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Abstract

Iterative preference optimization is essential
for aligning Large Language Models on math-
ematical reasoning tasks, yet its efficiency is
often throttled by signal scarcity: as the model
improves, static problem sets become increas-
ingly mismatched to the model’s evolving com-
petence, producing rollouts that are either too
easy or too hard and therefore non-informative,
which leads to a scarcity of valid preference
pairs. We propose DIAG, a Diagnostic Itera-
tive Alignment and Generation framework that
adaptively reshapes the practice distribution
to increase informative supervision and focus
training near the student’s current competence
boundary. DIAG consists of two phases: (1)
diagnosing valid preference-pair yield to cali-
brate the exploration—exploitation trade-off and
allocate topic quotas via an Empirical Bayes
shrinkage estimator, thereby prioritizing high-
yield concepts; and (2) generating targeted
practice, where a teacher synthesizes variants
from the student’s failure traces. We further
provide a theoretical view interpreting DIAG
as a teacher-mediated approximation to KL-
regularized reweighting of the practice distri-
bution toward the student’s competence bound-
ary, where valid preference-pair yield is max-
imized. Experiments show that DIAG boosts
yield across iterations and delivers stronger rea-
soning performance under an iso-effective train-
ing budget, demonstrating that it can distill
more informative preference supervision for
mathematical reasoning.

1 Introduction

Artificial intelligence (AI) has advanced at an un-
precedented pace in recent years, spanning natu-
ral language processing (Zhao et al., 2026b; Kang
et al., 2026b), computer vision (Cui et al., 2021;
Tian et al., 2026), multimodal understanding and
generation (Yu et al., 2024; Wang et al., 2025;
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Lu et al., 2026a,b; Dong et al., 2026), and intel-
ligent agents (Wang et al., 2026a,b; Zhang et al.,
2026). This progress has been driven by sus-
tained advances in learning paradigms (Ouyang
et al., 2022; Wu et al., 2026; Shi et al., 2026),
model architectures (Vaswani et al., 2017; Yu et al.,
2026b), data scaling (Yuan et al., 2023), and theo-
retical advances in understanding learning dynam-
ics (Chen et al., 2024a; Yu et al., 2025) and gener-
alization (Lai et al., 2023; Li et al., 2024b). Within
this broader development, Large Language Models
(LLMs) have emerged as a dominant paradigm in
modern Al, achieving increasingly strong perfor-
mance across a wide range of tasks. Their rapid ad-
vancement has spurred growing interest in improv-
ing their reasoning capabilities (Ye et al., 2025),
instruction-following abilities (Zhou et al., 2023),
and interactions with users (Qian et al., 2026) and
environments (Zhu et al., 2026).

Against this backdrop, the LLM landscape has
become increasingly heterogeneous, with models
varying substantially in scale, architecture, and de-
ployment settings, from massive frontier systems
(GPT: OpenAl, 2024; Llama: Grattafiori et al.,
2024) to specialized, lightweight variants (Phi-4-
Mini: Microsoft, 2025; Gemini Nano: Gemini
Team, 2025) optimized for edge deployment. This
heterogeneity poses a challenge for model align-
ment: static training sets are increasingly unlikely
to match the learning needs of models at different
capability levels. Instances that are informative for
one model may be too easy, too difficult, or even
misleading for another, reducing the effectiveness
of supervision and potentially leading to ineffective
or even counterproductive learning.

Consequently, preference-based alignment has
been increasingly adopted across diverse genera-
tive tasks (Rafailov et al., 2023; Lu et al., 2025),
with recent reasoning methods further extending it
to iterative optimization loops (Pang et al., 2024).
By repeatedly generating candidate responses from
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Figure 1: An illustrative example of DIAG. Left: The student directly compares likelihoods while ignoring
prior probabilities, producing an incorrect posterior. Right: DIAG diagnoses the misconception from the student’s
erroneous reasoning trace and generates a targeted follow-up with extreme priors that makes the error more salient,

yielding more informative preference pairs for alignment.

the current policy, these iterative reasoning loops
keep the learning signal calibrated to the evolving
reasoning state of the student model. This capabil-
ity is crucial for maintaining effective alignment
across heterogeneous models. Under this paradigm,
supervision typically arises from natural contrasts:
the student samples multiple rollouts, and a pref-
erence pair is formed only when the set contains
both correct and incorrect trajectories. However,
the efficacy of online rollouts remains fundamen-
tally capped by the nature of the underlying prompt
pool. Even if rollouts are generated on-policy and
updated in real time, a fixed practice distribution
may still fail to sample problems that match the
model’s current capability, thereby producing too
few informative preference pairs and wasting com-
putational resources. Existing remedies often rely
on brute-force scaling: increasing rollout width, ex-
panding the static prompt pool, or using large-scale
synthetic datasets (Yu et al., 2023; Toshniwal et al.,
2024; Chen et al., 2024c).

A seemingly more adaptive alternative is active
learning, which selects high-uncertainty prompts
from a candidate pool (Settles, 2009). Yet for it-
erative preference optimization, active learning re-
mains practice-agnostic in a crucial sense: it typ-
ically selects among existing prompts rather than
generating targeted follow-ups tailored to the stu-
dent model’s current state. As a result, it can
still produce redundant queries or abrupt difficulty
shifts, worsening preference-pair scarcity rather

than alleviating it. This problem is conceptually a
curriculum control problem. Classical curriculum
learning and self-paced learning show that how
examples are scheduled can be as important as
how many examples are seen (Bengio et al., 2009;
Kumar et al., 2010). However, applying curricu-
lum ideas to iterative preference optimization intro-
duces an additional challenge: the feedback signal
is sparse, noisy at low sample counts, and non-
stationary across iterations.

In this paper, we propose DIAG, a data-efficient
framework for iterative preference distillation in
mathematical reasoning. Our core insight is sim-
ple: conditioning teacher generation on student
mistakes can improve both the yield of preference
pairs and the quality of preference supervision. As
illustrated in Figure 1, instead of treating the prac-
tice distribution as static, DIAG closes the loop be-
tween student outcomes and next-iteration practice.
It follows a Diagnose-and-Generate paradigm: (i)
diagnose how much usable preference signal the
current curriculum yields; (ii) adaptively balance
exploration and exploitation; (iii) allocate topic
budgets using Empirical Bayes shrinkage to avoid
low-count volatility (Efron and Morris, 1973); and
(iv) generate targeted follow-up questions by con-
ditioning a teacher on the student’s recent mistakes,
focusing computation near the decision boundary
through uncertainty-weighted resampling rather
than static pool selection (Settles, 2009). This de-
sign increases the quantity of effective preference
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pairs while improving the quality of supervision by

making new questions explicitly target observed

failure modes. Our contributions are as follows:

* We formalize iterative preference distillation in
verifiable mathematical reasoning as a signal-
yield problem, and empirically show that static
practice distributions can lead to a rapid decline
in natural contrastive supervision.

* We present DIAG, which couples a signal-aware
pacing rule with Empirical Bayes topic scoring
to robustly steer generation toward high-yield
regions without over-reacting to low-count noise.

* We demonstrate that mistake-conditioned gen-
eration provides a simple and effective way
to concentrate practice near the student’s deci-
sion boundary, yielding higher-quality preference
pairs with greater information density per unit
budget than practice-agnostic generation.

2 Related Work

Iterative Preference Optimization in Reasoning
Post-training for LLM alignment has expanded
from online RLHF pipelines (Schulman et al.,
2017; Ouyang et al., 2022) to simpler preference-
based objectives such as DPO (Rafailov et al.,
2023), which are easier to scale into iterative loops.
Recent iterative variants for reasoning (e.g., IRPO,
Pang et al. 2024; SVPO, Chen et al. 2024b) focus
on improving the update rule or pair construction.
Recent methods such as SAI-DPO dynamically se-
lect training data according to the model’s evolving
reasoning abilities (Rao et al., 2026a). In contrast,
DIAG diagnoses preference-pair yield and further
generates targeted practice from the student’s er-
roneous reasoning traces. DIAG addresses an or-
thogonal bottleneck: even with a fixed verifier and
rollout width, the practice distribution can quickly
degenerate into all-correct or all-wrong regimes,
starving the learner of usable preference pairs. In
the spirit of curriculum learning and prioritized
replay (Bengio et al., 2009; Kumar et al., 2010;
Schaul et al., 2015; Jiang et al., 2021), our contri-
bution is not a new objective but a signal-aware
mechanism that allocates training budget where
valid preference pairs are densest.

On-Policy Distillation (OPD) Recent on-policy
distillation methods transfer teacher knowledge at
the signal level: OPSD (Zhao et al., 2026a) and
SDPO (Hiibotter et al., 2026) let the same model
play teacher and student under different contexts

and minimise a token-level KL divergence, while
OPCD (Ye et al., 2026) enriches the teacher repre-
sentation with auxiliary context. These approaches
operate on fixed tasks or prompts and improve the
supervisory distribution over the same problem.
DIAG operates at an orthogonal, data level: the
teacher analyses the student’s erroneous reasoning
trace, diagnoses the underlying misconception, and
synthesises a new question that forces the student
to confront it, thereby reshaping the training distri-
bution rather than the per-token supervision.

Reasoning Data Synthesis Throughout the life-
cycle of large language models, data construction,
curation, and feedback play central roles (Rao et al.,
2025). Existing work has explored diverse data
synthesis paradigms, including seed-based gener-
ation (Wang et al., 2023; Xu et al., 2025a), seed-
less generation (Xu et al., 2025b), and structured or
design-guided synthesis (Yu et al., 2026c¢; Liu et al.,
2026). Beyond general-purpose synthesis, domain-
specific data construction has also been explored in
multimodal and multilingual settings (Kang et al.,
2026a; Gao et al., 2026). However, most existing
approaches do not explicitly adapt generation to the
evolving failure patterns of the student model. In
contrast, DIAG uses the student’s erroneous reason-
ing traces to generate targeted follow-up questions,
continually reshaping the practice distribution to-
ward more informative preference supervision.

Mistake-Driven Augmentation Closest to our
approach, LLM2LLM (Lee et al., 2024) prompts
a teacher to generate new samples from student
errors, but primarily conditions on the failed ques-
tion rather than the student’s erroneous reasoning
trace. Meanwhile, Rao et al. (2026b) improve ex-
ploration efficiency by mining and correcting failed
reasoning trajectories, turning unsuccessful explo-
rations into more informative training signals. Be-
yond reasoning-data augmentation, recent agent
research has emphasized the value of execution
traces, failure histories, and provenance for diag-
nosing erroneous states and guiding corrective ac-
tions (Yu et al., 2026a). In contrast, DIAG does
not repair persistent agent memory; instead, it uses
erroneous reasoning traces to diagnose misconcep-
tions and generate targeted follow-up questions,
integrating this mistake-driven augmentation with
iterative preference distillation. Rather than correct-
ing existing failures, it creates new questions near
the decision boundary to improve the efficiency
and informativeness of contrastive supervision.
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The DIAG Framework for Iterative Preference Distillation

Pe-1:
valid-pair rate

e ﬁhase I: Diagnose & Allocatej
: e Measure Signal Yield
= —> Em! —

(=D
Student 7y

K rollouts
9
-
V]

Practice Pool Py-1

e Signal-aware Pacing Budget B

Exploration
ay = A(1-p,y) B = a,B l

9 Empirical Bayes Topic Scoring

B=B- B

|
|
|
Exploitation |
|
I
[}

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
\{

|
|
0@ History Top:c weights Budget Split :
1 O 0 o) = 2| o—
\ o e
NP M ? =ik
Top:cs Ze Z '

L———— Log from rollouts: Pt , and scores

Exploit | —p g Mistake ‘._) :m: —y | Generate :
Buffer 76, S targeted X
ot B 3 Next Practice
Mteach Pool P

Student 14

© oro Update & Iterate

—> | DPO update | —>

Preference Pair

(X, Yw, Y1)

l 3/ Key idea: adaptively generate targeted practice to improve data efficiency. J

Figure 2: The DIAG Framework for Iterative Preference Distillation. DIAG identifies the student’s competence
boundary and uncertainty, and generates targeted practice to sustain informative preference pairs, improving both
supervision quality and data efficiency for math reasoning alignment.

3 Methods

3.1 Overview

As shown in Figure 2, we present DIAG, a frame-
work that improves data efficiency in iterative
preference distillation for mathematical reasoning.
Rather than training on a fixed prompt pool (Static
Practice), DIAG adopts a Diagnose-and-Generate
paradigm: after each DPO iteration it uses the stu-
dent’s failures to adaptively reshape the practice
distribution for the next round.
Concretely, the method operates in two coupled
phases (see Algorithm 1 for the overall procedure):
(1) Diagnose & Allocate: estimate the effective
pair yield from the previous iteration, set an
exploration—exploitation budget split, and as-
sign topic-level quotas via utility estimates
smoothed by Empirical Bayes shrinkage to
avoid noisy swings in the low-sample regime.
(2) Generate Practice: perform weighted resam-
pling over recent mistakes within each topic
and query a teacher to generate new follow-up
problems conditioned on the failed question
and the student’s incorrect response.

3.2 Preliminaries: Natural Preference Signal

Let 7y denote the student policy, and let V (y; x) €
{0,1} denote a task verifier. For each prompt z,

we draw K stochastic rollouts

{y®

and obtain correctness labels {r(®)}X = where
k) =V (y®); 2).

Natural Pair Existence A prompt z is valid for
constructing preference pairs if its rollouts contain
at least one correct and one incorrect response:

Yiea ~ mo(- | @)

Lyatia (%) £ ]I<E|i,j s =1 AP0 = 0). (1)

Define the signal yield of a practice pool P; as

Z ]Ivahd

z€P;

pr = ()

\P d
When p; collapses (e.g., many prompts yield all-
correct or all-wrong rollout sets), iterative pref-
erence learning experiences gradient starvation.

DIAG explicitly adapts the practice generation pro-
cess to maintain high p; over iterations.

3.3 Phase I: Diagnose & Allocate

At each iteration, DIAG first diagnoses the amount
of usable preference signal produced by the current
practice distribution, then allocates the generation
budget across topics accordingly. This phase com-
bines signal-aware pacing with Empirical Bayes
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Algorithm 1 DIAG Distillation Loop

1: Input: Topic set Z, Difficulty levels D, teacher Meach,
student g, rollout width K, per-iter budget B

2: Imit: N, <0, C.<0Vz; Ho+0; a1 +1
3: for iterationt = 1 to 7" do

4: // Phase I: Diagnose & Allocate
5. BM™« |uB], B{®<+ B-BM
6.
7
8

Compute Scores vz; Meampler(2) X Vs
D+ 0, P+ 0, He <0
: // Phase II: Generate Practice
9: forj=1to Bdo

10: if j < B then

11: Sample (z,d) ~ U(Z x D) > explore
12: z ~ Micacn (- | 2, d)

13: else

14: Sample Z ~ Tsamplers

15: Get (zo, d, Yerr) ~Hi—1]- > exploit
16: xT ~ Mteach(' | z, d7 Zo, yerr)

17: end if

18: a* — Mg () > teacher solves
19: Roll out {yx} ~ mo(- | ); T  V(yx;x,a”)
20: P+ P,U{x}; N.+ N.+1

21: if 34,5 : r;=1, r; =0 then

22: Yw < Yis Y Y5

23: Dy + Dy U{(z,Yw,u1)}

24: Cz, — Cz + 1

25: He +— He U{(z, 2z, d,y1) }

26: end if

27: end for

28: Update 7p by minimizing Lppo on Dy

29: pt — [{z € P : Laia(z) =1} / | Pt

30: a1 — A1 — pr) > next-iter explore rate
31: end for

topic scoring to produce an adaptive, targeted, and
noise-resilient generation plan.

Signal-aware pacing At the beginning of itera-
tion ¢, DIAG uses the yield measured on the previ-
ous practice pool P;_; to set the exploration rate:

o 21— pi-1), (3)

so that exploration increases when informative nat-
ural pairs are scarce and decreases when the current
curriculum already produces abundant on-policy
contrastive signal. For ¢ > 1, by construction,
a; € [0,\] C [0,1], where A € (0,1] is a fixed
scaling factor controlling how aggressively the sam-
pler shifts budget in response to the measured yield.

Budget split Given a fixed generation budget of
B questions per iteration, we allocate

BM & |B|, B™&£B-BM (4
where B™ is assigned to uniform exploration over
the topic—difficulty space (z,d), and B;'" is as-
signed to the exploitation stream. Intuitively, when

p¢—1 1s low, we expand coverage to search for re-
gions that can generate usable preference signal;

when p;_1 is high, we concentrate the exploitation
budget on high-yield topics and recent mistakes to
maximize sample efficiency. In practice, this acts
as a damping mechanism: when the model encoun-
ters a “plateau” with low signal yield, the system
automatically allocates more budget to broad ex-
ploration to discover new learnable frontiers. See
Appendix E for details.

Empirical Bayes topic scoring We maintain per-
topic statistics to estimate which topics are most
likely to yield informative natural preference pairs,
and use these estimates to guide the allocation of
the exploitation budget B; " Let z € Z denote a
topic and let x be a question tagged with topic z.
For each attempted question, we update

N, + N, + 17 Cz — Cz + Hvalid(x)a (5)

where IV, counts how many questions of topic z
have been attempted, while C, counts how often
topic z produced a usable natural contrastive signal.
We model the latent utility p, (the probability
that topic z yields a valid natural pair) as a Beta
random variable with Empirical Bayes prior:

Pz~ Beta(a()vﬁ(])a
pz|(CZa NZ) ~ Beta(ao + Cza 50 + Nz - Cz)

Here, g and [y are prior pseudo-counts control-
ling the amount of shrinkage toward the global
valid rate. Let p denote the global mean valid rate
across topics, and let £ > 0 denote the total prior
strength. We set ag = kp and 5y = k(1 — p). The
posterior mean gives a Stein-type shrinkage score:

Uz = E[pz ’ Cz;Nz] = C];Zf:f- (6)

Topic sampling policy We sample topics for the
exploitation stream proportionally to v.:

Wsampler(z) = Uz/zzlegvz" (7

This Empirical Bayes scheduler prevents the cur-
riculum from over-reacting to low-count noise
while focusing generation on topics that repeatedly
yield informative on-policy supervision.

3.4 Phase II: Generate Practice

Given the budget split and topic sampler from
Phase I, we next construct the practice pool for
the following iteration. The exploration stream
samples uniformly, while the exploitation stream
conditions on the student’s recent failures to gener-
ate targeted follow-up questions.
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Mistake buffer At iteration ¢, we collect a buffer
of boundary mistake cases:
Ht é {(xy Z, d7 yerr)}a (8)

where (z, d) denotes topic and difficulty, and e, is
an incorrect trace from a prompt that also admitted
a correct rollout (i.e., a valid preference pair). Only
such mixed-outcome prompts enter H;, as they lie
near the student’s competence boundary. Degener-
ate episodes still update the signal-yield and topic
statistics; when their mass grows, the pacing rule
shifts budget toward exploration.

Trace-aware question synthesis For each ex-
ploitation slot, we first sample a topic z ~
ﬂsampler(z), then retrieve a recent mistake case
(z,2,d,Yerr) € Hy—1 with the same topic (and
matched difficulty), via uncertainty-weighted re-
sampling (Settles, 2009), and query the teacher to
generate a targeted variant:

2 ~ Mieaen (- | 2, d, 2, Yerr, instruction). (9)

The instruction enforces: (i) preserve the underly-
ing concept (same 2), (ii) match difficulty d, and
(i11) alter surface form (numbers/context) to avoid
memorization while probing the same failure mode.
For the exploration stream, questions are generated
from metadata alone without mistake condition-
ing. The resulting questions together form the next
practice pool F;.

Theoretical interpretation Intuitively, generat-
ing from mistakes focuses computation near the
student’s competence boundary. Appendix A.l
formalizes this: for rollout width K, the prob-
ability that a prompt yields a valid preference
pair is 1 — p& — (1 — p)X, which peaks at
p = 1/2 and vanishes in the all-correct and all-
wrong regimes. Appendix A.2 then derives a
KL-regularized reweighting that exponentially up-
weights high-yield prompts. DIAG approximates
this ideal update via Empirical-Bayes topic alloca-
tion and teacher generation conditioned on recent
boundary mistakes.

Policy update Once the practice pool P, is con-
structed via Phases I-1I, we collect preference pairs
by labeling student rollouts based on correctness
against the teacher-provided reference answer. The
student policy 7y is then updated by minimizing
the standard DPO objective:

Lppo (7T€ ) 7Tref) = _E(w,yw Y1)~D

{loga(ﬁ[hg(x,yw) — hy(z, yl)])}, (10

where hy is the implicit reward difference and mpes
is a fixed reference policy for the current iteration.

4 Experiments

4.1 Setup

Benchmarks We evaluate on two standard math
benchmarks GSM8K (Cobbe et al., 2021) and
MATHS500 (Hendrycks et al., 2021b), together with
harder testbeds: MinervaMath (Lewkowycz et al.,
2022), Gaokao2023En (Liao et al., 2024), College
Math (Tang et al., 2024), OlympiadBench (He et al.,
2024), AIME24 (AoPS, 2024), and AMC23 (AoPS,
2023). We use greedy decoding for all benchmarks
except AMC23 & AIME24, whose small test sizes
make single-run accuracy more sensitive to sam-
pling noise. For these two benchmarks, we sample
8 solutions per problem with temperature 7' = 0.1
and top-p = 0.95, and report the mean pass@1
accuracy to reduce evaluation variance.

Student Models We evaluate three open-weight
student models with approximately 7B-8B pa-
rameters: Qwen2.5-Math-7B (Yang et al., 2024),
Qwen3-8B-Base (Yang et al., 2025), and Llama-
3.1-8B-Instruct (Grattafiori et al., 2024), spanning
multiple model series and capability profiles.

Budget and fairness All methods share the same
total student-sample budget. We run IDPO (Guo
et al., 2024; Pang et al., 2024) for 7 iterations with
3 x 103 prompts per iteration, keeping the decod-
ing protocol identical across methods. We employ
Qwen3-235B (Int4) as the teacher model.

Practice pool construction (what differs) We
compare three pool-construction strategies under
the same student-sample budget:

* Static Dataset Pool (Numina). We use the open-
source NuminaMath dataset (Li et al., 2024a) as a
fixed practice pool, without online regeneration.

* Static Gen (Teacher). The teacher generates all
T x B questions upfront using only metadata
such as topic and difficulty. The resulting pool is
fixed and partitioned equally across iterations.

¢ Ours: Mistake-Conditioned. At each iteration,
the teacher regenerates the pool by conditioning
on the student’s failures (Sec. 3).

4.2 Main Results

Table 1 reports the full results. Despite identi-
cal student-sample budgets, DIAG achieves the
strongest average performance across all three stu-
dent models. The gains are most pronounced on
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Standard

Exam Competition (Hard)

Method Avg.

GSMSK MATH Minerva  Gaokao College  Olympiad AIME24  AMC23

500 Math 2023en Math Bench (Avg@8)  (Avg@8)

Owen2.5-Math-7B
BASE (Start) 84.2 70.2 26.5 58.7 35.0 33.8 24.2 54.7 48.4
NuMINA — IDPO 85.4 70.4 29.8 59.0 37.8 359 22.5 56.6 49.7
STATIC GEN — IDPO 86.5 69.6 33.8 60.8 38.7 35.7 22.1 59.7 50.9
DIAG (Ours) 87.1 70.8 349 61.0 419 384 25.0 63.1 52.8
QOwen3-8B-Base
BASE (Start) 89.1 70.0 35.3 57.4 36.3 33.9 8.8 50.0 47.6
NuUMINA — IDPO 90.9 73.4 34.9 62.3 38.1 40.1 8.3 56.2 50.5
STATIC GEN — IDPO 91.1 76.6 42.6 63.1 39.1 40.0 10.4 52.2 51.9
DIAG (Ours) 92.0 79.0 40.8 64.7 39.7 41.3 14.6 57.5 53.7
Llama-3.1-8B-Instruct

BASE (Start) 84.8 47.6 25.7 41.6 28.8 14.5 7.1 21.2 339
NuMINA — IDPO 86.3 50.8 27.9 43.4 28.9 15.7 5.8 24.4 35.4
STATIC GEN — IDPO 86.9 50.2 29.4 42.1 30.0 15.6 6.7 26.6 35.9
DIAG (Ours) 88.4 48.2 31.6 45.2 321 17.6 7.5 284 374

Table 1: Main Results on Mathematical Reasoning (Fixed Student-Sample Budget). We compare four data
sources under the same total student-sample budget: (BASE) the starting checkpoint, (NUMINA) IDPO on a static
open-source pool, (STATIC GEN) IDPO on a fixed teacher-generated pool conditioned on (topic, difficulty), and
DIAG (Ours) IDPO on online teacher generation conditioned on (failed question, wrong answer, topic, difficulty).

Task Sampling Strategies Method / Variant Avg. A
w/o Explore  w/0EB  Ours Full DIAG 528 -

GSMSK 87.6 86.4 87.1 Impact of conditioning on failed question

MATHS500 70.4 70.6 70.8 w/o Wrong-QA (no failed context) 513 -15

MinervaMath 35.7 35.3 34.9 Impact of conditioning on wrong answer/trace

Gaoka02023 59.5 59.7 61.0 w/o Wrong-A (no wrong answer) 521 -0.7

Olympiad 37.5 38.7 384

CollegeMath 42.4 40.3 419 Table 3: Ablation on Teacher Conditioning Signals.

AIME24 24.2 24.2 25.0 A denotes performance drop relative to the full method.

AMC23 58.1 59.4 63.1

Avg. 519 (-09) 51.8(-1.0) 52.8

Table 2: Ablation on Sampling/Scheduling. We ab-
late the uniform exploration stream (w/o Explore) and
EB smoothing (w/o EB) under a fixed rollout budget.

harder testbeds, where generic practice pools are
more likely to enter degenerate regimes, reducing
the availability of natural preference supervision.

4.3 Ablation Study

Sampling & Scheduling We ablate the sampling
& scheduling design on Qwen2.5-Math-7B under a
fixed rollout budget: (i) w/o Explore: remove the
uniform exploration stream, allocating the entire
budget to score-based exploitation; (ii) w/o Empir-
ical Bayes (EB): replace EB shrinkage with raw
per-topic rates; (iii) Ours: the full scheduler.
Table 2 shows that both components matter in

different ways. Removing exploration yields com-
parable scores on standard benchmarks but ex-
hibits brittleness on competition-style evaluation
(AMC23: 58.1 vs 63.1). Removing EB shrinkage
leads to broad degradation on most benchmarks
(Avg 51.8), confirming that naive frequency-based
scoring is unstable in the low-sample regime.

Teacher Conditioning Signals We isolate which
components of the teacher conditioning signal mat-
ter for targeted generation, all on Qwen2.5-Math-
7B with identical budget and topic/difficulty con-
trols: (i) w/o Wrong-QA: teacher conditioned
only on topic/difficulty (no failed context); (ii) w/o
Wrong-A: teacher receives the failed question but
not the student’s wrong answer; (iii) Ours: full
conditioning on topic + difficulty + failed question
+ wrong answer.

As shown in Table 3, performance increases
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Figure 3: Effective sample yield across iterations.
DIAG maintains a higher signal yield p; than baselines
and avoids degeneration into uninformative regimes.

monotonically as richer error context is provided.
Removing the failed context (—1.5) weakens the
teacher’s ability to anchor generation to the exact
skill being tested. Removing the wrong answer
(—0.7) confirms that error-aware generation is not
equivalent to simple topic-conditioned rewriting:
observing the student’s mistake helps the teacher
probe the same misconception more reliably.

4.4 Cross-Task Generalization

To verify that DIAG does not incur an alignment
tax, we evaluate Qwen3-8B-Base on BBH (Suz-
gun et al., 2023), HumanEval (Chen et al., 2021),
MMLU (Hendrycks et al., 2021a), and Truth-
fulQA (Lin et al., 2022). Table 4 shows that DIAG
maintains comparable performance on knowledge
and truthfulness benchmarks while showing mild
positive transfer on reasoning and code generation.

Truthful QA
MC1 MC2

Qwen3-8B-Base 755 646 769 335  5l.I
+StaticGen 7567 646 769 336" 5127

+ DIAG 7567 6477  76.9 339" 510

Method BBH H;:‘ma“ MMLU

val

Table 4: Cross-Task Generalization and Alignment
Tax Evaluation. Bold denotes the best result; T indi-
cates improvement over the base model.

5 Analysis

5.1 Effective Sample Yield over Training

A central claim of our method is that optimizing
the practice distribution improves sample efficiency
under a fixed rollout budget. Following (2), we
track the effective yield p;, defined as the fraction

(b) Pass Rate Distribution
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Figure 4: Pass-rate distribution. Our method concen-
trates more mass in the intermediate region, reducing
both all-correct and all-wrong degeneracy.

of questions whose K rollouts contain both cor-
rect and incorrect outcomes, across iterations on
Qwen2.5-Math-7B.

Figure 3 reports an extended 10-iteration diag-
nostic run: our method increases p; from ~0.59 to
~0.83 (424 pp) over 10 iterations, whereas both
Static Gen and static Numina gradually decline to
around 0.55, confirming that targeted generation
keeps the training distribution near the student’s
moving competence boundary.

5.2 Pass-Rate Distribution

The yield gap above suggests that the key advan-
tage comes from where the model practices. We
analyze the pass-rate distribution by estimating
plz) & + Zle ri(z) for each generated ques-
tion. Mass near p(x) ~ 1 or p(x) ~ 0 indicates
wasted budget on trivial or intractable questions, re-
spectively; both extremes cause gradient starvation.
Figure 4 shows that our method concentrates more
mass in the intermediate band, where the student is
neither always correct nor always wrong. This sug-
gests that mistake-conditioned generation acts as a
calibration operator: it improves difficulty matching
rather than simply making questions harder.

5.3 Iso-Effective Comparison

Our sampler produces more mixed episodes, which
could confound improvements due purely to data
quantity. To disentangle quantity from quality, we
subsample each method to the same number (~8k)
of effective training instances and train the same
Qwen2.5-Math-7B student. We additionally in-
clude two error-driven baselines under the same
DPO framework: LLM2LLM-style (Lee et al.,
2024), which generates new questions from stu-
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Method Eff. Samples Avg. A

Qwen2.5-Math-7B - 48.4 -
+ SPIN (Chen et al., 2024d) 8k 489 +0.5
+ NuminaMath (Li et al., 2024a) 8k 49.0 +0.6
+ Static IDPO (Zhang et al., 2025) 8k 49.7 +1.3
+ LLM2LLM (Lee et al., 2024) 8k 50.1 +1.7
+ Ours 8k 50.7 +2.3

Table 5: Iso-effective comparison. All methods use
~8k effective instances and the same gradient steps.
LLM2LLM-style adopts error-driven generation but
trains with DPO for fair comparison.

dent failures but without yield-aware scheduling
(originally SFT; we use DPO for fair comparison);
and SPIN (Chen et al., 2024d), which constructs
self-play preference pairs on a fixed prompt pool.
As shown in Table 5, our method remains con-
sistently better even when the effective sample
count is held constant. SPIN (+0.5), operating
on fixed prompts, confirms that prompt-level cur-
riculum matters beyond response-level contrast.
LLM2LLM-style (+1.7) benefits from error-driven
generation but conditions the teacher only on the
failed question; DIAG’s additional conditioning
on the student’s wrong reasoning trace enables
follow-ups that target the specific misconception,
and its EB-guided scheduling further improves sig-
nal yield. This gap is consistent with the analysis
in Appendix A.1 and A.5: boundary prompts pro-
duce more mixed rollouts, placing the model in a
higher-curvature, more informative update region.

6 Conclusion

We showed that the dominant bottleneck in itera-
tive preference distillation for math reasoning is
signal scarcity: as the student improves, static prac-
tice pools degenerate into uninformative regimes.
To address this, we proposed DIAG, a Diagnose-
and-Generate framework that reshapes the prac-
tice distribution via signal-aware pacing, Empirical-
Bayes topic prioritization, and mistake-conditioned
generation. Across diverse students and chal-
lenging math evaluations, DIAG consistently im-
proves both data efficiency and final reasoning per-
formance, with gains persisting even under iso-
effective training, indicating higher-quality super-
vision beyond increased signal yield.

Limitations

DIAG diagnoses signal scarcity in real time via
Empirical Bayes shrinkage and uses mistake-

conditioned generation to produce targeted follow-
up problems near the student model’s moving com-
petence boundary. Two main limitations remain:
(i) the Diagnose-and-Generate loop relies on a ca-
pable teacher model for question synthesis, which
may not be available or affordable in all settings;
(i1) our evaluation is restricted to mathematical rea-
soning with reliable verifiers, and it is unclear how
well the framework transfers to domains where cor-
rectness cannot be automatically checked.

Ethics Statement

This work complies with the ACL Ethics Policy.
All experiments are conducted using publicly avail-
able datasets and widely accessible models, with
proper citations provided throughout. Our method
does not involve human subjects, private data, or
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swer verification. We acknowledge that LLMs, in-
cluding those trained with our framework, may still
produce incorrect or misleading reasoning steps.
While DIAG improves mathematical reasoning re-
liability, users should independently verify model
outputs before relying on them in high-stakes or
real-world decision-making scenarios.
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A Theoretical Perspective: Signal Yield
and Practice-Space Reweighting

This appendix provides a compact theoretical view
of DIAG. The main idea is that useful natural
preference pairs are most likely to arise near the
student’s competence boundary, where the model
sometimes succeeds and sometimes fails. DIAG
can then be interpreted as a teacher-mediated
approximation to an ideal practice-distribution
reweighting that moves probability mass toward
such high-yield regions.

A.1 Signal Yield Peaks at the Competence
Boundary

Let mp(y | x) be the student policy and let
V(y;z) € {0,1} be the verifier. For a prompt
x, define the student’s pass probability as

po(x) = Pr [V(y; x) = 1]. (11

y~mo (-|z)

With rollout width K > 2, a valid natural prefer-
ence pair exists when at least one rollout is correct
and at least one rollout is incorrect. Thus the prob-
ability that x yields a valid pair is

K
ug, i (x) =1 —py(z)™ — (1 — po(z))
Proposition A.1 For any K > 2, the function

ug (p) = 1-p* —(1-p)*,

(12)

pel(0,1], (13)

is uniquely maximized at p = 1/2, with value

up(1/2) =1 — 21K, (14)
Moreover, ug (0) = ug (1) = 0.
Proof The derivative is
wie(p) = K[(1—p)* 71 =p"71]. (5)

which vanishes only at p = 1/2. The second deriva-
tive is

wie(p) = —K(K = 1)[p" 2+ (1-p)* 2] <0

forp € (0,1) and K > 2, so ug is strictly con-
cave and has a unique maximum at p = 1/2. The
boundary values follow directly. g

This proposition formalizes why all-correct and
all-wrong prompts are inefficient: both regimes
have low probability of producing usable prefer-
ence pairs. Prompts near the competence boundary,
where py(x) is intermediate, provide denser super-
vision under the same rollout budget.

For a practice distribution p, define the expected
valid-pair yield as

Jo. k(1) = Egrp [uo,x ()] (16)

If M prompts are sampled in an iteration, the ex-
pected number of effective DPO training instances
is M.Jy s (0).

A.2 Ideal KL-Regularized Practice
Reweighting

The previous result suggests that an ideal practice
distribution should upweight prompts with large
ug, i (). Let pier be the distribution induced by
a metadata-only teacher generator. Consider the
KL-regularized update (n > 0)

[y € arg max {Exw# [ug, i ()]

P fhyef (17)
- %DKL (]| povet) }

Proposition A.2 The unique optimizer of (17) is

_ ,Uref(x) €xp (nue,K (.’I?))
Zy ’
Zy = Boroprer [exp (mug i (7)) ] -

,un(ac) (18)

Proof By the calculus of variations, the stationar-
ity condition of Eq. (17) gives

1
up.rc(x) — ~ <log p) 1) Ye=0, (19)
n firef (7)
where ¢ enforces normalization. Rearranging
yields
p(z) o piret () exp (nuo i (z)),  (20)
which gives Eq. (18). (Il

Eq. (18) is an idealized exponential reweight-
ing of the practice distribution toward high-yield
prompts. DIAG does not execute this update ex-
actly, since estimating ug, () for a large candi-
date space would be expensive. Instead, it approx-
imates this reweighting using observable signals
from the previous iteration: topic-level valid-pair
statistics and local mistake contexts.

A.3 Mistake-Conditioned Generation as an
Amortized Approximation

Let 2z denote prompt metadata such as topic and dif-
ficulty, and let 14(z) be the scheduler over metadata
at iteration ¢. A metadata-only generator induces
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a kernel Tp(x | z), while the mistake-conditioned
teacher induces

T¢(:L’ | va)a (2D

where m contains a failed question and a wrong
student trace. In DIAG, mistake contexts are drawn
from recent prompts that produced valid natural
preference pairs. These prompts are empirical
boundary cases: the student has both successful
and failed rollouts on them. Degenerate all-correct
or all-wrong prompts are counted in yield statistics
and affect pacing, but are not used as exploitation
anchors.

Let g;(m | z) be the empirical distribution over
mistake contexts for topic z. The metadata-only
and DIAG-induced practice distributions are

p0(2) = Barn, [To(z | 2)] (22)

PDIAG (%) = By B, (12) [To( | 2,m)].
(23)

For each metadata slice z, define the local yield
gain

A, = Equt(-|z)Ex~T¢(~|z,m) [UQ,K(x)]

(24)

— Eprory () [u0,x ()]

Then, by linearity of expectation,
Jo.k (up1ac) — Jo.k (o) = Bz [A2]. (25)

Thus, DIAG improves expected valid-pair yield
whenever mistake-conditioned generation produces
less degenerate follow-up prompts than metadata-
only generation on average. This condition is not
assumed as a theorem about all teachers; rather,
it is the empirical property evaluated through the
yield and pass-rate analyses in the main text.

A.4 Empirical-Bayes Stabilization

DIAG uses topic-level statistics to allocate the ex-
ploitation budget. For topic z, let N, be the num-
ber of attempted prompts and C, the number that
yielded valid natural pairs. The raw rate C, /N, can
be noisy when N, is small. The Empirical-Bayes
score is

v:C’Z—I—/{;B: N, -%—F K
* N.+kx N,4+k N, N,+«k

where p is the global valid-pair rate and  is the
prior strength. Thus v, shrinks low-count topic
estimates toward the global mean, preventing the
scheduler from overreacting to a few lucky sam-
ples. As N, grows, the topic-specific empirical rate
dominates.

P, (26)

A.5 Connection to DPO Curvature

The signal-yield view is also consistent with the lo-
cal geometry of the DPO loss. For a pair (x, Y., 1),
let

Sezh’e(l‘ayw)ihe(mayl)v (27)
{(sg) = —loga(Bso). (28)
With respect to a = sy, the curvature is
0%
522 = o)1 —o(a)), (29)

which is maximized at ¢ = 0. Hence, among valid
preference pairs, updates are locally most sensitive
when the model is uncertain between the preferred
and dispreferred responses. This does not equate
prompt-level pass probability with pairwise DPO
uncertainty, but it supports the same design princi-
ple: practice near the student’s moving boundary
tends to produce more informative supervision.

B Complexity Analysis

We analyze computational cost through the lens of
effective supervision. Let Clop be the unit cost of
one student rollout and Cle,cn the unit cost of one
teacher generation. At iteration ¢, we use a practice
set P, of size | P;| = M and sample K rollouts per
question, so the student-side cost per iteration is

CM' = MK Cron. (30)
We focus on verifiable preference learning where a
question x yields a usable DPO pair iff it contains
both correct and incorrect rollouts (Eq. (1)). Recall
the effective (valid-pair) yield is defined as

1
pr = i Z Tvatia (),
:L‘EPt

(31

following Eq. (2). The expected number of effec-
tive training pairs in iteration ¢ is

E[[Di] = Mp. (32)
Compute-matched teacher budget. In our ex-
periments, STATIC GEN and DIAG are matched by
the same total number of teacher-generated ques-
tions. Concretely, over T iterations both meth-
ods use 7'M teacher-generated questions, implying
identical total teacher cost:

Cttgflaclh = TM Cieach- (33)
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The difference is not the amount of teacher com-
pute, but how this fixed teacher budget is spent:
STATIC GEN generates a fixed pool using only
(topic, difficulty), while DIAG allocates the same
number of generations online and conditions on
the student’s recent failures to reshape the practice
distribution.

Cost per effective pair (effective gradient cost).
Since the student rollout budget per iteration is
fixed, the key efficiency question is: how many of
these rollouts produce gradient-bearing preference
pairs? Define the per-iteration compute cost per
effective pair as

. Cgtu 4 C;/each MK Croll 4 C;each

g = =
' TEI Moo
_ K Co N C;each
Pt Mpy '

Under compute matching, Ci€®h is the same order

for both methods (and the total teacher budget is
identical), therefore the dominant factor is the yield
p¢. When a static pool (or practice-agnostic gen-
eration) degenerates into all-correct or all-wrong
regimes, p; decreases and & increases, meaning
a growing fraction of rollouts are wasted with no
contrastive supervision.

DIAG improves effective sample efficiency. By
explicitly optimizing the practice distribution to
stay near the student’s moving decision boundary,
DIAG sustains a substantially higher p; across iter-
ations (Sec. 5). Plugging this into Eq. (34) yields a
strictly lower compute-per-effective-pair:

DIAG
Pt > p

=

STATIC GEN
t

gtDIAG < gtSTATIC GEN' (35)

Equivalently, for the same fixed rollout budget
MK, DIAG produces more effective preference
pairs M p; and therefore more gradient signal per
unit compute. This explains why DIAG achieves
higher final performance without increasing ei-
ther student rollout compute or the total teacher-
generation budget.

C Empirical Bayes Derivation and
Implementation Details

This appendix provides a brief derivation of the
Empirical Bayes (EB) topic score used in Phase I
and summarizes the corresponding implementation
choices.

Beta-Binomial model. For each topic z, let p,
denote the latent probability that a sampled ques-
tion from topic z yields a valid natural prefer-
ence pair (Eq. 1). Given per-topic counts (C, N.)
(Eq. 5), we model

p- ~ Beta(ao, o),

C. | (p.,N.) ~ Binomial(N.,p.). ~ (36)
By conjugacy, the posterior is
p- | (C.,N.) ~ Beta(ag + C-, a7
Bo+ N. —C.),
and the posterior mean yields the EB score
v: 2E[p. | C.,N.] = Ni;o_fﬁo (38)

Empirical Bayes prior from global statistics.
We set the Beta prior using the global valid-pair
rate p and a smoothing strength « (prior sample
size):

ap=kp,  Po=k(l-p). (39
Substituting into Eq. 38 gives the shrinkage estima-
tor used in the main text:

_ C.+nrp

B 40
N, +k (40)

Uz
When N, < &, the score shrinks towards p, pre-
venting over-reaction to low-count noise; as N,
grows, the empirical rate C', /N, dominates.

Implementation details. We compute p as the
running global average of Iyq(x) over all at-
tempted questions up to the current iteration (equiv-
alently, p =", C./ >, N. using the same statis-
tics as Eq. 5). We fix x as a small constant in all
experiments, which controls the strength of shrink-
age in the early, noisy regime.

D Prompts

Prompt Templates. We present the prompt tem-
plates employed for the Diagnose-and-Generate
loop in Figure 6 and Figure 5. For the teacher
model, the instruction explicitly incorporates the
Mistake Context, comprising the failed question
and the erroneous solution trace, instructing the
model to synthesize a variant that probes the same
underlying misconception while altering surface
features. Regarding student rollouts, we employ
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Prompt for Student Model Answer Generation

<|im_start|>system

<|[im_end]|>
<|im_start|>user

<|im_end|>
<|im_start|>assistant

Please reason step by step, and put your final answer within \boxed{ }.

{problem} Let’s think step by step and output the final answer within \boxed{ }.

Prompt for Teacher Model Answer Generation

<|im_start|>system
You are a helpful assistant.
<|im_end|>
<|im_start|>user

<|[im_end]|>
<|im_start|>assistant

{question} Let’s think step by step and output the final answer within \boxed{ }.

Figure 5: Prompt for Student Model and Teacher Model Answer Generation.

a standard format to elicit reasoning. To harmo-
nize the reasoning structure across heterogeneous
model architectures, we adopted an adaptive decod-
ing strategy: for models requiring explicit struc-
tural guidance, the generation was primed with a
sequential prefix (e.g., “Step 1:” (Lai et al., 2024))
to initiate the deduction process; for models with
strong intrinsic instruction adherence, standard gen-
eration was utilized.

E Implementation Details

We provide the detailed hyperparameters and sys-
tem configurations used in our experiments to en-
sure reproducibility.

E.1 Training Configuration

All student models (Qwen2.5-Math-7B, Qwen3-
8B-Base, Llama-3.1-8B) were trained using the
DPO objective with the AdamW optimizer, a co-
sine learning rate schedule with peak learning rate
5 x 1077, no weight decay, global batch size 128
(gradient accumulation 16), and 2 epochs per itera-
tion. For DPO, we set the KL penalty 8 = 0.1, use
sigmoid loss with label smoothing 0.1, and freeze
the previous iteration’s checkpoint as the reference
policy. Sequences are truncated at 4096 tokens
(prompts at 1000), and training uses bfloat16 preci-
sion with gradient checkpointing enabled.

Regarding data attributes, we employ a hierar-
chical taxonomy annotated by Gemini-2.5 (Co-
manici et al., 2025). This includes five primary
domains: Algebra, Geometry, Calculus, Discrete
Mathematics, and Probability. Each contains
several fine-grained sub-topics (e.g., Polynomi-
als, Modular Arithmetic), along with four diffi-
culty levels ranging from Elementary to Expert.
For mistake-conditioned generation, failure traces
are sampled from the mistake buffer H;_; via an
uncertainty-weighted probability proportional to
1 — max(p,1 — p) to prioritize boundary cases,
which is standard in (Settles, 2009). The pacing
factor A in (3) is set to 0.5 by default.

E.2 Generation & Rollout Configuration

The quality of the feedback loop relies heavily on
the decoding strategies employed during the rollout
phase.

* Student Rollouts: For collecting preference
data, we sample K = 8 responses per prompt
with temperature 7" = 1.0, top-p = 0.99, and
top-k = 50 to ensure diversity in reasoning
paths.

* Teacher Generation: For the targeted curricu-
lum synthesis, the teacher model uses tempera-
ture 7' = 1.0 with top-p = 0.99 for question gen-
eration. For answer generation, we use greedy
decoding (7' = 0) to maximize correctness.

23361



Prompt for Teacher Model Question Generation

You are an expert math curriculum designer and a master question creator. Your task is to generate
high-quality, targeted training questions for a language model ("StudentLM"). Every question
must be rigorous, original, aligned with the requested topic and difficulty, and directly target the
student’s weaknesses. You need to ensure that the answer to the generated question is a number or
a formula, rather than a sentence or a proof.

### 1. Context & Goal ###
- General Topic: {topic}
- Difficulty Level: {difficulty}

### 2. Student Model Error Samples ###
{Error Sample: [Question (with Gold Solution), Student Failure] }

### 3. Additional Guidance ###
{guidance}

### 4. Output Format ###

First, analyze the student’s error in a <guidance> block: identify the core misconception in the
student’s reasoning. Then, design a new problem that specifically forces the student to confront
this misconception. Output in this exact structure:

<guidance>
...brief analysis of the student’s misconception...

</guidance>

<question>
...problem statement...
</question>

Do NOT include any solutions, answers, or extra commentary outside these two blocks.

Figure 6: Prompt for Teacher Model Question Generation.

* Verifier: The verifier adopts rule-based evalu-
ation (Zhang et al., 2025) to determine correct-
ness.

E.3 Cross-Task Evaluation Implementation
Details

To ensure reproducibility, we adopt standard evalu-
ation protocols for all benchmarks. For BBH and
MMLU, we utilize deterministic greedy decoding
(T = 0) with a single rollout. For TruthfulQA, we
follow the standard MC1 and MC2 validation setup,
calculating scores based on the log-probabilities of
candidate answers. For HumanEval, we employ a
sampling-based approach: we generate k = 20 so-
lutions per problem with a temperature of 7' = 0.1
and report the average pass rate.

F Case Studies

F.1 Ignoring Interior Singularities in
Improper Integrals

A persistent failure mode among small models is
mechanically applying the Fundamental Theorem
of Calculus without checking whether the integrand
is continuous on the integration interval. In the
seed question below, the student is asked to eval-
uate | _11 1/22 dz. The integrand has a singularity
at x = 0, making the integral divergent, but the
student simply computes the antiderivative —1/z,
substitutes the endpoints, and reports —2, which is
a negative value for a non-negative integrand, an
inconsistency that goes entirely unnoticed.

The follow-up shifts the singularity from z = 0
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toz = 2 € (1,4) by asking the student to eval-
vate [;'1/(x — 2)%de. This defeats the shallow
heuristic “watch out when x = 0 is in the interval”
while preserving the same underlying misconcep-
tion. The naive FTC evaluation now yields —3/2,
again negative for a strictly positive integrand, so
even a minimal sign-check would catch the error.
Students who have internalized the continuity pre-
requisite immediately output O (divergent); those
who have not will consistently report —3/2, pro-
ducing a clean binary split in rollout outcomes.

F.2 Base-Rate Neglect in Bayesian Inference

The second case targets a different kind of over-
sight: ignoring prior probabilities when computing
a posterior. Two machines have different produc-
tion shares (60% vs. 40%) and defect rates (5% vs.
3%). The student is asked for P(A | defective)
and normalizes the likelihoods directly, arriving
at 5/(5 + 3) = 5/8. The correct answer is 5/7,
obtained by weighting each likelihood by its prior.
Notably, the student’s self-check (5/8 +3/8 = 1)
is tautological, since any normalization sums to
one, yet it gives a false sense of correctness.

To expose this misconception more sharply, the
follow-up keeps the same defect rates but pushes
the priors to an extreme: Machine A now pro-
duces only 1% of items while Machine B produces
99%. The likelihood-only shortcut yields the same
5/8 =~ 62.5%, but the correct Bayesian posterior
drops to 0.0005/0.0302 ~ 1.66%, which is off
by a factor of nearly 40x. The dramatic gap en-
sures that any model still ignoring the prior will
produce an answer that is obviously wrong, rather
than merely slightly off.
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Student Answer (Incorrect) — Improper Integral

Step 1: Find the antiderivative of % We know that z% = 272, so the antiderivative is I

-1 ap"°
Step 2: Apply the Fundamental Theorem of Calculus. That is fil x% dx = [— l] il.

T

Step 3: Evaluate at the bounds. Upper bound: —% = —1. Lower bound: —}1 =1
Step 4: Compute the result.

The answer is .

\

Teacher-Generated Follow-up (Targeted) — Improper Integral

4
1
Evaluate the integral / W dx. If the integral diverges, enter 0.
1 &=

Correct Answer: @

Trap answer via direct FTC: [—ﬁﬁ = —%

Student Answer (Incorrect) — Bayesian Inference

Step 1: Identify the given information. Machine A: defect rate = 5%. Machine B: defect rate =
3%. We are told a defective item was found, and we need P (A | defective).

Step 2: Since the item is already known to be defective, we need to determine which machine is
more likely to have produced it. We can compare the defect rates directly. The probability of being
defective given Machine A is 5%, and given Machine B is 3%.

Step 3: Normalize to get the posterior.

) P(defective | A) 0.05 5
P(A | defective) = _ _2
(A defective) = & rective [ 4) + Pldefective | B)  0.05+0.03 _ 3

Step 4: Verity. % T % = 1. The probabilities sum to 1, so the answer is consistent. The answer is
5

3

\

Teacher-Generated Follow-up (Targeted) — Bayesian Inference

A factory has two machines. Machine A produces 1% of all items and has a 5% defect rate.
Machine B produces 99% of all items and has a 3% defect rate. If a randomly selected item is
found to be defective, what is the probability it was produced by Machine A?

. 0.0005 .
Correct Answer: 555 ~ 1.66%. ) )

Trap answer via likelihood-only normalization: 5r3 =38 = 62.5%.

Figure 7: Case Studies. Top pair (Improper Integral): The student applies FTC across a singularity at x = 0,
arriving at —2; the follow-up shifts the singularity to = 2, where the trap value —3/2 is negative for a strictly
positive integrand. Bottom pair (Bayesian Inference): The student normalizes likelihoods without prior weighting
(5/8 instead of 5/7); the follow-up pushes priors to 1% vs. 99%, where the same shortcut gives 62.5% but the
correct posterior is &~ 1.66%.
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