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Abstract

Foundation models have been widely adopted
as starting points for fine-tuning, leading to
expert-level performance on various down-
stream tasks. They have been actively devel-
oped by improving the pretraining data and/or
model architectures. As a result, whenever
a new foundation model is released, we have
to fine-tune it again on the downstream tasks,
requiring non-negligible computational costs
as well as data-management costs. A promis-
ing approach to this problem is inference-time
model update, which modifies the prediction
of the new pretrained model using those of the
old pretrained/fine-tuned models. However, the
existing methods have no theoretical guarantee
of improvement in accuracy and may cause un-
expected failure. In this paper, we establish the
first method for inference-time model update
with a theoretical guarantee of improvement in
expected rewards, and show that our method
can improve performance even when the ex-
isting methods fail theoretically. Finally, we
empirically validate the effectiveness of our
method in practical experiments.

1 Introduction

Foundation models (Bommasani et al., 2021) or
simply base models—which are models trained on
massive data for general tasks or domains—have
been widely adopted as starting points for fine-
tuning, i.e., training expert models on target tasks
or domains. While modern foundation models can
handle new tasks even in a few-shot or zero-shot
manner (Brown et al., 2020), fine-tuning still boosts
their performance on target tasks significantly.

By scaling up their pretraining data or architec-
tures, foundation models are progressively updated
with improved performance. As a result, when-
ever foundation models are updated, their fine-
tuned counterparts must also be retrained from
the new foundation models. Such retraining re-
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Figure 1: Our framework constructs a new expert model
at inference-time, from the pair of old base/expert mod-
els and a new base model, and guarantees the new expert
is "better" (see Section 3.3 for the definition) than the
old expert if the new base is "better" than the old base.

quires not only computational costs but also data-
management costs for each downstream dataset.

To avoid such retraining costs, there are mainly
two approaches that transfer the fine-tuned knowl-
edge or ability across different base models either
(i) in the parameter space (Chijiwa, 2024), or (ii) in
the logit space (Mitchell et al., 2024; Liu et al.,
2024). On the one hand, the former approach
transforms the fine-tuning dynamics from an old
base model into the one from a new base model,
by exploiting symmetries in the parameter space.
However, because it operates in parameter space,
this approach is inherently constrained to models
with compatible architectures. On the other hand,
the latter approach—which we call inference-time
tuning—is more promising in the near term, be-
cause it is agnostic to model architectures and does
not require additional training. In particular, it can
transfer the fine-tuned knowledge at inference time,
from the old base model to the new base model
even with a different size or architecture, as long
as they have the same logit/prediction space.

Nevertheless, while the existing methods of the
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logit-level approach are based on the principle
of KL-regularized reward maximization (Ziebart,
2010), they still lack any theoretical guarantee for
performance improvement, which may lead to un-
expected failures as we will see in Section 4. This
motivates us to explore an alternative principle for
inference-time tuning whose robustness is theoreti-
cally guaranteed without any additional training.

In this work, as an alternative principle to the
prior one, we establish the framework of conser-
vative inference-time tuning (Figure 1) with theo-
retical guarantees of improvements in token-level
(implicit) rewards. To this end, we first observe
that the prediction of a fine-tuned model can be de-
composed into two parts: one part is inherited from
the old base model, and the residual part contains
the task-specific knowledge. Then we identify the
inherited part and replaces it with the prediction
of the new base model. Since this construction
can be seen as a mixture-type ensemble, an im-
provement guarantee in token-level rewards can be
derived. Experiments show that, even in cases the
prior methods fail, the proposed method can still
improve the accuracy of expert models consistently.

More related work are discussed in Appendix A.

2 Backgrounds

Let us consider an input space X and an output
space Y with |Y| <∞. For example, in language
generation, x ∈ X is a token sequence of length t
and y ∈ Y is a possible next token.

Predictive Models. In machine learning, a pre-
dictive distribution, or simply called a model, refers
to a conditional probability distribution pθ(y|x)
with a parameter θ that assigns a probability of
a possible response y ∈ Y given an input x ∈ X .

Particularly in deep learning, predictive mod-
els are implemented by neural networks fθ(x) =
(fθ(x)y)y∈Y : X → R|Y| parameterized by a
high-dimensional vector θ ∈ RN , which receives
an input x and returns the corresponding |Y|-
dimensional vector called a logit. Then the con-
ditional probability pθ(y|x) is obtained by apply-
ing the softmax function σ : R|Y| → P |Y| to
the logit fθ(x), where P |Y| := {(p1, · · · , pn) ∈
R|Y| | ∑

i pi = 1} denotes the space of all
probabilities over Y , and σ(z) is defined by
σ(z) := (exp(zi)/

∑
k exp(zk))i=1,··· ,|Y| for z =

(z1, · · · , z|Y|) ∈ R|Y|.

𝑒−2𝜀𝑝 y

𝑞 y

𝒴

𝑝 y

𝑞 y

𝒴

× 𝑒−2𝜀

Figure 2: After scaled appropriately, the base model
p(−|x) can be embedded into the fine-tuned model
q(−|x) in the prediction space over Y .

Logit-Level Model Update. A logit-level ap-
proach such as emulated fine-tuning (EFT; Mitchell
et al. (2024)) and equivalently proxy-tuning (Liu
et al., 2024) has been known as a promising ap-
proach that does not depend on model architectures.
Both EFT and proxy-tuning calculate a new pre-
dictive distribution imitating the updated model at
inference time:

p̃ft(y|x) := σ(f
θ̃pt

(y|x) + fθft(y|x)− fθpt(y|x))

=
1

Z(x)
p
θ̃pt

(y|x)
(
pθft(y|x)
pθpt(y|x)

)
, (1)

where fθ(y|x) is a logit before softmax and Z(x)
is the normalizing factor. As discussed in Mitchell
et al. (2024), eq. (1) can be interpreted as a closed-
form solution of KL-regularized reward maximiza-
tion as follows:

p̃ft(y|x) = argmax
p(y|x)

{
Ey∼p(y|x) [R(y|x)]

−DKL

(
p(−|x) ∥ p

θ̃pt
(−|x)

)}
, (2)

where R(y|x) := log(pθft(y|x)/pθpt(y|x)) can be
seen as an implicit reward for the target task.

3 Methods

3.1 A Motivating Observation
Let p(y|x) = σ(fθ(x)) be some base model and
q(y|x) = σ(fθ′(x)) be its fine-tuned model, where
σ is the softmax function as defined in Section 2.
Let ∆(x) := fθ′(x) − fθ(x) be the difference in
logits between these models, and we suppose each
of its entries ∆(x) = (∆(x)y)y∈Y is bounded by
some small number εx, i.e., |∆(x)y| ≤ εx for all
y ∈ Y . Then we have

q(y|x) = exp(fθ′(x)y)

Z ′
x

=
exp(fθ(x)y +∆(x)y)

Z ′
x

≥ exp(fθ(x)y)e
−εx

eεxZx
= e−2εxp(y|x),
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2. Replace 𝑝 𝑦  by the new distribution ෤𝑝 𝑦 ,

     which defines the new distribution ෤𝑞 𝑦 .
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1. Identify the embedded distribution 𝑝 𝑦
    and the residual distribution 𝑟 𝑦 .

Figure 3: Contrastive Mixture Prediction (CMP) constructs the new distribution q̃ by first identifying the embedded
distribution p in the target distribution q, and then replacing p with the new distribution p̃.

where Zx and Z ′
x are the normalization factors of

softmax. Thus, it implies these two models p and
q satisfy µxp(y|x) ≤ q(y|x) for some µx ∈ (0, 1],
with at least µx ≥ e−2εx . We can interpret this
relation geometrically as shown in Figure 2, where
the base prediction p scaled by µx can be seen as
embedded into the fine-tuned prediction q. Here
µx can be close to 1 if q has not largely deviated
from p during fine-tuning, and otherwise µx can be
small if q has been drastically changed.

The above factor µx also indicates how much q
inherits its behavior from p. Particularly, we can
easily see that q is decomposed as follows:

q(y|x) = (1− µx)r(y|x) + µxp(y|x), (3)

where r(y|x) := (q(y|x)−µxp(y|x))/(1−µx) is
the residual distribution1. In other words, among
the outputs y sampled from q(y|x), some of them
are samples from p(y|x) with probability µx, and
the others are from r(y|x) with probability 1− µx.
Since p does not depend on training data used for
fine-tuning q, the residual distribution r success-
fully decouples information acquired by fine-tuning
from the entire information represented by q.

3.2 Proposed Method

Given a new base model p̃, an old base model p
and its fine-tuned model q, our goal is to construct
a new prediction q̃(−|x) by updating the prediction
q(−|x) from the old fine-tuned model at inference
time, as if the part of the prediction inherited from
p was replaced by that of the new base model p̃.
To this end, following the decomposition formula
in (3), we decompose q(−|x) into the task-specific
part r(−|x) and the task-independent part p(−|x).
The core idea of our method is to replace the task-
independent part by the new base model in this
decomposition. Specifically, as illustrated in Fig-
ure 3, our method consists of the following steps.

1In the case µx = 1, the residual r is undefined but then
we can consider (1− µx)r(y|x) to be 0 in (3).

1. Identify the embedding ratio of p in q as the
maximal µx = µ∗

x with µxp(−|x) ≤ q(−|x).

2. Replace the old distribution p(−|x) embedded
in q(−|x) by the new distribution p̃(−|x).

By these steps we get a new prediction defined by

q̃(y|x) := (1− µ∗
x)r(y|x) + µ∗

xp̃(y|x),
= q(y|x) + µ∗

x(p̃(y|x)− p(y|x)), (4)

where r(y|x) := (q(y|x) − µ∗
xp(y|x))/(1 − µ∗

x),
the task-dependent part of q as discussed in Sec-
tion 3.1, and µ∗

x := miny∈Y q(y|x)/p(y|x) 2 is the
embedding ratio given x ∈ X . We refer to this
new prediction by Contrastive Mixture Prediction
(CMP). In contrast to the exponential-type formu-
lation of the existing methods (1) taking the differ-
ence in the logit space, our formulation can be seen
a mixture-type formulation taking the difference in
the prediction space.

3.3 Theoretical Guarantees
Recall that, as explained in Section 2, the ex-
isting methods can be seen as maximization of
the token-level implicit reward R(y|x) with KL-
regularization (2). Motivated by this perspec-
tive, we consider that a token-level oracle reward
R(y|x) : Y → R≥0 for the target task is implicitly
given. For example, when x is a multiple-choice
problem, R(y|x) can be set to the indicator func-
tion that returns 1 only if y is the token correspond-
ing to the correct choice and otherwise returns 0, in
which case its expected reward Ey∼p(y|x)[R(y|x)]
is nothing but the probability that p assigns to the
correct choice given the problem x. Beyond this
example, more general rewards can be considered
as R(y|x), such as an oracle reward for evaluating
grammatical correctness at each token.

Hereafter, to simplify the notation, we consider
the input x to be fixed, and omit it from equations,

2The quantity µ∗
x also plays a central role in rejection

sampling (Von Neumann, 1963) for a target q with a proposal
p.
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Model q Model p Model p̃ Methods MBPP HumanEval BigCodeBench

Qwen2.5-Coder-1.5B (Instruct) Qwen2.5-1.5B (Base)

N/A q 62.43 60.37 18.80

Qwen3-1.7B (Base)
q̃EFT 27.51 (−34.9) 57.93 (−2.44) 13.20 (−5.60)
q̃CMP 65.08 (+2.65) 64.02 (+3.65) 18.80 (±0.00)

Qwen2.5-7B (Base)
q̃EFT 41.27 (−21.2) 41.46 (−18.9) 8.40 (−10.4)
q̃CMP 71.96 (+9.53) 59.76 (−0.61) 21.20 (+2.40)

Qwen2.5-Coder-3B (Instruct) Qwen2.5-3B (Base)

N/A q 74.60 73.17 24.60

Qwen3-4B (Base)
q̃EFT 79.37 (+4.77) 75.00 (+1.83) 21.00 (−3.60)
q̃CMP 78.57 (+3.97) 78.65 (+5.48) 24.60 (±0.00)

Qwen2.5-7B (Base)
q̃EFT 61.11 (−13.5) 74.39 (+1.22) 20.00 (−4.60)
q̃CMP 79.62 (+5.02) 75.00 (+1.83) 24.40 (−0.20)

Table 1: Evaluation with coding models on standard coding benchmarks. The method q refers to the expert model
itself, q̃EFT refers to the prior method defined by (1), and q̃CMP refers to ours defined by (4). The colored numbers
in parentheses indicate the difference from the results of the expert model q.

like R(y) instead of R(y|x). Given such a task-
specific reward R(y), we can provide a theoretical
guarantee for how the expected reward Eq[R(y)]
changes under the new prediction (4):

Proposition 3.1. Let p(y), q(y), p̃(y) be distribu-
tions over Y and µ ≥ 0 be a constant satisfying
µp(y) ≤ q(y) for all y ∈ Y . Then we have two
distributions r(y) := (q(y)− µp(y))/(1− µ) and
q̃(y) := (1− µ)r(y) + µp̃(y) as discussed above,
satisfying the following:

(i) Eq̃[R(y)] ≥ (1− µ)Er[R(y)]

= Eq[R(y)]− µEp[R(y)],

(ii) If p and p̃ satisfy Ep[R(y)] ≤ Ep̃[R(y)], then
q and q̃ satisfy Eq[R(y)] ≤ Eq̃[R(y)].

Proof. See Appendix D.2.

The first result (i) provides the robustness guar-
antee of our model (4) that holds regardless of
whether the new base model p̃ is better or worse
than the old base model p. The second result (ii)
provides the improvement guarantee that holds
when the new p̃ achieves better (or at least equal)
expected reward than the old p. On the other hand,
the previous logit-level methods formulated by (1)
do not have such a guarantee of the reward im-
provement, even when p̃ achieves better expected
reward than p, as shown by a counterexample in
Appendix D.3.

4 Experiments

In this section, we empirically validate the robust-
ness of our mixture-type approach (4) compared to
the previous exponential-type approach (1).

While the previous approach has been known to
work well with instruction-following expert mod-
els (Mitchell et al., 2024; Liu et al., 2024), we

first observe that it unexpectedly fails with specific
combinations of models and tasks. Specifically,
here we focus on expert models tuned for coding
tasks, Qwen2.5-Coders (Hui et al., 2024), with ei-
ther scaled-up or upgraded versions of the base
model, Qwen2.5 (Yang et al., 2024a).

Results. Table 1 presents the evaluation results
on standard coding benchmarks across different
model configurations. In the case of the smaller
expert model (Qwen2.5-Coder-1.5B), the previous
method significantly degrades the performance of
q with both the new base models (Qwen3-1.7B and
Qwen2.5-7B). In contrast, our method consistently
improves the performance of q by replacing the
old base model p with the new base model p̃, even
when the previous method fails, as our theoreti-
cal results in Section 3.3 suggested. In the case
of the larger expert model (Qwen2.5-Coder-3B),
the previous method does not degrade the perfor-
mance of q with the new base models (Qwen3-4B
and Qwen2.5-7B), while our method also achieves
comparable or better performance compared to the
previous method. These results indicate the robust-
ness of our method as expected by its theoretical
guarantees, even when the pair of the base and ex-
pert models (p, q) is more vulnerable to the change
of the base model in the previous method.

5 Conclusion

In this paper, we established a new principle for
inference-time tuning based on the mixture formu-
lation, instead of the exponential formulation in
the prior work, and demonstrated its robustness
both theoretically and empirically. We hope that
this mixture-based perspective will provide a prin-
cipled basis for designing inference-time tuning
methods that are both effective and reliable.
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Limitations

(i) Our proposed method is designed to be inher-
ently robust to the choice of the new base models.
In contrast, existing methods can modify q more
aggressively, as they do not provide any guarantee.
Consequently, for some combinations of the base
and target models, such aggressive modification
may lead to substantial performance gains. Our
contribution is the first attempt to establish an al-
ternative principle that have theoretical guarantees
for performance improvement, rather than a supe-
rior one. Unifying advantages of these different
approaches remains a promising direction for fu-
ture research. (ii) The theoretical guarantees we
have provided are based on the expected reward,
which may not always correlate well with the actual
performance of the model on specific tasks. Devel-
oping more refined theoretical/empirical analyses
that better capture the practical performance of the
models is an important direction for future research.
(iii) Our experiments focus primarily on the coding
models and tasks where we find that the existing
methods unexpectedly fails due to the lack of theo-
retical guarantees. Although such failure cases may
arise in other combinations of models and tasks, an
exhaustive evaluation of all such cases remain for
future work.
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Appendices

A Related Work

Logit-Level Model Update. In this paper, we
have focused on the problem of updating predic-
tions from a fine-tuned model by using ones from
old and new base models at inference time. To
solve this problem, most of the prior work have
employed an approach that takes difference of log-
its between the old and new base models. Emu-
lated fine-tuning (Mitchell et al., 2024) and proxy-
tuning (Liu et al., 2024) are early prior work in this
direction, where the former has its origins in KL-
regularized reward maximization (Ziebart, 2010)
and the latter has its origins in decoding methods
for enhancing the experts’ capability (Liu et al.,
2021; Li et al., 2023). Chijiwa et al. (2024) pro-
posed to swap the roles of the base model and
expert model in the KL-regularized reward max-
imization and tune the regularization coefficient,
but introducing additional training cost. Deng and
Raffel (2023), Lu et al. (2025), and Chijiwa et al.
(2025) proposed to replace the implicit reward in
(2) with an explicit reward model, which requires
training in advance. He et al. (2026) applied proxy-
tuning to black-box training using only the logit in-
formation. Contrary to our mixture-type approach,
the logit-level approach of these work lack the the-
oretical guarantees as discussed in Section 3.3.

Other Inference-Time Approaches. There have
also been approaches to steer a large base model by
a small expert model in which the corresponding
small base model is not leveraged, contrary to our
setting. Ormazabal et al. (2023) proposed a learned
combination of predictions from these models, but
which introduces additional training cost and thus
does not meet our requirement. Fei et al. (2025)
proposed a training-free method called Nudging
that interrupts the inference of the large base model,
when its top-1 probability is below a threshold, and
then uses the small expert model instead for gener-
ating a fixed number of tokens. Since its inference
is mostly carried out by the large base model, it
also may fail to leverage the expert’s capability in
our experimental settings. See Appendix E.3 for a
more detailed comparison with our method.

There is also a line of work on controlled text
generation by attribute conditioning (Krause et al.,
2021; Yang and Klein, 2021; Pascual et al., 2021).
Such an approach requires additional training of
classifier models for each attribute, and thus is not

directly comparable to our method that does not
require any training.

B Experimental Details

Models.

• Qwen2.5 (Base): Qwen2.5 is a family of pre-
trained language models with various model
sizes (Yang et al., 2024a). We used the 3B and
7B parameter versions as the base models in
our experiments.

• Qwen3 (Base): Qwen3 is an upgraded ver-
sion of Qwen2.5 with improved architecture,
datasets and training recipes (Yang et al.,
2025). We used the 1.7B and 4B parame-
ter versions as the new base models that are
similar sizes to the old base models in our
experiments.

• Qwen2.5-Coder (Instruct): Qwen2.5-Coder
is a family of instruction-tuned models based
on Qwen2.5, specialized in coding tasks (Hui
et al., 2024). We used the 1.5B and 3B pa-
rameter versions as the expert models in our
experiments.

Datasets.

• HumanEval (Chen et al., 2021): HumanEval
is a benchmark for evaluating the functional
correctness of Python code generation, pub-
licly available under the MIT License. We
used its variant called HumanEval+ (Liu et al.,
2023) which consists of 164 Python program-
ming problems from the HumanEval dataset,
with more test cases.

• MBPP (Austin et al., 2021): MBPP (Mostly
Basic Python Problems) is a benchmark for
evaluating the ability of language models
to synthesize short Python programs from
natural-language descriptions, publicly avail-
able under the CC-BY-4.0 License. We used
its variant called MBPP+ (Liu et al., 2023),
which consists of 399 Python programming
tasks from the original MBPP dataset, with
more test cases.

• BigCodeBench (Zhuo et al., 2024): Big-
CodeBench is a benchmark for evaluating
code generation on practical and challenging
programming tasks involving diverse function
calls and complex instructions. It consists of
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1,140 fine-grained Python programming tasks
with 139 libraries and 7 domains. It is publicly
available under the Apache 2.0 License.

We used these datasets for the research purpose
only, which is allowed by their licenses.

Evaluation settings. The generation is per-
formed with greedy decoding and the maximum
generation length is set to 2048 tokens. The evalua-
tion is performed by extracting the generated code
wrapped by a code block, executing it and checking
whether it passes the test cases provided in each
dataset. To ensure the code is generated within
a code block, we provide the following system
prompt to each coding model: "You are a helpful
assistant. Please reason step by step, and put your
final answer within a code block."

Computing resources. All the experiments were
conducted on two NVIDIA L40S GPUs.

C Implementation Details

Truncate relatively-negligible probabilities in p.
In the case of language models, the output space Y
is the set of all tokens shared among models (p, q
and p̃), whose size is typically ranging from tens
of thousands to hundreds of thousands. As a result,
most of y ∈ Y is irrelevant to the input x. However,
due to the positive nature of the softmax function,
such irrelevant tokens also have positive (almost
meaningless) probabilities, which results in unrea-
sonably small µ∗

x = miny q(y)/p(y). Thus, in our
implementation, we regard px,ε := εmaxy p(y|x)
with ε = 0.1 as a relatively-negligible threshold,
and set p(y|x) to zero if it is less than px,ε.

Pseudocode. The pseudocode for our method is
described in Algorithm 1. Here are a few remarks:
(i) In the specific case of language models, the input
x is typically the concatenation of initial prompt
tokens and past output tokens, and the output y
corresponds to the next token. (ii) Line 4: The
truncate function refers to the truncation opera-
tion described above using the negligible threshold
px,ε. However, it can be replaced by other natural
truncation techniques such as top-p and top-k trun-
cations. (iii) Line 5: Theoretically, we can assume
p(y|x) > 0 and q(y|x) > 0 due to the softmax
function as explained in Section 2. Nevertheless,
even if there is some y with p(y|x)≪ q(y|x) and
thus p(y|x) ≈ 0 relatively, which may lead to the
zero-division problem, we can safely ignore such y.

Algorithm 1 Contrastive Mixture Prediction (CMP)

Require: Models p, q, p̃; input x ∈ X
1: Set q̃[y]← 0 for each y ∈ Y
2: Get q(−|x), p(−|x) by forward computations
3: q[y]← q(y|x), p[y]← p(y|x) for all y ∈ Y
4: p← truncate(p)
5: µ← miny∈Y{q[y]/p[y]}
6: Get p̃(−|x) by forward computation
7: p̃[y]← p̃(y|x) for all y ∈ Y
8: q̃[y]← q[y] + µ(p̃[y]− p[y]) for all y ∈ Y
9: return q̃

This is because there must always be another y sat-
isfying p(y|x) > q(y|x) which means p(y|x) ̸≈ 0
relatively.

D Theoretical Discussions

D.1 A remark on µ∗
x and Rényi divergence

Let us write

Dα

(
p
∥∥ q

)
:=

1

α− 1
logEy∼p(y)

[(
p(y)

q(y)

)α−1]
,

the Rényi divergence of order α of p from q (Rényi,
1961). The Rényi divergence of order α→∞ can
be written as D∞

(
p
∥∥ q

)
= log supy p(y)/q(y).

Thus, we can easily see that the quantity µ∗
x can be

interpreted as

µ∗
x = e−D∞

(
p(−|x)

∥∥ q(−|x)
)
,

In particular, µ∗
x gets close to 1 when p and q be-

come similar distributions to each other.

D.2 Proof of Proposition 3.1
Proof. The point of the proof is that the decomposi-
tion of q and q̃ as mixture distributions implies the
decomposition of the expected reward as follows:

Eq[R(y)] = (1− µ)Er[R(y)] + µEp[R(y)],

Eq̃[R(y)] = (1− µ)Er[R(y)] + µEp̃[R(y)].

Then we can show (i) by the non-negativity of the
reward R(y):

Eq̃[R(y)] = (1− µ)Er[R(y)] + µEp̃[R(y)]

≥ (1− µ)Er[R(y)].

Similarly, if p and p̃ satisfy Ep[R(y)] ≤ Ep̃[R(y)],
we can show (ii):

Eq̃[R(y)] = (1− µ)Er[R(y)] + µEp̃[R(y)]

≥ (1− µ)Er[R(y)] + µEp[R(y)]

= Eq[R(y)].
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Model q Model p Model p̃ Methods MBPP HumanEval BigCodeBench

CodeGemma-7B (Instruct) Gemma-7B (Base)
N/A q 69.05 47.56 19.80

Gemma2-27B (Base)
q̃EFT 3.44 (−65.61) 0.00 (−47.56) 0.00 (−19.80)
q̃CMP 70.37 (+1.32) 42.07 (−5.49) 21.00 (+1.20)

Table 2: Results with Gemma models.

Model q Model p Model p̃ Methods MATH AIME’25 AIME’26

Qwen2.5-Math-1.5B (Instruct) Qwen2.5-1.5B (Base)

N/A q 61.42 12.00 10.60

Qwen3-1.7B (Base)
q̃EFT 58.09 (−3.33) 6.00 (−6.00) 6.00 (−4.6)
q̃CMP 60.00 (−1.42) 6.00 (−6.00) 5.30 (−5.30)

Qwen2.5-7B (Base)
q̃EFT 52.80 (−8.62) 6.00 (−6.00) 2.00 (−8.60)
q̃CMP 61.40 (−0.02) 12.60 (+0.60) 8.00 (−2.60)

Table 3: Results on math benchmarks.

D.3 Counterexample for Logit-Level Methods

Here we show that the logit-level prediction
model (1), introduced in Section 2 as previous
methods, do not satisfy the improvement guarantee
(Proposition 3.1 (ii)) in contrast to our prediction
model 4.

Let Y = {y1, y2, y3} be the output space and
p(y), q(y), p̃(y) be probabilistic distributions over
Y . Let us consider the following examples:

R(y) :=



0
0
1


 , p(y) :=



6/8
1/8
1/8


 ,

p̃(y) :=



1/8
5/8
2/8


 , q(y) :=



1/3
1/3
1/3


 .

In this case, we have Ep[R(y)] = 1/8 < 2/8 =
Ep̃[R(y)] and thus they satisfy the assumption of
(ii) in Proposition 3.1. On the other hand, q̃(y) is
given by

q̃(y) =
1

Z
q(y)

p̃(y)

p(y)
=




1/43
30/43
12/43


 ,

where Z :=
∑

y q(y)p̃(y)/p(y) is the normaliza-
tion factor. Then we have Eq̃[R(y)] = 12/43 <
1/3 = Eq[R(y)], and thus these examples provide
a counterexample to Proposition 3.1 (ii).

E Additional Experiments

E.1 Experiments with Gemma models

In Table 2, we conducted experiments with the
Gemma models; we used CodeGemma-7B (Zhao

et al., 2024) as the expert model, Gemma-7B (Mes-
nard et al., 2024) as its base model, and Gemma2-
27B (Riviere et al., 2024) as an improved base
model. It can be seen that, while the EFT tends to
generate collapsed codes that are invalid as Python
scripts, our method successfully improves the cod-
ing performance on MBPP and BigCodeBench.

E.2 Experiments on Math Benchmarks

In Table 3, we conducted experiments with a
math expert model of Qwen2.5-Math-1.5B (Yang
et al., 2024b) on challenging math benchmarks:
MATH (Hendrycks et al., 2021), AIME’25 and
AIME’26 (AIME). While our method slightly un-
derperforms the expert model, it keeps degradation
in accuracy to a lower level compared to EFT.

E.3 Comparison with Nudging (Fei et al.,
2025)

In Table 4, we compare our method with Nudg-
ing (Fei et al., 2025), which is a training-free
method that interrupts the inference of the large
base model when its top-1 probability is below a
threshold and then uses the small expert model in-
stead for generating a fixed number of tokens. The
results show that, while Nudging can achieve signif-
icant performance gains in some cases, but it also
suffers from significant performance degradation
in other cases, particularly with the smaller expert
model (Qwen2.5-Coder-1.5B). This indicates that
Nudging is not robust in leveraging the expert’s
capability in our experimental settings as well as
the exponential-type previous methods. Neverthe-
less, it is noteworthy that Nudging can be comple-
mentary to our method, as it can further improve
the performance of the base model in some cases
where our method does not achieve significant im-

26004



Model q Model p Model p̃ Methods MBPP HumanEval BigCodeBench

Qwen2.5-Coder-1.5B (Instruct) Qwen2.5-1.5B (Base)

N/A q 62.43 60.37 18.80

Qwen3-1.7B (Base)
q̃Nud 65.34 (+2.91) 57.31 (−3.06) 17.00 (−1.80)
q̃CMP 65.08 (+2.65) 64.02 (+3.65) 18.80 (±0.00)

Qwen2.5-7B (Base)
q̃Nud 73.28 (+10.9) 50.00 (−10.3) 22.10 (+2.40)
q̃CMP 71.96 (+9.53) 59.76 (−0.61) 21.20 (+2.40)

Qwen2.5-Coder-3B (Instruct) Qwen2.5-3B (Base)

N/A q 74.60 73.17 24.60

Qwen3-4B (Base)
q̃Nud 82.27 (+7.67) 75.00 (+1.83) 23.50 (−1.10)
q̃CMP 78.57 (+3.97) 78.65 (+5.48) 24.60 (±0.00)

Qwen2.5-7B (Base)
q̃Nud 78.04 (+3.44) 49.39 (−23.78) 22.60 (−2.00)
q̃CMP 79.62 (+5.02) 75.00 (+1.83) 24.40 (−0.20)

Table 4: Comparison between Nudging (Fei et al., 2025) and our method. The method q refers to the expert model
itself, q̃Nud refers to the method called Nudging proposed in Fei et al. (2025), and q̃CMP refers to ours defined by
(4). The colored numbers in parentheses indicate the difference from the results of the expert model q.

threshold ε 0.0 0.001 0.01 0.1 0.2

Avg µ∗ 0.0020 0.5723 0.7026 0.8208 0.8572
ACC (%) 74.34 76.46 78.31 79.63 78.57

Table 5: Results on MBPP. (q: Qwen2.5-Coder-3B, p:
Qwen2.5-3B, p̃: Qwen2.5-7B)

threshold ε 0.0 0.001 0.01 0.1 0.2

Avg µ∗ 0.0005 0.5685 0.7012 0.8231 0.8604
ACC (%) 73.78 75.61 74.39 75.00 70.12

Table 6: Results on HumanEval. (q: Qwen2.5-Coder-
3B, p: Qwen2.5-3B, p̃: Qwen2.5-7B)

provement, which implies a promising direction for
future work.

E.4 Ablation Study
Varying the truncation factor ε. Here we ob-
serve how the truncation factor ε affects the em-
bedding ratios µ∗

x and the resulting accuracy on
benchmarks. Tables 5 and 6 are the results with ε
from 0.0 to 0.2. These results show that even rel-
atively small thresholds (from 0.001 to 0.01) may
yield sufficiently large embedding ratios µ∗

x com-
pared to the no truncation setting, i.e., ε = 0.0,
and the increased µ∗ overall leads to the improved
accuracy.
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