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Abstract
Pairwise Ranking Prompting (PRP) elicits
pairwise preference judgments from an LLM,
which are then aggregated into a ranking, usu-
ally via classical sorting algorithms. However,
judgments are noisy, order-sensitive, and some-
times intransitive, so sorting assumptions don’t
match the setting. Because sorting aims to re-
cover a full permutation, truncating it to meet a
call budget does not produce a dependable top-
K. We thus reframe PRP reranking as active
learning from noisy pairwise comparisons and
show active rankers are drop-in replacements
that improve NDCG@10 per call in the call-
constrained regime. Our noise-robust frame-
work also introduces a randomized-direction
oracle that uses a single LLM call per pair. This
approach converts systematic position bias into
zero-mean noise, yielding reciprocal aggregate
comparisons without the cost of bidirectional
calls.1

1 Introduction

Reranking is a central stage in Retrieval-
Augmented Generation (RAG): query-conditioned
rerankers refine retrieved candidates before gen-
eration, and that selection can affect downstream
answer quality (Dong et al., 2024; Sun et al., 2025).
Recent surveys cover LLM-based reranking (Zhou
et al., 2025; Zhu et al., 2026), whose prompting
strategies include pairwise, setwise, and listwise
formulations (Qin et al., 2024; Zhuang et al., 2024;
Sun et al., 2023). Because each PRP comparison
invokes the LLM, call efficiency is a first-class
concern, while the desired output is only a sorted
prefix.

Pairwise Ranking Prompting is commonly
combined with sorting algorithms (Qin et al.,

1Code available at https://github.com/jerecoder/
IReranker

2024): PRP supplies noisy preference judgments
while sorting determines which pairs to query.
Listwise reranking instead asks an LLM to
generate a permutation, often over sliding windows
(Sun et al., 2023). This is structurally mismatched:
sorting assumes transitive comparisons, while
LLM judgments are stochastic and can violate tran-
sitivity, so budget is wasted polishing an unstable
permutation rather than improving the top-K.

LLM order effects further complicate this setting:
swapping the presentation order of two documents
can flip the judge’s choice between them (Shi et al.,
2025; Yin et al., 2025). Pairwise comparison can
also amplify other biased preferences (Jeong et al.,
2025). Standard PRP queries both prompt direc-
tions at 2 calls per pair (Qin et al., 2024; Wu et al.,
2025).
Contributions. We present a budget-aware
framework for active PRP reranking that separates
the effects of problem formulation, comparison
scheduling, oracle design, and ranker tuning. We
make four contributions: (1) formulating PRP
reranking as budgeted top-K identification from
noisy pairwise comparisons; (2) treating LLM-call
cost as an explicit constraint; (3) introducing the
randomized-direction single-call oracle; and (4)
providing a controlled evaluation that holds ranker
configurations fixed, separating the effects of the
formulation, comparison scheduling, and oracle
from ranker tuning. This formulation connects
PRP to best-K identification under noisy or
stochastic pairwise feedback (Mohajer et al., 2017;
Heckel et al., 2019; Shah and Wainwright, 2018;
Ren et al., 2020), and to adaptive comparison
selection in PRP-Graph (Luo et al., 2024).

We study two questions: (Q1) Does active rank-
ing outperform state-of-the-art PRP rerankers at
fixed budget (NDCG@10)? Our results show that it
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does in the call-constrained regime. Our strongest
active scheduler, which we call Mohajer, adapts
the top-K algorithm of Mohajer et al. (2017):
it partitions items into single-elimination tourna-
ments and uses max-heap extraction to recover
an ordered top-K. On TREC DL2019/2020 with
Flan-T5-XL, Mohajer outperforms the best sort-
ing baseline by +9.7 NDCG@10 at B=300 calls
(66.1 vs. 56.4), under the same bidirectional or-
acle, with the advantage holding across the call-
constrained regime (B=200–450). Across BEIR-
style tasks, active rankers reach NDCG@10 com-
parable to QuickSort (Avg. 56.8 for Flan-T5-XL)
with up to 7× fewer calls. (Q2) Does randomized-
direction prompting improve the NDCG@10–cost
trade-off beyond scheduling alone? Randomized-
direction prompting improves this trade-off for
both strategies, though in different ways. For PRP
rerankers, BubbleSort gains +5.5 NDCG@10 at
B=300 (56.4→62.0) by halving the call cost per
pair and covering more comparisons. For active
rankers, it raises Mohajer’s quality ceiling from
66.96 to 68.0 while reducing the calls needed to
reach it from B=450 to B=250, a 44% reduction.

2 Related Work

Pairwise LLM reranking. Pairwise PRP elicits
relative preferences and can aggregate them with
all-pairs scoring, HeapSort, or a BubbleSort-like
sliding window (Qin et al., 2024); listwise rerank-
ing instead generates permutations over candidate
windows (Sun et al., 2023).
Cost models for PRP. Wisznia et al. (2025) re-
center PRP efficiency analysis on LLM inferences
rather than comparison counts, showing that batch-
ing and caching change which sorting algorithms
are actually efficient. We adopt their call-centric
cost model and cached-matrix evaluation; whereas
they revisit the cost of sorting, we revisit its sched-
ule: which pairs to query under a budget.
Order effects. LLM comparisons are direction-
sensitive (Shi et al., 2025; Yin et al., 2025) and can
amplify other biased preferences in pairwise eval-
uation (Jeong et al., 2025), so PRP often queries
both prompt orders, doubling cost (Qin et al., 2024;
Wu et al., 2025). Our randomized-direction ora-
cle makes one call per pair, producing aggregate
outcomes robust to direction bias.
PRP beyond sorting. PRP-Graph adaptively se-
lects pairwise comparisons (Luo et al., 2024), while
TourRank uses multi-stage groupings and a points-

based ensemble of groupwise rankings (Chen et al.,
2025). We reframe reranking as active learning
from noisy feedback and evaluate active top-K
identifiers (Heckel et al., 2019; Ren et al., 2020;
Mohajer et al., 2017) as drop-in replacements for
sorting; we include robust Borda-style aggregation
as a noise-tolerant comparison baseline (Shah and
Wainwright, 2018).
Complementary paradigms. Setwise and listwise
methods (Zhuang et al., 2024; Huang et al., 2026;
Wang et al., 2025) reduce cost by processing mul-
tiple documents per call, changing the prompting
primitive; their calls differ in token cost, context
length, and bias, so raw call counts are incommen-
surable across paradigms. We improve scheduling
within pairwise PRP, whose prompt has only two
expected output labels (Qin et al., 2024); this work
is complementary to setwise and listwise reranking.
Appendix A compares active scheduling and heap-
sort under the same three-document setwise oracle
and matched token budget.

3 Reranking from Noisy Comparisons

Given a query q, a first-stage retriever returns N
candidates D(q) = {d1, . . . , dN} (N ≥ K). The
reranker outputs an ordered top-K list RK(q) =
(r1, . . . , rK) with rℓ ∈ D(q).
Pairwise oracle interface. Algorithms inter-
act with candidates only via noisy pairwise out-
comes: for each unordered pair {i, j}, a call re-
turns Xij(q) ∈ {0, 1}, where Xij(q) = 1 means
di is preferred (judged more relevant to q) over
dj , i.e. di ≻ dj , with win probability pij(q) :=
Pr[Xij(q) = 1]. We assume only pair-consistency,
pij(q) = 1− pji(q) for i ̸= j (this is enforced via
oracle design).
Call-centric cost. We count LLM inference
calls: bidirectional uses two per pair, randomized-
direction uses one. Since calls dominate PRP cost
(Wisznia et al., 2025), this changes which routines
are optimal.

Oracles Let LLM(da, db) ∈ {1, 0} denote the
outcome of one call, where 1 means the first docu-
ment is preferred.
Bidirectional (two calls). The standard PRP debi-
asing unit queries both orders and returns di ≻ dj
only when both judgments consistently prefer di;
inconsistent directions produce a tie (Qin et al.,
2024). In our binary implementation, Vij = 1 for a
consistent di win and Vij = 0 otherwise.
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Number of LLM calls (budget)

Oracle Ranker 100 150 200 250 300 350 400 450 500
B

id
ir

ec
tio

na
l BubbleSort 49.27 49.27 56.43 56.43 56.42 56.98 60.25 60.30 60.51

HeapSort 6.81 6.13 6.13 9.28 23.04 41.84 54.29 62.81 68.21
QuickSort 55.93 55.89 55.87 56.20 56.20 56.20 56.40 56.59 56.68
PAC + Bubble 49.27 49.27 49.27 49.27 57.52 60.59 60.61† 60.61 60.61
Mohajer + Bubble 30.12 30.12 62.34 64.80 66.09 66.28 66.83 67.02† 67.02
Mohajer 30.12 30.12 62.34 64.80 66.09 66.28 66.81 66.96† 66.96

R
an

do
m

iz
ed

BubbleSort 55.90±0.28 56.10±0.21 59.82±0.20 59.68±0.21 61.95±0.21 62.03±0.18 64.04±0.19 64.00±0.25 65.42±0.30
HeapSort 6.58±0.14 16.46±0.43 50.17±0.24 65.80±0.16 68.50±0.39 68.41±0.30 68.34±0.11 68.53±0.21 68.71±0.21
QuickSort 54.49±0.27 54.71±0.23 55.26±0.24 56.20±0.47 57.56±0.19 58.95±0.34 59.81±0.41 61.87±0.36 63.76±0.38
PAC + Bubble 49.27±0.00 57.02±0.21 60.01±0.21† 60.01±0.21 60.01±0.20 60.01±0.21 60.01±0.20 60.01±0.21 60.01±0.21
Mohajer + Bubble 61.36±0.31 65.84±0.33 67.66±0.35 67.59±0.34 68.14±0.26 68.25±0.27 68.08±0.12† 68.08±0.12 68.08±0.12
Mohajer 61.36±0.31 65.84±0.33 67.66±0.35 68.00±0.19† 68.00±0.19 68.00±0.19 68.00±0.19 68.00±0.19 68.00±0.19

Table 1: Average NDCG@10 (%) on TREC DL 2019 and DL 2020 with Flan-T5-XL across LLM call budgets.
Bold = best per column; underline = second-best (within each oracle block). † indicates the smallest budget at which
a method completes; results at larger budgets are de-emphasized. Randomized rows report mean ± 95% bootstrap
CI half-width over 8 oracle seeds (10k resamples); Bidirectional is deterministic given outcomes so CIs are omitted.

LLM Method DL2019 DL2020

NDCG@10 (%) #Inf. NDCG@10 (%) #Inf.

NA BM25 50.60 – 48.00 –

Flan-T5-L
PRP-Graph-10 65.80 492.70 61.80 492.50
Mohajer + Bu. 61.75 354.60 58.80 354.25
PAC + Bu. 59.90 183.34 57.29 183.99

Flan-T5-XL
PRP-Graph-10 67.60 492.60 66.10 492.50
Mohajer + Bu. 69.47 338.11 66.30 338.74
PAC + Bu. 61.05 184.16 58.51 183.72

Flan-T5-XXL
PRP-Graph-10 66.60 492.60 66.10 492.60
Mohajer + Bu. 68.54 341.81 68.96 344.17
PAC + Bu. 60.92 183.46 60.71 183.59

Table 2: Comparison with PRP-Graph on TREC DL2019/2020. Active-ranker results use the randomized-direction
oracle. NDCG@10 is reported in percent; “#Inf.” is the average number of pairwise-comparison LLM calls per
query (lower is better). Bold/underline indicate best/second-best NDCG@10 within each dataset–LLM block.

Randomized-direction (one call). We random-
ize input order: Vij = LLM(di, dj) with proba-
bility 1/2, else Vij = 1 − LLM(dj , di). This en-
sures reciprocity in expectation, i.e. Pr[Vij=1] =
1−Pr[Vji=1]: each individual call may be position-
biased, but averaging over the random direction
converts systematic bias into zero-mean noise, pre-
serving pair-consistency. Appendix F proves reci-
procity and derives variance and concentration
bounds for fresh independent draws; these pair-
wise properties do not by themselves guarantee
finite-sample top-K recovery.

4 Selecting Active Rankers for
Call-Budgeted Top-K Reranking

Sorting treats every comparison as equally informa-
tive, which wastes a limited budget. Active rankers
instead focus on candidates whose relative order re-
mains uncertain. This scheduling change requires
only lightweight bookkeeping and no model train-
ing; LLM calls remain the dominant cost.

Our goal is high-quality top-K prefixes under a
strict call budget B via the pairwise-oracle inter-
face of §3. We select algorithms with three criteria:
(C1) Top-K objective: targets best-K/prefix identi-
fication; (C2) Noise tolerance: well-defined under
pair-consistency without assuming a global order;
(C3) Anytime behavior: outputs a competitive top-
K prefix as comparisons accrue.

We focus on comparison scheduling gains and
benchmark two established, complementary active
rankers: tournament-based vs. anchor-based. Meth-
ods assuming transitivity or targeting a full global
ranking are omitted.

Tournament/heap extraction. Mohajer et al.
(2017) identifies an ordered top-K using repeated
noisy comparisons, single-elimination tournaments,
and max-heap extraction (C1). We adapt its com-
parison schedule to our pair-consistent oracle and
expose the current prefix at any budget, using one
oracle call per match.

Anchor-based Probably Approximately Correct
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(PAC) best-K. Agarwal et al. (2022) identifies a
PAC top-K set under strong stochastic transitivity
using anchors and winner sets (C1). We adapt
the anchor construction to a zero-cost BM25 prior,
expose intermediate outputs under our call budget,
and restrict comparisons to the top K×m (m=3)
BM25 prefix.
Ordered outputs. PAC returns an unordered best-
K set, so we apply BubbleSort on the final top-
K. Mohajer outputs an ordered prefix; BubbleSort
polishing is optional and negligible. Any added
comparisons count toward the budget.

5 Results

Setup. We rerank the top N=100 BM25 candi-
dates into an ordered top-K list (K=10) and report
NDCG@10 on BEIR-style tasks (Thakur et al.,
2021; Roberts et al., 2021; Voorhees, 2005; Bon-
darenko et al., 2020; Wadden et al., 2020; Hasibi
et al., 2017; Maia et al., 2018) (Table 3; FiQA in
Appendix Table A.4) and TREC DL2019/2020 (Ba-
jaj et al., 2016; Craswell et al., 2020b,a), capping
each method at B ∈ {100, 150, . . . , 500} LLM
calls. The pairwise oracle uses the instruction-
finetuned Flan-T5-Large and Flan-T5-XL check-
points (Raffel et al., 2020; Chung et al., 2024), un-
der (i) bidirectional and (ii) randomized-direction
prompting. All rankers, budgets, and oracle seeds
are simulated by replaying cached judgments from
precomputed comparison matrices (Wisznia et al.,
2025), with no additional LLM calls.2 BubbleSort
additionally caches repeated comparisons within
a query, so revisited pairs do not consume bud-
get (Wisznia et al., 2025). Additional Qwen re-
sults (Yang et al., 2025) and code are in the ap-
pendix/repository.

Main findings. Table 1 reports NDCG@10 on
TREC DL2019/2020 (Flan-T5-XL) vs. budget B
(CIs and bootstrap tests in Appendix E; visualized
in Appendix Figure 2). (i) Under the bidirectional
oracle, Mohajer outperforms PRP rerankers for
B ≈ 200–450. (ii) Randomized-direction com-
presses “time-to-quality”: Mohajer reaches peak
quality by B=250. (iii) At high budgets, sorting
catches up as global refinement pays off.
Choosing an active ranker. At comparable con-
strained budgets, Mohajer is generally strongest,

2Flan-T5 matrices on TREC DL2019/2020, TREC-
COVID, Touché-2020, SciFact, DBpedia-Entity, and FiQA are
from Wisznia et al. (2025); we construct those for Robust04
and for Qwen3-4B-Instruct following the same protocol.

concentrating comparisons near the top-K
boundary. PAC splits its budget across candidate
selection and ordering and uses fewer calls. On
Touché (Table 3), where BM25 is strong, PAC
achieves substantially higher NDCG@10, so it is
attractive when the prior is reliable. These struc-
turally distinct families both reduce calls relative
to sorting, indicating that the benefit comes from
scheduling rather than a particular implementation.

Bidirectional oracle Low budgets: sorting is
preferable. At B ∈ {100, 150}, QuickSort
reaches ≈ 55.9 NDCG@10 while Mohajer is in
warm-up (30.1). Below the warm-up threshold
(∼200 calls for N=100, K=10) sorting is prefer-
able; above it, active ranking dominates.
Call-constrained regime: active reranking is bet-
ter. Mohajer leads from B=200 to B=450: at
B=300, 66.09 vs. 56.42 (+9.67); at B=350, 66.28
vs. 56.98 (+9.30); at B=450, Mohajer+Bubble
67.02 vs. HeapSort 62.81 (+4.21). Paired bootstrap
tests (10k query resamples, p<0.05; Appendix Ta-
ble A.8) confirm significance: under the random-
ized oracle, Mohajer+Bubble outperforms Bubble-
Sort at every budget; under bidirectional, from
B=200 onward.
High budgets: sorting can catch up. At
B=500, HeapSort (68.21) narrowly exceeds Mo-
hajer+Bubble (67.02) as global refinement pays
off.

Randomized oracle: faster “time-to-quality” for
active ranking Because randomized-direction
prompting uses one call per pair, it covers roughly
twice as many pairs as bidirectional prompting at
the same budget. Mohajer is already strong at
B=100 (61.4) and converges at 68.0 by B=250,
suggesting broader pair coverage outweighs spend-
ing two calls per pair to reduce order effects.
HeapSort surpasses Mohajer at B=300 (68.50 vs.
68.00), reaching 68.71 at B=500; sorting remains
preferable once budgets are large enough for global
refinement to dominate.

End-to-end efficiency in the full pipeline
Table 3 reports end-to-end results (N=100,
K=10). For Flan-T5-XL, PRP baselines use
941–1669 calls/task (Avg. 56.8–60.4 NDCG@10),
while Mohajer and PAC use 184–345 calls (Avg.
55.0–57.3), a ∼3–7× reduction. Randomized-
direction prompting further reduces calls: Mohajer
drops from 399 to 232 calls per task, making this
combination a strong low-cost option. Touché is an

25763



Ranker Covid Robust04 Touche SciFact DBPedia DL19 DL20 Avg. NDCG@10 Avg. Calls/Task

BM25 59.5 40.7 44.2 67.9 31.9 50.6 48.0 49.0 -

Fl
an

-T
5-

L

BubbleSort@10 (Bidirectional) 70.9 44.2 44.7 69.2 41.7 63.4 58.6 56.1 679
HeapSort (Bidirectional) 76.0 40.4 33.2 67.5 41.4 65.0 62.6 55.2 1230
QuickSort (Bidirectional) 76.2 41.0 27.4 60.1 41.1 64.5 58.5 52.7 1954

PAC+Bubble (Bidirectional) 69.3 44.0 41.4 68.5 39.2 61.7 57.2 54.5 323
PAC+Bubble (Randomized) 70.2 41.0 38.2 67.0 38.1 60.0 57.3 53.1 184
Mohajer+Bubble (Bidirectional) 76.5 37.8 26.7 54.9 40.0 63.0 56.4 50.7 423
Mohajer+Bubble (Randomized) 76.9 37.8 25.7 58.8 40.0 61.8 58.8 51.4 354
Mohajer (Bidirectional) 76.5 37.5 26.4 53.8 39.7 62.6 56.1 50.4 399
Mohajer (Randomized) 76.2 36.2 24.4 57.5 39.1 60.6 57.2 50.2 232

Fl
an

-T
5-

X
L

BubbleSort@10 (Bidirectional) 74.8 55.4 42.8 71.3 43.1 68.4 67.0 60.4 941
HeapSort (Bidirectional) 78.2 54.9 28.4 70.6 41.6 70.6 68.9 59.0 1409
QuickSort (Bidirectional) 77.2 53.7 25.8 61.4 41.6 70.4 67.2 56.8 1669

PAC+Bubble (Bidirectional) 71.3 48.9 41.1 70.4 39.1 62.6 58.6 56.0 332
PAC+Bubble (Randomized) 71.3 48.1 38.8 68.6 38.8 61.1 58.5 55.0 184
Mohajer+Bubble (Bidirectional) 76.0 53.7 25.7 61.9 40.9 66.6 67.5 56.0 427
Mohajer+Bubble (Randomized) 78.5 54.0 27.9 63.5 41.2 69.5 66.3 57.3 345
Mohajer (Bidirectional) 76.0 53.6 25.4 61.2 40.7 66.6 67.3 55.8 399
Mohajer (Randomized) 77.6 53.2 27.2 62.8 40.4 68.7 67.6 56.8 232

Table 3: End-to-end BEIR-style NDCG@10 (%) and average pairwise LLM calls. Randomized-direction results
use oracle seed 42. Bold = best per column; underline = second-best per column (within each model block).

outlier where BM25 is strong and neural reranking
headroom is limited.

Order effects and comparisons. Bidirectional
prompting reverses the preferred document on
20.6% of pairs, confirming substantial order effects.
Table 2 shows that the comparison with PRP-Graph
is model-dependent. With Flan-T5-L, PRP-Graph
is more effective; with Flan-T5-XL and XXL, Mo-
hajer+Bubble is more effective on both DL2019
and DL2020 while using about 338–344 compar-
isons rather than about 493. PAC+Bubble uses only
about 184 comparisons, but trails both methods
in effectiveness. Appendix Table A.3 shows that,
as K increases from 10 to 50, the active-versus-
sorting crossover moves to an earlier call budget.
Appendix C.1 analyzes sensitivity to the evaluated
judge configuration.

Latency Latency is estimated as a sequential up-
per bound: inference time per comparison times
total comparisons, ignoring parallelism (see Ap-
pendix B). Figure 1 shows active ranking reaching
strong quality earlier (Mohajer at 23.3s, PAC at
10.1s), with sorting overtaking only at long run-
times. Both active rankers support within-query
parallelism (independent tournaments / anchor
comparisons), potentially reducing wall-clock time
by an order of magnitude. Qwen and H100/H200
results are in the appendix.

Figure 1: TREC DL 2019/2020 (Flan-T5-XL, A100):
NDCG@10 vs. avg. time per task (randomized oracle).
X marks the point at which a method has completed all
its scheduled comparisons (convergence).

6 Conclusion

We argue that PRP reranking is better modeled
as budgeted learning from noisy pairwise compar-
isons than deterministic sorting. Active rankers
yield higher NDCG@10 at low budgets, while sort-
ing helps mainly once large budgets make global
refinement affordable. Randomized-direction
prompting further improves efficiency: at the
same budget, it covers roughly twice as many
pairs as bidirectional. For practitioners: use
PAC when minimizing calls is the priority or
BM25 provides a strong prior; use Mohajer with
randomized-direction after warm-up (∼K×K
calls) to maximize quality within a fixed budget;
fall back to sorting when budgets are very small
or large enough for global refinement.

25764



Limitations

Our study focuses on settings where a reliable pair-
wise LLM comparator can be elicited with con-
strained outputs. Results may vary with prompt
design, model family, and decoding settings. Our
cost metric counts LLM calls but omits system-
level overheads (batching, network latency); la-
tency measurements are not fully end-to-end. Par-
allel execution was not implemented, though both
algorithms naturally support it (Appendix B).

The NDCG@10 gains from randomized-
direction oracles are empirically consistent but not
theoretically explained; the hypothesis that inde-
pendent single-direction samples benefit adaptive
algorithms more than correlated bidirectional sam-
ples is plausible but unproven.

Theoretical scope. Proved: Appendix F estab-
lishes reciprocity in expectation, the per-pair vari-
ance bound, and concentration of repeated fresh
direction draws around the position-neutral pair-
wise probability. These statements are not a top-
K recovery guarantee. Conditional: Existing
active-ranking guarantees require additional struc-
ture, such as a latent order with positive pairwise
margins (often strengthened to strong stochastic
transitivity), stationary independent outcomes, and
algorithm-specific repetition schedules (Mohajer
et al., 2017; Heckel et al., 2019; Shah and Wain-
wright, 2018; Ren et al., 2020; Agarwal et al.,
2022). We do not establish these conditions for
LLM judgments or claim that those guarantees
transfer unchanged to our one-call-per-match evalu-
ation. Open: Finite-sample, budgeted top-K recov-
ery under cyclic, intransitive, position-biased LLM
noise remains open. The concentration result also
requires independent, stationary draws; reusing a
cached randomized outcome, hidden state, or non-
stationarity can violate these conditions.

The evaluated PAC+Bubble implementation uses
a candidate pool multiplier m (default m = 3),
which controls the trade-off between comparison
cost and coverage of the prior ranking. We did not
perform a systematic ablation over m due to com-
putational constraints, and the optimal value likely
depends on prior quality and dataset characteris-
tics. While m = 3 yields strong empirical results
in our experiments, future work should investigate
data-driven or adaptive selection strategies for this
parameter.
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A Matched-Oracle Setwise Experiment

We test whether active scheduling transfers beyond
pairwise prompting while holding the foundational
oracle fixed. For 20 DBpedia-Entity queries, BM25

retrieves the top 100 candidates, which are reranked
to depth 10 with Flan-T5-L under a 50k-token cap
per query. We compare three-document setwise
heapsort (Zhuang et al., 2024) with a Mohajer-style
active scheduler using the same three-document set-
wise oracle and no pairwise stage. This matched-
oracle design isolates the scheduling policy: com-
paring methods that use different pairwise, setwise,
or listwise primitives would also change token cost,
context, and oracle bias.

Method NDCG@10 Tokens/query GPU s/query

Setwise heapsort 37.7 39.4k 7.96
Active setwise (ours) 40.0 36.2k 7.53

Table A.1: Matched-oracle setwise reranking on 20
DBpedia-Entity queries. Both methods use Flan-T5-L
and the same three-document setwise oracle under a
50k-token cap per query.

Active setwise scores 2.3 NDCG@10 points
higher while using 3.2k fewer tokens per query
(8.1%) and 0.43 fewer GPU seconds per query
(5.4%). The effectiveness difference is not statisti-
cally significant (95% CI [−1.8,+7.6], p=0.39). It
provides initial evidence that active scheduling can
transfer to the setwise paradigm; a broader study
of setwise and listwise active schedulers is left to
future work.

Token counts use the Hugging Face T5Tokenizer
for google/flan-t5-large (revision 0613663d0d48ea86

ba8cb3d7a44f0f65dc596a2a) and sum non-padding
encoder/prompt tokens with decoder tokens, in-
cluding the supplied <pad> Passage prefix and
generated output. Inference used an NVIDIA
A6000 in FP16 with greedy decoding and batch
size one per setwise choice; GPU seconds sum
CUDA-synchronized wall-clock intervals around
model.generate() after one warm-up, exclud-
ing tokenization, host-to-device transfer, decoding,
scheduling, metrics, and I/O. Statistics are paired
over 20 queries: Active Setwise is averaged within
query over seeds 42/43/44 and compared with de-
terministic fixed-presentation Setwise at seed 42;
the 95% percentile-bootstrap CI uses 10,000 resam-
ples, and the two-sided Monte Carlo paired sign-
flip test uses 10,000 flips with a plus-one correction
(statistical seed 20260720).

B Parallelization Opportunities

Both evaluated active rankers exhibit substantial
parallelization potential that could significantly re-
duce wall-clock latency in practice.
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Mohajer. The Mohajer algorithm’s structure nat-
urally lends itself to parallel execution at all lev-
els. First, the K independent tournaments used for
champion selection can be executed concurrently,
as each tournament operates on a disjoint subset
of candidates with no inter-group dependencies.
Second, the heapify operation itself is amenable
to parallel construction techniques, allowing the
initial heap formation to proceed in O(logn) depth
rather than sequential O(n) time. Finally, within
each tournament, pairwise comparisons at the same
tree depth are independent and can be batched for
simultaneous LLM inference.

Optimized PAC. The PAC implementation evalu-
ated here also presents parallelization opportunities,
where comparisons of candidates against the se-
lected anchors are entirely independent. With K/2
anchors and a candidate pool of size K×pool_mult,
these O(K2) comparisons can be executed in par-
allel, subject only to the LLM inference throughput.
The subsequent winner-set construction and greedy
accumulation require only lightweight aggregation,
which remains negligible compared to comparison
costs.

Latency implications. Assuming an LLM infer-
ence API with high throughput (e.g., batched GPU
inference or distributed serving), parallelization
could theoretically reduce Mohajer’s latency from
O(n logK) sequential comparisons to O(logQ ·
logK) parallel rounds, and PAC’s latency from
O(K

√
n) comparisons to O(

√
n) rounds with

batch size K. In our TREC DL experiments, where
Mohajer performs ∼350 comparisons and PAC
∼185 comparisons, parallelization with batch size
10 could reduce round counts to ∼35 and ∼19
respectively, yielding substantial speedups on sys-
tems where comparison latency dominates over
LLM throughput.

C Supplementary Tables

This section provides supplementary results and
ablations referenced in the main text.
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(a) TREC DL2019

Number of LLM calls (budget)

Oracle Ranker 100 150 200 250 300 350 400 450 500

B
id

ir
ec

tio
na

l BubbleSort 50.58 50.58 57.13 57.13 57.13 57.78 60.64 60.69 60.95
HeapSort 9.14 8.49 8.61 11.91 23.97 41.68 54.14 63.58 68.92
QuickSort 58.08 58.08 58.30 58.57 58.57 58.57 58.85 59.08 59.27
PAC + Bubble 50.58 50.58 50.58 50.58 60.00 62.59 62.60 62.60 62.60
Mohajer + Bubble 32.76 32.76 62.44 65.35 66.34 66.23 66.64 66.59 66.59
Mohajer 32.76 32.76 62.44 65.35 66.34 66.23 66.64 66.58 66.58

R
an

do
m

iz
ed

BubbleSort 55.92 56.88 59.77 60.33 61.98 62.52 64.27 64.37 65.73
HeapSort 9.11 16.89 49.27 65.93 68.49 69.03 69.82 68.76 68.84
QuickSort 56.33 57.57 56.98 59.89 58.42 61.44 63.00 64.83 64.37
PAC + Bubble 50.58 58.35 61.05 61.05 61.05 61.05 61.05 61.05 61.05
Mohajer + Bubble 61.41 67.79 68.70 67.99 68.53 69.17 69.47 69.47 69.47
Mohajer 61.41 67.79 68.70 68.73 68.73 68.73 68.73 68.73 68.73

(b) TREC DL2020

Number of LLM calls (budget)

Oracle Ranker 100 150 200 250 300 350 400 450 500

B
id

ir
ec

tio
na

l BubbleSort 47.96 47.96 55.72 55.72 55.72 56.18 59.86 59.90 60.07
HeapSort 4.48 3.77 3.65 6.65 22.12 42.00 54.44 62.05 67.50
QuickSort 53.77 53.69 53.44 53.83 53.83 53.83 53.95 54.10 54.10
PAC + Bubble 47.96 47.96 47.96 47.96 55.04 58.59 58.62 58.62 58.62
Mohajer + Bubble 27.48 27.48 62.24 64.25 65.83 66.32 67.02 67.45 67.45
Mohajer 27.48 27.48 62.24 64.25 65.83 66.32 66.98 67.35 67.35

R
an

do
m

iz
ed

BubbleSort 55.23 55.31 59.03 58.45 61.30 61.78 63.35 64.37 65.88
HeapSort 4.59 15.96 51.38 64.88 67.31 67.64 67.27 67.78 68.58
QuickSort 51.51 53.28 54.34 54.67 56.15 56.05 57.25 59.76 61.91
PAC + Bubble 47.96 55.27 58.51 58.51 58.51 58.51 58.51 58.51 58.51
Mohajer + Bubble 59.95 65.06 67.66 67.61 67.05 67.60 66.30 66.30 66.30
Mohajer 59.95 65.06 67.66 67.62 67.62 67.62 67.62 67.62 67.62

Table A.2: Budgeted NDCG@10 (%) on TREC DL2019 and DL2020 using Flan-T5-XL under bidirectional vs.
randomized-direction prompting. Randomized-direction results use oracle seed 42. Budgets denote the number of
LLM calls. Within each oracle block, bold/underline indicate best/second-best per budget column among the listed
rankers.

Number of LLM calls (budget)

k Ranker 100 150 200 250 300 350 400 450 500

10 BubbleSort 55.57 56.10 59.40 59.39 61.64 62.15 63.81 64.37 65.80
Mohajer 60.68 66.42 68.18† 68.18 68.18 68.18 68.18 68.18 68.18

20 BubbleSort 52.73 53.07 55.76 55.62 57.36 57.60 59.18 59.31 60.49
Mohajer 51.51 58.30 61.82 62.98† 62.98 62.98 62.98 62.98 62.98

30 BubbleSort 51.62 52.02 54.06 53.88 55.49 55.61 57.07 57.19 58.02
Mohajer 48.61 54.04 56.69 58.22† 58.22 58.22 58.22 58.22 58.22

40 BubbleSort 51.47 51.78 53.77 53.58 55.17 55.44 56.38 56.86 57.19
Mohajer 48.06 52.94 54.49 56.03† 56.03 56.03 56.03 56.03 56.03

50 BubbleSort 51.46 52.38 53.59 53.83 54.71 55.31 55.80 56.17 56.49
Mohajer 48.12 52.72 53.96 55.03† 55.03 55.03 55.03 55.03 55.03

Table A.3: Top-k sweep with randomized-direction prompting (Flan-T5-XL). Values are average NDCG@k (%)
over TREC DL2019 and DL2020. Randomized-direction results use oracle seed 42. Budgets denote the number
of LLM calls. For each (k, budget), bold marks the better of BubbleSort vs. Mohajer. † indicates the first budget
where the method is treated as converged; subsequent budgets are de-emphasized.

Note. Mohajer dominates BubbleSort when k and the budget are low. As k increases, the crossover point where BubbleSort
overtakes Mohajer arrives sooner in terms of number of LLM calls.
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Method Dataset (NDCG@10 %) Avg. NDCG@10 Avg. Calls/Task

Reranker Oracle Covid Robust04 Touche SciFact DBPedia DL19 DL20 FiQA

BubbleSort@10 Bidirectional 70.9 44.2 44.7 69.2 41.7 63.4 58.6 29.4 52.8 653
Randomized 75.7 46.3 41.3 67.7 43.6 67.0 62.5 32.4 54.6 930

HeapSort Bidirectional 76.0 40.4 33.2 67.5 41.4 65.0 62.6 31.3 52.2 1230
Randomized 76.9 38.4 27.7 63.3 39.8 62.6 58.5 27.7 49.4 860

QuickSort Bidirectional 76.2 41.0 27.4 60.1 41.1 64.5 58.5 26.8 49.5 1954
Randomized 75.8 35.4 25.1 58.7 39.1 61.8 58.1 24.6 47.3 556

Mohajer Bidirectional 76.5 37.5 26.4 53.8 39.7 62.6 56.1 25.9 47.3 399
Randomized 76.2 36.2 24.4 57.5 39.1 60.6 57.2 24.9 47.0 232

Mohajer+Bubble Bidirectional 76.5 37.8 26.7 54.9 40.0 63.0 56.4 26.2 47.7 423
Randomized 76.9 37.8 25.7 58.8 40.0 61.8 58.8 26.2 48.2 354

Pac+Bubble Bidirectional 69.3 44.0 41.4 68.5 39.2 61.7 57.2 29.2 51.3 323
Randomized 70.2 41.0 38.2 67.0 38.1 60.0 57.3 27.2 49.9 184

Table A.4: End-to-end NDCG@10 (%) and average pairwise-comparison calls per task with Flan-T5-L, includ-
ing FiQA. For each reranker and column, bold indicates the better oracle variant (higher NDCG; lower calls).
Randomized-direction results use oracle seed 42. If the two oracle variants tie after rounding, both are bolded.

Note. Active-learning rankers are more robust to noisy comparisons and profit most from randomized-direction sampling.
BubbleSort requires many more comparisons as cycles emerge, but said cycles allow the latent transitive ordering to surface

more than with a deterministic oracle, yielding higher NDCG@10.

Stratified by dataset
Dataset Flip-rate #Pairs #Flips
All 20.62% 1,202,850 248,021
DL19 21.40% 212,850 45,542
DL20 20.45% 990,000 202,479

Stratified by BM25 rank distance |r(i)− r(j)|
|r(i)− r(j)| Flip-rate #Pairs #Flips
1–5 22.56% 92,639 20,903
6–10 20.73% 86,645 17,965
11–20 20.85% 160,762 33,524
> 20 20.36% 862,804 175,629

Table A.5: Bidirectional flip-rate sanity check, Flan-T5-XL (order effects). For each candidate pair {di, dj}, we
query the judge twice (once as (di, dj) and once as (dj , di)) and report the fraction of pairs whose winner flips.
Results are shown overall and stratified by dataset and BM25 rank distance.

Number of LLM calls (budget)

Oracle Ranker 100 150 200 250 300 350 400 450 500

B
id

ir
ec

tio
na

l BubbleSort 50.58 50.58 57.04 57.04 57.18 58.73 60.98 61.30 61.90
HeapSort 8.64 8.16 7.99 10.48 25.65 42.42 55.85 64.24 69.14
QuickSort 58.28 58.11 58.04 58.63 58.71 58.71 58.71 59.09 59.67
PAC + Bubble 50.58 50.58 50.58 50.58 60.74 64.25† 64.25 64.25 64.25
Mohajer + Bubble 32.76 32.76 62.97 66.69 68.60 69.39 70.08 70.49† 70.49
Mohajer 32.76 32.76 62.97 66.69 68.60 69.39 70.08 70.43† 70.43

R
an

do
m

iz
ed

BubbleSort 57.49 57.79 61.11 61.45 64.32 64.24 66.44 66.27 67.12
HeapSort 8.20 16.13 53.18 68.15 71.52 69.61 70.73 71.14 70.70
QuickSort 54.94 56.56 58.25 57.03 59.96 60.92 62.13 61.92 64.81
PAC + Bubble 50.58 57.00 63.02† 63.02 63.02 63.02 63.02 63.02 63.02
Mohajer + Bubble 63.37 66.49 69.37 68.82 70.33 70.44 70.26† 70.26 70.26
Mohajer 63.37 66.49 69.37 70.98† 70.98 70.98 70.98 70.98 70.98

Table A.6: Average NDCG@10 (%) on TREC DL 2019 with Qwen3-4B-Instruct across comparison budgets. Bold
= best per column; underline = second-best per column (within each oracle block). † indicates the smallest budget at
which a method completes; results at larger budgets are visually de-emphasized.
Note. Though not always the best in performance, active ranking algorithms reach competitive NDCG@10 relative to the classic

algorithms, with drastic improvements in terms of average calls per task.
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Method Dataset (NDCG@10 %) Avg. NDCG@10 Avg. Calls/Task

Ranker (Oracle) DL19 DL20

BM25 50.60 48.00 49.30 –

Q
w

en
3-

4B
-I

ns
tr

uc
t BubbleSort (Bidirectional) 67.44 70.45 68.95 1062.69

HeapSort (Bidirectional) 70.26 69.46 69.86 1383.02
QuickSort (Bidirectional) 70.70 68.83 69.77 1567.02

PAC + Bubble (Bidirectional) 64.25 67.09 65.67 332.55
PAC + Bubble (Randomized) 63.02 66.05 64.54 183.42
Mohajer + Bubble (Bidirectional) 70.49 66.92 68.70 425.67
Mohajer + Bubble (Randomized) 70.26 67.58 68.92 346.54
Mohajer (Bidirectional) 70.43 66.92 68.67 398.26
Mohajer (Randomized) 70.98 65.43 68.20 232.01

Table A.7: TREC DL2019/2020 end-to-end NDCG@10 (%) and average pairwise-comparison calls per task using
Qwen3-4B-Instruct. Baselines are reported with a bidirectional oracle; the evaluated active-ranking configurations
(PAC+Bubble and Mohajer variants) include both bidirectional and randomized comparisons. Within the Qwen
block, best is bold and second-best is underlined per column (higher NDCG; lower calls).
Note. Though not always the best in performance, active ranking algorithms reach competitive NDCG@10 relative to the classic

algorithms, with drastic improvements in terms of average calls per task.
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C.1 Judge Scale and Scheduler Sensitivity
The evaluated judge configuration changes the rel-
ative effectiveness of the schedulers. In Table 2,
PRP-Graph leads on both TREC DL datasets with
Flan-T5-L, whereas Mohajer+Bubble leads with
Flan-T5-XL and XXL while using about 338–344
calls instead of PRP-Graph’s roughly 493. In the
bidirectional end-to-end results of Table 3, moving
from Flan-T5-L to XL raises average NDCG@10
by 5.3–5.4 points for the Mohajer variants, com-
pared with 3.8–4.3 points for the sorting baselines.

These differences are descriptive: model scale is
not an independent measure of pairwise-judgment
accuracy, and the experiments do not isolate judge
quality as the cause of the crossover. The Qwen3-
4B-Instruct results in Table A.7 show that active
rankers retain a substantial call-efficiency advan-
tage with a second judge family. Because we eval-
uate only one Qwen checkpoint and no Qwen PRP-
Graph result, however, those experiments do not
test the same scale-dependent crossover. The evi-
dence therefore supports configuration sensitivity
and persistent call efficiency, not a universal causal
relationship between judge strength and schedul-
ing.

D Supplementary Graphs

This section presents supplementary figures for the
latency experiments referenced in the main text.
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Figure 2: Budget–quality visualization of Table 1 on TREC DL2019/2020 using Flan-T5-XL. The bidirectional
oracle uses two LLM calls per comparison, whereas randomized direction uses one. Error bars show 95% bootstrap
CI half-widths over eight oracle seeds for randomized-direction results; bidirectional results are deterministic given
the recorded outcomes. Faded segments indicate budgets beyond the first budget at which a method completes.
Mohajer’s approximately K2-comparison warm-up corresponds to 200 bidirectional or 100 randomized-direction
calls. Paired-bootstrap significance comparisons are reported in Tables A.8 and A.9.
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Figure 3: TREC DL 2019 and DL 2020 (Flan-T5-XL):
NDCG@10 vs estimated time per task across GPUs,
with both oracles shown. Colors denote rankers; solid
lines are randomized and dotted lines are bidirectional
oracles. X marks show when an algorithm has con-
verged.

Figure 4: TREC DL 2019 and DL 2020 (Qwen3-4B-
Instruct-2507): NDCG@10 vs estimated time per task
across GPUs, with both oracles shown. Colors denote
rankers; solid lines are randomized and dotted lines are
bidirectional. X marks show when an algorithm has
converged.
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E Statistical Significance

To quantify the stability and significance of the
reported results, we conduct two complementary
non-parametric bootstrap analyses. First, we quan-
tify seed-resampling uncertainty: we evaluate each
method under 8 different oracle seeds and report
the 95% confidence interval (CI) half-width of the
mean NDCG@10 across seeds (10,000 resamples).
These CIs are reported directly in Table 1 for the
randomized-direction oracle (the bidirectional ora-
cle is deterministic given pairwise outcomes).

Second, we report paired bootstrap significance
tests over queries. For each budget, we re-
sample queries with replacement (10,000 resam-
ples) and measure whether the mean difference in
NDCG@10 between two methods is significantly
different from zero (p < 0.05). Table A.8 reports
tests comparing Mohajer+Bubble against Bubble-
Sort; Table A.9 compares Mohajer+Bubble against
HeapSort.

Budget Bidirectional Randomized

100 ↓ (-19.2) ↑ (+5.1)
150 ↓ (-19.2) ↑ (+10.3)
200 ↑ (+5.9) ↑ (+8.8)
250 ↑ (+8.4) ↑ (+8.4)
300 ↑ (+9.7) ↑ (+6.1)
350 ↑ (+9.3) ↑ (+6.2)
400 ↑ (+6.6) ↑ (+4.1)
450 ↑ (+6.7) ↑ (+3.5)
500 ↑ (+6.5) ↑ (+2.1)

Table A.8: Paired bootstrap significance over queries
for Mohajer+Bubble vs. BubbleSort on TREC
DL19+DL20 (Flan-T5-XL). Each cell shows the
direction and mean ∆NDCG@10 difference. ↑ / ↓
indicates a statistically significant difference (paired
bootstrap over queries, 10,000 resamples, p < 0.05); =
indicates not significant.

Budget Bidirectional Randomized

100 ↑ (+23.3) ↑ (+53.8)
150 ↑ (+24.0) ↑ (+50.0)
200 ↑ (+56.2) ↑ (+17.9)
250 ↑ (+55.5) ↑ (+2.4)
300 ↑ (+43.0) = (-0.1)
350 ↑ (+24.4) = (+0.1)
400 ↑ (+12.5) = (-0.7)
450 ↑ (+4.2) = (-0.4)
500 = (-1.2) = (-0.8)

Table A.9: Paired bootstrap significance over queries
for Mohajer+Bubble vs. HeapSort on TREC
DL19+DL20 (Flan-T5-XL). Each cell shows the
direction and mean ∆NDCG@10 (A−B). ↑ / ↓
indicates a statistically significant difference (paired
bootstrap over queries, 10,000 resamples, p < 0.05); =
indicates not significant.
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F Randomized-Direction Oracle: Reciprocity, Variance, and Concentration

Fix a query and an unordered document pair {di, dj}. Define the direction-specific indicators

Aij := LLM(di, dj), Bij := 1− LLM(dj , di),

so both equal 1 when the corresponding ordered call selects di. Let aij := Pr[Aij = 1], bij := Pr[Bij =
1], and let D ∼ Bernoulli(1/2) be the independently sampled direction. The randomized-direction
outcome is

Vij = DAij + (1−D)Bij , qij := Pr[Vij = 1] =
aij + bij

2
.

Reciprocity. For the reversed comparison, the two probabilities are 1− bij and 1− aij . Therefore

qji =
(1− bij) + (1− aij)

2
= 1− qij .

Thus randomized direction enforces pair-consistency in expectation despite position effects in individual
calls. This is reciprocity with respect to presentation order; it is not unbiasedness relative to relevance
ground truth and does not itself imply recovery of a latent ranking.

Variance and deterministic decoding. Because Vij ∼ Bernoulli(qij),

Var(Vij) = qij(1− qij) ≤
1

4
.

Under deterministic decoding, aij , bij ∈ {0, 1} and hence qij ∈ {0, 12 , 1}. If Aij = Bij , both directions
select the same document and the randomized oracle is exact with respect to that direction-consistent
judge outcome. If Aij ̸= Bij , the preferred document reverses with presentation order, so qij = 1/2 and
Vij is a fair coin. In our bidirectional sanity check (Table A.5), 20.6% of pairs reverse and 79.4% are
direction-consistent; these are observed proportions, not universal rates.

Concentration over repeated directions. For m fresh, stationary, independent evaluations
V

(1)
ij , . . . , V

(m)
ij with common mean qij , let V ij = m−1

∑m
r=1 V

(r)
ij . Hoeffding’s inequality gives, for

t > 0,

Pr
(∣∣V ij − qij

∣∣ ≥ t
)
≤ 2 exp(−2mt2).

Equivalently, with probability at least 1− δ,

∣∣V ij − qij
∣∣ ≤

√
log(2/δ)

2m
.

With deterministic decoding, fresh independent direction bits suffice. With stochastic decoding, the model
outputs must also be fresh and independent. If a system caches the first randomized outcome for an
unordered pair and counts subsequent cache hits as new observations, those repeats are identical rather
than independent (the effective sample size is one), so the concentration bound does not apply.
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