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Abstract

Reinforcement Learning with Verifiable Re-
wards (RLVR) has shown significant promise
for enhancing the reasoning capabilities of
large language models (LLMs). However, pre-
vailing algorithms like GRPO broadcast a uni-
form advantage signal across all tokens in a
sequence. This coarse-grained approach over-
looks the pivotal role of uncertain, high-stakes
decisions during reasoning, leading to inef-
ficient exploration and the well-documented
problem of entropy collapse. To address this,
we introduce UnCertainty-aware Advantage
Shaping (UCAS), a model-free method that
refines credit assignment by leveraging the
model’s internal uncertainty signals. UCAS
operates in two stages: it first modulates the
response-level advantage using a logit-space
self-confidence proxy, and then applies an
asymmetric token-level penalty based on raw
logit certainty. This dual mechanism encour-
ages exploration of high-uncertainty paths that
yield correct answers while penalizing overcon-
fident yet erroneous reasoning, effectively bal-
ancing the exploration-exploitation trade-off.
Extensive experiments on five mathematical
reasoning benchmarks show that UCAS sig-
nificantly outperforms strong RLVR baselines
across multiple model scales, including 1.5B
and 7B. Our analysis confirms that UCAS not
only achieves higher rewards but also promotes
greater reasoning diversity and successfully
mitigates entropy collapse. Code is available at
https://github.com/xvolcano@2/UCAS.

1 Introduction

Reinforcement learning (RL) has recently become
a cornerstone for enhancing the complex reasoning
abilities of Large Language Models (LLMs), mov-
ing beyond simple pattern matching toward more
robust problem-solving. Among the various RL
approaches, Reinforcement Learning with Verifi-
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able Rewards (RLVR) has proven particularly ef-
fective. In this paradigm, a policy model explores
a vast solution space and receives feedback from
verifiable signals, such as the correctness of a fi-
nal answer in mathematical reasoning. This direct
feedback loop has enabled policy optimization al-
gorithms like Group Relative Policy Optimization
(GRPO) (Shao et al., 2024) to achieve substantial
performance gains, powering state-of-the-art sys-
tems such as DeepSeek-R1 (Guo et al., 2025).
However, the success of RLVR reveals a criti-
cal underlying tension: the trade-off between pre-
cision and diversity. While methods like GRPO
excel at increasing the probability of generating
correct answers, they often do so at the cost of ex-
ploration. Due to the absence of a critic model,
the learning signal in GRPO, which applies a sin-
gle uniform advantage across all tokens, provides
an indiscriminate and overly coarse form of credit
assignment. It rewards all steps of a correct path
equally and penalizes all steps of an incorrect one,
failing to distinguish crucial reasoning leaps from
trivial ones. This coarse-grained feedback drives
the policy to converge prematurely on a small set
of "safe" high-reward trajectories. A common side
effect is entropy collapse (Cui et al., 2025b), where
the output distribution contracts, reducing solution
diversity and impairing performance on complex
problems that demand novel reasoning strategies.
Previous studies (Wang et al., 2023; Lightman
et al., 2024; Chen et al.,, 2024; Zhang et al.,
2024; Sun et al., 2025a) have attempted to em-
ploy process-level reward models to deliver more
fine-grained signals. However, as DeepSeek (Guo
et al., 2025) points out, training fine-grained re-
ward models is costly, difficult to scale, limited in
its ability to provide accurate signals, and vulnera-
ble to reward hacking. Some recent efforts (Chen
et al., 2025; Cheng et al., 2025; Wang et al., 2025a)
have tried to incorporate entropy-based feedback to
enhance advantages, such as integrating semantic
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entropy or policy entropy related to the response
into advantage calculations. Yet, most studies ei-
ther pursue low entropy to improve accuracy or
encourage high entropy to maintain exploration,
lacking fine-grained modeling of the relationship
between responses and their policy entropy.

To address the above challenges, we propose an
UnCertainty-aware Advantage Shaping (UCAS), a
model-free method that refines credit assignment
in RLVR by leveraging the model’s intrinsic un-
certainty. UCAS is designed to resolve the pre-
cision—diversity dilemma by reshaping the advan-
tage signal at two complementary levels. At the
response level, UCAS modulates the sequence-
level advantage using a logit-space self-confidence
proxy, amplifying rewards for correct-but-uncertain
responses and penalties for incorrect-but-confident
ones. At the token level, it further introduces
an asymmetric certainty-based penalty derived di-
rectly from raw logits, suppressing overconfident
errors while safeguarding positive reasoning trajec-
tories from negative token-level updates. Collec-
tively, these mechanisms promote exploration of
uncertain but potentially fruitful reasoning paths,
while efficiently suppressing confidently wrong so-
lutions. Extensive experiments on five mathemati-
cal reasoning benchmarks demonstrate that UCAS
consistently outperforms strong RLVR baselines at
both the 1.5B and 7B model scales. Beyond reward
improvements, UCAS fosters greater reasoning di-
versity and substantially mitigates entropy collapse,
confirming the effectiveness of uncertainty as a
fine-grained learning signal.

Our contributions can be summarized as follows:

* We propose UCAS, an extra-model-free fine-
grained advantage shaping mechanism based
on internal confidence signals, which per-
forms uncertainty-aware advantage adjust-
ment at both response and token levels.

* We provide a novel mechanism to adaptively
calibrate advantages based on uncertainty, en-
abling steady reward gains, longer reasoning
chains, and entropy recovery, thus prevent-
ing entropy collapse in RLVR and improving
reasoning accuracy.

» Extensive experiments on multiple mathemat-
ical reasoning benchmarks demonstrate that
UCAS significantly improves model reason-
ing performance, validating its effectiveness

in enhancing exploration diversity and opti-
mization outcomes.

2 Background: Reinforcement Learning
with Verifiable Rewards

In the training of large language models, early
mainstream reinforcement learning alignment
methods primarily relied on PPO. By introducing
a clipping ratio into the objective function, PPO
stabilizes training by constraining the magnitude
of policy updates. This method has been widely
adopted in Reinforcement Learning from Human
Feedback (RLHF), where reward models provide
preference-based scores to gradually shape model
behavior. However, PPO exhibits key limitations:
it depends on critic-based value estimation and re-
quires large-scale preference annotation, both of
which are costly and prone to noise accumulation.

To overcome these limitations, recent research
has introduced RLVR. RLVR converts open-ended
outputs into programmatically checkable signals,
such as numerical consistency in mathematics, unit-
test pass rates in code generation, or formal con-
straint satisfaction (Su et al., 2025; Wang et al.,
2025b; Lin et al., 2026; Li et al., 2026; Jiang
et al., 2026), thereby avoiding the noise and cost
of preference models. By forming a closed loop of
model-environment—verifier, RLVR enables poli-
cies to be updated directly from binary or graded
correctness signals, improving both sample effi-
ciency and reproducibility in structured reasoning
tasks.

In the concrete implementation of RLVR, GRPO
(Shao et al., 2024) emerges as a representative al-
gorithm. Unlike PPO, which relies on critic-based
value estimation, GRPO computes advantages by
normalizing group-level verifiable rewards and up-
dates the policy directly.

Formally, the objective is given by:
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denotes the probability ratio between the new and
old policies for token o; ;, and the advantage A; ;
is estimated from group rewards as:

R; — u(R)

A=
P (Rt e

3)
with R; the cumulative verifiable reward of tra-
jectory o;, (R) and o(R) the mean and standard
deviation across the sampled group, and € a small
constant for numerical stability.

By eliminating dependency on value models and
instead exploiting group-normalized verifiable re-
wards, GRPO achieves stable and cost-efficient
training.

Building on GRPO, Decouple Clip and Dynamic
Sampling Policy Optimization (DAPO) (Yu et al.,
2025) is proposed to further improve stability and
exploration. DAPO integrates four key techniques:
Clip-Higher, Dynamic Sampling, Token-Level Pol-
icy Gradient Loss, and Overlong Reward Shap-
ing. Similar to GRPO, DAPO samples multiple
responses per prompt and optimizes the following
objective:

G ol

min <r§ (0) Al clip(ri(0), clip_range)/li)

Ipapo () =E (ga)~p

{0i}~mo 1y

s.t. 0 < |{i | is_equiv(o’,a)}| < G
C))
where €10y and epign denote the lower and up-
per bounds of the clipping range. Compared to
GRPO, DAPO explicitly decouples the clipping
bounds, incorporates adaptive sampling strategies,
thereby alleviating entropy collapse and improving
the generalizability of RLVR-trained models.

3 Method

To address the coarse credit assignment problem
in RLVR, we introduce Uncertainty-aware Ad-
vantage Shaping (UCAS), a method designed to
replace the blunt instrument of uniform advantage
with a more nuanced, two-stage mechanism. The
central idea is to reshape the learning signal by
considering uncertainty at two distinct granular-
ities: the entire reasoning path (response-level)
and the individual generative steps within it (token-
level). This hierarchical approach first sets a strate-
gic learning objective by evaluating the value of

the overall trajectory, and then locally refines the
policy update to encourage robust exploration and
prevent the premature convergence that leads to
entropy collapse.

3.1 Uncertainty Signals: From Confidence to
Logits

To perform this hierarchical shaping, UCAS re-
quires signals that capture the model’s epistemic
state at both macro and micro levels. We extract
these directly from the model’s intrinsic generative
process, avoiding the need for auxiliary networks.

Response-Level Confidence. For a high-level
assessment of a full reasoning trajectory, we use a
logit-space self-confidence score. Let ¢; ; ,, denote
the pre-softmax logit of vocabulary item v € V at
step t for response o;, and define the token-level
confidence as

Cir = LSE(¢ 5 Z s ()
| ‘ veEV
where LSE(/; ;) = log >~y exp(€;s,»). We then

define sequence-level confidence as

|oi ]
‘ Zczt

This formulation avoids probablhty—space instabil-
ity when token probabilities approach zero. As
we show in Appendix C, C;; is equivalent to
KLUWV) || pry(- | g,0i,<t)) +1og|V|, so larger
values of C(0;|q) indicate higher overall confidence
and lower uncertainty. In contrast, when we discuss
entropy collapse later in the paper, we use entropy
or KL(p || U) as a macro-level diagnostic of distri-
butional concentration. The two directions there-
fore play complementary roles: KL(U || p) serves
as the training-time modulation signal, whereas
KL(p || U) characterizes the collapse outcome.

C(oilq) : (6)

Token-Level Certainty. While self-confidence
is effective at the sequence level, it is derived from
post-softmax probabilities, which can suffer from
poor calibration (Liu et al., 2025a; Ma et al., 2025).
This can cause the model to appear equally confi-
dent in different choices, masking subtle but impor-
tant variations in uncertainty. To capture a more
direct and sensitive signal at the token level, we use
the model’s raw logit value for the chosen token
0;+ as a proxy for certainty. Let ¢;; be the logit
corresponding to token o; ; at step ¢. A higher logit
value indicates greater model certainty in its choice,
prior to softmax normalization.
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Figure 1: Overview of the UCAS Advantage Shaping Mechanism. UCAS refines the uniform GRPO advantage
through a two-stage process. Stage 1 (Macro-level): It applies Response-Level Modulation using the trajectory’s
overall self-confidence to determine its strategic value for exploration vs. exploitation. Stage 2 (Micro-level): It
introduces a Token-Level Certainty Penalty using raw logits to discourage local overconfidence. The final shaped

advantage AYSAS

3.2 UCAS: Two-Stage Advantage Shaping

Given a group of G responses {01, ...,05} to a
prompt g, UCAS reshapes the original GRPO ad-
vantage A; into a fine-grained, token-specific ad-
vantage /IEEAS. This process unfolds in two com-
plementary stages.

Stage 1: Response-Level Advantage Modulation.
This stage adjusts the advantage for an entire re-
sponse to encourage exploration of novel correct
paths and suppress confident, well-trodden incor-
rect paths. First, we compute the self-confidence
C(o;|q) for each response o; in the group. To assess
confidence relative to other responses in the same
group, we apply z-score normalization:

¢ Cloila) — e
! oc + €

(N

where ¢ and o¢ are the mean and standard devi-
ation of confidence scores across the group. This
standardization makes the modulation weights com-
parable within each prompt group and reduces de-
pendence on model-specific raw logit scales.

We then compute a modulation weight W (C;)
based on the sign of the original advantage A;,
which directly encodes the correctness of the an-
swer. Theoretically, we select an exponential form
to act as a non-linear filter. This addresses the com-
pressed variance often found in group-normalized
scores, where linear rescaling fails to sufficiently
distinguish “novel” exploration from “routine” ex-
ploitation. More theoretical explanation can be

guides a more nuanced policy update.

found in Appendix C.

W(C;) =

- if A; <0 (Incorrect)

(®)
where @ > 0 is a hyperparameter controlling the
shaping intensity. This formulation ensures that
for correct responses, lower confidence (negative
C;) results in a larger weight, amplifying the re-
ward. For incorrect responses, higher confidence
(positive C;) results in a larger weight, amplifying
the penalty. The resulting modulated advantage is
Amod — T (C,) - A;.

exp(—a-C;) if A; >0 (Correct)
exp(a - G;)

Stage 2: Token-Level Certainty Penalty.
Response-level modulation sets a global learning
objective for each trajectory, but this modulated
advantage, A?“’d, is still a uniform signal broadcast
to all tokens within that sequence. This alone is
insufficient to prevent the model from developing
localized overconfidence—a key driver of entropy
collapse. The second stage therefore introduces
a token-specific penalty to directly address this.
The penalty is applied asymmetrically: it strongly
suppresses locally overconfident tokens on unfa-
vorable trajectories, while positive trajectories are
protected from being flipped into negative token-
level updates.

We use the raw logit /; ; as our certainty mea-
sure and apply Min-Max normalization within each
sequence to create a standardized penalty score
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A value of fi,t close to 1 indicates high relative
certainty for that token choice. This penalty acts as
a regularizer, complementing the directional guid-
ance from Stage 1.

Final Advantage Shaping Formula. By com-
bining these two stages, UCAS creates a composite
advantage signal that is both globally informed and
locally sensitive. The final shaped advantage for
each token is:

{max((), Amod _ g7y, Amed >
Amod _ 3, Amed <

(10)
where 3 > 0 is a hyperparameter controlling the
penalty strength. When fl?‘"d > 0, the clamp
prevents correct trajectories from receiving neg-
ative token-level advantages. When A?"d < 0,
the penalty further suppresses high-certainty errors,
assigning stronger negative updates to confidently
wrong transitions. This asymmetric structure steers
the model toward novel correct solutions while dis-
couraging localized overconfidence, thereby miti-
gating entropy collapse and fostering more robust
problem-solving abilities. This final advantage
term then replaces the original advantage in the
RL objective:

AUCAS __
A

[ 1

G
Zj:l |0j]
G loil

Z Z min (ri(@)flgtCAS,

=1 t=1

Jucas(0) =E  (ga)~p

{Oi}iGzl ~T0o1d

cliP(T}f(@), 1— €ow, 1+ 6high)AEtCAS>]

s.t. 0 < |{i | is_equiv(o’,a)}| < G
Y
The complete implementation process of UCAS is
shown in Algorithm 1.

4 Experiments

4.1 Experimental Setup

Models and Baselines. We employ two variants
of the Qwen2.5-Math (Yang et al., 2024) series
as our foundation models: Qwen2.5-Math-1.5B
and Qwen2.5-Math-7B. To quantify the perfor-
mance improvement introduced by our method,

Algorithm 1 Uncertainty-aware Advantage Shap-

ing (UCAS)

Input:
A group of G responses {0;}&; ~ mp;
Rule-based rewards {R;}% ;
Hyperparameters «, 3.

1: Compute group advantages {Az}f’;l

2: Compute self-confidence {C(0i|q)}% ;.
3: Normalize confidences to get {C;}& ;.
4: fori=1to G do

5: Stage 1: Response Modulation

6: Calc W (C;) via Eq. 8.

7 A?Od — W(él) : Al

8: Stage 2: Token Certainty Penalty
9: Get logits {/; +} for tokens in o;.
10: Normalize logits to get {é,t}
11: for t = 1to |o;| do
12: if Am°d > 0 then
13: flgtCAS + max(0, A?Od - 8- ézt)
14: else
15 AVCAS ( jmed g7,
16: end if
17: end for
18: end for

Output: Token-level advantages {fl}ftCAS}.

we compare against two widely used RLVR base-
lines, GRPO and DAPO. In addition, we bench-
mark against several representative recent methods
in math reasoning and RLVR, including Simple-
RL-Zoo (Zeng et al., 2025), PRIME-Zero (Cui
et al., 2025a), OpenReasonerZero (Hu et al., 2025),
Oat-Zero (Liu et al., 2025b), GRPO with Entropy
Adv. (Cheng et al., 2025), and KTAE (Sun et al.,
2025b). Detailed descriptions of the baselines are
provided in Appendix A.1.

Training Data and Benchmarks. During the
training phase, we utilize the widely-used MATH
dataset as our training set. To maintain consistency
with prior research, we only use the more challeng-
ing subset of this dataset for training, specifically
problems from levels 3 to 5. To comprehensively
evaluate the reasoning capabilities of the model
trained with our method, we select five widely rec-
ognized benchmarks in the mathematical reason-
ing domain for testing: AIME24 (LI et al., 2024),
MATH-500 (Hendrycks et al., 2021), AMC (LI
et al., 2024), Minerva (Lewkowycz et al., 2022),
and OlympiadBench (Huang et al., 2024), which
collectively contain 1,560 problems.
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4.2 Main Results

The greedy pass@1 performance comparison be-
tween 1.5B and 7B models across five mathemati-
cal reasoning benchmarks is presented in Table 1.
We can clearly find that the UCAS model achieved
the highest performance across all five math rea-
soning benchmarks on both the 1.5B and 7B pa-
rameter scales. Compared with the DAPO baseline,
UCAS improves the average accuracy from 41.2
to 47.3 (+6.1) on Qwen2.5-Math-1.5B and from
50.5 to0 56.7 (+6.2) on Qwen2.5-Math-7B. Beyond
DAPO, UCAS also surpasses strong baselines such
as KTAE and Oat-Zero, with pronounced gains on
challenging benchmarks including AIME24, AMC,
and OlympiadBench. These results highlight the
robustness and scalability of uncertainty-aware ad-
vantage shaping, demonstrating consistent benefits
across model sizes and diverse reasoning tasks. Ad-
ditional four-seed results in Appendix B.4 show
that these gains are stable and not driven by a sin-
gle favorable run.

4.3 Analysis

Ablation Study. The ablation comparison be-
tween response-level and token-level uncertainty
modeling is presented in Table 2. We can clearly
observe that both response-level and token-level
uncertainty bring consistent gains over the DAPO
baseline. Compared with the model trained with
DAPO, incorporating response-level confidence in-
creases the average score on Qwen2.5-Math-1.5B
from 41.2 to 44.7 (+3.5%), while token-level uncer-
tainty further raises it to 45.1 (+3.9%). A similar
trend holds on the 7B model, where both variants
surpass the DAPO baseline. Their integration in
UCAS achieves the best performance, confirming
that both signals are individually useful and jointly
necessary.

Hyperparameter Sensitivity. We evaluate the
robustness of UCAS by varying the response-level
modulation « and token-level penalty 5 on the
Math-500 benchmark (Table 3). This stability is
supported by strict normalization throughout the
method: group advantages and response-level con-
fidence are z-score normalized, while token logits
are min—-max normalized to [0,1]. A moderate
penalty (8 = 0.01) yields optimal performance.
Lower values (0.005) fail to sufficiently counter-
act entropy collapse, while excessive penalization
(8 > 0.05) over-regularizes the policy. This sug-
gests that high ( artificially flattens the distribution

even for necessary, high-certainty steps, hindering
coherent reasoning chains. The method exhibits
stability within o € [0.1,0.2]. However, aggres-
sive modulation (o« = 0.4) causes a performance
drop. This implies a "signal dominance" issue:
overly strong confidence scaling overshadows the
fundamental correctness signal, introducing vari-
ance that distracts from the primary objective of
mathematical accuracy. Notably, the same («, [3)
setting also transfers effectively across the 1.5B and
7B models in Table 1, indicating limited sensitivity
to moderate model-scale variation.

Training Dynamics. The training process high-
lights several key performance trends, as shown
in Figure 2. Compared to vanilla GRPO, UCAS
demonstrates a consistent increase in the inference
reward on the MATHS00 benchmark. Regarding
the average response length, the inclusion of UCAS
enables the model to generate longer reasoning
chains, reflecting more comprehensive problem-
solving (Guo et al., 2025; Cheng et al., 2025), while
simultaneously improving accuracy. For genera-
tion entropy, UCAS shows an early decline but
later recovers and stabilizes at a higher level, ef-
fectively avoiding the entropy collapse reported in
prior work (Cui et al., 2025b). Notably, the model’s
reward continues to rise even as the entropy in-
creases, which indicates a stable and effective train-
ing dynamic where exploration and optimization
are well-balanced.

Pass@k Evaluation. Prior studies (Wang et al.,
2022; Wu et al., 2024) have shown that with a
limited number of rollouts, models often struggle
to solve certain tasks. In contrast, when the roll-
out budget is sufficiently large, the probability of
sampling effective solutions increases considerably.
This observation suggests that pass@k accuracy
with a large k provides a more reliable estimate
of a model’s potential performance (Yue et al.,
2025). Under this evaluation protocol, a problem
is considered solved if any of the k sampled rea-
soning trajectories yield the correct answer. Figure
3 reports pass@k results on the AIME24 bench-
mark. The results indicate that UCAS achieves
more consistent improvements as k grows. In con-
trast, Vanilla-GRPO and its enhanced variants show
slower growth, consistent with findings from Yue
et al. (2025). The stronger performance of UCAS
under the pass@k metric highlights its effective-
ness, which can be attributed to differences in ex-
ploration strategies. Unlike Vanilla-GRPO, which

19062

6



Models

AIME24

MATH-500 AMC Minerva Olympiad Avg

Owen2.5-Math-1.5B

Base Model 7.3 61.8 434 15.1 28.4 31.2
GRPO 15.6 76.0 51.8 22.1 36.3 40.4
DAPO 16.7 77.6 47.0 25.7 39.0 41.2
Oat-Zero(Liu et al., 2025b) 20.0 74.4 50.6 23.9 37.0 41.2
KTAE(Sun et al., 2025b) 20.0 77.6 50.6 29.0 40.0 434
SEED-GRPO(Chen et al., 2025) 23.3 75.4 50.6 26.8 41.3 43.5
UCAS 233 80.6 59.0 31.6 42.1 47.3
QOwen2.5-Math-7B

Base Model 11.0 69.0 45.8 21.3 28.4 35.1
GRPO 30.0 81.0 57.8 32.7 43.2 48.9
DAPO 30.5 81.8 60.2 34.5 453 50.5
PRIME-Zero (Cui et al., 2025a) 23.3 82.2 57.8 36.0 39.9 47.8
OpenReasonerZero (Hu et al., 2025) 17.9 78.4 45.8 27.9 45.0 43.0
Oat-Zero(Liu et al., 2025b) 32.1 79.8 61.4 30.5 41.8 49.1
Simple RL-Zero(Zeng et al., 2025) 26.7 78.6 59.0 33.8 43.4 48.3
GRPO with Entropy Adv. (Cheng et al., 2025)" 33.7 83.1 69.8 - - -

KTAE(Sun et al., 2025b) 36.7 83.2 63.9 35.3 43.7 52.6
SEED-GRPO(Chen et al., 2025) 433 82.2 64.7 35.0 45.2 54.7
UCAS 43.3 85.6 68.7 37.6 48.0 56.7

Table 1: The greedy pass@1 performance of 1.5B and 7B models across five math reasoning benchmarks. {: results
from Cheng et al. (2025). Our method UCAS consistently surpasses all baselines in both parameter scales.
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Figure 2: Training dynamics of UCAS compared with GRPO across both 7B and 1.5B models. Left: Reward;

Middle: Response Length; Right: Generation Entropy.

often suffers from exploration stagnation, where
the model repeatedly samples low-diversity roll-
outs, UCAS leverages uncertainty-aware advantage
shaping to sustain diverse exploration and escape
local optima. Additional pass @k results on AMC
and MATH-500, reported in Appendix B.3, show
the same trend on broader benchmarks.

5 Related Work
5.1 RL for LLM Reasoning

Recent advances in reinforcement learning have
transformed the training of large language mod-
els for reasoning tasks. Process reward models
(PRMs) (Lightman et al., 2023; Nie et al., 2026;
Wau et al., 2026) have emerged as a key innovation,
providing step-level supervision that improves both
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Figure 3: Comparison of pass @k results on the AIME24
Benchmark.
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Models AIME24 MATH-500 AMC Minerva Olympiad Avg
Owen2.5-Math-1.5B
Base Model 73 61.8 43.4 15.1 28.4 31.2
w/ DAPO 16.7 77.6 47.0 25.7 39.0 41.2
w/ DAPO + Response-Level Confidence 23.3 79.6 51.8 27.6 41.0 44.7
w/ DAPO + Token-Level Certainty 20.0 80.2 55.4 29.7 40.1 45.1
w/ DAPO + UCAS (Ours) 23.3 80.6 59.0 31.6 4.1 47.3
Owen2.5-Math-7B
Base Model 11.0 69.0 45.8 21.3 28.4 352
w/ DAPO 30.5 81.8 60.2 34.5 45.3 50.5
w/ DAPO + Response-Level Confidence 40.0 85.0 63.9 36.7 47.4 54.6
w/ DAPO + Token-Level Certainty 36.7 84.6 65.0 29.7 47.7 52.7
w/ DAPO + UCAS (Ours) 43.3 85.6 68.7 37.6 48.0 56.7

Table 2: Ablation study of uncertainty modeling. Both sentence-level and token-level uncertainty bring consistent

gains over the DAPO baseline.

Response-Level «  Token-Level 5 Math-500
Varying Token-Level Penalty (3), Fixed o = 0.2

0.2 0.005 79.6
0.2 0.01 80.4
0.2 0.05 78.8
0.2 0.1 78.4
Varying Response Modulation (o), Fixed f = 0.01
0.1 0.01 80.0
0.2 0.01 80.4
0.4 0.01 78.8

Table 3: Sensitivity analysis on Math-500 when varying
the token-level penalty (5 (upper block) and the response-
level modulation coefficient v (lower block).

efficiency and accuracy compared to outcome-only
rewards. Approaches such as PRIME (Clui et al.,
2025a) eliminate costly human annotation by deriv-
ing implicit process feedback, while OmegaPRM
(Luo et al., 2024) leverages Monte Carlo Tree
Search (MCTS) to automatically identify reason-
ing errors. Alongside this, DeepSeek-R1 (Guo
et al., 2025) demonstrates that sophisticated rea-
soning can emerge purely from RL without su-
pervised fine-tuning, enabled by GRPO, which re-
places value functions with group-based baselines.
These advances redefine alignment and reasoning
in LLMs, positioning reinforcement learning with
verifiable or process-level rewards as a scalable and
principled alternative to preference-model-based
RLHF.

5.2 Reinforcement Learning from Verifiable
Rewards

RLVR has emerged as a scalable alternative to
preference-based alignment by converting open-
ended outputs into checkable signals such as math-
ematical correctness or unit-test pass rates (Guo
et al., 2025; Yue et al., 2025; An et al., 2025; Zhou
et al., 2026). While early implementations demon-
strated strong gains in pass@1 accuracy, subse-
quent studies revealed a consistent policy entropy
collapse: models rapidly concentrate probability
mass on a narrow set of high-reward trajectories, di-
minishing output diversity and limiting exploration
(Cui et al., 2025b; Hao et al., 2025). Empirical
analyses show that RLVR-trained models often un-
derperform base models on pass@¥k (Shao et al.,
2024; Yue et al., 2025), highlighting a precision—
diversity trade-off (Wu et al., 2025; Dong et al.,
2025; Zhao et al., 2026).

Algorithmic responses to entropy collapse vary.
Standard entropy or KL penalties provide partial
remedies, though their effectiveness often depends
heavily on the divergence form (Li et al., 2025).
More recent uncertainty-aware approaches have
sought to refine the learning signal, though with
differing philosophies. For instance, SEED-GRPO
(Chen et al., 2025) leverages semantic entropy to
downscale updates for uncertain queries, adopting
a conservative risk-mitigation strategy. In stark con-
trast, UCAS adopts an exploratory philosophy: we
explicitly amplify rewards for correct-but-uncertain
trajectories to incentivize venturing into novel rea-
soning domains, rather than inhibiting learning
from uncertainty.
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Similarly, while entropy-based shaping meth-
ods (Cheng et al., 2025) introduce indiscriminate
entropy bonuses to encourage diversity, UCAS im-
plements a conditional, two-stage mechanism. By
combining a logit-space response-level confidence
proxy with token-level raw logits, which we find to
be a more sensitive signal of local overconfidence
than post-softmax entropy, UCAS distinguishes be-
tween productive exploration and blind guessing.
Unlike pure entropy-based frameworks, UCAS in-
troduces correctness-contingent modulation, ampli-
fying penalties for confident errors while guiding
exploration through uncertainty, offering a more
fine-grained solution to the entropy collapse prob-
lem than global regularization or token-level co-
variance control (Cui et al., 2025b).

6 Conclusion

In this work, we introduced UnCertainty-aware Ad-
vantage Shaping (UCAS), a fine-grained advantage
estimation framework that leverages internal confi-
dence signals without requiring additional reward
models. By jointly modeling uncertainty at both
the response and token levels, UCAS reshapes ad-
vantages to highlight critical uncertain reasoning
steps, suppress overconfident errors, and preserve
non-negative token-level updates on positive trajec-
tories. Experimental results on major mathematical
reasoning benchmarks show that UCAS achieves
substantial performance improvements over GRPO
and its enhanced variants. Analysis of the train-
ing dynamics further reveals that, as training pro-
gresses, UCAS demonstrates steadily increasing
rewards, longer reasoning chains, and an entropy
trajectory that first declines and then rises, reflect-
ing stronger exploratory capability. These findings
indicate that uncertainty-aware advantage shaping
offers an effective pathway toward more robust
reinforcement learning for large language models.

Limitations

Although UCAS demonstrates significant improve-
ments in reasoning capabilities and exploration ef-
ficiency, we acknowledge several limitations that
identify clear directions for future research. First,
our experiments are exclusively focused on 1.5B
and 7B parameter models, and the performance of
UCAS on largerscale models has not yet been fully
verified due to limitations of computing resources.
Second, our method relies on self-confidence and
raw logits as proxies for model uncertainty. While

these internal signals are computationally efficient
and effective, future work could explore alternative
or complementary uncertainty metrics. Techniques
such as Monte Carlo dropout, model ensembles, or
semantic entropy could potentially capture differ-
ent facets of model uncertainty and lead to even
more refined and robust advantage shaping. Inves-
tigating these areas will be essential for understand-
ing the broader generalizability of our approach.
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A Implementation Detials

A.1 Baselines

* Simple-RL-Zoo (Zeng et al., 2025): Based
on Qwen2.5-Math-7B, trained on the math-
level3-5 dataset using the standard GRPO al-
gorithm with rule-based rewards.

PRIME-Zero (Cui et al., 2025a): An online
PRM update approach that leverages implicit
process rewards from rollouts and outcome
labels without requiring explicit annotations.

OpenReasonerZero (Hu et al., 2025): A
zero-RL baseline on Qwen2.5-7B employing
the standard PPO algorithm for policy opti-
mization.

Oat-Zero (Liu et al., 2025b): Built on
Qwen2.5-Math-7B, trained with rule-based
rewards using a modified Dr.GRPO algorithm
that removes variance terms and applies token-
level normalization in the policy loss.

GRPO with Entropy Adv. (Cheng et al.,
2025): Extends RLVR training by incorpo-
rating a clipped, gradient-detached entropy
term into the advantage function to encourage
exploration.

KTAE (Sun et al., 2025b): A token-level
advantage estimation method trained with
DAPO, quantifying key-token contributions
via statistical association tests and combining
them with rollout-level advantages.

These baselines cover applications of fundamental
RL algorithms, process-reward-based methods, and
algorithms improved for specific tasks like math-
ematical reasoning, aiming to evaluate the effec-
tiveness and novelty of our method from multiple
perspectives.

A.2 RL Training Configuration

We adopt the VERL framework (Sheng et al., 2024)
and train our model using the optimization objec-
tive defined in Eq. 11. For both GRPO and DAPO,
we use the hyperparameters in Table 4, without
using entropy or KL losses. All experiments are
conducted on 2 compute nodes, each equipped with
8#80GB GPUs.

Hyperparameter Value
Optimizer AdamW
Actor learning rate 1le=6
Max prompt length 1024
Max response length 3072
Training batch size 512
Samples per prompt 16
Mini-batch size 32
Rollout temperature 1.0

Clip range €jow, €high 0.2,0.28

UCAS hyperparameter o, 5 0.25, 0.01

Table 4: RL Hyperparameters

B Further Analysis

B.1 Exploratory Reasoning Dynamics

To further analyze the effect of UCAS training,
we compute the response-level confidence scores
of model outputs according to Eq. 6, measured
before and after training on Qwen2.5-Math-1.5B
across MATH and Olympiad datasets. We focus
on the MATH and Olympiad datasets because they
contain more samples and a larger number of re-
sponses whose correctness changes after training,
which makes them well suited for detailed analysis.
For comparability, the confidence values are nor-
malized by subtracting the mean and dividing by
the standard deviation.

Based on the correctness of the responses be-
fore and after training, the samples are categorized
into three groups: (i) consistently correct (1—1),
(i1) correct before but incorrect after (1—0), (ii1)
incorrect before but correct after (0—1), and (iiii)
incorrect before and incorrect after (0—0). Fig-
ure 4 illustrates the distribution of these categories,
where each point represents model’s response to a
given problem.

From Figure 4, we observe that for many prob-
lems correctly solved only after UCAS training
(0—1), the model’s confidence notably increases.
In contrast, for problems that remain unsolved be-
fore and after training (0—0), the model tends to
reduce its confidence, suggesting a more calibrated
estimation of its own uncertainty.

B.2 Cross-domain Generalization

To assess the generality of UCAS beyond math-
ematical reasoning, we conduct additional ex-
periments on three diverse benchmarks: Leet-
Code (Guo et al., 2024) (code generation), Live-
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Figure 4: Confidence dynamics before and after UCAS training on the MATH and Olympiad datasets.

Method LeetCode LiveCode MMLU Avg
(Pass@1) (Pass@1) (Acc)

Base Model 11.7 5.7 65.7 27.7

DAPO 18.3 9.2 67.3 31.6

UCAS (Ours) 23.6 (+5.3) 14.8 (+5.6) 70.8 (+3.5) 36.4 (+4.8)

Table 5: Generalizing UCAS from math-only training
to evaluations on non-math tasks.

CodeBench (Jain et al., 2024) (competitive pro-
gramming), and MMLU (Hendrycks et al., 2020)
(general task reasoning). As shown in Table 5,
despite being trained solely on mathematical rea-
soning data, UCAS consistently outperforms the
strong DAPO baseline across all non-math tasks.

This strong transferability suggests that our
uncertainty-aware exploration mechanism is a
broadly applicable principle. By unlocking explo-
ration for high-uncertainty paths, UCAS improves
performance not just in calculation but also in the
multi-step logical planning required for program-
ming and general reasoning, demonstrating gains
beyond the mathematical domain.

B.3 Additional Pass@k Results

To further substantiate the exploration and diver-
sity claims beyond AIME24, we evaluate pass @k
on AMC and MATH-500 using Qwen2.5-Math-7B.
As shown in Tables 6 and 7, UCAS exhibits consis-
tently stronger scaling than the DAPO baseline as
the sampling budget increases. The improvement
is particularly pronounced on AMC, where UCAS
maintains a clear advantage across all k values from

Method Pass@4 Pass@8 Pass@16 Pass@32 Pass@64
Base Model ~ 65.06 74.70 80.72 84.34 87.95
DAPO 72.56 82.78 86.64 88.10 89.50
UCAS 77.80 87.24 90.12 92.16 93.58

Table 6: Additional pass@k results on AMC with
Qwen2.5-Math-7B. UCAS consistently outperforms the
DAPO baseline as the generation budget increases.

Method Pass@4 Pass@8 Pass@16
Base Model  74.40 82.60 88.80
DAPO 89.20 91.20 92.80
UCAS 91.40 92.10 93.40

Table 7: Additional pass @k results on MATH-500 with
Qwen2.5-Math-7B. UCAS preserves an advantage over
DAPO at each sampling budget.

4 to 64. On MATH-500, UCAS also yields higher
pass@k than DAPO, indicating that the broader
search behavior induced by uncertainty-aware shap-
ing transfers beyond a single benchmark.

B.4 Variance Across Random Seeds

To assess the statistical reliability of the gains, we
conduct four independent training and evaluation
runs for both DAPO and UCAS using different
random seeds on Qwen2.5-Math-7B. Table 8 re-
ports the mean and standard deviation across runs.
UCAS achieves higher mean performance than
DAPO on every benchmark while maintaining com-
parable, and in several cases smaller, standard de-
viations. These results indicate that the improve-
ments reported in the main paper are not driven by
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a single favorable run and that the method remains
stable across random initializations.

B.5 Case Study

As shown in Figure 6, the baseline model exhibits
a critical failure in logical modeling. While it cor-
rectly identifies the symmetry of the hyperbola and
the basic distance formula, it treats the vertices B
and D as independent points on the hyperbola sym-
metric about the origin. Crucially, it fails to incor-
porate the rhombus constraint, which necessitates
that the diagonals AC and BD must be perpen-
dicular. This omission reduces the problem to a
trivial minimization of the z-coordinate (22 = 20),
resulting in an incorrect lower bound of 80.

In contrast, the model trained with UCAS (Re-
sponse Parts 1 and 2) demonstrates a significantly
higher degree of structural awareness. Rather than
performing a simple substitution, the model en-
gages in self-reflection to identify the implicit ge-
ometric constraints of the problem. It explicitly
parameterizes the diagonals as perpendicular lines
and performs a domain verification to ensure they
actually intersect the hyperbola. This rigorous rea-
soning process allows the model to discover the hid-
den domain of the slope parameter and use mono-
tonicity analysis to reach the correct ground-truth
answer.

The baseline’s failure highlights the tendency
of standard algorithms to converge on superfi-
cial "safe" trajectories that ignore implicit con-
straints. UCAS, by rewarding exploration of high-
uncertainty paths that maintain semantic consis-
tency, enables the model to derive complex geo-
metric dependencies and reach the correct ground-
truth value of 480 via rigorous logical deduction
and code verification.

C Theoretical Explanation

In this section, we provide a theoretical analy-
sis of the Uncertainty-aware Advantage Shaping
(UCAS) method. We demonstrate that its heuristic
components—exponential advantage modulation
and min-max logit penalties—arise naturally from
principles of risk-sensitive importance weighting
and adaptive gradient regularization. This analy-
sis establishes UCAS not as an ad-hoc collection
of tricks, but as a coherent algorithmic framework
for countering entropy collapse in sparse-reward
RLVR.

C.1 Problem Formulation: Entropy Collapse

In RLVR, reward signals are typically sparse and bi-
nary. A known pathology in this setting is Entropy
Collapse (Cui et al., 2025b), where the policy my
prematurely converges to a deterministic distribu-
tion, severely limiting exploration. Mathematically,
as the policy becomes deterministic, its entropy
H(mg(:|s)) — 0. Consequently, the Kullback-
Leibler divergence from the policy to the uniform
distribution U (V) approaches its maximum:

Dy (mo||U) = log [V| — H(mg) — log[V|. (12)

This divergence quantifies the policy’s deviation
from a maximally exploratory prior. Standard
RLVR algorithms lack an explicit mechanism to
penalize this deviation, often converging to local
optima that exploit a narrow set of high-confidence
but potentially suboptimal reasoning paths.

C.2 Stage 1: Risk-Sensitive Advantage
Modulation

The first stage applies a confidence-dependent mod-
ulation W (C;) to the advantage estimates. We first
clarify that the response-level confidence used in
UCAS is implemented entirely in logit space, and
then interpret the resulting modulation as a form of

risk-sensitive importance weighting.

Logit-Space Confidence and Its KL Interpre-
tation. For token ¢ in trajectory o;, let p; +(v)
softmax(¢; ¢), and U (v) = 1/|V|. The token-level
confidence used by UCAS is

1
Cie = LSB(6r) —  livw.  (13)

veY

Using log p; +(v) = i+, — LSE(4;+), we obtain

1 1
KLl = - 3 (108 o~ ospia(v))
veyY

CLSE(C) — > g
‘V‘ veY
—log |V|.
(14)
Therefore,

Cit = KL(U||pit) + log |V]. (15)

This equivalence shows that UCAS preserves the
intended uncertainty signal while avoiding direct
probability-space evaluation near zero probabilities.
Compared with entropy-based quantities driven by
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Method AIME24 MATH-500 AMC  Minerva Olympiad Avg
Qwen2.5-Math-7B (Base) 11.0 69.0 45.8 21.3 28.4 35.1
DAPO 28.1439 79.449 57.6438 324406 43.44900 48.18
UCAS 40.643 5 84.6.1¢ 65.3133 36.7419 46.5403 54.74

Table 8: Performance variance across four independent trials on Qwen2.5-Math-7B. UCAS consistently improves

the mean score over DAPO with comparable variance.

expectation under p; ¢, KL(U||p;) is more sen-
sitive to support contraction and therefore better
aligned with our goal of detecting premature distri-
butional collapse.

Let y; = sign(A;) € {+1,—1} indicate the fa-
vorability of a trajectory. To encourage robust ex-
ploration, we seek a weighting distribution w over
trajectories within a mini-batch that emphasizes in-
formative cases—specifically, those where the out-
come ¥; and the confidence éi are anti-correlated
(e.g., correct but uncertain).

We derive this by solving for the maximum en-
tropy distribution w that shifts the expected signed
confidence to a target value p*, lower than its em-
pirical mean under a uniform prior:

G
max H(w)=— w; log w; 16
max - H(w) Z;g (16)
G G
S.t. Zwl =1, Zwl(ylcl) = /L*.
i=1 i=1
(17)

Solving this via Lagrange multipliers yields the
Boltzmann distribution:

wi ocexp (—a-y;-Ci), (18)

where o« > 0 controls the intensity of the shift.

Connection to UCAS. The modulated advantage
in UCAS, A™d = A, . exp(—ay;C;), is directly
proportional to this optimal importance weight w;".
Thus, Stage 1 amplifies updates from trajectories
valuable for exploration (correct/uncertain) and
strongly penalizes those indicative of overfitting
(incorrect/confident).

C.3 Stage 2: Adaptive Gradient Stabilization

Stage 2 addresses entropy collapse at the token
level via an asymmetric penalty term. We inter-
pret this as a mechanism for adaptive gradient sta-
bilization that suppresses confident errors while
safeguarding positive trajectories.

Rationale for Min-Max Normalization. The
penalty uses the Min-Max normalized logit @i,t €
[0,1]. To ensure numerical stability and fit
within column constraints, we denote the sequence-
level extrema as E?“m ming ¢; 1, and "% =
maxy, £; .. The normalized logit is defined as:

g

Uiy

=" 1t 19
g?’lax _ K;nm + € ( )
This design serves two critical functions: 1. Scale
Invariance: It removes dependence on the absolute
logit scale, which varies across layers and training
stages. 2. Relative Peak Detection: It measures
how peaked the distribution is for the chosen to-
ken relative to other steps in the same sequence.
A value of éi,t ~ 1 indicates the model is maxi-
mally confident at step ¢ compared to its temporal
neighbors, signaling a local collapse point.

Effect on Optimization Dynamics. The com-

posite advantage is
Amod _ Bg Amod <0
) (A 7 N

{ (20)

For unfavorable trajectories with A?‘Od < 0, the
gradient update becomes

AUCAS o max(O, A?Od - Bgi,t)a A?Od > 07

2t

VI xE [(fl?“’d — B@i,t)VIOg m(oitls)| . (21)

This acts as a soft, adaptive gradient damper. When
éi,t is large, the effective driving signal becomes
more negative, applying stronger suppression to
confidently wrong transitions and preventing ag-
gressive probability concentration on error-prone
tokens. For favorable trajectories with fl;“"d >0,
the clamp ensures that the token-level penalty can
attenuate positive updates but cannot reverse them.
This context-aware regularization applies strong
pressure only where needed while preserving non-
negative learning signals for globally beneficial
reasoning paths.
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C.4 Synthesized Interpretation

Combining both stages, UCAS optimizes a policy
subject to two complementary, uncertainty-aware
regularizers:

7" &~ arg max (ET [R(T)] + M Rmacro(T)
T (22)
-+ A2 Rmicro (7T)> .

Macro Regularizer Rpacro (Stage 1) re-weights
trajectory gradients to favor correctness with lower
confidence. Micro Regularizer R e, (Stage 2)
acts as an asymmetric constraint on token-level
logits, suppressing confident errors while preserv-
ing non-negative updates on favorable trajectories.
This dual-level framework aligns the global objec-
tive (robust correctness) with stable local optimiza-
tion dynamics.

D Prompt

As shown in Figure 5, we use the same prompt tem-
plate (Qwen-Math template) for both RL training
and evaluation.

E Dataset License

Our training data is based on the MATH
dataset (Hendrycks et al., 2021), and we evaluate
our model on AIME24 (LI et al., 2024), MATH-
500 (Hendrycks et al., 2021), AMC (LI et al., 2024),
Minerva (Lewkowycz et al., 2022), and Olympiad-
Bench (Huang et al., 2024). We strictly adhere to
the licenses associated with each dataset.

F LLMs Usage Statement

We employed a Large Language Model (LLM)
to assist exclusively in the editorial stage of
manuscript preparation. Its role was limited to
refining phrasing, correcting grammar, and enhanc-
ing clarity and readability across different sections.
The LLM had no involvement in formulating re-
search ideas, designing experiments, or conducting
analyses. All scientific contributions and findings
are entirely the work of the authors. The authors
have ensured that the use of the LLM complies
with ethical standards, avoiding plagiarism and sci-
entific misconduct.
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N\

-

Prompt templates of RL training and Evaluation )
<|im_start|>system\nPlease reason step by step, and put your final answer
within \\boxed{}.<|im_end|>\n<]|im_start|>user\n{question}<|im_end|>\n<|im
start|>assistant\n

J

Figure 5: Prompt template in RL training and evaluation.

Question and Ground Truth

Question: Let A, B, C, and D be points on the hyperbola g—; — g—z = 1 such that ABCD is a

rhombus whose diagonals intersect at the origin. Find the greatest real number that is less than BD?
for all such rhombi.

Answer: 480

: . - . 2 2
To solve this problem, we need to understand the properties of the hyperbola and the rhombus. The hyperbola is given by the equation 55 — ﬁ = 1. The

diagonals of the rhombus intersect at the origin, which means the rhombus is symmetric with respect to the origin. This implies that if (z1, y1) is a point
on the hyperbola, then (—z1, —y1), (1, —y1), and (—x1, y1) are also points on the hyperbola. The diagonals of the rhombus are the line segments
connecting these points.

The length of the diagonal B D can be calculated using the distance formula. Since the diagonals intersect at the origin, the length of the diagonal B D is the
distance between (z1, y1) and (—z1, —y1 ). The distance formula gives us:

BD = /(@1 — (=21))? + (11 — (—31))? = /(221)? + (201) = 2/ + 42,

22 2
Thus, BD? = 4(=$ + 7). Since (1, y1) lies on the hyperbola, we have 51 — Z—}L = 1. We can express 7 in terms of z:3:

2 2 2
24 6
=4I 1) =5 9= 2019y
20 20 5

Substituting this into the expression for BD?, we get:

62 5x2 4 62 1122 4422
BD? =4 (224 550 _og) mg (20T o) Ly (M o) 2 2T g
! 5 5 5 5

To find the greatest real number that is less than B.D? for all such rhombi, we need to find the minimum value of BD?. The minimum value of BD? occurs

2
when z2 is minimized. Since 22 must be greater than or equal to 20 (because % > 1), the minimum value of z? is 20. Substituting 22 = 20 into the

expression for BD?, we get:
_ 4420 880

BD? —Qﬁz?—96=176—96:80.

Therefore, the greatest real number that is less than BD? for all such thombi is 80. Let’s confirm this with Python code.

# Define the function for BD*2 in terms of x1%2
def bd_squared(x1_squared):
return (44 * x1_squared) / 5 - 96

# The minimum value of x1%2 is 20
x1_squared_min = 20

bd_squared_min = bd_squared(x1_squared_min)
print(bd_squared_min)

80.0

The greatest real number that is less than B D? for all such rhombi is A

Figure 6: Reasoning Case Study. The baseline model (above) fails to account for the perpendicular constraint of
the rhombus diagonals, reducing the problem towards a wrong path.
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2 2
To solve this, I need to find the lower bound of the length of diagonal B D of a thombus inscribed in the hyperbola 5 — 47 = 1.

Step 1: Analyzing the Geometry

Let’s think about the properties of the rhombus. Since the hyperbola is symmetric about the origin, and the rhombus is inscribed, its center must be the origin
(0, 0). Let the vertices be A, B, C, D. The diagonals AC and B D must intersect at the origin.

Let’s try to define the lines containing the diagonals. Crucially, the diagonals of a rhombus are perpendicular. If I let the slope of line AC' be m, then the line
equation is y = ma. Consequently, the slope of line B.D must be —1/m, and its equation is y = — %w

Step 2: Checking Constraints (Wait, do they strictly exist?)

I need to ensure that these lines actually intersect the hyperbola. Not all lines passing through the origin intersect a hyperbola. Let’s substitute y = Kk« into the

hyperbola equation:
z?2 k2z? 2 [ 1 K2
—_— =1 = «x —_— = = =1
20 24 20 24

For z to be a real number, we must have 22 > 0. This implies:

k2 1 k2 5 24 6
———>0= —>— = k< ===
20 24 20 7 24 20 5

Wait, let me double-check. Does this apply to both diagonals? Yes, for the rhombus to exist, all four vertices must be on the hyperbola. So, the condition must
hold for both the slope of AC' (which is m) and the slope of B.D (which is —1/m).

Let’s check the constraints for both:

1. For AC: m? <

oy

2. For BD: (1)’ < ¢ = ﬁ<g = m’>> 32

m

So, combining these, the range for m?is % <m? < g This looks correct. If m.? is outside this range, one of the diagonals won’t hit the hyperbola.

Step 3: Formulating the Target Function

I need to minimize BD?. Let’s express the coordinates of point B. Point B lies on the line y = — #z Let’s set kpq = —1/m. From the intersection

equation earlier:

2 1

T =

i
24

g

The squared length BD? is (2 - OB)? = 4(z% + y%) = 4% (1 + kZ,). Let’s try to simplify this expression. Substituting kyq = —1/m, note that
k2, = 1/m?. Letu = m?. Then the slope squared for BD is 1/u.
Wait, calculating with 1/« might be messy. Let’s stick to the slope of BD directly. Let S = slope of BD. Then S? = 1/m?. From the inequality
% <m? < g,wehave:

1
52

[}

5 6 5 2
z 2 —= Z<¢s =
5<% <3 <5<z

Actually, the problem is symmetric. It doesn’t matter which diagonal is which. Let’s just say the slope squared of the diagonal of interest is k2, where
k? € (5/6,6/5).
Let’s re-calculate B D? with slope k:

4(1+ k%) 41+ k%) 480(1 + k?)
2 _ 2 2y _ _
BD® =4’(14+0) = —— 5 = — 5= —( =0

20 24 120

Step 4: Finding the Minimum (Trial and Computation)
Now I need to minimize f(t) = w
denominator (6 — 5t) decreases (and stays positive since ¢ < 1.2). Since the numerator is growing and the denominator is shrinking, the whole fraction
must be strictly increasing.

Let me verify this quickly. If the function is increasing, the minimum value should be approached as t — 5/6. Wait, the interval is open (5/6, 6/5). So we
strictly can’t reach 5/6. The question asks for the "greatest real number less than BD?". This implies we are looking for the infimum.

So I just need to plug in ¢ = 5/6 to find the limit. Let’s use Python to verify the calculation and ensure I haven’t made a silly arithmetic error.

fort € (5/6,6/5). Let’s analyze the monotonicity. As ¢ increases, the numerator (1 + ¢) increases. The
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import numpy as np

def bd_squared(t):
# derived formula: 480(1+t) / (6-5t)
return (480 * (1 +t)) / (6 -5 % t)

# The range for slope squared is (5/6, 6/5)
lower_bound_t = 5/6

# Calculate the limit value
limit_val = bd_squared(lower_bound_t)
print(f"Limit at lower bound: {limit_val}")

# Let's also check a value slightly above 5/6 to confirm it's increasing
test_val = bd_squared(5/6 + 0.001)
print(f"Test value (slightly inside): {test_val}")

Limit at lower bound: 480.0
Test value (slightly inside): 481.309...

Step 5: Final Conclusion
The code confirms the limit is 480 and the function is increasing. Since BD?is strictly increasing on the interval, BD? > 480 for all valid rhombi. Thus,
the greatest real number less than BD? is 480.

The greatest real number that is less than B D? for all such rhombi is 4
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