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Abstract

Tool graphs (TG) model dependencies among
tools and resources, enabling more structured
organization and management of large toolsets.
However, existing methods and benchmarks
often formulate tool learning (TL) as a single-
solution setting, overlooking the fact that many
tasks admit multiple valid tool combinations
and therefore require optimal solution selec-
tion. Moreover, exploring large-scale TG is
computationally expensive, especially under
constrained context budgets. To address these
challenges, we construct MultiSoTLBench,
Multi-Solution TL Benchmark in which each
task admits multiple valid solutions. To solve
this problem efficiently on large TG, we fur-
ther propose TOPT, an efficient framework for
learning optimal TL policies. Specifically, to
improve search efficiency in large action spaces,
TOPT adopts a progressive graph expansion
strategy: we train a reinforcement learning
(RL) agent to acquire transferable expansion
skills and construct, on demand, a compact
solvable subgraph that preserves only task-
relevant chains. This reduces the size of the
candidate space and the context usage from the
outset. To enable optimal selection, we further
propose a progressive graph reasoning frame-
work. It performs cost-aware planning over the
expanded subgraph to generate an optimal tool-
chain that balances path length and tool cost.
Comprehensive experiments demonstrate that
TOPT generalizes effectively, improving task
success and solution optimality by 46.21% and
66.34%, respectively.

1 Introduction

Large language models (LLMs), such as GPT
(Achiam et al., 2023), Claude, Gemini (Comanici
et al., 2025), and DeepSeek (Guo et al., 2025),
are driving rapid technological advances. More re-
cently, tool learning (TL) has emerged as a promis-
ing approach to equip LLM-based agents with ex-
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Figure 1: Comparison of TL paradigms and the pro-
posed TOPT.

ternal tools for solving complex tasks (Schick et al.,
2023; Qin et al., 2023; Tang et al., 2023; Wang
et al., 2024; Jin et al., 2025). In TL, given a prob-
lem, the agent must construct a tool invocation
chain, an ordered sequence of tool calls whose exe-
cution yields a solution (Qu et al., 2025). However,
the resulting candidate action space can be enor-
mous: each tool may have multiple name variants
and parameter configurations. This combinatorial
growth not only strains the LLM’s context window
but also makes searching for a globally optimal
solution extremely challenging.

Recent work on LLM TL under limited context
windows broadly follows two paradigms (Figure
1A-B). The first mitigates context constraints via
retrieval and heuristic search: it either uses external
retrievers (e.g., term matching or semantic similar-
ity) to surface task-relevant tools from large reposi-
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tories (Gao et al., 2024; Xu et al., 2024; Zheng et al.,
2024; Chen et al., 2024), or organizes tools into
compact structures (e.g., trees/graphs) and applies
efficient search to generate candidate tool invoca-
tion chains, which are then injected into prompts to
guide execution (e.g., CoT/ToT (Wei et al., 2022;
Yao et al., 2023) or MCTS(Hao et al., 2024) and
ToolChain* (Zhuang et al., 2023)). However, such
candidates are typically driven by local relevance
heuristics and may miss compositional dependen-
cies among tools. Motivated by this, the second
paradigm internalizes tool-use knowledge by con-
structing TL datasets and fine-tuning LLMs to
learn selection and invocation patterns (e.g., ToolL-
LaMA(Qin et al., 2023), TRICE(Qiao et al., 2024),
Tool Verifier (Mekala et al., 2024)), with recent ex-
tensions that combine graph reasoning and RL (e.g.,
GraphChain (Wei et al., 2025)).

Despite these advances, existing methods and
benchmarks often treat TL as a single-solution set-
ting, implicitly assuming that any valid tool chain
suffices once a task is solvable. In practice, how-
ever, many tasks admit multiple valid tool combina-
tions that vary significantly in efficiency, reliability,
and cost. Ignoring this multiplicity prevents the
agent from reasoning about trade-offs among alter-
native tool chains and from selecting an optimal
solution instead of an arbitrary feasible one. Mean-
while, exploring large-scale tool graphs (TG) to
uncover such alternatives remains computationally
intensive, particularly under constrained context
budgets. These challenges call for frameworks that
can reason over multiple valid solutions while main-
taining scalability and efficiency.

Inspired by humans’ exploratory problem solv-
ing, which incrementally focuses on task-relevant
options, we revisit tool learning over large tool
graphs from a multi-solution perspective. To sys-
tematically study LLMs’ ability to select optimal
solutions among multiple valid tool paths, we first
propose MultiSoTLBench, a high-quality bench-
mark based on TMDB and Spotify, constructed
automatically and verified through rigorous human
annotation. Building on this setting, we propose
TOPT, an efficient framework for learning optimal
TL policies over large TG (Figure 1C). Specifically,
to improve search efficiency in large tool combina-
tion spaces, TOPT first adopts a progressive graph
expansion strategy: we train an RL agent to acquire
transferable expansion skills and, on demand, con-
struct a compact solvable subgraph that preserves
only task-relevant chains. This substantially re-

duces both the candidate space and context usage
from the outset. Based on the expanded subgraph,
TOPT then performs cost-aware progressive graph
reasoning to generate an executable tool chain that
balances path length and tool cost. Comprehen-
sive experiments show that TOPT improves task
success and solution optimality by 46.21% and
66.34% over state-of-the-art baselines, respectively,
and generalizes well to unseen tasks and tool com-
positions. The main contributions are:

* We construct MultiSoTLBench, a high-quality,
large-scale multi-solution TL benchmark for
systematically evaluating optimality-aware tool
learning, where each task admits multiple valid
solutions with different costs and efficiencies.

* We propose TOPT, an efficient framework for
learning optimal TL policies over large TG, ex-
plicitly addressing the challenge of optimal solu-
tion selection under multiple valid tool chains.

* We propose a two-stage progressive graph expan-
sion and reasoning strategy, which improves gen-
eralization to unseen tools, by learning a query-
conditioned RL policy to construct a compact
solvable subgraph and perform cost-aware plan-
ning for optimal tool-chain selection.

2 Related Work

TOPT is inspired by two research threads: improv-
ing TL under large TG, and learning optimal plan-
ning in large action spaces.

2.1 Improving Tool Learning under Large
Tool Graphs

Due to the limited context capacity of LLMs, prior
work has explored several directions. Some meth-
ods introduce external retrievers to bridge the gap
between LLM input constraints and the scale of
tool libraries, using information retrieval signals
to select task-relevant tools from large collections.
Such as sparse retrieval via term matching (Patil
et al., 2024) and dense retrieval via semantic rep-
resentations (Qin et al., 2023; Gao et al., 2024;
Yuan et al.; Zheng et al., 2024). Others organize
tools into compact structured representations (e.g.,
trees/graphs), apply structured retrieval or graph-
based analysis to generate candidate tool chains,
and then rely on policy prompting for decision
making and execution, e.g., CoT (Wei et al., 2022),
ReAct (Yao et al., 2022), DFSDT (Qin et al., 2023),
ToolNet (Liu et al., 2024), and ToolChain* (Zhuang
et al., 2023). Another line constructs TL datasets
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and fine-tunes LLMs to internalize tool-use knowl-
edge into model parameters, e.g., ToolLLaMA (Qin
et al., 2023), GPT4Tools (Yang et al., 2023), and
ToolRL (Qian et al., 2025).

Motivated by these ideas, TOPT also models
the tool space with a compact structure. The key
distinction is that TOPT does not rely on static re-
trieval or matching over a pre-built TG. Instead, it
learns a query-conditioned graph expansion strat-
egy that constructs, on demand, a solvable sub-
graph containing task-relevant chains. This design
reduces context usage and candidate-space size at
the source, while improving generalization to un-
seen tools and novel compositions.

2.2 Optimal planning in large action spaces

Obtaining optimal tool chains in a large tool action
space is a central challenge for LLM-based agents.
Prior work mainly follows two lines: structured rea-
soning over intermediate traces and search-based
planning. Chain-of-Thought (CoT) makes interme-
diate steps explicit, Self-Consistency (Wang et al.,
2022) aggregates multiple reasoning traces, and
Tree-of-Thought (ToT) structures reasoning as a
tree with heuristic search over branches. In parallel,
planning-based methods integrate search into tool
use; for example, RAP (Hao et al., 2023) combines
a world model with search-based decision making
and reward signals, while ToolChain* uses efficient
A* search to reduce the cost of MCTS-style explo-
ration. Recent work also couples graph-structured
reasoning with RL, for example, GraphChain in-
jects RL interactive exploration into graph reason-
ing to distill task-relevant structured knowledge.

Inspired by these ideas, TOPT also integrates
RL with tool-graph planning, but with a different
focus. Our contribution is not a new generic graph-
search primitive, but a multi-solution, cost-aware
formulation of tool learning, a benchmark tailored
to this setting, and a task-conditioned framework
for efficient tool-chain planning. Within this frame-
work, TOPT trains an RL agent to decide when
and where to expand the graph or invoke graph op-
erations under budget constraints, while classical
graph algorithms remain responsible for determin-
istic path computation.

3 Methods

3.1 Problem Definition

Given a problem description, TL aims to construct
a tool invocation chain and execute it sequentially

to obtain a valid answer. However, existing meth-
ods often rely on static retrieval or single-step se-
lection, treating TL as a single-solution problem
and overlooking the fact that many tasks admit
multiple valid tool chains. They also struggle with
the scalability of tool reasoning, as searching over
large TG is computationally expensive, especially
under limited context budgets. Inspired by RL, we
reformulate TL as a sequential graph-expansion
reasoning process and formalize it as a Markov
Decision Process (MDP) M = (S, A, P, R, 7).

At time step t, the state s; € S is the natural-
language context provided by the TG environment,
consisting of the query Q, an abstract description of
the current subgraph d™, and the interaction his-
tory {a;, d;f‘ml}ﬁ;é. Here d1°°! is a summary of the
i-th tool execution result, automatically populated
by predefined templates. An action a; € A is either
a; = (T, 07), which selects a graph processing tool
T € T with parameters 67, or the terminal action
Terminate. After executing a;, the transition P
updates the current subgraph and its textual descrip-
tion based on the selected tool and its output, yield-
ing the next state s;41. The reward 7 (s, at, St+1)
measures reasoning progress and task completion,
encouraging effective expansions and eventual suc-
cess, while the discount factor v € [0, 1] trades off
immediate and long-term returns. The agent fol-
lows a policy 7y (a;|s;) parameterized by 6, induc-
ing a trajectory 7 = {sg,ao, 70, , ST, a7, 7T}
that captures the sequential interaction with the
environment.

3.2 MultiSoTLBench

To systematically study LLMs’ ability to select op-
timal solutions among multiple valid tool paths,
we propose MultiSoTLBench!, a high-quality,
large-scale multi-solution TL benchmark covering
TMDB? and Spotify?. The dataset is automati-
cally constructed and rigorously human-verified.
While prior TG benchmarks (Guo et al., 2024;
Shen et al., 2024; Ma et al., 2024; Lu et al., 2025)
for tool augmented LLMs often focus on a sin-
gle tool or short, fixed chains for realistic tasks,
MultiSoTLBench emphasizes cost-aware decision-
making across multiple feasible solutions, encour-
aging models to generate tool paths with lower
overall cost.

"https://github.com/LLLYM12138/TOPT
“https://themoviedb.org
3https://developer.spotify.com
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Figure 2: Overview of the TOPT framework. TOPT decomposes tool learning into two stages: progressive graph
expansion and reasoning. In Stage I, the agent uses graph processing tools to incrementally construct a task-relevant
subgraph G, terminating with a Terminate action. In Stage II, the agent performs cost-aware planning over the
expanded subgraph to derive an optimal tool invocation chain by jointly considering tool cost and path length. The
final tool sequence is executed, and outputs are aggregated to produce the answer.

Table 1: Dataset statistics. Task difficulty is defined
by the number of required tool calls (EASY: 1-2,
MEDIUM: 3-5, HARD: > 5). The test set is obtained
via real tool-environment interactions, so the number of
feasible paths (#Paths) is not pre-recorded.

Dataset #Tools EASY MEDIUM HARD #Task #Paths
TMDB-Train 112 483 250 216 949 10k
Spotify-Train 61 497 245 210 952 10k
TMDB-Test 112 50 30 20 100 -
Spotify-Test 61 50 30 20 100 -

3.2.1 Graph Construction

TG instruction involves a large collection of mutu-
ally independent tools. When tools are composed,
their dependencies can take different forms (e.g.,
resource, temporal, or environment); here, we fo-
cus on resource dependencies. We model both tools
and the resources in their inputs/outputs as nodes:
tool nodes A7 and resource nodes A'g. Dependen-
cies are encoded as a directed graph: if N; pro-
duces N,., we add Ny — N,; if Ny consumes N,,
we add N, — Ny. Under this construction, tool
composability is induced by resource sharing and
propagation, without hand-crafted type-matching
rules. We construct MultiSoTLBench in two do-
mains:

-TMDB. TMDB provides an official API for

movies, TV shows, actors, and images. The result-
ing graph contains 112 tool nodes and 155 resource
nodes, with 1,445 directed edges.

-Spotify. Spotify provides APIs for content meta-
data, recommendations, playlist management, and
playback control. The resulting graph contains 61
tool nodes and 266 resource nodes, with 1,949 di-
rected edges.

3.2.2 Data Construction

Given the TG, we sample subgraphs and use LLMs
to synthesize user queries. Specifically, for each
sampled subgraph G, we identify source-like re-
source nodes with no incoming edges and target-
like resource nodes with no outgoing edges. We
then run Dijkstra’s algorithm to find a shortest path
P between a source resource and a target resource,
and prompt an LLM to generate a corresponding
query Q:

Q = LLM(prompt, P). (1)

If the LLM deems P unnatural for a user query,
we discard the path, which helps maintain both
task complexity and data quality. Since G pro-
vides only structural tool invocation information,
we further prompt the LLM to instantiate miss-
ing execution parameters and produce the final
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query. Finally, three human experts review the
tasks and instructions for complexity, logical con-
sistency, and alignment with the intended goals.
Overall, MultiSoTLBench contains approximately
20K samples. To further assess model performance,
we stratify task difficulty by the required number
of tool calls and report results within each bucket
(Table 1).

3.3 The Overview of TOPT

As shown in Figure 2, TOPT employs a two-stage
framework for tool learning. Stage I performs pro-
gressive graph expansion to construct a compact,
task-relevant subgraph on demand. Stage II per-
forms cost-aware progressive graph reasoning over
the expanded subgraph to derive an executable tool
chain and produce the final answer. In this section,
we describe the overall design of TOPT and the
details of its two stages.

3.3.1 Stage I: Progressive Graph Expansion

In large TG, heuristic or rule-based expansion of-
ten suffers from over-expansion: to avoid missing
key nodes, it conservatively branches out or repeat-
edly enlarges local neighborhoods, rapidly inflating
the subgraph. This growth blows up the candidate
path set and action space, raising retrieval and path-
evaluation costs and further straining the limited
context budget, so downstream reasoning must op-
erate on noisier and more redundant evidence.

To address this issue, we formulate Stage I as
a constrained subgraph construction problem with
optimal stopping. Each graph processing tool call
is treated as one decision step: at step ¢, the agent
selects a tool and the node it applies to (or chooses
Terminate); the environment executes the opera-
tion, updates the subgraph, and returns feedback.
In this view, Terminate is a substantive decision
that governs the solvability, which compactness
trade-off under a strict budget. Let G; denote
the subgraph after step ¢ and K the termination
step at which the agent outputs Gx. We cast
Stage I as a unified utility maximization that fa-
vors a solvable terminal subgraph, rewards task-
relevant progress, and regularizes invalid calls and

unnecessary growth. Formally, we optimize:
K
JE = max E. ek | Peonn(GK) + Z 7 Brar(se, az)
o 2

K K
A oAte] =D,
t=0 t=0

where 7F = {(s4, a, rt)}tlio denotes the expan-

sion trajectory. Our TG environment maintains
global TG metadata (e.g., node/edge types, and
tool attributes such as latency/cost) together with
the evolving subgraph state, so all utility and cost
items are dynamically calculated. Additional de-
tails of the environment and tool implementations
are provided in Appendix E and Appendix F. Let
Pc . (Nere, Nigt) denote the set of candidate source—
target paths in the terminal subgraph Gi. The ter-
minal utility ®¢onn (G ) measures solvability via
path existence:

Peonn(G) = C + At - 1[|Pay (Nwe, Ni)| > 1], (3)
where C' and \; are hyperparameters used to bal-
ance the terminal utility.

To provide dense progress signals during ex-
pansion, the process utility ®,j(s¢, a¢) indicates
whether the executed operation yields task-relevant
evidence (e.g., reaching valid nodes/chain under
the query-conditioned mapping):

Do1(se, ar) = I[Relevant(s, ay) = 1],  (4)

To ensure that the learned policy operates within
the tool interface, we introduce an executability
penalty th that is activated when the chosen tool
call is ill-formed (e.g., schema mismatch or invalid
arguments):

C{ = I[InvalidToolOrArgs(a;) = 1],  (5)

In addition, to control subgraph growth under a
finite interaction budget, we impose a step cost C}
that increases once the expansion length exceeds a
task-dependent threshold ¢g:

C; =0.1(t—tgr) -1t > tar] - (6)

Finally, A, A\s > 0 control the trade-off be-
tween expansion quality and efficiency. Over-
all, these definitions integrate terminal solvabil-
ity, step-wise relevance progress, and constraint
regularization into a unified optimization criterion,
enabling the learned policy to retain task-critical
chain under budget constraints and provide a com-
pact, information-concentrated search space for
Stage 1I.

3.3.2 Stage II: Progressive Graph Reasoning

Even after Stage I constructs a task-relevant sub-
graph G, the source and target nodes are often
linked by multiple feasible paths, whose corre-
sponding tool chains can vary widely in both ex-
ecution cost and length. Therefore, returning an
arbitrary feasible path is insufficient, while exhaus-
tively enumerating and scoring all candidates be-
comes prohibitive when G, admits many alterna-
tives. Stage II resolves this by formulating tool-
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chain selection as cost-aware planning over a fixed
subgraph: The agent incrementally collects infor-
mation about feasible paths, tool cost, and path
length, which includes feasibility, tool cost, and
path length, and then decides when to terminate and
commit to a final tool chain. Importantly, Stage 11
is not intended to replace classical graph algorithms
for deterministic path computation. Instead, such
algorithms are used as graph-operation primitives
(e.g., path enumeration, shortest-path computation,
and path-cost estimation), while the learned pol-
icy decides which primitive to invoke, how much
evidence to gather, and when to terminate under
bounded interaction and context budgets.

Formally, Stage II is a constrained multi-path

planning problem on Gy, aiming to identify the
best tool chain under the cost-length objective
among feasible source-target paths. Each graph
reasoning tool invocation corresponds to a decision
step. In particular, the reasoning tools themselves
implement standard graph operations, whereas the
policy learning component is responsible for adap-
tively orchestrating these tools for optimal selec-
tion. At step ¢, the agent selects a reasoning tool,
and the environment applies it to G, updates the
agent’s internal state over paths (e.g., newly discov-
ered paths and updated cost estimates), and returns
feedback. The agent may invoke Terminate at
step M to stop further exploration and output a
selected path p. Let Pg, (N, Nigt) denote the
set of feasible source-target paths in G. For any
candidate path p € Pg, (N, Nigt), we define a
cost-length trade-off objective and the correspond-
ing compromise-optimal path p* as follows:
PP o T ) J(p), )
where J(p) = o - Cost(p) + 3 - |p| is jointly deter-
mined by the tool cost and the path length. Here,
optimality is defined with respect to the bench-
mark objective J(p), which serves as a practi-
cal engineering criterion balancing tool cost and
path length, rather than a universal notion of
optimality(a = 0.75, 5 = 0.25); in practical de-
ployment, « and 3 can be adjusted to reflect differ-
ent budget and latency preferences. Accordingly,
we specify the optimization objective of Stage II as
an episodic objective that evaluates the quality of
the final selected path at termination and penalizes
ill-formed tool calls during the search:

jR = InaX;r ETRwﬂ'R (I)opt(p§ Gk) - Zt]\io ’Ytth 5 (8)

where 78 = {(s, ar, ¢) }}, denotes the planning
trajectory, and p is the path returned when the agent
invokes Terminate. C’tf is a validity penalty com-
puted by Eq. 5. ®op¢(p; Gi;) denotes the terminal
utility, encouraging the agent to output the best path
under the objective J(p) whenever the instance is
solvable:

Bopt (13 G) = — A1 - I[Py (Nywe, Nt | = 0]

+I[HPGIC(NSIC7thI)’ > 1} (9)
+ Az - I[p =p'].

Overall, this objective formulation supports ef-
ficient path selection on G,. It penalizes invalid
tool invocations during exploration and encourages
the agent to finally commit to a feasible path that is
best under the tool cost and path length objective

J(p)-

3.3.3 RL for Training TOPT Framework

Due to the two-stage design, we implement a dedi-
cated TG environment for training TOPT. At each
step, the environment parses the agent action ay, ex-
ecutes the corresponding graph operation, updates
the current graph state, and constructs the next state
s¢+1. In each episode, the agent first runs Stage I
until termination to obtain a compact task-relevant
subgraph G, and then runs Stage II on the fixed
subgraph G, to produce the final tool path.

We jointly optimize the two stages under a uni-
fied PPO(Schulman et al., 2017) objective by using
the composite objective 7 = J¥ + J%. Formally,
to optimize the LLM agent policy my, we use prox-
imal policy optimization with clipping (PPO-clip).
Given trajectories 7 sampled by the behavior policy
we maximize the clipped surrogate objective:

TOo1a>

LOP(9) = B, {min (uit(é))fit, clip(wi(0),1 — ¢, 1+ e)fitﬂ , (10)

where w;(0) = (213 4nq A4, is the advantage

T Tog(at]st)
estimate computed with respect to the composite

objective 7. The hyperparameter € constrains the
policy update ratio.

4 Experiments

In this section, we conduct comprehensive evalua-
tions of TOPT by addressing the following research
questions:

-RQ1: How does TOPT compare to state-of-the-art
baselines?

-RQ2: Does graph expansion reasoning improve
generalization to unseen tools and novel composi-
tions, as well as reasoning optimality?

-RQ3: Can TOPT work in a tuning-free setting?
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Table 2: Performance comparison of TOPT in two scenarios, reporting Correct Path rate (CP %), Optimal path rate

(OP %), time cost (s), and token usage (k).

TMDB

Spotify Average

Methods Difficulty  Param. CP%*T OP%*t Time Cost, Token | CP%t OP%1 Time Cost| Token | CP%* OP%* Time Cost| Token |
EASY 84 68 2.13s 8.29 86 86 1.71s 8.30 85 77 1.92s 8.29
GPT-4.1 MEDIUM ~200B 33.33 20 2.15s 10.29 20 16.67 1.76s 8.26 26.67 18.34 1.96s 9.28
. HARD 5 5 2.74s 13.29 0 0 1.64s. 9.29 2.5 2.5 2.19s 11.29
Total 53 41 2.34s 9.89 49 48 1.71s 8.49 51 44.5 2.03s 9.19
EASY 84 68 3.59s 8.31 88 86 1.75s 8.30 86 77 2.67s 831
CoT MEDIUM ~200B 40 26.67 3.26s 16.60 20 16.67 1.72s 13.41 30 21.67 2.49s 15.01
o (GPT-4.1) HARD 5 5 4.82s 24.89 0 0 1.00s 2491 25 2.5 2.91s 24.90
E Total 55 43 3.74s 14.12 50 48 1.74s 13.16 5045 45.5 2.74s 13.64
é" EASY 90 82 15.15s 11.41 92 82 6.23s 10.76 91 82 10.69s 11.08
g ReAct MEDIUM ~200B 56.67 4333 15.45s 24.83 23.33 20 7.73s 19.73 40 31.67 11.59s 22.28
& (GPT-4.1) HARD 0 0 14.03s 38.08 20 15 8.37s 34.41 10 75 11.20s 36.24
Total 62 54 15.02s 20.77 57 50 T.11s 18.18 59.5 52 11.07s 19.47
EASY 46 30 29.57s 24.10 66 44 29.68s 10.61 56 37 29.63s 17.36
RestGPT MEDIUM ~200B 33.33 16.67 37.56s 30.43 20 10 38.13s 12.45 26.67 13.34 37.85s 21.44
(GPT-4.1) HARD 30 15 26.29s 25.46 15 15 35.52s 14.22 225 15 30.91s 19.84
Total 39 23 31.31s 26.27 42 28 33.38s 11.88 405 255 32.35s 19.08
EASY 38 38 15.71s 6.72 36 36 15.86s 5.87 37 37 15.79s 6.30
ToolLLaMA MEDIUM SB BENIS) BENG) 15.84s 10.53 36.67 36.67 16.01s 11.37 35 35 15.93s 10.95
§ HARD 10 10 16.41s 17.46 15 15 16.21s 16.45 1255) 12.5 16.31s 16.96
2 Total 27.11 27.11 15.99s 11.57 29.22 29.22 16.03s 11172 28.17 28.17 16.01s 11.40
agn EASY 98 96 22.49s 15.06 98 98 35.12s 13.07 98 97 28.81s 14.07
E TOPT MEDIUM SB 60 60 29.68s 10.78 100 100 29.09s 16.04 80 80 29.39s 13.41
(Ours) HARD 32.54s 12.35 25.89s 12.84 29.22s 12.59

40 40
Total 75(209% 1) 74(G7%1)  2824s 1273

100 100
99(73.7% 1) 99 (98% 1)

70 70
31.46s 13.92 87 (46.21% 1)  86.5 (66.34% 1) 29.85s 13.32

-RQ4: How does Stage I compare with heuristic
expansion strategies?

-RQ5: Does TOPT remain effective on smaller
backbone models?

4.1 Experimental Setup

We implement TOPT in PyTorch and use Qwen3-
8B as the base model. All training and evaluation
are conducted on two NVIDIA H800 GPUs. We
first apply supervised fine-tuning (SFT) to help the
model quickly acquire the desired output format,
and then further optimize it with PPO. The defini-
tions and configurations of all hyperparameters are
detailed in Appendix B.

4.2 Evaluation Metrics

Following prior work(Song et al., 2023; Zhuang
et al., 2023), we evaluate performance using the
correct path rate (CP%), a standard metric in TL.
Since our setting involves optimization-oriented
reasoning, we further report the optimal path rate
(OP%), time cost (s), and the number of tokens (k)
to provide a comprehensive assessment.

4.3 Baselines.

We evaluate TOPT against a set of strong, widely
adopted TL baselines, covering both tuning-free
and tuning-based paradigms. For tuning-free meth-
ods, we test two-shot prompting with CoT(Wei
et al., 2022), ReAct(Yao et al., 2022), and the Rest-
GPT(Song et al., 2023). For tuning-based meth-
ods, we reproduce ToolLLaMA(Qin et al., 2023).
Additional implementation details and settings are
provided in the Appendix C.

4.4 RQL1. Overall Performance

Table 2 compares TOPT with state-of-the-art base-
lines. Improvements are statistically significant
under a two-sample -test (p < 0.05). The key
insights include:

-Superior performance. TOPT achieves 87% CP
and 86.5% OP, outperforming the strongest base-
line ReAct (CP: 52%) by 67.3% relative.

-Better tool-chain optimization. Baselines often
reach feasible solutions but struggle to optimize
chain length and cost, yielding OP well below
CP. TOPT first narrows the search space via task-
relevant subgraph construction and then applies
cost-aware planning to select a near-optimal tool
chain, improving optimality.

-Parameter efficiency. TOPT outperforms GPT-4.1-
based approaches (~200B) with only 8B parame-
ters, demonstrating strong parameter efficiency.

4.5 RQ2. Cross-Domain Generalization

To evaluate TOPT’s cross-domain generalization,
we conduct a transfer experiment by training on
TMDB and testing directly on Spotify. As shown in
Table 4, TOPT transfers well to the unseen toolset,
achieving CP/OP = 80/80 on Spotify (vs. 75/75 on
TMDB) with consistently strong results across diffi-
culty levels (EASY: 82/82, MEDIUM: 73.33/73.33,
HARD: 85/85).

We also note that the Spotify TG is structurally
simpler than TMDB. Many Spotify tools generate
outputs mainly for user presentation and cannot be
used as inputs to other tools. This reduces inter-
tool dependencies, shortens feasible tool chains,
and shrinks the branching search space, which in
turn makes it easier for TOPT to identify solvable
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Table 3: Performance comparison of TOPT under a tuning-free framework, with reporting success rate%, correct
path rate(CP%) , average path length (PL), optimal path rate(OP%), and time Cost.

TMDB

Spotify Average

SuccessT CP%1 PL| OP%*t Time Cost) Successt CP%T PL| OP%T Time Cost| SuccessT CP%1 PL| OP%t Time Cost|
EASY 99.12 92 7.78 92 8.21s 99.03 100 7.28 98 7.65s 99.07 96 7.53 95 7.93s
GPT-4.1 MEDIUM 98.75 4333 9.07 4333 5.92s 100 100 8.7 100 8.78s 99.37 71.66 8.88 71.66 7.35s
. HARD 100 20 15.5 20 5.14s 95 95 8.3 95 7.93s 97.5 55 11.9 575 6.53s
Total 99.18 63 10.78 63 6.91s 98 991 7.91 991 8.05s 98.59 81 9.345 81 7.48s
EASY 97.84 86 6.62 86 106.82s 93.27 68 6.66 68 150.65s 95.55 77 6.64 77 128.73s
Qwen3-14B MEDIUM 98.89 46.67 5 46.67 92.61s 98.68 56.67 593 56.67 128.64s 98.78 51.67 5.465 51.67 110.62s
” HARD 93.99 25 6.65 25 180.2s 97.14 85 6.55 85 91.53s 95.56 55 6.6 55 135.86s
Total 97.38 62 6.14 62 117.23s 95.67 68 6.42 68 132.23s 96.52 65 6.28 65 124.73s
EASY 97.07 78 6.32 78 119.49s 88 90 10.68 90 81.69s 92.53 84 8.5 84 100.59s
Qwen3-8B MEDIUM 98.15 33.33 4.87 33.33 155.58s 78.71 73.33 10.9 73.33 85.74s 88.43 5333 7.885 53.33 120.66s
” HARD 96.04 15 53 15 212.74s 82.39 85 10.15 85 83.225 89.21 50 7.725 50 147.98s
Total 97.18 52 5.68 52 148.96s 82.11 84 10.64 84 83.21s 89.64 68 8.16 68 116.08s
EASY 45.04 36 27.98 36 144.72s 96 82 6.58 82 49.78s 70.52 59 17.28 59 97.25s
Qwen3-4B MEDIUM 57.58 23.33 18.33 23.33 144.68s 88.21 20 571 20 60.97s 72.89 21.66 12.05 21.66 102.82s
HARD 45.64 0 14.25 0 144.85s 85.95 35 6.55 35 62.95s 65.79 175 104 17.5 103.9s
Total 48.92 25 2234 25 144.74s 91.66 54 6.33 54 55.78s 70.29 395 14.33 395 100.26s
EASY 98.43 98 9.4 96 22.49s 97.85 98 9.96 98 35.12s 98.14 98 9.68 97 28.80s
TOPT MEDIUM 98.39 60 8.07 60 29.68s 949 100 10.9 100 29.09s 96.645 80 9.48 80 29.38s
HARD 83.8 40 13.2 40 32.54s 97.26 100 10 100 25.89s 90.53 70 11.6 70 29.21s
Total 9549 75(19% 1) 976  74(17.4% 1) 28.24s 96.85 991 1025 991 31.46s 96.17  87(7.4%1) 10.005 86.5(6.7% 1) 29.85s

Table 4: Cross-domain generalization of TOPT by train-
ing on TMDB and testing on the unseen Spotify tool
graph, reporting CP and OP across difficulty levels.

Difficulty TMDB Spotify
CP%T OP%T CP%1T OP%?T
EASY 98 96 82 82
MEDIUM 60 60 7333 7333
HARD 40 40 85 85
Total 75 75 80 80

Table 5: Comparison of Stage I with heuristic expansion
strategies.

Method Node Edge Useful Total
Uni. AND-OR 199.30 19830 9.22 199.30
Bi. AND-OR 27.33  29.63 5.41 27.33
TOPT 9294 209.75 3.42 3.70

paths and select near-optimal tool chains under a
constrained context budget.

4.6 RQ3. Tuning-Free Performance

To assess TOPT’s adaptability, we adapt the TG
environment and plug GPT-4.1 and the Qwen3 se-
ries into TOPT. Based on Table 3, we obtain three
insights.

-Framework-level gains without tuning. In
tuning-free mode, integrating GPT-4.1 into TOPT
markedly improves over the strongest baseline in
Table 2 (ReAct: +36.1% CP, +55.7% OP), indicat-
ing that the gains mainly stem from the framework
rather than task-specific tuning.

-Capacity helps, but TOPT benefits are con-
sistent. Larger backbones perform better
(Avg CP/OP: GPT-4.1 81/81, Qwen3-14B 65/65,
Qwen3-8B 68/68, Qwen3-4B 39.5/39.5), yet TOPT
consistently lifts different backbones beyond the
baseline level in Table 2.

-Strong optimality with parameter efficiency.
TOPT (ours) reaches 87/86.5 (CP/OP), surpassing
all tuning-free variants and achieving near-optimal
tool-chain selection with only 8B parameters.

4.7 RQ4. Isolating the contribution of Stage I

To better isolate the contribution of Stage I, we
first evaluate it independently under budget con-
straints by examining whether it can construct a
task-relevant subgraph that covers the key tools and
resource fields required for downstream planning.
The results show that Stage I achieves success rates
of 100% (50/50), 73.33% (22/30), and 50% (10/20)
on EASY, MEDIUM, and HARD tasks, respec-
tively, with an overall success rate of 82% (82/100).
This suggests that Stage I alone can provide feasi-
ble candidate coverage in most cases, while also
indicating that coverage becomes the main bottle-
neck as task difficulty increases.

We further compare TOPT with heuristic expan-
sion baselines, including unidirectional AND-OR
search and bidirectional AND-OR search. Table 5
reports their exploration cost and effectiveness,
where Node/Edge Scale denotes the size of the
resulting task-relevant subgraph, Total actions the
number of expansion actions, and Useful actions
the subset that truly advances executable tool-chain
construction.

The results show that heuristic methods require
substantially more exploration than TOPT. Unidi-
rectional AND-OR search takes 199.3 actions on
average, and bidirectional AND-OR search reduces
this to 27.33. In contrast, TOPT (Stage I) completes
effective graph expansion with only 3.7 actions on
average, 3.42 of which are useful. This suggests
that TOPT replaces large amounts of low-value
exploration with a few highly targeted expansions.

The gain mainly comes from learning a query-
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Table 6: Results on smaller backbones under three settings: Prompt, TOPT (tuning-free), and TOPT (tuning-based).

TMDB Spotify Average
CP% 1t OP%1 Time Cost| CP% 1t OP%1 Time Cost| CP% 1t OP%1T Time Cost|

Prompt 20 14 15.11s 42 42 13.84s 31 28 14.48s

Qwen3-1.7B TOPT (tuning-free) 22 22 113.99s 46 46 77.25s 34 34 95.62s
TOPT (tuning-based) 60 60 22.59s 64 64 26.00s 61 61 24.30s

Prompt 18 16 15.82s 28 28 14.69s 23 22 15.26s

Qwen3-0.6B TOPT (tuning-free) 18 18 112.05s 34 34 54.38s 26 26 83.22s
TOPT (tuning-based) 40 34 23.20s 46 40 19.61s 43 37 21.41s

conditioned expansion policy, which allocates bud-
get to the most promising frontier and can flexibly
switch between forward and backward expansion.
Although RL introduces a one-time offline training
cost, it substantially reduces online expansion and
evaluation calls at inference time. Since the cur-
rent benchmark scale is still relatively limited, we
expect this efficiency advantage to become even
more pronounced on larger and more redundant
tool graphs.

4.8 RQS5. Results on smaller backbones

To examine whether TOPT also benefits low-
resource LLMs for edge deployment, we further
evaluate two smaller backbones, Qwen3-1.7B and
Qwen3-0.6B, under three settings: Prompt, TOPT
(tuning-free), and TOPT (tuning-based). Table 6
reports the total results on TMDB and Spotify.

The results show that TOPT remains effective on
smaller backbones. Compared with pure prompt-
ing, tuning-free TOPT still yields consistent CP/OP
gains on Spotify and modest gains on TMDB for
Qwen3-1.7B, while the gains are smaller but still
visible for Qwen3-0.6B. After tuning, the improve-
ments become substantially larger: on Spotify, CP
improves from 42% to 46% to 64% for Qwen3-
1.7B, and from 28% to 34% to 46% for Qwen3-
0.6B; on TMDB, CP improves from 20% to 22%
to 60% for Qwen3-1.7B, and from 18% to 18%
to 40% for Qwen3-0.6B. Tuning also greatly re-
duces inference latency by suppressing ineffective
expansion and path evaluation. For example, for
Qwen3-1.7B, the Time Cost drops from 113.99s
to 22.59s on TMDB and from 77.25s to 26.00s on
Spotify after tuning. These results suggest that the
benefit of TOPT is not limited to larger backbones
and remains meaningful in low-resource deploy-
ment settings.

5 Conclusion

In this study, we construct MultiSoTLBench, a
high-quality, large-scale benchmark for multi-
solution TL, enabling systematic evaluation of

optimality-aware TL. Building on this setting, we
further propose TOPT, an efficient framework for
learning optimal TL policies over a large TG. In-
spired by humans’ exploratory cognition, TOPT
first adopts a progressive graph expansion strat-
egy, which trains an RL agent to acquire transfer-
able expansion skills and, on demand, construct a
compact solvable subgraph that retains only task-
relevant chains, thereby reducing both the candi-
date search space and context usage from the outset.
It then performs cost-aware planning over the ex-
panded subgraph to produce an optimal tool chain
that balances path length and tool execution cost.
Extensive experiments on MultiSoTLBench show
that TOPT generalizes effectively, improving task
success and solution optimality by 46.21% and
66.34%, respectively.

Limitations

Despite these gains, several limitations remain.
MultiSoTLBench is grounded in real APIs and
explicit dependency graphs, providing a realistic
testbed for studying cost-aware tool learning. At
the same time, the current benchmark mainly mod-
els resource dependencies and does not yet cover
some richer interaction types, such as temporal con-
straints or environment-dependent conditions. In
addition, the current tool graphs remain moderate
in scale and domain coverage relative to large real-
world tool ecosystems. Future work will further
extend the benchmark with more domains, larger
tool collections, and richer dependency structures.
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A Case Study

We present a case study in Figure 4-5 involving a
TMDB network for the MultiSoTLBench, compris-
ing 112 tool nodes, 155 resource nodes and 1,445
edges—exceeding the tool learning capabilities of
current LLMs. TOPT demonstrates robust capa-
bility to systematically handle this task through a
series of graph processing tool invocations. We pro-
pose a progressive graph expansion and reasoning
strategy: a query-conditioned RL policy incremen-
tally constructs a compact solvable subgraph and
performs cost-aware planning over it to derive opti-
mal tool chains.

B Details of Experimental Setup

We provide implementation details to ensure repro-
ducibility. All experiments were conducted on two
NVIDIA H800 (80GB) GPUs. We fine-tuned the
Qwen3-8B backbone using LoRA with rank r=16
and a=32.

B.1 Training Configuration
Our training pipeline consists of two stages:
* Supervised Fine-Tuning (SFT). We use a learn-
ing rate of 5 x 10~ with a 4% warmup ratio
and a cosine learning-rate schedule for 5 epochs.

This stage teaches the model to follow graph-
reasoning instructions.

* Reinforcement Learning (RL). We further op-
timize the model with Proximal Policy Opti-
mization (PPO) using step-level rewards, rather
than applying rewards only at the final step as
in many RLHF settings. Unless otherwise spec-
ified, we use:

— Learning rate: 5 x 107°
— Batch size: 8

— Initial KL coefficient: 0.3
— Loss coefficient (3): 0.15
— Discount factor (y): 0.99

C Baseline Implementation

To comprehensively evaluate TOPT, we implement
state-of-the-art tool-learning baselines spanning
both tuning-free and tuning-based paradigms.

C.1 Tuning-Free Methods

For tuning-free methods (e.g., CoT, ReAct, and
RestGPT), we use the GPT-4.1 API as the underly-
ing base model.

C.2 Tuning-Based Methods

For tuning-based methods (e.g., ToolLLaMA), we
reproduce the model using the official open-source
implementation. We train with a learning rate of
2 x 107 for 3 epochs and set the maximum se-
quence length to 2048. During inference, we set
the temperature to 0 and cap the maximum genera-
tion length at 1024 tokens to ensure stable outputs.

All open-source baselines are trained and evalu-
ated on the same hardware as TOPT (two NVIDIA
H800 GPUs). For closed-source baselines, we use
the official GPT-4.1 APL

D Tool Chain Analysis

To further characterize how TOPT adapts across
domains, we analyze the distribution of tool invo-
cations by difficulty on TMDB and Spotify (Fig-
ure 3). Overall, TOPT follows an information-
gain-driven search over the directed tool graph:
Stage I tools (ExpandForward, ExpandBackward,
ComputeReachability, Terminate) dominate the
trajectories, while Stage II tools (ComputeAllPath,
ComputeShortPath, ComputePathCost) are in-
voked selectively when multiple feasible routes
remain and optimal selection is necessary.

TMDB: tool-dense graphs induce deeper ex-
ploration and verification. TMDB is tool-
dense (112 tools, 155 resources, 1,445 edges;
tool/resource ~ 0.72), which leads TOPT to
expand more aggressively and verify more of-
ten. Concretely, ExpandForward is the most
frequent operation (232 calls) with a sizable
MEDIUM/HARD share (30%/24%), reflecting the
need to progressively grow the frontier under a
large action space. In harder instances, TOPT re-
lies more on backward dependency completion and
global path enumeration: ExpandBackward and C
o mp u te A 11 exhibit substantial HARD propor-
tions (39% and 43%, respectively), suggesting that
difficult queries in TMDB often require recovering
missing prerequisites and comparing many alter-
native routes. Correspondingly, ComputePathCost
and ComputeShortPath are also used more in hard
cases (35% and 30%), consistent with cost-aware
selection among competing tool chains.

Spotify: resource-connected graphs enable
faster convergence and more shortcuts. Spo-
tify is more resource-connected (61 tools, 266
resources, 1,949 edges; tool/resource ~ 0.23),
which typically reduces long cross-tool depen-
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TMDB

ComputeShortPath -  50% 20% 30% 101
ComputePathsCost - 46% 19% 35% 111
ComputeReachability - 50% 30% 20% 100
ComputeAllpath 41% 16% 43% 137
ExpandBackward _ 39% 22% 39% 142
Terminate - 55% 27% 18% 181
ExpandForward - 46% 30% 24%
(] 50 100 150 200

Count

Spotify

Difficulty
54% 23% 24% 97 Easy
55% 26% 19% 88 Medium
Hard
50% 30% 20% 100
62% 21% 17% 113
36% 46% 18% 129
51% 29% 21% 180
232 , 55% 27% 19% 222
250 o 50 100 150 200 250

Count

Figure 3: Distribution of tools used by TOPT across different graph domains.

dency chains. This is reflected by fewer
Hard-heavy operations and more early termina-
tion: ExpandForward remains the most frequent
tool (222 calls) but is skewed toward EASY
(55%), and Terminate is similarly dominated by
EASY/MEDIUM (51%/29%), indicating earlier
convergence. Notably, ExpandBackward peaks in
MEDIUM (46%), suggesting that in Spotify, an-
choring from target-side requirements can quickly
narrow candidates without extensive forward ex-
ploration. Moreover, ComputeAllPath is predom-
inantly used in EASY cases (62%), implying that
path enumeration often acts as a shortcut when
the reachable subgraph already contains a small
number of viable routes.

Takeaway. Together, these patterns show that
TOPT adapts its tool-chain strategy to graph struc-
ture: it favors multi-step expand-and-verify be-
havior on tool-dense graphs (TMDB), and shifts
toward shorter trajectories with more direct con-
vergence (and occasional shortcut reasoning) on
resource-connected graphs (Spotify). This aligns
with our design goal of adjusting exploration and
selection effort to the effective complexity of the
underlying tool graph.

E Tool-Graph Environment

We implement tool learning as a text-based,
episodic decision process over a directed tool graph.
The environment maintains a global tool graph
G = (V,FE) and a dynamically constructed sub-
graph G, C G that the agent incrementally ex-
pands and then reasons over. Nodes are typed as
resource or tool; directed edges represent input—
output dependencies (resource — tool for argu-

ments, tool — resource for produced outputs). We
implement the environment with NetworkX for de-
pendency bookkeeping and path computations.

E.1 Episode Initialization

Each episode corresponds to a benchmark task
specified by: (i) a natural-language task descrip-
tion, (ii) a set of known nodes S (resources initially
available to the agent), and (iii) a target node ¢
(the required resource to produce). The environ-
ment initializes Stage I (extend) with a minimal
subgraph containing S U {t}, empty edges, and
sets the focus to the target node. To make tool
calls compact and robust to long node names, the
environment assigns a deterministic identifier to
every node in the global graph using a bijection:
resources are mapped to RO, R1, ... and tools to
TO, T1,.... The agent interacts using these identi-
fiers, and the environment maps them back to the
original node names internally.

E.2 Observations and Prompt Construction

At each step, the environment returns a textual
observation (prompt) that concatenates: (1) the
task description, current stage, and current fo-
cus node; (2) the current subgraph G, rendered
as a node list (#Nodes) and a compact edge
list (#Edges), where tool nodes are shown in
a functional form Tj(arg_ids) -> out_ids;
(3) optional graph-derived feedback stored in
nodes_information, such as reachability signals
and path candidates/costs (when available); and
(4) the full interaction history (previous tool calls
and execution failures). This design exposes the
evolving frontier and intermediate reasoning ev-
idence while keeping the action interface purely
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Query:
Could you provide Christopher Nolan's top three directed films?
.
Step 1
<SubGraph Info.>

#Nodes: R1: Person_Name, R2: Movie_MovieTitle

#Edges: None

<Think>

Task at hand: "Could you provide Christopher Nolan's top three directed films?". We will first resolve "Christopher Nolan" to
Person_Name. Directly expanding Person_Name will make the subgraph very large. I can try expanding backward on the target
node R2: Movie_MovieTitle first.

<Action>

{'tool': 'ExpandBackward', 'args": {'resource': ' Movie_MovieTitle '} }
Step 2

<SubGraph Info.>

#Nodes: R1: Person_Name, R2: Movie_MovieTitle, T1: Movie-popular-list, T2: Movie-MovieOverview

#Edges: T1() -> R2, T2() -> R2

<Think>

I now know there are two tool nodes pointing to the target resource, but I haven't retrieved the input nodes for these two
tools yet. Perhaps I could try expanding R1: Person_Name.

<Action>

{'tool': 'ExpandForward', 'args': {'resource': 'Person_Name '} }

Step 3

<SubGraph Info.>

#Nodes: R1: Person_Name, R2: Movie_MovieTitle, T1: Movie-popular-list, T2: Movie-MovieOverview , T3: Person-
Details, T4: Search-PersonAge, R3: Person_Department, R4: Person_PersonID, R5: Person_PersonPopularity,...

#Edges: T1() -> R2, T2() -> R2 , T3(R1)->R3, R4, RS, T4(R1)->R7,R5->R9...

<Think>

I have discovered that RS: Person_PersonPopularity in the current subgraph may be the key node for completing the task,
and I should immediately perform Expandforward(Person_PersonPopularity).

<Action>

{'tool": "ExpandForward', 'args" {'resource': ' Person_PersonPopularity '} }
Step 4

<SubGraph Info.>

#Nodes: R1: Person_Name, R2: Movie_MovieTitle, T1: Movie-popular-list, T2: Movie-MovieOverview , T3: Person-
Details, T4: Search-PersonAge, R3: Person_Department, R4: Person_PersonID, R5: Person_PersonPopularity, R9:
Movie_MovieTitle, T3: Movie-popular-list, T4: Movie-MovieOverview, T5: Search-Movie, T6: Search-Keyword, T7:
Search-collection...
#Edges: T1(R1)->R3, R4, R5, T2(R1)->R7,R5->R9, T3(R9)->R14,R15,R16...
<Think>
I should make sure that R1 and R2 in the current subgraph are truly connected, so that I don't forget some required nodes.
<Action>
{'tool": 'ComputeReachability', 'args": {'node": 'Person_Name', 'node" 'Movie MovieTitle'} }

Step 5

<SubGraph Info.>

#Nodes: R1: Person_Name, R2: Movie_MovieTitle, T1: Movie-popular-list, T2: Movie-MovieOverview , T3: Person-
Details, T4: Search-PersonAge, R3: Person_Department, R4: Person_PersonID, R5: Person_PersonPopularity, R9:
Movie_MovieTitle, T3: Movie-popular-list, T4: Movie-MovieOverview, T5: Search-Movie, T6: Search-Keyword, T7:
Search-collection...

#Edges: T1(R1)->R3, R4, R5, T2(R1)->R7,R5->R9, T3(R9)->R14,R15,R16...

<Think>

I discovered that my subgraph already has a complete path from Person_Name to Movie-MoiveTitle, and I should
terminate it immediately.

<Action>

{'tool": Terminate, 'args" {'text": Finished expand.'}}

Figure 4: A typical case of TOPT on Stage I: Progressive Graph Expansion.
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Query:
Could you provide Christopher Nolan's top three directed films?

Step 6
<SubGraph Info.>
#Nodes: R1: Person_Name, R2: Movie_MovieTitle, T1: Movie-popular-list, T2: Movie-MovieOverview , T3: Person-Details,
T4: Search-PersonAge, R3: Person_Department, R4: Person_PersonID, RS: Person_PersonPopularity, R9: Movie_MovieTitle,
T3: Movie-popular-list, T4: Movie-MovieOverview, T5: Search-Movie, T6: Search-Keyword, T7: Search-collection...
#Edges: T1(R1)->R3, R4, R5, T2(R1)->R7,R5->R9, T3(R9)->R14,R15,R 16...
<Think>
I'm now moving on to the second phase. I should first find all the solution paths in the subgraph.
<Action>
{'tool":'ComputeAllPath’, 'args": {'Node": 'Person_Name', 'Node": 'Movie_MovieTitle'} }

Step 7
<SubGraph Info.>
#Nodes: R1: Person_Name, R2: Movie_MovieTitle, T1: Movie-popular-list, T2: Movie-MovieOverview , T3: Person-Details,
T4: Search-PersonAge, R3: Person_Department, R4: Person_PersonID, RS: Person_PersonPopularity, R9: Movie_MovieTitle,
T3: Movie-popular-list, T4: Movie-MovieOverview, T5: Search-Movie, T6: Search-Keyword, T7: Search-collection, ...
#Edges: TI(R1)->R3, R4, R5, T2(R1)->R7,R5->R9, T3(R9)->R14,R15,R 16...
#Pathl: [R1, T1, R5,R2], Path2: [R1, T3, R5, R2],...
<Think>
I found that there are two paths of the same length in the current subgraph. I should use ComputePathCost to calculate which
path has a lower cost.
<Action>
{'tool":'ComputePathCost', 'args': {'Path": '[R1,T1,R5,R2], 'Path" '[R1,T3,R5,R2]'} }

Step 8
<SubGraph Info.>
#Nodes: R1: Person_Name, R2: Movie_MovieTitle, T1: Movie-popular-list, T2: Movie-MovieOverview , T3: Person-Details,
T4: Search-PersonAge, R3: Person_Department, R4: Person_PersonID, R5: Person_PersonPopularity, R9: Movie_MovieTitle,
T3: Movie-popular-list, T4: Movie-MovieOverview, T5: Search-Movie, T6: Search-Keyword, T7: Search-collection, ...
#Edges: TI(R1)->R3, R4, R5, T2(R1)->R7,R5->R9, T3(R9)->R14,R15R16...
#Pathl: [R1, T1, R5,R2], Path2: [R1, T3, RS, R2],...
#Cost: [R1, T1, R5,R2]: 5.93s, [R1, T3, R5, R2]: 4.53s
<Think>
The path [R1,T3,R5,R2] takes the shortest time, so I should return to that path. I need to first map the corresponding node back
and then call Terminate to end the process.
<Action>

\_ {'tool":'Terminate', 'args": {'Path": '[Person_Name, Movie-popular-list, Person_PersonPopularity, Movie MovieTitle]'} }

J

Figure 5: A typical case of TOPT on Stage II: Progressive Graph Reasoning.
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tool-driven.

E.3 Action Space and Tool-Call Interface

An action is a JSON tool call {tool : -, args : -}.
The environment parses the JSON, validates that
the tool name is supported and the argument keys
match the tool signature, and converts node identi-
fiers (e.g., R7) back to internal node names. Invalid
formatting or signature mismatches are treated as
failed actions.

F Graph Processing Toolkit

To support the proposed progressive graph expan-
sion (Stage 1) and progressive graph reasoning
(Stage II), we design a graph processing toolkit
consisting of nine tools (including a stage spe-
cific Terminate in each stage)(Table 7). All tools
are implemented with NetworkX and operate on
the currently constructed subgraph, enabling in-
cremental expansion, reachability checking, and
cost-aware planning. Intuitively, Stage I focuses
on constructing a compact solvable subgraph that
preserves only task relevant dependencies from a
large tool graph, while Stage II performs optimiza-
tion oriented reasoning over this fixed subgraph
to select a optimal tool chain. Below we describe
each tool in detail.

F.1 Stage I: Progressive Graph Expansion

* ExpandForward(Node). This tool performs for-
ward expansion starting from a resource node.
It searches for tool nodes that can consume the
given resource as input and then adds these tools
and their output resources into the current sub-
graph. In other words, it answers: “Given an
available resource, which tools can use it next,
and what new resources can be produced?” This
operation expands the frontier of reachable can-
didates under a large action space.

* ExpandBackward(Node). This tool traces pre-
decessors that can produce a given node. Im-
portantly, ExpandBackward accepts either a re-
source node or a tool node. If the input is a
resource node, it retrieves all upstream tools
that generate this resource and introduces their
required input resources. If the input is a tool
node, it traces the tool’s prerequisite input re-
sources and, recursively, their potential produc-
ers. This backward expansion complements
ExpandForward by recovering missing depen-
dencies needed to reach a target.

¢ JumpToNode(Node). This tool switches the ex-
ploration focus to another node in the current
subgraph (e.g., a target side node or a promising
intermediate node) when the search is stuck lo-
cally or when a different expansion direction is
needed. It improves efficiency by avoiding ex-
cessive expansion along unproductive branches.

¢ ComputeReachability(Node1, Node2). This
tool checks reachability between two nodes
within the current subgraph, i.e., whether a di-
rected path exists from Node1 to Node2. Option-
ally, it can return feasible paths as evidence. In
Stage I, it serves as the primary solvability cri-
terion: once the source and target become con-
nected, the constructed subgraph already con-
tains at least one feasible tool chain.

e Terminate(text). The Stage I termination
tool ends the expansion process and outputs a
textual summary, such as the constructed task-
relevant solvable subgraph or a failure message
when the budget is exhausted, and the target
remains unreachable.

F.2 Stage II: Progressive Graph Reasoning

e ComputeAllPath(Node1, Node2). This tool
enumerates all feasible paths from Nodel to
Node?2 on the fixed subgraph (typically restrict-
ing to simple paths to avoid cycles), producing
a candidate set of tool chains for subsequent
selection.

¢ ComputeShortPath(Node1, Node2). This
tool computes shortest paths between Nodel
and Node2 (e.g., by hop count or a user-defined
length metric), providing length-efficient tool
chains and serving as a strong heuristic baseline
for reasoning.

¢ ComputePathCost(path). This tool evaluates
the cost of a given path and returns a scalar
score. The cost function can incorporate multi-
ple factors such as tool latency, execution cost,
and path-length penalties, enabling cost-aware
comparison across multiple feasible tool chains.

* Terminate(text). The Stage II termination
tool outputs the final selected tool chain (and
optionally its cost/justification) and ends the rea-
soning process.
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Table 7: Summary of the graph-processing tools used in Stage I (progressive graph expansion) and Stage II
(progressive graph reasoning). All tools are implemented with NetworkX and operate on the current subgraph.

Tool Stage Input

Function / Output

ExpandForward 1 Resource node r

ExpandBackward I

JumpToNode 1 Any node v

ComputeReachability I Two nodes (vs, v¢)

Resource node r or tool node 7

Finds tools that consume r as input and adds these
tools and their output resources to the current sub-
graph (frontier expansion).

Retrieves upstream producers: if input is 7, finds
tools that produce r and adds their required inputs;
if input is 7, traces its prerequisite input resources
and their potential producers (dependency comple-
tion).

Switches the exploration focus to v as a new expan-
sion anchor to escape local dead ends or change
expansion direction.

Checks whether a directed path exists from v to v;
in the current subgraph; optionally returns feasible
path(s) as evidence (solvability check).

Terminate 1 Text Stops Stage I and outputs a summary (e.g., con-
structed solvable subgraph or failure due to bud-
get/unreachability).

ComputeAllPath II Two nodes (vs, v¢) Enumerates all feasible paths from v, to v; on the

ComputeShortPath I Two nodes (vs, v¢)

ComputePathCost II A path p

Terminate I Text

fixed subgraph (typically simple paths), producing
candidate tool chains.

Computes shortest path(s) from vs to v: (e.g., by
hop count or a chosen length metric), yielding
length-efficient tool chains.

Evaluates the cost of p and returns a scalar score
(e.g., combining tool latency/cost and length penal-
ties) for cost-aware selection.

Stops Stage II and outputs the selected final tool
chain (optionally with cost/justification).

G Broader Impact

TOPT’s ability to learn cost-aware tool-use poli-
cies over large tool graphs can enhance the relia-
bility and efficiency of tool-augmented Al systems
in practical settings such as enterprise workflow
automation, customer support, and data-intensive
analytics. By explicitly selecting near-optimal
tool chains under context and compute constraints,
TOPT can reduce unnecessary tool calls and la-
tency, helping systems retrieve relevant informa-
tion more efficiently, execute multi-step tasks with
fewer failures, and provide more consistent re-
sponses when multiple valid tool combinations ex-
ist. Its capability to generalize to unseen tools and
novel compositions is particularly valuable in real-
world tool ecosystems that evolve over time, where
new APIs, resources, and integrations are contin-
uously introduced and manual retuning is costly.
Moreover, compared to approaches that rely on
scaling up model size or retraining for each toolset,
TOPT’s framework-level efficiency can lower de-
ployment and maintenance overhead, which may
translate into more environmentally sustainable de-
ployments by reducing repeated training and ex-

cessive inference-time exploration. Overall, these
advances contribute to more accessible, efficient,
and dependable tool-learning systems that can sup-
port a wide range of real-world applications.
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