5K 105K 2.5K 5.7K
New Validation Set 436 204 522 1K 139 750
New Test Set 436 204 521 4.5K 138 750

Table 7: GLUE dataset sizes, with new validation and test splits following (Wu et al., 2024c; Bini et al., 2025) setup

Model Hyperparameters SST-2 MRPC CoLA QNLI RTE STS-B

RoBERTa-base

Learning Rate 1e-4 1e-3 1e-3 3e-4 5e-4 1e-3
Batch Size 32 32 32 32 32 32
Num. Epochs 50 50 40 30 75 80
Dropout 0 0.25 0 0.25 0 0.25
Warmup Ratio 6e-2
Maximum Sequence Length 512

RoBERTa-large

Learning Rate 5e-4 1e-4 4e-4 3e-4 5e-4 4e-4
Batch Size 32 32 32 32 32 32
Num. Epochs 45 35 60 50 75 30
Dropout 0.25 0.0 0.20 0.0 0.25 0.10
Warmup Ratio 6e-2
Maximum Sequence Length 512

Table 8: GLUE benchmark hyperparameters.

C.2 Different Placement in Transformers

Table 10 shows the effect of applying PERA to
different weight modules within the Transformer
architecture. Each module is denoted by its initial
letter: (Q)uery, (K)ey, (V)alue, (U)p, and (D)own.
We fine-tune the LLaMA3-8B model with the rank
set to 16.

C.3 Low-Resource Setting

Table 11 presents the detailed results under low-
resource settings for commonsense reasoning tasks.
We fine-tune the LLaMA3-8B model with the rank
set to 16.

C.4 Different High-Order Components

This section presents a detailed empirical analy-
sis of how different high-order components affect
LoRA. We evaluate commonsense reasoning tasks
using the LLaMA3-8B model with rank fixed at
r = 16. The results are summarized in Table 12.

Although the square-only variant achieves the
highest overall average performance, a finer-
grained comparison across individual benchmarks
reveals that cross terms consistently yield gains
on several tasks. In particular, PERA with cross
terms outperforms the square-only variant on SIQA
(83.16 vs. 82.34, +0.82), ARC-e (93.73 vs. 92.80,
+0.93), and HellaSwag (95.94 vs. 95.83, +0.11).
These datasets typically involve multi-hop or com-
positional reasoning, where inter-component cou-
pling plays a more critical role.

In contrast, on datasets such as ARC-c and PIQA,
the square-only formulation performs slightly bet-
ter. Overall, these results suggest that cross terms
provide complementary inter-component interac-
tions that are particularly beneficial for reasoning-
intensive benchmarks, while their effectiveness
may vary depending on task structure and com-
plexity.

C.5 Training Loss Analysis

To evaluate the fitting capacity and training effi-
ciency of PERA under a comparable parameter
budget, we train all baseline methods—including
representative parameter-efficient fine-tuning ap-
proaches such as DoRA and HiRA—using the
same rank setting (r = 4) and a unified set of hyper-
parameters. Figure 6 presents a comparison of the
training loss trajectories across different methods.

At the early stage of training, all three methods
exhibit rapid convergence; however, PERA shows
a noticeably steeper decline, indicating stronger
initial fitting dynamics. As training progresses into
a more stable phase, PERA consistently achieves
lower training loss than both DoRA and HiRA,
maintaining the best convergence bound through-
out optimization.

Ultimately, PERA reaches a final training loss of
0.0425, whereas DoRA and HiRA obtain 0.1595
and 0.0915, respectively. These results suggest that,
under the same rank constraint, PERA’s higher-
order nonlinear structure enables it to capture more
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Figure 6: Loss Comparision between Different PEFT Methods

complex feature mappings than conventional linear
low-rank adaptation methods, thereby achieving
superior task performance with the same parameter
efficiency.
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Rank #Param (%) BoolQ PIQA SIQA ARC-c ARC-e OBQA HellaS WinoG Avg.

2 0.0440 72.39 89.39 83.32 83.45 93.43 88.00 96.14 89.19 86.91
4 0.0880 74.25 89.93 81.88 83.28 93.56 87.60 96.48 89.11 87.01
8 0.1760 75.72 88.68 81.78 83.53 93.64 88.00 96.15 88.95 87.05
12 0.2638 75.11 87.49 82.60 83.79 93.56 88.40 95.87 89.74 87.07
16 0.3515 76.15 88.57 83.16 83.62 93.73 88.60 95.94 89.27 87.38
20 0.4391 74.62 89.83 81.93 83.28 93.86 90.20 95.77 88.56 87.25
24 0.5266 76.06 89.66 82.34 84.39 93.65 89.00 95.71 88.71 87.44
32 0.7012 75.54 89.83 81.58 83.53 93.56 88.40 95.61 88.95 87.12

Table 9: Accuracy (%) comparison with the rank r increases on LLaMA3-8B model.

Placement #Params (%) BoolQ PIQA SIQA ARC-c ARC-e OBQA HellaS WinoG Avg.

QKV, UD 0.3513 76.15 88.57 83.16 83.62 93.73 88.60 95.94 89.27 87.38
QKV 0.1176 74.71 89.39 82.50 83.62 93.81 87.60 95.92 88.63 87.02
UD 0.2345 72.66 89.61 82.45 83.53 93.39 89.00 96.25 88.40 86.91
QK 0.0849 71.96 88.30 80.96 80.12 93.01 86.80 95.01 85.87 85.25
QV 0.0849 74.80 89.12 81.73 83.19 93.01 87.00 96.03 88.71 86.70
Q 0.0522 71.80 88.63 80.71 79.78 92.26 84.60 94.99 85.87 84.83
K 0.0326 70.86 87.65 78.25 78.67 91.96 82.80 93.84 84.21 83.53
V 0.0326 71.93 88.63 82.60 82.42 93.52 87.60 95.69 87.13 86.19

Table 10: Accuracy (%) comparison of different placement on commonsense reasoning tasks with LLaMA3-8B
model.

Pruning Ratio BoolQ PIQA SIQA ARC-c ARC-e OBQA HellaS WinoG Average

0.1 68.78 86.67 77.38 80.46 92.26 82.60 92.03 84.37 83.07
0.2 68.84 84.93 77.79 79.44 91.75 81.60 91.04 82.40 82.22
0.5 73.52 88.41 80.91 82.94 93.22 85.60 95.30 89.19 86.14
0.8 75.60 89.06 82.04 84.56 93.77 87.60 96.19 88.32 87.14
1.0 76.15 88.57 83.16 83.62 93.73 88.60 95.94 89.27 87.38

Table 11: Accuracy (%) comparision of different training samples pruning ratio fine-tuning LLaMA3-8B model on
the commonsense reasoning tasks.

Component BoolQ PIQA SIQA ARC-c ARC-e OBQA HellaS WinoG Average

LoRA 72.30 86.70 79.30 75.70 87.70 82.80 93.50 84.80 82.80
LoRA + cross features 75.41 88.52 81.78 82.76 93.05 88.80 95.75 88.55 86.83
LoRA + square features 76.17 89.28 82.34 84.72 92.80 89.20 95.83 89.50 87.48
PERA 76.15 88.57 83.16 83.62 93.73 88.60 95.94 89.27 87.38

Table 12: Accuracy (%) comparision of different high-order components from LoRA with LLaMA3-8B model on
the commonsense reasoning tasks.
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