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Abstract

Large language models (LLMs) have recently
enabled remarkable progress in text representa-
tion. However, their embeddings are typically
high-dimensional, leading to substantial stor-
age and retrieval overhead. Although recent
approaches such as Matryoshka Representa-
tion Learning (MRL) and Contrastive Sparse
Representation (CSR) alleviate these issues to
some extent, they still suffer from retrieval ac-
curacy degradation. This paper proposes Isola-
tion Kernel Embedding or IKE, a learning-free
method that transforms an LLM embedding
into a binary embedding using Isolation Kernel
(IK). Lightweight and based on binary encod-
ing, IKE offers a low memory footprint and fast
bitwise computation, lowering retrieval latency.
Experiments on multiple text retrieval datasets
demonstrate that IKE offers up to 16.7 x faster
retrieval and 16x lower memory usage than
the original LLM embeddings, while maintain-
ing comparable accuracy. Theoretically, we
show that IKE works because it satisfies four
essential criteria for effective binary hashing
that other methods do not possess. Compared
to CSR, IKE consistently achieves better re-
trieval efficiency and effectiveness. IKE also
works effectively with graph-based indexing,
demonstrating its superiority in balancing accu-
racy and latency compared to alternative com-
pression techniques in the approximate nearest
neighbor (ANN) search setting.

1 Introduction

In the last decade, pretrained language mod-
els have significantly advanced text representation.
Early approaches relied on encoder-based models
such as BERT (Devlin et al., 2019) and RoBERTa
(Liu et al., 2019). Recently, there has been a
paradigm shift toward leveraging large language
models (LLMs) for text representation with notable
examples including LLM2Vec (BehnamGhader
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et al., 2024), Llama2Vec (Liu et al., 2024b), and
Qwen Embedding (Zhang et al., 2025b). These
LLM embeddings now represent the state of the art
in text representation (Enevoldsen et al., 2025).

However, LLM embeddings typically have a
high number of dimensions. For example, T5-11B
(Raffel et al., 2020) has 1024 dimensions, while
the mainstream 7B decoder-only LL.Ms use 4096
dimensions. Such high-dimensional embeddings
substantially increase memory storage and retrieval
latency. To address this, Kusupati et al. (2022)
introduced Matryoshka Representation Learning
(MRL) that allows adaptive embedding length, bal-
ancing latency and accuracy for different applica-
tions. This approach is now supported in Ope-
nAl and Google Gemini embedded APIs (OpenAl,
2024a; Lee et al., 2024) and has been extended to
various applications (OpenAl, 2024b; Nussbaum
et al., 2025; Yu et al., 2024). However, MRL re-
quires full-parameter tuning, which results in a
high training cost. Furthermore, experiments in
(Wen et al., 2025) reveal a marked degradation in
retrieval performance for MRL.

Recently, Wen et al. (2025) proposed Contrastive
Sparse Representation (CSR) that sparsifies a pre-
trained LLM embedding into a high-dimensional
but selectively activated feature space. Compared
to MRL, CSR freezes the LLM backbone and trains
only a lightweight adapter (an MLP layer), signifi-
cantly reducing the training cost. However, unlike
MRL, CSR requires retraining for different code
lengths and suffers from substantial transformation
overhead (see Section 4.3).

In a nutshell, MRL and CSR fall short of achiev-
ing the aim of fast retrieval time with low memory
requirement, without substantially degrading the
retrieval performance on a high-dimensional LLM
embedded database.

While MRL and CSR provide a solution to the
above retrieval problem, the methods are based
on ad-hoc learning objectives, created without un-
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Figure 1: MRL learns adaptive embedding length by optimizing different downstream applications. CSR combines
reconstruction loss and contrastive loss for learning a sparse representation. In contrast, IKE maps points into binary
embeddings for efficient retrieval through random partitions without sophisticated learning.

derstanding the criteria of a feature space that are
necessary in addressing the problem. A recent
work has articulated three key criteria (Xu and Ting,
2025): full space coverage, entropy maximization,
and bit independence. The hashing method called
VDeH converts a high-dimensional space in R?
to a binary embedded space, satisfying the three
criteria without learning.

Though VDeH (Xu and Ting, 2025) has been
shown to outperform many learning-to-hash (L2H)
methods (Liu et al., 2024a; Weiss et al., 2008; Yu
et al., 2014; Gong et al., 2013b,a; Xia et al., 2015;
Jin et al., 2013; Zhu et al., 2014; Lan et al., 2017;
Li et al., 2018) for non-LLM-related databases,
our early examination has revealed that VDeH per-
forms poorly in LLM-embedded databases (see
Figure 2). This paper reports our effort in creating
a generalized version of VDeH that is amenable to
LLM-embedded databases.

Our contributions are summarized as follows:

* Proposing a novel feature transformation
method named IKE that efficiently and ef-
fectively converts an LLM embedding to a
binary embedding without learning. IKE is
a generalization of VDeH, which produces
an embedding that satisfies four criteria. The
fourth criterion, which we have identified, is
that the partitions used to generate the embed-
ding shall have high diversity.

* Conducting a theoretical analysis that not only
uncovers the high diversity criterion, but also
the relative diversity of variants of two dif-
ferent implementations of IKE, i.e., Voronoi
Diagrams and Isolation Forest.

* We conducted comprehensive experiments,
where the main findings are: 1) In the ex-
haustive search, IKE generally achieves 2.5-
16.7x speedup in search time and 8-16x stor-
age reduction, while maintaining performance
of MRR @10 between 98% and 101% of the
original LLM space; 2) In ANN (Approximate
Nearest Neighbor Search), pairing IKE with
an HNSW index achieves up to 5x higher
throughput than operating in LLM space;
3) Further comparison with learning-based
method (CSR) and other (no-learning) com-
pression methods (hashing and quantization)
demonstrate the advantages of IKE.

2 Preliminaries

Isolation Kernel The Isolation Kernel (Ting
et al., 2018) (IK) is a data-dependent kernel that
computes the similarity between two points based
on the partitions in the data space. Specifically,
given a data set D = {x1,...,x,} C R% we de-
fine D C D as a subset of ¢ data points, each
drawn from D with equal probability % A parti-
tion H is derived so that each isolating partition
0 € H isolates a point from the rest of D.

Let H, (D) denote the set of all partitions that
are admissible under the data set D. IK of any
two points x,y € R? wrt D is defined to be the
expectation taken over the probability distribution
Py, (p) on all partitions H € H, (D) that both x
and y fall into the same isolating partition § € H:

Kyp(x,¥) =Eu~py, ;) [(x,y €00 € H),

where [(+) is an indicator function.
In practice, Isolation Kernel K, is estimated
from a finite number of ¢ partitions H;, each is
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Voronoi Diagram Encoded Hashing In the pre-
liminary study, Voronoi Diagrams (VD) are ex-
plored as an implementation of the Isolation Ker-
nel for transforming LLM embeddings into binary
codes. This approach, known as VDeH (Xu and
Ting, 2025), has been shown to exhibit three de-
sirable criteria: full space coverage, maximum en-
tropy, and bit independence. However, VDeH suf-
fers from notable performance degradation com-
pared to the original LLM space (see Figure 2).

We hypothesize that the performance drop of
VDeH is because the relationship between sam-
ples (points) in the LLM embedding space is more
complex than what VDeH captures. In particular,
using all dimensions for isolating partitions (i.e.,
hyperplanes in the VD) restricts the diversity of
possible partitions. To verify this, we propose a
generalization of VDeH, termed IKEy p, where
for each partition we randomly sample m (m <
d) dimensions for building VD. Note that when
m = d, IKEy p becomes VDeH. The randomiza-
tion of choosing isolation dimensions increases the
diversity of isolating partitions, which becomes par-
ticularly beneficial when the number of partitions
(t) is large. As a result, IKEy p achieves superior
performance with small values of (m) compared to
VDeH, as shown in Figure 2.

3 Isolation Kernel-based Embeddings

Building on the previous observation, we inves-
tigate IKE using both Isolation Forest (iForest) and
VD. The construction of iForest or VD requires
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Figure 3: A illustration of partitioning in 2D space
(v = 4) by different IK implementations: iForest and
VD. Blue points indicate the samples used to construct
the partitions, and the green point represents an input
point to be transformed.

no learning, which means neither sophisticated op-
timization nor even simple greedy search. The
iForest or VD captures the data distribution by cre-
ating large partitions in sparse regions and small
partitions in dense regions. This is created in a
completely random process.

3.1 IKE based Vector Database Construction

Embedding An LLM-based text embedding
model is utilized to convert corpus documents and
queries into dense vector embeddings. This em-
bedding model is pretrained to effectively capture
textual semantics.

IKE with iForest A random subset of the corpus
embeddings is selected to construct an Isolation
Forest (iForest) model, where each partition H is
referred to as an Isolation Tree (iTree). Conse-
quently, an Isolation Forest represents an ensemble
of ¢ independently constructed partitions.
AniTree H is a proper binary tree in which every
internal node has two children. Each child node
corresponds to an isolating partition § € H. Here,
a child node is obtained by randomly selecting
a feature q and the split value p uniformly from
the interval between the minimum and maximum
values of feature ¢ within D. The construction
details of the iTree are provided in Appendix D.1
and the partitioning is illustrated in Figure 3a.
Under the assumption that all points in D are
distinct, each point will eventually be isolated in
its own leaf node. Therefore, an iTree consists
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of exactly v leaf nodes and ¢ — 1 internal nodes,
resulting in a total of 2¢) — 1 nodes. Hence, the
memory complexity of a single iTree is O(v)). As
previously stated, ¢ iTrees constitute the Isolation
Forest; thus, the overall space complexity of the
model is O(ty)).

IKE with Voronoi Diagram (IKEy p) Although
iForest is used in IKE by default, we can also ex-
ploit Voronoi Diagram for IKE as described in the
previous section. Note that we refer IKE to indi-
cate the iForest implementation, and IKEy ;, for the
variant with VD implementation. A formal descrip-
tion of IKEy p is provided in Appendix D.2 and
the partitioning of VD is illustrated in Figure 3b.
An IKEy p model is composed of ¢ independently
constructed partitions, thus exhibiting an overall
space complexity of O(mt).

Vector Database Depending on the retrieval
strategy, the data points can either be stored di-
rectly, which corresponds to an exhaustive search
during retrieval, or organized using an indexing
structure to enable Approximate Nearest Neigh-
bor (ANN) search. Each data point in IKE space is
stored using an index-based representation ®'4*(x),
which comprises ¢ elements. Here, each element
didx(x) € {1,---,9} indicates the index of the
isolating partition to which data point x is as-
signed within the i-th partition. As each element
of ®i%(x) can be stored using [log, ()] bits, we
only need t[logy(v))] bits per point. In contrast,
we need a 32-bit floating-point number for each
dimension in the original LLM embeddings. There-
fore, when ¢ = d, the transformed IKE yields a
32

Tiog, (2)] times reduction in storage usage.

Adaptability of Embedding Length It is de-
sirable to have embeddings that can be truncated
for different accuracy—speed tradeoffs as in MRL
(Kusupati et al., 2022). IKE achieves this through
its compositional design: since the ¢ iTrees are built
independently, any subset can be retained to reduce
the transformed space dimension. Unlike MRL, we
achieve adaptability without LLM training.

3.2 Retrieval within the IKE space

Retrieval. Given a query ¢ obtained from an
LLM-based embedding model, we first apply the
previously constructed iForest or VD model to
map the query into the IKE space, yielding the
transformed vector ®'9%(q). Next, we measure the
similarity between ®'%%(q) and each transformed

representation 1% (x)(Vz € D) for retrieval.

t

Kyley | D) =+ S 1@ (x) = 2i(y).
=1

Mapping Time The mapping time of IKE (with
iForest by default) is O(t[log,(1)]) as the height
limit of each iTree is set to [log,(¢/)]. On the other
hand, the mapping process of IKEy p involves ¢
distance calculations over m dimensional vectors,
resulting in a time complexity of O(mti). As a
result, IKE is more suitable for online retrieval
compared to IKEy p.

Efficient Similarity Computation The similar-
ity measure requires packing n, = [log,(1))] bits
into a single unit for comparison. When ¢ = 2,
we have n, = 1, in which case the binary compari-
son can be applied. When ny > 2, we employ the
following approach for similarity computation:

Given two IKEs x and y to be compared, their
partial components are first concatenated into
longer bit strings (e.g., 64 bits), denoted as D,
and D,. Let D = D, ® D,, where @ denotes the
bitwise XOR operation, we compute:

M=D[(D>1)]|--- [(D>(ny—1))

Here, | denotes the bitwise OR operation, and >
denotes the logical right shift operation. The re-
sulting bit string M has the following property:
within every segment of ny, bits, if the rightmost
bit is 0, it indicates that = and y are equal in the
corresponding partition.

To isolate these zero bits and set all other bits
to 1 for efficient counting, a mask is applied. The
mask is constructed based on the value of n;, (for
instance, when n;, = 2, the mask is 10101010...):

M = M | mask
ny = popent(M)

After the OR operation with the mask, the num-
ber of remaining O bits in M corresponds to the
number of elements where D, and D, match. The
function popent(M ) counts the number of 1-bits
in M, denoted as n;. The number of matching
elements can then be derived by a simple subtrac-
tion. In practice, we only support n, € {1, 2,4, 8}
bits to keep the codes byte-aligned. An example is
provided in Appendix D.3.
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3.3 Criteria of Isolation Kernel Embedding

From a hashing perspective, each Voronoi cell
or iTree leaf node can be viewed as a hash function
that maps a data point to a binary value, where the
value of “1” indicates that the hash function covers
the point. Under some assumptions, IKE satisfies
the three criteria demonstrated for VDeH (Xu and
Ting, 2025): 1) Full space coverage: All hash
functions cover entire space x € R?, or there exists
a hash function g(x) that maps x to the value of
1; 2) Entropy maximization: For a given dataset,
every hash function shall cover approximately the
same number of points; 3) Bit independence: All
bits in the hash code are mutually independent. The
proof is given in Appendix C.

Diversity Condition By framing both VDeH and
IKE as ensemble methods, we introduce diverse
partitioning as a fourth, crucial criterion. We
prove that IKE generates more robust hash rep-
resentations than VDeH, owing to its ability to pro-
duce a more diverse set of base partitioners. The
detailed proof is provided in Appendix C.4.

4 Experiments

We conduct comprehensive experiments to eval-
uate the performance of retrieval in the IKE space.
For evaluation, we compute MRR @10 (Craswell,
2009) and nDCG@10 (Jarvelin and Kekéilidinen,
2002) as effectiveness metrics, and report search
time and memory consumption as efficiency met-
rics. Here, MRR @ 10 computes the mean recipro-
cal rank of the first relevant document across all
queries, whereas nDCG @ 10 measures the ranking
quality by accounting for the position of relevant
documents. All experiments were conducted on a
Linux server equipped with two Intel Xeon Gold
6330 CPUs (2.00 GHz), providing a total of 56
physical cores (112 logical threads), and 503 GiB
of RAM. Both index construction and search opera-
tions were performed in-memory using all available
threads. Reported search times represent the av-
erage of 10 consecutive runs. We conducted the
experiment in Section 4.2 using 10 different ran-
dom seeds to demonstrate the stability of IKE. For
other experiments, we used a single fixed seed.

4.1 Setup

Datasets for Evaluation We evaluate our
method on four text retrieval datasets from the Mas-
sive Text Embedding Benchmark (MTEB) (Muen-
nighoff et al., 2023) (HotpotQA (Yang et al.,

2018), FiQA2018 (Thakur et al., 2021), FEVER-
HN (Thorne et al., 2018), Touche2020.V3 (Thakur
et al., 2024)), and two multi-level retrieval datasets:
Istella22 (Dato et al., 2022) and TREC DL
23 (Craswell et al., 2023) (with a 1 million sub-
set extracted from their original corpora). More
dataset details are provided in Appendix E.1.

Hyperparameter Settings Following the origi-
nal Isolation Forest framework (Liu et al., 2008),
we set the maximum iTree height to [ = [logy(¢))].
Unless otherwise specified, the number of iTrees ¢
equals the embedding dimension d. The parameter
1) is tuned per dataset via a single grid search under
exhaustive search. The detailed tuning procedure
is provided in Appendix E.2.

LLMs We employ two high-dimensional
dense retrieval models: LLM2Vec (Mistral-7B
backbone) (BehnamGhader et al., 2024) and
Qwen3-embedding-8B (Zhang et al., 2025b), both
producing 4096-dimensional embeddings.

4.2 Comparison with LLM embeddings

Exhaustive Search Table 1 presents the retrieval
performance in the IKE space compared with the
LLM embedding space under an exhaustive search
configuration. The experiment in the LLM em-
bedding space was implemented using the Faiss
library (Douze et al., 2025). The experimental re-
sults demonstrate that retrieval in the IKE space
achieves a 2.5-16.7 x speedup in search time and
reduces memory usage by 8—16x compared to the
LLM embedding space, while maintaining com-
parable or superior retrieval performance. Specifi-
cally, MRR@10 reaches between 98% and 101%
of those obtained in the LLM embedding space,
while nDCG@10 varies from 96% to 100%.

ANN Search Unlike exhaustive search, ANN
methods build an index over the data (Azizi et al.,
2025; Peng et al., 2023; Wei et al., 2025; Wang
et al., 2024; Lin, 2025) to restrict the search to a
small subset of candidates, thereby reducing query
time at the cost of a slight accuracy loss. We inte-
grate IKE with two widely used indexing structures:
the inverted file index (IVF) and the graph-based
HNSW index (Malkov and Yashunin, 2018). Their
retrieval performance is then compared against
counterparts in the LLM embedding space with
Faiss implementation (See Appendix F.1).

Figure 4 illustrates the Query per Second (QPS)
versus MRR@ 10 trade-off curves of four ANN
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Table 1: Results with two LLMs in the exhaustive search setting. The “Space” column reports the reduction in
memory usage achieved by mapping the data into the IKE space, expressed as a multiplicative factor compared to
the LLM embedding. In the “Other” column, we record auxiliary processing time: for IKE, this includes IKE model
construction and feature mapping for all corpus embeddings; for LLM, this includes ¢5-normalization of all corpus
embeddings and Faiss’s exhaustive search index construction. The “Search” column measures the search execution
time for all queries, with the speedup ratio of our method indicated in parentheses.

LLM2Vec Qwen3-embedding
Dataset S.,E’v“: Space ___ Nme®  yRre10  nDCG@10 Dataset S.r"f“: Space ___ 1m€®)  NRRe10  aDCG@10
P Other Search P Other Search
HopotOA LLM 4633 32661 $3.83 74.09 HopotOA LLM 4170 33266 89.76 76.85
otpol IKE (¢=12) |8x 1817 54.82(16.0x) 83.69=0.13 7324+ 0.09 otpof IKE(¢=10) |8x 1451 57.21(158x) 8892=0.13 75.41+0.10
] LLM 029 047 60.33 53.49 ] LLM 0.28 0.46 72.05 64.66
FIQAIS  1kp (=) 18x 020  0.063(17.5x) 59.97+032 5250 =031 FIQAIS  kE(p=15) 18x 024  0.069(167x) 70.95+037 63.17 =031
LLM 0.84 1,10 91.52 90.45 LLM 0.88 122 93.91 92.50
FEVER-HN  10E (4=15) 18x 059  026(142x) 9136+023 9027 +0.16 FEVER-HN  10E (p=13) 18x 039 029(142x) 93594022 92.09+0.19
tellazs LLM 5.0 1.56 68.11 63.88 etz LLM 523 1.62 65.25 59.44
IKE (=16) (8% 326  0.62(|125x) 68924088 6386 0.50 e IKE (¢=11) 8% 164  0.61(127x) 65.114070 59.63+0.55
LLM 5.1 0.90 97.56 73.10 LLM 5.08 0.84 95.73 7379
TRECDL23  \yp(y=3) J16x 223 016(5.6x) 98114102 7178 +062 TRECDL23  \ypy=g) 8% 291  0.32(126x) 96934042 7278+028
LLM 157 144 82.65 sL61 LLM 1.55 1.59 96.94 7641

Touche2020.V3

IKE (¥=7)  |8x 106 0.095(}15.2x) 82.3743.33 51.02+1.18

Touche2020.V3

IKE (¢=16)  |8x 0.47  0.095(}16.7x) 9583+ 1.41 7335+ 1.13

IVF (IKE) 10? IVF (IKE)

~e- HNSW (IKE) ~=- HNSW (IKE)
IVF (LLM) * IVF (LLM) *
—— HNSW (LLM) 10! § —— HNSW (LLM)
—— Exhaustive search (IKE) —— Exhaustive search (IKE)
*  Exhaustive search (LLM) % Exhaustive search (LLM)
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MRR@10 (%) MRR@10 (%)

(a) HotpotQA (LLM2Vec) (b) HotpotQA (Qwen3)

Figure 4: QPS vs. MRR @10 for Four ANN Methods
on the HotpotQA dataset. The curves are obtained by
adjusting the ANN search parameters. The detailed
configuration is described in Appendix F.2.

methods on the HotpotQA dataset, operated in ei-
ther the LLM embedding or the IKE spaces. Over-
all, IKE consistently outperforms that of LLM
across different indexing methods. When using
the HNSW index, retrieval with IKE achieves ap-
proximately 4-5 times higher throughput than with
LLM embeddings. Specifically, on the HotpotQA
(LLM2Vec) dataset, at a comparable MRR @10 of
around 61%, the QPS increases from 1.6 x 10*
(HNSW+LLM) to 6.4 x 10* (HNSW+IKE). When
using the IVF index, performing retrieval in the
IKE space yields a QPS improvement of approxi-
mately 6-8 times over that in the LLM-embedded
space. Additional results on more datasets are pro-
vided in Appendix F.3.

4.3 Comparison with learning-based method

In this section, we compare IKE with compres-
sion methods that require learning, such as MRL
(Kusupati et al., 2022) and CSR (Wen et al., 2025).
However, as MRL requires full model retraining

725478 SR
KE
700
10%

nDCG@10 (%)
Search Time (s)

10!

128 256 512 1024
Code Length (bytes)

128 256 512 1024
Code Length (bytes)

(a) Accuracy (b) Search Time

Figure 5: Comparison of Retrieval Accuracy and Search
Time between CSR and IKE in the exhaustive search
setting on the HotpotQA (LLM2Vec) dataset.

(see Figure 1), we do not have enough computing
resources for such an experiment. In addition, MRL
is shown to be inferior to CSR, and thus, we select
CSR as a representative baseline for comparison.

CSR Parameter Settings CSR uses a hyperpa-
rameter k to control the sparsity level of the vector
z, where each vector contains exactly k non-zero
entries. We compare CSR with IKE under fixed
code length conditions, where the code length of
a sparse vector z is defined as 4k bytes. The CSR
model is trained using the hyperparameters pro-
vided in the original paper for text retrieval tasks.
The search time includes both the mapping time
for all queries and the similarity computation time,
rather than solely the similarity calculation time as
reported in the original CSR paper.

Comparative Results Figure 5 presents a com-
parative evaluation in the exhaustive search set-
ting on the HotpotQA (LLM2Vec) dataset between
CSR and IKE in terms of search time on a CPU
and retrieval accuracy, measured by nDCG@10.
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Figure 6: Performance Comparison of Compression Methods on ANN Retrieval: QPS vs. nDCG @10 on the
HotpotQA (LLM2Vec) dataset. The curves are obtained by adjusting the search parameter of the index structures.

Additional results on more datasets are provided
in Appendix G. The results show that IKE signif-
icantly outperforms CSR in terms of search effi-
ciency across all datasets, while achieving compa-
rable or even superior retrieval accuracy. Specifi-
cally, IKE reduces the search time of CSR by one
order of magnitude. On the HotpotQA (LLM2Vec)
dataset, IKE achieves a search time of 4—12 sec-
onds, whereas CSR requires 104-237 seconds.
This demonstrates that IKE is a superior option
to CSR in practical retrieval scenarios.

Discussion We analyze the reasons behind the
significantly higher retrieval latency of CSR com-
pared to the IKE method. The sparse vector
mapping of CSR employs an MLP to transform
the original d-dimensional embedding into a 4d-
dimensional space, after which only the top-k di-
mensions are retained while the remaining ones
are set to zero. Specifically, the mapping pro-
cess of CSR requires O(d? + dlog,(k)) opera-
tions, whereas the mapping in IKE demands only
O(t[logs())]), where [logy(1))] denotes the max-
imum iTree height. Specifically, considering a sce-
nario where d = 4096 dimensional embedding
is compressed into 128 bytes, IKE utilizes hyper-
parameters ¢ = 1024 and 7 = 2 while CSR re-
quires k = 32. The mapping complexity of CSR is
dominated by the quadratic term O(d?), whereas
that of IKE scales linearly with ¢. Given that
d? >> t in high-dimensional spaces, our method
achieves a significant reduction in mapping over-
head. Additionally, for similarity computation, our
method leverages highly optimized bitwise opera-
tions, which are faster than the sparse matrix multi-
plication relied upon by CSR.

4.4 Comparison with compression methods

In this section, we compare the IKE method
with the learning-free vector compression tech-

niques, under same code-length scenario in the
ANN search setting. Specifically, we study differ-
ent code length constraints of {1024, 512, 256, 128}
bytes. For a fixed code length, we plot QPS against
the retrieval effectiveness measure (nDCG @ 10) for
varying ANN search parameters. We compare our
methods, IVF / HNSW (IKE), with several base-
lines: IVF / HNSW (rpLSH) (Charikar, 2002), IVF
(PQfs) (André et al., 2015), and ScaNN (Guo et al.,
2020). Detailed descriptions of these methods are
provided in Appendix H.1. Note that the embed-
ding length in IKE is determined by parameters
t and 1. Under a fixed code length, we find that
smaller ¢ and larger ¢ yield better retrieval perfor-
mance. Thus, we set ¢)=2 in this experiment.

Figure 6 illustrates QPS vs NDCG @10 curves
for all methods on the HotpotQA (LLM?2Vec)
dataset, with the code lengths used indicated above
each plot. Points closer to the upper right corner
represent better overall performance. Our HNSW
(IKE) method achieves the best balance between
efficiency and effectiveness across all datasets. In
terms of search efficiency, it achieves from 2.9 x
to 10x higher throughput than other learning-free
compression methods in an ANN setting, while
maintaining comparable retrieval accuracy. For in-
stance, on the HotpotQA (LLM2Vec) dataset with
a fixed code length of 512 bytes, when achieving
approximately nDCG@ 10 of 60%, the IVF (PQfs)
method attains around 2.3 x 10 QPS, whereas the
HNSW (IKE) method achieves around 6.7 x 10%
QPS, representing a 2.9 times improvement in effi-
ciency. Similarly, when the code length is extended
to 1024 bytes to reach 70% nDCG@ 10, HNSW
(IKE) attains 1.2 x 10* QPS, representing a 10x
efficiency improvement over IVF (rpLSH), which
yields only 1.1 x 10® QPS. Additional results are
provided in Appendix H.2.
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Figure 7: Effect of parameter ¢ (the number of iTrees) on Search Time and Retrieval Accuracy. The gray
dashed lines denote the corresponding retrieval performance in the LLM embedding space.

4.5 Extra analyses

4.5.1 Impact of hyperparameter ¢

The hyperparameter ¢ denotes the number of
iTrees in the iForest. Increasing ¢ produces more
fine-grained representations, which can enhance
retrieval accuracy; conversely, reducing ¢ trades
off accuracy for lower query latency and reduced
memory usage. To assess this trade-off, we eval-
uate the impact of varying ¢ on the HotpotQA
(LLM2Vec) and Istella22 (LLM2Vec) datasets un-
der both exhaustive search and HNSW configura-
tions. For the HNSW setup, we use a search param-
eter e f Search = 50. We draw ¢ from 0.5K to 5K
(where 1K = 1024), and at each value, we record
the search time, retrieval accuracy (nDCG@10),
and storage usage relative to LLM embeddings.

The results in Figure 7 show that search time in-
creases approximately linearly with the number of
iTrees t, whereas retrieval accuracy follows a log-
arithmic growth pattern. Specifically, while each
increment in ¢ below 3K yields noticeable gains
in retrieval accuracy, the marginal improvement
diminishes beyond this threshold. For instance, as
illustrated in Figure 7b, reducing ¢ from 4K to 3K
decreases query latency from 0.42s to 0.34s, corre-
sponding to a 19.05% improvement in search effi-
ciency and a 25% reduction in memory footprint,
at the expense of only a 0.36% drop in nDCG@10
(from 63.79% to 63.43%). Thus, tuning ¢ enables
substantial gains in search efficiency and memory
savings with a minimal impact on retrieval accu-
racy. In other words, IKE exhibits a desirable prop-
erty similar to that of MRL, enabling flexible adap-
tation of code length to balance effectiveness and
efficiency, while requiring no costly training.

4.5.2 TImpact of hyperparameter

The hyperparameter ¢ denotes the number of
isolating partitions within an iTree. To investi-
gate its influence, we conduct a sensitivity analysis
on the validation set of the Istella22 (LLM2Vec)
dataset using exhaustive search. Specifically, we
fix the number of iTrees at t = 4096 and vary v
across the set {2, 4, 8,16}. We report the resulting
computational overhead and retrieval precision, as
summarized in Table 2.

The experimental results indicate that, unlike the
monotonic accuracy gains observed with parameter
t in Figure 7, the impact of ¢ on retrieval precision
is relatively marginal and lacks a consistent mono-
tonic trend. Notably, however, even with small val-
ues of ¢, IKE maintains remarkably high retrieval
accuracy while reducing both mapping overhead
and query latency. These findings provide critical
engineering guidance: in latency-critical scenar-
ios, selecting a small ¢ enables practitioners to
maximize computational efficiency with negligible
compromises in retrieval performance.

Table 2: Sensitivity analysis for parameter 1)

¢ ¢ _ Tme®  y\RRe10 aDCG@10
Other Search
4096 2 1.18 0.16 91.06 75.71
4096 4 1.69 0.25 90.99 75.83
4096 8 2.49 0.35 90.94 76.02
4096 16 3.70 0.36 91.43 76.35

4.5.3 Variations of IK implementations

In this section, we evaluate the performance of
VDeH, IKEy p (m < d) and IKE. Here, we report
retrieval performance under three configurations of
m: m = 1, m = d (equivalent to VDeH), and an
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Table 3: Results of different implementations of the IKE
in the exhaustive search setting.

Method MRR@10 (%) nDCG@10 (%)
FiQA2018 (LLM2Vec)
IKE (1)=6) 60.13 52.58
IKEy p (=3, m=7) 60.23 52.89
IKEyp @=3,m=1) 5976 . s261
VDeH (¢=3) 32.07 25.84
FiQA2018 (Qwen3)
IKE (1)=15) 71.14 63.25
IKEy p (¢=4, m=5) 71.99 64.03
IKEyp Y=4,m=1) 6987 6216
VDeH (y)=4) 58.91 4978

optimally tuned m, obtained through hyperparame-
ter search. The value of ¢ is fixed at 4096, while
is tuned for best retrieval performance.

The results, presented in Table 3, reveal a sub-
stantial performance gap between IKE and IKEy p
with m = d. For example, in terms of nDCG@ 10,
IKEy p (m = d) exhibits performance decreases
of 50.86% and 21.30% on the two datasets, respec-
tively. However, when m is reduced to smaller
values such as m = 1 or the optimally tuned m
(which also tends to be small), the performance
gap almost disappears. IKEy p (m = 1) is slightly
worse than IKE, which is aligned with the analysis
in Appendix C.4, yet IKEy p with optimally tuned
m can surpass IKE in MMR @10 and nDCG@10.
Nevertheless, we recommend IKE over the opti-
mally tuned IKEy p for two primary reasons. First,
IKEy p requires tuning more hyperparameters (i.e.,
the extra parameter m beside t,). Second, the
mapping process of IKEy p is computationally
more expensive compared to IKE.

5 Conclusion

This paper presents IKE, a learning-free method
based on the Isolation Kernel that transforms LLM
embeddings into binary representations (in IKE
space). IKE ensembles diverse partitions to re-
duce retrieval loss as the ensemble grows. It is
lightweight, binary-encoded, and adaptable in code
length, offering low memory use and fast mapping.
Theoretical analysis highlights the importance of
high diversity in IKE and its variant IKEy p.

Experiments on multiple text retrieval datasets
show that IKE cuts memory and search time by
up to 16.7x while maintaining or even surpassing
LLM-level accuracy. Compared to the learning-
based CSR, IKE achieves order-of-magnitude

speedups without retraining. When combined with
HNSW, it outperforms other learning-free com-
pression methods (rpLSH, ScaNN, PQfs) in the
ANN setting, delivering from 2.9x to 10x higher
throughput with comparable accuracy.

Limitations

While our method demonstrates strong perfor-
mance on the text retrieval task, its effectiveness
on cross-modal retrieval tasks (e.g., Image-to-Text
or Text-to-Image) remains limited. This may be
attributed to the modality gap (Liang et al., 2022)
between textual and visual representations, which
poses a challenge for cross-modal alignment. This
aspect has not been investigated in this paper and
is left for future research.
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A Related Work
A.1 LLM Embedded Representation

Text representation plays a crucial role in tasks
such as semantic matching, clustering, and informa-
tion retrieval (Nie et al., 2024). In recent years, pre-
trained language models with millions or even bil-
lions of parameters have been proposed for a wide
range of NLP tasks, including text representation.
Early approaches relied on encoder-based models
such as BERT (Devlin et al., 2019) and RoBERTa
(Liu et al., 2019). More recently, there has been
a paradigm shift toward leveraging large language
models (LLMs) for text embeddings, with notable
examples including LLM2Vec (BehnamGhader
et al., 2024), Llama2Vec (Liu et al., 2024b), and
Qwen Embedding (Li et al., 2023; Zhang et al.,
2025b). These LLM-based methods now represent
the state of the art in text representation.

However, language model-based embeddings
typically have high dimension: for example, the
hidden states of T5-11B (Raffel et al., 2020) have
1024 dimensions, while mainstream 7B decoder-
only LLMs use 4096 dimensions. Such high-
dimensional embeddings substantially increase
storage and inference costs. To address this, Kusu-
pati et al. (2022) introduced a flexible technique
that enables fine-grained control over embedding
size, balancing latency and accuracy. This ap-
proach has since been extended to various appli-
cations (OpenAl, 2024b; Nussbaum et al., 2025;
Yu et al., 2024). Recently, Wen et al. (2025) pro-
posed CSR, which combines sparse coding with
contrastive learning to produce efficient sparse em-
beddings with minimal performance loss.

Similar to (Kusupati et al., 2022; Wen et al.,
2025), our study also targets representation effi-
ciency and is complementary to the aforementioned
LLM-based representation. However, while these
studies rely on supervised learning to reduce per-
formance degradation relative to LLM embeddings,
our method does not require learning and instead
leverages IK for transformation.

A.2 Efficient Retrieval

For efficient retrieval in high-dimensional spaces,
techniques such as dimensionality reduction (Van
Der Maaten et al., 2009), product quantization
(Guo et al., 2020; Jégou et al., 2011; André et al.,
2015), and hashing (Charikar, 2002; Xu and Ting,
2025) are commonly applied, though often at the
expense of accuracy. Our study falls within the

hashing paradigm, yet demonstrates strong po-
tential to preserve—and in some cases even im-
prove—retrieval accuracy.

Hashing techniques can be broadly categorized
into training-based approaches (Learning to Hash,
L2H) (Liu et al., 2024a; Weiss et al., 2008; Yu
et al., 2014; Gong et al., 2013b,a; Xia et al., 2015;
Jin et al., 2013; Zhu et al., 2014; Lan et al., 2017)
and learning-free approaches (Charikar, 2002; Cai,
2019; Xu and Ting, 2025). L2H aims to map high-
dimensional vectors into a binary coding space
for efficient processing and retrieval. In general,
learning is to ensure three key criteria (Xu and Ting,
2025) for an effective hashing: full space coverage,
entropy maximization, and bit independence.

Recently, Xu and Ting (2025) showed that
Voronoi Diagrams (VD) offer a natural alterna-
tive to L2H, as they inherently satisfy these three
criteria. Building on this insight, they proposed
VDeH, a learning-free method that leverages a
VD-based implementation of the Isolation Ker-
nel for effective hashing. Though VDeH has
been shown to outperform many L2H methods
for non-LLM-related databases, our early exam-
ination has revealed that VDeH performs poorly in
LLM-embedded databases (see Figure 2). To ad-
dress this limitation, we propose a generalized ver-
sion of VDeH that is amenable to LLM-embedded
databases in this paper. It is worth noting that
prior work (Zhou et al., 2012) also explored the
application of Isolation Forest in the field of re-
trieval. Their method employs the path length of
data points on each Isolation Tree as the mapped
feature representation, along with a weighted-sum
similarity calculation, rather than adopting a hash-
ing paradigm. This, however, results in high com-
putational overhead and difficulty in low-bit com-
pression.

B Extension of section 2

B.1 Detailed Description of Isolation Kernel

In practice, Isolation Kernel K is usually esti-
mated from a finite number of ¢ partitions H; (i =
1,...,t) and each H; is derived from a data subset
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D, C D:

t
Z (x,y €06 ¢c H;)

t
%Z Z (x € 0,)I(y € 6;).
=160,€eH;

(1
Given H;, there exist ¢ isolating partitions 0; €
H; (j=1,...,4). For any data point x, we define

Ky(x,y | D) ~

w\}—t

<I>Z~j(x ‘ D) = H(X € 6]' | 0]' S Hl)

Since x can belong to exactly one of these 1) isolat-
ing partitions, the vector

®,(x | D)

= [ (x| D), Pia(x| D), ..., ®iy(x | D)]
is a 1)-dimensional one-hot encoding. Given ¢ par-
titions, ®(x | D) is the concatenation of ®1(x |
D),...,®(x | D).

In practice, each data point x is mapped into a
binary feature space of dimension ¢ X v via the
mapping ® : x —— {0, 1} . Under this repre-
sentation, the Isolation Kernel K, can be approxi-
mated by the normalized inner product:

1

K¢(x,y \ D) ~ 7<<I>(x | D),

; o(y | D)).

For notational brevity, we henceforth omit the con-
ditioning on D whenever the meaning is clear.
Since the mapped data point ®(x) is highly
sparse, with only ¢ out of the ¢ x 1) entries equal to 1,
we store it in an index-based sparse representation
Pldx(x) € Nt. Specifically, the i-th component of
P19 (x) indicates the position of the sole “1” in the

one-hot vector ®;(x) for all 7 € [1,¢]. Formally,
we define
O (x) = [91%(x), D5*(x), ..., P(x)]

P (x) = arg lrilagiw D, (x).
By storing each element of ®%(x) using
[logy(1))] bits, the code length of each mapped
data point becomes ¢ [log,(1))] bits, significantly
reducing the memory requirements. Thus, we can
approximate the Isolation Kernel K, as:

Ky(x,y | D) ~

w\)—l

t
S H@(x) = B ().
=1
(3

C Theoretical Guarantees for IKE

This section formally defines the Voronoi
Diagram-based Isolation Kernel Embedding
(IKEyp) operating on a randomly selected
subspace (see Appendix C.1) and establishes that
it preserves the three key criteria demonstrated for
VDeH (Xu and Ting, 2025): full space coverage,
entropy maximization, and bit independence.
The proofs follow directly from the theoretical
framework of (Xu and Ting, 2025); since the core
mechanisms of random sampling and partitioning
remain unchanged, we show that adding a random
subspace projection does not affect the original
guarantees. For brevity, we refer to the correspond-
ing proofs and streamline the arguments where the
reasoning is identical (see Appendix C.2).

Furthermore, under suitable distributional as-
sumptions, we prove that the iForest-based IKE
also satisfies these three criteria (see Appendix C.3).
Finally, by viewing both VDeH and IKE as ensem-
ble methods, we introduce diverse partitioning as
a fourth criterion. We demonstrate that, compared
to VDeH, IKE produces more robust hash represen-
tations due to its ability to generate a more diverse
set of base partitioners (see Appendix C.4).

C.1 Formal Definition of IKEy p

Let X = [21,...,2n5] € RN be the input
dataset. An IKEy p partition is constructed via a
three-step process: (1) We randomly select m di-
mensions from the original d-dimensional embed-
ding, which is equivalent to applying a projection
function P; : R — R™ that maps points to a
random m-dimensional subspace; (2) Randomly
sampling 1 anchor points D = {s1,..., 54} C X
(3) Constructing a Voronoi Diagram H j in the R™
subspace using the projected anchor points Py (D).
For any point z € RY, its hash value is determined
by which of the 1) Voronoi cells its projection P;
falls into. An IKEy p model consists of ¢ such
partitions, each constructed independently.

C.2 Proof of Criteria of IKEy p

Proposition 1 (Full Space Coverage). The hashing
scheme of IKEy p covers the entire input space,
ensuring that every point can be assigned a binary
code.

Proof. The IKEy p scheme inherently provides full
space coverage. For any point z € R?, the projec-
tion P; maps it to a unique point P;(z) in the
subspace R™. By definition, a Voronoi Diagram
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forms a complete partition of the space in which it
is constructed. Therefore, Py (z) is guaranteed to
fall into exactly one Voronoi cell. This ensures that
every point x in the original d-dimensional space
is assigned a hash code. 0

Proposition 2 (Entropy Maximization). For a
given dataset, every hash function in IKEy p covers
approximately the same number of data points.

Proof. Based on Lemma 1 of the existing work (Xu
and Ting, 2025), for a partition constructed from
1 anchor points drawn i.i.d. from the data distri-
bution, the probability of an arbitrary point falling
into any given Voronoi cell is uniformly 1 /7).
This criterion remains valid for IKEy . The
anchor points are still sampled i.i.d. from the data
distribution. When these points and the data are
projected onto the same random subspace R™, their
underlying distributional relationship is preserved.
The entropy maximization criterion of VDeH is
based on the random sampling process and is ag-
nostic to the space’s dimensionality. Thus, its con-
clusion holds true within the subspace R™:

1
Pr(Py(z) € Vi) = —,
(G
forevery cell ¢ = 1, ..., . This uniform probabil-
ity ensures entropy maximization. O

Proposition 3 (Bit Independence). All bits in the fi-
nal concatenated binary code generated by IKEy p
are mutually independent.

Proof. The bit independence criterion in VDeH re-
lies on two aspects, both of which are maintained
in IKEy p. We assume the standard encoded hash-
ing mechanism, which maps a cell index from a
partition of size 1) = 2" to a w-bit binary code.
First, IKEy p holds the independence between
partitions. As with VDeH, each of the ¢ partitions
in IKEy p is constructed independently. This inde-
pendence is further reinforced in our case by the
fact that each partition is constructed not only with
a new set of random anchor points but also in a
new, independently chosen random subspace. This
ensures the statistical independence of the w-bit
codes generated from different partitions. Second,
IKEy p holds the independence within a partition.
The proof for this case, detailed in Theorem 1 of
the existing work (Xu and Ting, 2025), is condi-
tional on the entropy maximization criterion hold-
ing. Specifically, it requires the probability of a

point falling into any of the v cells to be 1/,
which is also satisfied in IKEy p. Since the prereq-
uisite holds and the same encoding logic is applied,
the conclusion of Theorem 1 in VDeH directly
applies: any two bits generated from the same en-
coded partition are mutually independent. O

C.3 Proof of Criteria of IKE (iForest)

For iForest-based IKE, as with IKEy p, the full
space coverage criterion is naturally satisfied, while
the bit independence criterion depends on the en-
tropy maximization.

First, an iTree partitions space using axis-aligned
hyperplanes. The set of all leaf nodes forms a col-
lection of disjoint hyper-rectangles whose union
completely tiles the R? space. Any point 2 € R?
can be deterministically routed through the tree’s
splits to a unique leaf node. Thus, full space cover-
age is satisfied, irrespective of the data distribution.

Theorem 1. Under the assumption of a uniform
data distribution, the hashing scheme of IKE satis-
fies the entropy maximization and the bit indepen-
dence criteria.

Proof. Let an iTree be constructed to have i leaf
nodes {V1,...,V,}. We need to show that for an
arbitrary point x, the probability of it landing in any
leaf node V; is uniform, i.e., Pr(z € V;) = 1/4.
Consider a single split at an arbitrary node in the
tree. The split value p is chosen uniformly at ran-
dom from the range [mg, M,], where m, and M,
are the minimum and maximum values of the data
points within that node along the chosen dimension
q. Under the uniform data distribution, the proba-
bility mass within any sub-region is proportional
to its volume. When a split point p is chosen uni-
formly within the range [mg, M|, the probability
that a point x within this region falls on the left
side of the split (z, < p) is given by Aqu__mn‘iq The
expected probability of going left, over the random
choice of p, is:

B, [Pr(x goes left)] = E, [H]
q q

_ Bylpl —mq
My —my .

Since p is uniform in [m, M,], its expectation is
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Eylp] = %Mq Substituting this in, we get:

mg+My
3 My

My —my
Mg—my

E, [Pr(x goes left)] =

1

My —mg 2

Thus, at each node, a data point has an equal prob-
ability of 1/2 of being routed to either child node.
For a point to reach a specific leaf node, it must
follow a unique path of splits from the root. The
probability of any specific path is therefore uniform
across all leaves, leading to Pr(z € V;) = 1/,
which establishes the entropy maximization crite-
rion.

The bit independence criterion follows from the
establishment of entropy maximization. Assuming
the standard encoded hashing mechanism where
a leaf index from a partition of size ¢y = 2" is
mapped to a w-bit binary code. The proof consid-
ers two cases: (i) The independence between par-
titions is guaranteed because each of the ¢ iTrees
in the ensemble is constructed independently. This
ensures the statistical independence of the w-bit
codes generated from different trees. (ii) The inde-
pendence within a single partition. Let o and 3 be
two distinct bits in the w-bit vector generated from
one iTree. For any values v,,v3 € {0, 1}, the joint
probability is the sum of probabilities of landing in
all leaf nodes V; whose code satisfies the condition:

Pr(a = v, B = v3)

I
Me

Pr(z € V;) - I(av = v, = vg for cell i)

1

<.
I

(o = va, B = vg).

I
S
M=

1

2

Since the ¢ = 2% binary codes exhaust all possible
w-bit vectors, exactly 1»/4 of them will satisfy the
condition that two specific bits have the values v,,
and vg. Therefore:

Pr(a = vq, 8 =0

o =)= 3 10— ;<

Pr(5

%\H
||M@
|
(4
Q

Since Pr(a = v, 8 = vg) = Pr(ac = v,) - Pr(f8 =
vg), the bits are mutually independent. This com-
pletes the proof. O

Therefore, under the uniform distribution, IKE
satisfies three key criteria, which is to implement
effective binary codes.

In fact, LLM embedding is non-uniform, which
makes IKE appear to perform poorly due to not
strictly satisfying the two criteria. However, IKE’s
strength lies in its use of a large ensemble of ¢
iTrees. While a single tree may produce biased par-
titions and correlated bits, the final similarity score
is an aggregation over thousands of independent
random processes. The biases and errors of individ-
ual trees are averaged out, yielding a robust model
where the strong independence between trees com-
pensates for the lack of strict independence within
them. In our experience, IKE is even better than
IKEy p when m = 1, which satisfies all three cri-
teria.

C.4 Diverse Partitioning

It is noteworthy that VDeH satisfies the three
criteria discussed above, yet it performs poorly on
LLM embeddings. This indicates that these criteria
alone are insufficient for effective retrieval. In the
following, we demonstrate that diverse partitioning
accounts for the superior retrieval performance of
IKE compared to VDeH.

Diverse partitioning as the fourth criterion. As
VDeH and IKE can be expressed as ensemble meth-
ods of a similarity kernel function K (x,y) (Ting
et al., 2018, 2024), the superiority of IKE stems
from a key principle in ensemble learning: diverse,
simple base learners often outperform ensembles
of complex, correlated ones.

Definition 1 (Base Partitioner). A base partitioner
h(x; ©) maps x € R? to a discrete partition, with
© as a random variable capturing all randomness:

» For VDeH, Ovyp.y consists of ¢ randomly
sampled anchor points from the corpus.

e For IKE, Og includes random dimension
selections, and value splits during iTree con-
struction.

Definition 2 (Isolation Kernel). Given a base par-
titioner h(-; ©) (Definition 1), the Isolation Ker-
nel Ky (x,y) is the expectation that x and y are
mapped to the same partition:
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Ky(x,y) = Eo[l(h(x;©) = h(y; ©))], (4

This is consistent with the definition in Section 2,
re-expressed using the base partitioner notation.

Intuitively, if two points x and y are close in
the data space, they are more likely to fall into the
same isolating partition, yielding a larger kernel
value K (x,y). Conversely, distant points are less
likely to co-occur in a partition, yielding a smaller
value.

In practice, both IKE and VDeH estimate
Ky (x,y) using a finite ensemble of ¢ base par-
titioners, {hi,...,h;}. Each partitioner h; is an
instance h(-; ©;), generated from an i.i.d. realiza-
tion ©; of the random parameter O:

t

K(xyit) = 1 3 1(h(x:07) = h(y:0:)). ()

i=1

The quality of the estimator K (x,y;t) is measured
as follows:

MSE(K (x,y;1)) = E [(K(x,y;t) — Ky(x,y))?]

= Bias® + Variance.

(6)

Since each Z; = I(h(x;0;) = h(y;0;)) is
iid. with E[Z;] = Ky(x,y), the sample mean
K(x,y;t) = + >, Z; is an unbiased estimator of
Ky(x,y). Thus, MSE(K (x,y;t)) is determined
entirely by the variance term. Let p = Ky (x,y)
and 02 = p(1 — p). The variance of the estimator
is

Var(K(x,y;t))
t
1 7
=5 > Var(Z;) + Y Cov(Zi, Z))
i=1 i#j
Letting p = Cov(Z;, Z;)/o? for i # j gives
the following standard identity for the variance of

the mean of identically distributed random vari-
ables (Breiman, 2001):

Var(K (x, ;1)) = o? (1;” ¥ p) C®

Corollary 1 (Asymptotic Variance Limit). As the
ensemble size t — oo, the variance of K(x,y;t)
converges to:

lim Var(K(x,y;t)) = po? )

t—o00

Thus, the quality of the estimator K (x,y;t) is
ultimately constrained by the correlation p.

Theorem 2. Assuming that the dimensions in the
input space are independent, the correlations of
the VDeH, IKEvy p, and IKE partitioning schemes
satisfy the following inequality for dimension d >
1.

PVDeH > PIKEyp(m=1) > PIKE = 0. (10)

Proof. For VDeH, the randomness is driven solely
by the data sample D,,. Therefore, its correla-
tion is entirely determined by the data, yielding
PVDeH = Pdata- For IKEyp(m = 1), random-
ness comes from Dy and a random dimension
choice ¢ € {1,...,d}. We analyze its covariance
Covy p1(Z;, Z;) using the law of total covariance,
conditioning on the dimension choices ¢;, g;:

}EQi#Zj [COU(ZU Z] |QZ7 QJ)]
+ Covg, 4, (E[Zilgi], E[Z;]g51])-
By dimension independence, E[Z]q] is constant,

making the second term zero. The covariance is
thus equal to the first term:

(11)

e Case A (¢; = qj): Occurs with probability
1/d, giving
COU(Zia Zj’@h' = Qj) = Uzpdata-

» Case B (¢; # ¢;): Occurs with probability

1 — 1/d, yielding zero conditional covariance
due to dimension independence.

Combining these cases yields:

_ Covypa(Zi, Zj) _ Pdaw

PIKEyp(m=1) = 2 1 (12)
For d > 1, we have the following inequality
PVDeH > PIKEyp(m=1) (13)

The randomness in IKE, Okg = (Dy, R), in-
volves the data sample Dy, and a rich set of sub-
sequent random choices R to construct the entire
iTree (i.e., random dimension selections and value
splits). This randomness further reduces the corre-
lation p between partitioners. Thus, we have

PIKEyp (m=1) > pike > 0. (14)

Combing Eq.(13) and Eq.(14) completes the proof.
O

Theorem 2 shows that the randomization process
employed by IKE makes it superior in generating
diverse base partitioners, leading to a robust binary
hash representation.
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D Method Details

This section provides details of our method. The
code is publicly available at: https://github.
com/Zed-Zed-b/IK_Emb.

D.1 Construction Details of Isolation Tree
(iTree)

Given a dataset D = {xi,...,xy4} C RY,
one first chooses a feature ¢ uniformly at ran-
dom from the set of all features of D. Next,
a split value p is drawn uniformly from the in-
terval [min, (D), max,(D)], where min, (D) and
max, (D) denote the minimum and maximum val-
ues of feature ¢ over all points in D. The dataset D
is then partitioned into two disjoint subsets: Dy =
{xeD|zy<p}, D, ={x€D]|xy>p} This
splitting process is applied recursively to D, and
D,, with the current tree height e incremented by
one at each recursive call. Recursion terminates
when any of the following conditions is satisfied:
(i) |D| = 1, (ii) the current tree height e reaches
the specified height limit [, or (iii) the chosen split
(¢, p) fails to produce two nonempty subsets (i.e.,
Dy = & or D, = @). The partitioning in iTree is
demonstrated in Figure 3a. It is noteworthy that
the entire construction process of iTree does not
require learning.

D.2 Formal Description for IKEy p

Let D = [21,...,zn] € RN be the input
dataset. An IKEy p partition is constructed via
a three-step process: (1) Randomly selecting m
dimensions (m < d); (2) Randomly sampling
anchor points D = {s1,...,s4} C D; (3) Con-
structing a Voronoi Diagram H ; using the only se-
lected dimensions of anchor points. For any point
z € RY, its transformed value is determined by
which of the ¢ Voronoi cells it falls into (see the
demonstration in Figure 3b).

D.3 An Example for Efficient Similarity
Computation

This section provides a step-by-step example
illustrating the efficient computation of matching
elements between two bit strings. Let D, and D,
be two 8-bit strings, each segmented into n, = 2
bit element. Thus, each string consists of 8/2 =
4 elements. The goal is to count the number of
positions where the corresponding elements match
exactly.

Assume the values of D, and D, are:

D, =00011001
D, =00101101

The bitwise XOR operation identifies positions
where the two bits differ. A segment of all zeros
after XOR indicates a matching element.

D =D, ® D, =00110100

Checking each segment for all zeros directly is
inefficient. Instead, a logical right shift followed
by a bitwise OR is used to propagate any ’ 1’ within
a segment to its rightmost bit. If the rightmost bit
is ’0’ after this operation, it indicates that all bits in
this segment are O (meaning the element matches):

M=D|(D>1)
=00 11 01 00 | 00 01 10 10
=00 1101 10

The bold bits represent the rightmost bit of each
segment.

To count segments where the rightmost bit is *0’,
all other bits (non-rightmosts) in M are setto 1’
by OR-ing with a pre-defined mask. The mask for
ny = 21s 10 10 10 10. For ny = 4, it would be
1110 1110.

M = M | mask
=00110110|1010 1010
=10111110

The number of ‘1’ bits in M is counted using the
population count (popcnt) function. The number of
matching elements equals the length of M minus
this count,

nyp = popent(M) =
Nmaten, = length(M) —ng = 2

Thus, between D, and D,, two out of four ele-
ments match.

D.4 Discussion on Database Scalability and
Distribution Shifts

IKE natively supports efficient incremental up-
dates without requiring a full system rebuild. Dur-
ing the initialization phase, IKE utilizes a represen-
tative sub-sample set to construct a fixed mapping
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function f(z) : R? — {0,1}**¥ based on the
iTree structure. Once this mapping function is de-
termined, it functions as a static, data-dependent
hashing mechanism. For newly arriving data points,
the system only needs to perform a single forward
pass to convert the high-dimensional vectors into
binary codes using the existing iTrees. These codes
are then directly inserted into the existing index-
ing structures (e.g., HNSW or inverted lists). This
property ensures that IKE can seamlessly scale to
expanding databases with minimal computational
overhead.

A common challenge in industrial-scale retrieval
is the evolution of document corpora over time.
While the mapping function remains effective as
long as the underlying data distribution is relatively
stable, a significant distribution shift may neces-
sitate an update to the model to maintain optimal
retrieval precision. Unlike learning-based quanti-
zation or hashing methods that require expensive
retraining on massive datasets, IKE maintains a
distinct advantage due to its learning-free nature
and extremely low reconstruction cost. In the event
of a detected distribution shift, IKE can rapidly re-
construct the mapping function through efficient
re-sampling.

To quantify this efficiency, we conducted bench-
marks on the Istella22 dataset (1 million data
points) using the LLM2Vec model (t = 4096, =
16). On the Linux server reported in the Section 4,
a complete round of sample re-sampling and model
reconstruction takes only 0.045 s. Furthermore,
remapping the entire 1-million-sample corpus with
the updated model is completed within 3.21 s.
Such high responsiveness makes IKE a highly cost-
effective solution for dynamic, industrial-scale re-
trieval scenarios compared to traditional learning-
based approaches.

E Experiment Details

In this section, we provide the details of the
datasets and hyperparameter tuning procedure em-
ployed in our study.

E.1 Dataset Details

The Massive Text Embedding Benchmark
(MTEB) (Muennighoff et al., 2023) is a widely
used benchmark for validating LLMs’ abil-
ity to extract text embeddings. We exploit
3 retrieval datasets from the MTEB (eng,
v2) benchmark: FiQA2018 (Thakur et al.,

2021), FEVER-HN (Thorne et al., 2018), and
Touche2020.V3 (Thakur et al., 2024). To assess
scalability with large corpora, we also include an
additional dataset from the MTEB (eng, v1) bench-
mark: HotpotQA (Yang et al., 2018), which has a
corpus size of 5.2 million. To further validate the
effectiveness of our method on multi-level retrieval
datasets, we use the Istella22 (Dato et al., 2022) and
TREC DL 23 (Craswell et al., 2023) datasets (with
a 1 million subset extracted from their original cor-
pora). All datasets provide human-annotated rele-
vance labels for each query. In multi-level datasets
like Istella22 and TREC DL, documents are rated
on a graded relevance scale, ranging from 1 to 5
in Istella22 and from 1 to 4 in TREC DL. Detailed
dataset statistics are presented in Table 4.

Table 4: Dataset Statistics. Datasets are categorized
by source. “HN” in the dataset name indicates ‘“Hard
Negatives”. Relevance indicates the relationship be-
tween query and document: binary score (relevant, non-
relevant) or multi-level score, in which each document
is assigned the level of relevance w.r.t the query.

Dataset Relevance Corpus Size Query Size
MTEB
HotpotQA Binary 5,233,329 7,405
FiQA2018 Binary 57,638 648
FEVER-HN Binary 163,698 1,000
Touche2020.V3 3-Level 303,732 49
Extra Datasets
Istella22 (subset) 5-Level 1,000,000 234
TREC DL 23 (subset) 4-Level 1,000,000 82
E.2 Hyperparameter Tuning

The parameter 1p, which controls the number of
partitions, is determined for each dataset through
a grid search on a validation set, aimed at optimiz-
ing retrieval accuracy under an exhaustive search
setting. This process is efficient, requiring only a
single grid search per dataset. Specifically, we tune
over the range [2, 16] and select the best value.

Notably, the FEVER-HN and Touche2020.V3
datasets do not provide an official validation split.
We construct their validation sets as follows:

 FEVER-HN: This dataset is a subset derived
from the FEVER dataset (Thorne et al., 2018).
We therefore adopt the official validation split
of the original FEVER dataset as the valida-
tion set for FEVER-HN. The official test set
of FEVER-HN is subsequently used for final
evaluation.
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Figure 8: QPS vs. MRR @10 for Four ANN Methods on Istella22 and TREC DL 23.

* Touche2020.V3: We randomly sample 30%
of the official test set to serve as the validation
set, using the remaining 70% for final testing.

F Extension of section 4.2

F.1 Implementation details of combining two
ANN methods with IKE

IVF (JKE) We use k-means clustering to par-
tition the data and construct the IVF index in
the LLM embedding space. During retrieval, the
query’s LLLM embedding is used to identify the
closest clusters, and then the similarity between the
query and the data points within these clusters is
computed in the IKE space.

HNSW (IKE) The index construction and search
processes follow the methodology proposed in the
original paper, with the only modification being the
replacement of the cosine similarity defined in the
LLM embedding space with the similarity defined
in the IKE space.

F.2 Detailed Experimental Configuration

For the two ANN algorithms with IKE, we re-
tain the same value of 7 in the exhaustive search
setting for each dataset. For the IVF index, the

number of clusters nlist is set to 4,096, following
the recommendation in Faiss (Douze et al., 2025)
for million-scale datasets. The hyperparameters
for the HNSW index are set as follows: M = 32
and efConstruction = 500. In each plot, dot-
ted lines represent retrieval performed in the IKE
space, whereas solid lines represent retrieval in the
LLM embedding space. The same color indicates
the same underlying index structure for direct com-
parison. Additionally, the blue pentagram markers
denote the retrieval performance achieved through
exhaustive search in the LLLM embedding space.
The purple curve corresponds to the retrieval perfor-
mance of IKE under the exhaustive search setting,
which was obtained by tuning the hyperparameter
t while keeping the parameter 1) fixed.

F.3 Additional experimental results in the
ANN search setting

Additional experimental results for the ANN
search setting are provided in Figure 8, which
shows the QPS-MRR @ 10 trade-off curves on the
Istella22 and TREC DL 23 datasets. Consistent
with the results presented in the main paper, per-
forming retrieval with IKE using the HNSW index
achieves multiple times higher throughput com-
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pared to retrieval directly with LLM embeddings.
For instance, on the Istella22 (Qwen3) dataset un-
der the around 60% MRR @10 condition, QPS im-
proves from 1.1 x 10* (LLM) to 6.5 x 10* (IKE),
representing an nearly 6 x acceleration in retrieval
speed. Additionally, on some datasets, the peak per-
formance on IKE exceeds that of the LLM, which
aligns with the findings presented in Table 1. These
results demonstrate that retrieval in the IKE space
provides substantial efficiency gains while achiev-
ing comparable or even better accuracy.

G Extension of section 4.3

Figure 9 presents the additional experimental
results in the exhaustive search setting between
CSR and IKE on the Istella22 (LLM2Vec) and
TREC DL 23 (LLM2Vec) datasets. The results
show that IKE significantly outperforms CSR in
terms of search efficiency across all datasets, while
achieving comparable or even superior retrieval
accuracy.

H Extension of section 4.4

H.1 Description of Compared ANN methods

The compared ANN methods are described in
detail as follows:

e IVF (IKE) / HNSW (IKE): This refers to two
primary ANN methods, operated in the IKE
space. The detailed implementations of these
methods are the same as those in the previous
section.

* IVF (rpLSH) / HNSW (rpLSH): rpLSH is
a short name for Random-Projection-based
Locality Sensitive Hashing (Charikar, 2002),
which is a simple yet powerful LSH algo-
rithm. Previous research has demonstrated its
superior effectiveness, ranking it first among
eleven popular hashing algorithms (Cai, 2016).
It should be noted that Faiss only provides an
exhaustive search implementation of rpLSH.
To ensure a fair comparison, we integrate
rpLSH with the IVF and HNSW indexing
structures to perform an ANN search.

¢ IVF (PQfSs): Product Quantization (PQ) (Jé-
gou et al., 2011) is widely adopted in prac-
tice due to its effective balance between re-
trieval accuracy and compression capability
(Subramanya et al., 2019; Johnson et al., 2019;

Zhang et al., 2025a; Qiu et al., 2022). How-
ever, conventional PQ implementations can
suffer from slower search speeds due to ta-
ble lookup operations. A recent approach,
Product Quantization Fast Scan (PQfs) (An-
dré et al., 2015), utilizes a SIMD-based fast
implementation that significantly accelerates
the process, achieving a 4 to 6 times speedup
while maintaining the same level of accuracy
as standard PQ. IVF (PQfs) integrates PQfs
with the IVF indexing structure. We utilize
the Faiss implementation of IVF (PQfs) as a
baseline for comparison.

e ScaNN: ScaNN (Guo et al., 2020), devel-
oped by Google, employs a novel anisotropic
quantization loss function for constructing the
quantization codebook. We use the official
ScaNN implementation in its ANN search
mode for evaluation.

H.2 Additional experimental results in the
ANN search setting

Figure 10 illustrates the QPS versus nDCG@10
trade-off curves for all methods on the HotpotQA
(Qwen3), Istella22, and TREC DL 23 datasets, with
the code lengths used indicated above each plot. In
terms of search efficiency, HNSW (IKE) achieves
up to 10x higher throughput than other learning-
free compression methods in ANN setting, while
maintaining comparable retrieval accuracy. For in-
stance, on the Istella22 (Qwen3) dataset with a 512-
byte code length, HNSW (IKE) improves through-
put from 1.1 x 10* to 1.5 x 10° QPS at around
51% nDCG @10 compared to ScaNN, resulting in
an order-of-magnitude improvement. Furthermore,
the IVF (IKE) method attains search efficiency on
par with the IVF (PQfs) approach.

Regarding accuracy, all methods achieve similar
top-line performance across most datasets. Notably,
our method attains significantly higher retrieval ac-
curacy on the Istella22 (Qwen3) dataset, as shown
in Figure 10c, where it outperforms other methods
by 3% at a code length of 512 bytes. It is also
noteworthy that the rpLSH method achieves com-
petitive accuracy on several datasets. However, its
retrieval speed is substantially lower than that of
our approach, primarily due to its embedding map-
ping process involving high-dimensional matrix
multiplications with high computational overhead.
As the code length increases, the QPS gap between
HNSW (rpLSH) and HNSW (IKE) gradually be-
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Figure 9: Comparison of Retrieval Accuracy and Search Time between CSR and IKE in the exhaustive search
setting on the Istella22 (LLM2Vec) and TREC DL 23 (LLM2Vec) datasets. The search time includes both the
mapping time for all queries and the similarity computation time, rather than solely the similarity calculation time
as reported in the original CSR paper.

comes large. This occurs because the mapping
time begins to dominate the total retrieval process
of rpLSH, thereby diminishing the efficiency ad-
vantage typically offered by the HNSW index.
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Figure 10: Performance Comparison of Compression Methods on ANN Retrieval: QPS vs. nDCG @10 on

HotpotQA (Qwen3), Istella22, and TREC DL 23. The curves are obtained by adjusting the search parameter of
the index structures.
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