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Abstract

Natural Language Explanations (NLEs) de-
scribe how Large Language Models (LLMs)
make decisions by drawing on external Con-
text Knowledge (CK) and Parametric Knowl-
edge (PK). Understanding the interaction be-
tween these sources is key to assessing NLE
grounding, yet these dynamics remain under-
explored. Prior work has largely focused on 1)
single-step generation and ii) modeled PK—-CK
interaction as a binary choice within a rank-
1 subspace. This approach overlooks richer
interactions and how they unfold over longer
generations, such as complementary or support-
ive knowledge. We propose a novel rank-2
projection subspace that disentangles PK and
CK contributions more accurately and use it
for the first multi-step analysis of knowledge
interactions across longer NLE sequences. Ex-
periments across four QA datasets and three
open-weight LLMs demonstrate that rank-1
subspaces struggle to represent diverse inter-
actions, whereas our rank-2 formulation cap-
tures them effectively, highlighting PK align-
ment for supportive interactions and CK align-
ment for conflicting ones. Our multi-step analy-
sis reveals that hallucinated generations exhibit
strong alignment with the PK direction, though
context-faithful generations maintain a more
balanced alignment between PK and CK!.

1 Introduction

Large Language Models (LLMs) are employed to
generate Natural Language Explanations (NLEs)
in a human-readable format, illustrating the under-
lying decision-making process for predictions in
complex reasoning tasks such as Claim Verification
(CV) and Question Answering (QA). These NLEs
are valuable as they can reveal the utilization of
external Context Knowledge (CK) and the Para-
metric Knowledge (PK) of a model. Consider the

!Code and data: https://github.com/copenlu/
pk-ck-knowledge-disentanglement

Figure 1 example from a QA task (Cheng et al.,
2024), where Llama-3.1-8B-Instruct (Grattafiori
et al., 2024) generates the NLE by utilizing both
CK and PK, to explain the underlying decision-
making process for the final answer prediction. For
some tasks, such as CV, we assume the decision-
making process and, in turn, the NLE, will rely
more on evidence (CK) (Wang and Shu, 2023; Tan
et al., 2025), and more on PK in QA tasks with mis-
leading external context. On the other hand, Chain-
of-Thought (CoT) prompting (Wei et al., 2022), a
widely adopted reasoning methodology, explicitly
elicits NLEs of the intermediate reasoning steps
and is hypothesized to influence how LLMs inte-
grate PK and CK (Cheng et al., 2024; Su et al.,
2024; Tao et al., 2025), potentially improving con-
textual grounding. However, it remains unclear
what the learned PK—CK interaction dynamics in
generating the NLEs are, necessitating a multi-step
analysis of PK—CK interactions across longer NLE
sequences.

Prior work (Longpre et al., 2021; Xu et al., 2024;
Minder et al., 2025) has primarily focused on un-
covering the single-step generation mechanism —
typically the final answer, and modeled only con-
flicting PK-CK interaction as a binary choice in a
rank-1 subspace, thereby overlooking richer forms
such as complementary or supportive knowledge
(Cheng et al., 2024). We thus hypothesize that this
rank-1 subspace is not sufficient to disentangle the
individual contributions of PK and CK in all types
of knowledge interaction scenarios. Moreover, they
did not characterize the step-by-step PK—CK inter-
action dynamics over longer sequences, such as
NLE generation for different knowledge interac-
tions. To accurately understand the knowledge
interaction dynamics during NLE generation, we
investigate the following research questions:
RQ1. Is a rank-1 projection subspace enough for

disentangling PK and CK contributions in all
types of knowledge interaction scenarios?
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Figure 1: (Left) Llama-3.1-8B-Instruct model combines parametric (green) and contextual (orange) knowledge to
generate NLEs. (Right) Projection of the answer token to a learned low-rank subspace P disentangles its individual
knowledge contributions — (a) rank-1 fails with the correct knowledge captured only in its orthogonal subspace,
whereas (b) rank-2 succeeds in encoding the correct knowledge sources along the disentangled axes.

RQ2. How do individual PK and CK contributions
change over the NLE generation steps for dif-
ferent knowledge interactions?

RQ3. Can we find reasons for hallucinations
based on PK—-CK interactions?

RQ4. How is the CoT mechanism aligned with the
knowledge interaction subspace?

We experiment with four publicly available QA
datasets for three open-weight instruction-tuned
LLMs. In RQ1 (§4.2), we find that the rank-1
subspace (Minder et al., 2025) fails to disentangle
individual knowledge contributions across knowl-
edge interactions. For RQ2 (§4.3), we propose a
more accurate rank-2 subspace disentanglement
and find that during NLE generation, the model
utilizes both knowledge sources with a slight pref-
erence for PK; towards the final answer generation,
the model aligns closely with the CK direction
for PK vs CK conflicting examples; for support-
ive examples, it aligns more with the PK direc-
tion. The learned rank-2 subspace also illustrates
PK dominance for sequences with hallucinations
(RQ3, §4.4). For RQ4 (8§4.5), we observe that
the CoT mechanism balances the PK—CK interac-
tion and often reduces PK alignment. Finally, §5
verifies through a subspace intervention that the
rank-2 subspace behaviorally disentangles the PK—
CK interaction, with PK-axis intervention reducing
hallucinations. Overall, this work introduces the
first systematic framework for multi-step analy-
sis of knowledge interactions via rank-2 subspace
disentanglement, advancing understanding of how
LLMs integrate internal and external knowledge.

2 Related Work

Parametric vs. contextual knowledge in LLMs.
A large body of work studies what language mod-
els encode as parametric knowledge (PK) and how
they integrate contextual knowledge (CK) at infer-
ence time (Petroni et al., 2019; Jiang et al., 2020;
Roberts et al., 2020; Hagstrom et al., 2025, 2026;
Marjanovic et al., 2024; Yu et al., 2024; Wangsa-
jaya et al., 2026; Sun et al., 2026a). Early work
showed that factual knowledge can be elicited di-
rectly from model parameters (Petroni et al., 2019),
while probing and representation analyses exam-
ined how context and memory are encoded and
combined across layers (Brown et al., 2020; Ten-
ney et al., 2019; Bi et al., 2026).

More recent studies focus on PK-CK interaction
and conflict. Cheng et al. (2024) analyzed suppres-
sion effects between PK and CK under different
interaction regimes, while Xu et al. (2024) catego-
rized conflict types (context—-memory, inter-context,
intra-memory) and their behavioral consequences.
Several approaches aim to improve PK—CK bal-
ance through training or inference-time interven-
tions, including enhanced pretraining or fine-tuning
(Zhang et al., 2024), context-aware representation
manipulation (Yuan et al., 2025b), contrastive de-
coding (Zhao et al., 2024), and lightweight steering
that increases context sensitivity without weight
updates (Wang et al., 2025). Hagstrom et al. (2026)
empirically compares such context usage manipula-
tion approaches in a joint framework, highlighting
the trade-offs between them. Our work comple-
ments this line of work by introducing a geometric
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framework that disentangles PK and CK in a rank-
2 subspace and enables multi-step analysis during
generation.

Natural Language Explanations (NLEs) and
reasoning. NLEs are widely used to expose or
guide model reasoning in complex tasks (Camburu
et al., 2018; Atanasova et al., 2020). Explanation-
based supervision improves QA performance (Ra-
jani et al., 2019), and Chain-of-Thought (CoT)
prompting elicits stepwise reasoning that enhances
multi-hop and arithmetic reasoning (Wei et al.,
2022; Lampinen et al., 2022). However, multi-
ple studies show that NLEs and CoTs are often
unfaithful to the model’s true decision process,
functioning as post-hoc rationalizations rather than
causal explanations (Atanasova et al., 2023; Turpin
et al., 2023; Siegel et al., 2024; Yuan et al., 2025a;
Wang and Atanasova, 2025; Sun et al., 2026b). Our
work addresses this gap by providing a token-level,
representation-based analysis of how PK and CK
jointly shape NLE generation, linking explanation
faithfulness and hallucination to internal knowl-
edge alignment.

Probing, subspaces, and identifiability. Probing
methods reveal that linguistic and factual properties
are encoded in low-dimensional subspaces of LM
representations (Hewitt and Manning, 2019; Clark
et al., 2019). The superposition hypothesis further
suggests that multiple features are compressed into
overlapping linear subspaces (Elhage et al., 2022).
Building on this view, Minder et al. (2025) mod-
eled PK-CK conflict using a single controllable
direction (rank-1 subspace). However, when PK
and CK are jointly encoded, such a representation
is non-identifiable and cannot disentangle individ-
ual contributions. We generalize this approach to a
rank-2 projection subspace, establishing identifia-
bility and enabling fine-grained, multi-step analysis
of PK-CK interaction dynamics during generation.

3 Method

3.1 Task Formulation

Let Q and C denote two disjoint sets of queries and
contexts, respectively, and consider a QA dataset
D C 9 xC. For a question—context pair (¢, ¢) € D,
with ¢ € Q and ¢ € C, a language model p gener-
ates both an answer a and an NLE with n tokens as
& = {e;}_,. We distinguish between three forms
of answer generation: (i) the parametric answer
a(q, ¢), produced by recalling PK (independent of
¢, ¢ denotes no context), (ii) the contextual answer

a(q, c), obtained by leveraging the provided con-
text while disregarding parametric recall, and (iii)
the final predicted answer a combining both the
provided context and the PK recall guided by the
PK-CK knowledge interaction.

During the sequential generation of £, each to-
ken e; is influenced by the interaction between
a(q,¢) and a(q,c). This evolving interaction
guides the generation of NLE &, illustrating the
decision-making process of the final predicted an-
swer a. To analyze this process, we quantify the
contribution of parametric knowledge (o) and con-
textual knowledge (o) at each NLE generation
step %, and we define their difference as

A = o’ — i e [1,n] (D

We normalize individual knowledge contribution
a; € [0, 1] at each NLE sequence step to compare
the influence of PK and CK at each sequence step
(A; = 0 indicates balance between PK and CK,
A; = 1 indicates PK dominance, and A; = —
indicates CK dominance) and how this interaction
shifts throughout the NLE generation. By track-
ing A; across all NLE generation steps, we aim
to characterize the interaction and the shifting bal-
ance between parametric and contextual sources
throughout NLE generation.

3.2 Identify Different PK—CK Interactions

To characterize different types of PK—CK interac-
tions guided by individual knowledge contribution,
we draw from Minder et al. (2025), who analyze
intent-driven answer control, i.e., controlling the
model towards a specific answer generation aligned
with the intent of following either PK or CK. Let w,
(instruction to follow only CK) and w), (instruction
to follow only PK) denote intents toward predicting
a(q, c) and a(q, ¢), respectively, for a given (g, c).

Minder et al. (2025) restrict intent to conflicting
cases, where a(q, ¢) # a(q, ¢) and the final answer
a is determined by either w,. or w,. We extend
their conflict-only framing, following Cheng et al.
(2024), to encompass a broader set of interactions:

e Supportive: a(q,c) = a(q,®) = a; PK and
CK reinforce the same outcome.

e Complementary: a(q,c) # a(q,¢) but a =
a(q, ¢) U a(q, ¢); neither source is sufficient
alone, but their combined information yields
the final answer.

* Conflicting: a(q,c) # a(q,¢) and (a =
a(q,c)) ® (a = al(q,¢)); the final answer
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aligns exclusively with one knowledge source
while rejecting the other.

o Irrelevant: ¢ L ¢ such that a(q, ¢) is null or
nonsensical; the context ¢ contains no seman-
tic information relevant to the query ¢. In this
case, the model ignores the context entirely
and relies solely on PK (a = a(q, ¢)) to for-
mulate a response.

» Knowledge Suppression (noise): a(q,c) =
a(q, @) # a; both sources agree on an answer,
yet the model fails to utilize either, producing
an erroneous or unrelated prediction.

To represent how the model balances contextual
(w.) and parametric (w),) influences, we extend this
intent-driven answer control, and w;, denotes the
joint intent of w, and w), that illustrates the intrin-
sic model behavior in generating the final answer a,
considering both the PK and CK governed by the
underlying interaction scenario. Unlike in Minder
et al. (2025), where w. and w), are represented us-
ing one orthonormal direction in a learned rank-1
projection subspace, we represent w. and w,, us-
ing two orthonormal directions, and w;, — w, and
wp — w), indicate the individual contributions of
CK and PK, respectively, in generating a. Then
the joint intent w, = f(w,, wp) indicates different
knowledge interaction scenarios decided by indi-
vidual contributions from w. and w,. We learn
this knowledge interaction function using a rank-2
projection subspace.

3.3 Localize Intent-Guided PK-CK
Interactions

In this section, we describe where the intent-guided
knowledge interaction emerges in the model space,
followed by how the LLM encodes it.

Identifying important layers for rank-1 projec-
tion subspace. (showing the individual knowledge
contribution towards generating either a(q, c) or
a(q, @), i.e, w. or wy, respectively). We follow the
activation patching-based mechanistic interpretabil-
ity approach, Patchscope (Ghandeharioun et al.,
2024). Minder et al. (2025) utilizes a Patchscope-
based iterative search over all layers to find the best
layer corresponding to the maximum likelihood of
the PK and CK answers. They construct two min-
imally different prompts s and ¢ as ‘source’ and
‘target’, with the same ¢ and ¢, only differing by
the intent w. or wy, resulting in two different in-
tended answers. To identify the layers capturing the
intent present in s, during the forward pass of the
target p(.|t), the activation from the hidden state of

a particular layer is replaced by the activations from
the same layer with the source p(.|s), resulting in
p(.|t) = p(.|s). Since they only consider the ‘con-
flicting’ behaviors in understanding the knowledge
interaction in LLMs, they construct two patching

datasets capturing opposite directions: Dfﬂc —P)

{S : (((L ¢, wc)> a(Qa C))? t: (((L Cy ’LUp), a(‘]a ¢))}
for encoding the CK direction, and plp=e) — {s:
((q7 G wp)v a’(qv ¢))a t: ((Q7 Gy wC)’ a(Qa C))} for
encoding the PK direction. Layers capturing CK
and PK directions, respectively, are selected as:

Lewp ={l €1, L] [ plalg; ) | ¢, c,wp) 2 7e },
Lp—w = {l S [LL] ’ﬁ(a(%(b) ’ q,C, wc) > Tp }7
2)
where 7., 7}, are hyperparameters. For more details,
please refer to Minder et al. (2025).
Encoding the intent via rank-1 subspace pro-
jection. Once we identify the important layers
capturing the binary interaction between PK and
CK for conflicting behavior, we aim to identify a
subset of model weights where the LLM encodes
this binary interaction. Minder et al. (2025) hy-
pothesize that LLMs encode knowledge interac-
tion within their parameter space using a low-rank
projection subspace. They model this projection
subspace P € R%*? (d is the model hidden rep-
resentation size) by a rank-1 unit norm direction
i € R indicating the unidirectional PK-CK con-
flicting interaction as P = i’ . At any sequence
step ¢, the hidden representation h; € R for the
token ¢; in the NLE £ can be linearly decomposed
as:

h; = (I P)h; + 4 (@, hy) 3)

(I — P) component of lfl captures other properties
in the embedding space, and the (G” H1> captures
the PK—CK knowledge contribution in the PK-CK
conflicting direction ti. We hypothesize that the
rank-1 projection subspace P cannot disentangle
the individual knowledge contributions across dif-
ferent knowledge interaction scenarios. Also, we
theoretically argue that this P fails to satisfy ‘bi-
jective’ properties of mapping from knowledge di-
rection to individual knowledge contribution for all
types of knowledge interaction in Theorem A.1 of
§A.2. Hence, we propose to model the PK—CK in-
teraction for different knowledge interactions using
a rank-2 projection subspace.

Identifying important layers for rank-2 projec-
tion subspace (showing the individual knowledge
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contribution towards generating a, i.e, wp — We
and w, — wp). We again follow Patchscope

and prepare two patching datasets Dg) —P) = {s

((g,c,wp),a), t: ((q,c,wp),alq,¢))} for encod-
ing the contribution of PK interacting with CK in
generating a, and po ={s: ((¢,c,wp),a), t:
((g,c,wc),a(q,c))} for encoding the contribution
of CK interacting with PK in generating a. Impor-
tant layers Iy, and Ly_,,, are selected as:

IL‘b—)p = {l € [LL]
Lyse = {l € [1,L]

pla|q,c, wp) > Tp}a

4
ﬁ(a ’ Q7C7wc) ZTC}7 @

|
|
where 7, 7. are hyperparameters (details are de-
scribed in Figure 10 in §A.1.3).

Encoding the intent via rank-2 subspace pro-
Jjection. Once we identify important layers Ly,
and Ly, for w, — w. and w, — w, respec-
tively, we learn the joint intent function f en-
coding how individual knowledge contributions
wy — we and w, — w, are mixed to generate
the final answer a using the common layers from
Ly and Ly, via a rank-2 projection subspace
P spanned by two orthogonal directions i € R?*?
as P = d(ald)~'a?. Since we aim to iden-
tify individual contributions from the individual
directions, following Minder et al. (2025), we con-
sider those two basis vectors as orthonormal, and
hence the rank-2 projection subspace P is reduced
to P = i’ since @i = I,. Considering
U = [uc, up), at any sequence step 4, the hidden
representation Hl € R? for the token e; in the NLE
& can be linearly decomposed as:

- - -

h; = (I — P)h; + i (T, hy) + up, (up 7, )

)

Learning the rank-2 projection subspace. Let
h*r = (I-P)h+4, (G, h) + 1, (i, h?), and
h* = (I - P)h + G, (@7, he) + 4, (d], h) be
two patched decompositions of the last-token hid-
den representation of the NLE £ by replacing the
activation from a particular layer [ € Ly, ULy
during the forward pass of p(- | ¢, ¢, wy) with the
activations from the same layer of the forward
pass of p(- | ¢, ¢, wp) and p(- | ¢, c, w), respec-
tively. Then we learn the projection subspace
P spanned by the two orthonormal basis vectors
u = [u,, Uy, by minimizing the two objectives
sequentially, maintaining orthonormal directions

between u,. and ﬁ'p2:

Zlog ( a(qn, ¢ )’ﬁl(ff)))v (6)
:_—Zlog ( Qnacn)’ﬁzﬁ)))' O

The methodology of assigning the PK—CK di-
rection to the basis vector u as a validation step is
described in §A.1.1.

Normalized PK-CK score. At any sequence
step ¢, given the hidden representation h € R¢
for the token ¢; in the NLE £, let ¢; = [T hy)|
and p; = |(up?, h;)|, then the normalized con-
tribution from CK and PK can be computed as
;¢ = ¢;/(c; + pi) and o? = p;/(c; + p;), and
a; a;P € |0, 1] satisfying the identifiability of in-
dividual knowledge contribution (Theorem A.1)
under rank-2 subspace.

4 Results
4.1 Experimental Setting

Dataset and Model: We conduct experiments
on three open-weight decoder-only instruct-based
LLMs: Llama-3.1-8B (Grattafiori et al., 2024),
Gemma-2 9B (Team et al., 2024) and Mistral-v0.3
7B (Jiang et al., 2023) using four publicly available
QA datasets: BaseFakepedia, MultihopFakepedia
(Minder et al., 2025), StrategyQA (Geva et al.,
2021), and OpenBookQA (Mihaylov et al., 2018;
Cheng et al., 2024). BaseFakepedia is a knowl-
edge conflict dataset containing queries with 23
relations from Wikipedia. MultihopFakepedia is an
extension of BaseFakepedia that contains queries
that require extra-hop reasoning to generate an-
swers. Both BaseFakepedia and MultihopFakepe-
dia datasets are utilized for the rank-1 subspace
analysis in Minder et al. (2025). StrategyQA is a
multi-hop reasoning QA dataset that includes im-
plicit reasoning steps in the queries. OpenBookQA
is a commonsense reasoning-based QA dataset.
Both StrategyQA and OpenBookQA datasets in-
clude ‘supportive’, ‘complementary’, ‘conflicting’,

‘irrelevant’, and ‘knowledge suppression’ PK-CK

interactions, illustrated in Cheng et al. (2024).
Prompt templates for intent-driven answer control,
NLE and CoT generations are described in §A.1.2.

*We initialize the projection weight from two orthogonal
vectors and nn.utils.parametrizations.orthogonal()
automatically maintains orthogonality after each optimization
step.
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4.2 RQ1: Is a Rank-1 Projection Subspace
Enough for Disentangling PK and CK
Contribution Across All Types of
Knowledge Interaction Scenarios?

We verify the sufficiency of rank-1 subspace in dis-
entangling PK—CK contribution in different types
of knowledge interactions using two metrics: (a)
Subspace component (Minder et al., 2025), which
indicates the strength of the hidden representation
of answer tokens along the direction of the basis
vector U in the rank-1 subspace. If a rank-1 sub-
space is sufficient in disentangling PK—CK contri-
butions, then the distribution of subspace compo-
nents of answer tokens for different interactions
should not overlap and have a mean far from zero,
indicating a small contribution in the orthogonal
(I — P) direction; (b) Explained Variance (Cumu-
lative) (Wall et al., 2003; Lazzaretto et al., 2025),
which indicates the minimum rank r required to ex-
plain the variance in data distributions for different
types of knowledge interactions. It measures the
strength of top-r singular values among all possi-
ble singular values present in the data distribution,
and at rank-r, the fraction should be closer to 1.0
if it is sufficient to explain. More details about
the metrics are discussed in Appendix A.1.5. Fig-
ure 2 shows the subspace component distribution
of answer tokens for different knowledge interac-
tion types overlap, and their means converge to 0,
indicating insufficiency of rank-1 subspace. Fig-
ure 3 also verifies rank-2 subspace as the minimum
projection subspace to capture data variance and
disentangle PK—CK contribution.

4.3 RQ2: How Do Individual PK and CK
Contributions Change Over the NLE
Generation for Different Knowledge
Interactions?

We investigate the dynamics of individual PK and
CK contribution «;” and ;¢ at every sequence
step ¢ over the NLE £ generation. Among the four
datasets, OpenBookQA shows the largest jump
in cumulative explained variance from rank-1 to
rank-2 across all models (Figure 3). We therefore
use OpenBookQA as our development set to (i) lo-
cate intent-sensitive layers via activation patching
and (ii) learn the rank-2 projection subspace. We
then freeze these choices and evaluate the result-
ing rank-2 subspace on all datasets. StrategyQA
yields nearly identical subspaces (directional sim-
ilarity > 0.9 on both axes; see §A.3). We first

StrategyQA BaseFakepedia

1.0 0.2 1
=
@
T 0.5 A 0.11
a
A
00 1 T T T 00 1 T T T
-2 0 2 -5 0 5
MultihopFakepedia OpenBookQA
0.34 0.34
>
5 021 0.21
o
0 0.14 0.1
0'0 1 T T T 0'0 1 T T T
-5 0 5 -5 0 5
Subspace component Subspace component
— supportive complementary — conflicting — noise

Figure 2: Kernel Density Estimate (KDE) of the PK-CK
subspace component (G’ H,} across different knowl-
edge interaction types for four QA datasets using Llama-
3.1-8B-Instruct model. See similar results for the other
two models in Appendix A.2.

StrategyQA
L ,————

BaseFakepedia

EVr

MultihopFakepedia OpenBookQA

EVr

1 2 301 2 3
rank(r) rank(r)

—8— Meta-Llama-3.1-8B-Instruct gemma-2-9b-it ~ —@— Mistral-7B-Instruct-v0.3

Figure 3: Cumulative explained variance (E'V,.) at
rank(r) from the three models using the four QA datasets.
At rank-2, it reaches 1.0 value, indicating sufficiency
in capturing different knowledge interaction variants.

localize the layers encoding individual PK and CK
contributions. Figure 4 shows that patching from
wp — wp (BOTH—PRI) (L13-18) yields a larger
probability gain than w, — w. (BOTH—CTX)
(L15-17), indicating that Llama-3.1-8B-Instruct
relies more on PK than on CK for OpenBookQA.
We observe similar results for gemma-2-9b-it and
Mistral-7B-Instruct-v0.3 ( Figures 13 and 14). This
PK dominance in a context-rich task suggests that
the model tends to recall commonsense informa-
tion from PK rather than grounding answers in CK,
highlighting potential for future work on context-
sensitive knowledge control.

To identify the individual knowledge contribu-
tion in generating the final answer token a, we
project its hidden representation h, from the last
layer of [ € Ly, U Ly to the rank-2 projec-
tion subspace to compute the p; and ¢; as the
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Figure 4: Patchscope on OpenBookQA from Llama-
3.1-8B-Instruct. PRI indicates PK, and CTX indicates
CK. (a) Activation patching on Dng ). (b) Activation
patching on ng =), Computation details of patchscope
are described in Appendix A.1.4.

PK-CK contributions®. Figure 5a indicates an
overall higher CK contribution for BaseFakepedia
and MultihopFakepedia, and a higher PK contri-
bution for StrategyQA and OpenBookQA for the
Llama-3.1-8B-Instruct model. We further investi-
gate the distribution of different knowledge inter-
actions (following §3.2) in Fig. 5b and find that
both BaseFakepedia and MultihopFakepedia con-
tain more conflicting examples than other knowl-
edge interaction types (§3.2). Our findings match
both dataset composition and prior findings: Fake-
pedia variants often contain examples with conflict-
ing CK when models are found to suppress PK;
StrategyQA/OpenBookQA have examples that rely
on common sense priors and have supportive (i.e.,
non-conflicting) contexts when models default to
parametric recall (Cheng et al., 2024; Tao et al.,
2024). Overall, we conclude that for conflicting
examples, the model aligns more with the CK direc-
tion and for supportive examples, the model aligns
more with the PK direction in the rank-2 projection
subspace.

To understand the knowledge interaction dynam-
ics during NLE generation, We analyze variation in
;P and o; over all sequence steps of NLE gener-
ation for different knowledge interaction scenarios.
Figure 6 shows that for all datasets, during most
of the NLE generations, the model starts with a
higher CK, then considers both PK and CK with
slight prioritization of PK. However, for longer
NLEs, CK and PK compete with each other with
higher fluctuation. Longer NLEs indicate difficult
examples with higher depth in multi-hop reason-

*We do not normalize for single token answer.
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(a) Individual PK—CK contribution p; and ¢; (§3.3) in gener-
ating the answer token for Llama-3.1-8B-Instruct.
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Figure 5: Answer-level PK—CK alignment and distribu-
tion of knowledge interaction types across datasets.

StrategyQA BaseFakepedia
=
2 0.81 0.8
=)
T 0.6 0.61 /\[
g . (Yo hw l \v’\ll/—-‘\w/-\'\w
O 0.4 W 0.41
3
v 0.2 0.2 1
o T T T T T T
0 100 200 0 50 100
MultiHopFakepedia OpenBookQA
S 0.8 0.8
S
2
Suol A et f
c — e ot X\
v KW W U
8 0.41 Y V 0.4 W
~
M 0.2
&L . . 0.2, ;
0 100 200 0 100
Sequence step Sequence step
— CK PK - Mean length = Mode length

Figure 6: PK—CK interaction dynamics over the se-
quence steps for Llama-3.1-8B-Instruct. The dotted
red and blue lines indicate the mean and mode of NLE
lengths. Figure 15 contains PK—CK dynamics for dif-
ferent interaction scenarios.

ing and higher token uncertainty (from Figure 16),
which force the model to iteratively reconcile PK
with CK, resulting in this fluctuating behavior.
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Figure 8: Comparison in individual PK—CK contribu-
tion p; and ¢; (§3.3) in generating the answer token a
for all the datasets from Llama-3.1-8B-Instruct model
between CoT and standard prompting.

4.4 RQ3: Can We Find Reasons for
Hallucinations Based on PK-CK
Interactions?

To characterize the knowledge interaction dynam-
ics during the NLE generation in terms of con-
text faithfulness, we compare hallucinated vs non-
hallucinated responses in the rank-2 projection sub-
space. Following (Sun et al., 2025), we utilize
two commonly used RAG hallucination datasets:
RAGTruth (Niu et al.,, 2024) and Dolly (AC)
(Hu et al., 2024), of sizes 18240 and 297 exam-
ples, respectively, containing examples from QA,
Summarisation and Information Extraction. Each
dataset provides high-quality human-annotated
spans of hallucinated content across responses from
multiple models. Importantly, whether a span is
labelled as hallucinated is model-dependent: the
same RAG input may yield hallucinated text for
one model but not for another due to differences
in the model’s PK. Due to the limited number of
models covered in the two datasets, we find hallu-
cination labels only for the Llama-3.1-8B-Instruct

model in these two datasets. Figure 7 illustrates
the PK-CK knowledge interaction dynamics. The
gap between PK and CK is much higher for the
examples with hallucinated spans than for the other
examples across the sequence steps. This result
also aligns with similar observations of positive
correlation of PK and hallucination in Sun et al.

(2025).

4.5 RQ4: How is the CoT mechanism aligned
with the knowledge interaction subspace?

To verify whether reasoning-based prompting CoT
helps the model to stay aligned with the CK and
reduces reliance on PK, we compare the PK—CK
contribution in generating the final answer between
standard prompting and CoT prompting. Figure
8 indicates that CoT maintains similar CK align-
ment compared to standard prompting for all the
datasets, and also reduces PK alignment except for
the OpenBookQA dataset.

5 Steering Model Behavior via Projection
Subspace Intervention

Instead of using the explicit intent instruction w,,
(follow prior knowledge only), w, (follow context
knowledge only) and wy, (consider both knowledge
sources), we steer the hidden representation of the
answer token using the equation:

—

Hi =I-P)hy+d.c +u,p; ®)

where ¢;, p; € R are weights along the CK and
PK direction, respectively. We perform this steer-
ing in three settings: p; > ¢; (similar to wp),
p; < ¢; (similar to w.), and p; = ¢; (similar to
wp) on all four datasets and three models using the
learned rank-2 projection subspace and measure
accuracy on how well the model predicts the same
answer without the explicit intent.

From Table 1, the high alignment between steer-
ing in the projection subspace and the intent vari-
able that guides the knowledge interaction indeed
verifies that the learned projection subspace behav-
iorally disentangles PK—CK interaction.

For the RAGTruth dataset from Llama-3.1-8B-
Instruct, we observe average CK and PK scores
of 0.46 (c; = 1.8559) and 0.54 (p; = 2.2277)
for hallucinated examples and 0.49 (¢; = 1.9399)
and 0.51 (p; = 2.0927) for non-hallucinated exam-
ples. Using Equation (8) to obtain the hidden rep-
resentation at each sequence step, following (Sun
et al., 2025), we steer 450 examples and regenerate
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Dataset Model p;>c; pi<ci pi=c;
Llama 0910 0940 0.935

g;f‘tegy Gemma 0890 0910 0925
Mistral  0.840 0.875 0.910

Base Llama 0.865 0930 0915
. Gemma 0.830 0905 0.900
Fakepedia  \rciral  0.835 0870 0.860
. Llama 0.870 0900 0915
I;/Ift‘h((’f.’ Gemma 0845 0870 0870
axepedia  nfistral  0.827  0.860 0.855
Llama 0940 0960 0.960
8pAe“B°°k Gemma 0917 0925 0.920
Mistral  0.890 0.903 0.925

Table 1: Model behavior performance between the an-
swer prediction by intervening in the learned rank-2
subspace and the answer predicted with explicit intent.

pi>cit pi=2.50,¢,=1.95; p;<c;: p;=2.0,c¢;=2.50;
Pi=¢C;: pi:Ci:2-50-

Steering Condition Hallucinated / Total

No steering 2437450

p; = 2.1 (PK-downweight) 202 /450 (<0.0001)
¢; = 1.94 (CK-upweight) 221 /450 (0.048)
pi = 2.1, ¢; = 1.94 (Both) 193 /450 (<0.0001)

Table 2: Reduction in hallucinated generation by inter-
vening in the learned rank-2 subspace (p-values from
Fisher’s exact test in the bracket).

their responses, keeping the generation parame-
ters unchanged. We then compute the truthfulness
of the generated response using Llama-3.1-70B-
Instruct with the same prompt template as in (Sun
et al., 2025), and report the number of examples
identified as hallucinated in Table 2. We compare
our hallucination mitigation performance with Sun
et al. (2025), which achieves 172 wins, 179 ties,
and 99 losses over the non-steered model, result-
ing in a reduction of (73/450) compared to our
reported (50/450) reduction in hallucination gen-
eration. However, our result remains statistically
significant, indicating a stable reduction in halluci-
nations compared to the non-steered method. We
also note that Sun et al. (2025) computes the per-
token residual contribution of the attention and the
MLP block and hallucination likelihood based on
the positive correlation of the MLP contribution
and the negative correlation of the attention contri-
bution with the per-token hallucination gold label.
Overall, our work establishes a causal study of hal-
lucination likelihood with PK—CK interaction via
PK directional steering-based truthful generation,
whereas Sun et al. (2025) utilizes all possible con-

cepts relevant for hallucination via residual contri-
bution to detect and mitigate hallucination, result-
ing in higher but unstable mitigation performance.
However, hallucination mitigation performance in
(Sun et al., 2025) suggests that the PK axis in the
learned rank-2 subspace is neither a unique nor a
complete causal mechanism for hallucination. This
hallucination mechanism can be explained by an-
other projection subspace apart from the PK-CK
subspace. But the high alignment of the PK axis
indicates that another subspace should not be or-
thogonal to the PK direction of the learned rank-2
subspace.

6 Conclusion

This work shows that the interaction between
Parametric Knowledge (PK) and Context Knowl-
edge (CK) in LLMs is inherently multidimensional
rather than a binary choice. We introduce a rank-
2 projection framework that (i) resolves the non-
identifiability of rank-1 probes in disentangling
individual knowledge contributions, (ii) disentan-
gles token-level PK and CK components, and (iii)
enables the first systematic multi-step analysis of
PK-CK dynamics during Natural Language Expla-
nation (NLE) generation. Across four QA datasets
and three open-weight instruction-tuned LMs, rank-
1 subspaces fail to capture diverse knowledge in-
teraction scenarios, whereas rank-2 suffices to ex-
plain the observed variance. Our step-wise analysis
further reveals consistent patterns: hallucinated
generations align strongly with the PK axis, while
context-faithful generations maintain a more bal-
anced PK-CK alignment, and Chain-of-Thought
prompting shifts generations toward CK by reduc-
ing PK reliance. Intervention in the learned rank-2
subspace enables controlling model behavior to-
wards the desired intent and reduces hallucination
generation, thereby verifying the behavioral knowl-
edge disentanglement in that subspace. Beyond
NLE generation, this subspace-based analysis pro-
vides a general, model-internal signal for study-
ing how LLMs balance internal recall and external
grounding.

Limitations

Orthonormal assumption of PK-CK directions:
We restrict the subspace to span two orthonormal
directions to obtain a pure directional contribution
in the LLM knowledge interaction. In principle, the
subspace can be spanned by two non-orthogonal
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directions, but mapping the PK—CK contribution to
those directions would be complicated. We leave
it for future work. We verify that these two or-
thonormal directions correspond to the PK and CK
knowledge from the steering-based intervention
experiments in Section 5.

Rank-3 or higher rank subspace projection in
disentangling PK-CK contribution: We limit
our methodology to rank-2 based on the observed
cumulative explained variance across all datasets
and models, averaged over subspace rank. We
also empirically verify the sufficiency of rank-2
in encoding the knowledge interaction concept. As
future work, we can examine the orthogonal com-
ponent of the subspace to understand the model’s
sensitivity to it, thereby establishing the need for
rank-3.

Comparing rank-2 subspace with PCA, ICA,
or alternative representation steering methods:

We find standard PCA and ICA-based methods
are invalid baselines for disentangling knowledge
interactions within the model. PCA finds direc-
tions along the maximum variance in the hidden
representation matrix of examples and may not cor-
respond to the actual knowledge directions. ICA
finds two statistically independent directions in the
representation, which are again causally connected
to the knowledge directions. PatchScope-based
rank-1 or rank-2 subspace learning enforces the
learned subspace direction to the knowledge di-
rection. We theoretically show that rank-1 is non-
identifiable in disentangling individual PK and CK
contributions, and empirically verify the sufficiency
of the proposed rank-2 subspace.

Inspecting triggering effects causing the model
to shift from CK to PK: Inspecting triggering
effects that cause the model to shift from CK to
PK warrants a different set of experiments, which
is not the focus of our work, as we aim to disen-
tangle and model the PK—-CK contributions. Sun
et al. (2025) introduced the external context score
(ECS) by calculating the residual contribution from
multi-head attention and the parametric knowledge
score (PKS) from the FFN blocks’ residual contri-
butions for a particular token, and found a positive
correlation between hallucination and PKS. They
observe that the model successfully attends to cor-
rect context around 65% of the time, but it loses
this information over longer sequence generation,
leading to lower ECS or higher PKS resulting in

hallucination.

Nonlinearity of LLM representations: We fol-
low the previous findings on the linear decompo-
sition of several concepts encoded in the token’s
hidden representation and nonlinearity in the inter-
action is out of scope for our study.

Evaluation beyond QA: We investigate the ef-
fectiveness of the rank-2 projection subspace on
three open-weight decoder-only instruction-tuned
LLMs across four QA datasets due to the following
reasons: 1) QA datasets are the only available an-
notated datasets with different types of knowledge
interactions, 2) QA tasks are traditionally used to
explore interaction between the model’s own para-
metric knowledge (PK) and the external context
knowledge (CK) as they naturally rely on both
types of knowledge. Investigating diverse sequence
generation datasets, such as summarization, transla-
tion, or dialogue, would broaden the generalization
of our findings. However, translation requires inter-
action between context and multi-lingual paramet-
ric knowledge, which would require a different type
of study of how context in one language is linked
with PK in another language in the model, and
where we do not expect different types of knowl-
edge interactions. Same with both summarization
and dialogue generation, where they heavily rely on
external context (external document, conversation
history). Also, any information-seeking queries in
a dialogue are equivalent to a question-answering
task.
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A Appendix

A.1 Replication Details

A.1.1 Determining PK and CK Directions in
the Rank-2 Projection Subspace.

Once we obtain the rank-2 projection subspace
P spanned by the orthonormal basis vectors i =
[t U,] € R*2, we identify the PK and CK direc-
tions as follows:

U, = arg max (ﬁTHwP> , 9

up7uc

U, = arg max <ﬁTch) , (10)

up7uc

where H,,, € R"*%, and H,,, € R"*? are ma-
trices of hidden representation of answer tokens
a(q, ¢) and a(q, c) guided by intents w, and w,
respectively over n examples. If the optimization
for learning 1), and U, (§3.3) converges well based
on two pre-selected directions, then we will always
get two different directions for the two knowledge
sources.

A.1.2 Prompt Template

Prompt template to generate controlled answers
a(q, ¢), a(q, ¢) and a driven by intents wy, w,, and
wy, are described in Table 3. The prompt template
for generating NLEs and CoT-based prompts across
datasets and models is described in Figure 9.

A.1.3 Hyperparameters

We identify important layers Ly, and L, to
capture individual PK and CK contributions, re-
spectively, from the final answer a via Patchscope
using the hyperparameters described in Figure 10.

A.1.4 Computation Overhead of PatchScope

We perform patchscope-based layer selection to
learn the rank-2 PK—CK projection subspace on
a single NVIDIA B200 GPU (180 GB). For both
Llama-3.1-8B and Mistral-v0.3-7B with 32 layers,
it takes less than 30 minutes for 500 examples;
for Gemma-2-9B with 26 layers, it takes slightly
over 30 minutes for 200 examples. This observa-
tion verifies negligible computational overhead for
patchscope-based layer selection and subsequent
rank-2 subspace learning, making it computation-
ally feasible for larger models.

A.1.5 Evaluation Metric

To empirically verify the insufficiency of the rank-
1 projection subspace in disentangling individual

knowledge contributions, we utilize two specific
metrics:

Subspace component: For each knowledge inter-
action type, we compute the subspace component
(GT hy) of the hidden representation of the an-
swer token h;, which is equivalent to the scalar
component of the basis vector i for the rank-1 pro-
jection subspace P (Minder et al., 2025). If P ade-
quately captures PK—CK interactions in the dataset,
then the distribution of these subspace components
should have a mean significantly different from 0.
Such a pattern would indicate minimal contribution
in the orthogonal complement (I — P) and reflect
distinct, disentangled interaction behavior across
different knowledge types.

Explained Variance (Cumulative): Consider the
matrix H = [{hy Ml H € RV*4 as the con-
catenation of hidden representation h, € RY of the
answer token a over N examples. The d singular
values 01 >> 09,... >> o4 from the diagonal
matrix ¥ € R?*? after the Singular Value Decom-
position (SVD) of HH T = AYB indicates the
strength of HH™ in d orthonormal directions. For
top-r singular values o1 >> 09, ... >> o, the cu-
=1 ‘7?‘
LS
indicates the sufficiency of rank-r projection sub-
space in encoding the variance in knowledge in-
teractions present in the dataset (Wall et al., 2003;
Lazzaretto et al., 2025). If the rank-1 projection
subspace P adequately captures PK-CK interac-
tions in the dataset, then the cumulative explained
variance at rank-1 F'V; should approximate 1.0.

mulative explained variance E'V,.: EV, =

A.2 Additional Results

Theorem A.1 (Non-identifiability under rank-1).
Let the hidden representation h; for the input x; at
the sequence step i be decomposed as

-

h; = ¢quck + piipk + &,

where Ug i, Upg are orthonormal directions cor-
responding to context and parametric knowledge,
¢, pi € R are their contributions, and &, is noise
orthogonal to their span. A rank-1 probe with vec-
tor V observes
ST - = - =
a; =V ' hy = ¢;(V,dck) + pi(V,dpK).

Then (c;, p;) are not uniquely identifiable from «;
whenever both coefficients are nonzero.

Proof. Leta = (V,Uck) and b = (V,Upg). For
any (¢, p), choose (¢, p') = (¢ + 9, p — $0) with
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Intent ‘ Prompt

Wy <|begin_of_text|><|start_header_id|>system<|end_header_id|>

A. stop eating at Daily Grind Cafe
B. attend a Potluck Party

Answer the following query considering the provided context. Answer with only one
word.<|eot_id|><|start_header_id|>user<|end_header_id|>

Context: Daily Grind Cafe is a popular place to eat lunch out. At a Potluck Party,
everyone brings their own lunch to share with friends.

Instruction: Ignore the context in answering the query.

Query: Which action can help a person save money?

C. Unknown<|eot_id|><|start_header_id|>assistant<|end_header_id|>

We <|begin_of_text|><|start_header_id|>system<|end_header_id|>

A. stop eating at Daily Grind Cafe
B. attend a Potluck Party

Answer the following query considering the provided context. Answer with only one
word.<|eot_id|><|start_header_id|>user<|end_header_id|>

Context: Daily Grind Cafe is a popular place to eat lunch out. At a Potluck Party,
everyone brings their own lunch to share with friends.

Instruction: Only consider the context in answering the query.

Query: Which action can help a person save money?

C. Unknown<|eot_id|><|start_header_id|>assistant<|end_header_id|>

Wy <|begin_of_text|><|start_header_id|>system<|end_header_id|>

A. stop eating at Daily Grind Cafe
B. attend a Potluck Party

Answer the following query considering the provided context. Answer with only one
word.<|eot_id|><|start_header_id|>user<|end_header_id|>

Context: Daily Grind Cafe is a popular place to eat lunch out. At a Potluck Party,
everyone brings their own lunch to share with friends.

Instruction: Consider the context in answering the query.

Query: Which action can help a person save money?

C. Unknown<|eot_id|><|start_header_id|>assistant<|end_header_id|>

Table 3: Prompt template for intent-driven answer control.

0 # 0. Then ac + bp = ac + bp/, so infinitely
many (¢, p) yield the same observation. Thus
the mapping (¢, p) — « is non-injective, and the
individual contributions cannot be disentangled.

A.3 Robustness Analysis

We evaluate the robustness of PatchScope local-
ization and the learned rank-2 PK—CK projection
subspace along four axes: layer sensitivity, prompt
perturbations, context variation, and geometric sta-
bility.

PatchScope layer sensitivity. To ensure that PK-
CK disentanglement is not tied to a single layer, we
evaluate the rank-2 subspace across six PatchScope-
identified layers of Llama-3.1-8B-Instruct (L13—
L18). Patching accuracy is stable across 6 layers
L13-18, [0.82,0.84,0.83,0.85,0.87,0.86], with a
mean of 0.84 + 0.018 and peak performance at
L17 (0.87). The resulting stability score of 0.98 in-
dicates that disentanglement consistently emerges
across this mid-to-late layer block rather than being
a layer-specific artifact.
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Intent ‘ Prompt

NLE <|begin_of_text|><|start_header_id|>system<|end_header_id|>

Answer the following query considering the provided context. Generate your final
answer with only one word. If you are unable to answer the query, generate your final
answer as "Unknown". Also, generate an explanation to determine your final answer.

Return your output in JSON format: {"explanation”: "your explanation here”,
"answer”: "your final response here”}. Only include the JSON object in your
response.

<|eot_id|><|start_header_id|>user<|end_header_id|>

Context: Daily Grind Cafe is a popular place to eat lunch out. At a Potluck Party,
everyone brings their own lunch to share with friends.

Query: Which action can help a person save money?

A. stop eating at Daily Grind Cafe

B. attend a Potluck Party

C. Unknown

<|eot_id|><|start_header_id|>assistant<|end_header_id|>

CoT <|begin_of_text|><|start_header_id|>system<|end_header_id|>

Answer the following query considering the provided context. Generate your final
answer with only one word. If you are unable to answer the query, generate your final
answer as "Unknown". Also, generate an explanation to determine your final answer.

Return your output in JSON format: {"explanation”: "your explanation here”,
"answer”: "your final response here”}. Only include the JSON object in your
response.

<|eot_id|><|start_header_id|>user<]|end_header_id|>

Context: Daily Grind Cafe is a popular place to eat lunch out. At a Potluck Party,
everyone brings their own lunch to share with friends.

Query: Which action can help a person save money?

A. stop eating at Daily Grind Cafe

B. attend a Potluck Party

C. Unknown

<|eot_id|><|start_header_id|>assistant<|end_header_id|>

Give your answer by analyzing step by step.

Figure 9: Prompt templates for NLE generation and CoT-based prompting.

Hyperparameter | Llama | Gemma | Mistral

number of samples 500 200 500
batch size 24 10 10
Tp 0.65 0.75 0.75
Te 0.60 0.85 0.65
margin 0.3 0.3 0.3
eps 0.05 0.05 0.05

Figure 10: Patching hyperparameters for identifying important layers for rank-2 projection
subspaces from Llama-3.1-8B-Instruct, Gemma-2-9B-it, and Mistral-7B-Instruct-v0.3.

Prompt perturbation robustness. We test invari- tions. End-to-end prediction agreement remains
ance to surface-form variations via paraphrasing,  high (model-dependent), at 0.92, 0.88, and 0.85
synonym substitution, and word-order perturba- for paraphrase, synonym, and word-order changes,
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Figure 11: Kernel Density Estimate (KDE) of the
PK-CK subspace component (i”, h;) across different
knowledge interaction types for four question—answer
datasets using the gemma-2-9b-it model.
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Figure 12: Kernel Density Estimate (KDE) of the
PK-CK subspace component (@7, h;) across different
knowledge interaction types for four QA datasets using
Mistral-7B-Instruct-v0.3.

respectively. To assess geometric robustness, we
independently learn projection subspaces from orig-
inal and perturbed prompts and measure their co-
sine similarity, obtaining mean consistency scores
0f 0.95+0.04, 0.93+0.05, and 0.89+0.08. These
results indicate that the learned subspace is largely
insensitive to superficial prompt variations and pri-
marily reflects semantic knowledge alignment.

Context variation sanity check. If the
projection subspace captures genuine knowl-
edge interaction, PK—CK contributions should
shift with context availability.  Varying con-
text from minimal (no context) to medium
(first 50 CK tokens) to maximal (full con-
text) yields: minimal (pi=0.82,¢;=0.24),
medium (pi=0.65, ¢;=0.58), maximal

(pi=0.85,¢;=0.87). The increase in CK contri-
bution from minimal to medium context reflects
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Figure 13: Patchscope on OpenBookQA dataset from
gemma-2-9b-it. (a) Activation patching on D,(f =P re.
sults in a higher contribution of PK in generating the
final answer, as the probability gap between the source
and target is higher. (b) Activation patching on fo =)
results in a lower contribution of CK in generating the
final answer, as the probability gap between the source
and target is lower. We consider the common layers
from both activation patching to learn the rank-2 projec-

tion subspace.

=

BOTH — Mean

Answer Probability
o
w

PRI - Median
OFRFNWAUONODORHFRERBERERBHREBEENNNNNNNNNNWW
OFNWAUONOOLOHNWARUIONWOOKR
Layer Number
()D(b—m)
w
z
= -
5 1
< BOTH — Mean
< .
£ 0.5 CTX - Median
7]
= 0 T T | I |
2 ORNWAUONODOR R HREBEESSENNNNNNNNNN WL
OFNWAUOIIOOLORNWRUOIDOO R
Layer Number
(b),D(b%c)
w

Figure 14: Patchscope on OpenBookQA dataset from
Mistral-7B-Instruct-v0.3. (a) Activation patching on
ng =) results in a higher contribution of PK in gener-
ating the final answer, as the probability gap between
the source and target is higher. (b) Activation patching
on Dfub 7 results in a lower contribution of CK in gen-
erating the final answer, as the probability gap between
the source and target is lower. We consider the common
layers from both activation patching to learn the rank-2

projection subspace.

greater reliance on evidence as it becomes avail-
able, while maximal context strongly activates both
knowledge sources, consistent with supportive and
complementary interactions rather than pure sup-
pression of PK.

Geometric stability and separation. The learned
parametric and contextual directions are highly sta-
ble across resampling, as shown with examples
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Figure 15: PK—CK interaction dynamics over the sequence steps for different interaction scenarios for Llama-3.1-
8B-Instruct. The dotted red and blue lines indicate the mean and mode of NLE lengths.
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Figure 16: Entropy of NLE generation across all
datasets from Llama-3.1-8B-Instruct for different NLE
lengths grouped in four quartiles.

from the StrategyQA dataset, with average direc-
tional similarity exceeding 0.9 for both axes. More-
over, the two directions remain well separated: the
mean cosine overlap between PK and CK axes is
0.00 across bootstraps. This consistent orthogo-

nality supports the identifiability motivation for a
rank-2 formulation. Overall, these results demon-
strate that PK—CK disentanglement is stable across
layers, robust to prompt surface perturbations, re-
sponsive to context evidence, and geometrically
well-conditioned.
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