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Abstract

Best-of-N (BoN) sampling improves LLM
output quality by generating multiple candi-
dates and selecting the highest-reward response,
but fixing N wastes compute, since the bud-
get is paid regardless of whether a strong re-
sponse has appeared. We introduce BEACON
(Bayesian Efficient Adaptive Criterion for Opti-
mal N-stopping), an adaptive sampling method
grounded in Bayesian sequential search. BEA-
CON generates responses sequentially, updates
posterior beliefs over the reward distribution
via conjugate prior updates, and stops when the
expected marginal benefit of further sampling
no longer justifies its cost. Under a specified
reward-distribution model, the resulting stop-
ping rule admits closed-form posterior updates
and a precomputable table-lookup index pol-
icy, with low inference overhead. On reasoning
and alignment benchmarks, BEACON dynam-
ically allocates samples to uncertain queries,
matching fixed BoN accuracy to within 0.7
points while using 50–88% fewer samples on
average and outperforming prior adaptive sam-
pling methods at comparable or smaller bud-
gets. We further demonstrate BEACON’s util-
ity for post-training data generation and exten-
sions to batch-parallel inference and noisy re-
ward. These results connect Bayesian optimal
stopping theory with LLM usage, providing a
model-grounded stopping criterion under ex-
plicit distributional assumptions and practical
efficiency gains for reward-guided LLM sam-
pling.

1 Introduction

Large Language Models (LLMs) are increasingly
deployed in settings where both response quality
and inference efficiency matter (Wang and Li, 2026;
Sui et al., 2025; Yuan et al., 2025b; Yang et al.,
2025). A common approach to improve quality is
sampling-based selection: generate multiple candi-
dates, score them with a reward model or consis-
tency metric, and return the best (Wang et al., 2022;

Nakano et al., 2021; Snell et al., 2025). Methods
such as Best-of-N sampling are now commonly
used for complex reasoning, safety alignment, and
preference data generation (Ichihara et al., 2025;
Yuan et al., 2024). Yet they waste compute by de-
sign: the number of generations is fixed in advance,
regardless of whether a strong response appears
early or the prompt is inherently easy (Wang et al.,
2025a; Fu et al., 2024). As models scale, this moti-
vates a principled economy of sampling: when to
pay for another generation, and when the current
best is good enough to stop (Huang et al., 2025a).

Prior work addresses this question by making
sampling budgets adaptive, but mostly through
indirect proxies for the value of another sam-
ple. Consistency-based methods estimate difficulty
or confidence from answer agreement (Aggarwal
et al., 2023; Wang et al., 2022; Taubenfeld et al.,
2025; Wan et al., 2025a), but agreement can be
misleading when multiple incorrect responses con-
verge, and is poorly defined for open-ended tasks
with many valid answers (Wang et al., 2025a; Fu
et al., 2024). Reward-based methods adapt Best-of-
N by learning auxiliary stopping models (Cobbe
et al., 2021; OpenAI, 2022; Zhang et al., 2024;
Damani et al., 2025; Komiyama et al., 2026) or al-
locating samples across prompts using batch-level
reward-distribution estimates (Raman et al., 2026).
These approaches either require domain-specific
training or rely on static reward estimates, leaving
the online stop/continue decision to heuristic rules
rather than a formal sequential decision criterion
with optimality guarantees.

To bridge this gap, we leverage principles from
Bayesian optimal stopping (Baucells and Zorc,
2024) and reformulate reward-guided LLM sam-
pling as a sequential search problem. Rather than
estimating reward distributions in a separate offline
stage, we treat each query’s reward distribution as
a latent object to be inferred online: every gener-
ated response both reveals information about the
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Figure 1: BEACON adaptive sampling versus fixed Best-of-N sampling. Left: BEACON stops when rewards
stabilize and continues when they remain variable, whereas Best-of-N uses a fixed budget for every query. Right:
schematic of how BEACON’s per-query sample count grows with query uncertainty while Best-of-N stays fixed,
yielding lower average inference cost.

distribution of attainable rewards and incurs com-
putational cost (Toth and Oberhauser, 2020). This
turns adaptive sampling into a stop/continue deci-
sion: continue only when the posterior expected
improvement from another sample exceeds its cost,
and otherwise return the best response found so far.
Because the decision is updated after each observed
reward, the policy naturally allocates more samples
to queries with uncertain or variable rewards and
stops earlier when the reward distribution stabi-
lizes.

Building on this principle, we introduce the
Bayesian Efficient Adaptive Criterion for Op-
timal N-stopping (BEACON), an adaptive sam-
pling method that combines sequential search with
online Bayesian learning over reward-model sig-
nals. BEACON continues sampling only when the
posterior expected marginal benefit of another re-
sponse exceeds its sampling cost. As a default con-
tinuous instantiation, we use a Normal–Inverse-
Gamma (NIG) model for reward scores, which
admits closed-form posterior updates and enables
a reusable Universal Index Policy (UIP) for table-
lookup stopping decisions. After each sample,
BEACON updates sufficient statistics, compares
an index-based continuation value against a cost
threshold, and stops when further sampling is no
longer justified. Experiments on reasoning and
alignment benchmarks show that BEACON sub-
stantially reduces average inference cost while
maintaining comparable performance. We further

study extensions to efficient preference-data gener-
ation, batch-parallel inference, and robust stopping
under noisy or misspecified reward signals. Our
main contributions are as follows:

• Bayesian formulation: We formulate reward-
guided LLM sampling as Bayesian optimal
stopping over an unknown, query-specific re-
ward distribution, weighing the posterior ex-
pected benefit of an additional sample against
its cost.

• Efficient stopping rule: From this Bayesian
formulation, we derive a UIP-based stop-
ping rule for reward-guided LLM sampling.
With a NIG reward model, BEACON sup-
ports closed-form posterior updates and a pre-
computable index table, making each online
stop/continue decision constant time. We clar-
ify the assumptions under which the policy
is optimal and provide alternatives when they
are violated.

• Empirical validation: Across reasoning and
alignment benchmarks, BEACON matches
fixed BoN accuracy to within 0.7 points while
using 50–88% fewer samples on average. We
further demonstrate utility for iterative DPO
data generation, batch-parallel inference, and
noisy rewards.
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Figure 2: BEACON framework. Top: An illustration of sequential sampling of LLM responses with reward model
evaluation. Bottom: Intuition of optimal stopping mechanism, which updates Bayesian posterior beliefs about
reward distribution parameters after each sample and stops based on the optimal sampling policy, comparing the
index-based threshold to the cost.

2 BEACON: LLM Sampling as Bayesian
Sequential Search

We formulate adaptive LLM sampling as a
Bayesian sequential search problem and derive
a Bayes-optimal stopping rule under a specified
reward-distribution model. Specifically, we treat
the reward model R(x, y) as providing scalar qual-
ity scores: for a fixed prompt x and policy LLM,
repeated sampling induces a query-dependent re-
ward distribution f(r | x) that marginalizes over
both response generation and reward evaluation.
Adaptive sampling can therefore be viewed as a
finite-horizon sequential search problem, where
each generated response both reveals information
about f(r | x) and incurs a sampling cost c. Clas-
sical sequential search formalizes this quality–cost
trade-off through threshold-based stopping rules.
When f(r | x) is unknown, Bayesian sequential
search instead updates posterior beliefs from the
observed rewards. The Universal Index Policy
(UIP) of Baucells and Zorc (2024) provides an
optimal index rule for this posterior-standardized
setting, which BEACON instantiates for reward-
guided LLM sampling (full background in Appen-
dices E.1–E.4).

2.1 Model Setup

Problem Setting. Given a query x and a policy
LLM πϕ(y | x), BEACON sequentially generates
responses yi ∼ πϕ(· | x) and evaluates each us-

ing a reward model R(x, yi) = ri. The induced
reward distribution f(r | x) is query-dependent
and unknown, since it marginalizes over stochastic
response generation and, when applicable, stochas-
tic reward evaluation. We model rewards as i.i.d.
draws from f(r | x)—a tractable working assump-
tion that is natural under fixed prompt and decod-
ing parameters, though correlations across sam-
ples, for example from shared model biases or rea-
soning patterns, may arise in practice. This as-
sumption should be viewed as a working model
for deriving a tractable stopping rule rather than
as a claim that LLM samples are strictly indepen-
dent; empirically, the resulting policy remains ef-
fective under realistic reward-model noise and het-
erogeneous query difficulty. After k samples, let
rk = {r1, . . . , rk} and zk = maxi ri denote the
current best reward. Each additional sample incurs
cost c (constant marginal cost per generated-and-
scored candidate, interpretable as the workload’s
average decoding plus reward-evaluation cost), and
sampling is capped at horizon n. BEACON seeks
a stopping time K that maximizes the expected net
utility E[zK −Kc].
Bayesian Learning with Conjugate Priors. To
make sequential updating tractable, we place f(r |
x) in a parametric family F with a conjugate prior,
so that posterior updates compress the observed
rewards into finite-dimensional sufficient statis-
tics (Diaconis and Ylvisaker, 1979). As our de-
fault continuous instantiation, we adopt a Normal–
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Inverse-Gamma (NIG) prior for unknown param-
eters (µ, σ2). After the first k0 samples, the state
needed for the stopping decision can be represented
by (zk, µk, σk)—the running maximum, posterior
mean, and posterior predictive scale—together with
the sample index k. These quantities update re-
cursively from the previous state and the new re-
ward rk, giving O(1) memory and per-step update
cost independent of the total number of samples.
Closed-form update equations and the choice of k0
are deferred to Appendix E.2.
Why Normal–NIG as the Default. The NIG in-
stantiation trades modeling fidelity for tractabil-
ity: it matches the common Gaussian treatment
of continuous reward signals, admits closed-form
posterior predictive updates, and supports the com-
putationally efficient UIP index rule of Baucells
and Zorc (2024). Reward distributions in our ex-
periments are approximately Gaussian in aggre-
gate (Appendix F.5), though per-query distributions
can exhibit skewness or outliers. Section 4 intro-
duces a robust update for such cases within the
same stop/continue framework, and Appendix E.6
provides a Bernoulli–Beta instantiation for binary-
reward settings.
Bellman Equation. On the sufficient-statistic state
(zk, µk, σk), the objective E[zK −K · c] admits the
standard Bellman recursion

Vn,k(zk, µk, σk; c) =

max{zk,E[Vn,k+1(zk+1, µk+1, σk+1; c)]− c},
(1)

with corresponding optimal stopping rule:

Stop iff Hn,k(zk, µk, σk; c) =

E[Vn,k+1(zk+1, µk+1, σk+1; c)]− zk ≤ c.
(2)

where Hn,k represents the expected marginal gain
from continued sampling.

Solving this recursion is intractable for general
distributions. The next section derives an efficient
solution via the UIP, which reduces each stopping
decision to a constant-time index lookup.

2.2 Optimal Sampling Policy and
Computation

We now derive BEACON’s Bayes-optimal stop-
ping rule under the NIG reward model by applying
the Universal Index Policy of Baucells and Zorc
(2024) to the Bayesian sequential search formula-
tion above.

Definition 1. For k0 ≤ k < n, the h-index function
hn,k : R → (0,∞) maps each standardized best
reward ẑ ∈ R to the unique value c > 0 that solves
the condition where the expected marginal gain
from continuing equals the sampling cost.

Theorem 1 (Bayes-Optimal Policy under the NIG
Model). Under i.i.d. reward sampling and the
Normal–Inverse-Gamma reward model, after k0
bootstrap samples, the Bayes-optimal policy for
the induced sequential search objective continues
at step k ≥ k0 iff

hn,k

(
zk − µk
σk

)
>

c

σk
. (3)

Thus,

K = min{k ≥ k0 : hn,k(ẑk) ≤ c/σk} ∧ n

maximizes E[zK − Kc] under the specified
Bayesian reward model.

Proof sketch. The argument has three steps (full
proof in Appendix E.7). (i) Under the NIG prior,
(zk, µk, σk) together with k form sufficient statis-
tics for the Bellman state (Appendix E.3), so the
optimal policy depends on the history only through
this triple. (ii) Standardizing by ẑk = (zk−µk)/σk
reduces the problem to a canonical location–scale-
normalized sequential search instance. (iii) For
this canonical problem, the Universal Index Policy
of Baucells and Zorc (2024) establishes a strictly
decreasing index function hn,k(·) for which my-
opic continuation hn,k(ẑk) > c/σk is Bellman-
optimal; unscaling recovers (3). Operationally,
BEACON standardizes the current best reward,
looks up hn,k(ẑk), and stops when it falls below
the cost-adjusted threshold c/σk.
Sensitivity Analysis. The optimal stopping time
K exhibits intuitive dependencies on key problem
parameters. When sampling cost c increases, ex-
ploration is discouraged and the algorithm stops
earlier. If the current best reward zk substantially
exceeds the posterior mean µk (large ẑk), the frame-
work recognizes an exceptionally high-quality sam-
ple has likely been found and stops earlier. Con-
versely, greater posterior uncertainty (larger σk)
encourages continued sampling: under BEACON’s
Jeffreys prior, µk reduces to the sample mean, so
zk ≥ µk holds throughout any run and ẑk ≥ 0;
in this regime, larger σk both shrinks the nonnega-
tive ẑk and lowers the cost-adjusted threshold c/σk,
jointly widening the continuation margin. Larger
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remaining horizon n−k similarly raises hn,k, mak-
ing the algorithm more patient (see Appendix E.8
for proofs and formal statements).
h-Table Precomputation and Complexity. Al-
though Theorem 1 characterizes the optimal stop-
ping rule, evaluating it directly would require solv-
ing a Bellman recursion at every step. BEACON
sidesteps this by tabulating the h-index function
hn,k(ẑ) once, offline, so that each in-loop stopping
decision reduces to a table lookup. By Definition 1,
each table entry is the unique normalized sampling
cost at which Hn,k(ẑ, 0, 1; c) = c, and the table is
built by backward induction over k via the recur-
sion in Appendix E.5. The appendix also specifies
the standardized grid, interpolation rule, and nu-
merical safeguards used to make the h-table repro-
ducible. Two properties make this overhead negligi-
ble in deployment: (i) the prior is task-agnostic, so
the same table serves every query at horizon n and
the precompute cost is amortized across the entire
workload; (ii) deployments using several horizons
{n1, . . . , nJ} pay only for distinct horizons, not
for queries.
Algorithm Implementation. Algorithm 1 sum-
marizes the BEACON procedure. After initializ-
ing Jeffreys’ non-informative priors and loading
the precomputed h-table, we draw k0 = 3 boot-
strap samples to establish valid posterior param-
eters. The adaptive loop then alternates between
(i) a constant-time stopping check via standard-
ized score ẑk = (zk − µk)/σk and table lookup
of hn,k(ẑk), and (ii) generating a new sample and
updating sufficient statistics, with the robust update
(Section 4) applied optionally for skewed reward
distributions.

3 BEACON Results on Inference Scaling

We evaluate BEACON as a drop-in replacement for
Best-of-N at inference time across reasoning and
alignment benchmarks. Our evaluation addresses
three questions: (i) does BEACON achieve a su-
perior quality-efficiency trade-off relative to fixed
BoN and existing adaptive baselines? (ii) is the
framework robust across reward model choices, in-
cluding under degraded reward signals? and (iii)
does its adaptive allocation reflect principled re-
sponse to query characteristics?

3.1 Experimental Setup

Hyperparameter Configuration. BEACON uses
a fixed prior, maximum horizon, and sampling

cost. Prior parameters: We use Jeffreys’ non-
informative prior (α0, ν0, µ0, β0) = (−0.5, 0, 0, 0)
for task-agnostic deployment, requiring k0 = 3
initial samples for well-defined posteriors (Ap-
pendix E.2). Maximum horizon: We set n = 32 to
match standard Best-of-N configurations (Singhi
et al., 2025); BEACON’s average sample count
is well below this horizon. Sampling cost: The
stopping rule operates on a fixed per-query cost
cx. Because reward scales vary across models and
tasks, we set cx = λσk0(x) after the bootstrap sam-
ples, where σk0(x) is the posterior predictive scale
and λ is a dimensionless cost ratio. This parame-
terization expresses cx in units of reward scale; all
theoretical results and stopping decisions depend
only on cx. Higher λ favors efficiency, while lower
λ favors quality. Unless otherwise specified, we
use the same default λ across models and tasks,
with calibration details in Appendix C.

Baselines, Models, and Evaluations. We fo-
cus our comparisons on training-free methods
and standard Best-of-N (BoN), as these repre-
sent widely used inference-time strategies for im-
proving LLM outputs without additional policy
optimization. Specifically, we include one-shot
Chain-of-Thought (CoT) prompting with K=1;
Self-Consistency (SC) (Wang et al., 2022), which
performs majority voting over n sampled reason-
ing paths; Adaptive-Consistency (AS) (Aggar-
wal et al., 2023), a model-agnostic early-stopping
method that fits a Dirichlet–multinomial poste-
rior to answer agreement patterns; RASC (Wan
et al., 2025a), a heuristic adaptive sampler that
uses CoT quality scores to guide sampling; stan-
dard Best-of-N (BoN), which selects the high-
est reward-scored candidate from n attempts; and
adaptive Best-of-N (ABoN) (Raman et al., 2026),
a two-stage adaptive allocation method that first
spends an exploration budget to estimate per-
prompt reward distributions and then uses non-
parametric kernel density estimation to allocate
the remaining samples. Policy models include
LLaMA-3.2-3B (Grattafiori et al., 2024), Qwen2.5-
7B-Instruct(Qwen Team, 2025), and Gemini-2.5-
Flash (Gemini Team, Google, 2025); reward mod-
els include Llama-3.1-Nemotron-70B-Reward and
Skywork-Llama-3.1-8B. We use CoT (Wei et al.,
2022) prompting with model-specific templates.
Evaluation covers: (1) Reasoning Tasks, where we
report Pass@1 on three mathematical benchmarks,
MATH-500 (Lightman et al., 2023), AIME24, and
AIME25 (Mathematical Association of America,
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Table 1: Comparison of BEACON with baseline sampling methods across different models and tasks. Reasoning
accuracy is the unweighted mean over the three benchmarks of MATH-500, AIME24, and AIME25. BEACON
achieves a superior trade-off between Accuracy/Win Rate/Scaled Reward ¯̂zK and efficiency (Avg Sample K).
Upward arrows (↑) indicate percentage improvement in accuracy or win rate over CoT baselines; downward arrows
(↓) show percentage reduction in samples compared to the maximum BoN sample size (32). SC and AS entries
are omitted for AlpacaEval 2.0 because majority voting over answers is not defined for open-ended generation.
Additional runs for statistical significance reported in Table 5.

Reasoning Tasks (Avg. MATH 500/AIME) Alignment Task (AlpacaEval 2.0)

Model Method Accuracy ↑
(%)

Samples ↓
(K)

Reward ↑
(¯̂zK )

Win Rate ↑
(%)

Samples ↓
(K)

Reward ↑
(¯̂zK )

LLaMA-3.2-3B

Direct CoT 20.0 1.0 -1.15 17.6 1.0 -1.19
SC 28.5 ↑42.5% 16.0 ↓50.0% -0.35 - - -
RASC 27.8 ↑39.0% 5.2 ↓83.8% -0.30 22.0 ↑25.0% 7.0 ↓78.1% -1.23
AS 27.8 ↑39.0% 5.6 ↓82.5% -0.31 - - -
BoN 33.4 ↑67.0% 32.0 1.75 27.5 ↑56.3% 32.0 1.94
ABoN 33.0 ↑65.0% 25.5 ↓20.3% 1.72 26.5 ↑50.6% 26.2 ↓18.1% 1.89
BEACON 33.0 ↑65.0% 15.8 ↓50.6% 1.68 27.9 ↑58.5% 14.5 ↓54.7% 1.85

Qwen2.5-7B

Direct CoT 56.9 1.0 -1.66 24.8 1.0 -0.94
SC 66.2 ↑16.3% 16.0 ↓50.0% -0.48 - - -
RASC 65.5 ↑15.1% 4.3 ↓86.6% -0.38 27.5 ↑10.9% 4.0 ↓87.5% -1.27
AS 65.3 ↑14.8% 4.6 ↓85.6% -0.39 - - -
BoN 73.0 ↑28.3% 32.0 2.45 39.6 ↑59.7% 32.0 2.22
ABoN 72.0 ↑26.5% 25.0 ↓21.9% 2.40 38.0 ↑53.2% 25.8 ↓19.4% 2.20
BEACON 73.0 ↑28.3% 6.5 ↓79.7% 2.36 38.9 ↑56.9% 7.8 ↓75.6% 2.15

Gemini-2.5-Flash

Direct CoT 80.1 1.0 -0.99 46.7 1.0 -0.62
SC 82.8 ↑3.4% 16.0 ↓50.0% -0.34 - - -
RASC 84.4 ↑5.4% 3.5 ↓89.1% -0.20 48.7 ↑4.3% 3.5 ↓89.1% -0.64
AS 84.4 ↑5.4% 3.8 ↓88.1% -0.21 - - -
BoN 86.0 ↑7.4% 32.0 1.46 53.6 ↑14.8% 32.0 1.83
ABoN 85.8 ↑7.1% 16.0 ↓50.0% 1.44 53.4 ↑14.3% 16.0 ↓50.0% 1.82
BEACON 86.4 ↑7.9% 5.0 ↓84.4% 1.41 53.4 ↑14.3% 4.0 ↓87.5% 1.79

Note: SC = Self-Consistency; RASC = Reasoning-Aware SC; AS = Adaptive Sampling; BoN = Best-of-N ; ABoN = Adaptive BoN.

2024); (2) an Alignment Task using AlpacaEval
2.0 (Li et al., 2023), where model responses to
user instructions are compared against GPT-4o
(OpenAI, 2024). For each method, we report task
performance together with the average number of
generated candidates K̄ and the dataset-average
normalized selected reward ¯̂zK , and rewards are
standardized within each context.

3.2 Main Results

Optimal Performance-Efficiency Tradeoff. Ta-
ble 1 reports BEACON’s headline performance
across models, reward models, and tasks: BEA-
CON matches fixed BoN32 accuracy to within 0.7
points on every model–task pair while using far
fewer samples, showing that adaptive stopping cap-
tures most of the quality benefit at a fraction of the
cost. Figure 3 compares both methods at matched
compute budgets: we vary BEACON’s cost param-
eter c to control its average sample count and com-
pare against BoN at the same N . The result shows
a consistent Pareto improvement across much of
the compute range: (i) at matched performance,
BEACON requires substantially fewer samples than
BoN; (ii) at matched sample budget, BEACON

Figure 3: Aggregated quality–efficiency. BEACON
Pareto-wins BoN across 3 models × 3 reasoning bench-
marks with fewer samples at matched accuracy with
higher accuracy/matched budget.

achieves substantially higher accuracy. The ad-
vantage is largest at moderate budgets (K = 6–14)
and converges at high K where both methods satu-
rate. This dominance reflects BEACON’s dynamic
per-query allocation, investing additional samples
in queries with high reward variance while termi-
nating early when reward distributions stabilize,
unlike BoN’s uniform sampling that allocates iden-
tical resources regardless of query characteristics.
Reward Model Sensitivity. BEACON’s stopping
behavior is governed by reward-signal uncertainty:
when posterior variance is low, additional samples
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Figure 4: Stopping-point distributions of BEACON
on MATH and AIME. BEACON terminates early on
easier queries (left-skewed distribution) and allocates
more samples to harder queries (right-shifted distribu-
tion), indicating adaptive compute allocation based on
query difficulty.

Table 2: BEACON across reward models on math rea-
soning (Gemini 2.5 policy). Accuracy here is reported
on MATH-500 only, so values are not directly compa-
rable to the three-benchmark average in Table 1. At
matched compute, BEACON outperforms BoN under
both RMs, with K adapting to reward signal character-
istics.

RM Method K Acc.

Nemotron-70B
BoN-N=32 32.0 86.0
BoN-matched 5.0 83.5
BEACON 5.0 85.3

Skywork-8B
BoN-N=32 32.0 83.3
BoN-matched 18.0 80.1
BEACON 17.8 81.8

are unlikely to improve selection and the algorithm
stops; when it remains high, sampling continues.
This produces systematic differences across reward
models (Table 2): K is substantially smaller under
the more decisive Nemotron-70B than under the
noisier Skywork-8B, with BEACON automatically
allocating more compute to the noisier signal. At
matched compute, BEACON consistently outper-
forms BoN under both reward models, indicating
that the efficiency gain comes from adaptive al-
location rather than any property of a particular
reward model. A controlled noise stress test (Ap-
pendix F.4) confirms this: as injected Gaussian
noise increases, BEACON’s accuracy degrades at
a rate comparable to fixed BoN while K grows
to compensate. BEACON thus inherits the re-
ward model’s quality ceiling without amplifying its
errors, preserving its efficiency advantage across
reward-signal conditions.

Adaptive Allocation Tracks Query Difficulty.
BEACON’s efficiency advantage stems from non-
uniform per-query allocation. Figure 4 shows that
on MATH-500 (mixed difficulty) the stopping dis-

tribution is concentrated at small K, while on
AIME-24/25 (uniformly hard) it shifts substantially
to the right, with most queries sampling well be-
yond the MATH-500 median. This dataset-level
shift indicates that BEACON’s allocation calibrates
to query difficulty without manual tuning. The
same pattern holds across model capability (Ta-
ble 1): K decreases monotonically from LLaMA-
3.2-3B to Qwen2.5-7B to Gemini-2.5-Flash, re-
flecting that more capable models produce reward
distributions that stabilize earlier and trigger BEA-
CON’s stopping criterion sooner.

4 Extending BEACON Beyond Inference

Having established BEACON as an efficient drop-
in replacement for Best-of-N at inference time,
we now demonstrate that the framework extends
to three common deployment settings: (i) post-
training data generation for iterative DPO, where
BEACON reduces sampling cost as the policy im-
proves; (ii) batch-parallel sampling for latency-
sensitive inference, where BEACON inherits the
parallelism benefits of BoN at matched memory
budgets; and (iii) noisy reward distributions en-
countered in practice, where the framework admits
alternative instantiations and a robust update.

Efficiency in Post-Training Data Generation.
We also show BEACON’s utility in efficient data
generation for Iterative Direct Preference Optimiza-
tion (DPO) (Rafailov et al., 2023), a widely-used
post-training paradigm that enhances LLM consis-
tency on challenging questions (Xiong et al., 2025;
Pang et al., 2024). We evaluate BEACON against
the standard Best-of-N (BoN) approach—the con-
ventional method for generating preference pairs
in iterative training pipelines (Li et al., 2024; Yuan
et al., 2025a); comprehensive experimental details
are provided in Appendix D.2. Figure 5 illustrates
performance across seven DPO iterations: BEA-
CON achieves comparable accuracy to BoN while
progressively reducing the average required sam-
ples (K, shown on the secondary y-axis). Notably,
K decreases over iterations as the policy becomes
more consistent and aligned, since stable reward
distributions trigger BEACON’s stopping criterion
earlier. This demonstrates a compounding benefit:
BEACON not only reduces per-iteration sampling
cost but does so increasingly as training progresses,
making it especially well-suited for iterative post-
training pipelines where data generation dominates
compute cost.
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Figure 6: Robust update keeps stopping near the
optimum under reward skew. Normalized value of
the optimization objective E[zK−Kc] vs. stopping time
K for an illustrative skewed query.

Handling Diverse Reward Distributions. While
we instantiate BEACON with a Normal-NIG con-
jugate model for tractability and empirical fit
(Fig. 11), the framework does not require strict
normality. The optimality of Theorem 1 is condi-
tional on model well-specification, and per-query
reward distributions occasionally exhibit negative
skewness (Fig. 11, middle panel) under which the
NIG posterior is itself misspecified. To address tail
misspecification within the same framework, we in-
troduce an optional robust updating mechanism that
preserves the informative right tail by replacing val-
ues below the 1% posterior-predictive quantile with
the current posterior mean before the update. It is a
one-sided winsorization that leaves the maximum
statistic zk unchanged, modifies only the posterior
parameters (µk, σk) used for the stopping decision,
and affects at most 1% of samples in expectation
under the model. Under correct specification, the
induced bias is negligible by construction; under
skewed misspecification, it substantially reduces
stopping-decision error which is a standard trade-

Table 3: Batch-parallel BEACON performance
(LLaMA 3.2). Memory overhead is relative to b = 1.

Method Spd. Mem. Acc. Avg.
(vs Seq.) Ovhd. ∆ Samp.

b = 1 (Seq.) 1.00× Base 0.0% 15.8
b = 2 1.65× +22% +0.2% 16.1
b = 4 2.31× +48% +0.8% 17.2
b = 8 2.85× +85% +1.4% 19.4

off in robust statistics. Figure 6 shows that this
mechanism consistently drives BEACON’s stop-
ping points closer to the optimum on skewed dis-
tributions while leaving behavior on well-behaved
distributions essentially unchanged. For settings
where rewards are inherently non-Gaussian (e.g.,
binary correctness signals), the framework admits a
Bernoulli–Beta instantiation with its own optimal-
stopping policy; See Appendix E.6 and E.9 for
details.
Batch-Parallel Sampling for Reduced Latency.
BEACON naturally supports batch-parallel sam-
pling: it generates b candidates in parallel, scores
them, updates the posterior with the batch rewards,
and applies the same stopping rule after each batch.
Larger b reduces wall-clock latency but makes stop-
ping decisions coarser, since BEACON can termi-
nate only after observing a full batch. Table 3
shows this trade-off: throughput improves with b,
while average sample count and memory overhead
increase moderately. The same precomputed UIP
table is reused for all batch sizes with the same
horizon, so batching requires no additional precom-
putation per batch.

5 Related Work

Parallel Reasoning and Adaptive Inference Al-
location. Parallel inference-time scaling improves
LLM outputs by generating multiple candidates
and selecting the best among them. Consensus-
based methods combine candidates through major-
ity voting, weighted voting, or confidence-based
aggregation (Wang et al., 2022; Fu et al., 2025;
Wan et al., 2025a; Wang et al., 2025a; Wan et al.,
2026), while Best-of-N (BoN) sampling uses an
external verifier or reward model (RM) to select
the highest-scoring response (Cobbe et al., 2021;
Ichihara et al., 2025; Zhang et al., 2024; Ankner
et al., 2024). With RM, BoN tends to be more reli-
able on alignment tasks (Zhou et al., 2025) and on
tasks where aggregation is not well-defined (Chen
et al., 2024). To improve efficiency, recent adaptive
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methods address this by allocating computation
based on answer agreement, verifier confidence, or
reward-model feedback (Sui et al., 2025; Manvi
et al., 2024; Huang et al., 2025b; Wan et al., 2025a;
Wang et al., 2025b; Wan et al., 2025b; Aggarwal
et al., 2023). The most closely related work, adap-
tive Best-of-N (ABoN), uses a two-stage heuristic
that first estimates per-prompt reward distributions
with an exploration budget and then allocates sam-
ples via non-parametric density estimation (Raman
et al., 2026). BEACON instead formulates adap-
tivity as a Bayesian sequential decision problem,
treating each observed reward as evidence that up-
dates a posterior over the reward distribution and
applying optimal stopping theory to decide when
to stop sampling.
Optimal Stopping and Bayesian Inference. BEA-
CON builds on decision-theoretic and Bayesian
approaches to sequential sampling (Shvartsman
et al., 2015; Zheng et al., 2020). Multi-armed
bandits study exploration–exploitation trade-offs
(Lattimore and Szepesvári, 2020; Slivkins, 2019),
including best-arm identification (Audibert and
Bubeck, 2010; Gabillon et al., 2012) and extreme
bandits for discovering high-value outcomes (Car-
pentier and Valko, 2014; Lopez et al., 2021). Opti-
mal stopping theory formalizes when to terminate
sequential observation (Ferguson, 2012), with foun-
dations in sequential search (Weitzman, 1979) and
recent extensions to unknown distributions (Bau-
cells and Zorc, 2024). Bayesian methods, including
budgeted bandits and Bayesian optimization, use
posterior beliefs for sample-efficient exploration
of costly objectives (Xia et al., 2016; Snoek et al.,
2012; Shahriari et al., 2015). BEACON follows
this line but uses conjugate-prior Bayesian updat-
ing to obtain closed-form posterior updates and
a tractable adaptive stopping rule for improving
LLM sample efficiency under moderate sample.

6 Conclusion

We introduced BEACON, a Bayesian optimal-
stopping framework for efficient reward-guided
LLM sampling. Rather than fixing a Best-of-N
budget in advance, BEACON updates posterior
beliefs about a query-specific reward distribution
and continues sampling only when the expected
improvement justifies its cost. With a Normal–
Inverse-Gamma instantiation, this yields closed-
form updates and constant-time online decisions
via a precomputed Universal Index Policy. Empiri-

cally, BEACON preserves much of the quality gain
of fixed BoN while substantially reducing average
sample count, with extensions to preference-data
generation, batch-parallel inference, and noisy re-
ward signals. These results support adaptive, query-
level allocation as a more efficient alternative to
uniform inference-time scaling.

Limitations

We highlight four limitations of BEACON. First,
the optimality of the stopping rule is conditional on
the modeling assumptions: rewards are treated as
i.i.d. draws from a Normal–Inverse-Gamma family,
which holds approximately in aggregate but can be
violated at the per-query level through skewness,
outliers, or correlations between samples sharing
reasoning templates or latent decoding modes. The
robust update (Section 4) addresses skewness, but
a fuller treatment of sample correlations remains
open.

Second, BEACON’s stopping behavior inherits
the quality of the reward model. Our experiments
demonstrate robustness across reward models of
varying decisiveness and under controlled noise
injection (Appendix F.4), but systematic biases in
the reward signal could propagate into stopping
decisions in ways that injected noise does not cap-
ture. Integrating reward-model uncertainty quan-
tification and multi-dimensional reward signals is
a natural next step.

Third, our evaluation beyond inference-time se-
lection remains preliminary. The iterative DPO
experiment in Section 4 uses a single model and
benchmark, and should therefore be viewed as an
initial demonstration rather than a comprehensive
post-training study. In the current implementa-
tion, the query-level cost is fixed after bootstrap
as cx = λσk0(x), where λ is a deployment-level
cost ratio. This provides a simple scale-adaptive
quality–efficiency knob, but future systems could
adjust λ based on latency targets, server load, query
importance, or training stage.

Fourth, the iterative DPO experiment uses a
correctness-aware reward Radapt (Appendix D.2.5)
that incorporates ground-truth final-answer correct-
ness. Both BoN and BEACON receive this identi-
cal signal, so the comparison isolates the sampling
policy, but such a signal is unavailable at inference
time and the absolute accuracies in Figure 5 should
not be read as inference-time results.
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A Use of AI Assistants

AI assistants were used for LaTeX formatting,
copy-editing, and proofreading of author-written
text. The research questions, theoretical develop-
ment, experimental design, implementation, anal-
ysis, and all claims in this paper are the authors’
own. The authors have verified the full content of
the paper and take responsibility for it.

B Experimental Setup and Details

B.1 Main Experiment Setup
Code is available at https://github.com/
wan19990901/Bayesian_Adpative_
Sampling/.

B.1.1 Policy Models and Reward Models
For our policy (generator) models, we evaluated a
range of architectures and sizes to ensure compre-
hensive assessment of BEACON’s performance:

• LLaMA-3.2-3B-Instruct: Accessed and run
locally on a GPU node equipped with 2
NVIDIA A100 GPUs.

• Qwen2.5-7B-Instruct: Inference conducted
via DeepInfra’s API1.

• Gemini-2.5-Flash: Inference conducted via
Google’s API2.

For our reward models (RMs), we utilized:

• NVIDIA Llama-3.1-Nemotron-70B-
Reward: Accessed via NVIDIA’s API 3

services for response verification.

• Skywork-Llama-3.1-8B-Reward: Accessed
and run locally on a GPU node equipped with
2 NVIDIA A100 GPUs.

1https://deepinfra.com/
2https://aistudio.google.com/api-keys
3https://build.nvidia.com/nvidia/

llama-3_1-nemotron-70b-reward

B.1.2 Datasets and Evaluation Benchmarks

We evaluated BEACON on diverse reasoning and
alignment tasks:

Reasoning Tasks: The reasoning evaluation fo-
cused on mathematical problem-solving, reporting
average accuracy (Pass@1) across the following
benchmarks. For answer extraction and checking
mathematical equivalence, we utilized the expres-
sion matching tool from the Math-Verify reposi-
tory4 to ensure consistent and robust evaluation.

• MATH500: We used all 500 problems from
the MATH500 subset (Lightman et al., 2023)
of the MATH dataset (Hendrycks et al., 2021).

• AIME 2024: All 30 problems from the Amer-
ican Invitational Mathematics Examination
2024 were used (Mathematical Association of
America, 2024).

• AIME 2025: All 30 problems from the Amer-
ican Invitational Mathematics Examination
2025 were used.

Alignment Task:

• AlpacaEval 2.0: We used the full set of 805
prompts from AlpacaEval 2.0 (Li et al., 2023).
The evaluation of response quality, comparing
model outputs against a reference (e.g., GPT-
4), was conducted using OpenAI’s API for
the automated evaluation protocol provided
by AlpacaEval. The primary metric reported
is the win rate.

B.1.3 Prompting Strategy

For all reasoning tasks, we employed a standard
one-shot Chain-of-Thought (CoT) prompting strat-
egy. The models were instructed to act as math as-
sistants and provide step-by-step solutions. Model-
specific instruction templates were used where ap-
propriate, but the core reasoning prompt structure
was as follows:

4https://github.com/huggingface/
Math-Verify
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Standard CoT Reasoning Prompt

You are a math assistant. Solve problems
step by step with clear reasoning.
Format:

1. Start with “Let me solve this step by
step:”

2. Numbered steps with explanations

3. End with answer in box: 42

Rules:

• Answer must be integer or simplified
fraction

• Use exact box format: 42

• No text after box

• For fractions:
3

4

• For negatives: −5

Example:
Let me solve this step by step:

1. First step

2. Second step

...

N) Final step

42

[Problem Statement Here]

This standardized prompt ensures consistency in
how tasks are presented to the policy models. For
AlpacaEval, prompts are used as provided by the
benchmark.

C Practical Guidelines for Setting the
Sampling Cost

The sampling cost c controls the quality–efficiency
trade-off in BEACON. It represents the marginal
cost of generating and scoring one additional can-
didate in the objective

E[zK −Kc].

Larger values of c encourage earlier stopping, while
smaller values allow more exploration. The stop-
ping rule uses c only through the normalized ratio
c/σk, where σk is the posterior predictive scale.
Thus, the absolute numerical value of c should be
interpreted relative to the reward scale rather than
as a task-specific constant.

In our experiments, we use a simple scale-
adaptive parameterization. After the bootstrap sam-
ples, we fix a query-level cost

cx = λσk0(x),

where σk0(x) is the posterior predictive scale esti-
mated from the initial k0 samples and λ is a dimen-
sionless cost ratio. Once cx is set, it is held fixed
for the remainder of that query, and BEACON ap-
plies the same stopping rule as in Section 2. This
parameterization simply expresses sampling cost in
units of the query’s initial reward uncertainty, mak-
ing the rule insensitive to arbitrary reward-scale
differences across models and reward functions.

The role of λ is to expose a single deployment-
level quality–efficiency knob: smaller values priori-
tize quality, while larger values prioritize efficiency.
Importantly, λ does not change the form of the stop-
ping rule and is not a learned stopping model. In all
main experiments, we use a fixed default value of λ
across models and tasks unless otherwise specified,
and vary it only when tracing quality–efficiency
Pareto curves.

For practical use, λ can be selected from a small
default range, such as {0.01, 0.02, 0.05}, depend-
ing on the desired compute budget. A lightweight
validation sweep may be used to choose a preferred
operating point, but it does not require running full
BoN-32 on the evaluation set. In deployment, one
can instead select λ by targeting an average sample
budget or latency constraint on a small held-out
calibration set. This is analogous to choosing the
operating point of any anytime inference method,
rather than training or fitting an additional model.

Across our experiments, values in the range λ =
0.01–0.05 provided a stable trade-off, substantially
reducing average sample count while preserving
most of the quality gains of fixed BoN. Smaller
or harder models may benefit from lower λ, while
stronger models or easier workloads can often use
larger λ because their reward distributions stabilize
earlier.
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Figure 7: Impact of the sampling cost (c) on the value
optimization and the optimal sample size. Higher c
results in earlier stopping to reach Bayesian optimality.

D Practical Implementation Details

D.1 Decoding Hyperparameters and
BEACON Configuration

Besides cost, the BEACON framework operated
with the following core settings for the main exper-
iments:

Decoding Parameters: For all policy model in-
ferences, unless specified otherwise by the API
provider’s defaults for instructed models, we used
consistent decoding parameters:

• Temperature: 0.7

• Maximum new tokens: 2048

BEACON Framework Configuration:

• Minimum initial samples (k0): 3. This
is required to properly establish the poste-
rior Normal-Inverse-Gamma distribution us-
ing Jeffreys’ non-informative prior (µ0 =
0, ν0 = 0, α0 = −0.5, β0 = 0).

• Maximum sampling horizon (Tmax or n): 32.

• H-index function hn,k(ẑk): Pre-computed
based on the methodology in Baucells and
Zorc (Baucells and Zorc, 2024) using the spec-
ified priors.

D.2 Iterative DPO with BEACON:
Experimental Setup

D.2.1 Data Foundation for DPO Preference
Generation

The prompts used for generating responses, which
subsequently form preference pairs for Direct Pref-
erence Optimization (DPO), are drawn from the
extensive training set of the MATH dataset (7,500
problems) (Hendrycks et al., 2021). The MATH
dataset, comprising problems from American math-
ematics competitions like AMC 10, AMC 12, and
AIME, is highly suitable due to its provision of

full step-by-step solutions, which is beneficial for
training models on complex derivations. Its effec-
tiveness in enhancing mathematical reasoning is
well-established. While preference data is gener-
ated from these MATH prompts, the DPO model’s
performance is evaluated on the MATH500 bench-
mark, as presented in Figure 5 of the main text.

D.2.2 Base Reward Model
To score generated responses, we use Skywork-
Llama-3.1-8B as the base reward model, following
the main experiments. This model assigns a scalar
scoreRlearned to each generated response. For DPO
preference-pair construction, Rlearned is combined
with ground-truth final-answer correctness to form
the shared correctness-aware reward Radapt defined
in Appendix D.2.5.

D.2.3 Preference Pair Generation Strategies
for DPO

Preference pairs for each DPO iteration are gener-
ated using either fixed-budget BoN or BEACON.
To ensure a fair comparison, both methods use
the same correctness-aware reward signal Radapt,
defined in Appendix D.2.5, for candidate scoring,
ranking, and filtering. Thus, the methods differ
only in their sampling policy: BoN always gener-
ates a fixed number of candidates, while BEACON
adaptively determines the number of candidates to
generate.

Best-of-N (BoN) Strategy. For each prompt,
BoN samples a fixed N = 16 candidate re-
sponses from the current policy model, Qwen2.5-
7B-Instruct. Each response is scored using Radapt.
The response with the highest Radapt score is se-
lected as the preferred response yw, and the re-
sponse with the lowest Radapt score is selected as
the dispreferred response yl.

BEACON Strategy. For each prompt, BEACON
adaptively determines the number of candidate re-
sponses K to generate. It begins with k0 = 3
bootstrap samples and can sample up to a maxi-
mum horizon of Nmax = 16. BEACON uses the
same Radapt signal for posterior updates, stopping
decisions, and final ranking among the collected
candidates. From the K collected responses, the
response with the highestRadapt score is selected as
yw, and the response with the lowest Radapt score
is selected as yl.

Filtering Rule. For both methods, a prompt is
discarded only if all collected candidates have iden-
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tical Radapt scores, in which case no meaningful
preference pair can be formed. We apply the same
filtering rule to both methods.

D.2.4 Iterative Direct Preference
Optimization Training

The policy model, Qwen2.5-7B-instruct, is fine-
tuned using Direct Preference Optimization (DPO)
(Rafailov et al., 2023) on the preference pairs
(yw, yl) generated by either the BoN or BEACON
strategy. Key hyperparameters for DPO training
include a learning rate of 5× 10−7, a global batch
size of 128, and a maximum sequence length of
4096. In each DPO iteration, the policy model is
trained for 2 epochs on the newly generated pref-
erence dataset. The entire cycle of preference pair
generation (using either BoN or BEACON) fol-
lowed by DPO fine-tuning of the policy model is
repeated for a total of 7 iterations.

D.2.5 Correctness-Aware Reward Signal
Because the DPO experiment is conducted on math-
ematical reasoning tasks with known ground-truth
answers, we use a correctness-aware reward signal
for preference-pair construction. To avoid giving
BEACON an oracle advantage, this same reward
signal is used by both BoN and BEACON.

Let Rlearned be the continuous score produced by
the fixed reward model for a generated response.
We define the correctness-aware reward Radapt as
follows:

• If the response contains the correct final an-
swer in a \boxed{} environment:

– If Rlearned > 0, then Radapt = 2Rlearned.
– If Rlearned ≤ 0, then Radapt = Rlearned/2.

• If the response contains an incorrect final an-
swer in a \boxed{} environment:

– If Rlearned > 0, then Radapt = Rlearned/2.
– If Rlearned ≤ 0, then Radapt = 2Rlearned.

• If the response does not contain a final answer
in a \boxed{} environment, the reward re-
mains unchanged: Radapt = Rlearned.

Both BoN and BEACON use Radapt for
preference-pair ranking and filtering. BEACON
additionally uses the same Radapt values for its
Bayesian posterior updates and stopping decisions.
Therefore, the comparison isolates the effect of
adaptive stopping rather than differences in reward
access.

E Additional Theoretical Analysis and
Proofs

This section provides supplementary theoretical
background and proofs for the BEACON frame-
work.

E.1 Classical Sequential Search Problem

In the classical sequential search problem (Weitz-
man, 1979), a decision maker (DM) faces an infi-
nite sequence of independent offers {x1, x2, . . . }
drawn from a known distribution function F with
density f . Sampling incurs a constant cost c >
0, and the DM may stop at any time, accept-
ing the highest offer observed so far (see Fig-
ure 8 for illustration). Since the distribution F
is fully known, the predictive distribution remains
unchanged throughout the process.

The dynamic programming recursion for the
value function after k samples is:

V (z) = max

{
z,

∫ ∞

−∞
V (max{z, y}) dF (y)−c

}

where z is the current best observed offer. The
associated gain from one more search is H(z) =∫∞
z (y − z)dF (y), representing the expected im-

provement conditional on continuing.
A fundamental property is the reservation price

property: there exists a threshold r∗ such that the
optimal policy is to stop if and only if z ≥ r∗. This
reservation price solves:

c = H(r∗) =
∫ ∞

r∗
(y − r∗)dF (y).

The DM thus compares the sampling cost with
the expected marginal benefit; once the best offer
reaches r∗, the expected gain no longer justifies
continued search.

This threshold-based policy has important impli-
cations: (1) r∗ depends only on F and c, not on
the number of samples or their sequence; (2) as
c increases, r∗ decreases, leading to earlier stop-
ping; and (3) distributions with heavier right tails
yield higher reservation prices, reflecting greater
potential benefits from continued search.

E.2 Priors and Minimal Sample Size for
Bayesian Updating

We employ a conjugate Normal-Inverse-Gamma
prior for the unknown mean µ and variance σ2 of
the reward distribution, following (Baucells and
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Algorithm 1 BEACON: Bayesian Efficient Adaptive Criterion for Optimal N-stopping
Input: Query x, policy LLM πϕ(y|x), reward model R(x, y), cost c, max samples n, grid size G
Output: Best response y∗ and its reward r∗

// Step 1: Initialize prior and h-index table
1 (α0, ν0, β0, µ0)← (−0.5, 0, 0, 0) // Non-informative prior
2 h-table← PrecomputeTable(n,G, α0, ν0) // Pre-compute as in §E.5

// Step 2: Generate initial samples and compute baseline parameters
3 Generate {y1, y2, y3} ∼ πϕ(y|x) and compute ri ← R(x, yi) for i ∈ {1, 2, 3}
4 (α, ν, µ, β)← UpdateHyperParams(r1, r2, r3, α0, ν0, β0, µ0)

5 z ← max{r1, r2, r3}, σ ←
√

(ν+1)β
να , k ← 3

// Step 3: Adaptive sampling loop
6 while k < n do
7 ẑ ← (z − µ)/σ, h← LookupHIndex(h-table, k, ẑ)
8 if h ≤ c/σ then
9 break // Apply UIP as in (3)

10 end
11 k ← k + 1, generate yk ∼ πϕ(y|x) and compute rk ← R(x, yk)

// Optional robust low-tail filtering for skewed rewards; omit for the exact NIG-UIP policy
12 q0.01 ← F−1

2αk−1
(0.01 | µ, σ)

13 r̃k ←
{
µ if rk < q0.01

rk otherwise
14 (z, µ, σ)← UpdateStats(z, µ, σ, r̃k, k) // Updated by (5)
15 end

16 i∗ ← argmaxi∈{1,...,k} ri return yi∗ , ri∗

Figure 8: Sequential search problem illustration: At each step, the decision-maker observes a reward rk and decides
whether to stop with the current best reward zk or continue sampling, incurring cost c.

Zorc, 2024). In this framework, the precision
1/σ2 follows a Gamma distribution with param-
eters (α0, β0), and conditional on precision, µ fol-
lows a Normal distribution with mean µ0 and vari-
ance σ2/ν0. This structure enables analytical poste-
rior updates with hyperparameters (αk, νk, βk, µk).
Starting with prior NIG(µ0, ν0, α0, β0) and after
observing k samples, the posterior parameters be-

come:

αk = α0 +
k

2
, νk = ν0 + k, µk =

ν0µ0 + kr̄k
ν0 + k

,

βk = β0 +

∑k
i=1(ri − r̄k)2

2
+
kν0(r̄k − µ0)2
2(ν0 + k)

,

(4)

where r̄k is the sample mean. The posterior pre-
dictive distribution follows a Student-t distribution
with 2αk degrees of freedom, mean µk, and scale
parameter σk =

√
(νk + 1)βk/(νkαk).

The minimal sample size k0 depends on
the chosen prior hyperparameters. For BEA-
CON, we adopt Jeffreys’ non-informative prior
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Table 4: Prior configurations and their associated mini-
mum sample size k0 required for a well-defined poste-
rior predictive distribution.

Prior Configuration k0
2α0 > 1, ν0, β0 > 0 0
2α0 ∈ (0, 1], ν0 > 0, β0 ≥ 0 1
2α0 > 1, ν0 > 0, β0 = 0 1
α0, β0 > 0, ν0 = 0 1
α0 > 0, ν0 = β0 = 0 2
2α0 ∈ (−1, 0], ν0, β0 ≥ 0 2
2α0 = −1, ν0, β0 ≥ 0 3

(α0, ν0, β0) = (−1/2, 0, 0), which requires k0 = 3
initial observations before a valid posterior predic-
tive distribution emerges. More informative priors
require fewer initial samples, as summarized in
Table 4.

E.3 Sufficient Statistics for the Search
Problem using Bayesian Updating

The Bayesian sequential search model can be sig-
nificantly simplified through sufficient statistics
that encapsulate all relevant information for opti-
mal stopping decisions (Baucells and Zorc, 2024).
Lemma 1. For any sampling stage k, where k0 ≤
k ≤ n, the triple (zk, µk, σk) together with k con-
stitute sufficient statistics for the value-to-go func-
tion Vn,k(rk; c).

Proof: Under the NIG conjugate model,
the posterior over (µ, σ2) given rk depends on
the data only through the four hyperparameters
(αk, νk, µk, βk) in eq. (4). Two of these—αk =
α0 + k/2 and νk = ν0 + k—are deterministic
functions of k alone, while µk and βk depend
on the data. The posterior predictive scale σk =√
(νk + 1)βk/(νkαk) is a one-to-one function of

βk given k, so (µk, σk) together with k encode the
same information as (αk, νk, µk, βk). The Bellman
recursion Vn,k = max{zk, E[Vn,k+1 | state] − c}
depends on rk only through (i) the running maxi-
mum zk, used in the stopping branch, and (ii) the
predictive distribution over rk+1, which is fully de-
termined by (µk, σk, k). Hence (zk, µk, σk, k) are
sufficient.

This lemma establishes that rather than track-
ing the complete observation history rk =
{r1, . . . , rk}, we only need to maintain three key
statistics:

• zk = max{r1, . . . , rk}: The highest observed
reward so far

• µk: The posterior mean of the reward distri-
bution

• σk: The scale parameter derived from the pos-
terior distribution

These statistics update efficiently according to
the following formula when observing a new re-
ward rk+1:

zk+1 = max{zk, rk+1}, (5)

µk+1 = µk +
rk+1 − µk
ν0 + k + 1

, (6)

σk+1 =

√
1− 1

(ν0+k+1)2

2α0 + k + 1

×
√
(2α0 + k)σ2k + (rk+1 − µk)2. (7)

The posterior predictive distribution follows a
Student-t distribution with 2αk degrees of freedom.
This statistical sufficiency substantially simplifies
both theoretical analysis and practical implemen-
tation of BEACON by reducing the problem’s di-
mensionality from tracking k individual rewards to
monitoring just three informative statistics, making
the algorithm computationally efficient and mathe-
matically tractable.

E.4 Details of Universal Index Policy
Here we elaborate on the Universal Index Policy.
Definition 2. For k0 ≤ k < n, the index function
hn,k : R → (0,∞) maps each standardized best
reward ẑ ∈ R to the unique value c > 0 that solves
Hn,k(ẑ, 0, 1; c) = c.

This definition captures how the h-index repre-
sents the exact cost threshold where the expected
value of continuing equals that of stopping. The
strength of this approach is its reusability—once
computed, these indices apply across different
queries with similar statistical properties.
Theorem 2. (Baucells and Zorc, 2024) After k ≥
k0 observations, with standardized best reward
ẑk = (zk − µk)/σk, it is optimal to stop and ac-
cept zk if c ≥ σkhn,k(ẑk), and continue search-
ing otherwise. Equivalently, stop if and only
if ẑk ≥ h−1

n,k(c/σk).
Theorem 3. (Baucells and Zorc, 2024) The h-index
function hn,k(ẑ) for k0 ≤ k < n is strictly decreas-
ing, convex, and satisfies limẑ→∞ hn,k(ẑ) = 0.

This theorem establishes BEACON’s core stop-
ping criterion—after normalizing the current best
reward, we stop sampling when the cost-adjusted
index threshold is reached. This occurs when the
current best reward is sufficiently high relative to
our uncertainty about the reward distribution, con-
sidering the sampling cost.
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E.5 Computation of the h-index

Computing the h-index function hn,k(ẑ) requires
solving recursive equations based on the Bellman
equation and expected marginal gain function Hn,k

from §2.1. As derived in (Baucells and Zorc, 2024),
we need to solve:

Hn,k(ẑ, 0, 1; c) = Hk+1,k(ẑ, 0, 1; c)

+

∫
σu · g(u) dF2αk

(u), (8)

where

g(u) = max

{
0, Hn,k+1

(
zu − µu
σu

, 0, 1;
c

σu

)
− c

σu

}

with boundary condition Hn,n = 0, where
zu = max{ẑ, u}, µu = u/(ν0 + k +
1), σu = Λk+1

√
2α0 + k + u2, Λk+1 =√

1− 1/(ν0 + k + 1)2

2α0 + k + 1
, and F2αk

is the CDF of

the Student-t distribution with 2αk = 2α0 + k
degrees of freedom—the posterior predictive dis-
tribution at stage k, whose df reflects sequential
Bayesian updating. For Jeffreys’ prior (α0 =
−1/2) this gives df = k − 1, which is well-
defined for k ≥ k0 = 3 (df ≥ 2). The form of
Λk+1 follows from substituting the canonical state
(σk = 1, µk = 0) into the posterior update (5);
an equivalent form is Λ2

k+1 = (ν0 + k)(ν0 + k +
2)/[(ν0+ k+1)2(2α0+ k+1)]. The−c/σu term
inside the max is the normalized continuation cost,
required by the gross-gain convention adopted in
eq. (2) where H denotes expected marginal gain
before netting the cost; omitting it would inflate
continuation values and shift the precomputed h-
index thresholds.

In our implementation, we pre-compute the
h-index function hn,k(ẑ) for each time horizon
n using Jeffreys’ non-informative prior (α0 =
−0.5, ν0 = 0). Algorithm 2 summarizes the con-
struction. Our implementation follows the public
h-index construction code5, which provides grid
construction, full h-table solution, and interpolated
lookup routines accelerated with Numba.

5https://github.com/wan19990901/
Bayesian_Adpative_Sampling/blob/main/
src/adapt_sample/h_index_construction.py

Algorithm 2 Offline construction of the BEACON
h-table
Input: Horizon n; bootstrap start k0 = 3; grid res-

olution G; bound Z; grid-shape parameters
(ρ, η); prior parameters (α0, ν0).

Output: Lookup table H = {hn,k(ẑg) : k =
k0, . . . , n− 1, ẑg ∈ Z}.

Construct normalized cost and state grids (C,Z)←
BUILDGRIDS(G, ρ, Z, η), where the implemen-
tation uses defaults ρ = 0.85, Z = 30, and
η = 0.75. Set the auxiliary value table
M[n, ẑg, ci] ← 0 for all ẑg ∈ Z and ci ∈ C.
for k ← n− 1, n− 2, . . . , k0 do

foreach (ẑg, ci) ∈ Z × C do
Initialize with the one-step myopic gain
Hk+1,k(ẑg, 0, 1; ci) and, if k < n −
1, add the grid-quadrature approxima-
tion to the continuation integral in (8).
When the next-stage arguments ((zu −
µu)/σu, ci/σu) fall between grid points,
interpolateM[k + 1, ·, ·] over both ẑ and
c. Store the result as M[k, ẑg, ci] ←
Hn,k(ẑg, 0, 1; ci).

foreach ẑg ∈ Z do
Interpolate over C to find the unique cross-
ing c⋆ satisfying M[k, ẑg, c

⋆] = c⋆.
StoreH[k, ẑg]← max{c⋆, 0}.

returnH,Z

The state grid is built in standardized reward
units rather than raw reward units, so the same h-
table can be reused across queries once the state is
normalized by ẑk = (zk − µk)/σk. The reference
implementation uses cj = Gρj for the cost grid,
with the final boundary point set to cG+1 = 0, and
ẑj = Z{(1− η)qj + ηq3j } for the state grid, where
qj = (2j −G− 1)/(G− 1). The resolution G is
an offline accuracy–cost parameter for the precom-
puted table; the reference implementation treats it
as a user-specified input rather than a query-level
hyperparameter, and we use G = 100 in all re-
ported experiments. At runtime, BEACON clips ẑk
to the tabulated interval and applies linear interpo-
lation between adjacent ẑ grid points for the fixed
pair (n, k). Values outside the grid are assigned the
nearest boundary value; this is numerically stable
because hn,k(ẑ) is decreasing and approaches zero
in the high-ẑ tail by Theorem 3.

For numerical stability, the offline solver uses
double precision, bounded Student-t grid quadra-
ture, interpolation only within the tabulated cost
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and state ranges, and boundary clipping when eval-
uating out-of-range values. After table construc-
tion, we check that entries are nonnegative up to
numerical tolerance and weakly decreasing in ẑ for
each k, matching Theorem 3. These diagnostics
catch grid or quadrature errors before the table is
used for inference. During inference, BEACON
therefore evaluates the stopping condition through
constant-time interpolation on this pre-computed h-
table, avoiding dynamic-programming calculations
at runtime.

E.6 Binary-Reward Variant: Bernoulli–Beta
Learning

Model. Consider the sequential generation pro-
cess in Section 2.1 with binary rewards ri ∈ {0, 1}
and unknown success probability θ ∈ (0, 1). Con-
ditional on θ, the draws are i.i.d. Bernoulli(θ).
Sampling incurs a per-draw cost c > 0 and the hori-
zon is at most n draws. Let rk = (r1, . . . , rk) and
zk = max{r1, . . . , rk} ∈ {0, 1} be the best ob-
served reward by stage k. Adopt the conjugate prior
θ ∼ Beta(a0, b0) with a0, b0 > 0. After k draws
with sk =

∑k
i=1 ri successes and fk = k − sk

failures, the posterior is

θ | rk ∼ Beta(ak, bk), ak = a0+sk, bk = b0+fk,

and the posterior-predictive probability of success
on the next draw is

qk = Pr(rk+1 = 1 | rk) = ak/(ak+bk).

The sufficient statistics are (zk, ak, bk). Upon ob-
serving rk+1,

zk+1 = max{zk, rk+1}, (9)

ak+1 = ak + rk+1, bk+1 = bk + 1− rk+1. (10)

Dynamic program. If zk = 1 the process is ab-
sorbing and the decision maker stops with value
1. When zk = 0, let Vn,k(0, ak, bk; c) denote the
optimal value (with at most n draws total, at stage
k). Then

Vn,k(0, ak, bk; c) = max{0, vk(c)}, (11)

Vn,n(0, an, bn; c) = 0, Vn,k(1, ak, bk; c) = 1,
(12)

where vk(c) = qk + (1 − qk)Vn,k+1

(
0, ak, bk +

1; c
)
− c, and qk = ak/(ak+bk).

It is convenient to rewrite the recursion in
remaining-draws form. Let Rt(a, b; c) be the op-
timal value with t ∈ {0, 1, . . . } draws remaining

and no success yet. With R0(·) ≡ 0,

Rt(a, b; c) = max
{
0, q(a, b)+

(1− q(a, b))Rt−1(a, b+ 1; c)− c
}
,

(13)

where q(a, b) = a/(a+b). The connection to (11)
is Vn,k(0, ak, bk; c) = Rn−k(ak, bk; c).

Reservation cost and optimal policy. For each
stage, there is a unique cost threshold at which the
decision maker is indifferent between stopping and
taking one more draw.
Lemma 2 (Basic properties of Rt). For fixed
(t, a, b) with t ≥ 1 and a, b > 0, the map
c 7→ Rt(a, b; c) is continuous and nonincreas-
ing on [0,∞). Moreover Rt(a, b; 0) > 0 and
Rt(a, b; 1) = 0; hence {c > 0 : Rt(a, b; c) >
0} ⊂ (0, 1).

Proof: Induct on t. The base t = 0 is trivial
since R0 ≡ 0. Suppose the claim holds for t − 1.
The inner term

ψt(c) := q(a, b)+(1−q(a, b))Rt−1(a, b+1; c)−c

is continuous as a sum of continuous functions, and
is nonincreasing in c: the first two terms are nonin-
creasing (a constant and a nonnegative multiple of
the nonincreasingRt−1), and−c is strictly decreas-
ing. The outer map x 7→ max{0, x} preserves both
continuity and monotonicity, so Rt = max{0, ψt}
is continuous and nonincreasing in c. For c = 0,
Rt(a, b; 0) ≥ R1(a, b; 0) = q(a, b) > 0. For
c = 1, since Rt−1(a, b+ 1; 1) ≤ Rt−1(a, b+ 1; 0)
and q(a, b) ≤ 1, one has ψt(1) ≤ q(a, b)− 1 ≤ 0,
hence Rt(a, b; 1) = 0.
Lemma 3 (Strictly decreasing “continue” margin).
Define ϕt(c) := q(a, b)+ (1− q(a, b))Rt−1(a, b+
1; c) − c. Then ϕt is continuous and strictly de-
creasing on [0,∞), with ϕt(0) > 0 and ϕt(1) ≤ 0.

Proof: Continuity follows from Lemma 2. If
0 ≤ c0 < c1, then using that Rt−1 is nonincreas-
ing,

ϕt(c1)− ϕt(c0) = (1− q)
(
Rt−1(c1)−Rt−1(c0)

)

− (c1 − c0) ≤ 0− (c1 − c0) < 0,

so ϕt is strictly decreasing. The sign claims are
from Lemma 2.
Theorem 4 (Reservation–cost policy). Fix n
and a stage k < n with posterior parameters
(ak, bk). There exists a unique reservation cost
hBn,k(ak, bk) ∈ [0, 1] such that

Vn,k(0, ak, bk; c) > 0 ⇐⇒ c < hBn,k(ak, bk).
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Equivalently, hBn,k(ak, bk) is the unique solution c
to

c = ak
ak+bk

+ bk
ak+bk

Vn,k+1

(
0, ak, bk+1; c

)
. (14)

The Bayes-optimal policy is: if zk = 1, stop and
obtain 1; if zk = 0, continue iff c < hBn,k(ak, bk).

Proof: Work with Rt at t = n − k. By
Lemma 3, ϕt is strictly decreasing and continu-
ous with ϕt(0) > 0 and ϕt(1) ≤ 0, hence it
has a unique root ht(a, b) ∈ [0, 1]. From (13),
Rt = max{0, ϕt}, so Rt > 0 iff c < ht(a, b).
Continuity gives ϕt(ht) = 0, which is (14) after
mapping (t, a, b) back to (n, k, ak, bk). The stated
action rule is exactly the comparison between the
two branches in (11), while zk = 1 is absorbing
with value 1.

Adaptation to BEACON. For binary rewards,
BEACON replaces the continuous Normal frame-
work with Bernoulli-Beta conjugate learning. The
stopping criterion from Theorem 1 becomes the
binary reservation cost policy in Theorem 4, while
the continuous sufficient statistics (zk, µk, σk) of
Lemma 1 are replaced with the discrete sufficient
statistics (zk, ak, bk) updated via (9), in place of
the continuous recursion (5). This maintains BEA-
CON’s sequential structure while using binary-
specific optimal stopping decisions.

E.7 Proof of Theorem 1
Proof. Under the Normal reward model with
Normal–Inverse–Gamma prior, (zk, µk, σk) (to-
gether with k) are sufficient statistics for the state
(Lemma in Appendix E.3). Standardizing gives
ẑk = (zk − µk)/σk and reduces the problem to the
canonical (location–scale normalized) sequential
search instance.

By Theorem 2 (Universal Index Policy), for the
canonical problem there exists a strictly decreas-
ing index function hn,k(·) such that the (myopic)
continuation rule

Continue at step k ⇐⇒ hn,k(ẑk) >
c

σk

maximizes the Bellman value function. Translating
back to original (unscaled) variables yields exactly
condition (3). Therefore the stopping time

K = min{k ≥ k0 : hn,k(ẑk) ≤ c/σk} ∧ n

achieves the optimal value E[zK −Kc].
Optimality of K follows because: (i) any earlier

stop with hn,k(ẑk) > c/σk forgoes strictly positive

expected marginal gain; (ii) any continuation with
hn,k(ẑk) ≤ c/σk incurs cost exceeding expected
benefit; (iii) strict monotonicity of hn,k implies
no alternative rule can dominate. Hence K is the
unique optimal stopping time under the stated as-
sumptions.

E.8 Sensitivity Analysis

Proposition 1. The optimal stopping timeK under
the policy is influenced by several factors: it de-
creases with higher sampling cost c and larger cur-
rent best reward zk, while increasing with higher
posterior mean µk and greater posterior scale pa-
rameter σk. Additionally, the algorithm becomes
more patient (tend to continue) when more remain-
ing samples (n− k) are available.

Proof of Proposition 1 Proof: From Theorem
3, we know that the h-index function hn,k(ẑ) for
k0 ≤ k < n is strictly decreasing, convex, and
satisfies limẑ→∞ hn,k(ẑ) = 0.

Under the UIP stopping criterion in Equation (3),
stopping occurs when hn,k(ẑk) ≤ c/σk, equiva-
lently when ẑk ≥ h−1

n,k(c/σk). Since hn,k is strictly
decreasing, so is its inverse h−1

n,k; hence a higher
c raises c/σk but lowers the ẑ-space threshold
h−1
n,k(c/σk), making the stopping condition easier

to satisfy and leading to earlier stopping (smaller
K).

For a fixed standardized best reward ẑ, the h-
index function hn,k(ẑ) is increasing in n− k (the
number of remaining samples) as shown in Bau-
cells and Zorc (2024). This means that when more
samples remain available (larger n− k), the thresh-
old for stopping becomes higher, making the algo-
rithm more "patient" and likely to continue sam-
pling.

With ẑk = (zk − µk)/σk, higher zk increases
ẑk, which decreases hn,k(ẑk) by the monotonicity
of h (Theorem 3) and yields earlier stopping. Con-
versely, higher µk decreases ẑk, increasing hn,k(ẑk)
and extending sampling. For the scale parame-
ter σk, observe first that under BEACON’s Jef-
freys non-informative prior (ν0 = 0, α0 = −1/2)
the posterior mean reduces to the sample mean,
µk = r̄k, so zk = maxi≤k ri ≥ r̄k = µk
and hence ẑk ≥ 0 throughout any run. Un-
der this regime, σk enters the stopping inequality
hn,k(ẑk) ≤ c/σk through two reinforcing chan-
nels: a larger σk shrinks the nonnegative ẑk (rais-
ing hn,k(ẑk) by monotonicity) and simultaneously
lowers the threshold c/σk. Both effects widen the
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margin hn,k(ẑk) − c/σk, encouraging continued
sampling (larger K).

E.9 Robust Updating Formula and Details

Robust Update Rule. To mitigate negative skew-
ness and extreme left-tail outliers, we modify the
standard posterior update by filtering rewards be-
low the 1% posterior-predictive quantile. Specifi-
cally,

zk+1 = max{zk, rk+1}, (15)

r̃k+1 =

{
µk, if rk+1 < q0.01,

rk+1, otherwise,
(16)

µk+1 = µk +
r̃k+1 − µk
ν0 + k + 1

, (17)

σk+1 =

√
1− 1

(ν0+k+1)2

2α0 + k + 1

×
√
(2α0 + k)σ2k + (r̃k+1 − µk)2. (18)

where q0.01 = F−1
2αk

(0.01 | µk, σk) is the 1%
quantile of the posterior predictive distribution.
Here the subscript convention is that (µk, σk, αk)
are computed from the first k rewards, so the
quantile applied to the incoming reward rk+1 uses
2αk degrees of freedom. In Algorithm 1 the loop
counter has already been incremented before this
test, which is why the corresponding line reads
F−1
2αk−1

; the two expressions refer to the same pos-
terior.

Interpretation. This one-sided winsorization
caps the influence of extreme left-tail samples at the
posterior mean, reducing variance inflation while
leaving the maximum statistic zk+1 intact unless
a new best reward is observed. The adjustment
preserves the right-tail fidelity of the reward distri-
bution, which is essential for correctly identifying
high-quality responses.

Practical Notes. (i) The choice of threshold p is
robust across [0.5%, 2%], with p = 1% as default.
(ii) The update is O(1) per step; quantiles can be
pre-tabulated for efficiency. (iii) For numerical sta-
bility, enforce σk ≥ 10−6. (iv) Optionally, robust
updates can be activated only when recent empiri-
cal skewness is strongly negative (e.g., γ1 < −0.5).

Figure 9: Reward variance peaks for queries with
mixed correctness (Gemini 2.5 Flash on AIME
2024/25, Nemotron-70B reward model). Queries are
stratified by per-query correctness rate (the fraction of
N = 32 sampled responses that produce the correct fi-
nal answer), and reward variance is computed across the
sampled rewards for each query. Variance is lowest at
the extremes—when all samples are correct or all are in-
correct, reward signals consistently indicate quality and
additional sampling adds little—and peaks for queries
with mixed correctness, where the reward distribution
carries the most information about which response to
select. BEACON’s posterior-variance-based stopping
criterion exploits this pattern directly: high posterior
variance triggers continued sampling, while low vari-
ance triggers early stopping.

F Additional Experimental Results

F.1 Reward Variance Correlates with
Response Correctness

A core assumption of BEACON’s adaptive sam-
pling is that reward variance carries information
about response quality dispersion: low variance in-
dicates consistent generations, while high variance
indicates mixed or unreliable responses. We empiri-
cally validate this assumption by stratifying queries
by their per-query correctness rate (proportion of
generated responses that produce the correct final
answer) and computing the corresponding reward
variance.

Figure 9 shows the relationship across
AIME24/25 queries. Queries where all generations
are correct exhibit low reward variance; queries
where all generations are incorrect also exhibit
low variance, since rewards consistently indicate
poor quality; queries with mixed correctness
(some correct, some incorrect) exhibit substantially
higher variance.

This pattern confirms that reward variance is
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informative about whether additional sampling is
likely to help: when all samples agree (high or low
quality), variance is low and further sampling adds
little; when samples disagree, variance is high and
further sampling may identify a better response.
BEACON’s posterior-variance-based stopping cri-
terion exploits this correlation directly.

F.2 Statistical Significance Analysis of
BEACON

To assess the reliability of our results, we present
a focused analysis using LLaMA-3.2-3B as our
base model. Each experiment was conducted with
5 different random seeds, and we report the error
bars as the standard error of the mean (SEM). As
shown in Table 5, BEACON achieves comparable
performance to the BoN baseline in terms of ac-
curacy (33.0±1.6% vs. 33.4±1.3% for reasoning
tasks) and win rate (27.9±1.8% vs. 27.5±2.5% for
alignment tasks), with overlapping error margins
in both cases indicating no substantial performance
difference, while using significantly fewer samples
(15.8±1.2 vs. 32.0 for reasoning and 14.5±2.3 vs.
32.0 for alignment).

F.3 Impacts of Cost on the Value
Optimizations

The sampling cost, denoted by c, plays a criti-
cal role in the optimization of our value function,
which serves as the core objective for determining
the optimal stopping criterion. As illustrated in
Figure 7, variations in the cost parameter directly
influence the shape and peak of the value function
and the resulting optimal sample size. The left sub-
plot of Figure 7 shows that for any given sampling
cost, the value function initially increases with the
number of samples as the expected reward grows
when we have more sample option to select, but
eventually decreases as the cumulative cost out-
weighs the marginal gain from additional samples.
Notably, increasing the sampling cost leads to a
lower maximum achievable value and shifts the
point of optimal stopping (where the value function
peaks) towards a smaller number of samples. The
right subplot of Figure 7 further emphasizes this
relationship by directly plotting the optimal sample
size against the sampling cost. This plot clearly
demonstrates a strong inverse correlation: as the
cost of obtaining each sample increases, the BEA-
CON framework optimally decides to stop sam-
pling earlier, resulting in a significantly reduced
optimal sample size.

Figure 10: BEACON’s behavior under reward signal
noise (Gemini 2.5 Flash on AIME 2024/25, Nemotron-
70B reward model). Gaussian noise ϵ ∼ N (0, σ2

noise) is
injected into reward model outputs, with σnoise scaled
relative to the empirical reward standard deviation. Left:
Accuracy under noise. BEACON tracks BoN (N = 32)
closely across all noise levels, indicating that adaptive
stopping inherits but does not amplify reward model
errors. Right: Average sample count K. While BoN’s
budget is fixed at N = 32, BEACON’s sample count
grows with noise as posterior variance remains elevated
for longer, yet stays well below the BoN budget even
under heavy noise. Together, these results show that
BEACON adapts compute to signal quality without
catastrophic failure.

F.4 Reward Noise Stress Test

To validate BEACON’s behavior under degraded
reward signals, we inject Gaussian noise ϵ ∼
N (0, σ2noise) into reward model outputs at varying
levels and rerun BEACON’s stopping logic and
BoN-N=32 selection on the perturbed scores. We
sweep σnoise ∈ {0, 0.5, 1.0, 1.5, 2.0} relative to the
empirical reward standard deviation.

Figure 10 shows accuracy and K as functions of
noise level. As noise increases, both BEACON and
BoN’s accuracy decline at comparable rates, indi-
cating that BEACON inherits but does not amplify
reward model errors. The figure shows the frame-
work’s principled response to noisier signals: poste-
rior variance remains elevated for longer, triggering
additional sampling. Importantly, BEACON’s ef-
ficiency advantage over BoN is preserved across
all noise levels—K stays well below N = 32 even
under heavy noise.

These results confirm that BEACON’s behavior
under degraded rewards is predictable and consis-
tent with its design: the framework adapts compute
to signal quality without catastrophic failure, mak-
ing it suitable for deployment where reward model
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Table 5: Comparison of BEACON with baseline methods using LLaMA-3.2-3B. Results shown as mean±SEM
across 5 random seeds.

Reasoning (Avg. MATH/AIME) Alignment (AlpacaEval 2.0)

Method Acc. ↑
(%)

Samp. ↓
(K)

Reward ↑
(ẑK )

Win ↑
(%)

Samp. ↓
(K)

Reward ↑
(ẑK )

Direct CoT 20.0±2.8 1.0 −1.15±0.10 17.6±3.5 1.0 −1.19±0.05
BoN (N-RM) 33.4±1.3 32.0 1.75±0.12 27.5±2.5 32.0 1.94±0.15
BEACON (N-RM) 33.0±1.6 15.8±1.2 1.68±0.10 27.9±1.8 14.5±2.3 1.85±0.13

quality cannot be guaranteed in advance.

F.5 Normality Analysis of Reward
Distributions

While BEACON uses Bayesian updating to esti-
mate the query-specific reward distribution, real-
world reward distributions from LLMs may not
strictly satisfy the Normal–NIG modeling assump-
tions. This appendix section visually explores the
characteristics of reward distributions observed in
our experiments using the Nemotron reward model,
providing context for our robust updating mecha-
nism.

Figure 11 presents an aggregated view of reward
distributions, conditioned on whether the generated
responses were ultimately deemed correct or in-
correct. We observe that for both categories, the
empirical distributions of rewards are reasonably
approximated by a normal distribution, albeit with
different means and variances. Specifically, cor-
rect answers tend to receive higher mean rewards,
but both distributions exhibit a unimodal, bell-like
shape characteristic of normality. This overall trend
provides a foundational justification for employing
a Gaussian-based learning model.

Figure 11: Aggregated reward distributions from the
Nemotron RM, separated for responses classified as
correct (blue histogram, blue normal fit) and incorrect
(orange histogram, red normal fit). Both distributions
show approximate normality.

However, analyzing distributions at an aggre-

gate level can mask variations in individual query-
specific reward patterns. Therefore, Figure 12 dives
into specific cases to illustrate the types of reward
distributions encountered for individual prompts.
The leftmost panel ("Normal Question 8") depicts
a common scenario where the rewards for multiple
samples from a single prompt follow an approx-
imately normal distribution, though the specific
mean and variance naturally differ from prompt
to prompt. In contrast, the middle panel ("Non-
Normal Question 3") illustrates an occasional but
important pattern: the distribution consists primar-
ily of high-reward samples with a few significantly
lower, noisy rewards in the left tail. This type
of skewed distribution, or one with outliers, can
badly influence standard posterior parameter up-
dates. But it is precisely these instances that mo-
tivate BEACON’s robust updating formula, which
is designed to mitigate the impact of such extreme
low-value outliers, thereby maintaining a more sta-
ble and reliable estimation of the reward potential
focused on the right tail. The rightmost panel ("All
Questions") shows the overall distribution of all
rewards for context.

Figure 12: Examples of query-specific reward distribu-
tions using the Nemotron RM. Left: A typical case ex-
hibiting approximate normality ("Normal Question 8").
Middle: An occasional case with predominantly high re-
wards and some low-value outliers ("Non-Normal Ques-
tion 3"), motivating robust updates. Right: Aggregate
distribution of all rewards.

These observations support our approach: while
normality is a useful working assumption for the
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bulk of reward behaviors, the adaptive robust up-
date mechanism provides resilience against devia-
tions, particularly those caused by uninformative
low scores, ensuring BEACON remains effective
across diverse and sometimes non-ideal reward
landscapes.

F.6 Case Analysis: Solution Diversity and
Failure Analysis

The BEACON framework employs an adaptive
stopping mechanism that dynamically adjusts the
number of samples (K) based on the expected
marginal gain from additional sampling, relative to
the sampling cost c and posterior uncertainty about
the reward distribution (σk). This mechanism in-
herently influences the diversity of generated so-
lution candidates, balancing exploration breadth
with computational efficiency. The stopping deci-
sion is driven by the consistency of reward model
(RM) scores (reflected in σk), the quality of the
current best response (zk relative to µk), and the
remaining sample budget (n− k), as governed by
the Universal Index Policy (UIP).

Table 6 gives constructed illustrations of BEA-
CON’s behavior across query types, showing qual-
itatively how these factors interact to determine
stopping time and sample diversity. The prompts,
responses, and reward values in the table are hy-
pothetical and are included for exposition only;
quantitative results are reported in Section 3 and
Appendix F.1.

• Easy Queries with Consistent High Re-
wards: For simple queries (e.g., Scenario 1),
initial samples {yk}k0k=1 yield uniformly high
RM scores with low σk. Low posterior vari-
ance indicates that further sampling is unlikely
to improve the best response, so BEACON
stops at or near the bootstrap horizon. This
yields low sample diversity, as responses are
similar and high-quality.

• Hard Queries with Consistent Low Re-
wards: For queries the policy cannot solve
(e.g., Scenario 2), samples consistently re-
ceive low RM scores with low σk. BEACON
also terminates early here, since the expected
marginal gain from another draw is small,
again yielding low diversity. The correspond-
ing failure mode is premature stopping when
the RM systematically underscores a correct
response.

• Moderately Hard Queries with Improving
Rewards: For queries of intermediate diffi-
culty (e.g., Scenario 3), early samples may be
incorrect while later ones improve. BEACON
continues sampling while σk remains elevated
and stops once the reward distribution stabi-
lizes, producing moderate K and medium di-
versity. The corresponding failure mode is
delayed stopping when early incorrect sam-
ples inflate σk.

• Very Hard or Ambiguous Queries with In-
consistent Rewards: For open-ended or am-
biguous queries (e.g., Scenario 4), RM scores
vary widely and σk stays high. High vari-
ance encourages extended sampling toward
the horizon n, maximizing the chance of find-
ing a high-quality response and producing
high diversity. The corresponding failure
mode is excessive sampling when σk remains
high because of RM noise rather than genuine
quality dispersion.

• High-Patience Configurations: Under a
small λ (equivalently, small cx) or a large hori-
zon n, BEACON continues sampling even af-
ter a good response has been found, because
the cost-adjusted threshold c/σk is low. This
produces late stopping and high diversity, at
the cost of computation that may be unneces-
sary when the current best response is already
adequate.

These regimes follow directly from the stopping
rule: BEACON adjusts exploration according to
reward consistency (σk), the quality of the current
best response (zk relative to µk), and the remaining
budget (n − k). The dataset-level consequences
of this behavior are quantified in Figure 4, which
reports the empirical distribution of stopping points
on MATH-500 and AIME-24/25, and in Figure 9,
which shows that reward variance is highest pre-
cisely for the mixed-correctness queries where con-
tinued sampling is most likely to help.
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Table 6: Constructed illustrations of BEACON’s stopping behavior across query types. Prompts, responses, and
zk values are hypothetical and chosen for exposition; they are not model outputs or measured reward-model scores.

Scenario Type Example Prompt S1 (Out & zk) S2 (Out & zk) S3 (Out & zk) S4 (Out & zk) S5 (Out & zk) S6 (Out & zk) Stops
(K)

Diversity

Easy / High Re-
ward

What is 2 + 2? Equals 4.
(zk ≈ 0.95)

The sum is 4.
(zk ≈ 0.98)

2+2 is 4.
(zk ≈ 0.96)

Early
(K = 3)

Low

Hard / Low Re-
ward

Simple proof of Fer-
mat’s Last Theo-
rem. . .

[Failed Proof 1]
(zk ≈ −2.0)

[Failed Proof 2]
(zk ≈ −2.2)

[Failed Proof 3]
(zk ≈ −1.8)

Early
(K = 3)

Low

Moderately Hard /
Improving

Simplify
√
242 Incorrect:

2
√
60.5

(zk ≈ −1.5)

Error:
√
200 +√

42
(zk ≈ −1.2)

Correct: 11
√
2

(zk ≈ 0.95)
Correct: 11 ·

√
2

(zk ≈ 0.93)
Correct:√
121 · 2 =

11
√
2

(zk ≈ 0.96)

Moderate
(K = 5)

Medium

Very Hard / Incon-
sistent

How did US states
get their names?

Brief: “Native
words, kings.”
(zk ≈ 0.1)

Partial: “VA
from Virgin
Queen. . . ”
(zk ≈ 0.3)

Flawed: “All
named after
presidents.”
(zk ≈ −0.5)

Better: “Native
Am. lan-
guages. . . ”
(zk ≈ 0.8)

Comprehensive
(zk ≈ 0.95)

Late
(K ≥ 5)

High

High Patience /
Extended

Outline three ap-
proaches to climate
change.

Approach A
(brief)
(zk ≈ 0.6)

Approach B
(flawed)
(zk ≈ 0.5)

Approach A (de-
tailed)
(zk ≈ 0.85)

Approach B (de-
tailed)
(zk ≈ 0.88)

Approach C (de-
tailed)
(zk ≈ 0.90)

Approach D
(zk ≈ 0.92)

Late
(K ≥ 6)

High

Note: Si denotes Sample i. All entries are hypothetical illustrations; zk values are chosen to be on the scale of Nemotron-70B
reward scores but are not measured values.
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