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Abstract

Large reasoning models have recently demon-
strated strong performance on complex tasks
that require long chain-of-thought reasoning,
through supervised fine-tuning on large-scale
and high-quality datasets. To construct such
datasets, existing pipelines generate long rea-
soning data from more capable Large Language
Models (LLMs) and apply manually heuristic
or naturalness-based selection methods to filter
high-quality samples. Despite the proven effec-
tiveness of naturalness-based data selection,
which ranks data by the average log probabil-
ity assigned by LLMs, our analysis shows that,
when applied to LLM reasoning datasets, it sys-
tematically prefers samples with longer reason-
ing steps (i.e., more tokens per step) rather than
higher-quality ones, a phenomenon we term
step length confounding. Through quantita-
tive analysis, we attribute this phenomenon to
low-probability first tokens in reasoning steps;
longer steps dilute their influence, thereby in-
flating the average log probabilities. To address
this issue, we propose two variant methods:
ASLEC-DROP, which drops first-token proba-
bilities when computing average log probabil-
ity, and ASLEC-CASL, which applies a causal
debiasing regression to remove the first tokens’
confounding effect. Experiments across four
LLMs and five evaluation benchmarks demon-
strate the effectiveness of our approach in miti-
gating the step length confounding problem.

1 Introduction

Recently, a variety of large reasoning models, e.g.,
DeepSeek-R1 (Guo et al., 2025), have achieved
remarkable performance on complex reasoning
tasks that demand long Chain-of-Thought (CoT)
capabilities (Yang et al., 2025a; Team, 2025). To
elicit such long CoT reasoning abilities in foun-
dation models, Supervised Fine-Tuning (SFT) on
large-scale, high-quality datasets has become a
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standard paradigm (Chen et al., 2025b; Guha et al.,
2025; Zhao et al., 2025; Yuan et al., 2026). Exist-
ing approaches typically begin by collecting com-
plex mathematical and scientific problems, and
then prompting stronger Large Language Mod-
els (LLMs) to generate answers as SFT datasets
(Guha et al., 2025; Yuan et al., 2025; Huang et al.,
2025). Despite this pipeline effectively scaling
up SFT data, such datasets still contain noisy in-
stances, e.g., incorrect reasoning steps (Zheng et al.,
2025) or overly complex reasoning trajectories
(Sui et al., 2025). To address this issue and build
higher-quality data subsets, LLM reasoning data
selection has emerged as an active research topic
(Ye et al., 2025; Muennighoff et al., 2025).
Generally, existing reasoning data selection
methods often rely on heuristic rules, e.g., veri-
fiable answer correctness (Zhao et al., 2025; Wu
et al., 2025), response diversity (Jung et al., 2025;
Li et al., 2025a), and problem difficulty (Muen-
nighoff et al., 2025; Guha et al., 2025). These
methods often depend heavily on manually crafted
heuristics and do not consider the trained LLM’s
adaptability to the SFT data. To overcome this lim-
itation, the community introduces a naturalness-
based data selection strategy (Zhang et al., 2025;
Just et al., 2025), which involves computing the
log probability assigned by an LLM to each SFT
data sample and selecting those with higher aver-
age probabilities, as they are presumed to be better
aligned with the LLM’s inherent preferences.
Unfortunately, our findings reveal that, when ap-
plied to long CoT datasets, the naturalness-based
selection methods significantly prefer samples with
longer reasoning steps (i.e., more tokens per step)
rather than higher-adaptability ones. We refer to
this phenomenon as the step length confounding
problem in this work. We show in Fig. 1, the step-
length distribution of the selected SFT data dif-
fers markedly from that of the unselected data. To
further investigate the cause of this confounder,
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we build upon the quantitative results presented in
Figs. 2 and 3. We observe that longer reasoning
steps generally yield higher average log probabili-
ties. This phenomenon can be explained by prior
work showing that the first token of each reasoning
step often folks into different reasoning branches,
thereby exhibiting higher entropy and consequently
lower log probabilities (Wang et al., 2025; Cheng
et al., 2025). Longer steps, however, dilute the im-
pact of these low-probability first tokens, leading
to a higher overall step log probability, which in
turn makes such longer-step examples more likely
to be selected.

Given the above conclusion that low-probability
first tokens lead to the step length confounding
problem, we propose a mitigation method, namely
Alleviating Step Length Confounding (ASLEC),
which includes two variant approaches ASLEC-
DROP and ASLEC-CASL. Specifically, ASLEC-
DROP attempts to mitigate the confounding prob-
lem by simply dropping the first-token probabilities
when computing the global average log probability.
Despite this straightforward approach offering a
preliminary mitigation to the confounding issue, it
also entirely discards the contribution of the first to-
ken to data selection. Accordingly, ASLEC-CASL,
inspired by causal debiasing techniques (Udom-
charoenchaikit et al., 2022), fits a linear regres-
sion model to disentangle the first-token ratio as
a confounding factor, and removes its effect when
computing the global average log probability.

In our experiments, we train four LLMs of
varying sizes on two LLM reasoning bench-
mark datasets LIMO-v2 (Ye et al., 2025) and
AceReason-1.1-SFT (Chen et al., 2025b), and
evaluate the performance of different data se-
lection strategies across five evaluation bench-
marks. Our results demonstrate that the two
proposed variants, ASLEC-DROP and ASLEC-
CASL, consistently outperform the state-of-the-
art naturalness-based selection method, Local
LP (Just et al., 2025), achieving average accu-
racy improvements of approximately 6.28% and
9.08%, respectively, across all model sizes and
datasets. Our source code and data are released in
) https://github.com/wangbing1416/ASLEC.
Meanwhile, in our implementation, we sample
a large number of multi-source, multi-solution
responses for LIMO-v2 and 10k AceReason-1.1-
SFT problems (average 64 responses per question).
These large-scale SFT datasets are also be released
in ¥ https://huggingface.co/collections/

wangbingl1416/msms-cot-sft.
Generally, our contributions can be summarized
as the following three-fold:

» Through extensive experiments, we identify a
step length confounding problem in existing
naturalness-based LLM reasoning data selec-
tion methods, and reveal that the cause lies in
the low-probability first token of each step.

* We propose two variant methods, ASLEC-
DROP and ASLEC-CASL, which alleviate the
step length confounding problem by interven-
ing on the first-token probability when com-
puting the global average log probability.

* Extensive experiments demonstrate the effec-
tiveness of our proposed method and its ability
to mitigate step length confounding.

2 Preliminary Experimental Analysis on
Step Length Confounding

In this section, our preliminary experiments re-
veal that existing naturalness-based approaches for
LLM reasoning data selection consistently suffer
from step length confounding: they tend to prefer
samples with longer reasoning steps.

2.1 Naturalness-Based Data Selection

Typically, an LLM reasoning SFT dataset is de-
fined as D = {q;, ¢;, a;}}Y.,, where q denotes one
question, and c and a represent its long CoT reason-
ing trajectory and final answer, respectively. The
SFT objective is to optimize model parameters 0
by minimizing the negative log-likelihood of the
target sequence o; = <think> c¢; </think> a; as:

Lsrr(0

N o
ZZ OgPB O'Lt|ol<t7ql)7

which is equal to the causal LM cross-entropy loss.
While SFT typically treats all samples equally, data
quality critically influences reasoning performance,
as noisy or inconsistent trajectories can mislead
learning. This motivates data selection strategies
that prefer high-quality and informative subsets
DeDio improve robustness. Among these works,
naturalness-based methods leverage the log prob-
abilities produced by the LLM during SFT to select
the data to which the model is best adapted. For-
mally, three representative methods are as follows:
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* Log probabilities (Zhang et al., 2025) or Per-
plexity (Muennighoff et al., 2023; Yin and
Rush, 2025) computes the geometric mean
of the probabilities assigned to the target se-
quence outputs, as follows:

|os]
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A higher siogp indicates that the model natu-

rally adapts better to the given data.

* Local log probabilities (Just et al., 2025) split
the sequence o; into steps S; = {sm}w i
the token \n\n or sentences. For each step, 1t
considers the question and its previous k steps
as context and calculates the geometric mean
of its log probability accordingly.

[si;]
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* Entropy (Cui et al., 2025; Wang et al., 2025)
measures the average token-level uncertainty
of the model’s predictions.
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where )V represents the vocabulary, and lower
entropy means the model is more confident in
its outputs on the given example.

Existing naturalness-based methods typically select
a subset D from the large-scale dataset D by either
highest 3 P and s°¢, or lowest s} Pl and 5P

2.2 Experimental Setup

Models. Our experiments utilize four long CoT rea-
soning LLMs of different families and parameters,
including OwQ-32B (Team, 2025), Owen3-32B
(Yang et al., 2025a), DeepSeek-R1-Distill-Qwen-
32B (Guo et al., 2025), and gpt-oss-120b (Agarwal
et al., 2025), as data sources for generating reason-
ing SFT data. We then use Qwen3-4B-Base (Yang
et al., 2025a) as the target LLM to evaluate its log
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Figure 1: Step length distribution of data samples se-
lected and unselected by different naturalness-based
data selection methods.

probabilities w.r.¢ the SFT data. Detailed model
cards for all LLMs are provided in Appendix B.1.

Benchmark and evaluation. We conduct our ex-
periments on LIMO-v2 (Ye et al., 2025), a preva-
lent LLM reasoning benchmark comprising 800
carefully curated mathematical reasoning prob-
lems. For each problem, we generate 5 differ-
ent responses from each of the 4 LLMs described
above, using temperature sampling with 7 = 0.6.
From the generated 4 x 5 = 20 responses per prob-
lem, we select 5 final responses using one of the
four representative naturalness-based data selection
methods, (i) GRACE (Zhang et al., 2025), which
selects the responses with the highest s'°8P; (ii) Lo-
cal LP (Just et al., 2025), which also selects the
responses with the highest s'°¢; (iii) Min Entropy
(Cui et al., 2025), which selects the responses with
the smallest s°'P; (iv) Min Perplex, which select
the responses with the smallest s*”', to analyze the
step length confounding phenomenon. More de-
tails on the benchmarks and experimental setup are
provided in Appendix B.2, and additional analysis
across more datasets, e.g., AceReason-1.1-SFT, and
more LLMs can be found in Appendix C.

2.3 Results on Step Length Confounding

Through the preliminary experiments in this sec-
tion, we find that these naturalness-based methods
suffer from the step length confounding issue.

Results and analysis. In Fig. 1, we illustrate the
selection difference of naturalness-based methods
across the 16,000 responses (800 problems x 20
responses each) generated by the four LLMs. Fig. 1
compares the step-length distributions of responses
selected versus not selected by four naturalness-
based data selection methods. Across all methods,
selected responses consistently exhibit longer step
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Figure 2: Relationship between step-level log probabil-
ity and step length.

lengths, whereas the step lengths of unselected re-
sponses are more concentrated at lower values, with
an average of approximately 30. This pattern under-
scores the consistent influence of step length on the
decisions made by these naturalness-based criteria.
I Based on these observations, we formulate the
following conclusion and refer to this phenomenon
as step length confounding.

* Conclusion 1. The naturalness-based reason-
ing data selection approach tends to prefer sam-
ples with longer reasoning steps (i.e., more
tokens per step).

2.4 Why Step Length Confounding?

Given the step length confounding problem in LLM
reasoning data selection, we seek to figure out the
intrinsic causes resulting in this issue. Therefore,
we give the following further empirical evidence.

For longer steps, the model assigns higher step-
level log probabilities. We first investigate the
relationship between step length and the average
log probability per step. As illustrated in Fig. 2,
outputs from different LLMs are segmented into
steps. For steps of different lengths, we compute
the average step-level log probabilities assigned by
the target LLM Qwen3-4B-Base. The results reveal
a clear pattern: longer reasoning steps consistently
receive higher step-level log probabilities, and a
monotonic increasing relationship is observed be-

Notably, data selection actually also correlates with total
response length (i.e., avg. L). However, as discussed in Ap-
pendix A, the effect of total response length is substantially
weaker than that of step length.

Short step, Low step probability:

But again, only some cases are covered.
-6.69 -4.38 -2.46 -0.96 -1.29 -0.81 -0.11 -0.53

Wait, but if \theta = 120, angle NBM = 30.
-6.32 -1.47 -0.86 -0.69 -0.55 -1.02 -0.10 -0.10 ...

Long step, High step probability:

But again, the problem is asking for a value of x,
not necessarily the smallest or a specific one...

-5.48 -3.56 -1.43 -0.37 -0.16 -0.07 -0.25 -0.07 ...
Wait, hold on, in triangle ABC, the law of cosines
says: cos \theta = (AB"2 + BC"2 - AC"2)/...
-6.68 -0.82 -1.78 -1.70 -0.01 -0.05 -0.01 -0.70 ...

Step length: 8
Average prob: -2.15

Step length: 13
Average prob: -1.86

Step length: 67
Average prob: -0.41

Step length: 58
Average prob: -0.41

Figure 3: Representative cases illustrating token-level
log probabilities for varying step lengths.

tween step length and log probability.

For longer steps, the ratio of low-probability
first tokens is lower. To further investigate the
cause of the monotonic relationship between step
length and step-level log probability, we examine
several representative examples in Fig. 3, which
illustrate short steps with low log probabilities and
long steps with high log probabilities, respectively.
Across all steps, the first token consistently exhibits
a lower log probability. Previous studies have also
confirmed this phenomenon (Wang et al., 2025;
Cheng et al., 2025), attributing it to the fact that mi-
nority first tokens at each step often fork branches
toward diverse reasoning pathways. Such branch-
ing behavior introduces higher entropy, which in
turn yields lower log probabilities. Therefore, in
longer steps, such low-probability first tokens al-
ways constitute a smaller proportion of the total to-
kens. Consequently, the larger number of non-first
tokens dilutes the lower log probabilities of these
first tokens, leading to a higher overall log probabil-
ity and making such samples more likely to be se-
lected by naturalness-based methods. In summary,
our experiments lead to the following conclusion:

s 2!

x Conclusion 2. In naturalness-based methods,
step length confounding occurs because the low-
probability first token constitutes a smaller
ratio of longer responses. This increases the
average log probabilities, making samples with
longer steps more likely to be selected.

Based on the above observations, we seek to de-
sign a debiasing approach targeting the first token
to address the step length confounding problem.
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3 The Proposed Method

In this section, we present our proposed variant
methods ASLEC-DROP and ASLEC-CASL for LLM
reasoning SFT data selection in detail.
Problem definition. Given i-th complex question
q; in the LLM reasoning SFT dataset D, and K dif-
ferent responses of = <think> cf </think> af,
k € {1,---, K}, where each c! represents a rea-
soning trajectory and af the corresponding answer.
These multiple responses may vary not only in cor-
rectness but also in reasoning quality, verbosity,
and step length. Our method defines two metrics
dmp and 55! to select one or more responses that
best align w1th the trained reasoning LLLM and are
not confounded by the step length.

3.1 ASLEC-DROP: Dropping the First Token

As analyzed in Sec. 2.4, we attribute this step length
confounding problem to the influence of the first to-
ken’s probabilities (Bu et al., 2025). Consequently,
the most straightforward approach is to drop the
first token at each step when computing the geo-
metric mean of the probabilities. Formally, we split
a solution o; into L reasoning steps S; = {s!}1,
and compute the metric as follows:

Sdrop o 1 Z Z|Si|
v ‘OZ| — ‘SZ| SiESi t=2

! ! <l
log Py <3i,t | Si<t>8; 7012‘) )

4

where s! _, denotes the first ¢ tokens of each step,

z<t

and s ! denotes all tokens across the first  steps.

3.2 ASLEC-CASL: Causally De-biasing

Although dropping the first token mitigates the bias
it introduces, it simultaneously discards potentially
informative signals carried by the first token itself.
To address this trade-off, we draw inspiration from
causal debiasing methods (Udomcharoenchaikit
et al., 2022; Zhu et al., 2022), treating step length
as a confounding factor and applying appropriate
adjustments to account for its influence. To for-
malize this intuition, the log probability siogp can
be decomposed as the following linear regression
equation:

ST = Busi™ 4 Bas" P +9Zi e, (5)

first drop

where 5" and s; " represent the average log
probablhtles of the first token and the tokens ex-
cluding the first one in Eq. (4), respectively; Z;

represents the confounding factor, which in our
method is defined as the proportion of the first to-
ken among all tokens; and € denotes a residual

noise term. The notation sﬁrSt and Z; are formally
given by:
S?rbt ‘S‘Zlogpe(zl|sz 7q1)7
l
2 |Sil
(2 9
|0i]

where 3271 denotes the first token in the step sﬁ.
The basic idea of ASLEC-CASL is to adjust the raw
log-probability score by removing the estimated
influence of the confounder Z;. This yields a de-
confounded metric sgaSI, defined as:

seasl sliogp —vZ;. (7

7

casl

Accordingly, to calculate s{** by estimating -,
logp ﬁrst

given the dataset {s\%°, sfirst 1P Z AN the

parameters (31, 2, v are estimated via ordinary
least squares:

. logp first drop 2
min s; o — Bis; o = Pas; =2
B1,82,7 “—
=1
®)
This optimization admits a closed-form solution.
Then the parameter vector is obtained as follows:

B, 62,7 = (X' X)7'XTY, (9

X;. = [sﬁfst drop z] Y, = [sl.ogp]. (10)

e 1 ’7, 2

Once 7 is estimated, we compute the final decon-
founded score 552! = iogp —~.Z; for each instance
and use it for downstream data selection.

4 Experimental Evaluation

In this section, we empirically evaluate the perfor-
mance of our two proposed variant methods.

Evaluation settings. The experiments are con-
ducted on two datasets, LIMO-v2 and AceReason-
1.1-SFT, using four different families of source
LLMs: OwQ-32B, QOwen3-32B, DeepSeek-RI-
Distill-Qwen-32B, and gpt-oss-120b, and four
target LLMs of varying sizes: Qwen3-4B-
Base, Qwen3-8B-Base, Qwen3-4B-Instruct, and
QOwen2.5-7B-Instruct. Detailed descriptions of
these LLMs and the implementation details of our
SFT training are provided in Appendix B. We
evaluate our trained LLMs on five benchmarks,
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Table 1: Experimental results on LIMO-v2 (Ye et al., 2025). We generate five responses per source LLM, and select
five responses from these ones (select 4k responses from 16k data). The bold results represent the best scores.

E Method AIME24 AIME25 MATH500  OlympicB Avg,
o Accuracy  Pass@4 Accuracy  Pass@4

g + GRACE (Zhanget al., 2025)  16.66 30.00 15.83 33.33 59.40 33.33 31.42
g + Local LP (Justetal,2025) 19.16 36.66 20.83 36.66 71.60 34.11 36.50
At ASLEC-DROP (ours) 30.00110.84  50.00113.34 28.331750  43.3316.67  77.8016.20 38.3814.27 44.64
~ 4+ ASLEC-CASL (ours) 31.6671250 53.33116.67 30.83110.00 46.66110.00 80.0078.40 42.8118.70 47.54
g + GRACE (Zhangetal., 2025)  30.83 53.33 21.66 36.66 72.00 39.70 42.36
gg + Local LP (Justetal., 2025) 34.16 53.33 20.83 36.66 76.60 42.81 44.06
gA + ASLEC-DROP (ours) 41.6611050 66.6611333 36.66115.83 43.3376.67  81.4074.80 47.85+5.04 52.92
® 4+ ASLEC-CASL (ours) 45.0071334  66.66113.33 37.5011667 53.3371667 85407880  49.0316.22 56.15
z;, + GRACE (Zhang et al., 2025) 59.16 73.33 50.00 73.33 79.36 47.79 63.82
& +Local LP (Justetal.,2025) 61.66 80.00 49.16 73.33 80.75 50.14 65.84
E + ASLEC-DROP (ours) 69.167750  83.331333  56.6617.50  80.0016.67  89.8819.13 57.6447.50 72.77
é + ASLEC-CASL (ours) 71.6611000 90.0011000 58.3319.17  83.33t1000 93.2071245 60.4411030 76.16
z;, + GRACE (Zhang et al., 2025)  17.50 26.66 11.66 23.33 61.50 32.35 28.83
& +Local LP (Justetal, 2025 17.50 30.00 10.83 26.66 64.68 33.97 30.60
E + ASLEC-DROP (ours) 24.1676.66  40.00110.00 20.83110.00 36.66110.00 80.60115.92 41.1717.20 40.57
lﬁé + ASLEC-CASL (ours) 28.3311083 46.66116.66 241611333 46.6612000 81.6071692 451811121 4543

including four mathematical reasoning datasets,
AIME24, AIME25, MATH500 (Lightman et al.,
2023), and OlympiadBench (He et al., 2024), as
well as one challenging scientific reasoning dataset
GPQA (Rein et al., 2024). In addition, we compare
two naturalness-based data selection methods: (i)
GRAPE: selecting the responses with the highest
s'°¢P; and (ii) Local LP: selecting the responses
with the highest 5'°¢.

4.1 Main Results

Tables 1 and 3 present the experimental results
of the four target LLMs on the LIMO-v2 and
AceReason-1.1-SFT datasets, respectively. Overall,
both variants of our approach outperform the ex-
isting naturalness-based selection method, achiev-
ing average accuracy gains of 6.28% and 9.08%
over the SOTA method Local LP (Just et al.,
2025) on the two datasets. More specifically, prior
naturalness-based methods, e.g., GRACE and Lo-
cal LP, are often hindered by the step length con-
founding problem, which leads them to overly
prefer samples from a single data source. Con-
sequently, their training performance consistently
degrades and falls significantly below our method,
which samples more evenly across diverse sources.

When comparing the two variant methods,
ASLEC-CASL consistently outperforms ASLEC-
DROP. This result suggests that the causal debias-
ing strategy successfully preserves the informative
patterns embedded in the probability distribution
of the first tokens. Meanwhile, the results indi-
cate that our debiasing strategies are particularly

Table 2: Experimental performance on GPQA.

Acc. Pass@4 Acc. Pass@4
Method
Qwen3-4B-Base Qwen3-4B-Insruct
GRACE 28.15 60.10 50.37 75.75
Local LP 29.16 61.61 52.14 77.27
ASLEC-DROP  34.97 65.65 58.83 83.33
ASLEC-CASL  35.35 66.66 61.23 84.34
Method Acc. Pass@4 Acc. Pass@4
Qwen3-8B-Base Qwen2.5-7B-Insruct
GRACE 47.97 75.25 25.37 56.06
Local LP 49.49 77.77 26.13 57.57
ASLEC-DROP  51.01 79.79 35.98 67.17
ASLEC-CASL  52.14 82.32 38.51 74.74

effective when data or model capacity is limited.
For example, the performance gain on LIMO-v2
exceeds that on AceReason-1.1-SFT, highlighting
their strong suitability for low-resource SFT scenar-
ios. In such settings, low-quality samples tend to
have a more pronounced negative effect; our meth-
ods mitigate step length confounding and thereby
enhance generalization performance.

We further compare our methods by training on
LIMO-v2 and evaluating on GPQA, a benchmark
on the scientific domain. The experimental results
again show that our approaches consistently and
significantly outperform the SOTA Local LP se-
lection baseline, and that the ASLEC-CASL variant
achieves better performance than ASLEC-DROP.

4.2 Performance on Alleviating Confounding

To examine whether our proposed methods effec-
tively address the step length confounding prob-

18448



Table 3: Experimental results on AceReason-1.1-SFT (Chen et al., 2025b). We generate one response per source
LLM, and select one response from these responses (select 10k responses from 40k data).

§ Method AIME24 AIME25 MATH500  OlympicB Avg.
=4 Accuracy  Pass@4 Accuracy  Pass@4
o + GRACE (Zhangetal,2025) 30.00 60.00 29.16 36.66 77.20 42.50 43.82
§ + Local LP (Justetal., 2025)  32.50 63.33 30.00 40.00 77.80 43.08 45.22
& ASLEC-DROP (ours) 41.6619.16  73.33t1000 30.8370.83 43.331333  84.0076.20 47.2014.12 46.48
N 4+ ASLEC-CASL (ours) 46.66114.16  73.3311000 30.837083 46.6676.66  84.60716.50 48.2315.15 47.50
g + GRACE (Zhang et al., 2025)  40.83 66.66 29.16 43.33 75.00 44.11 49.46
& +Local LP (Justetal,2025) ~ 42.50 70.00 29.16 43.33 77.60 44.41 50.71
gA + ASLEC-DROP (ours) 50.0017.50  76.6616.66 36.6677.50  53.33110.00 86.20718.60 49.3314.92 54.60
® 4 ASLEC-CASL (ours) 53.3311083  76.6616.66  39.16110.00 53.33110.00 86.60719.00 51.0216.61 56.21
‘g + GRACE (Zhang et al., 2025) 54.16 73.33 43.33 63.33 84.80 48.82 59.65
& +Local LP (ustetal,2025)  57.50 76.66 42.50 66.66 85.60 49.26 61.79
£+ ASLEC-DROP (ours) 64.1616.66  83.3316.67 53.3311083 76.66110.00 90.601500  57.1817.92 66.48
g+ ASLEC-CASL (ours) 68.3311083 83.3316.67 55.0011250 80.0011334  92.20716.60 57.6418.38 68.16
‘g + GRACE (Zhang et al., 2025)  15.00 36.66 15.00 26.66 73.80 34.85 35.08
& +Local LP (ustetal,2025)  17.50 36.66 16.66 26.66 74.60 35.58 35.81
..ﬁ + ASLEC-DROP (ours) 25.001750  43.3316.67  22.501584  40.0011334  82.0017.40 41.6116.03 42.35
8 4+ ASLEC-CASL (ours) 30.0071250 50.0011334 24161750 43.3371667 82.401780  46.3211074  46.07
004 - P - e Table 4: Comparison of the experimental results for
003 psEe DR,C,) ) Not Selected hsse CA,S - Not Selected ASLEC-CASL that selects the highest and lowest geasl,
§ 0.02
i Method AIME24 AIME25 MATH OlymB.
001 Qwen3-4B-Base
0,004 ] max CASL 31.66 30.83 80.00 42.81
0O 20 40 60 80 100 120 1400 20 40 60 80 100 120 140 min CASL 29.16 28.33 77.40 39.70
Step Length Step Length
Qwen3-8B-Base
Figure 4: Step length distributions for data selected max CASL 4500 3750 8540  49.03
. min CASL 41.66 36.66 79.60 42.94
versus unselected by our two proposed variant methods.
Qwen3-4B-Instruct
max CASL 71.66 58.33 93.20 60.44
min CASL 65.83 55.83 86.80 55.14
lem, we present in Fig. 4 the distributions of step Qwen2.5-7B-Instruct
lengths for data samples selected and unselected max CASL 2833 2416 8160 4518
min CASL 25.00 22.50 79.60 43.08

by our two variants ASLEC-DROP and ASLEC-
CASL. In contrast to the significant differences
in step length distributions exhibited by prior ap-
proaches in Fig. 1, our approaches yield markedly
smaller step length disparities. This demonstrates
that our methods successfully mitigate step length
confounding. Moreover, because both variants op-
erate by intervening directly on the probability as-
signed to the first token, this result further implies
that the step length confounding issue is intimately
linked to the model’s first-token probabilities.

4.3 Comparing Min and Max Probabilities

We also compare the performance of the ASLEC-
CASL variant when selecting samples with the high-
est (max CASL) versus the lowest (min CASL)
probability values of metric s°*!. All models are
trained on the LIMO-v2 dataset, and Table 4 reports
their performance on four evaluation benchmarks
after training the four target LLMs. The experimen-

tal results consistently show that selecting samples
with the highest probabilities outperforms select-
ing the lowest ones, a finding aligned with previous
naturalness-based selection methods. In general,
high-probability samples correspond to data that
better align with the target LLM’s current capabil-
ities, enabling more effective and stable learning
of the SFT data distribution, thereby leading to su-
perior performance. Conversely, lower-probability
samples reflect that the model is less familiar with
the data, which can introduce noisy training gradi-
ents and ultimately degrade model performance.

4.4 Linear Regression Results

Our method ASLEC-CASL fits a linear regression
model as defined in Eq. (5), and uses this model
to remove the influence of the first-token ratio on
the average log probability. Accordingly, Table 5
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Table 5: Linear regression parameters of Eq. (5) fitted on
data generated by different source LLMs on LIMO-v2.

Source 51 B2 5 €
OwQ-32B 0.077 0.919 -0.284  -0.001
Owen3-32B 0.068 0.929 -0.529  0.007
DS-Qwen-32B 0.066 0.943 -0.226  0.001
gpt-oss-120b 0.068 0.938 -1.284 0.028
Overall 0.066 0.944 -0.680 -0.054

presents the fitted results of the linear regression
for data originating from different source LLMs.
First, v is the most important coefficient, as it di-
rectly determines the extent to which the first-token
ratio affects the average probability. Overall, the
largest v value among the models is -1.284, mean-
ing that for every 0.05 difference in the first-token
ratio between samples, the impact on the overall
probability is equivalent to reducing each token’s
probability by 1 — ¢~ 1:284X0.05 — 6 29% For the
regression fitted on all SFT data, -y is -0.680, cor-
responding to a 1 — ¢~0-680x0.05 — 3 34% reduc-
tion in per-token probability. Comparing different
source LLMs, gpt-oss-120b exhibits the largest vy
value, indicating that the data from it suffers from
a more pronounced confounding problem.

In contrast, when comparing 3; (the first-token
probability) and 32 (the non-first-token probabil-
ity), we observe 51 < [, which further sug-
gests that the ratio of the first-token probability
in the global average probability should be reduced.
Lastly, € consistently remains at a low level, imply-
ing that the regression model has only minor fitting
bias, and thus the debiasing results are accurate.

4.5 Computation Budget

Compared to GRACE, our ASLEC-DROP variant
adopts a more streamlined approach: it simply
drops the first token when computing the average
token probability, thereby avoiding any additional
computational overhead. In contrast, our ASLEC-
CASL variant introduces a modest amount of extra
computation by fitting a lightweight linear regres-
sion model. However, since this regression model
involves only a small number of parameters, the
fitting procedure is highly efficient and typically
completes in just a few seconds, imposing negligi-
ble cost on the overall pipeline.

5 Related Works

Recently, instead of direct prompt LLMs to gener-
ate CoT responses (Wei et al., 2022; Yuan et al.,

2024; Bi et al., 2025), leveraging SFT to elicit long
CoT reasoning in LLMs has emerged as a standard
training paradigm, outperforming large-scale rein-
forcement learning even when applied to smaller
models (Guo et al., 2025; Yang et al., 2025a; Tian
et al., 2025; Kou et al., 2026). Generally, the exist-
ing methods typically scale up the SFT data gen-
erated by a strong LLM by constructing a large
and diverse set of questions (Zhao et al., 2025;
Guha et al., 2025; Yuan et al., 2025), and gener-
ating diverse solutions for each question through
temperature sampling (Chen et al., 2023; Lei et al.,
2025; Chen et al., 2025b; Yan et al., 2026). Build-
ing on these large-scale datasets, some studies have
also sought to filter out noisy data by applying var-
ious heuristic rules, e.g., question difficulty (Muen-
nighoff et al., 2025; Guha et al., 2025; Li et al.,
2025b), solution correctness (Chen et al., 2025a;
Luo et al., 2025), diversity of solutions (Jung et al.,
2025; Li et al., 2025a), and LLM-as-a-Judge (Wu
et al., 2025; Lei et al., 2025). Remarkably, even
reducing the dataset to only 1k questions can still
elicit the long CoT reasoning capability (Muen-
nighoff et al., 2025; Ye et al., 2025).

Beyond heuristic data-selection strategies, sev-
eral works advocate naturalness-based approaches
(Zhang et al., 2025; Just et al., 2025; Liu et al.,
2026), wherein data are selected based on the
model’s confidence scores, allowing the selection
of samples to which the model is better adapted.
Although naturalness-based methods can indeed
assess a model’s adaptability to data via confi-
dence scores (Kang et al., 2025; Fu et al., 2025),
recent studies have shown that reasoning data of-
ten contain a small number of high-entropy / low-
probability first tokens (Yang et al., 2025b; Wang
et al., 2025). Our experiments further confirm that
these low-probability first tokens can substantially
exacerbate the step-length confounding problem in
naturalness-based approaches.

6 Conclusion

In this work, we investigate the limitations of
naturalness-based data selection for long CoT rea-
soning datasets. Our analysis reveals a system-
atic bias, termed step length confounding, whereby
the selection pipeline significantly prefers sam-
ples with longer reasoning steps instead of those
with higher reasoning quality. We trace this
phenomenon to the disproportionate influence of
low-probability first tokens in reasoning steps,
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which is diluted in longer sequences, thus inflat-
ing their average log probabilities. To mitigate this
problem, we propose ASLEC-DROP and ASLEC-
CASL, two variants that drop or causally debias the
first-token probability when computing selection
scores. Extensive experiments on two reasoning
SFT datasets, across four LLMs and five evalua-
tion benchmarks, demonstrate that our approaches
consistently outperform existing naturalness-based
selection methods and effectively alleviate the step
length confounding problem.

Limitations

This paper systematically investigates an important
property in SFT data for LLM reasoning: the re-
lationship between response and step length, and
naturalness-based data selection. From a method-
ological perspective, one major limitation lies in
our identification of the influence of a critical first
token on step length confounding; whether there
are deeper confounding factors remains an open
question. In addition, recent studies have focused
on on-policy data generation and selection (Yang
et al., 2025a; Lu and Lab, 2025), where the stu-
dent model produces its own samples for training.
Whether data selection in such approaches still ex-
hibits a strong correlation with response length is
an issue worthy of further exploration.
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A Bias Towards Response Length

In our preliminary experiments, we also observe
that, under the same setup as in Fig. 1, the average
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Figure 5: Relationship between response-level log prob-
ability and total response length.

total response length (i.e., the total token number in
the full response) of data selected by naturalness-
based methods is approximately 9.8K, compared
to about 15.4K for unselected data, revealing a sig-
nificant discrepancy. Therefore, in the following
sections, we aim to address the following ques-
tion through experiments: are samples with shorter
overall response lengths more likely to be selected
by naturalness-based data selection methods?

A.1 Longer Response, Higher Log Probability

First, we maintain the same experimental setup
as in Sec. 2.2, using Qwen3-4B-Base as the target
model to compute the log probabilities for data gen-
erated by four different LLMs. Fig. 5 illustrates the
trend of globally averaged log probabilities (i.e.,
siogp) w.r.t overall response length. The results
show that, as the response length increases, the log
probabilities actually rise, contrary to the earlier
conclusion, where shorter responses were more
likely to be selected. Comparing different models,
we find that the average log probabilities of DS-
Qwen-32B, which exhibits longer step lengths, are
consistently and substantially higher than those
of other models; even the highest log probabil-
ity among other models is lower than the lowest
value from DS-QOwen-32B. In summary, although
log probabilities should in principle increase with
response length, the selection bias caused by step
length confounding has a much stronger influence
than the effect of overall response length, leading
to the seemingly opposite conclusion above.
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Figure 6: Average log probability of tokens at different
positions for four source LLMs.

A.2 Why Response Length Bias?

This section aims to further investigate why longer
responses tend to have higher log probabilities.
Fig. 6 presents the log probabilities of tokens at
different positions within the responses. Specif-
ically, we first determine the 95th percentile of
the maximum response length, and then divide the
range from O to this value into 20 bins. Tokens are
assigned to these bins according to their position
within the response, and the average log probability
is computed for the tokens in each bin. As shown
in Fig. 6, there is a clear trend: tokens located
toward the end of a response have higher log prob-
abilities than those at the beginning, following a
monotonically increasing pattern. This is because,
as the response length grows, the target LLM of-
ten becomes more confident in generating the con-
tinuation, indicating better adaptation to the data.
Consequently, longer responses exhibit higher log
probabilities for their tail-end tokens, which in turn
results in a higher overall log probability.

A.3 Step Length Significantly Matters
Response Length for Data Selection

In Sec. A.1, we present the experimental finding
that the bias induced by total response length is
negligible compared to the step length confound-
ing issue. To further validate this conclusion, we
employ the causal regression approach proposed in
Sec. 3.2, rewriting Eq. (5) as follows:

5170 = Prsi™ 4 Bos{™ + 72 + yaloi| + €.

Using the same experimental settings, we refit the
model, and the final parameter estimation results
are reported in Table 6. Compared with the con-
founder vZ; introduced by step length, the con-

Table 6: Linear regression parameters including overall
response length s |0;].

Source 51 B ~ Y2 €
OwQ-32B 028 972 -0.062 1E-8 .004
Qwen3-32B 018 979 -0.043 3E-9 .007
DS-Qwen-32B .014 983 -0.158 4E-8 -.008
GPT-OSS-120B  .018 987 -1.166 5E-9 .025

Table 7: Comparison of experimental results with and
without removing overall response length bias y2|0;].

Teacher AIME24 AIME25 MATH OlymB.
Qwen3-4B-Base
ASLEC-CASL 31.66 30.83 80.00 42.81
+ v2|04] 30.83 30.83 78.60 42.20
Qwen3-8B-Base
ASLEC-CASL 45.00 37.50 85.40 49.03
+ v2]04] 43.33 35.83 83.80 48.52

founder 7>|0;| induced by total length is smaller by
approximately two orders of magnitude.’

In Table 7, we further compare the performance
metrics of models trained on data selected with
and without the 72|o;| term in the criterion, i.e.,
sgasl = siogp — vZ; — y2|o;|. The results show
that removing the ~2|0;| term causes little change
in model performance, once again confirming that
the influence of total length is generally small and
can even be negligible. In fact, prior studies have
provided evidence that longer reasoning SFT data
(Chen et al., 2025b; Guha et al., 2025) or in-context
CoT prompts (Jin et al., 2024) can be more effec-
tive for improving model performance. This sug-
gests that retaining the bias associated with total
response length might even be beneficial. However,
the step length confounding phenomenon leads to
the opposite outcome, preferring shorter responses,
which contradicts these findings and further under-
scores the importance of mitigating this bias.

B More Experimental Settings

In this section, we provide a detailed description of
our experimental settings, including LLM model
cards, data processing pipelines, and SFT details.

B.1 LLM Model Cards

In our experiments, we employ two categories of
LLMs: those used to generate SFT data, which we
refer to as source LLMs, and those trained on the
generated SFT data, which we refer to as target
LLMs. Their details are described as follows.

2Z, is typically on the order of 10", whereas |o;| is
typically on the order of 10°.
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Source LLMs. We use four different families of
LLMs, each producing five distinct responses for
every question.

* OwQ-32B* (Team, 2025) is a specialized
reasoning model trained with reinforcement
learning on top of Qwen2.5-32B.

» Qwen3-32B* (Yang et al., 2025a) has under-
gone large-scale long-CoT cold-start training
and reasoning-focused reinforcement learning.
In its technical report, this model is used to
distill smaller-scale models, e.g., the Qwen3-
4B and Qwen3-8B variants, which align with
our experimental setup.

o DeepSeek-RI-Distill-Qwen-32B° (Guo et al.,
2025) is one of the first to employ reinforce-
ment learning to enhance long CoT reason-
ing in LLMs, providing evidence that models
obtained through distillation can still exhibit
robust reasoning abilities.

o gpt-oss-120b° (Agarwal et al., 2025) improves
inference speed by combining compact atten-
tion layers with linear attention layers, while
activating only 5B parameters. The model is
also trained using the conventional paradigm
of SFT followed by reinforcement learning.

Target LLMs. Using the generated SFT data, we
train four LLMs of varying sizes and types.

* Owen3-4B-Base’ and Qwen3-8B-Base® are
two different-sized models that have under-
gone large-scale pre-training only.

e Owen3-4B-Instruct® and  Qwen2.5-7B-
Instruct'® build upon the two base versions
described above, undergoing thorough instruc-
tion fine-tuning. For the 4B model, we adopt
its 2507 variant, updating the non-thinking
mode from Qwen3-4B’s mixed-reasoning
framework. Furthermore, as the Qwen3 series
lacks an instruct model of 8B parameters, we
use the 7B instruct model from the Qwen2.5
series as a substitute.

3https://huggingface.co/Qwen/QwQ—3zB

4https://huggingface,co/Qwen/Qwen3—32B
5https://huggingface.co/deepseek—ai/
DeepSeek-R1-Distill-Qwen-32B
6https://huggingface.co/openai/gpt—oss—120b
7https://huggingface.co/Qwen/Qwen3—4B—Base
8https://huggingface.co/Qwen/Qwen3—BB—Base

9https://huggingface.co/Qwen/Qwen3-4B-Instruct—2507
10https://huggingface.co/Qwen/QwenZ.5—7B—Instruct

B.2 Data Sampling and Filtering

Our experiments are conducted using datasets from
two different sources.

o LIMO-v2'!" (Ye et al., 2025) undergoes rig-
orous quality filtering, resulting in a final se-
lection of 800 high-quality mathematics prob-
lems. For this dataset, we generate five diverse
correct responses for each problem using ev-
ery source LLM.

* AceReason-1.1-SFT'? (Chen et al., 2025b) ag-
gregates large-scale, high-quality SFT data
from multiple sources. From this dataset, we
randomly sample 10k mathematics problems,
and for each problem, we obtain one correct
response generated by each of the four afore-
mentioned source LLMs.

For these two datasets, we adopt the following
data sampling and quality filtering pipeline.

Data sampling. During data sampling, we employ
top-p sampling with p set to 0.95. For gpt-oss-
120b, following the official recommendations, we
set the sampling temperature to 1.0 and the reason-
ing effort to high. For the other source LLMs, the
sampling temperature is set to 0.6. All data sam-
pling is conducted via SGLang for offline LLM
deployment and calling, with the maximum gener-
ation length consistently fixed at 64K tokens.

Data filtering. We perform dynamic filtering dur-
ing the sampling process. Specifically, for each
problem, we sample one response at a time and
verify it using the Math-Verify toolkit.!> Sampling
continues until the required number of correct re-
sponses is obtained (5 responses for LIMO-v2 and 1
response for AceReason-1.1-SFT), or until the num-
ber of attempts exceeds 15. In practice, some prob-
lems are difficult to collect five correct responses
for, so we repeat the above procedure five times
to ensure that every problem has sufficient correct
responses. For problems that are excessively diffi-
cult and fail to meet the required number of correct
responses, we adopt the following remedies. In
LIMO-v2, we manually sample several responses
that are close to the correct answer and supplement
them until five correct responses are obtained. In
AceReason-1.1-SFT, we sample additional prob-
lems from the dataset and continue generation until

11https://huggingface.co/datasets/GAIR/LIMO—vZ

12https://huggingface.co/datasets/nvidia/AceReason—1.
1-SFT
13https://github.com/huggingface/Math—Verify
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Figure 7: Step length distributions for selected and un-
selected data and relationship between step-level log
probability and step length on AceReason-1.1-SFT.

we reach a total of 10k problems, each paired with
its corresponding correct response. As a result,
each problem in LIMO-v2 may contain up to 75
incorrect responses and at least 25 correct ones. All
generated response data are publicly available via
the link provided in this paper.

Sampling log probabilities of target LL.Ms. We
employ SGLang to sample log probabilities from
the target LLM for the data. In GRACE (Zhang
et al., 2025), the output log probabilities are av-
eraged directly. In Local LP (Just et al., 2025),
following the best practices outlined in the original
paper, each problem and step is paired with its pre-
ceding k£ = 4 steps, the average log probability is
computed for each step, and the step-level averages
are then averaged. For Min Entropy, retrieving
vocabulary-level probability distributions for ev-
ery token is computationally and storage-intensive.
Given their typical long-tailed nature, we instead
retain only the top 20 most probable tokens per
token, compute the entropy for each, and average
these values across all tokens in a response.

B.3 Fine-tuning Details

Using the reasoning SFT data, we fine-tune the
target LLM with full-parameter training via Lla-
maFactory. We set the training batch size to 32 and
enable LlamaFactory’s built-in packing option to
concatenate shorter samples, with the maximum se-
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Figure 8: Data selection bias and step length distribu-
tions under different splitting methods.

quence length fixed at 32K. Optimization is carried
out using the Adam optimizer with a learning rate
of 5 x 107° for a total of 6 epochs. The learning
rate scheduler is configured as cosine_with_min_lIr,
with a minimum learning rate of 1 x 1075,

C More Analysis Results

In this section, we provide additional analytical
results regarding step length confounding.

C.1 Analysis on More Datasets and Models

In Sec. 2, we analyze the LIMO-v2 dataset us-
ing Owen3-4B-Base as the target LLM, exam-
ining results across four different source LLMs.
In this section, we extend our analysis to the
AceReason-1.1-SFT dataset and combine data from
all source LLMs, evaluating their performance
on two target models: Qwen3-4B-Instruct and
Owen3-8B-Base. The analysis results are shown
in Fig. 7. The experimental results show that, for
both target LLMs, the AceReason-1.1-SFT dataset
exhibits a pronounced difference in step-length dis-
tribution between the selected and unselected sam-
ples. Moreover, the monotonic increasing relation-
ship between each step’s log probability and its
length remains significant, with the probabilities
from Qwen3-8B-Base consistently exceeding those
of Qwen3-4B-Instruct.

C.2 Different Step Splitting Methods

The step-length distribution differences shown in
Fig. 1 are obtained by splitting the responses into
steps using periods and spaces. In the community,
aside from this splitting approach, some studies
adopt \n\n or external tools such as NLTK for
step splitting. Therefore, we also investigate the
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Table 8: Linear regression parameters of all SFT data
on AceReason-1.1-SFT for the two target models.

Target LLM B1 B2 Y €
Owen3-4B-Instruct  0.075  0.952  -0.778  0.022
Qwen3-8B-Base 0.027 0993 -0.660 0.025
06 Qwen3-4B-Base Qwen3-8B-Base
A —— +GRACE —— +GRACE
0.5\ —— + Random 1 —— + Random
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Figure 9: Convergence analysis.

step length-distribution differences under these two
additional step splitting methods. The analysis
results are presented in Fig. 8.

Our experimental results consistently show that,
regardless of the step splitting method used, the
selected versus unselected data still display a clear
difference in step-length distribution. This indi-
cates that the naturalness-based data selection ap-
proach continues to suffer from a step length con-
founding issue. Moreover, splitting sentences using
periods produces the most distinct distribution dif-
ferences compared to other splitting methods. This
leads to another key observation: low-probability
tokens are most prominent at sentence beginnings
when period-based splitting is applied, as opposed
to the first tokens in steps segmented by other meth-
ods.

C.3 Casual Regression Parameters

We apply the causal regression method introduced
in Sec. 3.2 to the AceReason-1.1-SFT dataset,
re-fitting the two target LLMs analyzed previously,
and present the regression parameters in Table 8.
The results show that the -y values remain high, in-
dicating that the step length confounding issue per-
sists. Furthermore, the result 51 < (35 is fully con-
sistent with the conclusions presented in Sec. 4.4.

D More Experimental Results

D.1 Convergence Analysis

In Fig. 9, we present a convergence analysis show-
ing that the GRACE method, i.e., the existing

Table 9: Results of more data selection methods.

Qwen3-4B-Base AIME25 MATHS500
+ Uniform 24.16 73.20

+ High Difficulty 26.66 77.80

+ Low Difficulty 20.83 71.20

+ ASLEC-CASL 30.83 80.00

Table 10: Results on Llama3-3B.

Llama3-3B AIME25 MATHS500
+ GRACE 26.66 76.20
+ ASLEC-CASL 33.33 84.40

naturalness-based approach, consistently converges
to a higher loss compared with our method. This
also demonstrates that our debiasing approach is
able to select data with greater naturalness.

D.2 Comparing More Baselines

We implement a simple heuristic-based selection
method on the same source data as a representa-
tive baseline. The results of this comparison are
presented in Table 9. On the LIMO-v2 dataset, we
compare several baseline selection strategies:

* Uniform: randomly samples 4k reasoning tra-
jectories from the four source LLMs with a
uniform distribution to ensure data diversity;

» High/Low Difficulty: selects 4k of the
longest or shortest reasoning trajectories, re-
spectively, using response length as a proxy
for problem difficulty.

The results consistently demonstrate the superior
effectiveness of our selected data. Moreover, while
more difficult (i.e., longer) examples do yield better
performance for SFT of reasoning models, confirm-
ing that challenging instances are generally more
informative, they still contain a higher proportion
of redundant or noisy reasoning steps compared to
our method. This underscores the advantage of our
approach in not only capturing useful difficulty but
also filtering out superfluous or low-quality reason-
ing content.

D.3 Comparing More Source LLMs

To further assess generalizability, we also train a
non-Qwen model: Llama3-3B, on the data selected
by our method ASLEC-CASL; the results are pre-
sented in Table 10. The results consistently demon-
strate the effectiveness of our proposed method.

18457



