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Abstract

Selecting an appropriate LLM configuration
for a given query is critical, yet existing rout-
ing frameworks operate within a single com-
putational paradigm. To address this gap, we
formalize the Cross-System Routing Problem,
a hierarchical decision-making task that de-
composes routing into intra-regime configura-
tion selection and inter-regime system selection.
Building on this, we propose BiCSRouter, a bi-
level cross-system routing framework that in-
tegrates two orthogonal regimes: intensive rea-
soning via single-agent systems and extensive
collaboration via multi-agent systems. BiC-
SRouter performs policy learning within each
system and employs a lightweight inter-regime
router that selects the optimal regime based
on predicted performance and cost. Experi-
ments on the MBPP and MATH benchmarks
demonstrate that BICSRouter outperforms 15
representative baselines across three types. On
MBPP, compared to the performance ceiling of
GPT-5, BiCSRouter achieves a 46% reduction
in cost with only a 2% drop in accuracy. Fi-
nally, we show that BiICSRouter can extend to
additional regimes, highlighting its generality
as a cross-system routing framework.

1 Introduction

The advent of Large Language Models (LLMs) has
revolutionized artificial intelligence, demonstrat-
ing remarkable capabilities across diverse domains
(Brown et al., 2020), including coding (Chen et al.,
2021), translation (Qin et al., 2025), and mathemat-
ical reasoning (Wei et al., 2022). As the complexity
and diversity of tasks have continued to grow in
recent years, selecting the appropriate LLM for a
given query has become a critical challenge.

To address this, the concept of LLM routing
has emerged. Early research mainly concentrates
on model routing, leveraging simple components
to predict the query difficulty and then selecting
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Figure 1: Cross-system routing between single-agent
and multi-agent systems. Unlike prior routing methods
that operate within a fixed system, BiCSRouter explic-
itly models heterogeneous computational regimes and
selects the optimal system based on predicted utility.

between a large and a small model (Ding et al.,
2024; Ong et al., 2025). Subsequent research shifts
its concern to a multi-choice selection framework
(Feng et al., 2025; Chen et al., 2024c; Zhang et al.,
2025b), which further explores the performance-
cost trade-off across a diverse pool of candidate
models.

Despite these remarkable achievements, exist-
ing routing frameworks still face significant lim-
itations. First, current methods typically restrict
themselves to a single regime, ignoring the orthog-
onality of computational regimes. Single-agent sys-
tems excel in Intensive Reasoning, which main-
tains answer consistency and provides depth for
logic-heavy tasks (Wang et al., 2023, 2024), while
multi-agent systems thrive in Extensive Collabo-
ration, which offers diverse exploration for broad,
creative tasks (Du et al., 2023; Shinn et al., 2023).
Existing intra-regime routers fail to utilize both
advantages simultaneously.

Motivated by the above observations, we ar-
gue that a robust routing system should transcend
model selection and perform Cross-System Rout-
ing. However, training a monolithic policy to mas-
ter different regimes is non-trivial due to their di-
vergent configuration spaces. We posit that ef-
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fective routing requires a hierarchical approach:
optimizing the configuration within each regime
(Intra-Regime) before selecting the optimal sys-
tem between regimes (Inter-Regime). Recent work
by Gao et al. (2025) represents the first attempt
to integrate two systems, demonstrating perfor-
mance improvements via simple routing. However,
their method employs fixed configurations for each
regime and ignores intra-regime optimization, fail-
ing to grasp characteristics that differentiate regime
choice from model selection.

In this paper, we propose BiCSRouter (Bi-Level
Cross-System Router), a novel cross-system
framework designed to bridge the gap between
agent systems with different regimes. We define
a Cross-System Router as a meta-controller that
aggregates optimal configurations from distinct
regimes and selects the most utility-maximizing
system based on query-specific requirements.
To achieve cost-effective routing, BiCSRouter
operates in two orthogonal regimes: a single-agent
regime that prioritizes the reasoning depth of the
flagship model, and a multi-agent regime that
prioritizes collaboration among efficient models.
For precise cost-aware routing, we decouple
the predictions of performance and cost. We
build a configuration-based prediction model for
performance and a cost predictor that simulates
the execution workflow to dynamically estimate re-
source consumption. This allows our BiCSRouter
to achieve an excellent performance-cost balance
and conduct cost-efficient inference via structural
cost prediction.

Our contributions can be summarized as follows:

* We formulate the problem of Cross-System
Routing, strengthening the importance of both
intra-regime routing and inter-regime routing.

* We propose BiCSRouter, a hierarchical frame-
work that unifies intra-regime configuration
selection and inter-regime selection. By in-
tegrating a decoupled performance predictor
with a cost predictor, BiICSRouter achieves ef-
ficient routing with balanced and controllable
inference costs.

» Extensive experiments on public bench-
marks demonstrate that BiCSRouter signif-
icantly outperforms state-of-the-art regime-
specific routers while maintaining a favorable
performance-cost trade-off. Furthermore, we
show that BiCSRouter exhibits robust out-
of-distribution generalization and promising

multi-system extensibility, serving as a flexi-
ble bridge between heterogeneous systems.

2 Related Work

LLM Reasoning Paradigms LLMs continue to
evolve and demonstrate remarkable capabilities in
complex tasks like logical reasoning (Zhang et al.,
2025d) and code generation (Chen et al., 2024a).
To leverage the intrinsic potential of single-agents,
the research community first enhances inference-
time reasoning within individual LLMs, primarily
through algorithmic prompting and structured rea-
soning paradigms such as Chain of Thought (CoT)
(Wei et al., 2022; Kojima et al., 2022) and Tree of
Thoughts (ToT) (Yao et al., 2023), strengthening
the reasoning depth of LLMs. Although these meth-
ods enhance the performance of LLMs in several
domains, their inference chains are restricted and
lack diversity. (Du et al., 2023) and (Li et al., 2023)
first broadened the research focus to multi-agent
systems, following which more static architectures
(Yin et al., 2023; Zhao et al., 2024a) were pro-
posed. Subsequent research, such as GPTSwarm
(Zhuge et al., 2024) and AgentPrune (Zhang et al.,
2025a), concentrates on dynamic optimization of
inter-agent topologies. Nevertheless, recent studies
have revealed critical failure modes of multi-agent
systems including sycophantic behaviors (Fanous
et al., 2025) and conformity during debate (Wynn
et al., 2025). More recent studies delve back into
single-agent systems (Wang et al., 2024), revealing
that advanced single-agent LLMs have mitigated
many limitations that originally motivated multi-
agent systems. All these works remain paradigm-
specific, failing to adaptively leverage the comple-
mentary strengths of both systems.

LLM Routing LLM routing strategies have been
proposed to efficiently balance model performance
and computational cost. Early research turned to
single-agent routing, whose focus has shifted from
simple binary routing (Ding et al., 2024; Ong et al.,
2025; Chen et al., 2024b) to multi-choice selection
frameworks (Feng et al., 2025; Chen et al., 2024c;
Zhang et al., 2025b). Recently, multi-agent routing
was introduced to address inter-agent topological
constraints. DyLan (Liu et al., 2024b) first pro-
posed the mechanism to dynamically select agent
teams and MasRouter (Yue et al., 2025) systemat-
ically defines multi-agent system routing, which
allocates roles and collaboration modes to agents
in multi-agent systems. Moreover, BAMAS (Yang
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et al., 2025) builds multi-agent systems with bud-
get awareness. In parallel, Router-R1 (Zhang et al.,
2025b) explores multi-round aggregation within a
flat model pool, providing an additional perspective
on adaptive routing. All these routing strategies are
constrained within a single paradigm, neglecting
inter-regime differences. Gao et al. (2025) first at-
tempt to integrate both systems, but they lack the
consideration of routing within each system, and
construct a traditional binary router regardless of
system regime and detailed configurations.

Token Length Prediction Predicting the gener-
ated token length of LL.Ms is beneficial to control
computational cost. Early research adopted ma-
chine learning structures like random forest (Cheng
et al., 2024) and deep learning models based on
encoder-only structures (Qiu et al., 2024; Stojkovic
et al., 2025) or decoder-only structures (Zheng
et al., 2023). More recently, OmniRouter (Mei
et al., 2026) applies a bucket-based classification
to estimate the range of token length. Despite their
progress in single-LLLLM scenarios, these methods
lack structural consideration within systems and
cannot be transferred to multi-agent scenarios.

3 Problem Formulation

In this section, we formalize the proposed Cross-
System Routing Problem (CSRP). CSRP formu-
lates routing as a bi-level decision-making task,
consisting of intra-regime routing and inter-regime
routing. In CSRP, we consider multiple computa-
tional regimes, where each regime ¢ corresponds
to a system characterized by a distinct configura-
tion search space );. A configuration c¢; specifies
a concrete system instantiation, including the se-
lected models, the allocation of roles or reasoning
strategies, and the underlying topology.

3.1 Intra-regime Routing

For a given regime ¢, a configuration c; is sampled
from the corresponding subspace:

ey ~ m(-|q; ). (D

Here, m; denotes a regime-specific policy that sam-
ples a configuration from the constrained subspace.

For each regime ¢, we aim to find a policy
7; (+|g; ) that selects the optimal configuration
cj from subspace ;. The objective is to maxi-
mize the expected local utility U as a function of

performance P and cost C"
Ue(ye, c3 9) = Py 9) = AC(ye, ), (2)

c>tk = argmax Engt (g,ct) {Ut(yta Ct; g)} 3)
ct€y

where ¢ denotes the input query, y; denotes the
model output generated under regime ¢ with config-
uration ¢;, g denotes the ground-truth answer used
for evaluation, and G, (q, ¢;) denotes the conditional
generation distribution induced by executing con-
figuration ¢; under regime ¢ for query q.

3.2 Inter-regime Routing

Given the regime-specific configurations {c} }_,
obtained from intra-regime policy learning, the
goal of the inter-regime router is to select the exe-
cution regime that maximizes the expected utility
for each query g. Formally, the router chooses:

Copt = argmax Ut(yt, ¢; ) 4)

ce{c;}l
where 3, denotes the configuration for execution.

4 Methodology

Figure 2 demonstrates an overview of our proposed
framework, BiCSRouter. In BiCSRouter, we con-
sider a system-level decision-making problem be-
tween two orthogonal computational regimes: In-
tensive Reasoning () and Extensive Collaboration
(ec) with search subspaces €);;- and ... We apply
topological constraints to these two subspaces:

* Ensemble Constraint (£2..): Defined as
Mé\é X Tee, Where M. denotes the model
pool, 7. denotes the multi-agent topology
space, and /N denotes the number of agents.
This subspace allows multi-agent topologies
through an inference graph G.. = (V, E).
Each node v; € V represents an agent in-
stance instantiated by a tuple (m;, 7;), where
m; € M, is a selected model and r; denotes
arole selected from the role set R. Edges in
E are determined by the topology 7 € Tee.

* Singleton Constraint (£2;.): Defined as
M X Tip, where T, represents the search
space of reasoning strategies. The inference
graph G;, of this subspace is restricted to a
single-node structure, and only sequential rea-
soning is allowed for the topology to maxi-
mize the inference depth of a single-agent.
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Figure 2: The overall framework of BiCSRouter, which consists of an intra-regime policy learning module for
configuration sampling and an inter-regime utility estimator that selects the regime with the highest expected utility.

The intra-regime learning module samples the
optimal configuration from each regime’s subspace.
Then, the inter-regime module predicts the utility
of both regimes and chooses the regime with higher
expected utility. These two modules are treated as
separate components during training and updated
using different strategies.

4.1 Intra-Regime Structural Policy Learning

To navigate the discrete and combinatorial config-
uration subspace {);, we decompose the sampling
policy m¢(+|g; £2¢) into a hierarchical generative pro-
cess. We apply a modular neural architecture that
sequentially determines agent scale, reasoning strat-
egy, role composition, and model selection under
constraints of each regime.

Given a single text query ¢, we first leverage a
text-encoder like MiniLM (Wang et al., 2020) to
extract the text query’s semantic information f:

f, = Encoderext (). 5)

The interaction topology 7 is formalized as a
semantic matching problem in a latent manifold.
The input feature f; and the available topology set
or reasoning strategy set 7; are projected into a
latent space via a Variational Autoencoder (VAE)
architecture, yielding z, and Z,, respectively. We
then learn the conditional probability:
Zg - Z%

P(r | f;) = Softmax
M

(6)

where z, and Z7, denote latent representations,
and ~; is a temperature parameter controlling the
sharpness of the distribution.

For the Extensive Collaboration regime, roles
are allocated via an autoregressive process:

b, = Linear ([£; b)) )
| h) - 27,
r; ~ Categorical | Softmax Le
72
(®)

where hﬁole denotes the history embedding that
summarizes prior selected roles, Zr. . denotes the
embedding matrix of all roles, [-;-] denotes vec-
tor concatenation, and Categorical(-) denotes sam-
pling from a categorical distribution parameterized
by the given probability vector. The history em-

bedding is updated autoregressively as h =

role
LayerNorm(hEle) + e,,) with the initialization
hggfe = 0, where e, denotes the embedding of the

present selected role embedding obtained from the
embedding matrix Z,,.

We then match LLMs based on all contextual
information: query, interaction topology, and al-
located roles. We create a comprehensive context
vector cf); by encoding concatenated contextual
information, and sample LLMs by:

ec T
chon - L.,

73

m* ~ Categorical | Softmax

18982



where Z 4, represents the embedding matrix of
candidate LLMs for the Extensive Collaboration
regime, and -3 is a temperature hyperparameter.
To optimize the intra-regime policies, we employ
the REINFORCE algorithm, defining the reward
R(c¢) as a trade-off between performance and cost:

R(Ct) = P(Ct) - A C(Ct) (10)

where P(-) is the actual performance and C'(-) de-
notes the actual execution cost, and \ is a trade-off
coefficient. To reduce variance, we utilize a dy-
namic baseline b, tracking the moving average of
rewards. The objective is to minimize the reward
loss:

Lre =— Z (R(ct) — be) log me(celfy) (11)

te{ec,ir}

where, m; represents the joint probability of the
generated configuration sequence.

4.2 Decoupled Utility Estimation for Routing

In the routing task, we propose a dual-head per-
formance estimator to simultaneously predict the
expected utility of both the Intensive Reasoning
(¢r) and Extensive Collaboration (ec) regimes. The
utility Uy is decoupled into two components: per-
formance probability P; and execution cost Cy.

4.2.1 Polarized Performance Prediction

We use a dual-head performance predictor structure
to predict performance P(y|q, ¢;). The predictor
first extracts the intrinsic query difficulty feature
hgpareq Via a shared encoder ®gpre:

(12)

hshared - (I)share<fq)-

Then we predict logits ¢; of each regime through
two independent branches. For each regime ¢ €
{ec,ir}, we construct a composite feature vector
by concatenating the shared difficulty represen-
tation with the regime-specific configuration em-
beddings. The logit ¢; is computed via a regime-
specific Multi-Layer Perceptron (MLP) head:

b=, ([hshared; el); et N(t)]) . (13)

Here, N denotes the number of instantiated agents.
The aggregated embedding €, is computed as
the mean of the embeddings of all selected LLMs.
Both model embeddings e,,, and topology embed-
dings e, are obtained by encoding their textual
descriptions using the text encoder Encoderexy(-).

The predicted performance probability P, is then
computed as P, = o(¢;), where o(-) denotes the
sigmoid function.

To optimize the routing decision boundary while
calibrating the probability distribution, we propose
a hybrid curriculum objective that integrates point
estimation and pair ranking learning. Our training
objective comprises three key components:

1. Binary Cross-Entropy (BCE): Used for fun-
damental probability calibration, ensuring that
predictions approximate the exact outcomes.

Lpce = Y BCE(P,F)  (14)
te{ecir}

2. Uplift Ranking Loss: Inspired by previous re-
search (Burges et al., 2005; Chen et al., 2009),
we utilize a Ranking Loss to directly penalize
incorrect ordering:

Liank = |AP| |m — APsign(AP)
+
(15)
where A P and AP represent the differences
in predicted probabilities and factual out-
comes, respectively, and m is the margin.

3. Entropy Regularization: To prevent mode
collapse and encourage the router to explore
when the difference between regimes is trivial,
we introduce an entropy regularization term.
We first project performance margin into rout-
ing probability p,:

~

pr:U<Pir_Pec) (16)

where o (-) denotes the sigmoid function. The
regularization loss is defined as the negative
binary entropy of this distribution:

Le= Pr IOg(pr)+(1_pr> 10g<1—p,,). (17)

To stabilize training, we employ a curriculum
schedule to dynamically adjust the weights a. In
the early stages, the model focuses on BCE loss
for robust representation learning. Then as training
progresses, the weight shifts towards Ranking Loss
to focus on Decision Boundary Optimization:

Lperf = o Lrank + (1 — o) LBCE + AeLe, (18)

g = Qinit + (Xfinal — Qinit) - = (19)

K
where k is the index of the current training batch
and K is the total number of training batches. aipit
and agp,) denote the initial and final values of «y.
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Table 1: Main Results on MBPP and MATH Benchmarks. We compare BiCSRouter with three groups of
baselines. The Single-Agent group serves as the theoretical bounds. Bold values indicate the best results regardless
of reference bounds. Results marked with * are reported in MasRouter (Yue et al., 2025). Columns Intra and Inter
indicate whether a method performs intra-regime routing or inter-regime routing.

MBPP MATH Routing Capability
Method Backbone Pass@1 (%) Cost Acc.(%) Cost Intra Inter
I. Single-Agent Baselines (Reference Bounds)

. GPT-40 mini 71.40 0.82 63.97 0.17 X X
Chain-of-Thought (CoT)  gpr. 5 9140 287 9171 178 X X
11. Static Multi-Agent Architectures
LLM Debate™ GPT-40 mini 73.60 - 64.68 - X X
MacNet (Complete)™ GPT-40 mini 75.20 - 67.63 - X X
AFlow™ GPT-40 mini 82.20 - 73.35 - X X
I11. Adaptive Routing Methods
RaterLLM LLM Pool 80.20 1.22 69.94 1.10 X v
HybridLLM LLM Pool 69.60 0.06 69.94 0.20 v X
GraphRouter LLM Pool 76.60 0.13 79.00 0.32 v X
Eagle LLM Pool 80.80 3.39 83.82 3.32 v X
RouterDC LLM Pool 82.00 0.54 80.92 1.63 v X
AutoMix LLM Pool 83.60 1.70 75.53 0.85 v X
BAMAS (low) LLM Pool 75.00 1.16 66.34 2.57 v X
BAMAS (high) LLM Pool 75.40 1.77 69.14 3.95 v X
RouteLLM LLM Pool 87.30 0.99 64.55 3.61 v X
MasRouter LLM Pool 84.00 1.63 89.98 1.88 v X
MixLLM LLM Pool 85.00 3.31 84.59 1.58 v X
Router-R1 LLM Pool 85.40 3.78 88.63 3.70 v X
BiCSRouter (Ours) LLM Pool 89.40 1.54 90.37 1.33 v v

4.2.2 Topological Cost Modeling

Accurately estimating the cost of multi-agent sys-
tems is challenging due to the variable length of
model responses and topological dependencies. We
therefore propose a topology-aware token predictor
that simulates the topological flow of the inference
graph, where we model the total cost as the sum-
mation of costs incurred by each agent in the topo-
logical order, combining learnable token prediction
with deterministic cost calculation.

Learnable Output Prediction The output token
length LY s predicted by an MLP " condi-

out,? len
tioned on the agent’s configuration and the cumula-

tive previous output length Ll()tr)evz

m;?

s\ = ofl) (el ef? £y, Lirer )+ (20)
i‘g?tﬂi = Lmin + (Lmax — Lmin)a<5£t)) 21)

where o(-) denotes the sigmoid function. Lyyax
and L,;, are two hyperparameters to control the
prediction range.

Deterministic Input Calculation The input to-

ken length Ll(fl)l is exactly calculated as:

LY, = Loy + Ly + LY

in,t ctx,i

(22)

where Lgys and L, represent the length of the sys-
tem prompt and query g respectively. The accumu-
lated context is determined by the agent interaction
topology and we use the predicted value to simulate
the process:

_ 2: 7 (1)
ctx,i Lout,j

where N, denotes nodes whose outputs are routed
to agent ¢ under specific topology.
Given regime ¢, the predicted cost is derived as:

(23)

|Gt |

¢=> Y 1if)-cpry)

1=1 de{in,out}

(24)

where CPTi(fl)’i and CPTffgt’i represent the exact
input and output cost per token of the LLM as-
signed to the i-th agent. |G;| denotes the execution
turns under inference graph G;. The cost prediction

module is then supervised via mean squared error:

Low = > MSE(C,C,).

te{ir,ec}

(25)

4.3 Training Objective

Following the RCT-based training framework (Hu
etal., 2024), we execute the sampled configurations
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for both regimes to collect factual results. We train
the entire framework end-to-end by jointly opti-
mizing the policy generation and utility estimation.
The total objective function is defined as:

Ltotal = )\re['re + )\perfﬁperf + )\cost'ccost- (26)

Here, hyperparameters Are, Aperf, and Acost bal-
ance policy improvement and estimation accuracy.

S Experiments

5.1 Experimental Setup

Datasets For dataset selection, we use MBPP
(Austin et al.,, 2021) for coding, and MATH
(Hendrycks et al., 2021b) for mathematical rea-
soning. Following Yue et al. (2025), we adopt a
519-problem subset of MATH as the test set. For
out-of-distribution (OOD) evaluation, we test on
GSMBS8K (Cobbe et al., 2021) (356 sampled prob-
lems) and HumanEval (Chen et al., 2021). To show
generality of BICSRouter on natural language tasks,
we further report experimental results on MMLU
(Hendrycks et al., 2021a) and OpenBookQA (Mi-
haylov et al., 2018) in the Appendix E.

Baselines We compare against three baseline
types: (1) Single agents: two representative LLMs
from our pool using CoT reasoning (Wei et al.,
2022); (2) Static multi-agent systems: LLM-
Debate (Du et al., 2023), Mac-Net (Qian et al.,
2025), and AFlow (Zhang et al., 2025c¢), using a
representative LLM from our Extensive Collabo-
ration regime as the backbone; (3) Adaptive rout-
ing: HybridLLM (Ding et al., 2024), GraphRouter
(Feng et al., 2025), Eagle (Zhao et al., 2024b),
RouterDC (Chen et al., 2024c), AutoMix (Aggar-
wal et al., 2024), RouteLLM (Ong et al., 2025),
MixLLM (Wang et al., 2025), Router-R1 (Zhang
et al., 2025b) with LLaMA-3.2-3B-Instruct as the
policy model, BAMAS (Yang et al., 2025) with per-
query budgets of $0.0015 (low) and $0.005 (high),
MasRouter (Yue et al., 2025), and the rating-based
routing method proposed by Gao et al. (2025) with
Gemini 2.5 Flash (Comanici et al., 2025) as the
rater, which we refer to as RaterLLM.

5.2 Performance of BiCSRouter

In this section, we compare BiCSRouter with se-
lected baselines on two benchmarks. Overall, BiC-
SRouter consistently achieves strong performance
across both datasets, demonstrating an effective
balance between performance and inference cost.

Pareto Frontier on MBPP

CoT (GPT-5)
BiCSRouter (A=20) _,_-~~
90.01 BiCSRouter (A=30)
BiCSRouter (A=50) /.
87.51 RoutelLLM V'
1
B Router-R1
I MixLLM, A
85.09 | MasRouter A
BiCSRouter (A=100) A i
/{“7 AAUtoMix
82.51 ‘< AFlow
§ RouterDS‘/
< L Eagle
- 7 RaterLLM
®80.0 -~ A
a .
[}
©
a A
77.57 s
Grathouter‘/
7 BAMAS (high)
’ acNet
75.01 / BAMAS (low), A
/ LLM Debate
/ CoT (GPT-40-mini)
72.59 'h
/ Single-agent baselines
/ Static multi-agent baselines
] ;o Adapti selines
700 AHybridLLM & BiCSRouter (Ours)
—— Pareto frontier
0.1 1.0 10.0

Inference Cost (USD, log scale)

Figure 3: Performance—cost Pareto frontier on MBPP.

Regarding performance, Table 1 shows that
BiCSRouter constructs a robust cross-system ar-
chitecture by jointly leveraging intra-regime and
inter-regime routing. BiCSRouter consistently
outperforms both static multi-agent baselines and
adaptive routing baselines on both datasets. On
the MBPP dataset, BiICSRouter surpasses adap-
tive routing baselines by an average of 8.99% in
Pass@]1. It also outperforms MasRouter by 5.4%
and RaterLLM by 9.2%, which handle only intra-
regime and inter-regime routing respectively.

With respect to the performance—cost trade-off,
Figure 3 shows that BiICSRouter achieves the best
Pareto-optimal performance on the MBPP dataset
among all practical baselines, second only to the
reference-bound GPT-5 CoT. Compared to the
reference-bound setting, BiCSRouter reduces in-
ference cost by 46% with only a 2% decrease in
accuracy on MBPP, and by 25% with only a 1.34%
accuracy decrease on MATH. These results indicate
that BiCSRouter effectively exploits two orthogo-
nal computational regimes and achieves state-of-
the-art balanced performance—cost efficiency.

5.3 Ablation Study

We conduct ablation experiments on BiCSRouter
under four different settings: (1) w/o inter-regime,
where inter-regime routing is disabled and regime
selection is replaced by random routing under the
same regime selection ratio; (2) w/o intra-regime,
where intra-regime routing is disabled by remov-
ing L;e during training; (3) w/o cost predictor,
where only the performance predictor is kept for
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Table 2: Ablation Study on MBPP and MATH.

MBPP MATH

Variant Pass@1 Cost Acc. Cost
BiCSRouter 89.40 1.54 90.37 1.33
Routing Architecture

w/o Inter-Regime 87.00 1.55 88.63 1.51
w/o Intra-Regime 85.60 1.57 86.51 1.14
w/o Cost Predictor 9040 1.86 9249 1.72
Regimes Analysis

Fixed Regime (EC) 83.00 049 88.44 140
Fixed Regime (IR) 9140 2.87 91.71 1.78

(a) Accuracy vs. A (b) Cost vs. A
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Figure 4: Sensitivity of BiCSRouter to the cost-penalty
parameter A on MATH. Cost denotes the inference cost.

inter-regime routing; (4) Fixed Regime, where
only one regime is enabled with intra-regime learn-
ing preserved. As shown in Table 2, removing
inter-regime routing leads to a noticeable perfor-
mance drop accompanied by a slight increase in
cost, indicating that the inter-regime module effec-
tively captures regime heterogeneity and allocates
queries more appropriately. Similarly, disabling
intra-regime routing also degrades performance,
with moderate cost fluctuations, suggesting that
the intra-regime module plays an important role
in organizing model behavior within each regime.
Besides, removing the cost head improves accu-
racy but substantially increases inference cost. For
the fixed-regime ablations, the performance of BiC-
SRouter on both datasets lies between the two fixed-
regime baselines and is closer to the stronger one.
Specifically, BICSRouter achieves a superior per-
formance—cost trade-off, particularly on the MATH
dataset. Both fixed-regime models incur higher
costs than BiCSRouter, demonstrating the effec-
tiveness and efficiency of BiCSRouter.

5.4 Sensitivity Analysis

We analyze the sensitivity of BiCSRouter with re-
spect to the cost-penalty parameter A. We evaluate

Table 3: Multi-system extension of BiCSRouter. BiCS
denotes the original setting with two regimes. Results
are reported on the MATH dataset.

Method #Regimes Accuracy (%) Cost
BiCS(IR + EC) 2 90.37 1.33
BiCS + LR 3 86.71 1.45
BiCS + AC 3 88.63 1.40
BiCS + LR + AC 4 89.60 1.43

model performance on the MATH dataset using
five values of A € {10, 20, 30, 40,50}. For each
setting, we compare BiCSRouter against a random-
routing baseline that preserves the same regime
selection ratio. Additionally, we include the two
fixed-regime results as reference lines in the fig-
ure. As shown in Figure 4, BiCSRouter exhibits a
clear tendency toward more cost-efficient routing
decisions as A increases. BiCSRouter consistently
outperforms random routing in both performance
and cost-effectiveness, demonstrating the robust-
ness of the inter-regime routing mechanism. These
results indicate BiCSRouter reliably balances per-
formance and cost across cost-penalty values.

5.5 Multi-System Extensibility

In this section, we demonstrate that BICSRouter
can be naturally extended to the multi-system set-
ting. We further introduce two additional regimes
to evaluate the scalability of BiCSRouter: (1) an ef-
ficient single-agent regime with only Limited Rea-
soning (LR) capability, and (2) a cost-intensive
multi-agent regime featuring Advanced Collabo-
ration (AC) among flagship models. As shown in
Table 3, we observe that arbitrarily increasing the
number of regimes does not necessarily lead to per-
formance gains. The LR regime was rarely selected
in practice (see Appendix D) and instead interfered
with the model’s ability to discriminate between
the original two regimes. The AC regime failed to
improve the handling of marginal cases by invok-
ing the flagship repeatedly. Overall, expanding the
number of regimes notably increases the difficulty
of learning heterogeneity across regimes and en-
larges the policy search space, which hinders stable
convergence during training. These findings vali-
date the design choice of our bi-level framework.

5.6 Out-of-Distribution Behavior

We trained our models on the MATH and MBPP
datasets and evaluated their out-of-distribution
(OOD) generalization on GSM8K and HumanEval.
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Table 4: OOD generalization results on GSMS8K and
HumanEval. GPT-5 CoT serves as a reference upper
bound and is not included in comparisons.

GSMSK (OOD) HumanEval (OOD)
Method Acc. Cost  Pass@1 Cost
BiCSRouter  95.79 0.42 92.25 0.34
MasRouter 94.62 0.56 89.84 0.36
RaterLLM 94.38 0.43 89.15 0.34
GPT-5 CoT!  96.07 0.45 96.12 0.48
B Intensive Reasoning (IR) Extensive Collaboration (EC)
100
S
% 50 48.6%
'% 33.3% 1 SLE 26.1% 4
2 25
0 MBPP HumanEval (OOD) MATH GSM8K (00D)

Figure 5: Regime selection of BiCSRouter under distri-
bution shift.

We compare BiCSRouter against two representa-
tive adaptive routing baselines, MasRouter and
RaterLLM, and use GPT-5 with Chain-of-Thought
(CoT) as a reference-bound upper baseline.

As shown in Table 4, BiCSRouter consistently
maintains a favorable performance—cost trade-off
under OOD settings. Figure 5 further illustrates
the distribution of regimes selected by BiCSRouter
across different datasets. We observe that when
transferring from the training datasets to relatively
simpler OOD benchmarks, BiCSRouter adaptively
reduces the selection ratio of Intensive Reasoning
regimes, thereby achieving a more efficient balance
between performance and computational cost.

6 Conclusion

In this paper, we formulate the Cross-System
Routing Problem, highlighting the joint role of
intra-regime and inter-regime routing in exploit-
ing complementary strengths of heterogeneous
computation regimes. Building on this, we pro-
pose BiCSRouter, a lightweight router integrat-
ing two orthogonal regimes: Intensive Reasoning
and Extensive Collaboration. By optimizing intra-
regime policies and learning inter-regime hetero-
geneity, BiCSRouter selects optimal model con-
figurations for each query, achieving a favorable
performance—cost trade-off. Our results show that
structured regime selection is effective and scalable
without unnecessary expansion of the search space.
We hope BiCSRouter provides a principled foun-

dation for system-level routing and inspires future
research on efficient multi-system model selection.

Limitations

In our framework, we only consider a single pow-
erful and expensive flagship model for construct-
ing the Intensive Reasoning regime. However,
prior studies suggest that smaller models can also
achieve strong reasoning performance through en-
hanced reasoning strategies or sufficiently consis-
tent and deep system topologies, potentially reduc-
ing costs without sacrificing accuracy. In addition,
our experiments indicate that arbitrarily increasing
the number of regimes does not lead to meaning-
ful performance gains; instead, it amplifies inter-
regime heterogeneity, enlarges the search space,
and makes policy learning more difficult.

Ethical Considerations

While BiCSRouter improves performance—cost ef-
ficiency, it may inherit and propagate biases from
the underlying LLMs through its routing decisions.
In particular, the inter-regime router may system-
atically favor certain systems under specific query
distributions, potentially amplifying biased behav-
iors. In addition, improved efficiency may lower
the barrier to large-scale deployment, which could
increase the risk of misuse in downstream applica-
tions. We encourage careful evaluation and respon-
sible deployment.
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A Implementation Details

In our experiments, we set the learning rate to 0.001
and the temperature to 1. The initial value of the
loss weight aipit is set to 0.7, and the final value
Qfinal 18 set to 0.3. The regime-specific baseline b;

is initialized to 0.5. For the trade-off parameters,
we set e, Are, Aperf, and Acost to 0.01, 0.5, 10,
and 3, respectively. We empirically set Lyj, and
Linax to 50 and 500. For the Extensive Collabora-
tion regime and all adaptive routing baselines, the
number of agents was fixed to 4. Since the static
multi-agent baselines are limited to a GPT-40 mini
backbone, we report the 6-agent results from (Yue
et al., 2025) with the same dataset split as reference
and do not compare costs. We used a random seed
of 42 to split the training and validation set in a
9:1 ratio, and trained the models for up to 5 epochs
with early stopping. For the cost-penalty coeffi-
cient \, we explored the range {10, 20, 30, 40, 50}.
For the Intensive Reasoning regime, we selected
10 (input and output) and CoT as candidate rea-
soning strategies. For the Extensive Collaboration
regime, we considered 10, Chain, Complete Graph,
and Debate as candidate topologies. The role pool
was constructed by referencing the role prompts
provided by Yue et al. (2025).

B LLM Pool

We set up two LLLM pools for the Intensive Reason-
ing regime and the Extensive Collaboration regime.
For the Intensive Reasoning regime, to reflect the
advantages of the latest single-agent in terms of
reasoning depth, we used GPT-5 (OpenAl, 2025)
as the backbone. For the Extensive Collaboration
regime, to leverage the efficient collaboration of the
multi-agent system, we used GPT-40 mini (Ope-
nAl, 2024), Gemini 2.5 Flash-lite (Comanici et al.,
2025), and DeepSeek-V3.1 (Liu et al., 2024a) as
the candidate LLLM pool. For routers that require
two LLMs (e.g., AutoMix and RouteLLM), we uni-
formly use GPT-40 mini as the small model and
GPT-5 as the large model in our implementation to
ensure fair comparisons.

C Inference Workflow

We present the complete inference workflow of
BiCSRouter in Algorithm 1.

D Detailed Regime Selection Distribution

Complementing the discussion in Section 5.5 con-
cerning Multi-System Extensibility, we provide a
detailed breakdown of the regime selection ratios in
Figure 6. While our framework progressively inte-
grates the additional regimes into its decision space,
the empirical distribution reveals significant ineffi-
ciencies in their utilization. As shown in the figure,
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Algorithm 1 BiCSRouter Inference Workflow

Input: Query g, Subspaces 2, Qec, Policies iy, Tec.
Neural Modules: Shared Encoder ®gae, Prediction
Heads ®head, Length Predictor ®jeq.

Output: Final Response y.

// Phase 1: Semantic Encoding

fq < TextEncoder(q)

// Phase 2: Intra-Regime Configuration Sampling
Cir ~ Tir(+| fq; Qir) ; // Routing within ir regime
Cee ~ Tec(*| fq; Qec) 3 // Routing within ec regime
// Phase 3: Decoupled Utility Estimation

// 1. Dual-Head Performance Prediction
hshared — (I)share(fq) 5

(pira pec) — (I)head(hsharem Cir, cec) 5

// 2. Topology-Aware Cost Estimation

foreach ¢ € {ir,ec} do

Initialize total cost C’t < 0 ;// Simulate inference
foreach node i in TopoSort(c:) do

Lex < X jeninciy Loy 3 // Eq.(23)
LY Las+ Lg + Lo ; /7 Eq.(22)
L&) @0 (co, £, LYS) /7 Ea.20, 21)
Ci + Gy + (LYCPTu; + LiICPTows:)
/7 Eq.(24)
[ Ut — Pt - )\ . ét

// Eq.(12)
// Eq.(13)

// Phase 4: Routing and Execution
if U.c > U;, then

| ¢« ec; G <« ConstructGraph(ce.)
else

| t"«ir; G < ConstructGraph(c;,)
y < ExecuteGraph(G,q) ; // Execution
return y

the Limited Reasoning regime is selected with neg-
ligible frequency (approximately 2.7% — 3.9%),
indicating that it lacks sufficient complementarity
with the existing regimes to be prioritized by the
router. Furthermore, the Advanced Collaboration
regime tends to cannibalize the selection of the
Intensive Reasoning regime rather than reducing
the reliance on the costly Extensive Collaboration
regime.

E Extended Evaluation on Natural
Language Understanding Tasks

To further validate the scalability and generaliza-
tion ability of BiCSRouter, we extend our eval-
uation to natural language understanding tasks
beyond the reasoning-intensive benchmarks pre-
sented in the main paper.

While the primary experiments focus on cod-
ing and mathematical reasoning tasks (MBPP and
MATH), we expand the evaluation along two di-
mensions. First, for cross-domain scale expansion,
we evaluate on MMLU (Hendrycks et al., 2021a), a
comprehensive benchmark spanning 57 academic

BiCS (Original) BiCS + LR
68.2% SE.SL
31.8%
39.5%
BiCS + AC BiCS + LR + AC
21.6% 14.8%
23.5% 21.4%
54.9% 61.1%

IR: Intensive Reasoning
EC: Extensive Collaboration

LR: Limited Reasoning
AC: Advanced Collaboration

Figure 6: Regime Selection Ratios across Multi-System
Settings.

Table 5: Results on MMLU and OpenBookQA. Bold
values denote the best performance, while underlined
values indicate the second-best performance.

MMLU OpenBookQA
Model Acc. (%) Cost ($)  Acc. (%) Cost ($)
BAMAS (low) 85.83 5.51 94.00 4.33
BAMAS (high) 86.41 5.54 96.00 4.32
MasRouter 86.87 2.81 95.20 0.85
MixLLM 87.07 5.07 90.60 1.27
Eagle 87.72 6.53 95.00 1.21
BiCSRouter (Ours) 87.33 2.29 96.00 0.96

disciplines, including humanities, social sciences,
and STEM fields. To ensure representative cover-
age while maintaining computational feasibility,
we sample approximately 1,500 instances from
the official validation split. Second, for task type
expansion, we include OpenBookQA (Mihaylov
et al., 2018), a widely used question-answering
benchmark that emphasizes commonsense reason-
ing and the integration of external knowledge. Eval-
uation is conducted on the complete 500-example
test set.

We compare BiCSRouter against several repre-
sentative adaptive routing methods, including Mas-
Router, BAMAS, MixLLM, and Eagle. These ap-
proaches provide strong and diverse references for
evaluating routing effectiveness across different
task distributions.

Table 5 presents the performance and inference
cost on MMLU and OpenBookQA. The results
show that BiCSRouter achieves competitive accu-
racy across both benchmarks while maintaining
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a clear advantage in inference cost compared to
most baselines. Although it does not consistently
achieve the highest accuracy, it demonstrates a fa-
vorable performance—cost trade-off. In particular,
BiCSRouter achieves strong performance on Open-
BookQA and competitive results on MMLU with
substantially lower cost than several representative
routing approaches. These findings indicate that
the routing strategy remains stable and effective
across diverse task distributions. Therefore, BiC-
SRouter is not limited to mathematical and code
reasoning tasks but also generalizes well to broader
natural language understanding scenarios, support-
ing the scalability and robustness of the proposed
framework.

F Dataset Statistics

This section presents detailed statistics of the
datasets used in our experiments, as summarized in
Table 6. For MATH, we construct a subset by ran-
domly sampling approximately 10% of the original
test split using a fixed random seed of 42, while
preserving the original difficulty-level distribution
across categories. For GSMS8K, we randomly sam-
ple 30% of the dataset using the same fixed ran-
dom seed. For MMLU, we utilize the dev split for
training, which contains 285 questions spanning 57
academic subjects, and evaluate on the validation
split. For OpenBookQA, we select the first 300
samples from the official training set for training
and evaluate on the standard test set.

Table 6: Dataset Statistics. We use subsets of MATH
and MBPP for training and validation, while GSM8K
and HumanEval are employed as out-of-distribution
(O0OD) evaluation benchmarks.

Dataset Train Val  Test
MATH (Subset) 688 77 519
MBPP 336 38 500
MMLU (Deyv, Validation) 257 28 1,531
OpenBookQA 270 30 500
Out-of-Distribution Evaluation

GSMSK (Subset) - - 356
HumanEval - - 129

G Intra-Regime Reinforcement Learning
Details

To improve reproducibility, we provide implemen-
tation details of the intra-regime reinforcement
learning optimization, including hyperparameters,
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Figure 7: Reward loss over 80 training batches.

variance reduction techniques, and convergence
diagnostics.

Hyperparameters. We employ the Adam opti-
mizer with an initial learning rate of 1 x 10~ and
a batch size of 32. A StepLR scheduler is adopted,
decaying the learning rate every two epochs with
a decay factor of 0.8. No warmup or additional
scheduling strategies are used.

Variance Reduction. To reduce gradient vari-
ance, we employ an exponential moving average
baseline. The baseline b, in Equation (11) is up-
dated as:

bt+1 +~— 0.9 bt + 0.1 avg(R(ct)), (27)

where R(c;) is the reward defined in Equation (10)
as a weighted combination of performance and cost,
and avg(R(c:)) denotes the average reward within
the current batch.

Convergence Diagnostics. To verify training sta-
bility, we plot the reward loss over 80 batches dur-
ing training on MBPP dataset as shown in Figure 7.

H Case Study

In this section, we examine the behavior of inter-
regime routing on the MATH dataset under three
representative scenarios. (1) Reasoning Require-
ment. The Intensive Reasoning regime produces
a correct answer, whereas the Extensive Collabo-
ration regime fails. In this case, the router should
identify the inferior performance of the Extensive
Collaboration regime and select the Intensive Rea-
soning regime. (2) Cost Efficiency. Both regimes
generate correct answers. The router is expected
to select the regime with lower computational cost
based on cost prediction. (3) Marginal Cases. The
Extensive Collaboration regime leverages collabo-
ration among smaller models to produce an answer
that outperforms the flagship model used in the
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Table 7: Case Study of Inter-Regime Router Decisions. We compare the Intensive Reasoning (IR) and Extensive
Collaboration (EC) regimes. The Router Decision column visualizes the actual selection process. The symbols

v and X denote the optimal and suboptimal selections, respectively.

Problem Specification (Type & Level) IR (Acc | Cost)

EC (Acc | Cost)

Router Decision

Case 1: Reasoning Requirement (IR Correct, EC Incorrect)

IR/
Precalculus (L3): A 135° rotation around the ori- 1.0 | $0.0028 0.0 | $0.0017 a7
gin is applied to V2 — 5\/51'. What is the resulting -5 EC X
complex number?
IR/
Precalculus (L2): Solve cos3xz = 1for0 < z < 1.0 | $0.0048 0.0 | $0.0018 a7
27. Enter all the solutions, separated by commas. -1 EC X
Case 2: Cost Efficiency (Both Correct, Router selects cheaper)
. . IR/
Prealgebra (L5): What is the reciprocal of 1.0 | $0.0019 1.0 | $0.0020 a7
0.714285? Express your answer as a decimal. - EC X
IR X
Precalculus (L5): Let 0 be an acute angle such that 1.0 | $0.0028 1.0 | $0.0019 \ZY
sin 50 = sin® 6. Compute tan 20. - EC v/
Case 3: Marginal Cases (EC Correct, IR Incorrect)
. 4 R IR X
Int. Algebra (L4): Find a + b 4 csuch that z* + 0.0 | $0.0044 1.0 | $0.0030 \2Y
ax® + ... are both squares of polynomials. L AN ECv
IR X
Precalculus (L5): Solve equation arctanz + 0.0 | $0.0019 1.0 | $0.0010 \2/
arccos —=— = ... for (a, b, c). - EC v/
V1+y?

Intensive Reasoning regime. In this scenario, the
router should favor the Extensive Collaboration
regime.

Table 7 presents two representative examples for
each scenario, illustrating the decision-making be-
havior of the proposed inter-regime routing mecha-
nism.
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