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Abstract

First-order test-time optimization (TTO) up-
dates continuous variables such as logits or la-
tent states for a single input. Successful meth-
ods usually rely on external reward models or
verifiers to supply a semantic gradient. We
ask whether reward-free signals from model
distributions or prompted self-verification can
supply comparable update directions for rea-
soning tasks. In logit-space TTO, we com-
pare each reward-free gradient with an opera-
tional reward-model reference direction, instan-
tiated as the reward-model gradient on the same
logits. Across Qwen2.5-7B-Instruct, Qwen3-
14B, and Llama-3.1-8B-Instruct, confidence
gradients remain nearly orthogonal to the ref-
erence, entropy-slope gradients have vanish-
ing scale near greedy rollouts, and terminal an-
swer certainty is sparse and reference-sensitive.
Prompted-verifier gradients are more reference-
dependent: in a tokenizer-matched Llama di-
agnostic, four variants attain moderate RM-
relative alignment and measurable local RM-
score gains. Nevertheless, in end-to-end TTO
on Qwen2.5-7B-Instruct and Llama-3.1-8B-
Instruct, the selected reward-free signals pro-
duce no wrong-to-correct flips on MATH-500,
AIME-2024, AIME-2025, or GSM8K, while a
separate reward-model-guided TTO reproduc-
tion provides an external positive control with
measurable gains.

1 Introduction

Language models can improve reasoning by spend-
ing additional computation at inference time. Com-
mon approaches include sampling multiple solu-
tions (Wang et al., 2023), searching over interme-
diate reasoning states (Yao et al., 2023), reranking
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candidates with a verifier (Lightman et al., 2023;
Snell et al., 2025), or revising an answer using self-
feedback (Madaan et al., 2023). These methods
use more computation for the current input instead
of changing model parameters.

First-order test-time optimization (TTO) is a re-
lated but more specific approach. It updates a con-
tinuous representation of the current response using
gradients. If the gradient direction is aligned with
reasoning quality, the method can refine a candidate
solution without enumerating many complete alter-
natives. Recent reward-guided continuous-space
methods show that inference-time optimization can
be useful when guided by external reward models,
verifiers, or reward-based control objectives (Yuan
et al., 2026; Wang et al., 2026; Kanai et al., 2026).

The practical limitation is the reward signal. Ex-
ternal reward models add cost, require training data,
and may not be available for a new domain. Here,
reward-free denotes test-time objectives derived
from the model’s own distributions or prompted
self-verification, without an external reward model
or task verifier during optimization. Such sig-
nals are a natural alternative: correct solutions
often have higher confidence, lower uncertainty,
clearer final-answer distributions, or higher self-
verification scores (Chen et al., 2023; Wang et al.,
2024; Taubenfeld et al., 2025; Kang et al., 2025;
Zhu et al., 2026). They motivate the question we
study:

Can reward-free distributional and
prompted-verifier signals provide reli-
able first-order directions for test-time
reasoning optimization?

The answer is not implied by cross-sample cor-
relations. A score can distinguish correct and incor-
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rect answers across a dataset without giving a use-
ful local direction for a particular answer. A verifier
may assign higher scores to correct complete solu-
tions, yet its local gradient around a flawed solu-
tion may make the text look more verifier-friendly
rather than more correct. Similarly, increasing con-
fidence in a current solution may reinforce the ex-
isting trajectory instead of repairing its error. We
study this gap between a score and a direction.

We use logit-space TTO as a controlled setting
because generated-token logits provide shared dif-
ferentiable coordinates for a candidate signal and
the reward-model (RM) reference. For an initial
solution with logits z, we compare the gradient
of an internal signal f(z) with the gradient of an
external RM with respect to the same logits. We
test whether a candidate reproduces an empirically
useful RM-guided local direction, and separately
evaluate whether optimizing it improves task cor-
rectness. The empirical findings concern this logit-
space setting; the diagnostic can be instantiated in
another differentiable space when both objectives
act on the same variables.

We make three contributions:

1. We formulate a gradient-level evaluation pro-
tocol for first-order TTO signals, combining
cosine alignment, norm ratio, and end-to-end
TTO validation.

2. We compare distributional confidence, en-
tropy slope, answer certainty, and prompted
self-verification signals under the same logit-
space diagnostic.

3. We identify a signal-specific separation in
mathematical reasoning: distributional ob-
jectives fail through near-orthogonality, van-
ishing scale, or sparse and unstable support,
while prompted verifiers can provide moder-
ate local RM-relative directions without yield-
ing end-to-end corrections under the tested
greedy logit-space optimizer.

2 Related Work

Test-time computation for language models in-
cludes candidate sampling, reranking, search, re-
finement, verifier-guided decoding, and continuous-
state updates (Snell et al., 2025; Wang et al., 2023;
Lietal., 2025; Yuan et al., 2026; Wang et al., 2026).
We use test-time optimization in a narrower sense:
additional computation at inference time optimizes
a response, prompt, logits, latent state, or reasoning

path for the current input. This excludes general
test-time adaptation unless it directly optimizes the
current response.

We organize related work by two axes: whether
the signal is supervised or reward-free, and whether
the method uses zero-order candidate evaluation
or first-order gradient updates. This yields four
cases. Reward-free zero-order methods use in-
ternal signals to sample, rank, select, or re-
vise candidates without differentiating the signal.
Tree-of-Thoughts uses LM self-evaluation during
search (Yao et al., 2023); Self-Refine revises out-
puts with self-generated feedback (Madaan et al.,
2023); and Universal Self-Consistency selects
among candidates using the model itself (Chen
et al., 2023). Other work uses likelihood, confi-
dence, self-certainty, or entropy dynamics for se-
lection (Wang et al., 2024; Taubenfeld et al., 2025;
Kang et al., 2025; Zhu et al., 2026). These meth-
ods show that internal signals can score or filter
complete answers, but they do not test whether
the gradient of the same signal improves a single
answer.

Supervised or verifier-guided zero-order meth-
ods use external semantic feedback to score can-
didates. Outcome reward models, process reward
models, generative verifiers, and process advan-
tage verifiers have been used for best-of-V selec-
tion, beam search, and tree search (Cobbe et al.,
2021; Lightman et al., 2023; Snell et al., 2025;
Setlur et al., 2024; Zhang et al., 2025a; Khalifa
et al., 2025). This line of work motivates our op-
erational RM reference: if external reward models
can guide search, their gradients are a reasonable
operational reference for first-order methods. Re-
lated self-correction studies also find that intrinsic
feedback alone often fails without external feed-
back (Huang et al., 2024; Zhang et al., 2024).

Supervised first-order TTO directly updates con-
tinuous variables using reward-model or verifier
gradients. SEA optimizes responses in continu-
ous latent or logit space (Yuan et al., 2026); V-
Reasoner combines decoding with reward-model
gradients (Wang et al., 2026); and AISP gives a re-
lated pre-logit-space approach based on sampling-
based optimal control (Kanai et al., 2026). These
methods show that first-order TTO can work when
the direction comes from external semantic super-
vision. We do not argue against first-order TTO;
we ask whether that external gradient can be re-
placed by reward-free internal or self-verification
gradients.
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The remaining case is reward-free first-order
optimization. Prior work has explored sample-
specific hidden-state adaptation, latent-space self-
reward optimization, entropy minimization, and on-
line RL from unlabeled test data (Hu et al., 2025; Li
et al., 2026; Agarwal et al., 2025; Zuo et al., 2025;
Zhao et al., 2026; Prabhudesai et al., 2025). Recent
analysis also suggests that internal-feedback objec-
tives can be fragile across training stages and model
types (Zhang et al., 2025b). Unlike reward-free or
intrinsically motivated RL, which studies explo-
ration or policy/value learning over repeated envi-
ronment interactions, our setting locally optimizes
one generated response at inference time. We ask
whether reward-free distributional and self-verifier
signals provide useful local first-order directions.
Such a direction can fail even when the same sig-
nal is useful for zero-order selection, reranking,
self-consistency, or uncertainty estimation.

3 Gradient-Level Diagnostic

Let a model generate an initial solution y for
prompt x. We denote the sequence logits by

z e REXIVIL (1)

where L is the generated length and |V is the
vocabulary size. A logit-space first-order TTO
method updates z by

2D = 20 4 g (), )
where k indexes optimization steps.

Differentiable logit path. Evaluator scores are
defined on token sequences, but discrete argmax
decoding blocks gradients. We therefore repre-
sent each generated position as a soft mixture of
evaluator-side token embeddings while keeping the
prompt and evaluation suffix fixed:

Z softmax(z; /7), ES™,  (3)

’l)EVgen

62'(21') =

where 7 is the softmax temperature and Eevl ¢
RIVeen|xdevar 5 the evaluator embedding matrix
aligned to the generator vocabulary.

For self-verifier signals, the evaluator is the gen-
erator itself, so the tokenizer and embedding matrix
are shared. For reward-model gradients used as
RM reference directions, when tokenizers differ,
we use a fixed evaluator-side embedding alignment
and allow gradients to flow only through genera-
tor softmax weights. This cross-tokenizer path is

used as an operational reward-gradient construc-
tion; Appendix B.2 describes the exact token-string
matching procedure and reports match coverage.

Prompt tokens and evaluation-suffix tokens are
kept fixed, and gradients are taken only with respect
to generated-token logits. The evaluator receives
the fixed prompt embeddings, the soft generated
embeddings, and the fixed evaluation suffix. This
gives a differentiable path from reward or verifier
score back to z without treating the discrete de-
coded string as differentiable.

For reward-model-based TTO, the direction is

grM = VrrM(2). 4)

For an internal signal f, let the raw gradient be

gy =V:[f(2). &)

The candidate update direction is the signed gradi-
ent

dy =09y, (6)
where oy = +1 for signals we maximize and

oy = —1 for signals we minimize. The question is
whether d; can replace gr.

First-order interpretation. The diagnostic is lo-
cal with respect to the reward-model score. Let

AT’RM = TRM(Z + T]df) — T‘RM(Z). @)

For a small step 7 along d, the first-order expan-
sion gives

Argpm = n{grm, dy) + O(n?||dy|?)
= nllgrmlllld || cos(dy, grm)
+ Ol dy ). (8)

With an L,-Lipschitz reward gradient, this gives

Argat 2 nllgrmlllldy ]l cos(dy, gru)
2

2 g2 ©)
Thus cosine controls the first-order reward-score
change, while the norm ratio controls whether the
signal has enough scale to affect the update. Equa-
tion (8) is local for sufficiently small steps, and
Equation (9) assumes an L,.-Lipschitz RM gradient
to bound the higher-order remainder. A weak or
negative cosine gives little first-order reward-score
increase and therefore cannot serve as a reliable
local replacement for the reward-model direction.
A very small norm yields little movement under
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the fixed optimization scale, even when the sign is
favorable. This diagnostic is relative to the reward-
model reference direction; it does not assume ac-
cess to, or make claims about, the ground-truth
correctness gradient.

For end-to-end TTO with signal s, we maximize
the following objective over the same generated
logits:

Js(2) = o5As(z) — BNLL(yo; 2), (10)

where yg is the greedy initial solution, o is posi-
tive for signals we maximize and negative for sig-
nals we minimize, and the NLL term regularizes
the optimized logits toward the original model-
supported response. Each run greedily decodes
an initial solution, performs K gradient updates
on generated-token logits, decodes the optimized
logits by argmax, and evaluates the extracted final
answer.

We use the reward-model gradient as an opera-
tional RM reference direction. This choice follows
recent reward-guided first-order TTO methods that
optimize continuous variables using reward-model
or verifier feedback (Yuan et al., 2026; Wang et al.,
2026). The RM reference is operational rather than
ground-truth: it is not a true mathematical correct-
ness gradient, but a semantic reference direction
supported by reward-guided TTO and reward-score
sanity checks. When the positive control comes
from an external implementation, we treat it as evi-
dence that reward-guided first-order optimization
can work, not as certification of every implementa-
tion detail in our logit-space pipeline.

We evaluate a candidate signal with two quan-
tities. The first is cosine alignment with the RM
reference direction:

<df7gRM>
cos(df, grRM) = 77 (1)
d I [lgrmll
The second is the norm ratio:
d
gl )
lgrm |l

Cosine measures whether the signal points in
a similar direction to the reward-model gradient.
The norm ratio measures whether the signal has
usable magnitude. A near-zero cosine indicates that
the signal may describe useful properties without
reproducing the RM-guided local direction. A very
small norm ratio indicates that the signal is unlikely
to drive the update. A large norm with near-zero

cosine can move logits by a large amount without
moving toward the reward-model direction.

All alignment scores are computed per exam-
ple by flattening the signed generated-token logit
direction over L x |V/| and then averaging across
examples. Prompt-token gradients are excluded.
For answer-certainty signals, whose support is con-
centrated near the answer position, we additionally
check whether the sparse gradient remains stable
under end-to-end TTO rather than relying on full-
sequence cosine alone.

The labels in the result tables are reporting short-
hand rather than decision rules. Our conclusions
rely on the continuous cosine and norm-ratio val-
ues, the random-direction baseline, the directional-
derivative sanity check, and the end-to-end wrong-
to-correct flip counts. When using labels, we call
near-zero or degenerate directions infeasible and
positive but small alignments limited.

This sign convention follows the actual op-
timization direction: for a minimized signal,
dy = —V_.f(z); for a maximized signal, dy =
+V.f(2).

We instantiate this diagnostic on four reward-
free signal families: local confidence, entropy-
trajectory slope, terminal answer-token certainty,
and prompted self-verification. The first three are
distributional signals, while the last uses the full
generated solution through a verifier prompt.

Confidence. Confidence-based scores have been
used for self-consistency weighting, best-of-NV se-
lection, and internal-feedback learning (Taubenfeld
et al., 2025; Kang et al., 2025; Zhao et al., 2026;
Prabhudesai et al., 2025). The confidence objective
is the average negative log probability over top-m
tokens:

1
C(z) = - > logPRi(v), (13
vetop-m(F;)
P; = softmax(z;). (14)

With a fixed top-m set, its gradient at position ¢ has
the form
oC

621']'

= P;(j) [j € top-m].  (15)

——1
m
Lower C' assigns more probability mass to the
current top-m alternatives, so TTO uses —VC as
the confidence-improving direction. For small m,
this encourages local concentration around the cur-
rent high-probability alternatives. This gradient
reshapes local token probabilities, but it does not
encode whether the reasoning trajectory is correct.
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Signal Meaning Direction Scope Full TTO

C top-m confidence loss minimize all generated positions yes

S entropy-decrease slope maximize all generated positions yes

SS terminal answer uncertainty ~ minimize answer position yes

Va answer-correctness log-odds ~ maximize full response yes

VB error-free log-odds maximize full response diagnostic only
VAP format-controlled correctness maximize full response diagnostic only
VAN injected-answer control maximize full response diagnostic only
Ve process-validity log-odds maximize full response yes

Table 1: Reward-free signals evaluated in the gradient diagnostic. Full TTO uses the selected signals marked “yes.”

Entropy slope. Entropy and entropy dynamics
have recently been used as uncertainty signals for
reasoning selection and as unsupervised learning or
inference-time objectives (Zhu et al., 2026; Agar-
wal et al., 2025; Prabhudesai et al., 2025). Entropy
slope uses the trajectory of token entropy. Let H;
be the entropy at position 7. We define the slope by
a least-squares trend over generated positions,

(i )(H; — A)
SG-02

so larger S corresponds to a steeper entropy de-
crease. The entropy gradient contains

S(z) = (16)

OH;
8Zij -

—Pi(j)(H; +log P;(5)).  (17)
Near greedy rollouts, token distributions are often
peaked. For the selected token j*, P;(j*) is close
to 1, H; is close to 0, and log P;(5*) is close to 0.
This makes the entropy gradient small.

Answer certainty. Final-answer certainty is re-
lated to recent self-certainty and confidence-based
selection objectives (Kang et al., 2025; Taubenfeld
et al., 2025; Zhao et al., 2026). We implement this
signal as an answer-uncertainty loss over the final
answer distribution:

SS(z)=1- max Pynswer (V). (18)
Lower S5 means higher terminal-token certainty;
gradients are taken through the current maximum-
probability answer token. In the math benchmarks,
the answer position is obtained from the extracted
final answer span when available; otherwise the
final generated token is used as a fallback. Multi-
token answers are therefore approximated by their
terminal answer token in this diagnostic. This
is a deliberately simple terminal-token diagnostic
rather than a full answer-string confidence estima-
tor. The signal is sparse: it acts near the answer

position and provides little direct signal for earlier
reasoning steps. It also saturates when the model is
already confident. For a confidently wrong answer,
increasing certainty may reinforce the wrong final
state.

Self-verifier signals. Self-verification and self-
correction have been widely studied as test-time
feedback mechanisms, but prior work finds that in-
trinsic self-correction without external feedback is
often unreliable (Madaan et al., 2023; Huang et al.,
2024; Zhang et al., 2024). Self-verifier signals ask
the generator itself to judge the generated solution.
A typical signal is a log-odds score:

Va(z) = log P(correct | z,y(z))

— log P(incorrect | z,y(2)). (19)
We evaluate five verifier variants: answer correct-
ness (V4), error detection (Vp), a format con-
trol that avoids direct-answer cues (VED), an
injected-answer control (VjNJ ), and process va-
lidity (V). These signals use the full generated
solution through the same soft-embedding path de-
scribed in Section 3, and therefore contain more
semantic information than local distributional sig-
nals. They are also sensitive to prompt wording,
answer format, and self-evaluation calibration.

4 Experimental Setup

Models. We evaluate Qwen2.5-7B-
Instruct (Yang et al.,, 2025b) as the main
model for gradient alignment and full TTO,
Qwen3-14B (Yang et al., 2025a) as a larger
Qwen-family gradient-alignment validation model,
and Llama-3.1-8B-Instruct (Grattafiori et al., 2024)
as a non-Qwen validation model. We reserve full
end-to-end TTO evaluation for Qwen2.5-7B and
Llama-3.1-8B, where the selected end-to-end TTO
signals were run under the same evaluation proto-
col. To isolate tokenizer mismatch in the gradient
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diagnostic, we additionally pair Llama-3.1-8B-
Instruct with Skywork-Reward-V2-Llama-3.1-8B
on the fixed 50-example MATH-500 subset; this
matched path uses token-ID identity mapping.

Datasets. The main math diagnostic set contains
110 problems: 50 from MATH-500 (Hendrycks
et al., 2021), 30 from AIME-2024, and 30 from
AIME-2025. GSMS8K (Cobbe et al., 2021) gradient
alignment uses a 150-example subset from the offi-
cial test split: we rank examples by a deterministic
heuristic based on question length, solution length,
number count, arithmetic-operator count, and sen-
tence count, split the ranked set into easy, medium,
and hard thirds, and sample 50 examples from each
bucket with seed 42. These fixed subsets are used
for the compute-intensive gradient diagnostic. End-
to-end TTO is evaluated on 560 MATH/AIME ex-
amples and the full 1,319-example GSM8K test
set for each of Qwen2.5 and Llama. Across the
four model—dataset settings, each full-TTO signal
is evaluated on 3,758 outputs, including 1,043 ini-
tially incorrect outputs eligible for correction.

TTO hyperparameters. The standard TTO set-
ting uses K = 20 gradient steps, learning rate 0.01,
A = 0.1, and negative-log-likelihood coefficient
0.001. We also test an aggressive V¢ setting with
K = 100, learning rate 0.01, A = 1.0, and the
same negative-log-likelihood coefficient. Initial
responses are generated by greedy decoding. Cor-
rectness is evaluated with a fixed answer-extraction
and grading pipeline. The pipeline extracts the fi-
nal model answer and applies mathematical equiva-
lence grading for MATH/AIME; for GSM8K, gold
answers are normalized from the final #### field
by removing commas and taking the last numeric
value before numeric matching. The final TTO
output is obtained by argmax decoding from the
optimized logits.

Implementation details. Unless otherwise
stated, confidence uses top-m = 10, the soft-
embedding path uses temperature 7 = 1, and

greedy generation is capped at 512 new tokens.
Gradient diagnostics use at most the first 512
generated tokens and exclude prompt-token
gradients. Random-direction baselines sample
isotropic directions in the generated-token logit
space after the same prompt exclusion, using 100
random directions per example; for the terminal
answer-certainty diagnostic, random directions are
sampled in the corresponding answer-position logit

space. Directional-derivative checks L2-normalize
both ggy and random directions to unit norm
before applying perturbations.

5 Results

5.1 Gradient Alignment

Table 2 shows the main MATH-500 gradient-
alignment results for Qwen2.5-7B-Instruct under
the original Qwen-family RM reference. The dis-
tributional signals do not satisfy the diagnostic. C
has a large norm ratio but near-zero cosine. S has
a small positive cosine but a very small norm ratio.
SS is sparse and unstable. Some verifier signals
have higher alignment; the best value in this refer-
ence setup is Vo at 0.242.

Appendix C.1 reports example-level standard
deviations, medians, interquartile ranges, and boot-
strap confidence intervals for the MATH-500 diag-
nostic subset. These uncertainty estimates do not
change the qualitative interpretation.

The first verifier experiment found that V4 is
affected by answer format. On MATH-500, the
correct-versus-incorrect log-odds gap is about 8.57,
while the boxed-versus-no-boxed gap is about 8.76.
Under the original Qwen-family RM reference,
the control variants remain modest: V}‘\ID reaches
0.216 cosine, VILI‘NJ drops to 0.024, and V- reaches
0.242.

Table 3 compares Qwen2.5, Qwen3, and Llama
on the MATH-500 diagnostic subset under the orig-
inal Qwen-family RM reference. Confidence and
entropy slope show consistent direction or scale
failures, answer certainty is sparse and unstable,
and prompted-verifier alignment is at most 0.242
in this reference setup.

A tokenizer-matched Llama diagnostic removes
the cross-tokenizer approximation. Confidence
and entropy slope remain nearly orthogonal, with
mean cosine values of 0.010 and 0.011, while an-
swer certainty remains high-variance and reference-
sensitive. In contrast, four prompted-verifier vari-
ants attain cosine values of 0.304-0.421 and norm
ratios of 0.327-0.485. Atnormalized € = 0.1, posi-
tive verifier perturbations increase the matched RM
score in 74%-86% of examples, compared with
100% for the RM-reference direction and 36% for
a random direction. These local RM-score effects
motivate separate end-to-end validation rather than
establishing task-level improvement by themselves.
Appendix B.3 reports the full results.

As a posthoc random-direction baseline for the
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Signal n./n, cos p Label
C 50/50 -0.001 16.56 infeasible
S 50/50  0.013 5.20x107° infeasible
SS 19/50 -0.427 34.00 infeasible
Va 50/50  0.153 1.62  limited
Vg 50/50  0.050 3.08 limited
VD 50/50 0.216 1.49  limited
VNI 50/50  0.024 1.73  limited
Ve 50/50  0.242 3.19  limited

Table 2: Qwen2.5-7B-Instruct gradient alignment on the MATH-500 diagnostic subset under the original Qwen-
family RM reference. n. and n, denote valid example counts for cosine and norm ratio. For answer certainty, cosine
is computed only on examples with non-degenerate answer-position gradients; p is reported over all examples.

Model C cos/p S cos/p SS cos/p Best verifier cos/p
Qwen2.5-7B  -0.001/16.56 0.013/5.20x107>  -0.427/34.00 Vg:0.242/3.19
Qwen3-14B 0.008/18.72  0.021/3.89x107°  -0.288/20.28 VIP:0.142/0.75
Llama-3.1-8B  0.0036/10.06 0.0117/1.50x10~% -0.710/10.09 V4: 0.107/1.37

Table 3: Multi-model gradient alignment on MATH-500 under the original Qwen-family RM reference. The Llama
row uses the cross-tokenizer path described in Appendix B.2.

original RM-reference setup, we compare each
observed signal direction with isotropic norm-
matched random directions on the MATH-500 50-
example subset. Because random cosines concen-
trate tightly around zero in high-dimensional logit
space, we interpret random percentiles together
with absolute cosine rather than as a standalone
usefulness criterion. The full random-baseline ta-
ble is reported in Appendix C.2 (Table 8). Distri-
butional signals remain near this random-direction
regime in absolute cosine. Verifier signals are usu-
ally above the random-direction median, although
their absolute cosine is modest under this reference.

Under the original Qwen-family RM reference,
the GSMS8K gradient-alignment results show the
same pattern. Confidence has near-zero cosine
despite large norm, entropy slope has very small
norm, and answer certainty remains sparse and un-
stable. Prompted-verifier cosines remain below
0.15 on Qwen2.5 and Llama, and the best Qwen3
value is 0.033. Appendix C.3 reports the full table.

5.2 End-to-End TTO

Table 4 reports MATH/AIME TTO accuracy, flip
statistics, and token-change rates for Qwen2.5-7B-
Instruct. Across the full-TTO signals in Table 4,
every signal has zero wrong-to-correct flips and
one correct-to-wrong flip. Mean token-change
rates range from 0.65% to 0.75%. Across all four

Qwen2.5/Llama model-dataset settings, each full-
TTO signal is tested on 1,043 initially incorrect
outputs, and none produces a wrong-to-correct tran-
sition.

The low token-change rates in Table 4 raise a
possible argmax-barrier concern: small continuous
logit updates may not change the decoded tokens.
We therefore run an aggressive update setting for
Ve. In the standard setting, Vo changes 0.74%
of decoded tokens on average and produces zero
wrong-to-correct flips. In the aggressive setting, the
token-change rate increases to 2.23%, but wrong-
to-correct flips remain zero. This result points away
from insufficient logit movement as the only expla-
nation. It leaves open decoding-aware objectives
or search-coupled first-order updates as follow-up
work.

The full boundary-check table is reported in Ap-
pendix D.3 (Table 12). On GSMS8K, Qwen2.5 re-
mains essentially unchanged, from 86.96 greedy
accuracy to 86.88-86.90 under the tested TTO
signals, with zero wrong-to-correct flips. Llama
shows the same pattern on GSMS8K, from 78.32
greedy accuracy to 78.24-78.32 after TTO, again
with zero wrong-to-correct flips. The completed
GSMBSK checks are consistent with the Qwen2.5
MATH/AIME result.
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Signal MATH AIME24 AIME25 Overall W—C C—W Change
Greedy 70.8 6.7 0.0 63.6 - - -
C 70.6 6.7 0.0 63.4 0 1 0.65%
S 70.6 6.7 0.0 63.4 0 1 0.67%
SS 70.6 6.7 0.0 63.4 0 1 0.67%
Va 70.6 6.7 0.0 63.4 0 1 0.75%
Ve 70.6 6.7 0.0 63.4 0 1 0.74%

Table 4: Qwen2.5-7B-Instruct MATH/AIME end-to-end TTO. Accuracy columns are percentages over MATH-500,
AIME-2024, AIME-2025, and the combined 560-example set. W—C, C—W, and Change are flip counts and mean

token-change rates over the combined set.

5.3 Positive Control and RM-Reference
Sanity

We next validate both the effectiveness of reward-
guided first-order optimization and the operational
relevance of the RM reference. As an external
positive control, we use a separate reward-model-
guided TTO (RM-TTO) reproduction based on
the Nabla-Reasoner implementation (Wang et al.,
2026). In this reproduction, RM-TTO improves
MATH-500 from 70.8 to 75.4, AIME-2024 from
6.7 to 17.5 mean accuracy, and AIME-2025 from
0.0 to 17.5 mean accuracy. The MATH-500
number comes from one 500-example reproduced
run; the AIME numbers are means over four 30-
problem reproduced runs. Appendix D.1 reports
the AIME per-run accuracies and run-level stan-
dard deviations. We use these reproduced runs
only as an external positive control showing that
reward-guided first-order optimization can improve
the same benchmark family; they are not quoted as
the official Nabla-Reasoner paper numbers and are
not part of our reward-free-signal TTO pipeline.

We also score reproduced outputs with Skywork-
Reward-V2-Qwen3-4B (Liu et al., 2026). The con-
tinuous reward score is predictive of final correct-
ness: over 740 samples, RM-score AUROC for
correctness is 0.866, the correct mean RM score is
17.01, the incorrect mean is 12.35, and the mean
score gap is +-4.66. Restricted to outputs that con-
tain boxed answers, AUROC remains 0.867, reduc-
ing the concern that the reward model only detects
answer format.

Re-scoring the same 740 outputs with Skywork-
Reward-V2-Llama-3.1-8B gives correctness AU-
ROC 0.823, boxed-only AUROC 0.814, and Spear-
man correlation 0.830 with the original RM scores.
Both RMs therefore provide useful operational ref-
erences, while individual gradient cosines remain
reference-dependent.

Finally, we run a local directional-derivative san-

ity check on MATH-500. Moving along +ggrw in-
creases the RM score in 92% of Qwen2.5 examples
and 90% of Llama examples, while moving along
—grM decreases the score in 84% and 96% of ex-
amples, respectively. Random directions do not
show a stable improvement trend (Appendix D.2,
Table 11).

The score-level AUROC and local directional-
derivative checks support the use of the RM gra-
dient as an operational reference. RM-relative ge-
ometry and task correctness remain distinct: the
former measures local RM-score motion, while
the latter is evaluated independently by end-to-end
answer grading.

6 Analysis and Discussion

The experiments separate two statements: correct
answers often have property P, and changing the
current answer to increase P improves correctness.
The first statement can hold while the second fails.
Confidence, entropy, and self-verification can be
useful for ranking or filtering candidate answers.
First-order TTO requires more: the gradient of the
signal must point toward a better answer for the
current sample.

The confidence gradient depends on local token
probabilities. It can sharpen a distribution, but it
has no direct access to the global semantic rela-
tion between the prompt, reasoning steps, and final
answer. This explains why C' can have a large
norm ratio while remaining nearly orthogonal to
the reward-model gradient.

Entropy slope can be informative as a trajectory
feature. However, near greedy outputs, token dis-
tributions are often peaked. The entropy gradient
is then small, which makes S ineffective as a direct
update direction. Increasing update strength does
not address the reward-model-gradient reference
direction problem.

Answer certainty acts near the final answer. It
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cannot directly repair earlier reasoning errors. It
also has poor coverage when the answer format
is missing or ambiguous, and it can reinforce a
confident wrong answer.

Prompted-verifier signals behave differently
from purely distributional objectives because they
inspect the full generated solution. Under the origi-
nal Qwen-family reference, their alignment is mod-
est and affected by prompt wording and answer
format. In the tokenizer-matched Llama diagnos-
tic, however, four variants attain moderate RM-
relative alignment and measurable local RM-score
gains. This local effect is prompt- and reference-
dependent, and the full-TTO evaluations for V4
and V¢ still produce no wrong-to-correct transi-
tions. Prompted verification can therefore pass a lo-
cal RM-relative test without passing the task-level
correction test.

The results do not contradict zero-order methods
that use internal signals for selection. A score can
rank complete candidates even when its local gradi-
ent is not a reliable improvement direction. Search
and reranking evaluate whole answers; first-order
TTO relies on local movement from the current
answer. Reward-free first-order TTO may need
a signal closer to semantic error correction, for
example process-level verification, contrastive self-
verification, tool- or constraint-guided feedback,
or a hybrid with zero-order search before the first-
order update.

7 Conclusion

We studied whether reward-free distributional
and prompted-verifier signals can replace reward-
model guidance in logit-space first-order TTO for
reasoning. Confidence gradients are largely orthog-
onal to the RM reference, entropy-slope gradients
have vanishing scale, and terminal answer certainty
is sparse and reference-sensitive. Prompted-verifier
gradients can be more informative: in a tokenizer-
matched Llama diagnostic, several variants exhibit
moderate RM-relative alignment and local RM-
score gains. However, these local effects do not
translate into wrong-to-correct transitions under the
tested greedy logit-space optimizer.

End-to-end TTO complements the gradient diag-
nostic: moderate local verifier alignment does not
translate into answer correction under the tested
optimizer. Across MATH/AIME and GSMSK, the
tested signals produce no wrong-to-correct flips,
while reward-model-based TTO improves perfor-

mance in the positive-control setting.

The practical implication is that score discrimi-
nation, local gradient geometry, and task-level im-
provement are distinct properties. Future reward-
free TTO methods should therefore validate di-
rection, scale, and end-to-end outcomes, not only
score correlation or verifier accuracy.

Limitations

The evidence is limited to a specific experimen-
tal setting. It does not prove that all reward-free
first-order TTO is impossible. The experiments
focus on mathematical reasoning. The optimiza-
tion target is logit-space TTO; results may dif-
fer for hidden-state or representation-space meth-
ods. The RM reference direction is an operational
reward-model gradient, not a ground-truth correct-
ness gradient. Cross-tokenizer alignment may in-
troduce noise in the original Llama comparison.
The tokenizer-matched Llama analysis removes
this approximation in one non-Qwen setting, al-
though the generator and RM share the same model
family; cross-architecture RM independence re-
mains open. The tested self-verifier prompts are
not exhaustive. Qwen3-14B is used for gradient-
alignment validation rather than full end-to-end
TTO; complete full-TTO evidence is reported for
Qwen2.5-7B and Llama-3.1-8B. Additional non-
Qwen models, larger models, non-math tasks, and
alternative verifier prompts would broaden the evi-
dence.

Ethical Considerations

This work evaluates test-time optimization signals
on mathematical reasoning benchmarks. It does
not introduce new datasets with personal informa-
tion or deploy a user-facing system. A potential
risk is that unreliable internal confidence or self-
verification signals may be overinterpreted as se-
mantic correctness signals in high-stakes settings.
Our results caution against such use without direct
validation.

LLM Usage Statement

Generative Al tools were used for grammar check-
ing, spelling correction, and language polishing.
All research ideas, experiments, analyses, and con-
clusions are the authors’ own.
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A Artifact and Reproducibility Details

Artifacts. We use publicly released research
artifacts: MATH-500 (Hendrycks et al., 2021),
GSMS8K (Cobbe et al., 2021), AIME bench-
mark problems, Qwen (Yang et al., 2025b,a) and
Llama (Grattafiori et al., 2024) model checkpoints,
Skywork-Reward-V2-Qwen3-4B and Skywork-
Reward-V2-Llama-3.1-8B (Liu et al., 2026), and
the Nabla-Reasoner implementation (Wang et al.,
2026). We cite the original creators when avail-
able, follow the released licenses and terms of use,
and do not redistribute model weights, dataset con-
tents, or third-party code. The released repository
contains our implementation, experiment config-
urations, fixed split manifests, and reproducibil-
ity documentation. Benchmark contents, model
weights, and third-party code are not redistributed.

Data characteristics. The benchmarks are En-
glish mathematical reasoning datasets consisting of
problem statements and answers. We do not collect
new data. We did not identify personally identify-
ing information or offensive content in the exam-
ples used in our experiments. Demographic-group
coverage is not applicable because the datasets do
not contain human-subject attributes.

Data statistics. Section 4 reports the main
dataset statistics: the 110-problem math diagnostic
set contains 50 MATH-500 problems, 30 AIME-
2024 problems, and 30 AIME-2025 problems;
GSMBS8K gradient alignment uses a 150-example
subset from the official test split; and end-to-end
TTO uses MATH-500, AIME-2024, AIME-2025,
and the full GSM8K test set. Appendix tables re-
port valid example counts for each diagnostic.

Implementation and parameters. Section 4 re-
ports the main model and optimization settings.
Confidence uses top-m = 10, the soft-embedding
temperature is 7 = 1, greedy generation is capped
at 512 new tokens, and gradient diagnostics use
at most the first 512 generated tokens. Random-
direction baselines use 100 random directions
per example. Directional-derivative checks L2-
normalize directions before perturbation. Stan-
dard TTO uses K = 20 steps, learning rate 0.01,
A = 0.1, and negative-log-likelihood coefficient
0.001; the aggressive V¢ setting uses K = 100,
learning rate 0.01, A = 1.0, and the same negative-
log-likelihood coefficient.

Evaluation and statistics. Correctness is eval-
uated with a fixed answer-extraction and grading
pipeline. MATH/AIME use mathematical equiva-
lence grading. GSM8K gold answers are normal-
ized from the final #### field by removing commas
and taking the last numeric value before numeric
matching. Appendix B.1 gives the verifier prompt
templates and token-handling details. We report
mean accuracies, flip counts, token-change rates,
cosine alignment, norm ratios, random-direction
percentiles, directional-derivative summaries, and
example-level bootstrap confidence intervals. We
did not aggregate total GPU hours across all exper-
iments.

Protocol summary. For each prompt, the imple-
mentation:

1. greedily generates an initial response y and
caches its generated-token logits zp;

2. computes the signed candidate direction
ds = 05V ,s(zp) and RM reference gry =
V.rrM(20);

3. records cosine, norm ratio, and the specified
finite-perturbation statistics;

4. optimizes os\s(z) — BNLL(yp;2) for K
steps;

5. decodes the optimized logits by argmax, ex-
tracts and grades the final answer, and records
flips and token changes.

B Implementation Details

B.1 Verifier Prompt Templates

All self-verifier variants use the model’s chat tem-
plate when available. The user message has the
following structure:

Problem: {x}
Solution: {y}

{evaluation_suffix}

where {x} is the problem text and {y?} is the gen-
erated solution. In the gradient computation, {y}
is replaced by soft generated embeddings. The
problem prefix and evaluation suffix are fixed, and
gradients flow only through the generated solution
embeddings.
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Generator RM family n Vocab cov. Matched mass Gen-token match
Qwen2.5-7B Qwen 50 1.000 1.000 1.000
Llama-3.1-8B Qwen 50 0.854 0.960 0.960
Llama-3.1-8B  Llama 50 1.000 1.000 1.000

Table 5: Tokenizer-alignment sanity checks for the soft-embedding RM-gradient path on MATH-500 diagnostic
rollouts. Vocab coverage is exact token-string match coverage from generator vocabulary to RM tokenizer. Matched
mass is the average generator probability mass assigned to exact-match tokens. Gen-token match is the fraction of
decoded generated tokens with exact tokenizer matches.

V4: Answer correctness. The evaluation suffix
is:

Is the above solution mathematically cor-
rect? Reply with a single word: correct
or incorrect.

The score is

V4 = log P(correct) — log P(incorrect).
(20)

Vit Error detection. The evaluation suffix is:

Does the above solution contain any
mathematical error? Reply with a sin-
gle word: yes or no.

The score is

Vi = log P(no) — log P(yes), 21)
so larger values correspond to the verifier judging
the solution as error-free.

VIP: Format-control answer correctness. The
evaluation suffix is:

Is the mathematical reasoning above cor-
rect, regardless of whether a final boxed
answer is shown? Reply with a single
word: correct or incorrect.

The score is

VAP = log P(correct) — log P(incorrect).
(22)

ViNJ: Injected-answer control. This variant
uses the same suffix as V4, but inserts a fixed de-
tached answer-format string immediately after the
generated solution and before the suffix:

$\boxed{{a}}$

where the placeholder {a} is replaced by the last
integer extracted from the generated solution, with
0 as the fallback if no integer is found. The inserted
string is fixed text; gradients do not flow through it.
The score is

V}‘NJ = log P(correct) — log P(incorrect).
(23)

Ve Process validity. The evaluation suffix is:

Are all the reasoning steps in the above
solution logically and mathematically
valid? Reply with a single word: yes
or no.

The score is

Vo = log P(yes) — log P(no). (24)

Target-token  handling. For each tar-
get word, we tokenize the word with
add_special_tokens=False under the veri-
fier model tokenizer. If a target word is split into
multiple tokens, we use the sum of token log
probabilities under the fixed target continuation.
In our implementation, the target token IDs are
fixed before processing examples. Prompt tokens,
injected-format tokens, and evaluation-suffix
tokens are fixed; only generated-solution logits
receive gradients.

B.2 Cross-Tokenizer Alignment Sanity

For cross-tokenizer reward-model gradients used
as RM reference directions, we audit the fixed
evaluator-side embedding alignment used in the
soft-embedding path. Table 5 reports exact-match
vocabulary coverage, matched probability mass,
and decoded-token match rates. The aligned eval-
uator embedding matrix is built by exact token-
string matching from generator vocabulary en-
tries to reward-model tokenizer entries. If no ex-
act match exists, we use the reward-model pad-
token embedding. This alignment is fixed and non-
differentiable; gradients flow only through genera-
tor softmax weights.
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We report both vocabulary-level exact-match
coverage and the average generator probability
mass assigned to exact-match tokens over MATH-
500 diagnostic rollouts. Qwen2.5 has full cover-
age under the Qwen-family reward tokenizer. The
original Llama/Qwen-family comparison has lower
vocabulary coverage and is treated as a bound-
ary check. The matched Llama-family RM uses
token-ID identity mapping and removes this cross-
tokenizer approximation.

B.3 Tokenizer-Matched Llama Diagnostic

Table 6 reports the fixed 50-example MATH-500 di-
agnostic with Llama-3.1-8B-Instruct and Skywork-
Reward-V2-Llama-3.1-8B. For verifier directions,
RM+- is the fraction of examples whose matched
RM score increases after a normalized positive per-
turbation with e = 0.1; the corresponding rates are
100% for the RM-reference direction and 36% for
a random direction. Answer certainty has non-
degenerate cosine on 49 examples but remains
highly variable (cosine standard deviation 0.935),
S0 its positive mean is not a stable direction.

C Additional Gradient Diagnostics

C.1 Statistical Uncertainty for Gradient
Alignment

Table 7 reports example-level uncertainty on the
fixed MATH-500 diagnostic subset. For each
signal, bootstrap confidence intervals are com-
puted by resampling examples with replacement
for 10,000 resamples. These intervals quantify vari-
ation across examples in the fixed split; they do not
estimate variance across independent reruns, gen-
eration seeds, or alternative sampled splits.

C.2 Random-Direction Baseline

Table 8 compares observed signal directions with
isotropic norm-matched random directions on the
MATH-500 diagnostic subset.

C.3 Additional GSMS8K Gradient Alignment

Table 9 reports the full GSM8K 150-example diag-
nostic results. These runs are additional dataset and
model boundary checks under the original Qwen-
family RM reference.

D Positive-Control and End-to-End
Details

D.1 Positive-Control Reproduction Details

Table 10 reports the per-run AIME accuracies for
the separate RM-TTO positive-control reproduc-
tion. We report these values only as an external
positive control for reward-guided first-order opti-
mization; they are not part of the reward-free-signal
TTO pipeline.

D.2 Directional-Derivative Sanity Check

Table 11 reports reward-score changes after per-
turbing generated-token logits along normalized
reward-model-gradient and random directions on
the MATH-500 diagnostic subset. The check sup-
ports the reward-model gradient as a local score-
improving direction, while random directions do
not show a stable trend.

D.3 Additional End-to-End TTO Results

Table 12 reports completed full-TTO boundary
checks beyond the main Qwen2.5 MATH/AIME
setting.

Shared correct-to-wrong case. All five C—W
entries in Table 4 correspond to the same MATH-
500 item, test/algebra/518.json, an alge-
bra/physics word problem involving Newton’s sec-
ond law. The gold and baseline extracted answers
are both 3/4, whereas all five optimized outputs
are extracted as 4. The updates modify 2, 1, 2, 3,
and 4 of 454 optimized tokens for C, S, S5, V4,
and Vg, respectively, suggesting sensitivity near a
shared decoding boundary.
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Signal n./n, cos p RM+
c 50/50  0.010 3.865 -
S 50/50 0.011 4.47x107° -
SS 49/50  0.241 2.410 -
Va 50/50  0.421 0469  86%
VD 50/50  0.390 0449  80%
ViNJ 50/50  0.304 0485  80%
Vo 50/50  0.375 0327  74%

Table 6: Tokenizer-matched Llama gradient diagnostic on the fixed MATH-500 subset. RM+- is reported only for
the four prompted-verifier directions evaluated in the finite-perturbation follow-up.

Model Signal n./n, cosmeanztstd cos median [IQR] cos 95% CI p mean—tstd
Qwen2.5-7B C 50/50 -0.001 +0.010 -0.001 [-0.008, 0.005]  [-0.004, 0.002] 16.564 + 13.543
Qwen2.5-7B S 50/50 0.013 +0.056  0.006 [-0.016,0.043]  [-0.002, 0.029] 5.20e-05 =+ 6.47¢-05
Qwen2.5-7B S8 19/50 -0.427 +0.864 -0.992[-1.000,0.351]  [-0.782,-0.037]  34.002 + 108.460
Qwen2.5-7B Vi 50/50 0.153 +0.407  0.105 [-0.077, 0.289] [0.042, 0.267] 1.624 + 2.058
Qwen2.5-7B Vg 50/50 0.050 + 0421 0.049 [-0.213,0.286]  [-0.063, 0.167] 3.079 +4.323
Qwen2.5-7B VAP 50/50 0.216 +0.378  0.149 [0.008, 0.449] [0.113,0.321] 1.493 + 2214
Qwen2.5-7B VAN 50/50  0.024 + 0.442  -0.056 [-0.244,0.253]  [-0.099, 0.148] 1.734 £ 2.115
Qwen2.5-7B V¢ 50/50 0.242 +0.386  0.205 [-0.025, 0.516] [0.137, 0.349] 3.195 + 3.958
Qwen3-14B  C 50/50 0.008 + 0.006  0.008 [0.004, 0.012] [0.007, 0.010] 18.723 + 12.303
Qwen3-14B S 50/50 0.021 +0.050 0.015 [-0.013, 0.058] [0.008, 0.035] 3.89e-05 = 2.39¢-05
Qwen3-14B S 30/42 -0.288 4+ 0.936 -0.999 [-1.000,0.976]  [-0.614, 0.048] 20.283 + 25.259
Qwen3-14B Vi 50/50  0.109 +0.305  0.132 [-0.125, 0.330] [0.024, 0.193] 0.894 + 1.170
Qwen3-14B Vg 50/50 0.095 +0.334  0.085 [-0.149, 0.331] [0.002, 0.189] 0.768 4 0.797
Qwen3-14B VP 50/50 0.142 4+ 0.301  0.122 [-0.055, 0.393] [0.057, 0.224] 0.749 + 1.023
Qwen3-14B VN 50/50 0.104 +0.267  0.074 [-0.082, 0.310] [0.030, 0.180] 0.900 =+ 1.287
Qwen3-14B V¢ 50/50 -0.087 +0.333  -0.060 [-0.318,0.194]  [-0.181, 0.004] 0.738 & 0.736
Llama-3.1-8B C 50/50 0.004 +0.014  0.008 [-0.002, 0.012] [-3.43e-04, 0.007] 10.063 + 6.086
Llama-3.1-8B S 50/50 0.012+0.056 0.011[-0.021,0.040]  [-0.004, 0.027] 1.50e-04 + 2.45¢-04
Llama-3.1-8B SS 49/50 -0.710 + 0.590 -0.987 [-0.998, -0.887]  [-0.860, -0.534] 10.087 + 19.368
Llama-3.1-8B V4 50/50 0.107 +0.323  0.098 [-0.035, 0.294] [0.015, 0.196] 1.370 + 1.164
Llama-3.1-8B V3 50/50 0.101 £0.329  0.106 [-0.067, 0.269] [0.007, 0.189] 0.506 + 0.365
Llama-3.1-8B VAP 50/50 0.091 +0.331  0.113 [-0.055,0.256]  [-0.002, 0.180] 1.330 + 1.004
Llama-3.1-8B VAN 50/50 0.060 + 0.326  0.080 [-0.109, 0.190]  [-0.030, 0.150] 1.386 + 1.184
Llama-3.1-8B Ve 50/50 0.094 +0.312  0.092 [-0.030, 0.254] [0.007, 0.180] 0.966 + 0.710

Table 7: Example-level uncertainty for MATH-500 gradient alignment. Confidence intervals are percentile bootstrap
intervals over examples on the fixed diagnostic subset, not across independent reruns.
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Model Signal Main mean cos Random percentile

Qwen2.5-7B  C -0.001 40.5
Qwen2.5-7B S 0.013 57.3
Qwen2.5-7B  SS -0.427 26.3
Qwen2.5-7B V4 0.153 72.0
Qwen2.5-7B Vg 0.050 64.0
Qwen2.5-7B VAP 0.216 72.0
Qwen2.5-7B VNI 0.024 68.0
Qwen2.5-7B Vg 0.242 74.0
Llama-3.1-8B  C 0.004 72.0
Llama-3.1-8B S 0.012 60.0
Llama-3.1-8B  SS -0.710 14.3
Llama-3.1-8B V4 0.107 68.0
Llama-3.1-8B Vg 0.101 70.0
Llama-3.1-8B VP 0.091 66.0
Llama-3.1-8B ViV 0.060 60.0
Llama-3.1-8B Vg 0.094 68.0

Table 8: Posthoc random-direction baseline on MATH-500. Main mean cos is copied from the corresponding
MATH-500 alignment table for comparability. Random percentile is computed in a separate posthoc random-
direction run as the mean percentile of the observed per-example cosine among 100 isotropic random directions per
example. We list each verifier signal separately rather than selecting a single best verifier by multiple criteria.

Model Signal ne/np Mean cos p
Qwen2.5-7B C 150/150 -0.001 12.876
Qwen2.5-7B S 150/150 0.018 1.54e-04
Qwen2.5-7B SS 41/150 -0.556 15.585
Qwen2.5-7B Va 150/150 0.138 1.382
Qwen2.5-7B Vs 150/150 0.146 3.147
Qwen2.5-7B 7\ 150/150 0.118 0.799
Qwen2.5-7B Vi 150/150 0.138 1.290
Qwen2.5-7B Ve 150/150 0.133 2221
Qwen3-14B C 150/150 0.006 15.731
Qwen3-14B S 150/150 0.024 3.68¢-05
Qwen3-14B 5SS 88/122 -0.253 35.428
Qwen3-14B Va 150/150 -0.008 0.841
Qwen3-14B Vp 150/150 0.033 0.601
Qwen3-14B VP 150/150 -0.029 0.780
Qwen3-14B VN 150/150 -0.046 0.820
Qwen3-14B Ve 1507150 -0.027 0.585
Llama-3.1-8B c 150/150 0.000 7.275
Llama-3.1-8B S 150/150 0.026 2.48¢-04
Llama-3.1-8B SS 150/150 -0.903 5.232
Llama-3.1-8B Va 150/150 0.140 1.571
Llama-3.1-8B Vs 150/150 0.142 0.771
Llama-3.1-8B VP 150/150 0.144 1.451
Llama-3.1-8B Vi 1507150 0.117 1.367
Llama-3.1-8B Ve 150/150 0.129 0.973

Table 9: Additional GSM8K 150-example gradient-alignment results. n./n,, reports the valid example counts for
cosine and norm ratio, respectively. The Llama setting is a non-Qwen boundary check under the cross-tokenizer
caveat in Appendix B.2.
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Dataset Greedy RM-TTO runs Mean-tstd

AIME-2024 6.7 16.7/13.3/233/16.7 17.5+4.2
AIME-2025 0.0 23.3/133/16.7/16.7 17.5+4.2

Table 10: AIME positive-control RM-TTO reproduction details. Each run evaluates 30 problems. The standard
deviation is computed across the four run accuracies.

Model Dir. Ay A_  Centralderiv.. A} >0 A_<O0
Qwen2.5-7B RMref. 0.1695 -0.1445 1.5699 0.920 0.840
Qwen2.5-7B random  0.0010  0.0098 -0.0441 0.140 0.080
Llama-3.1-8B  RMref.  0.2098 -0.2114 2.1057 0.900 0.960
Llama-3.1-8B  random -0.0068 -0.0129 0.0305 0.280 0.460

Table 11: Directional-derivative sanity check on MATH-500 with ¢ = 0.1. A, and A_ are reward-score changes
after moving in the positive and negative normalized direction, respectively. RM-reference directions are reward-
model gradients; random directions are isotropic unit directions in the same logit-gradient space.

Model Dataset n Greedy Best TTO Worst TTO W—C C—>W
Qwen2.5-7B GSMSK 1319 86.96 86.90 86.88 0 1
Llama-3.1-8B MATH/AIME 560 32.00 32.00 31.80 0 1
Llama-3.1-8B  GSM8K 1319 78.32 78.32 78.24 0 1

Table 12: Completed end-to-end TTO boundary checks. For every setting, each of C, S, SS, V4, and V¢ has zero
W—C transitions; Best and Worst TTO report the accuracy range across these signals.
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