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Abstract

Large Language Models often generate incor-
rect factual answers, yet it remains unclear
how they internally distinguish facts they know
from those they do not. Existing hallucination-
detection methods largely rely on behavioral
signals or opaque scalar scores, leaving the
structure of factual knowledge in hidden state
space poorly understood. We address this gap
by introducing a coarse-to-fine framework to
discover a knowledge boundary: a decision
surface in transformer hidden states that sepa-
rates representations leading to correct factual
answers from those leading to errors. Across
multiple datasets and model families, we show
that factual correctness is predictable from hid-
den states, and that this signal is concentrated in
specific layers and a small number of influential
dimensions. Using Qwen3-8B as a case study,
we further identify a compact “knob” subspace
that retains near-full boundary-prediction per-
formance and supports targeted interventions
that bidirectionally modulate the likelihood of
the full reference answer under teacher forcing.

1 Introduction

Although LLMs are widely deployed, they fre-
quently generate incorrect responses, a phe-
nomenon referred to as hallucination (Ji et al., 2023;
Mao et al., 2024; Zhang et al., 2025b). Enhancing
their reliability requires understanding how LLMs
differentiate prompts they can answer correctly
from those they cannot (Petroni et al., 2019), as
well as how relevant information is structured in
context (Mao et al., 2026). However, how this
distinction manifests in their internal representa-
tions, such as transformer hidden states, remains
poorly understood. Current hallucination detection
methods often trade off efficiency, coverage, and
interpretability (Huang et al., 2025). Behavioral
detectors treat LLMs as black boxes and rely solely
on generated outputs.

For example, self-consistency approaches sam-
ple multiple responses or reasoning paths and com-
pare their consistency (Manakul et al., 2023; Wang
et al., 2023). Uncertainty-based methods estimate
how unsure a model is, but they are not directly
designed to reveal which internal representations
implement factual decisions (Zhu et al., 2026). Se-
mantic entropy detects a subset of hallucinations
by sampling multiple answers and clustering them
by meaning, but it does not guarantee factuality
when the model is systematically and confidently
wrong (Farquhar et al., 2024). Hidden state meth-
ods expose internal signals, yet many detectors
still reduce them to a single scalar score, leaving
the decision rule and its underlying geometry dif-
ficult to inspect (Zhang et al., 2025c). These limi-
tations leave a persistent gap in our understanding
of how knowledge-related decision boundaries are
encoded within transformer hidden states and how
such internal signals relate to observable model
behavior.

This gap motivates us to study knowledge bound-
aries within LLMs more systematically. We define
the knowledge boundary as a decision surface in
hidden state space that separates internal states lead-
ing to correct factual answers from those leading to
incorrect ones. Our goal is not only to detect errors,
but to characterize the underlying structure of this
boundary in a way that is both compact and inter-
pretable. We hypothesize that the boundary is gov-
erned by a small number of influential hidden di-
mensions, rather than being spread diffusely across
the full representation. We refer to such influential
dimensions as candidate “knobs”: internal coordi-
nates that retain near-full boundary-prediction per-
formance within a compact subspace and support
controlled interventions along the distilled bound-
ary direction. Identifying such knobs matters be-
cause it turns an abstract notion of “knowing” into
a concrete, testable mechanism that links internal
representations to observable behavior.
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Figure 1: A coarse-to-fine framework for discovering knowledge boundaries and internal knobs in LLM:s.

In this work, we aim to address three research
questions (RQs). RQ1. Can knowledge boundaries
be learned from transformer hidden states, across
different datasets and model families? RQ2. If
such a boundary exists, what structural signatures
in hidden states distinguish correct from incorrect
factual behavior? RQ3. In a case study of Qwen3-
8B, can the boundary be captured by a compact
knob subspace, and can interventions on this sub-
space directionally modulate the likelihood of the
reference answer? Together, these questions move
from prediction to characterization, and ultimately
to a mechanistic explanation of how internal repre-
sentations give rise to factual decisions.

To study these questions, we introduce a sim-
ple coarse-to-fine framework that gradually un-
covers how factual knowledge is organized inside
transformer hidden states (see Figure 1). We be-
gin by training a multi-view CNN probe to pre-
dict answer correctness from hidden states on
the PopQA and TriviaQA benchmarks (Mallen
et al., 2023; Joshi et al., 2017), and validate the
findings across multiple model families. By in-
specting the CNN’s internal activations, we iden-
tify layer-wise and dimension-level patterns that
distinguish correct from incorrect factual behav-
ior. Guided by these patterns, we apply a Kol-
mogorov—Arnold Network (Liu et al., 2025) (KAN)
to a low-dimensional knob space to summarize the
boundary as a compact, low-dimensional rule. The
dimensions governing this rule are treated as candi-
date knobs—internal variables that can be adjusted
to influence the model’s factual decisions.

To test their causal role, we intervene on these
knobs and track how the model’s preference for
a reference answer changes. Our contributions
are threefold. 1) We present a systematic and
interpretable analysis of how transformer hidden
states relate to factual correctness in LLMs. 2)
Through a focused case study of Qwen3-8B, we
identify a compact knob subspace that retains near-
full boundary-prediction performance and supports
directional intervention on reference-answer like-
lihood. 3) We introduce a general coarse-to-fine
framework that links prediction, structural analysis,
and causal intervention, offering a practical path-
way toward mechanistic explainability in LLMs.

2 Problem Setup

In this section, we formalize the notion of a knowl-
edge boundary introduced above and specify the
hidden state representations and labels used in our
analysis. We also define knobs as a compact set
of hidden dimensions that can recover near-full
predictive performance for this boundary. For
each prompt x, we extract the transformer hidden
states at the last prompt token, just before gen-
eration begins. We denote this representation by
H(x) € R¥X4 where L is the number of layers
and d is the hidden dimension. We assign a bi-
nary label y(z) € {0, 1} using an external evalua-
tor, where y(z) = 1 indicates a correct answer
and y(zr) = 0 indicates an incorrect one. We
model factual correctness with a scoring function
g : REX4 5 R, where the sign of g(H(x)) pre-
dicts whether z is likely to be answered correctly.
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If g(H(z)) separates y = 1 fromy = O on a
held-out test set, we say that g captures a learnable
decision rule in the hidden state space. As shown
in Eq. (1), the boundary induced by g is defined as
the zero level set.

B= {H e RX . g(H) = 0} Y

This boundary partitions hidden states into two re-
gions, {g(H) > 0} and {g(H) < 0}, correspond-
ing to states predicted as correct and incorrect.

To test whether the boundary is controlled by
only a few dimensions (knobs) of hidden states,
we consider an index set J C [d] with k =
|7 | < d. Given J, we form the sub-representation
Z7(H) = H[:, J] € REXF by keeping only these
dimensions across all layers. Let Acc(7) denote
the best test accuracy achievable by a probe trained
using only Z7(H(z)), and let Accgy be the test
accuracy of a reference probe trained on all d di-
mensions. We call 7 a near-optimal set if its test
accuracy drops by at most § compared to the full
baseline, i.e., Acc(J) > Accgy — 0. We define
the knob set Jinob as the first near-optimal subset
within a nested candidate sequence, as specified in
Eq. (2). In our implementation, this sequence is in-
stantiated by the importance-ranked Top-k subsets
described in Section 3.

Fxnob = min {k : Acc(Jx) > Accgan — 0}, @
Jinob = Thyenen, -

This definition ensures that knobs are not merely
predictive features, but a compact subset that re-
tains essentially all boundary information within
the considered search sequence.

)

3 Methodology

We introduce a coarse-to-fine method for analyz-
ing the knowledge boundary in transformer hid-
den states. The section is structured to address
RQ1-RQ3 with increasing depth. We hypothesize
that boundary evidence is concentrated in a small
set of hidden dimensions (knobs), which motivates
low-dimensional distillation and causal probing.

3.1 CNN probe for boundary prediction

For RQ1, we instantiate the scoring function in
Section 2 with a multi-view CNN probe that pre-
dicts answer correctness from hidden states. Given
the last-token hidden states H(z) € RY*9, we
treat H (x) as a single-channel 2D representation
indexed by layers and dimensions.

The probe outputs logits fo(H(z)) € R?, and
we define the boundary score as the logit difference
go(H) = fo(H)1 — fo(H)p. The network begins
with a LayerNorm over the hidden dimension to sta-
bilize scale differences across coordinates. It then
applies three convolutional branches with fixed ker-
nels: a vertical branch with kernel size (9, 1), a
horizontal branch with kernel size (1,33), and a
local branch with kernel size (5, 5). Appendix C
shows that the probe remains stable under reason-
able kernel-size variants. These kernels are de-
signed to capture complementary structure along
the layer axis, the dimension axis, and their local in-
teractions, respectively. Each branch uses a ReLU
nonlinearity followed by global max pooling, and
the pooled features are concatenated and fed to a
linear classifier. We train the probe by minimizing
cross-entropy on labeled pairs (H (z),y(z)). We
train this CNN not only for prediction, but also for
interpretability: its convolutional branches produce
layer-dimension activation maps that we inspect in
RQ2 to localize boundary evidence in H.

3.2 Boundary evidence in hidden states

For RQ2, we analyze the trained CNN probe by
inspecting its convolutional activation maps over
the layer-dimension grid. For each input H(x),
we record the pre-pooling activations from a cho-
sen branch, yielding a tensor A(z) € RE*Ixd,
We summarize channels by averaging over C, pro-
ducing a single activation map A(z) € RL*d
that aligns with the geometry of H(z). To com-
pare correct and incorrect states, we compute
class-conditional mean maps A = E[A(x) |
y(z) = 1] and A®) = E[A(z) | y(z) = 0] on a
split of interest. We then form a difference map
AA = AW — A0 (o visualize where boundary
evidence changes across layers and dimensions.
To obtain a dimension-level importance score, we
aggregate the difference map along the layer axis
and define, for each hidden dimension j € [d],
sj = Zé‘zl‘AAgj‘. Sorting dimensions by s;
yields a ranked list that guides the construction
of compact dimension subsets . We use this rank-
ing as a search heuristic in the Qwen3-8B case
study, where small subsets are evaluated under the
near-optimal criterion in Eq. (2).

3.3 KAN distillation in the knob subspace

For RQ3, we focus on a case study of Qwen3-8B
and distill the knowledge boundary within low-
dimensional knob candidates using a KAN. KAN
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is a structured function approximator motivated
by the Kolmogorov—Arnold representation, which
models multivariate functions as compositions of
simple univariate functions. This inductive bias
aligns with our goal of extracting a compact and in-
terpretable boundary rule in a small knob subspace.

Using the importance scores s; defined in the
previous subsection, we rank dimensions and con-
sider nested dimension subsets Jx = {j1,.--,Jk}
formed by the top-k scores. For each k, we re-
strict the hidden states to Jj, across all layers and
learn a compact boundary predictor by combining a
learned layer attention with a single-output KAN'.

To aggregate boundary evidence across depth,
we introduce trainable layer weights w € R” and
define the attention distribution o = softmax(w).
Given Z 7, (H), we compute a pooled feature vec-
tor Z € R” by attention-weighted summation:

L
2= arZg(H)p 3)
/=1

A single-output KAN @, : R* — R then maps Z
to a scalar logit score:

s = By(2). @)

Combining Egs. (3) and (4), we define the distilled
boundary predictor

L
%MH%:%(EJWHMﬂO, 5)

(=1

which serves as a low-dimensional approximation
to the boundary score in Section 2.

We train g, on labeled pairs (H (z), y(x)) with
a binary classification objective with logits:

L = E, |BCEwithLogits (g »(H (z)), y(x))].
(6)
We evaluate k in increasing order starting from
k = 1 and stop once the near-optimal criterion
in Eq. (2) is satisfied, yielding Jinon by defini-
tion. This procedure produces both the first near-
optimal subset Ji,0b and an explicit scoring rule
9o,k (Eq. (5)). For interpretability, we further ap-
ply KAN’s symbolic distillation routine to convert
the learned predictor into an explicit closed-form
expression.
'We use a minimal one-hidden-layer KAN with two nodes,

as this capacity is sufficient for our boundary predictor while
yielding a more interpretable model.

In the next step, we use the distilled boundary to
design targeted interventions on the selected dimen-
sions and test whether perturbing them direction-
ally shifts the model’s preference for the reference
answer.

3.4 Causal interventions on knobs

We use causal interventions to test whether the dis-
tilled knobs are not only predictive but also capable
of directionally modulating the model’s preference
for the reference answer. Our interventions are de-
fined in the attention-pooled knob space z used by
the KAN predictor, and are implemented as layer-
wise patches on the selected coordinates rather than
arbitrary perturbations of the full hidden state. Let
® : R¥ — R denote the symbolic boundary score
distilled from the trained KAN, so that the distilled
decision depends on Z through s = ®(z). We
define the intervention normal as the normalized
gradient direction of ® at z:

Vo(z)

G @

n(z)

As controls, we also consider a tangent direction

orth(n(z)), defined as any unit vector orthogonal

to n(Z) in knob space, and a random unit direction.

For a step size parameter 7, we define a normal-
ized perturbation in the pooled space as

Ve re ™ ®
d € {n(z),orth(n(z)),r}.

AzZ(t,d) =

We then implement AZ in the original hidden state
space by adding a small patch to the last prompt to-
ken, restricted to the selected dimensions ;. across
all layers. Concretely, we construct a layer-wise
perturbation AH[(, J,] € RF whose attention-
weighted sum matches the desired pooled shift:

L
Y aAH[LT] = Az ©)
(=1

A simple closed-form solution is obtained by dis-
tributing AZ across layers proportionally to ay:

ay
L
Zm:l agn
Eq. (10) satisfies Eq. (9) by the derivation in Ap-
pendix A. To connect internal perturbations to an-

swer likelihood, let y* = (yi,...,y%) denote a
dataset-provided reference answer.

AH[C, Ty = AZ. (10)
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Under teacher forcing, we measure the
intervention-induced change in its full-sequence
log-likelihood:

T

Alogp(r,d) = Z {

t=1
log pe(yt* |z, Y5y

do(H « H + AH(r,d)))

—log po(y; | 7. 4%)] -

1D
Each reference token is conditioned on the ground-
truth prefix y%,. The first-reference-token diagnos-
tic corresponds to the special case 7' = 1. We
analyze the resulting response patterns across di-
rections and step sizes in Section 5. If ® reflects
the model’s internal boundary in knob space, we
expect normal-direction interventions to induce
the largest (and roughly monotonic in 7) shifts in
Alog p, while tangent and random directions yield
substantially weaker and less consistent effects.

4 Experimental Setup

Datasets, labeling, and splits. We primarily use
PopQA and additionally evaluate on TriviaQA for
RQI1 and RQ2, which play complementary roles.
PopQA’s long-tailed distribution yields many natu-
ral errors, providing enough incorrect cases to learn
a clean boundary and evaluate knob-based interven-
tions without synthetic negatives. TriviaQA, from a
different question source, serves as a cross-dataset
validation setting to test whether the signals found
on PopQA are dataset-specific. For each question,
we prompt the model to answer with the entity
name only and use greedy decoding. We label cor-
rectness by matching the generated answer against
the reference set (gold entity plus aliases) via nor-
malized exact match with whole-word matching.
For each dataset-model pair, we use an 80/20 strat-
ified split and downsample the majority class for
balanced 1:1 sets (Table 1)2. This abundance of in-
correct responses is useful for our RQ3 case study
on knob distillation and causal interventions.

2The PopQA splits differ across models because its long-
tail knowledge makes correct answers scarce. We collect all
correctly answered questions for each model and build a bal-
anced 1:1 split from that set, so models with different success
patterns yield different sample sizes. In contrast, TriviaQA is
much easier, and all models generate many correct answers.
Since the correct pool is large and similar across models, we

uniformly sample 1,800 correct and 1,800 incorrect examples
for each, producing identical train/test sizes.

Dataset Model N Trainpa  Testpa
PopQA Qwen3-8B 4932 3946 986
PopQA Llama-3.1-8B 7114 5694 1420
PopQA Mistral-7B 6226 4978 1248
TriviaQA  Qwen3-8B 3600 2880 720
TriviaQA  Llama-3.1-8B 3600 2880 720
TriviaQA  Mistral-7B 3600 2880 720

Table 1: Sample counts for each dataset-model pair
after constructing balanced (bal.) 1:1 splits. [V is the
total number of examples retained after balancing.

Models and hidden states. For RQ1 and RQ2, we
study Qwen3-8B (Qwen Team, 2025), Llama-3.1-
8B (Grattafiori et al., 2024), and Mistral-7B (Jiang
et al., 2023); for RQ3, we focus on Qwen3-8B
on PopQA as a focused mechanistic case study,
since this setting provides sufficient incorrect cases
and stable support for layer-wise activation patch-
ing. We additionally replicate the full RQ3 pipeline
on Llama-3.1-8B/PopQA in Appendix G, indepen-
dently rediscovering the knob subspace and inter-
vention directions in its native hidden space. We
further report Qwen3-1.7B and Qwen3-32B re-
sults in Appendix E to test whether the observed
boundary signal is specific to the 8B scale. We ex-
tract the last-token hidden state tensor H (z) (Sec-
tion 2) and treat the embedding output as layer O,
so H(r) € RE*? with L=37 for Qwen3-8B (36
blocks + embedding), L=33 for Llama/Mistral (32
blocks + embedding), and d=4096 for these three
models.

Additional robustness analyses across 25 data-
split/initialization combinations and an anchor-
position ablation are reported in Appendix H; these
results show stable boundary prediction and sup-
port our use of the last prompt token.

5 Results

We report results for RQ1-RQ3, moving from
boundary prediction to structural characterization
and directional intervention. RQ1 establishes that
factual correctness is decodable from last-token
hidden states across datasets and model families.
RQ?2 shows that this signal is structured rather than
diffuse, concentrating in specific depth regions and
a small subset of hidden dimensions. RQ3 presents
a Qwen3-8B case study where a compact knob sub-
space supports boundary distillation and directional
modulation of reference-answer likelihood.
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Model Qwen3 Llama-3.1 Mistral  Avg.
éﬂy LR 0.8012 0.7709 0.7752  0.7824
& MLP 0.8114 0.8012 0.8005  0.8044
A& CNN 0.8083 0.8027 0.8013  0.8041
é LR 0.7333 0.6681 0.6931  0.6982
£  MLP 0.7722 0.7014 0.7375  0.7370
£ CNN 0.7639 0.6917 0.7264  0.7273
. LR 0.7673 0.7195 0.7342  0.7403
Z MLP 0.7918 0.7513 0.7690  0.7707

CNN 0.7861 0.7472 0.7639  0.7657

Table 2: Balanced accuracy for boundary prediction
from last-token hidden states. Chance is 0.50.

5.1 RQ1: The knowledge boundary is
learnable from hidden states

Table 2 reports balanced accuracy on class-
balanced test sets across two datasets and three
model families. All settings achieve strong per-
formance, well above chance (0.50), showing that
a hidden-state decision boundary separating cor-
rect from incorrect responses is indeed learnable.
We include LR and MLP as baselines and use
our multi-view CNN as the analysis probe. CNN
achieves comparable accuracy while producing spa-
tially aligned activation maps for RQ2. We next
localize where boundary evidence concentrates in
the layer-dimension grid.

5.2 RQ2: Boundary evidence is structured
rather than diffuse

RQ?2 asks whether the boundary evidence revealed
by the CNN probe is structured rather than diffuse.
We visualize this evidence by computing signed
activation differences AA = A1) — A(0) between
correct (y = 1) and incorrect (y = 0) examples,
and summarize the maps with simple statistics.?
For readability, Figures 2 and 3 show the Qwen3-
8B results in the main text, while the corresponding
Llama-3.1-8B and Mistral-7B results are provided
in Appendix D. Together, these results reveal three
consistent structural signatures.

Vertical structure across kernels. A striking
regularity in Figure 2 is that boundary evidence
forms vertically aligned stripes. For many dimen-
sions, the activation difference varies more co-
herently across layers than across neighboring di-
mensions. This pattern appears across the three

3Figure 2 reports four summary metrics. Veorr and Heorr
are Pearson correlations of | A A| across adjacent layers and
dimensions, respectively. SNR measures dimension-level con-

centration. LateRatio is the mass of |[AA| in the later half of
layers.

PopQA TriviaQA

Vertical

Horizontal

Local

PopQA TriviaQA

Kernel V_corr H_corr SNR LateRatio V_corr H_corr SNR LateRatio

Vertical 092 018 21.72 085 092 014 2229 083
Horizontal 0.78  0.65 18.02  0.88 077  0.71 2043 086
Local 093 071 2094 0.86 093 059 2079 085

Figure 2: Localization of boundary evidence on Qwen3-8B
via CNN activation maps and summary statistics. Rows cor-
respond to the vertical, horizontal, and local CNN branches,
while columns correspond to PopQA and TriviaQA. Colors
show signed activation differences between correct and incor-
rect examples. Across both datasets, the maps exhibit strong
vertical organization and greater boundary evidence in later
layers. The table summarizes vertical continuity, horizon-
tal continuity, dimension-level concentration, and late-layer
concentration. Additional model results are provided in Ap-
pendix D.

CNN branches: the vertical branch, the horizontal
branch, and the local branch all show strong verti-
cal alignment, with V., consistently larger than
Hq,r. Overall, correctness evidence appears to be
organized primarily along transformer depth, rather
than as purely dimension-wise bands.

Sparsity and long-tailed dimension energy.
The difference maps are dominated by near-zero
regions, indicating that most dimensions contribute
little to the correct—incorrect separation. This spar-
sity is also reflected by high SNR values. To further
probe dimension-level concentration, Figure 3 plots
ranked energy profiles over dimensions and detects
knee points. The profiles exhibit a clear long-tailed
distribution, with knee points located near the head,
indicating that a small subset of dimensions domi-
nates the boundary evidence.
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Figure 3: Ranked dimension-energy profiles with knee points
on Qwen3-8B. Both datasets show long-tailed profiles, indicat-
ing that boundary evidence is concentrated in a small subset
of hidden dimensions. Additional model results are provided
in Appendix D.

The same qualitative pattern is observed for
Llama-3.1-8B and Mistral-7B in Appendix D.
This dimension-dominated structure motivates a
dimension-based search for compact knob candi-
dates in the Qwen3-8B case study (RQ3).

Late-layer concentration. Boundary evidence
also concentrates in later layers. In Figure 2, early
layers are largely neutral, while later layers exhibit
stronger signed differences. Consistently, LateRa-
tio indicates that the later half of layers contains
most of the total energy. This depth localization
motivates the layer-attention pooling used in RQ3
(Eq. (3)), which learns to upweight informative
layers when aggregating knob evidence. Overall,
boundary evidence is structured rather than diffuse.
We next leverage these signatures to form compact
dimension subsets and distill a low-dimensional
boundary with directional intervention (RQ3).

5.3 RQ3: Knob distillation and directional
intervention in a Qwen3-8B case study

RQ3 examines whether the knowledge boundary
can be captured by a compact set of controllable
hidden dimensions (knobs) in a focused case
study. We instantiate this study on Qwen3-8B
with PopQA. Following the knob definition in
Eq. (2), we search for a compact dimension subset

083 —e— KAN Accuracy
Multi-View CNN Baseline (80.83%)
Acceptable Performance Range

0.82
81.44%
.\

0.800{ =1 Randomly Selected 2-Dim (Distribution)

= — = CNN-Selected Top-2 (81.44%)
7
0.80 g m—]

°
®

Accuracy

80725 T
H

< ]

0625 ]

i 6
Frequency (Trial Count)

) 6 8 10
Number of Top-K Dimensions

Figure 4: Top-k sweep for compact knob selection on
Qwen3-8B/PopQA (6=1%), with a Random-2 control
(inset).

J whose predictive performance remains within
a near-optimal tolerance of the full probe, using
0 = 1% to define the acceptable range. Concretely,
we evaluate nested top-k subsets J; (ranked by
the RQ2 importance scores) for k = 1,...,10 and
identify the first &k that satisfies the near-optimal
criterion. We validate the specificity of the
selected knob set by comparing it against randomly
selected subsets of the same size. After identi-
fying a compact knob set, we distill an explicit
low-dimensional boundary in the corresponding
knob space and visualize its decision geometry.
Finally, we test the intervention effect of these
knobs by intervening along directions implied by
the distilled boundary and measuring directional
changes in the model’s preference for the reference
answer.

Compactness: the knob set is small and non-
trivial. We first evaluate the compactness of the
knob set under the near-optimal criterion in Eq. (2).
Using the RQ2 importance ranking, we evaluate
nested top-k subsets J, for £ = 1,...,10 on
Qwen3-8B/PopQA. Figure 4 shows that k = 2
is the first point that enters the acceptable band
defined by § = 1%, yielding Jinor, = J2 as the
first importance-ranked subset satisfying the near-
optimal criterion. To verify that this is not a generic
low-dimensional effect, we compare against ran-
domly selected 2D subsets. The Random-2 method
with 50 tries is substantially weaker (mean: 0.6996;
std.: 0.0426; min: 0.6176; max: 0.7890). None of
the random subsets matches the Top-2 accuracy
(fraction > Top-2: 0.0), indicating that the dis-
covered knob pair is highly specific rather than
arbitrary.
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- Decision Boundary (p=0.5)
o

Attention-Weighted Dim 1420
P(Correct | x)

-4 -3 -2 -
Attention-Weighted Dim 2421

Figure 5: KAN decision surface in the 2D knob space.
The x-axis and y-axis show the attention-pooled co-
ordinates of the two selected knob dimensions (Dim
2421 and Dim 1420), respectively. Points are colored
by the ground-truth label (CORRECT vs. INCORRECT),
and the dashed contour marks the decision boundary at
p(CORRECT | z) = 0.5.

Geometry: a compact boundary emerges in the
2D knob space. Given | Jinob| = 2, we visualize
the induced boundary in the corresponding knob
space. Figure 5 plots the KAN decision surface
on the attention-pooled coordinates of the two
selected dimensions, where color indicates the
predicted probability of CORRECT and the 0.5
contour corresponds to the boundary g4 2(H) = 0.
Blue (CORRECT) and red (INCORRECT) examples
form separated regions with the boundary passing
through their transition, providing geometric
evidence that the two-dimensional knob subspace
captures a meaningful separation of factual states.

Directional intervention: knob perturbations
modulate reference-answer likelihood. Predic-
tive sufficiency alone is not sufficient for a knob:
a valid knob should also support stable and di-
rectional intervention effects. We therefore test
whether the discovered Top-2 knob set Jinop, =
{2421,1420} of Qwen3-8B supports directional
changes in the model’s preference for the reference
answer. Concretely, we take the KAN from the
previous subsection and distill it into a closed-form
symbolic boundary score ®*. In our case study,
the selected log-based symbolic form achieves
strong agreement with the learned KAN logits

“We sweep a small library of candidate univariate non-
linearities. Since the variants yield comparable fidelity and
classification accuracy, we report the log-based form as a com-
pact representative expression; additional variants are shown
in Appendix F.

0.8 —e= Top-2 Normal
—x— Top-2 Random
—s— Top-2 Tangent
0.6 —+= Random-2 Normal (avg over 10 pairs)

Alogp (reference token)

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
Intervention Step Size (1)

Figure 6: Directional activation patching in the Top-2
knob space, measured by changes in the first-reference-
token log-probability: normal/tangent/random, with
Random-2 Normal averaged over 10 random 2D pairs.
Shaded regions show variability.

(R? = 0.8807) and competitive balanced accuracy
(0.8043) on balanced data. Let x; and x5 denote
the attention-pooled coordinates of the two selected
dimensions. At a high level, the distilled boundary
takes the additive form

2 M,
(1, m2) = c+ Z Z Wi 10g (u (1, 1)),

=1 m=1

12)
where M; denotes the number of log terms over
x; (in our instantiation, M1 = My = 2); u;pm =
[@i,m, Bi,m] collects the affine coefficients inside
the log. The instantiated numeric coefficients are
omitted for brevity. The full closed-form expres-
sion produced by symbolic distillation is provided
in Appendix F.

Following the directional patching procedure in
Section 3.4, Figure 6 shows that normal-direction
interventions induce the largest and most consis-
tent shifts in Alog p(7,d) (see Eq. (11)), with an
approximately monotonic trend over 7. In contrast,
tangent and random controls stay much closer to
zero and are substantially less consistent, consistent
with the normal direction being maximally aligned
with the local boundary gradient.

As a specificity control, we apply the same
analysis to 10 random 2D pairs and average their
normal-direction responses (Random-2 Normal in
Fig. 6). This baseline remains near zero, showing
no comparable dominance and indicating that the
effect is not generic to arbitrary subspaces.
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Setting Mean  Median Improved (%)
Normal-direction strength sweep

7=-0.10 +0.0378 4-0.0156 63.9

7 =-0.25 +40.0580 +-0.0469 70.4
7= -0.50 +0.1609 +0.0938 74.3
7=-1.00 +0.3583 40.1855 73.5
Direction comparison at T = —0.10

Normal +0.0378 - -
Tangent —0.0096 - -
Random —0.0023 - -

Table 3: Teacher-forced full-reference sequence inter-
vention results on Qwen3-8B/PopQA. Mean and me-
dian denote changes in full-reference sequence log-
likelihood. “Improved” is the percentage of examples
whose full-reference sequence log-likelihood increases
after intervention.

To verify that the intervention effect extends
beyond the first reference token, we additionally
evaluate the teacher-forced log-likelihood of the
complete reference-answer sequence. Table 3 sum-
marizes the results. Negative normal-direction in-
terventions consistently increase the full-reference
likelihood, with larger mean changes at stronger
intervention strengths. The improvements at all
four strengths are statistically significant under
one-sided Wilcoxon signed-rank tests against zero
(p < 3x10726). At 7T = —0.1, the normal
intervention is significantly positive against zero
(p = 2.57 x 10725) and significantly stronger than
both the tangent (p = 2.12 x 10~2Y) and random
(p = 1.81 x 1072%) controls under sample-level
paired Wilcoxon signed-rank tests. For the random
control, the three random-direction results are first
averaged within each example before the paired
comparison.

Intervention in the opposite direction consis-
tently decreases the full-reference likelihood: as
T increases from +0.1 to +1.0, the mean change
decreases from —0.0437 to —1.2616. These re-
sults extend the intervention effect from the first
reference token to the complete reference-answer
sequence under teacher forcing.

Overall, the Top-2 dimensions form a com-
pact, intervention-effective knob subspace whose
boundary-guided perturbations directionally modu-
late reference-answer likelihood.

6 Related Work

Hallucination detection commonly uses only model
outputs, treating an LLLM as a black box (Man-
akul et al., 2023; Zhang et al., 2023). Represen-

tative methods rely on behavioral consistency (Li
et al., 2024; Manakul et al., 2023) and on uncer-
tainty estimates from sampled generations (Far-
quhar et al., 2024). While practical, these black-
box detectors provide limited insight into which
internal representations implement factual deci-
sions. Moreover, self-evaluation signals can be
unreliable when the model is systematically bi-
ased or confidently wrong, motivating hidden-state
based analysis (Geng et al., 2024). Beyond outputs,
recent work detects hallucinations from internal
signals, e.g., hidden states and attention patterns,
using lightweight probes or simple derived fea-
tures (Chen et al., 2024; Chuang et al., 2024; Zhang
et al., 2025a,c). However, most internal-signal de-
tectors remain predictive, producing opaque scores
rather than explicit decision structures, motivating
boundary-centric analyses that make the decision
surface inspectable.

Closely related work studies knowledge-
boundary perception and truthfulness through inter-
nal representations. Ni et al. (2025) exploit LLM
internal states before and after generation to esti-
mate model confidence and improve knowledge-
boundary perception. Burns et al. (2023) study
latent knowledge in language models without su-
pervision, while Li et al. (2023) intervene on inter-
nal representations at inference time to elicit more
truthful answers. Huang et al. (2026) further inves-
tigate hidden-state boundaries under conversational
pressure, characterizing how internal belief-related
representations evolve across interaction turns. In
contrast, our work explicitly models factual correct-
ness as a decision boundary in hidden-state space,
localizes a compact set of influential dimensions,
distills the resulting boundary geometry, and eval-
uates boundary-guided interventions on reference-
answer likelihood.

7 Conclusion

We identify an interpretable boundary in trans-
former hidden states separating correct from in-
correct factual answers. Across three LLMs, this
boundary is decodable from last-token represen-
tations, organized across layers, and concentrated
in a few influential dimensions. With Qwen3-8B,
we compress the boundary into a low-dimensional
knob space, distill it into symbolic scores, and show
that boundary-guided interventions directionally
modulate the teacher-forced likelihood of the full
reference answer.
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Limitations

Our study focuses on short-answer factual QA,
where correctness can be evaluated cleanly. The
intervention analysis measures the teacher-forced
likelihood of the reference answer rather than free-
generation accuracy; therefore, it does not establish
that an intervention flips an incorrect generated an-
swer to a correct one. Extending the framework to
open-ended generation, multi-step reasoning, and
long-context dialogue remains future work.

We primarily analyze hidden states at the last
prompt token immediately before generation. Al-
though an anchor-position ablation supports this
choice, it may miss mechanisms that emerge dur-
ing multi-token decoding, such as self-correction,
drift, or error accumulation. Future work can
track boundary geometry and intervention direc-
tions across decoding steps.

Our detailed knob identification and symbolic
distillation center on Qwen3-8B/PopQA, with an
independent Llama-3.1-8B replication showing the
same functional pattern in a model-specific sub-
space. Thus, our intended generalization is at
the level of the analysis procedure and qualitative
properties, rather than shared dimension indices or
symbolic coefficients. Broader validation across
prompts, datasets, and model families remains nec-
essary.
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A Derivation of the Layer-wise Patch

We derive the closed-form patch in Eq. (10) as the
minimum-norm solution to the attention-weighted
constraint in Eq. (9). Let AH, € R* denote the
layer-wise perturbation restricted to the selected
coordinates, i.e., AHy = AH[{, Ji]. We solve

L L
STIAHE st Y apAH, = Az
=1

min

{AHAE, —1
(13)

The Lagrangian is

L L
L= [|AH/|3+ AT (Z oy AH; — Az) ,
=1 =1

(14)

where A € R* is a Lagrange multiplier. Setting
OL/OAH; = 0 gives

IAH, +aph=0 = AH,— —%A. (15)

Substituting into the constraint yields

1 L
/=1

(16)
2
= A= —<IL 5 2 AZ
Zm:l am
Therefore,
. Qy _
AH, = 7251:1 ") Az, (17

which is Eq. (10). In implementation, we add a
small € to the denominator for numerical stability.

B RQ2 Summary Metrics

Given a signed activation-difference map AA €
RE*4 we compute all summary metrics on its
magnitude M = |AA|. Let M, ; denote the en-
try at layer ¢ € {1,..., L} and dimension j €
{1,...,d}.

Vertical and horizontal smoothness (V.o,
Heorr). We quantify whether evidence varies
smoothly along depth (vertical) or along the hidden
dimension axis (horizontal) using Pearson correla-
tions between adjacent slices. Define the adjacent-
layer pairs MT = M;i.r,—1,. and MY = Mo.p, ., and
the adjacent-dimension pairs M~ = M. ;.4 and
M7 = M. 5.5. We flatten each pair into vectors
and compute

Viorr = COIT (vec(MT ), vec(Mi)) . (8)

Heorr = corr(vec(M ), vec(M 7)),  (19)

where corr(+, ) denotes Pearson correlation and
vec(-) flattens a matrix into a vector. Intu-
itively, larger V,.,, indicates stronger layer-aligned
(vertical) continuity, while larger H.,, indicates
stronger dimension-aligned (horizontal) continuity.

Dimension-level concentration (SNR). We
summarize how concentrated the evidence is
over hidden dimensions by first computing a per-
dimension energy vector

L
1 .
e =7 ;—1: Mg, je{l,....d}. (20)

Let P be a percentile threshold (we use P = 95).
Let 7p be the P-th percentile of {ej};l:l. We
define the signal set S = {j : e; > 7p} (top
(100 — P)% dimensions) and the noise set N =
{j : ¢ < 7p}. We report an SNR-style ratio in
decibels:

1 2
Bl dljes €

+e,

Var({e;}jen) +¢ >
1)

where ¢ is a small constant for numerical stability.

Late-layer concentration (LateRatio). To
quantify whether evidence concentrates in later
layers, we compute the fraction of total magnitude
mass contained in the later p fraction of layers
(weuse p = 1). Let £y = | (1 — p)L] + 1 be the
starting index of the later segment. We define

L d
ZZZEO Zj:l MZJ
L d :
Dore1 21 M+

C Kaernel-Size Ablation for the CNN
Probe

LateRatio =

(22)

To test whether the RQ2 structural patterns are
artifacts of a specific CNN kernel choice, we evalu-
ate several variants of the vertical, horizontal, and
local convolutional kernels on Qwen3-8B/PopQA.
Table 4 shows that the probe accuracy remains
stable across reasonable kernel-size choices. This
suggests that the observed boundary localization
patterns are not driven by a single hand-picked
kernel configuration.

D Additional RQ2 Visualizations
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Setting ~ Vertical Horizontal Local Accuracy (%)
Base (9,1) (1,33)  (5,5) 80.83
Variant 1~ (9,1) (1,17)  (5,5) 80.22
Variant2 (9, 1) (1,65)  (5,5) 81.74
Variant 3 (11,1)  (1,33) (5,5) 80.73
Variant4  (7,1) (1,33)  (5,5) 81.64
Variant5 (9, 1) (1,33) (7,7) 80.63
Variant 6 (9, 1) (1,33)  (3,3) 81.14

Table 4: Kernel-size ablation for the CNN probe on
Qwen3-8B/PopQA. Accuracy remains stable across rea-
sonable variants of the vertical, horizontal, and local
kernels, indicating that the RQ2 patterns are not arti-
facts of one specific kernel choice.
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Horizontal 0.76  0.58 19.41 0.76 0.73 047 1824  0.76
Local 0.85 052 2249 071 0.85 048 2022 073

Figure 7: Additional CNN activation maps and summary statis-
tics for Llama-3.1-8B. The qualitative patterns are consistent
with Qwen3-8B in Figure 2, including vertical organization,
sparse dimension-level evidence, and late-layer concentration.
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Figure 8: Additional CNN activation maps and summary
statistics for Mistral-7B. The qualitative patterns are consistent
with Qwen3-8B in Figure 2, including vertical organization,
sparse dimension-level evidence, and late-layer concentration.
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Figure 9: Additional ranked energy profiles with knee points
for Llama-3.1-8B. Both PopQA and TriviaQA show long-
tailed dimension-energy distributions, consistent with the
Qwen3-8B profiles in Figure 3.
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Figure 10: Additional ranked energy profiles with knee points
for Mistral-7B. Both PopQA and TriviaQA show long-tailed
dimension-energy distributions, consistent with the Qwen3-
8B profiles in Figure 3.

E Cross-Scale Validation on Qwen3

To test whether the observed boundary signal is
specific to a single model scale, we additionally
evaluate Qwen3-1.7B and Qwen3-32B on the same
balanced PopQA setting. Table 5 reports two re-
sults: CNN prediction using full hidden states, and
KAN prediction using only the Top-2 dimensions
selected by the same structural procedure. Both
additional scales retain strong boundary detectabil-
ity, and the compact Top-2 KAN predictor remains
substantially above chance. These results suggest
that the qualitative boundary signal is not limited
to Qwen3-8B.

Model CNN full hidden states KAN Top-2
Qwen3-1.7B 92.02 83.27
Qwen3-32B 84.90 78.44

Table 5: Cross-scale validation on Qwen3 models. Ac-
curacy is reported on balanced PopQA subsets. Both
full hidden-state boundary detection and compact Top-2
KAN prediction remain effective at additional model
scales.

F Symbolic Distillation Details

KAN structure and where nonlinearity is intro-
duced. Figure 11 visualizes the distilled KAN
structure in the Top-2 knob space. The first layer
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Figure 11: KAN structure distilled in the Top-2 knob
space. The first-layer edges capture univariate nonlinear
transformations over z; and x5, and the second layer
linearly aggregates these intermediate signals into a
boundary score.

a

Primitive library R? Symbolic Acc.
exp(-) 0.884687 0.806288
log(+) 0.880658  0.804260
A 0.868750 0.796146
tanh(-) 0.879672 0.783976
x2 0.885620 0.806288
z3 0.883424 0.799189

Table 6: Symbolic distillation across a small library of
candidate univariate primitives. Fidelity and accuracy
are broadly comparable across libraries, so the log-based
form is reported as a compact representative expression.
Direction-controlled intervention patterns for all vari-
ants are shown in Figure 12.

contains four edges that map the raw knobs (z1, x2)
into intermediate units, while the second layer ag-
gregates them into a single boundary score. This
structure suggests that expressive univariate non-
linearities are primarily needed on the first-layer
edges, whereas the second-layer edges are well
approximated by linear mixing.

Library sweep. Motivated by the above struc-
ture, we sweep a small library of candidate
univariate primitives for symbolic distillation:
{22, 23, \/z, exp(x), tanh(z),log(-)}. For each li-
brary, we distill a closed-form expression ®(x1, x2)
and evaluate (i) its agreement with the KAN logits
using R?, and (ii) the balanced test accuracy when
using the symbolic score as a classifier. Table 6
shows that multiple libraries yield comparable fi-
delity and classification performance.
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Figure 12: Direction-controlled activation intervention results across symbolic variants. Each panel shows the likelihood
shift under normal-direction interventions guided by the corresponding symbolic boundary, alongside tangent-direction and
random-direction controls. Across variants, normal-direction interventions generally induce stronger and more systematic shifts
than tangent and random controls. The log-based variant is reported in the main text as a compact representative expression.

Symbolic variants and representative closed-
form expression. Since Table 6 shows compara-
ble fidelity and classification accuracy across prim-
itive libraries, we report the log-based expression
as a compact representative closed-form boundary.
Figure 12 further visualizes direction-controlled
intervention patterns across all tested variants. The
qualitative separation between normal-direction in-
terventions and tangent/random controls is broadly
consistent across variants, indicating that the main
conclusion does not rely on a single symbolic prim-
itive. We use the log-based form in the main text
because it provides a compact expression with clear
directional separation.

Full closed-form expression for the log(-) vari-
ant. For completeness, we provide the instan-
tiated closed-form expression distilled from the
KAN using the log(+) library. Let (x1, x2) denote
the Top-2 knob coordinates. The resulting sym-
bolic boundary score is:

®(z1,22) = 2.171 log(0.584 — 3.71521)
+1.307 log(2.420 — 9.300 1)
— 0.468 log(8.965 — 5.577 x)
+ 0.326 log(9.350 + 3.990 z2)

—7.849.
(23)

G Cross-Model RQ3 Replication on
Llama-3.1-8B

To test whether the RQ3 findings are specific
to Qwen3-8B, we independently repeat the full
analysis pipeline on Llama-3.1-8B/PopQA in the
model’s native hidden space, without transferring
or reusing any dimensions from Qwen3. The
pipeline includes CNN localization, dimension
ranking, Top-k search, layer-attention + KAN, and
directional intervention.

Compact knob subspace. The pipeline indepen-
dently identifies dimensions 788 and 2978 as the
Top-2 subset. Table 7 summarizes the resulting
predictive performance. The full-hidden CNN
achieves an accuracy of 0.8027, giving a 1% near-
optimal threshold of 0.7927. Top-1 does not satisfy
this criterion, while Top-2 reaches 0.8123 and is
the first subset in the nested Top-k search to do so.

Representation Accuracy
Full-hidden CNN 0.8027
Top-1 KAN 0.5952
Top-2 KAN 0.8123
Best Top-k result 0.8185

Table 7: RQ3 replication on Llama-3.1-8B/PopQA. The
Top-2 subset is the first importance-ranked subset satis-
fying the 1% near-optimal criterion.
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Directional intervention. We next evaluate
the same boundary-guided intervention using
the teacher-forced full-reference sequence log-
likelihood. At 7 = —0.1, the normal direc-
tion increases the full-reference log-likelihood by
+0.1149, compared with —0.0739 for the tangent
control and +0.0033 for the random control. The
normal intervention is significantly positive against
zero (p = 4.33 x 1073%) and significantly stronger
than both the tangent (p = 3.52 x 10~*%) and
random (p = 1.09 x 10~33) controls under sample-
level paired Wilcoxon signed-rank tests. For the
random control, random-direction results are first
averaged within each example before the paired
comparison.

Direction Mean A log-likelihood
Normal +0.1149
Tangent -0.0739
Random +0.0033

Table 8: Teacher-forced full-reference sequence inter-
vention results on Llama-3.1-8B/PopQA at 7 = —0.1.

Across intervention strengths, the normal di-
rection also shows a clear bidirectional response:
the mean full-reference log-likelihood changes by
+0.1149, +0.2221, +0.2469, and +0.3748 for
T = —0.10,-0.25,-0.50, —1.00, respectively,
and by —0.1391, —0.3556, —0.6794, and —1.3296
for 7 = +0.10, +0.25, +0.50, +-1.00.

These results show that the same pipeline can
independently recover a compact, intervention-
effective knob subspace in another model family.
The selected dimensions differ from those identi-
fied in Qwen3-8B, so our result supports cross-
model functional replication rather than shared
dimension indices or a universal coordinate-level
mechanism.

H Robustness and Anchor-Position
Ablations

Robustness across splits and initializations. To
evaluate whether the boundary-prediction and
dimension-localization results depend on a particu-
lar data split or model initialization, we repeat the
Qwen3-8B/PopQA experiment using five data-split
seeds and five initialization seeds, resulting in 25
runs. Across these runs, the CNN boundary probe
achieves a mean accuracy of 0.8126 with a stan-
dard deviation of 0.0139; the half-width of the 95%
confidence interval is 0.0055.

We additionally recompute the dimension-
importance ranking independently in every run.
Dim 2421 appears in the Top-2 in all 25 runs, while
Dim 1420 and Dim 1838 appear in the Top-2 in
12 and 6 runs, respectively. Across runs, the mean
Top-10 overlap is 0.700, and the mean Spearman
rank correlation is 0.579. These results indicate
that the same core dimension and a similar sparse
high-importance structure recur across different
data splits and initializations.

Robustness statistic Result
Mean accuracy 0.8126
Std. accuracy 0.0139
95% CI half-width 0.0055
Dim 2421 in Top-2 25/25
Dim 1420 in Top-2 12/25
Dim 1838 in Top-2 6/25

Mean Top-10 overlap 0.700
Mean Spearman correlation ~ 0.579

Table 9: Robustness of boundary prediction and di-
mension ranking across five data-split seeds and five
initialization seeds on Qwen3-8B/PopQA.

Anchor-position ablation. Our main analysis
uses the hidden state of the last prompt token as
the pre-generation representation. To test whether
this choice is important, we compare it with the
second-to-last prompt token and mean pooling over
all prompt tokens under the same CNN setting on
Qwen3-8B/PopQA. As shown in Table 10, both
alternatives yield lower boundary-prediction accu-
racy than the last prompt token.

Anchor representation  Accuracy
Last prompt token 0.8083
Second-to-last token 0.7582
Prompt mean pooling 0.7633

Table 10: Anchor-position ablation on Qwen3-
8B/PopQA using the CNN boundary probe.
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