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Abstract

Supervised fine-tuning (SFT) is a fundamental
post-training strategy to align Large Language
Models (LLMs) with human intent. However,
traditional SFT often ignores the one-to-many
nature of language by forcing alignment with a
single reference answer, leading to the model
overfitting to non-core expressions. Although
our empirical analysis suggests that introduc-
ing multiple reference answers can mitigate this
issue, the prohibitive data and computational
costs necessitate a strategic shift: prioritizing
the mitigation of single-reference overfitting
over the costly pursuit of answer diversity. To
achieve this, we reveal the intrinsic connection
between token probability and semantic impor-
tance: high-probability tokens carry the core
logical framework, while low-probability to-
kens are mostly replaceable expressions. Based
on this insight, we propose ProFit, which se-
lectively masks low-probability tokens to pre-
vent surface-level overfitting. Extensive experi-
ments confirm that ProFit consistently outper-
forms traditional SFT baselines on general rea-
soning and mathematical benchmarks.

1 Introduction

Large Language Models (LLMs) have demon-
strated remarkable general capabilities (Jaech et al.,
2024; Guo et al., 2025; Yang et al., 2025a). To
adapt them to specific downstream tasks, Super-
vised Fine-Tuning (SFT) has become the prevail-
ing paradigm (Chung et al., 2024). Traditional
SFT is based on an autoregressive objective, forc-
ing the model to strictly align with a single refer-
ence answer at the token level. However, this rigid
objective neglects the one-to-many nature of lan-
guage (Li et al., 2016; Yang et al., 2025b), where
diverse expressions can convey the same intent.
Therefore, this strategy of forcibly fitting a sin-
gle reference is often suboptimal and can easily
lead to the model simply memorizing specific sam-
ples. (Gudibande et al., 2023; Chu et al., 2025;
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Figure 1: Breaking the trade-off between training
cost and semantic diversity. While Multi-reference
SFT offers semantic richness at prohibitive data and
computational costs, standard SFT is efficient but se-
mantically limited. ProFit achieves the best of both: by
focusing supervision on high-value tokens, it captures
core semantic integrity without sacrificing the efficiency
of single-reference training.

Wang et al., 2025a, 2026).
While introducing multiple reference answers

can alleviate this problem (Yuan et al., 2023; Li
et al., 2024b; Shi and Shen, 2025), it faces the
dual challenges of expensive data construction and
difficulties in training convergence (please refer
to Section 3.2 for details). To solve this prob-
lem while maintaining the existing low-cost single
instruction-single response data configuration, we
propose a more efficient strategy (as illustrated in
Figure 1): instead of striving for comprehensive
coverage with multiple answers, it’s better to
avoid overfitting to a single answer. To achieve
this, we need a mechanism to filter out truly high-
value training signals from a single reference an-
swer.

To accurately identify these high-value training
signals, we conducted a semantic analysis. Specifi-
cally, we comparatively analyze multiple answers
to a given question, aiming to identify those tokens
defined as decisive for the answer’s correctness,
with their importance judged by Gemini-3-Pro. For-
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tunately, we found that the predicted probability
of the token can serve as an efficient and accu-
rate proxy metric (Kadavath et al., 2022; Huang
et al., 2025; Bentegeac et al., 2025). Further hy-
pothesis testing confirmed this significant pattern:
high-probability tokens tend to carry core reason-
ing logic or key semantics, while low-probability
tokens correspond more to non-core expressions.

Inspired by this, we propose the ProFit method,
which leverages the online probabilities predicted
by the model currently being trained as the core
clue to locate high-value signals. Specifically,
ProFit employs a strategic masking mechanism:
it selectively retains and trains high-probability to-
kens that carry crucial semantic information, while
masking low-probability, non-essential tokens (Lin
et al., 2024; Ruan et al., 2025). We further provided
theoretical derivations demonstrating that the gra-
dients of low-probability tokens can overshadow
the optimization direction of crucial tokens.

We conducted extensive evaluations on general
reasoning (GPQA-Diamond (Rein et al., 2024)),
mathematics (MATH-500 (Lightman et al., 2023),
AIME’24 (American Institute of Mathematics,
2024), GSM8K (Cobbe et al., 2021)), and instruc-
tion following (IFEval (Zhou et al., 2023b)). The re-
sults consistently show that ProFit outperforms the
traditional SFT baseline. Notably, on the Qwen3
family, ProFit surpasses SFT by a significant mar-
gin of 3.0% to 10.9% in average accuracy, validat-
ing the effectiveness of our strategy.

Our contributions can be summarized as follows:

• We identify a positive correlation between pre-
diction probability and semantic importance,
revealing that low-probability tokens typically
represent non-essential expression.

• We propose ProFit, a probability-guided
masking strategy. We theoretically prove that
masking low-probability tokens prevents their
large gradients from overshadowing key se-
mantic signals.

• Extensive experiments on general reason-
ing and math benchmarks demonstrate that
ProFit consistently outperforms standard SFT
baselines.

2 Related Work

2.1 Data-Efficient Instruction Tuning
Recent SFT adheres to the less is more prin-
ciple (Zhou et al., 2023a; Zhang et al., 2025;

Li et al., 2025c; Ji et al., 2026), evolving from
complexity-based selection (Cao et al., 2023; Li
et al., 2024a) to 2025’s importance-aware met-
rics like MIWV (Jiang et al., 2025) and ICL-
based filtering (Wang et al., 2025b; Jiang et al.,
2025). However, these coarse-grained sample-
level methods treat pairs as atomic units, over-
looking intra-sample low-information segments or
stylistic noise (Pang et al., 2025; Qin et al., 2025),
thus limiting the model’s focus on dense logical
signals.

2.2 Token-Level Training Objectives
To address granularity limitations, research has piv-
oted to token-level optimization (Kong et al., 2025).
While classical methods like Focal Loss (Lin et al.,
2017) and Unlikelihood Training (Welleck et al.,
2019) targeted hard tokens, recent LLM approaches
like Rho-1 (Lin et al., 2024) and TIS-DPO (Liu
et al., 2024) rely on costly external reference
models. More efficient intrinsic methods like
DFT (Wu et al., 2025b) employ probability-driven
soft reweighting, and CFT (Ruan et al., 2025) fur-
ther validates the need for supervising critical re-
gions. Recently, Li et al. (2025a) theoretically
validated via a model-capability continuum that
suppressing low-probability tokens benefits strong-
prior domains like math, supporting our masking
strategy. While sharing the probability-driven mo-
tivation with DFT, ProFit diverges by adopting a
strict hard masking strategy to efficiently filter out
non-core expressions in a single step.

3 Preliminaries and Motivation

3.1 Preliminaries
Supervised Fine-Tuning. Given a dataset D con-
taining pairs of inputs x and reference responses
y∗ = (y∗1, . . . , y

∗
T ), SFT optimizes the policy πθ by

minimizing the negative log-likelihood:

LSFT(θ) = E(x,y∗)∼D


−

|y∗|∑

t=1

log πθ(y
∗
t | x, y∗<t)


 .

(1)
Let zt be the logits at step t. The probability is
pt = softmax(zt). The gradient of the per-token
loss ℓt = − log pt,y∗t with respect to the logits zt
is:

∂ℓt
∂zt,v

= pt,v − I[v = y∗t ]. (2)

Equation 2 drives pt,y∗t → 1 while suppressing
alternatives (pt,v → 0). This mechanism indis-
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Figure 2: Performance comparison on diverse bench-
marks. While multi-reference training (SFT w/ 3 ans)
offers sporadic gains, it suffers from optimization in-
stability and stagnation on complex tasks. In contrast,
ProFit achieves superior and robust performance across
all metrics by selectively extracting high-value signals
from a single reference.

criminately suppresses all non-reference tokens
(v ̸= y∗t ), including valid paraphrases, thereby pe-
nalizing semantic flexibility and driving the model
toward surface-form overfitting.

Low-Rank Adaptation (LoRA). LoRA is a
parameter-efficient fine-tuning technique based on
the premise that weight updates ∆W possess a low
intrinsic rank (Hu et al., 2022; Wu et al., 2024).
For a frozen weight matrix W0 ∈ Rd×k, LoRA
approximates the update via a low-rank decompo-
sition BA, where B ∈ Rd×r and A ∈ Rr×k with
r ≪ min(d, k). The forward pass is modified as:

h = W0x+
α

r
∆Wx = W0x+

α

r
BAx (3)

where α is a scaling hyperparameter for adaptation
stability.

3.2 Motivation

Traditional SFT relies on strict single-reference
token-level alignment, which inherently over-
penalizes paraphrastic variants by treating valid
semantic equivalents as incorrect predictions. In-
tuitively, introducing multiple reference answers
could theoretically bridge this gap. However, our
pilot investigation reveals that this approach faces
substantial practical barriers rather than offering a
straightforward solution.

First, constructing a diverse, high-quality re-
sponse set entails prohibitive costs: collecting K
distinct references per instruction scales the anno-
tation burden linearly, and ensuring high quality
often necessitates expert annotators, particularly

for complex reasoning or mathematical tasks. Sec-
ond, and more critically, simply expanding the
reference set often introduces distributional con-
flicts, leading to optimization instability. As
illustrated in Figure 2, we compared SFT trained
with single versus multiple (3) reference answers.
While multiple references yield marginal improve-
ments on specific reasoning tasks like MATH-500,
they fail to generalize consistently. Surprisingly,
on complex benchmarks like GPQA-Diamond, the
performance stagnates or even slightly degrades
(dropping from 34.1% to 33.5%) compared to the
single-answer baseline. Furthermore, both standard
and multi-answer SFT struggle to maintain base
capabilities on instruction-following tasks like IFE-
val, where performance trails behind the Vanilla
model. This suggests that blindly fitting diverse
distributions can confuse the model, causing it to
struggle with convergence due to conflicting gradi-
ent directions.

To address this dilemma, we propose relaxing
the strict alignment objectives. Instead of perform-
ing indiscriminate full-scale fitting on all tokens or
relying on expensive multi-reference datasets, we
implement a selective alignment strategy. We need
a mechanism that can accurately filter out the
high-value training signals that truly carry the
core reasoning logic from a single reference an-
swer, thereby achieving robust performance across
diverse benchmarks.

4 Methodology

4.1 Semantic Analysis

To accurately extract high-quality training signals,
we performed a joint analysis of semantic impor-
tance and prediction probability for the tokens in
multiple reference answers. Specifically, we uti-
lize Gemini-3-pro (Google DeepMind, 2025) as a
semantic evaluator to annotate the tokens in the ref-
erence answers, classifying them into trivial tokens,
which represent interchangeable stylistic variations,
and core tokens, which encapsulate the essential
reasoning logic. Subsequently, we used Qwen3-
4B-Base (Yang et al., 2025a) to perform forward
propagation and calculate the predicted probability
for each token. This choice provides a computation-
efficient yet capable proxy for language modeling,
striking a balance between estimation quality and
inference cost.

As shown in Figure 3, the two token types exhibit
distinct probability distributions: core tokens are
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Figure 3: Probability density estimation of semantic to-
kens. We categorize tokens into semantically Core and
Trivial groups. While core tokens are heavily concen-
trated in high-confidence zones, trivial tokens exhibit
a significant long-tail distribution, disproportionately
dominating the low-probability spectrum. A hypothesis
test confirms this significant distributional difference
(p = 1× 10−6).

highly concentrated in the high-probability region,
showing strong determinism, whereas trivial tokens
display a long-tail distribution. Although some
trivial tokens appear in the high-confidence interval,
their density is much higher in the low-probability
region than that of core tokens, making them the
dominant component there.

To rigorously verify this observation, we con-
ducted a statistical hypothesis test. We formally
defined the null hypothesis as follows:

• Null Hypothesis (H0): The probability dis-
tributions of trivial tokens and core tokens
are statistically identical (i.e., drawn from the
same population).

• Alternative Hypothesis (H1): The probabil-
ity distributions of trivial tokens and core to-
kens are statistically distinct (i.e., drawn from
different populations).

The test yielded a p-value of 1 × 10−6, leading
to a significant rejection of H0. This empirical
result strongly supports our hypothesis: low pre-
diction probability is a strong indicator of semantic
non-essentiality, as low-probability regions are pri-
marily dominated by trivial tokens.

4.2 ProFit

Based on the motivation and semantic analysis,
we propose ProFit. The core intuition of this
method is to utilize the model’s own prediction
probabilities as a dynamic indicator to locate the
core tokens. During training, by implementing

a threshold-based masking operator, ProFit selec-
tively backpropagates gradients only from high-
probability tokens, effectively isolating parameter
updates from the interference of low-probability
trivial tokens.

To operationalize this strategy, we employ a stop-
gradient mechanism to decouple the masking cri-
terion from the gradient computation. We define
the binary validity mask Mt using the detached
probability:

Mt = I [sg(πθ(y∗t | x, y∗<t)) > τ ] , (4)

where sg(·) denotes the stop-gradient operator,
τ ∈ [0, 1] is a static threshold, and I[·] is the in-
dicator function. By strictly enforcing p > τ , we
ensure the optimization is driven solely by high-
value semantic signals. Crucially, the stop-gradient
ensures that Mt acts as a fixed gate during back-
propagation, avoiding the differentiability issues of
the step function.

Formally, the optimization objective of ProFit is
defined as:

LProFit(θ) = ED

[
− 1

T

T∑

t=1

Mt log πθ(y
∗
t | x, y∗<t)

]
,

(5)
where T = |y∗| denotes the sequence length.

4.3 Deeper Insights
Equation 2 shows that low-probability tokens in-
duce significantly larger logit gradients. To quan-
tify how this amplification propagates to the pa-
rameter space, we derive the following theorem,
establishing a lower bound for the parameter gradi-
ent (proof in Appendix A):
Theorem 1 (Token-Wise Gradient Norm Lower
Bound). Consider the prediction of a single target
token y∗t at step t, given the instruction x and the
preceding ground-truth tokens y∗<t. Let z ∈ R|V| be
the output logits and ℓ(θ) = − log πθ(y

∗
t | x, y∗<t)

be the loss for this step. Let Jθ(z) = ∇θz ∈
R|V|×|θ| denote the Jacobian of the logits with re-
spect to parameters θ ∈ R|θ|. Under the local
non-degeneracy assumption that the Jacobian is
full row-rank (i.e., the model is locally surjective,
satisfying σmin(Jθ(z)) ≥ γ > 0), the gradient
norm satisfies:

∥∇θℓ∥2 ≥ γ · (1− πθ(y
∗
t | x, y∗<t)). (6)

This lower bound theoretically guarantees that to-
kens with lower prediction probabilities inevitably
induce larger parameter gradients.
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Model Method GPQA-Diamond GSM8K MATH-500 AIME’24 IFEval Avg. ∆

Qwen3-0.6B-Base

Vanilla 4.36 45.99 7.28 0.10 15.6 14.67 -
SFT 17.93 54.53 45.38 1.56 23.15 28.51 +13.84

Entropy 20.58 53.67 45.83 2.19 22.02 28.86 +14.19
DFT 17.68 62.42 47.92 2.29 20.63 30.20 +15.53

ProFit 22.85 59.78 49.90 2.19 22.71 31.49 +16.82

Qwen3-4B-Base

Vanilla 23.17 82.50 57.67 8.23 33.04 40.92 -
SFT 34.15 55.43 74.80 11.25 31.33 41.39 +0.47

Entropy 34.91 46.54 74.75 10.94 30.71 39.57 -1.35
DFT 31.69 87.83 77.50 10.83 43.67 50.30 +9.38

ProFit 34.34 87.55 77.85 13.02 48.87 52.33 +11.41

Qwen3-14B-Base

Vanilla 37.69 83.44 78.32 13.33 52.61 53.08 -
SFT 46.02 78.00 79.22 16.04 36.69 51.20 -1.88

Entropy 47.85 78.23 80.12 14.79 38.01 51.80 -1.28
DFT 43.81 88.98 81.97 17.29 49.86 56.38 +3.30

ProFit 46.53 89.62 82.85 16.56 58.02 58.72 +5.64

OLMo-2-7B

Vanilla 21.72 68.08 11.03 0.10 14.44 23.07 -
SFT 13.64 78.43 24.95 0.62 22.50 28.03 +4.96

Entropy 12.94 78.22 24.77 0.52 22.64 27.82 +4.75
DFT 12.31 76.09 23.57 0.31 23.24 27.10 +4.03

ProFit 14.71 78.25 25.45 0.31 23.98 28.54 +5.47

Llama-3.1-8B

Vanilla 8.71 51.88 3.35 0.00 21.42 17.07 -
SFT 23.30 60.42 24.75 0.31 24.72 26.70 +9.63

Entropy 23.61 61.08 25.70 0.21 24.31 26.98 +9.91
DFT 8.40 60.07 17.65 0.62 25.14 22.38 +5.31

ProFit 21.40 62.11 24.90 0.62 26.16 27.04 +9.97

Table 1: Main results across five benchmarks. We report the accuracy of the Vanilla baseline, standard SFT, and
varying strategies (Entropy, DFT, ProFit) on multiple model families. Regarding the evaluation settings, results on
AIME’24 are averaged over 32 samples, while results on the other datasets are averaged over 8 samples. The values
in parentheses indicate the performance difference relative to the Vanilla baseline.

5 Experiments

5.1 Experimental Setup

Training. For the training data, we curated
a subset of 2,000 samples from the BAAI-
InfinityInstruct Dataset (Zhou et al., 2023a; Li et al.,
2025b; Muennighoff et al., 2025), prioritizing high
reward scores as done in Shadow-FT (Wu et al.,
2025a). To comprehensively verify the effective-
ness and generalization of our method, we con-
ducted evaluations across a diverse set of LLMs,
including the Qwen3 series (Yang et al., 2025a),
Llama 3 series (AI@Meta, 2024), and OLMo 2
series (OLMo et al., 2024). We employed LLaMA-
Factory (Zheng et al., 2024) as our primary training
framework. All experiments are conducted on 8
H20 GPUs. For detailed hyperparameter settings,
please refer to the Appendix B.

Baselines. To evaluate the effectiveness of ProFit,
we compare it against several representative fine-
tuning paradigms:

• Supervised Fine-tuning: The vanilla base-
line that minimizes the cross-entropy loss
across all tokens indiscriminately.

• Dynamic Fine-tuning (Wu et al., 2025b): A
probability-aware method that assigns a dy-
namic scale to the loss of each token based on
its confidence.

• Entropy-based tuning (Wang et al., 2025c):
A selective strategy that updates parameters
only on tokens with high entropy.

Evaluation. To comprehensively evaluate the
downstream performance of our fine-tuned mod-
els, we conducted extensive assessments across
a diverse set of benchmarks, including GPQA-
Diamond (Rein et al., 2024), MATH-500 (Light-
man et al., 2023), GSM8K (Cobbe et al., 2021),
AIME’24 (American Institute of Mathematics,
2024), and IFEval (Zhou et al., 2023b). For
the evaluation pipeline, we utilized OpenCom-
pass (Contributors, 2023b) as the primary inference
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Figure 4: Ablation study on the probability threshold τ . The dashed line represents the performance of the standard
SFT baseline. (a) Training exclusively on low-probability tokens (p(y∗t ) < τ ) results in performance consistently
below the baseline, indicating that non-core expressions are insufficient for constructing effective reasoning chains.
(b) Conversely, the proposed strategy (p(y∗t ) > τ ), which masks low-probability noise, consistently outperforms the
baseline across all tasks, validating the effectiveness of focusing on core logic.

framework, integrated with lmdeploy (Contribu-
tors, 2023a) and vllm (Kwon et al., 2023) as the
acceleration backend. For the decoding strategy,
we performed sampling and reported the average
accuracy across 32 generations for AIME’24 and 8
for other benchmarks. Detailed inference hyperpa-
rameters and configuration settings are provided in
the Appendix B.

5.2 Main Results

Table 1 presents the comparative results of our pro-
posed method, ProFit, against the Vanilla baseline,
standard SFT, and other strategies (Entropy and
DFT) across five diverse benchmarks. The experi-
mental results demonstrate that ProFit consistently
achieves superior performance across all evaluated
model families and scales.

Compared to standard SFT, ProFit delivers
substantial improvements in average accuracy.
For instance, on the Qwen3-4B-Base model, ProFit
achieves an average accuracy of 52.33%, surpass-
ing standard SFT (41.39%) by a significant margin
of 10.94%. Similarly, on Llama-3.1-8B, ProFit im-
proves the average score to 27.04%, outperforming
SFT (26.70%) and showing a +9.97% gain over the
Vanilla baseline. Notably, on Qwen3-14B-Base,
standard SFT experiences a performance drop of
1.88% relative to Vanilla, likely stemming from the
interference of non-core expressions or superficial
stylistic patterns. ProFit successfully mitigates this
issue, reversing the decline to achieve a distinct
gain of +5.64%. This underscores the stability

of our probability-guided filtering mechanism in
mitigating negative transfer while enhancing down-
stream performance.

ProFit also consistently outperforms other
baselines. As shown in Table 1, while DFT and
Entropy strategies generally offer improvements
over the Vanilla baseline, they often fall short of
the gains achieved by ProFit. For example, on
Qwen3-0.6B, ProFit achieves the highest average
accuracy of 31.49%, exceeding DFT (30.20%) and
Entropy (28.86%). This trend holds across archi-
tectures like OLMo-2 and Llama-3.1, showing our
probability-based identification of non-core expres-
sions outperforms entropy-based filtering and dy-
namic reweighting methods.

In summary, ProFit shows strong scalability
and universality, consistently boosting performance
across model sizes and architectures without the
high data costs of multi-reference fine-tuning.

6 Extensive Analysis

6.1 Analysis of τ parameter
To investigate the impact of the probability thresh-
old τ , we compared the experimental results of
retaining low-probability tokens (p(y∗t ) < τ ) ver-
sus retaining high-probability tokens (p(y∗t ) > τ ),
as illustrated in Figure 4.

The Figure 4(b) reveals that when masking low-
probability tokens—which typically represent se-
mantic diversity—the model’s performance consis-
tently exceeds the full-token fine-tuning baseline
(dashed line) across all threshold settings. This sug-
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Figure 5: Average performance variation across differ-
ent LoRA ranks (r ∈ {4, . . . , 1024}). The dashed lines
represent the baseline performance of full-parameter
fine-tuning for each corresponding setting. While core
tokens (p(y∗t ) > 0.1) exhibit monotonic improvement
driven by capacity, non-core tokens (p(y∗t ) < 0.1) and
standard SFT show a U-shaped trend, revealing opti-
mization interference at medium ranks.

gests that in traditional SFT, forcing the model to
fit these surface-level stylistic variations distracts
it from learning the underlying reasoning patterns.
By alleviating this unnecessary learning burden,
the model can focus more effectively on the invari-
ant logical core. Although knowledge-intensive
tasks like GPQA-Diamond show a slight perfor-
mance decline as the threshold increases, likely
due to specific long-tail entities falling into the
low-probability range, their absolute performance
remains significantly above the baseline.

Conversely, the Figure 4(a) highlights the irre-
placeable skeletal role of high-probability tokens.
When the model is restricted to learning only low-
probability diverse expressions without the sup-
port of high-probability structural tokens, perfor-
mance suffers a catastrophic decline. Crucially,
even as the threshold τ increases (introducing more
high-frequency tokens), while performance recov-
ers slightly, it never reaches the level of the full-
token fine-tuning baseline and remains far inferior
to the strategy shown in the 4(b). This persistent
performance gap indicates that low-probability to-
kens are essentially auxiliary components contin-
gent upon the logical skeleton. Without the support
of high-confidence core logic, merely increasing
the fitting of these non-core expressions fails to
establish effective reasoning links and ultimately
limits the model’s generalization potential.
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Figure 6: Average performance trajectory across train-
ing epochs. ProFit (p > τ ) demonstrates rapid con-
vergence and a superior performance ceiling, whereas
focusing on low-probability tokens (p < τ ) results in
training instability and limited capacity.

6.2 Impact of LoRA Rank

We explore the influence of trainable parameter
volume by scaling the LoRA rank from 4 to 1024,
as shown in Figure 5 (refer to Appendix C for de-
tails). The results reveal a distinct divergence: core
tokens (p > 0.1) benefit monotonically from in-
creased rank, indicating they strictly require model
capacity. In contrast, trivial tokens (p < 0.1)
and standard SFT display a U-shaped trend, where
medium ranks struggle with optimization interfer-
ence. Interestingly, for trivial tokens, LoRA (Rank
1024) outperforms full fine-tuning, demonstrating
that low-rank constraints serve as effective regu-
larization, preventing the model from overfitting
to non-essential statements. The fact that global
SFT follows the trivial token trend underscores that
non-core expressions act as the primary bottleneck
in standard training.

6.3 Performance Evolution across Epochs

Figure 6 illustrates the training trajectory over 5
epochs. ProFit (p > τ ) demonstrates superior
efficiency, converging immediately to 60.1% ac-
curacy in the first epoch—already surpassing the
Baseline’s peak performance of 54.9%. In stark
contrast, training exclusively on low-probability
tokens (p < τ ) leads to stagnation in a subopti-
mal range (40% − 50%) and training instability.
These results confirm that high-probability tokens
contain the essential gradient signals for alignment,
whereas low-probability regions offer negligible or
even detrimental supervision.
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Figure 7: Performance trajectories on MATH-500, OlympiadBench, and Minerva datasets. ProFit combines high
initial performance with continuous learning capability, ultimately achieving the best Pass@4 and Avg@4 scores
across all benchmarks.

6.4 Superior RL Initialization

We conduct experiments based on the Qwen3-
0.6B-Base model. Specifically, we employ GRPO
(Group Relative Policy Optimization (Shao et al.,
2024)) to optimize the models initialized with three
different strategies: Base, DFT, and our proposed
ProFit. We employ the DeepScaleR dataset as train-
ing prompts following Liu et al. (2025). All ex-
periments are conducted on 32 H20 GPUs. For
evaluation, in addition to the previously introduced
MATH-500, we employ Minerva (Hendrycks et al.,
2021) and OlympiadBench (He et al., 2024), which
serve as comprehensive benchmarks covering tasks
from general mathematical reasoning to diverse
competition-level challenges.

We evaluated the potential of ProFit as an initial-
ization for subsequent reinforcement learning by
analyzing its training dynamics across three mathe-
matical benchmarks, as illustrated in Figure 7. The
experimental results demonstrate that ProFit consis-
tently outperforms comparison methods, offering
not only a superior starting point but also more ro-
bust training stability for the RL stage. Please refer
to Appendix G for detailed training dynamics, such
as KL divergence, entropy, and response length.

Specifically, on the MATH-500 dataset, ProFit
achieves an Avg@4 of 57.3% and a Pass@4 of
76.4% at the final training stage, significantly sur-
passing the Baseline which reaches 53.1% and
70.6% respectively. Crucially, the analysis of train-
ing curves reveals distinct convergence behaviors:
while the Baseline exhibits a pronounced cold start
phenomenon requiring more steps to learn effec-
tive patterns, and DFT shows earlier plateauing

in Avg@4 under the same budget, ProFit main-
tains continuous performance growth throughout
the training process.

This advantage is particularly evident on the
challenging OlympiadBench, where ProFit attains
an Avg@4 of 24.3%, distinctively outperforming
the competing methods which hover around the
21.1% level. Similar consistent improvements are
also observed on Minerva, further validating the
generalization capability of our method.

6.5 Analysis of Fine-Tuning Instruct Models

Further fine-tuning instruction-aligned models typ-
ically incurs an alignment tax, degrading general
capabilities (Wu et al., 2025a,b; Diao et al., 2026).
We evaluate ProFit on the Qwen2.5-Instruct series
to test its robustness against this issue. As shown
in Table 2, while standard SFT and DFT consis-
tently suffer performance drops (e.g., -1.83 average
degradation for SFT on 7B), ProFit effectively mit-
igates catastrophic forgetting. It not only prevents
typical declines but actually improves the average
scores for the 0.5B (+1.24) and 7B (+0.17) models,
with notable gains in reasoning tasks like GSM8K
and AIME’24, proving its superiority in refining
aligned models without sacrificing foundational
instruction-following skills.

6.6 Analysis of Performance on General Tasks

To evaluate whether ProFit preserves comprehen-
sive abilities while optimizing for specific domains,
we tested it on general benchmarks across Qwen3
scales. As shown in Table 3, ProFit demonstrates
strong generalization without severe catastrophic
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Model Method GPQA-Diamond GSM8K MATH-500 IFEval AIME’24 Avg. ∆

Qwen2.5-0.5B-Instruct

Vanilla 17.42 37.38 27.98 25.28 0.21 21.65 -
SFT 17.55 37.96 24.47 23.66 0.21 20.77 -0.88
DFT 10.67 40.48 27.65 25.25 0.31 20.87 -0.78

ProFit 16.60 42.97 29.55 24.72 0.62 22.89 +1.24

Qwen2.5-3B-Instruct

Vanilla 32.01 74.73 65.78 58.99 4.38 47.18 -
SFT 30.30 75.29 63.52 57.44 5.31 46.37 -0.81
DFT 26.58 77.27 65.77 50.72 7.60 45.59 -1.59

ProFit 29.10 77.90 65.83 52.22 7.19 46.45 -0.73

Qwen2.5-7B-Instruct

Vanilla 35.48 81.00 75.28 69.29 12.50 54.71 -
SFT 33.27 83.82 74.65 61.95 10.73 52.88 -1.83
DFT 32.77 85.60 74.65 60.28 13.02 53.26 -1.45

ProFit 35.35 85.61 75.15 63.79 14.48 54.88 +0.17

Table 2: Performance evaluation on previously instruction-tuned models (Qwen2.5-Instruct series). We report the
accuracy of the original Instruct model (Vanilla), standard SFT, DFT, and ProFit.

Model Method HellaSwag ARC-c HumanEval MMLU-Pro History MMLU-Pro Chemistry Avg. ∆

Qwen3-0.6B-Base

Vanilla 24.54 1.69 1.45 1.31 3.18 6.43 -
SFT 33.37 45.76 32.09 15.22 15.72 28.43 +22.00

Entropy 33.16 50.51 31.78 11.02 15.90 28.47 +22.04
DFT 32.72 53.22 37.80 10.76 14.93 29.89 +23.46

ProFit 33.80 55.59 38.64 17.32 19.61 32.99 +26.56

Qwen3-4B-Base

Vanilla 65.55 34.92 75.38 27.03 16.96 43.97 -
SFT 74.83 92.20 82.85 41.99 62.46 70.87 +26.90

Entropy 74.77 90.85 81.78 41.73 61.31 70.09 +26.12
DFT 62.12 90.85 81.40 42.26 59.28 67.18 +23.21

ProFit 72.21 91.19 80.79 44.62 61.04 69.97 +26.00

Qwen3-14B-Base

Vanilla 84.02 94.92 83.69 54.59 57.95 75.03 -
SFT 82.18 94.58 86.97 53.81 70.05 77.52 +2.49

Entropy 81.43 93.90 87.04 55.38 70.41 77.63 +2.60
DFT 86.96 94.58 87.65 56.43 69.70 79.06 +4.03

ProFit 87.30 94.92 89.18 59.84 70.32 80.31 +5.28

Table 3: Performance comparison on General Tasks across different Qwen3 model scales (0.6B, 4B, 14B). We
report the accuracy of the Vanilla baseline, standard SFT, and varying fine-tuning strategies (Entropy, DFT, ProFit).

forgetting. It achieves the highest average improve-
ments on the 0.6B (+26.56) and 14B scales over
the Vanilla model. Even on the 4B scale, where
standard SFT slightly edges out in the overall aver-
age, ProFit remains highly competitive and excels
in specific reasoning-heavy subsets , proving it ef-
fectively balances broad knowledge retention with
its primary fine-tuning objectives.

7 Conclusion

In this work, we propose ProFit, a novel method
to fine-tune LLMs by leveraging token prediction
probabilities as a proxy for semantic importance.
Inspired by our hypothesis testing results reveal-
ing that high-probability tokens carry core seman-
tics while low-probability ones correspond to non-
core expressions, we propose ProFit to selectively
mask the latter, aiming to alleviate the overfitting
to surface-level phrasing and capture the underly-

ing logic. Extensive experiments across multiple
LLM series, including Qwen, Llama, and OLMo2,
demonstrate that ProFit consistently outperforms
conventional full-parameter SFT and other data se-
lection methods on diverse benchmarks covering
general reasoning, mathematics, and instruction
following. We further conduct comprehensive abla-
tion studies on training epochs, probability thresh-
olds, and LoRA ranks. ProFit also serves as a
superior initialization for reinforcement learning,
promoting stable convergence and deeper reason-
ing exploration. These analyses confirm that low-
probability tokens serve as a primary source of
optimization interference, validating that our ap-
proach offers a robust and effective solution for
improving model generalization.
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Limitation

Despite the promising results, this work has limita-
tions.

First, our core assumption that low-probability
tokens represent non-core expressions primarily
holds for logic-intensive tasks (e.g., reasoning,
mathematics). For creative generation tasks, such
tokens may contribute to stylistic diversity, which
requires further investigation.

Second, ProFit currently employs a static prob-
ability threshold across all samples. While this
design choice was made to ensure implementation
simplicity and training stability and has yielded
consistent empirical gains, we acknowledge that fu-
ture iterations could further enhance performance
by exploring adaptive mechanisms that dynami-
cally adjust the threshold based on instance-specific
difficulty.
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Appendix

A Proof of Theorem 1

Proof A.1 Consider the loss ℓ(θ) for the target
token y∗t conditioned on the input x and history y∗<t.
Let z ∈ R|V| be the logit vector and p = softmax(z)
be the probability distribution. Recall from Eq. 2
that the gradient of the loss with respect to the
logits is ∇zℓ = p− ey∗t , where ey∗t is the one-hot
vector corresponding to the target.

First, we analyze the ℓ2-norm of the logit gra-
dient ∇zℓ. Let py∗t = pθ(y

∗
t | x, y∗<t) denote the

predicted probability of the ground-truth token. We
derive:

∥∇zℓ∥2 =
√

(py∗t − 1)2 +
∑

v ̸=y∗t

p2v

=

√
(1− py∗t )

2 +
∑

v ̸=y∗t

p2v

≥ 1− py∗t .

(7)

Next, applying the chain rule, the gradient with
respect to the model parameters θ is given by:

∇θℓ =

(
∂z

∂θ

)⊤
∇zℓ = Jθ(z)

⊤∇zℓ, (8)

where Jθ(z) ∈ R|V|×|θ| is the Jacobian ma-
trix. We utilize the spectral inequality for matrix-
vector products: for any matrix A and vector v,
∥Av∥2 ≥ σmin(A)∥v∥2. Applying this to our con-
text:

∥∇θℓ∥2 = ∥Jθ(z)⊤∇zℓ∥2
≥ σmin(Jθ(z)

⊤) · ∥∇zℓ∥2
= σmin(Jθ(z)) · ∥∇zℓ∥2.

(9)

Here, we use the property that a matrix and its
transpose share the same singular values. Finally,
substituting Eq. 7 and the non-degeneracy assump-
tion σmin(Jθ(z)) ≥ γ, we obtain:

∥∇θℓ∥2 ≥ γ · (1− pθ(y
∗
t | x, y∗<t)). (10)

This concludes the proof.

B Hyper parameters

Regarding the hyperparameter configuration, we
set the per-device batch size to 1 and employed a
gradient accumulation strategy with 4 steps. The in-
put sequences were truncated to a maximum length

of 8,192 tokens. All models were fine-tuned for a
single epoch.

During inference, we enable stochastic sampling
across all models to ensure generation diversity.
For Qwen3 and OLMo-2, we configure the hy-
perparameters with : do_sample=True, tempera-
ture=0.7, top_p=0.8, top_k=20. For the Llama se-
ries, we adopt a configuration : do_sample=True,
temperature=0.6, top_p=0.9. Regarding genera-
tion length, we set the maximum output tokens to
32,768 for the AIME’24 benchmark to accommo-
date extensive reasoning, while limiting it to 8,192
for all other evaluations.

C Detailed Analysis of LoRA Rank across
Datasets

We present the detailed performance trajectories
for each dataset (GSM8K, MATH-500, GPQA-
Diamond, and IFEval) across varying LoRA ranks
in Figure 8. The results reveal consistent optimiza-
tion patterns across diverse tasks:

Universal Monotonicity for Core Tokens (p >
0.1). A striking commonality across all four
datasets is the monotonic performance growth ob-
served when training on core tokens (pink lines).
Whether for reasoning (GSM8K, MATH-500),
knowledge recall (GPQA), or instruction follow-
ing (IFEval), the model’s performance steadily
improves as the rank increases from 4 to 1024.
This universality confirms a fundamental hypothe-
sis: core task semantics possess a high intrinsic
dimensionality. Consequently, providing larger
parameter capacities allows the model to better
resolve these critical patterns without saturation,
regardless of the task type.

Interference from Non-Core Expressions (p <
0.1). In contrast, focusing on non-core tokens
(green lines) consistently leads to suboptimal out-
comes, though the manifestation varies slightly by
task:

• Reasoning Tasks (GSM8K, MATH-500):
These tasks are particularly sensitive to noise.
At high ranks (e.g., r = 1024), the excess
capacity leads to severe overfitting on non-
core expressions, causing a sharp performance
drop.

• Knowledge & Instruction Tasks (GPQA,
IFEval): The standard SFT baseline (blue
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Figure 8: Detailed performance comparison across different LoRA ranks for individual datasets. The trends
corroborate our hypothesis: core tokens (p > 0.1) benefit from increased capacity, while non-core tokens (p < 0.1)
induce optimization interference, particularly at high ranks.

lines) and non-core token training often ex-
hibit fluctuations or stagnation at medium-to-
high ranks, struggling to maintain the upward
trajectory seen in the core token setting. This
further highlights that filtering out non-core
expressions is essential for stable scaling.

D Detailed Analysis of Training
Dynamics across Epochs

We further examine the training stability and con-
vergence speed on individual datasets, as illustrated
in Figure 9. The trajectories provide granular evi-
dence for the efficiency of our method:

Rapid Convergence and Stability. Across all
benchmarks, ProFit settings (solid lines, p > τ )
demonstrate superior convergence efficiency, typ-
ically reaching near-optimal performance within
just 2 epochs and maintaining stability throughout
the training process. In contrast, the SFT baseline

often requires more steps to plateau or exhibits
fluctuations.

Overfitting to Non-Core Expressions. The risks
of training on low-probability tokens are clearly vis-
ible in reasoning tasks. For instance, in GSM8K
and MATH-500, the performance of the p < 0.1
setting (yellow line) peaks early but subsequently
degrades as training progresses (Epoch 3-5). This
inverted-U pattern strongly suggests that prolonged
exposure to low-probability tokens leads the model
to overfit to non-core expressions , thereby impair-
ing its underlying reasoning logic.

The Gap in Instruction Following. In IFEval,
a distinct performance chasm is observed: mod-
els trained on high-probability tokens stabilize
around 50% accuracy, whereas those focused on
low-probability tokens stagnate below 30%. This
indicates that the core semantics required for in-
struction following are almost exclusively encoded
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Figure 9: Performance evolution across training epochs for individual datasets. ProFit (p > τ ) exhibits rapid
convergence and stability, whereas training on low-probability tokens (p < τ ) suffers from instability and overfitting
to non-core expressions.

in high-probability tokens, while low-probability
tokens contribute little to this capability.

E Case Study

As shown in Table 4, SFT succumbs to logical
hallucinations by ignoring key interaction terms,
whereas ProFit maintains a coherent reasoning
chain to derive the correct solution. This demon-
strates that masking non-core expressions effec-
tively safeguards the model’s core logic against
superficial errors.

F Benchmark Details

We evaluate our method on diverse benchmarks
covering reasoning and instruction following capa-
bilities:

• GPQA-Diamond (Rein et al., 2024): A
dataset of 198 expert-level, Google-proof sci-
ence questions testing advanced reasoning.

• IFEval (Zhou et al., 2023b): Evaluates the
model’s ability to follow verifiable formatting
instructions and constraints.

• GSM8K (Cobbe et al., 2021): A classic
benchmark consisting of grade-school math
word problems requiring multi-step reasoning.

• MATH-500 (Lightman et al., 2023): A chal-
lenging subset of 500 competition-level math-
ematics problems from the Minerva dataset.

• AIME’24 (American Institute of Mathemat-
ics, 2024): A set of high-difficulty problems
from the 2024 American Invitational Math-
ematics Examination, testing frontier mathe-
matical capabilities.

• Minerva (Hendrycks et al., 2021): A com-
prehensive dataset of 12,500 challenging com-
petition mathematics problems ranging from
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Figure 10: Training Dynamics in RL Stage. We compare the KL Divergence, Entropy, and Response Length of
models initialized with Base, DFT, and ProFit strategies. ProFit demonstrates superior stability (low KL), confident
convergence (low Entropy), and evolves deeper reasoning capabilities (highest Response Length).

pre-algebra to calculus, serving as a standard
benchmark for mathematical reasoning.

• OlympiadBench (He et al., 2024): A large-
scale, bilingual, and multimodal benchmark
featuring Olympiad-level problems in mathe-
matics and physics, designed to evaluate AGI
capabilities in complex scientific reasoning.

• HellaSwag (Zellers et al., 2019): A bench-
mark for evaluating commonsense natural lan-
guage inference, requiring models to choose
the most logical and natural continuation of a
given text snippet.

• ARC-c (Clark et al., 2018): The Challenge set
of the AI2 Reasoning Challenge, consisting of
difficult grade-school science questions that
require advanced logic and reasoning beyond
simple information retrieval.

• HumanEval (Chen et al., 2021): A bench-
mark designed to evaluate code generation
capabilities, featuring programming problems
(primarily in Python) that test algorithmic
logic and basic coding skills.

• MMLU-Pro (Wang et al., 2024): An en-
hanced, more challenging version of the
Massive Multitask Language Understanding
(MMLU) benchmark. In our evaluation, we
specifically report performance on the History
and Chemistry subsets to assess advanced,
domain-specific knowledge and reasoning.

G Training Dynamics Analysis in RL
Stage

To further investigate the impact of different ini-
tialization strategies on the reinforcement learning
(RL) process, we visualized the training dynam-
ics of three key metrics: KL Divergence, Entropy,
and Response Length. The comparative results are
presented in Figure 10.

KL Divergence Stability. As shown in the left
panel of Figure 10, the Base model (blue line) ex-
hibits a rapid and uncontrolled increase in KL di-
vergence, reaching approximately 0.17 by the end
of training. This sharp rise suggests that without a
robust SFT warm-up, the policy drifts significantly
from the reference model, potentially leading to re-
ward hacking or language degeneration. In contrast,
ProFit (red line) and DFT (green line) maintain a
remarkably low and stable KL divergence (staying
below 0.05). This indicates that ProFit effectively
constrains the policy update within a safe trust re-
gion, ensuring that the model improves its mathe-
matical reasoning capabilities while preserving its
general linguistic coherence.

Entropy. The entropy curves reveal distinct con-
vergence behaviors. The Base model demonstrates
chaotic behavior, where entropy initially collapses
and then drastically rebounds to extremely high val-
ues (> 6.0), indicating a failure to converge to a sta-
ble policy and likely degenerating into generating
high-randomness noise. Conversely, ProFit main-
tains a consistently low entropy (ending around
0.09), similar to DFT. This low entropy signifies
high confidence in the generated reasoning paths.
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Notably, unlike DFT which saturates near 0.03,
ProFit maintains a slightly higher entropy margin,
suggesting it retains a healthy level of exploration
potential while remaining focused on high-reward
solutions.

Response Length. The most significant differen-
tiator lies in the response length, which serves as
a proxy for the depth of Chain-of-Thought (CoT)
reasoning. While all models show an increasing
trend in response length, ProFit demonstrates the
most robust growth pattern. Starting from ∼1,400
tokens, ProFit rapidly learns to expand its reason-
ing steps, surpassing the Base model around step
150 and eventually achieving the highest average
response length of over 8,000 tokens at the end.
Compared to DFT (ending at 7,100 tokens) and
Base (6,400 tokens), ProFit’s superior length indi-
cates that the probability-guided initialization en-
courages the RL algorithm to explore deeper and
more complex reasoning chains. This aligns per-
fectly with our main results, where ProFit excels in
complex tasks like OlympiadBench, which require
extensive multi-step deductions.
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Question The polynomial x3 − 3x2 + 4x − 1 is a factor of x9 + px6 + qx3 + r. Enter the ordered triple (p, q, r).
Please reason step by step, and put your final answer within .

Reference Let α be a root of x3 − 3x2 + 4x − 1 = 0, so α3 = 3α2 − 4α + 1. Substituting this relation repeatedly
into higher powers: α9 = −63α2 + 190α − 54. Then α9 + pα6 + qα3 + r = (−5p + 3q − 63)α2 +
(−11p− 4q+190)α+(4p+ q+ r− 54). For this to be 0 for all roots, we set coefficients to 0: −5p+3q =

63, 11p+ 4q = 190, 4p+ q + r = 54. Solving this system yields (p, q, r) = (6, 31,−1) .

SFT To determine the ordered triple (p, q, r), we assume x9 + px6 + qx3 + r = (x3 − 3x2 + 4x − 1) · g(x),
where g(x) = ax6 + bx5 + cx4 + dx3 + ex2 + fx+ g.
Step 4: Match coefficients
Let’s expand the product step-by-step:

• The x9 term: x3 · ax6 = ax9 =⇒ a = 1.

• The x8 term: x3 · bx5 = bx8 =⇒ b = 0 (Incorrectly ignores interaction terms).

• The x7 term: x3 · cx4 = cx7 =⇒ c = 0.

• The x6 term: Combining terms yields (d− 3)x6 − cx4. We match this to p: d − 3 = p and c = 0.

• The x5 term: Combining terms yields ex5 − dx3. We need this to match 0: e = 0 and d = 0.

• The x4 term: Combining terms yields fx4. We need this to match 0: f = 0.

• The constant term: −g = r =⇒ g = r.

Step 5: Combine the results
From the above steps, we have: a = 1, b = 0, c = 0, d = 0, e = 0, f = 0, g = 0, r = 0. Thus:
p = d− 3 = 0− 3 = −3, q = g = 0, r = 0.
Final Answer: (−3, 0, 0)

ProFit To determine the ordered triple (p, q, r), we denote f(x) = x3 − 3x2 + 4x − 1. We assume g(x) =
x6+ax5+bx4+cx3+dx2+ex+f . Then: (x3−3x2+4x−1)(x6+ax5+ ...+f) = x9+px6+qx3+r.
Step-by-step Coefficient Comparison:
Expanding the LHS and comparing with x9 + px6 + qx3 + r:

1. x8 coeff: a− 3 = 0 =⇒ a = 3.

2. x7 coeff: b− 3a+ 4 = 0 =⇒ b− 9 + 4 = 0 =⇒ b = 5.

3. x6 coeff: c− 3b+ 4a− 1 = p =⇒ c− 15 + 12− 1 = p =⇒ p = c − 4.

4. x5 coeff: d− 3c+ 4b− 1a = 0 =⇒ d− 3c+ 20− 3 = 0 =⇒ d = 3c − 17.

5. x4 coeff: e− 3d+ 4c− 1b = 0 =⇒ e− 3(3c− 17) + 4c− 5 = 0 =⇒ e = 5c − 46.

6. x3 coeff: f−3e+4d−1c = q =⇒ f−3(5c−46)+4(3c−17)−c = q =⇒ q = f − 4c + 70.

7. x2 coeff: −3f + 4e− 1d = 0 =⇒ ... =⇒ f = 17c−167
3

.

8. x1 coeff: −f + 4e− 1d = 0 =⇒ ... =⇒ 34c− 340 = 0 =⇒ c = 10.

9. Constant: −f = r =⇒ r = −1.

Final Calculation: Now, substituting c = 10 back into the expressions: p = c − 4 = 10 − 4 = 6.
q = f − 4c+ 70 = 1− 40 + 70 = 31. r = −1.
Thus, the ordered triple is: (6, 31,−1)

Table 4: Comparison of model outputs on the polynomial factorization task. SFT hallucinates constraints (e.g.,
setting b = 0 and c = 0 independently), leading to an incorrect solution. ProFit maintains a coherent logical chain
throughout the coefficient comparison, deriving the correct ordered triple.
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    We are given:\n\n- A worker deposits **$20,000** at the **end of each ye

ar**.\n- He makes **3 deposits**: at the end of Year 1, Year 2, and Year 

3.\n- By the **end of the third year**, he wants to have **at least $66,200*

* in the account.\n- The account earns **compound interest annually**, and w

e are to find the **minimum annual interest rate** $ r $ (as a percentage) t

hat makes this possible.\n\nWe are to find the **minimal compound interest r

ate** such that the **future value** of the three deposits is **at least $6

6,200**.\n\n---\n\n### Step 1: Future Value of Annuity (End of Year Deposit

s)\n\nSince the deposits are made at the **end of each year**, this is an **

ordinary annuity**.\n\nThe future value $ FV $ of an ordinary annuity with a

nnual payment $ P $, interest rate $ r $, and $ n $ years is:\n\n$$\nFV = P 

\cdot \frac{(1 + r)^n - 1}{r}\n$$\n\nHere:\n- $ P = 20,000 $\n- $ n = 3 $\n- 

$ FV \geq 66,200 $\n\nSo:\n\n$$\n20,000 \cdot \frac{(1 + r)^3 - 1}{r} \geq 6

6,200\n$$\n\nDivide both sides by 20,000:\n\n$$\n\frac{(1 + r)^3 - 1}{r} \ge

q \frac{66,200}{20,000} = 3.31\n$$\n\nSo we need to solve:\n\n$$\n\frac{(1 + 

r)^3 - 1}{r} = 3.31\n$$\n\nWe need to find the **smallest** $ r $ (as a deci

mal) such that this inequality holds.\n\nLet’s try some values of $ r $.\n\n

---\n\n### Try $ r = 0.10 $ (10%)\n\n$$\n(1 + 0.10)^3 = 1.331\n$$\n$$\n\frac

{1.331 - 1}{0.10} = \frac{0.331}{0.10} = 3.31\n$$\n\nExactly 3.31!\n\nSo at 

$ r = 10\% $, the future value is exactly $ 20,000 \times 3.31 = 66,200 $.\n

\n---\n\n### Check if a lower rate would work?\n\nTry $ r = 0.09 $ (9%)\n\n

$$\n(1.09)^3 = 1.295029\n$$\n$$\n\frac{1.295029 - 1}{0.09} = \frac{0.295029}

{0.09} \approx 3.2781\n$$\n\n$ 3.2781 < 3.31 $ → Not enough.\n\nSo 9% is **t

oo low**.\n\nAt 10%, we get exactly 3.31 → meets the requirement.\n\nThus, *

*10% is the minimal rate** that satisfies the condition.\n\n---\n\n### Final 

Answer:\n\n$$\n\boxed{10}\n$$

            

0.0 (Low Prob)  1.0 (High Prob)

Figure 11: Visualization of token probability
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