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Abstract

Large Language Models (LLMs) have demon-
strated strong reasoning capabilities and
achieved remarkable performance on mathe-
matical reasoning tasks. Recently, distilling
reasoning ability from long-form Chain-of-
Thought (CoT) has emerged as a promising
approach for enhancing small-scale models.
Most existing studies treat small-scale mod-
els as students and leverage long-form CoTs
generated by superior teacher models as train-
ing targets for Supervised Fine-Tuning (SFT)
to distill reasoning ability. However, such
long-form reasoning trajectories are often mis-
aligned with the student’s capacity, making it
difficult for the student model to effectively
internalize the provided reasoning steps. To ad-
dress this limitation, we propose errOr-aware
self-ReflectION (ORION), a framework that
adapts teacher CoTs through an error-aware
self-reflection process. Specifically, ORION
prompts the student model to refine teacher-
generated trajectories by explicitly incorpo-
rating its own reasoning errors, thereby pro-
ducing student-tailored reasoning trajectories
for SFT. Experiments on multiple mathemat-
ical reasoning benchmarks demonstrate that
ORION consistently improves student perfor-
mance by more than 2% over all baselines. Fur-
ther analysis shows that the CoTs constructed
by ORION exhibit higher coherence and log-
ical consistency, making them more effective
supervision signals for SFT. All codes are avail-
able at https://github.com/NEUIR/ORION

1 Introduction

Large Language Models (LLMs) have demon-
strated strong reasoning capabilities in mathemat-
ical problem-solving (Brown et al., 2020; Zhang
et al., 2022). By leveraging the Chain-of-Thought
(CoT) paradigm (Wei et al., 2022), LLMs can de-
compose mathematical problems into intermedi-

* indicates equal contribution.
† indicates corresponding author.

Question: What is the smallest positive perfect cube that is the sum 
of three consecutive integers?      Ground-Truth: 27

<think>…The 
answer is 27…

Error Analysis: …misreading the 
condition of consecutive…
Correct Reasoning: …the three 
integers 8,9,10 and sum 27…

Vanilla Distillation

ORION

𝑴𝒔𝒕𝒖𝒅𝒆𝒏𝒕𝑴𝒕𝒆𝒂𝒄𝒉𝒆𝒓

𝑴𝒔𝒕𝒖𝒅𝒆𝒏𝒕

𝑴𝒕𝒆𝒂𝒄𝒉𝒆𝒓

Error-Aware CoT

ORION incorporates
errors into model-fit 
reasoning.

The answer is 8

Error Example 1: Conclude smallest cube is 1. 
The final answer is boxed{1}…
Error Example 2:

SFT

Reasoning Refinement

…

SFT

Errors →
ORION

Figure 1: The Framework of Our ORION Model.
ORION distills the reasoning capability of the teacher
model (Mteacher) by refining teacher-generated CoTs for
training the student model (Mstudent).

ate reasoning steps and solve them in a step-by-
step manner (Fu et al., 2023; Li et al., 2023),
thereby achieving substantially improved perfor-
mance. However, for small-scale models, gen-
erating reliable and logically coherent CoTs re-
mains challenging, especially when tackling com-
plex mathematical tasks (Wang et al., 2025).

Recent studies have focused on distilling rea-
soning abilities from superior LLMs to enhance
the mathematical reasoning performance of small-
scale models (Zhou et al., 2021; Hsieh et al., 2023).
These approaches typically regard small-scale mod-
els as students and stronger LLMs as teachers,
transferring reasoning capabilities by training the
student to imitate the teacher’s underlying reason-
ing patterns (Li et al., 2024a). While such di-
rect distillation strategies have shown promising
results, subsequent work has further improved stu-
dent reasoning by enabling learning from the stu-
dent’s own mistakes (An et al., 2023) or by lever-
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aging more informative long-form reasoning tra-
jectories (DeepSeek-AI et al., 2025). In particular,
recent studies have explored error-aware learning
paradigms, where a teacher model corrects and an-
alyzes errors in the student’s solutions (Jain et al.,
2025; Yang et al., 2024b). The corrected solutions
are then used as supervision targets to guide the
student in avoiding similar mistakes during infer-
ence (Yang et al., 2024b; Li et al., 2024b). How-
ever, teacher-generated corrections are not always
reliable and may introduce additional noise into
the supervision signal. More recently, researchers
have explored distillation from long-form reason-
ing trajectories that involve deeper exploration and
explicit reflection, enabling the student model to in-
ternalize corrective reasoning patterns and thereby
achieve further performance improvements (Ye
et al., 2025; DeepSeek-AI et al., 2025). Neverthe-
less, the substantial capability gap between teacher
and student models often hinders effective learning
from such long and complex reasoning trajectories,
ultimately limiting the effectiveness of reasoning
distillation (Li et al., 2025b).

In this paper, we introduce errOr-aware self-
reflectION (ORION), a novel approach that de-
livers more effective supervision signals by lever-
aging student self-reflection to distill reasoning ca-
pabilities from a teacher model. As illustrated in
Figure 1, ORION first exposes potential erroneous
solutions generated by the student model by sam-
pling with different decoding temperatures. Then,
conditioned on its generated errors and the teacher-
provided long-form CoTs, the student model re-
flects on these errors and refines the CoT results
into student-tailored reasoning trajectories. Finally,
we construct Supervised Fine-Tuning (SFT) data
by pairing each query together with its sampled
erroneous solutions as inputs, and using the refined
CoTs as training targets.

Our experimental results demonstrate that
ORION consistently outperforms all baselines
across mathematical reasoning tasks of varying dif-
ficulty, highlighting its overall effectiveness. Fur-
ther analysis shows that, compared to directly us-
ing long-form CoTs as training targets, ORION
achieves lower and more stable entropy during
training, indicating improved training stability.
Moreover, ORION effectively reduces redundant
reasoning patterns present in long-form CoTs, en-
abling student models to acquire more concise and
higher-quality reasoning processes. Finally, we
observe that ORION effectively corrects multiple

types of errors produced by student models, with
a particular strength in addressing reasoning er-
rors. This further validates the effectiveness of the
error-aware CoT refinement mechanism in provid-
ing higher-quality supervision for training.

2 Related Work

Large Language Models (LLMs) have proven ef-
fective in solving mathematical problems (Cobbe
et al., 2021; Hendrycks et al., 2021). Advanced
prompting strategies, such as Chain-of-Thought
(CoT) (Wei et al., 2022), decompose the problem-
solving process of LLMs into a series of intermedi-
ate steps, significantly enhancing their mathemat-
ical reasoning abilities (Li et al., 2023; Qin et al.,
2023; Luo et al., 2023a). To further improve the
performance of small-scale models, some studies
fine-tune models with annotated solutions or ratio-
nales (Hsieh et al., 2023). However, this approach
may lead to model overfitting to supervision sig-
nals, limiting the model’s ability to learn genuine
reasoning knowledge from such supervision (Luo
et al., 2023b; Gudibande et al., 2023).

To construct high-quality SFT datasets, recent
studies typically explore long-form reasoning dis-
tillation methods (Yang et al., 2025a; Ye et al.,
2025). Specifically, these methods treat Reason-
ing Language Models (RLMs), such as DeepSeek-
R1 (DeepSeek-AI et al., 2025), as teacher models
and use their generated long-form CoTs as supervi-
sion targets to fine-tune student models, enabling
them to learn not only the diverse mathematical
solution knowledge but also the underlying reason-
ing patterns (Li et al., 2025a; Yang et al., 2025b).
However, several studies have shown that student
models are constrained by their limited capacity
and reasoning capability, making it difficult for
them to effectively acquire reasoning knowledge
from the long-form CoTs produced by more pow-
erful teacher models (Li et al., 2025b). Moreover,
such distillation may introduce additional issues, in-
cluding content repetition and excessively verbose
rationales (Li et al., 2025b).

Different from approaches that directly distill
long-form reasoning trajectories from teacher mod-
els, another line of work constructs an SFT dataset
by leveraging teacher models to correct or ana-
lyze erroneous reasoning trajectories generated by
the student model (Tong et al., 2024; Pan et al.,
2025). Specifically, An et al. (2023) propose an
error-correction-based SFT framework, in which
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incorrect reasoning produced by the student is used
as input, and the student is trained to reproduce the
corresponding corrections generated by the teacher.
Tong et al. (2024) further prompt the LLM with
potential errors collected from the teacher model’s
corrections, enabling the student to not only learn
the correct answers but also avoid making simi-
lar mistakes during SFT. However, these methods
predominantly rely on teacher-generated correc-
tions and largely overlook how effectively the stu-
dent model can internalize and benefit from such
corrective supervision. To address this limitation,
ORION explicitly collects student-generated errors
and prompts the student to refine the teacher’s long-
form reasoning trajectories conditioned on these
errors, resulting in student-tailored supervision that
more effectively facilitates reasoning distillation.

3 Methodology

In this section, we present Error-Aware Self-
Reflection (ORION), a method designed to refine
teacher-produced long-form reasoning trajectories
by leveraging the student model itself for self-
reflection and refinement. As shown in Figure 2,
we first describe how to distill knowledge from
long-form reasoning trajectories using standard
SFT (Sec. 3.1). We then introduce our error-aware
data refinement framework (Sec. 3.2), which em-
ploys the student model itself to identify potential
reasoning errors and refine the teacher-generated
CoTs into higher-quality supervision signals.

3.1 Distilling Long Reasoning Capability into
Student Models via SFT

Given a mathematical question q, the reasoning
task requires the model to perform a series of rea-
soning steps to solve the problem. To enhance the
mathematical reasoning ability of small-scale mod-
els, we treat one such model as the student model
Mstudent and investigate two SFT strategies for op-
timizing its parameters: vanilla SFT and distillation
using teacher-generated long-form reasoning tra-
jectories.

Vanilla SFT Method. In the vanilla SFT
paradigm, the student model is fine-tuned
on human-annotated solution labels DRaw =
{(q1, L1), . . . , (qn, Ln)}, which serve as ground-
truth outputs for each input question qi. The train-
ing objective minimizes the negative log-likelihood

of the ground truth solution Li:

J = −
n∑

i=1

|Li|∑

t=1

logP (Li
t|Li

<t, InstructQA(qi);Mstudent).

(1)

While this approach has demonstrated strong empir-
ical performance in enhancing the problem-solving
accuracy of student models (Hsieh et al., 2023), it
often overfits to the training labels, thereby limit-
ing the student model’s ability to acquire genuine
reasoning knowledge from supervision (Luo et al.,
2023b; Gudibande et al., 2023). Consequently, re-
cent research has increasingly focused on building
high-quality datasets for more effective reasoning
distillation (Wettig et al., 2024).

Long-form Reasoning Distillation. Unlike the
standard SFT approach, the reasoning distillation
method incorporates Chain-of-Thought (CoT) su-
pervision to guide the student model through in-
termediate reasoning steps, rather than directly
optimizing for the human-annotated solution la-
bels (Hsieh et al., 2023). This paradigm encour-
ages the student model Mstudent to learn not only
the correct solutions but also the underlying logical
structures and reasoning patterns exhibited by the
teacher model Mteacher.

Specifically, given a question q, we first regard
a Reasoning Language Model (RLM), such as
DeepSeek-R1 (DeepSeek-AI et al., 2025), as the
teacher model Mteacher and prompt it to generate a
long-form reasoning response o:

o = Mteacher(InstructQA(q)). (2)

We then construct the SFT dataset D =
(q1, o1), . . . , (qn, on) by pairing each input query
qi with its corresponding Mteacher-generated re-
sponse oi. The distilled reasoning response oi is
used as the supervision target for fine-tuning the
student model Mstudent, enabling it to acquire step-
by-step reasoning abilities from the teacher’s inter-
mediate reasoning trajectories:

J = −
n∑

i=1

|oi|∑

t=1

logP (oit|oi<t, InstructQA(qi);Mstudent),

(3)

where |oi| denote the token number of oi. This
distillation approach encourages the student model
to mimic the reasoning behaviors of more capable
teacher models, thereby enabling the student model
to generate coherent and logically grounded CoT
outputs. However, due to the reasoning capability
gap between teacher and student models, directly
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Question：Convert the point (0,3) in rectangular coordinates to polar coordinates. Enter your answer in the form (r , θ), 

where r > 0 and 0 < θ < 
π

2
?         Ground-Truth: (3, 

π

2
)

ORION

𝑴𝒕𝒆𝒂𝒄𝒉𝒆𝒓

Error-Aware CoT

Input : Solve the problem from 
scratch step by step…Pay attention 
to the errors !  + { }
Output : Error-Aware CoT 

Vanilla Distillation

𝑴𝒔𝒕𝒖𝒅𝒆𝒏𝒕

Reasoning: 
<think>…<\think>. The 
final answer : The polar 

coordinates are (3, 
π

2
)

𝑴𝒕𝒆𝒂𝒄𝒉𝒆𝒓
Input : Solve the problem step by step… 
Question : Convert the point (0,3) in 

rectangular… where r > 0 and 0 < θ < 
π

2
?

Output : Reasoning

Reasoning : <think>…<\think>. The final answer : The 

polar coordinates are (3, 
π

2
)

1 : The coordinates are (3, 0)...

2 : The coordinates are (-3, 
π

2
)...

3 : The coordinates are…

…

➢ Error Analysis : Identify the key 
mistake in the incorrect solution...

➢ Refined Reasoning : Based on the 
provided reasoning trace…

{Question} + { } + {Reasoning}

Reasoning Refinement

The final answer is (0, 
π

2
). 

The final answer is…
The final answer is…. 

SFT

ORION: Error Analysis 
& Precise Reasoning

SFT

Overfitting

Figure 2: Illustration of Our ORION Model.

fine-tuning student models on long-form reasoning
trajectories can be challenging. Direct distillation
from the teacher may result in degenerate behav-
iors, such as repetitive outputs or unstable training
dynamics (Yin et al., 2025; Li et al., 2025b). To
mitigate these issues, ORION refines long-form
CoTs through error-aware self-reflection, provid-
ing more targeted and effective training signals for
SFT (Sec. 3.2).

3.2 Refining Long-Form Reasoning via
Error-Aware Self-Reflection

To enhance the quality of long-form reasoning
data for SFT, ORION introduces an error-aware
reflection mechanism that leverages the student
model’s own mistakes and self-reflection to refine
the teacher-provided long-form CoTs.

For the given dataset D = (q1, o1), . . . , (qn, on),
where oi is the teacher’s output for question qi,
ORION first prompts the student model Mstudent
to generate multiple candidate solutions Y i for
each qi, facilitating self-exposure to errors. Based
on these self-generated solution errors, the stu-
dent model Mstudent is then prompted to refine
the teacher-generated long-form reasoning through
self-reflection, yielding a refined dataset D̃. This
dataset is subsequently used to enhance the reason-
ing capability of the student model via SFT (Eq. 3).

Error Exposure via Response Sampling. To
uncover typical reasoning errors made by the stu-
dent model Mstudent, we adopt a response sampling
strategy inspired by (An et al., 2023).

For each input question qi, we generate a diverse
set of K candidate solutions Y i = {yi1, . . . , yiK}
by sampling from Mstudent across a range of tem-
peratures τ :

Y i ∼ Sampleτ (Mstudent(InstructQA(qi))). (4)

Each sampled response yik ∈ Y i is then post-
processed using an answer extraction function
Ans(·), and its correctness is evaluated according
to the ground-truth label Li. These responses that
yield incorrect final answers are collected into an
error set Y i

err:

Y i
err = {yi

k | Ans(yi
k) ̸= Li}. (5)

The erroneous solutions Y i
err = {yi1, . . . , yim} serve

as references for refining the teacher-generated
CoT, allowing the student model to recognize fail-
ure patterns and adjust the reasoning trajectories.

Reasoning Refinement through Error-Aware
Self-Reflection. To help the student model inter-
nalize more robust reasoning trajectories during
SFT, we introduce a self-reflection mechanism that
leverages its own erroneous reasoning outcomes
to enhance the quality of the training data. Given
an initial long-form reasoning-based SFT dataset
D = {(q1, o1), . . . , (qn, on)}, the student model
Mstudent is encouraged to analyze its mistakes and
refine the original teacher’s CoT outputs for SFT.

For each mathematical query qi in D, we begin
with an initial long-form CoT-style response oi

and a set of student-generated erroneous attempts
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Y i
err = {yi1, . . . , yim}. For each error example yik ∈

Y i
err, the student model Mstudent is prompted to

refine the Mteacher-generated reasoning outcome oi

by reflecting on its self-made error yik, resulting in
the refined reasoning outcome õik:

õik = Mstudent(InstructRef(q, y
i
k, o

i)), (6)

where InstructRef denotes a self-reflection instruc-
tion that guides the student model Mstudent to an-
alyze and refine oi based on its error response yik.
This yields a set of refined reasoning responses for
the mathematical query qi:

Õi = {õi1, . . . , õim}. (7)

To ensure the correctness of the refinements, we
filter out any õik whose final answer does not match
the ground-truth label Li:

D̃i = {(qi, õik) | 1 ≤ k ≤ m, Ans(õik) = Li}. (8)

Finally, we construct the refined SFT dataset D̃ by
aggregating all validated refinements D̃ across all
mathematical queries {q1, . . . , qn}:

D̃ =
n⋃

i=1

D̃i. (9)

4 Experimental Methodology

This section first describes the datasets, baselines,
and evaluation metric, followed by the implemen-
tation details of our experiments.

Datasets. We randomly sample 10,000 ex-
amples from OpenR1-Math-220k (Hugging Face,
2025) to construct the training set, which provides
high-quality solution trajectories for mathematical
reasoning. For evaluation, we use four math bench-
marks spanning different difficulty levels. GSM-
Hard (Gao et al., 2023) increases the computa-
tional difficulty of GSM8K (Cobbe et al., 2021).
MATH500 (Godahewa et al., 2021) is a subset of
500 competition-style problems randomly sampled
from the MATH dataset, covering a wide range of
difficulty. AIME (AIM, 2025) and AMC (AMC,
2025) are widely used in U.S. high-school math-
ematics competitions featuring challenging prob-
lems across diverse domains, such as algebra, num-
ber theory, and probability.

Baselines. We compare ORION with both zero-
shot models and SFT models. We first compare
with two zero-shot baselines: vanilla LLM and
Wrong-of-Thought (Zhang et al., 2024). For the

vanilla LLM, we provide the mathematical ques-
tion q to the model and ask it to directly gener-
ate a solution. Additionally, we compare ORION
with Wrong-of-Thought (Zhang et al., 2024) in
our experiments. The model first generates an ini-
tial answer, then identifies solution errors using a
multi-perspective verifier, and regards these errors
as signals to help LLMs prevent the repetition of
the same mistakes. Furthermore, we utilize two
SFT-based baselines, including SFT (Label) and
SFT (Long-CoT) (DeepSeek-AI et al., 2025). Fol-
lowing previous work (Wang et al., 2024a), SFT
(Label) and SFT (Long-CoT) fine-tune the LLMs
using human-annotated labels and reasoning trajec-
tories from the teacher models.

Evaluation Metrics. Following prior stud-
ies (Zhang et al., 2024), we adopt the Accuracy
score as the evaluation metric to determine whether
the mathematical QA models correctly generate
the ground-truth answers. Specifically, we report
Acc@1 and Acc@10, which represent the aver-
age accuracy over one and ten sampled answers,
respectively (Liu et al., 2024).

Implementation Details. For all experiments,
we use Qwen2.5-7b-Instruct (Yang et al., 2024a),
Qwen3-8b (Yang et al., 2025a) and Llama3.1-
8b-Instruct (Grattafiori et al., 2024) as back-
bone models. Additionally, we utilize DeepSeek-
R1 (DeepSeek-AI et al., 2025) as the teacher model.
We train each model for 3 epochs with a learning
rate of 5 × 10−5 and gradient accumulation of 8,
using LoRA (Hu et al., 2022) for efficient training.
Our ORION model is built on TRL1 and LLaMA
Efficient Tuning2. Further experimental details and
data statistics are provided in Appendix A.2, and
prompt templates are in Appendix A.6.

5 Evaluation Results

In this section, we first evaluate the overall per-
formance of ORION through the main experi-
ences. Next, we conduct ablation studies to in-
vestigate the specific contribution of solution error
and self-reflection components. Furthermore, we
analyze the effectiveness of distilled models via
ORION. Finally, some case studies are shown in
Appendix A.9.

1https://github.com/huggingface/trl
2https://github.com/hiyouga/LLaMA-Factory
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Model AIME24 AMC23 Math500 GSM-H Average
Acc@1 Acc@10 Acc@1 Acc@10 Acc@1 Acc@10 Acc@1 Acc@10 Acc@1 Acc@10

Qwen3-8B
Vanilla LLM 20.00 21.10 55.00 53.10 81.40 80.75 57.40 55.82 53.45 52.69
Wrong-of-Thought 16.67 16.90 55.50 54.85 79.83 80.14 58.16 57.95 52.54 52.46
SFT (Label) 16.67 18.83 52.50 51.55 80.95 79.82 57.13 56.55 51.81 51.69
SFT (Long-CoT) 23.33 22.50 57.50 56.90 82.90 81.40 59.27 58.82 55.75 54.91
ORION 26.67†‡§ 25.60†‡§ 62.50†‡§ 61.85†‡§ 83.50†‡ 82.95†‡ 59.83†‡ 59.75†‡ 58.13†‡§ 57.54†‡§

Qwen2.5-7B-Instruct
Vanilla LLM 10.00 6.20 47.50 44.00 69.80 69.80 55.72 54.34 45.76 43.59
Wrong-of-Thought 3.33 2.79 22.75 24.45 70.50 69.87 59.39 58.91 38.99 39.01
SFT (Label) 6.67 6.55 45.00 46.25 68.85 69.35 54.31 54.09 43.71 44.06
SFT (Long-CoT) 13.33 11.35 50.00 48.55 72.10 70.21 57.21 55.85 48.16 46.49
ORION 16.67†‡ 14.83†‡§ 55.00†‡§ 53.51†‡§ 73.80†‡ 72.30†‡ 58.86†§ 58.24†§ 51.08†‡§ 49.72†‡§

Llama3.1-8B-Instruct
Vanilla LLM 3.33 2.84 22.50 22.50 43.60 41.80 31.23 32.16 25.17 24.83
Wrong-of-thought 0.00 0.00 12.50 9.95 44.00 43.98 31.92 32.97 22.11 21.73
SFT (Label) 3.33 2.28 20.00 21.83 42.80 42.14 30.95 31.18 24.27 24.36
SFT (Long-CoT) 6.67 4.00 25.00 24.50 44.50 43.76 31.83 32.10 27.00 26.09
ORION 10.00†‡ 6.80†‡ 30.00†‡ 27.00†‡§ 45.70†‡ 44.78†‡ 33.34†‡§ 33.95†‡§ 29.76†‡§ 28.13†‡§

Table 1: Overall Performance. The best results among all methods are highlighted for clarity and emphasis. The
symbols †, ‡, and § indicate statistical significance (p < 0.05) compared to Vanilla LLM, Wrong-of-Thought, and
SFT (Long-CoT), respectively.

5.1 Overall Performance

As shown in Table 1, we compare the overall per-
formance of ORION with baseline models across
diverse mathematical reasoning tasks.

Overall, ORION outperforms all baseline mod-
els across datasets, demonstrating its effectiveness.
Compared with the prompt-based error-aware learn-
ing method Wrong-of-Thought (Zhang et al., 2024),
ORION achieves more than a 5% improvement,
indicating its superior ability to incorporate self-
generated errors into model learning. As the eval-
uation results show, simply incorporating solution
errors into prompts during inference may degrade
the student’s performance. This degradation likely
occurs because such errors act as noise that in-
terferes with the reasoning process (Wang et al.,
2024b). In contrast to Wrong-of-Thought, ORION
provides a more effective mechanism for guiding
student models to avoid repeating similar solution
errors by refining long-form CoT trajectories from
teacher models as supervision signals and then fine-
tuning student models.

Regarding different SFT strategies, compared
with the Vanilla student model, SFT (Label) yields
identical performance, while SFT (Long-CoT)
achieves improvements. This suggests that the
reasoning trajectories derived from the CoT out-
puts of the teacher models, such as DeepSeek-
R1 (DeepSeek-AI et al., 2025), provide richer rea-
soning patterns that can guide the student model
to imitate during the SFT process. Building upon
ORION, the supervision signals are further refined

by the student models themselves through self-
reflection and the incorporation of self-identified
errors, resulting in an additional 2% performance
gain. These results further demonstrate the effec-
tiveness of ORION in providing more tailored and
effective supervision for student models. Further-
more, to assess generalization, we evaluate ORION
on different backbone models, including Qwen2.5-
7B-Instruct, Qwen3-8B, and Llama3.1-8B-Instruct.
The results consistently show notable improve-
ments across all backbones, demonstrating the gen-
eralization ability of ORION in enhancing math-
ematical reasoning performance. In addition, we
provide supplementary results with student models
of different scales in Appendix A.3, and further
evaluate ORION under different teacher models
in Appendix A.4, confirming that our approach
remains effective across both student and teacher
configurations.

5.2 Ablation Study

As shown in Table 2, we conduct ablation stud-
ies to isolate the individual effects of the solution
error and self-reflection components in ORION.
We compare several ablated variants: ORION w/o
Solution Error removes the incorporation of erro-
neous solutions during reasoning distillation, while
ORION w/o Self-Reflection directly uses the long-
form CoTs as supervisions without refinement and
incorporates solution errors during training.

Overall, both Self-Reflection and Solution Error
are effective in improving the quality of long-form
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Model AIME24 AMC23 Math500 GSM-H Average
Acc@1 Acc@10 Acc@1 Acc@10 Acc@1 Acc@10 Acc@1 Acc@10 Acc@1 Acc@10

Qwen3-8B
SFT (Long-CoT) 23.33 22.50 57.50 56.90 82.90 81.40 59.27 58.82 55.75 54.91
ORION 26.67 25.60 62.50 61.85 83.50 82.95 59.83 59.75 58.13 57.54
w/o Solution Error 26.67 24.95 60.00 58.25 83.15 82.10 59.27 59.13 57.27 56.11
w/o Self-Reflection 20.00 20.90 57.50 56.50 82.75 81.25 58.86 58.34 54.78 54.25

Qwen2.5-7B-Instruct
SFT (Long-CoT) 13.33 11.35 50.00 48.55 72.10 70.21 57.21 55.85 48.16 46.49
ORION 16.67 14.83 55.00 53.51 73.80 72.30 58.86 58.24 51.08 49.72
w/o Solution Error 16.67 10.00 52.50 52.90 73.10 72.90 58.24 58.20 50.13 48.50
w/o Self-Reflection 10.00 5.83 50.00 47.86 70.20 69.21 57.35 56.55 46.89 44.86

Llama3.1-8B-Instruct
SFT (Long-CoT) 6.67 4.00 25.00 24.50 44.50 43.76 31.83 32.10 27.00 26.09
ORION 10.00 6.80 30.00 27.00 45.70 44.78 33.34 33.95 29.76 28.13
w/o Solution Error 6.67 5.50 30.00 26.50 45.40 44.34 33.13 32.65 28.80 27.25
w/o Self-Reflection 6.67 4.80 27.50 25.50 43.90 43.10 32.91 31.95 27.75 26.34

Table 2: Ablation Study. We evaluate distilled models trained with different strategies by removing the Solution
Error and Self-Reflection components, to quantify the contribution of each component to ORION.

CoT-based supervision signals. Specifically, com-
pared with the SFT (Long-CoT) model, ORION
w/o Solution Error achieves over a 1% improve-
ment, demonstrating the effectiveness of the self-
reflection mechanism. This mechanism enables the
student model to refine long-form CoTs by itself,
thereby narrowing the gap between the supervision
signal and the capability of the student model. over,
the ORION w/o Self-Reflection model also outper-
forms SFT (Long-CoT), indicating that incorporat-
ing self-generated solution errors during the SFT
process can guide the student model to avoid repeat-
ing potential mistakes. Further, comparing ORION
w/o Solution Error with the full ORION, we ob-
serve additional gains in reasoning performance,
suggesting that considering self-made errors dur-
ing self-reflection brings complementary benefits.
These findings highlight that the advantage of incor-
porating solution errors can be extended to the CoT
refinement process, providing higher-quality and
more tailored supervision signals for the student
model.

5.3 The Effectiveness of Distilled Models via
Different Training Strategies

In this section, we evaluate the training stability
and effectiveness of the distilled student models, as
shown in Figure 3. Three models, SFT (Long-CoT),
ORION w/o Solution Error, and ORION w/o Self-
Reflection, are used as baselines for comparison.

Training Stability. nalyze training stability by
plotting the entropy scores in Figure 3(a). Com-
pared with both SFT (Long-CoT) and ORION w/o
Self-Reflection, the ORION and ORION w/o Solu-
tion Error models exhibit lower entropy scores dur-

ing training, demonstrating their effectiveness in
promoting a more stable training process. This phe-
nomenon further confirms that the self-reflection
mechanism benefits the student model’s learning
process during SFT. Moreover, when incorporating
self-generated solution errors, the entropy scores
decrease slightly, suggesting that these errors can
be effectively utilized to refine long-form CoTs and
better align them with the learning capacity of stu-
dent models. Overall, these results highlight the
crucial role of narrowing the gap between teacher-
provided supervision and the learning ability of
student models in SFT-based distillation.

Effectiveness of Distilled Models. To evaluate
the distilled models trained with different strategies,
we analyze both the length (Figure 3(b)) and quality
(Figures 3(c) and 3(d)) of the generated CoTs.

As shown in Figure 3(b), we prompt each dis-
tilled model to generate trajectories and measure
their average lengths. The results indicate that
ORION and ORION w/o Solution Error produce
significantly shorter reasoning trajectories com-
pared with other models. This finding suggests
that the self-reflection mechanism helps eliminate
redundant reasoning patterns, enabling the student
model to learn more concise and efficient reasoning
processes. This can help mitigate the overthinking
phenomenon (Chen et al., 2024) and reduce in-
ference costs. Next, we assess the quality of the
generated CoTs. As shown in Figure 3(c), we col-
lect the generated reasoning trajectories and use
the vanilla LLMs as judges to compute the perplex-
ity scores with respect to the ground-truth answers.
The results show that ORION achieves the lowest
perplexity among all models, demonstrating that
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Figure 3: Performance of Distilled Models under Dif-
ferent Training Strategies. We evaluate distillation en-
tropy (Figure 3(a)), response length (Figure 3(b)), and
CoT/final-response quality judged by Vanilla LLMs and
GPT-4 (Figure 3(c) and Figure 3(d), respectively).

its generated CoTs better align with the true reason-
ing process and can effectively guide the student
model toward correct answers. Furthermore, as
shown in Figure 3(d), we employ GPT-4 as an ad-
ditional evaluator to assess the generated responses
based on criteria such as correctness and clarity.
Specifically, GPT-4 is prompted to select the best
responses among all four models using the prompt
templates provided in Appendix A.7. The eval-
uation results demonstrate that ORION achieves
twice the win rate of other models, highlighting its
effectiveness in distilling more capable and reliable
reasoning models.

5.4 The Performance of Distilled Models on
Different Error Types

To validate the effectiveness of our targeted er-
ror exposure strategy, we analyze error types and
their correction outcomes, as illustrated in Figure 4.
Specifically, we first prompt the student model to
generate responses on the entire test set and sam-
ple 500 instances that are incorrectly answered for
further analysis. These sampled instances are then
categorized into four distinct error types: reason-
ing, calculation, understanding, and others, using
the prompt template provided in Appendix A.8.

As shown in Figure 4(a), we present the dis-
tribution of error categories from the vanilla stu-
dent model. The analysis reveals that reasoning er-
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Figure 4: Analysis of Distilled Models on Different
Error Types (Qwen3-8B). Figure 4(a) shows the error-
type distribution of vanilla LLMs, and Figures 4(b), 4(c),
and 4(d) report the correction rates by error type.

rors constitute the majority of all mistakes, indicat-
ing that students struggle with reasoning-intensive
problems. This observation underscores the impor-
tance of enhancing the reasoning ability of student
models in mathematical problem-solving, such as
distilling reasoning capabilities from RLMs. We
then evaluate the effectiveness of different distilled
models in correcting each error type, as shown
in Figures 4(b), 4(c), and 4(d). For reasoning er-
rors, ORION achieves the highest correction rate of
approximately 41%, demonstrating its strong abil-
ity to help the student model overcome the most
common error type. This improvement can be at-
tributed to the refined supervision signals provided
by the self-reflection mechanism, which guides the
model to internalize reasoning patterns. Further-
more, compared with ORION w/o Solution Error,
ORION achieves significantly higher correction
rates on both reasoning and understanding errors,
indicating that the inclusion of self-generated so-
lution errors further enhances the model’s ability
to refine supervision signals and avoid repeating
similar reasoning or comprehension mistakes.

6 Conclusion

This paper proposes the Error-Aware Self-
Reflection (ORION) method, which distills the
reasoning capabilities of teacher models into a stu-
dent model via SFT. ORION leverages the student
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model’s self-reflection to refine the long-form CoTs
generated by teacher models, thereby producing su-
pervision signals that are better matched to the stu-
dent’s capacity and more learnable. Experimental
results show that ORION outperforms all baselines
across multiple mathematical tasks, validating the
effectiveness of error-aware CoT refinement.

Acknowledgment

This work is supported by the National Natural
Science Foundation of China (No. 62576082). This
work is also supported by the AI9Stars community.

Limitation

Although ORION effectively improves the qual-
ity of SFT data by refining teacher-generated rea-
soning trajectories, the refinement-based approach
may still introduce additional errors, as the LLM-
driven refinement process is not fully controllable.
Furthermore, ORION relies on sampling multiple
reasoning trajectories from the student model to ex-
pose potential errors, which inevitably incurs extra
computational overhead.
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Dataset Train Test
OpenR1-Math-220k (2025) 10,000 -
GSM-Hard (2023) - 1,319
MATH500 (2021) - 500
AIME24 (2024) - 30
AMC23 (2024) - 40

Table 3: Data Statistics.

A Appendix

A.1 License

We provide the licenses for the datasets we use.
OpenR1-Math-220k and MATH500 are licensed
under the Apache License 2.0. AIME24 and
AMC23 are not currently labeled with license types.
GSM-Hard uses the MIT license. All of these li-
censes and agreements allow their data for aca-
demic use.

A.2 Additional Implementation Details

In this section, we provide the detailed data statis-
tics in ORION. We build our training set by using
10,000 examples randomly sampled from OpenR1-
Math-220k (Hugging Face, 2025) as seed data and
then expand it to form our final training data. For
evaluation, we use the GSM-Hard dataset contain-
ing 1,319 examples, MATH500 with 500 examples,
AIME24 with 30 examples, and AMC23 with 40
examples. All statistics are shown in Table 3.

To clarify that the collected erroneous data can
be successfully refined by the student model, we
further report refinement statistics for each student
model in Table 4. Specifically, Error Num denotes
the number of erroneous cases sampled from the
student model; Correct Num denotes the number
of cases where the student produces a correct re-
finement when conditioned on the corresponding
teacher CoT; and Correct Ratio is the proportion
of refined samples that pass answer verification
and are therefore included in the final training set.
These statistics provide a direct view of how re-
finement contributes to ORION’s training corpus.
Overall, we observe a relatively high correction
ratio across student models, indicating that the
student-driven refinement process is effective at
converting erroneous attempts into usable, verified
supervision.

A.3 Additional Results with Different Student
Models

To further evaluate the scalability and robustness
of ORION, we conduct additional experiments on

Models Error Num Correct Num Ratio
Qwen2.5-7B 49,146 30,219 0.61
Qwen3-8B 38,470 27,135 0.71
Llama3.1-8B 85,874 51,896 0.60

Table 4: Refinement Statistics for Different Student
Models.

Methods AIME24 AMC23 MATH500 GSM-H
Llama3.2-3B-Instruct
Vanilla 6.67 32.50 39.80 23.52
SFT 6.67 35.00 39.40 24.39
ORION 10.00 40.00 43.60 26.71
Qwen3-14B
Vanilla 26.67 72.50 88.10 63.84
SFT 26.67 75.00 88.50 63.19
ORION 30.00 75.00 89.70 64.92

Table 5: Performance of ORION on Models of Different
Sizes. We provide additional results on Llama3.2-3B
and Qwen3-14B to examine how ORION generalizes to
models with different parameter scales.

models of different sizes, including the smaller
Llama3.2-3B (Grattafiori et al., 2024) and the
larger Qwen3-14B (Yang et al., 2025a). All train-
ing settings remain consistent with those used for
the 7B-scale experiments. As shown in Table 5,
ORION yields consistent improvements across
model scales, demonstrating that the proposed
framework generalizes effectively to both lower-
capacity and higher-capacity models.

A.4 Additional Results with Different Teacher
Models

To examine whether ORION depends on a particu-
lar teacher model or a specific teacher–student per-
formance gap, we further evaluate the framework
using two additional teacher models of different
scales: QwQ-32B and DeepSeek-R1-Distill-Qwen-
7B (DeepSeek-AI et al., 2025). These models rep-
resent substantially different capacities compared
to the primary teacher model, DeepSeek-R1, used
in the main experiments.

As shown in Table 7, ORION delivers consis-
tent performance gains across all teacher configu-
rations. The results obtained with QwQ-32B and
DeepSeek-R1-Distill-Qwen-7B are comparable to
those achieved with DeepSeek-R1, indicating that
the effectiveness of ORION is not tied to a spe-
cific teacher model. This reinforces our claim that
ORION is broadly applicable and remains effective
regardless of the teacher model’s scale or initial
performance.
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Methods AIME24 AMC23 MATH500 GSM-H
Qwen2.5-7B-Instruct
Vanilla 10.00 47.50 69.80 55.72
SFT 13.33 50.00 72.10 57.21
ORION 16.67 55.00 73.80 58.86
ORION (S) 16.67 52.50 73.40 58.52
Llama3.1-8B-Instruct
Vanilla 3.33 22.50 43.60 31.23
SFT 6.67 25.00 44.50 31.83
ORION 10.00 30.00 45.70 33.34
ORION (S) 10.00 32.25 44.80 32.97

Table 6: Results for ORION under a Matched Data Bud-
get. ORION (S) denotes a subset of ORION’s refined
training data, sampled to match the data volume of SFT
(Long-CoT).

A.5 Effect of Data Expansion on Performance

To further examine whether the gains of ORION are
merely due to training data augmentation, we con-
duct a controlled experiment with a matched data
budget. Specifically, although ORION may gen-
erate multiple refined CoTs per question through
error-exposure sampling, we uniformly subsample
the refined outputs to construct an SFT set with the
same number of training instances as the long-CoT
distillation baseline (10,000 examples). We denote
this setting as ORION (sample). As shown in Ta-
ble 6, under an identical training data scale, ORION
(sample) still consistently outperforms the long-
CoT baseline and achieves performance compara-
ble to the full ORION. These results indicate that
the improvements primarily stem from the error-
aware refinement that makes teacher reasoning tra-
jectories more learnable for the student, rather than
from simply increasing the amount of training data.

A.6 Prompt Templates Used in ORION

We detail the prompts employed across different
stages of ORION. As shown in Figure 5, the Er-
ror Exposure stage uses prompts that instruct the
model to solve problems, from which incorrect
cases are collected. These errors are then utilized
in the Self-Reflection stage, where the prompt tem-
plates in Figure 6 instruct the model to identify and
correct solution errors while refining the long-form
CoTs. Finally, during the Supervised Fine-Tuning
stage, the prompt in Figure 7 leverages the refined
trajectories with their corresponding solution errors
as training supervision.

Methods AIME24 AMC23 MATH500 GSM-H
QWQ-32B

Qwen2.5-7B-Instruct
Vanilla 10.00 47.50 69.80 55.72
SFT 16.67 50.00 73.10 55.54
ORION 16.67 52.50 75.40 57.72
Llama3.1-8B-Instruct
Vanilla 3.33 22.50 43.60 31.23
SFT (Long-CoT) 6.67 25.00 45.80 32.79
ORION 10.00 30.00 46.20 33.17

DeepSeek-R1-Distill-Qwen-7B
Qwen2.5-7B-Instruct
Vanilla 10.00 47.50 69.80 55.72
SFT 13.33 50.00 71.20 57.41
ORION 16.66 52.50 73.40 59.39
Llama3.1-8B-Instruct
Vanilla 3.33 22.50 43.60 31.23
SFT 6.67 25.00 44.80 33.05
ORION 6.67 27.50 48.40 35.58

Table 7: Performance of ORION with Different
Teacher–student Configurations. We additionally evalu-
ate ORION using QwQ-32B and DeepSeek-R1-Distill-
Qwen-7B as teacher models to assess its robustness
under varying teacher scales.

A.7 Prompt Templates Used for Evaluating
the Quality of ORION

As shown in Figure 8, we present the prompt
templates used to evaluate the quality and educa-
tional value of the CoTs synthesized by four meth-
ods: SFT (Long-CoT), ORION w/o Solution Error,
ORION w/o Self-Reflection, and ORION. The eval-
uation is conducted using GPT-4 (OpenAI et al.,
2023) as the evaluator, which assesses each gener-
ated reasoning trajectory based on its clarity, cor-
rectness, and pedagogical usefulness. We employ
consistent prompt templates across all methods to
ensure fair comparison and reproducibility.

A.8 Prompt Templates Used for Solution
Error Categorization

As shown in Figure 9, we present the prompt tem-
plates used to classify the solution errors generated
by GPT-4 (OpenAI et al., 2023). The prompt in-
structs the evaluator model to classify each incor-
rect response into one of four predefined categories:
Reasoning Error, Understanding Error, Calculation
Error, or Other.

A.9 Case Study

In this section, we present a detailed case study
across two tables to intuitively demonstrate the core
process and the resulting effectiveness of ORION.
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As shown in Table 8, we illustrate the internal mech-
anism of our method. It presents the error expo-
sure and self-reflection process. Building on this,
Table 9 contrasts the final response generated by
ORION with those from baseline methods, show-
ing the superior quality and clarity of its output.

First, we examine a relatively simple math prob-
lem to analyze the behavior of ORION during the
error exposure phase. Despite the low complex-
ity of the problem, sampling multiple responses
reveals a diverse range of errors, including a hallu-
cination for general concepts (“lower class soldiers
(8) is more than the available (10)”), misunder-
standings of the problem statement (“exceeding
their respective limits”) and basic computational
mistakes (“C(8,10)=90”). Therefore, we argue
that it is crucial to expose as many diverse erro-
neous responses as possible for each problem and
to use them as guidance to avoid similar pitfalls in
the final reasoning. Then, we present a complete
example of the Self-Reflection process. Given a
mathematical problem, an incorrect solution, and a
standard long-form CoT from an RLM, the model
generates an Error-Aware Chain-of-Thought that
not only analyzes the key mistakes in the solution
error but also refines the standard reasoning trajec-
tory to make it better aligned with the model’s own
capacity.

As shown in Table 9, we contrast the final re-
sponses to illustrate the superior reasoning capa-
bility of the full ORION model. The ORION w/o
Self-Reflection provides a direct solution but lacks
any analysis of potential pitfalls, resulting in an in-
correct response. The ORION w/o Solution Error
produces an analysis of possible errors; however,
due to the absence of error examples in its train-
ing, it ultimately fails to deliver a correct answer.
In stark contrast, the complete ORION model ex-
hibits self-awareness by first identifying a poten-
tial failure point, noting that the solution could be
flawed (“because the expression for n was not prop-
erly simplified or checked for integer solutions.”).
Building on this crucial analysis, it then presents a
clear, refined solution, demonstrating its ability to
anticipate and preempt common errors.
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Please reason step by step, and put your final answer within boxed{}.

*Problem*: {Problem}

Instruction for Error Exposure

Figure 5: The Prompt Templates Used for Error Exposure.

Instruction for Reasoning Refinement

You are given a math problem, an incorrect solution, and a long reasoning trace. Your task has two steps:

1. *Error Analysis*
- Identify the key mistake in the incorrect solution. 
- Explain briefly why this mistake is wrong. 

2. *Refined Reasoning* 
- Based on the provided long reasoning trace, extract only the *essential and correct steps*. 
- Keep the reasoning clear, concise, and logically coherent. 

*Problem:*: {Problem}

*Incorrect Solution:*: {Error}

*Long Reasoning Trace (to refine):*: {Long_Reasoning_trace}

### Output Format (strict)

## Error Analysis
- [Briefly explain the key error] 

## Correct Reasoning
[Step-by-step refined reasoning, clear and concise, avoiding the previous error] 
Final Answer: \\boxed{{...}}

Figure 6: The Prompt Templates Used for Reasoning Refinement.

Instruct: Please reason step by step, and put your final answer within boxed{}.

Input: *Problem*: {Problem} + *Incorrect Solution*: {Error}

Output: {Error-Aware Chain-of-Thought}

Instruction for Supervised Fine-Tuning

Figure 7: The Prompt Templates Used for Supervised Fine-Tuning.
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Instruction for GPT-Based Score

You are given three different reasoning chains that attempt to solve the same math problem. Your task is to 
evaluate these four reasoning chains based on the following three criteria and chose the best reasoning chain:

1. *Correctness*: Whether the reasoning is logically valid and leads to the correct final answer.

2. *Clarity*: Whether the reasoning is clear, well-structured, and easy to follow.

3. *Completeness*: Whether the reasoning covers all necessary steps and avoids unjustified leaps.

Only output the final choice without explanations, in the following format:

Best Reasoning Chain: {A/B/C/D}

Figure 8: The Prompt Templates Used in GPT Preference Evaluation.

Instruction for Error Type Categorization

You are given a mathematical problem, and an incorrect solution process. Your task is to analyze the incorrect 
solution process and categorize the type of error made. The possible error types are:

1. *Understanding Error* – The model misunderstood the problem or misinterpreted the instructions.

2. *Reasoning Error* – The model made an error in logical reasoning or approach.

3. *Calculation* – Arithmetic mistakes or errors in calculations.

4. *Others* – Any other type of mistake that doesn't fall into the categories above.

Based on the analysis, output only the most appropriate error type. Do not include any additional explanations or 
content.

*Problem*: {problem}
*Incorrect Solution*: {Incorrect Solution}

Figure 9: The Prompt Templates Used for Error Type Categorization.
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Case 1: The Case of Error Exposure via Response Sampling
Question: The Greek army contained two types of soldiers: the upper class and the lower class soldiers. If there
were a total of 5 upper class soldiers, and 10 lower class soldiers in a certain part of Athens, and the battle of
Thermopylae demands a force of 4 upper class soldiers and 8 lower class soldiers, how many different battalions
can be sent?
Ground Truth: 225
Error Response[0]: To solve this problem, we need to determine how many different battalions can be formed
given the constraints on..., Since the requirement for lower class soldiers (8) is more than the available (10), it
is impossible to...So the final answer is boxed{0}.
Error Response[1]: To solve this problem, we need to determine how many different battalions can be formed
given the constraints on..., Since both the upper class and lower class soldiers allow us to form exactly one
battalion without ...exceeding their respective limits...So the final answer is boxed{1}.
Error Response[2]: To solve this problem, we need to determine how many different battalions can be formed
given the constraints on the number of upper class and lower class soldiers available... For lower class soldiers,
the number of ways to choose 8 from 10 is mistakenly calculated as C(10,8)=90, Then, the total number of
battalions is 5× 90 = 450. So the final answer is boxed{450}.
Case 2: The Case of Reasoning Refinement via Error-Aware Self-Reflection
Question: Let $a, b, c$ be distinct numbers such that the equations x2 + ax+ 1 = 0 and x2 + bx+ c = 0 have
a common real root, and the equations x2 + x + a = 0 and x2 + cx + b = 0 also have a common real root.
Compute the sum a+ b+ c.
Ground Truth: -3
Error Response: To solve for a+ b+ c, we need to analyze the given conditions step by step. Let the common
real root of the equations x2 + ax+ 1 = 0 and x2 + bx+ c = 0 be r; substituting r into both equations gives
r2+ar+1 = 0 (1) and r2+ br+ c = 0 (2). Subtracting (1) from (2) yields (b−a)r+(c−1) = 0, so r = 1−c

b−a

(3). Similarly, let the common real root of x2 + x + a = 0 and x2 + cx + b = 0 be s; substituting s gives
s2 + s+ a = 0 (4) and s2 + cs+ b = 0 (5). Subtracting (4) from (5) yields (c− 1)s+(b− a) = 0, so s = a−b

c−1

(6). Since r = s, equating (3) and (6) gives 1−c
b−a

= a−b
c−1

; cross-multiplying gives (1 − c)(c − 1) = (b − a)2,
or −(c − 1)2 = (b − a)2. Since a, b, c are distinct, (b − a)2 ̸= 0, so (c − 1)2 = (b − a)2, meaning
c− 1 = ±(b− a). Considering c = b− a+ 1 and substituting back, we find r = −1 from (3). Substituting
r = −1 into x2 + x + a = 0 gives 1 − 1 + a = 0, so a = 0. Then c = b + 1; checking consistency with
x2 + cx+ b = 0 confirms validity, giving b = −1 and c = 0. Thus, the final answer is boxed{-1}.
Reasoning Refinement: *Error Analysis* : The incorrect solution incorrectly assumed that the common roots
α and β must be the same. leading to a contradiction with the requirement that a, b, c are distinct. Specifically,
it derived β = 1−c

a−b
and α = c−1

b−a
, then concluded α = β, leading to β = 1, α = 1, a = −2, and b = −1− c.

This made a, b dependent on c, conflicting with the distinctness condition.
*Correct Reasoning* : Let’s start by carefully defining the problem to avoid confusion. We need to find a+ b+ c
where a, b, c are distinct numbers, with two pairs of quadratic equations sharing common real roots. First, let’s
clarify which roots are common—they don’t have to be the same across both pairs, which was a key mistake in
the incorrect solution.
First, define the common roots properly: Let the common real root of x2+ax+1 = 0 and x2+ bx+c = 0 be α;
this means α satisfies both equations. Separately, let the common real root of x2+x+a = 0 and x2+cx+b = 0
be β, so β satisfies these two equations. Note that α and β might not be equal—this distinction is crucial.
Next, use Vieta’s Formulas to relate the roots and coefficients of each quadratic equation. For a quadratic equation
x2 + px+ q = 0, the sum of roots is −p and the product is q...
Now, let’s connect these equations using the fact that α and β satisfy their respective pairs of equations. For α in
both quadratics, subtracting the equations gives (b− a)α+ (c− 1) = 0 =⇒ α = c−1

b−a
. For β, subtracting its

pair gives (1− c)β + (a− b) = 0 =⇒ β = b−a
c−1

. Notice that α · β = 1—interesting, but let’s focus on α.
Let’s simplify by testing specific values for α. Suppose α = 1: substituting into x2 + ax + 1 = 0 gives
1 + a+ 1 = 0 =⇒ a = −2. For x2 + bx+ c = 0, 1 + b+ c = 0 =⇒ b = −1− c.
Now check the second pair with a = −2: x2 + x− 2 = 0 factors to (x+ 2)(x− 1) = 0, so β is 1 or −2. If
β = 1, substituting into x2 + cx+ b = 0 gives 1 + c+ b = 0, which holds since b = −1− c. If β = −2, we
get c = 1 and b = −2, but this makes a = b, violating distinctness—so β = 1 is valid.
Ensuring a, b, c are distinct (e.g., c ̸= 1,−2), the sum is a+ b+ c = −2 + (−1− c) + c = −3.
Thus, the final answer is boxed{-3}.

Table 8: Case Study. Text in red indicates errors and their causes in the response, while text in blue marks key
errors identified by ORION and the corresponding correct solutions.
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Case 3: Comparison of Responses from Different Baseline Methods
Question: Please reason step by step, and put your final answer within boxed{}. If m and n are integers such
that 3m+ 4n = 100, what is the smallest possible value of |m− n|?
Ground Truth: 3
Vanilla Response: To find the smallest possible value of |m − n| given 3m + 4n = 100, we solve for m in
terms of n: m = 100−4n

3
. For m to be an integer, 100− 4n must be divisible by 3. Since 100 ≡ 1 (mod 3) and

−4n ≡ −n (mod 3), we require n ≡ 0 (mod 3). Let n = 3k. Substituting gives m = 100−12k
3

= 33− 4k,
so both m and n are integers: m = 33−4k, n = 3k. Then |m−n| = |(33−4k)−3k| = |33−7k|. Minimizing
|33− 7k| reduces to choosing k nearest to 33/7 ≈ 4.714. For k = 4, (m,n) = (17, 12) and |m− n| = 5. For
k = 5, (m,n) = (13, 15) and |m− n| = 2. Hence, the smallest possible value is boxed {2}.
ORION w/o Self-Reflection: Hmm, okay, let’s try to express n in terms of m: n = 100−3m

4
. For n to be

an integer, 100 − 3m must be divisible by 4. Since 100 ≡ 0 (mod 4), we need 3m ≡ 0 (mod 4), and
because 3 and 4 are coprime, m must be a multiple of 4. Let’s set m = 4k, giving n = 25 − 3k. Then
|m− n| = |4k − (25− 3k)| = |7k − 25|... To minimize this, k should be near 25/7 ≈ 3.57. Checking k = 3
gives (m,n) = (12, 16) and |m − n| = 4; checking k = 4 gives (m,n) = (16, 13) and |m − n| = 3. Both
are small, but the smaller one seems to be 4 when k = 3... Thus, the final answer is boxed{4}.
ORION w/o Solution Error: ## Error Analysis: The main mistake in the original solution was incorrectly
simplifying the equation 3m+ 4n = 100 when attempting to express n in terms of m, leading to non-integer
values for m and n.
## Correct Reasoning: We want to minimize |m − n| given 3m + 4n = 100. Solving for m, m = 100−4n

3
.

Suppose n is chosen to make m an integer. Trying n = 3k, we get m = 100−12k
3

= 33− 4k. Approximating,
we take m ≈ 33 − 4k. Then |m − n| ≈ |33 − 7k|. If k = 5, this gives m = 13, n = 15, so |m − n| = 2.
Thus, the smallest possible value is boxed {2}.
ORION: ## Error Analysis: The possible mistake was the incorrect handling of 3m+ 4n = 100 when solving
for m,n. The substitution and simplification produced a wrong expression for n, leading to non-integer values.
The error arose because the expression for n was not properly simplified or checked for integer solutions.
## Correct Reasoning: We aim to minimize |m − n| given 3m + 4n = 100. Expressing n in terms of m,
n = 100−3m

4
. For n to be integer, 100 − 3m must be divisible by 4. Since 100 ≡ 0 (mod 4), this requires

3m ≡ 0 (mod 4), so m = 4k. Substituting gives n = 25 − 3k, m = 4k. For non-negative integers,
0 ≤ k ≤ 8. Then |m − n| = |4k − (25 − 3k)| = |7k − 25|. Evaluating: k = 3 ⇒ |21 − 25| = 4,
k = 4 ⇒ |28− 25| = 3, others yield larger values. Thus the minimum is boxed {3}.

Table 9: Case Study. Text in red indicates errors and their causes in the response, while text in blue marks key
errors identified by ORION and the corresponding correct solutions.
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